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ABSTRACT

This report describes a multi phase self-adaptive predictor
corrector type algorithm. This type of algorithm enables the solu-
tion of highly nonlinear structural responses including kinematic,
kinetic and material effects as well as potential pre/postbuckling

behavior. The hierarchy of the strategy is such that three main

phases are involved. The first features the use of a warpable
hyperelliptic constraint surface which serves to upperbound depen-
dent iterate excursions during successive Incremental Newton
Raphéon type iterations. The second corrector phase uses an energy
constraint to scale the generation of successive iterates so as to
maintain the appropriate form of local convergence behavior. The
third involves the use of quality of convergence checks which

enable various self-adaptive modifications of the algorithmic
structure when necessary. Such restructuring is achieved by tight-~
enihg variou5‘condftioning'parameters as well as switch to different
algorithmic levels so as to improve the cohvergence process.

Several numerical experiments illustrate the capabilities of the

procedure_to handle varying types of nonlinear structural behavior.
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1. INTRODUCTION

One of the 6éntra1 features in the deve10pment of finite
element computer programs for nonlinear analysis is the proper
selection of solution algorithms. The nature of structural
noh]inearities is generally quite diverse when both kinematic and
material effects are inc1uded. Specifically, for static problems,
such effects give rise to nonlinear a1gebraic-equations which méy
possess path.dependenf multiple solutions. In this context, |
the quest for reliable as well as computationally efficient sol-
utions to‘such'prob1ems is a very demanding task.

Solution procedures for nonlinear problems have been discussed

[1-12] 14 this direction, the mature

(11, 12]

by a multitude of authors

£10]

works of Bergan et a];[g? Rik and Crisfield give a good

overview of much of the progress made to date. As can be seen frdm

£9-12] " yn1ike Tinear problems, it is extremely

these pépers
difficult to deVe]op a single methodology of genera1 validity
which can be used to handle the diversity of potential structural
problems. Siﬁce the formulation of the problem and hence the
associated combufer coding architecture is.arongw dependent on
the a1gbrithmic approach taken, generally most genéra] purpose
(GP) nonlinear finite element (FE) codes have adopted one part-
icular methodology through which the nonlinear problem is

[13-1u].

solved In this context, generally some variant of the

Incremental Newton Raphson (INR) approach has been Chosentls'lsl.
While the INR procedure is perhaps the most powerful of the

iterative solution techniques, it is subject to several short -
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comings. The more important of these can be categorized as follows:
T) Inefficiencies associated with update requirementg; and
2)  Sensitivities/anomalous convergence characteristics in
the neighborhood of turning.points (zones of chahginq

b
curvature definiteness), bifurcations, "shallow" curvature,"

snap through behavior, etc.

While the recently advocated pseudo update procedures [16-18]
provide a partial answer to the computational inefficiencies
associated with updating, no real improvement is achieved in
category 2) problems nor is it clear what happens in path dependent

and/or multiple solution situations.

To overcome the sensitivities associated with the use of the
INR algorithm in the vicinity of turning points several approaches

~ have been advocated, in particular:
a) Use of deflection contro]tlg];

b) Rotation of solution space via introduction of auxiliary

stiffness[QOJ;

c) Switch from step-iterative to pure Euler-Cauchy type
incrementations initiated via curvature monitoringtg]; and

d) Use of constraints to control successive dependent iterate
excursionsc;0'12].

‘_Since'the main sensitivities/anomalous behavior of the INR type

&1gorithms appears to.bé the generation of excessive jterate |

éxéursibns in heighborhodds of turning point, shallow curvature

etc.; theconsfrained approach advocated by d) [10-12] appears to

be the best choice for use 1in general purpose (GP) codes.



The difficulty of the foregoing approaches lies in the fact
that there is no automatic correction features associated with the
algorithms wherein as the solution proceeds, its qua1ity£lu] is
monitored so as to enable the appropriate automatic corrective
actidn to.be taken. ‘In this context, this report develops a self-
adaptive type predictor-corrector algorithmic strategqy. The hier-
archy 6f the strategy is such that the predictor phase consists
of a constrained type INR algorithm (CINR) which is emp1oyed.
to tunnel into the solution space. It features the use of a
warpable hyperelliptic constraint surface HECS), which serves to
upperbound dependent fterate excursions during successive iferations.
The seéond corrector phase of the so]ution}strategy lies in the
use of an energy constraint to scale the generation of successive
jterates so as to maintain the appropriate form of convergence
. behavior (monotone, oscillating, etc.) associated with the type
of curvature of the zone of solution space wherein the a]gorithmicv
tunneling is taking place. The third phase of the solution hierarchy

[1u]

~involves the use of quality/convergence checks which enable

various se]f—adaptive modifications of the algorithmic structure.

In the sections which follow, detailed discussions are given
on the classical INR algorithm and its limitations, the deve]dp-
ment of fhe various levels of the self adaptive predictor-
corrector approach as well as the results of several numerical

examples which demonstrate the capabilities of the new procedure.



2. GOVERNING CLASSICAL INR OPERATOR

Before overviewing the development of the CINR algorithm,
it is worthwhile to review the sa1ient features of the INR as well

as outline several of jts more important shortcomings.

2.1 INR Algorithm

Assuming that large deformation processes are in effect,

the virtual work principle takes the following form in Lagrangian
f21]

coordinates namely

é(GLijSi + 8u,Q5)dv = 0 | (2.1)

J

where &( ), S Liss U;» Q; and R respectively denote the varia-

ij’
[21]

tional operator, 2nd Piola-Kirchhoff stress tensor

[21]

the Lagrangian (Green's) strain tensor , displacement, body

force and lastly the region occupied by the structure. Introducing
the shape function description of disp]acementsEls]g

U = [NIY (2.2)

-~

the following assembled finite element (FE) formulation is

obtained, that is
SIB*(Y)1T Sdv = F(Y). (2.3)
o ~ 2 ~'a

where ( )T is matrix transposition, and

[B*] = [B] + [B, (Y)I6] - (2.4)

such that [B], [Bn], [G] are nonlinear partitions of the strain
and [N], S and Y respectively represent the shape function, vector

form of stress tensor and the nodal displacements.



(S 2]

Since (2.3) is inherently nonlinear, assuming that the
material properties can be cast in a tangent stiffness formulation,

namely

~

d$ ~ [D{1[B*1dY | (2.5)

then (2.3) can be expanded into a truncated Taylor series to

yield the following operator:
T
AF(Y) ~ [Kp(Y)1aY + o(Y Y) {2.6)

- Now, expressing (2.6) and (2.3) in algorithmic form yields the

following INR operator , that is

Tir

RN GRS ARG (2.7)

where &, 1, Jj, []'], AIE, I; and F, respectively denote the 2th
loadSteb,. ith iteration, jth 1ntermitfent update of the stiff-
ness, matrix inverse, ith displacement increment of the Lth loadstep
and lastly the total nodal displacement and force associated with 2th loadstep.
The convergence criteria typically associated with (2.7)
involve normed chécks of successive displacement increments and

nodal force imbalances, that is (9, 22]

v i-1
[fay? - Ay
<

= tol : (2.8)
Ay’ |

[1Fy = FOOD -1 Fy - B

T < tol | (2.9)
where here ||+]], designates the norm
_ n
IR R (2.10)

i=1
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Most typically, satisfaction of such criteria from increment to
increment is said‘to.be sufficient to guarantee a éonvergent
solution. . |

| To streamline the use of (2.8), the consensus opinion seems

to advocate that fKT]vbe updated and inverted only at the beginning
of a 1oadstep[9’ 22]. This approach yields the so-called modified
INR (MINR) operator. As noted earlier, to improve the accuracy/
convergence chara;teristics of such an approach, numerous pseudo
updates have recently beén advocated. Here the BFGS family of

“updates has figured prominEnt1y[]6']8J.

2.2 Shortcomings

While the modified, intermittantly /constantly/pseudo (BFGs)[ 6-18]

updated versions of the INR alqorithm converge quadratically if
the load increments are sufficiently "small", several shortcomings
can occur. when éuch is not the case. Additional difficulties are
a]sd encoﬁntered in zones of shallow or changing curvature
definiteness. This situation can be summarized by the following
comments:
i) There is no direct way of preselecting incremént size
as nodal force - deflection space changes curvature;
ii) There is no direct way of establishing an upper'bqund
on the magnitude of the iterated displacement, strain,

stress.and energy excursions for a given load increment;

iii) Excessive iterate excursions inherently occur in the
neighborhood of "shallow" slope zones of the force -

displacement space, and;



jv) Without intermittent or constant updating, the iterated
version of the MINR can exhibit nonmonotone potentially divergent
convergence characteristics for monotone increasing/decreasing,
positive/negative definite so]ution’curvatures.[]4]
| The excessive iterated dépendént variable excursions noted
above tend to cause drifting from the solution curve. When such
drift is sufficiently large, depending on the topology of the solu-
tion space, rather strong nonmonotone type divergence may be inij-

1141

tiated as the iteration process continues

3. CONSTRAINED INR (CINR): PREDICTOR PHASE

In the context of the remarks made in the previous section,
it follows that one way to 1imit the excessive excursions of
successive'iterates is to establish some form of upper bound
constraint. Riks[]oj first considered this approach by developing
a methodo]dgy‘whicﬁ features the INR and a special parameter
contro]]ing the progress of the computatidn in noda].force-def]ection
space . In geometrical terms, the control parameter selected
cqrreSponds_approxihate]y to the arc length of thé equilibrium
path to be computed. It is introduced into the governing field
equations. Hence, for a problem with N displacement variables, the
addition of the contraint equation yields an N + 1 dimensional
space the solution to which is obtained by the NR method.

Due to the manner in which Riks[]oj casts his constraint
equation,'its direct use with the equilibrium equations tends to

be somewhat.awkward for direct use with the standard FE methodology.



To circumvent this difficulty, Crisfield [11.12] empioyed the

technique advocated by Batoz and Dhatt [19] for standard displace-

ment control. Using such an approach, Crisfield [11.12] recast

the out of ba]ance force ve;tor as a parahetized function of the
external load vector. Due to the use of an inner product type
constraint on the allowable displacement iterate excursions, this
approach enabled the development of an expreﬁsion which sizes'the
allowable iterative changes in external loading.

In the subsections to follow, the constrained approach is
generalized to a more comprehensive and self-adaptive form. This
will be partly achieved by introducing a more general constraint
namely the hyper?e11iptic constraint surface (HECS). Because of
the greater adaptability of the HECS, this will enable the CINR to
act as a refined se]f-adaptive predictor algorithm. 1In this context,
the resu]ting algorithmic sfructure will be left f]exib]e enough so'
that in the next section, an energy constraint cah'bé introduéed to

serve in the capacity of the associated corrector algorithm.

3.1 Hyper-Ellipsoidal Constraint

Surface HECS

As noted earlier, to extend the versatility and adaptability
of the CINR approach, this paper introduces a more general con-
straint condition namely the hyper-elliptic constraint surface

HECS'as defined by the expression
IR IR ER RIS AING (3.1)

‘where ]|c||2 designates the Euclidean norm and



1/2
[y ll, = (?.vgi) (3.2)

such that referring to Fig. (1), My is a warping parameter which

together with the load increment AFQ defines the curvature/geometry |

of the HECS, while y and f, are respectively the displacement and
= ) ~% .

load excursions relative to the starting point of the given load

e g 50

increment. Figure 2 schematically illustrates the successive use
of (3.1) 1in conjunctﬁon with the MINR algorithm. By tying the
“selection of.ui to the local curvature of the solution curve, the
geometry of the HECS can be adaptively updated to improve the
~solution flow. As can be seen from Fig. (2), the HECS itself
estab]isheé a greatest upper bound possible by the iterative excur-
sions of the dependent field variables. In particular, for the
nodal displacements, the maximum allowable excursion for a given

load increment is defined by the expression

[y 1, < HHeF L /vy (3.3)
By adjusfing'Af2 and/or Mg varying bounds can be developed for
the incremgnta] nodal.displacement excursions Y-

To establish the requisite algorithmic hardware arising from
the use of the HECS, it follows that outside of turning points and
bifurcations, there are basically four types of curvature behavior

associated with the solution curve namely:

i) Monotone decreasing and positive definite (MDPD);
§i)  Monotone increasing and positive definite (MIPD);
iii) Monotone decreasing and indefinite ( MDID); and E

iv) Monotone increasing and indefinite (MIID)
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FIG.1 Curvature initiated adaptive updating of HECS
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Since each places varying demands on the algorithmic apparatus,
the CINR involving the HECS will be structured to admit ail such
situations.

A structure generally exhibits MDPD behavior at the outset.
This case will be used as the starting point of the development.
Referrin§ to Fig. (2), it follows that using the multidimensional

starting point of the zth increment as a local origin of the HECS,

we have that

=Y - Y

~% ~2
i-1 0 i
=Yy - Yyt Ay, (3.4)
. .th . .
where for the i iteration
i _ i i-1
MY, =Y - Yy (3.5)

Similarly, f} is given by

fy = Alﬂfz | (3.6)

where Al denotes the ihcrementa] loading parameter_Which is iter-
atively adjusted until the intersection point of the HECS and the
solution curve is achievéd.for the given load increment.

To start the process, either the MINR, INR, or béeudo INR
aigorithms are used to project the solution curve so as to deter-
mine its intersection with the HECS. 1In terms of the modified
NR strategy defined in Fig. (2), the driving force potential

enabling this calculation is given by
A R paqyicl i-1
bforce = Ay 8Fy - LIB*(Y,7)I5(Y,71) - [B*(Y7)1Ts(¥]) dav

(3.7)
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Hence, considering the MINR for the moment,
. -1
1 _ 0 1
Yy = D (Y1 e, -
rete (T ITsov Ty - e () 1Ts(0) 1w (3.8)
R

where [KT] is updated only at the beginning of the load increment.

Employing (3.8), (3.4) can be reduced to the form

X; = Ql-] + A; by - (3.9)
where here
o . . . . _] .
]-] - 1‘] . 0 0 -'_" T i']
3 =Yy - Yy - IKp(Yp)] 'é{[B*(Xg )18y, ) -
[B%(¥2)1's(Y9) av (3.10)
o -1
= [K(Yg)] aF, (3'”)

To obtain the intersection point, substituting (3.6) and -
(3.9) into the relation defining the HECS namely (3.1), the follow-

ing expression is obtained
i-1 2 i
g (112, ™" + 2 bzll O - DR ) =0 (3.12)

Solving (3.12) for the zth incremental loading parameter Al

yields

'| + 2 5e1.5-1 1/2
e DRI (O PRSI RS I CRED

“2]

where here

217 = (1,10 %, + UlaE, 1] )7 (3.14)
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A M C AL L IO B (3.15)
i-1 i=1 2 2

=i-1 . - B

ST I TI ST T (3.16)

The proper sign appearing in (3.13) is chosen by noting that

for MDPD curvature, the bilinear forms E;;]; k = 1,2,3 have the

fo]]owing‘types of definiteness namely

ie1. -
(29175 Egp ) > 0
i=1,2,... (3.17)

Here since A; must itself be positive definite for MDPD solution

geometries, (3.13) is chosen to take the form

. . . . . 1/2
i _ 1 =i-1 ~i-1,2 =1-1 _i-1
)\2 = -2—;-1—_—]- {-._2’2 + [(_22 ) o= 4_£] 293 ] } (3']8)

In this context, the CMINR is structured as follows

L
By = _
ov4-1, 88 4 Liclyz g i-1 _i-141/2
[k (Yy)] (E;?TT'*SQZ tL(Egp ) -4y Ep -
=21
r(sx () sy - xS (v9)av)  (3.19)
R

Note for MDPD solution curves, the sequence of successive
AY; iterates are themselves positive definite. <Contingent on the
"successful satisfaction of the convergence criteria, the global

external load takes the form

] L1 |
Fo = Fooq + A AF, (3.20)

~L ~%-

where I denotes the last iteration count.
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Because of the foregoing properties, successive iterates
associated with MDPD portions of the so1ufion curve remain con-
fined inside the HECS. Such is not the case for MIPD situations.
As seen.in Fig. 3, nonmonotone oscillatory convergence is achieved -

wherein successive iterates alternate between increasingly closer
‘inside_and outside_pOsitions relative to the mu]tidimensfona1
intersection of the HECS and the solution curve.

While the CMINR algorithm defined by (3.19) also applies here,
since the convergence/qug]ity checks [14] used to monitor the state
of solution deve]opment may be keyed in on monotonicity proper-
ties, it is importani to determine the "in/outsideness" of succes-
sive iterates. This enables the determination of a consistent
convergence process. To check for such properties, the functional
characteristics of the HECS can be used to establish the in/out-

.th

sideness of the i iterate by evaluations of the following condi-

tion flag namely

oy = wg (Hlypl1)" + (115,11 )" = (11aF 1] )

(3.21)
where
’ ¢i {2 0 outside point
2 % < 0 inside point (3.22)

Note for such situations, the definiteness characteristics of

E;k; k = 1,2,3 are altered. In particular, since the successive

solution curvatures are steeper than the initial state, it follows

that
=1-1
A

~i=1

>05 2o,

<0
. i=1,2,3... - (3.23)
555] indefinite ’
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FIG.3 nNonmonotone but convergent iterative process associated with
' HECS constrained MINR algorithm in zone of MIPD curvature
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In the case of MDID local solution behavior, the bilinear
forms E1L]; k = 1,2,3 have the following definiteness character-

istics for ¥i namely

=1-1
= >0;..

3 Egp <0

= 1,2.3... (3.24)
13! indefinite

Note, in the conteit of Fig. (4), the force potentia] drfving the
INR projection of the solution curve into its intersection with the
HECS is given by the same expression as positive definite situa-
tions, namely (3.8). Here though, due to the nature of the inter-

section, the load parameter takes the form

. - - 1 s 172 -
A2.= AL gl 1 _ [(3;21)2 - =] 1 i 1]} (3.25)

22 21 T3

Note'as with MIPDjsituations, successive iterates form an oscil-
latory nonmonotone sequence whose members are alternating inside
or outside of the HECS. Such properties can be ascertained by
employing the criterion function defined by (3.21).

Lastly for MIID situations described in Fig. (5), all the
modified algorithms established for the preceeding indefinite
case q]so appiy here; the only exception being that successive
1térates disp]ay'a.MDID type behavior and hence remain inside the
HECS. In this context, |

(57 520 > ¢

' i = 1,2,000... I (3.26)
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The preceeding algorithms were all developed for some

general ith jteration. For the first, several simplifications can

obviously be made, in particular the load parameter takes the form

. (]]aF .-)? 1/2
S [1aF 1,

: 5 =] (3.27)
“g(i'92||2) + (HaE 1)

In terms of (3.27), the algorithm defining the successive dis-
piacément iterates for PD and ID situations reduce to the follow-

ing'fdrm'namely

Conaa1 CHIBF 110" 1/ |
oy, = (YD1 185,11 ; 7] (3.28)
ITIREEUBHIRS |
(|1aF,|1,)° 1/2
By = - DI Lastie (3.29)

2 2
Wy (b 1107 + (11aF, 1)

In the preceeding algorithmic dévgiopments, it was tacitly
assumed that the types of definiteness of the so]ution.curve
remained unchangedvduring the successive iterations associated
with a given load increment. For situations which straddle turn-
ing points, such is not the case. Since'thé algorithmic structure
is different for positive and negative definite situations, some
provisions must be developed to identify such changes in definité-
ness so that the proper modifications can be made. To initiate
adaptive updates of the stiffness as triggered by definiteness
changes, it is éssumed that load incrementing as enforced by the

HECS is tight enough so that either MDPD or MIID behavior is
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encountered to the left of turning points. ‘For such sitpations,
compafison checks between successive iterates can be used to
monitor definiteness changes. In this context, accounting for
the initia]_cdrvature of a given load increment, the following

condition flag cah be introduced and monitored namely

KA = sgn(cd) son(IFl TN, - 1FI72 ) (3.30)

where plus to minus sign change can be used to signal updates.

In the context of (3.30), the algorithm defining Ai takes the form

L
. - . . _ . N
i, 1 _=i-1 21 =i-Ty2 _ ,.i-1 _i-1
Ay T ZT?T{ 22 * Ky [(Egp0) 4290 Ep3 d 1 (3.31)
Rl : '

i>]
An alternative test can be used to trigger the updating of the
stiffness in the neighborhodd of turning points. As seen from Fig.

. i ' .
(6), successive xz form a monotone decreasing sequence namely.

A0 > x; >A2 > LA > L (3.32)

While such behavior may initially ‘occur , as seen from
Fig. (7), passed a certain point, successive A' values can become

negative definite namely

AE > AE > . .f{‘> A;'] >0 > AZ > . . - (3.33)

Such a change_in défini;ene;s can be used to trigger the update
précess. At such a point, the choice of the proper_A; algorithm
is keyed in on'the defihiteness encountered. As an example, for
turning points. which involve transitions from negative to positive

definite curvature, the monotonicity noted above is reversed.
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Similar results can also be ascertained'by monitoring the

"above/belowness" relative to the ||Z||2 axis of the HECS, namely

5 ||5(1;")||2; below
[HECYIT, , - (3.34)
< ||F(Y1'])||2; above :

~ el

Adjusting for the initial curvature of the given load increment,

the_foT]owing condition flag can be used to estab]ish the requi-
site restructuring of the A; algorithm, that is
i-1 i-1 0
¢2 = sgn IIE(XQ )Ilz - IIE(XQ)IIZ )
i>] (3.25)

where sign changes signal the need for stiffness updating such that
-1; below origin
1 : (3.36)

i-1
%g T . .
+1; above origin

In terms of (3.35), the CMINR algorithm takes the following form::

i_ 1 >_=i-1 i-1 ;1-1 2 Si=1 Zi-1 |
A T B vy L(Ep ) -, gl b
“e | (3.37)

Note, to keeb the above noted algorithmic flow consistent,the + signs appearing

in (3.27) must be replaced by sgn(Cé).This will yield the proper sucession of;f .

3.2 Adaptive Warp of HECS

vTo establish Mo s the local curvature of the force displace-
ment space is required. In this context, the curvature parameter
of Bergan et al. [9] is particularly useful as it represents.a
measure of the‘1océT definiteness (positive or indefinite). For

the present purposes, to establish such a relation, assuming that
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AFQ is a constant, then Fz is defined by the single, parameter

relation
'EZ = AQAE (3.38)
where
2 I
Az = 'Ak : ' (3.39)
k=1

In terms of (3.39), the curvature parameter is obtained by taking
the ratio of the inner products of AF and the derivative of the
nodal displacement via Ak evaluated at k=1 and -1 respectively.

This yields the expansion

% T d . T d
Cp = (AE)T qr (D 1ay_4/((4F) g (1)1ay) (3.40)
where employing backward finite differences [231, the foregoing

derivatives can be approximated by

+0(0g %) (3.41)

d :
~ (X)lAz-l N Y .-

1
i T Te-1
: Ag-1

In terms of (3.41), (3.40) reduces to
8 aenT I T o .1 |
(:R " (AE) sz_]x] / ((AE) A!]AR_]) (3.42)

such that AY, and AY, _, represent the total variations in nodal

th load increments.

displacements associated with the first and (2-1)
The curvature'parameter can be further modified by noting

that for small enough excursions, it follows that

1
A OF v DK (Y, ) 1aY, (3.43)

hence
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oy IOy, a2 |
LRy 2 C3—) (3.44)
RO (aYy) [k (Y¥2)1aY A |

where here, the denominator is a direct measure of the incremental
energy stored during the first load step while the numerator
denotes the second variation of energy aséociated with the (2-1)th
load incfement.

The parameter Cﬁ can be used to scale Mg To start this
development, it follows that during the initial stages of any
‘loading process, only modest changes typically occur in [KT] hence

few iterations occur during say the first increment. Thus
by Pk (OTTTaE | o (3.45)
or in a normed sense
. ‘-] )
1Yyl 1, < T1IK;(0)1" "aFl], (3.46)
Recalling the HECS, it follows that the upper bound value of AY

is given by

. 1
im [[8Y, 11, < o= [[aF] ], (3.47)
£+0 S

and hence,

8Yq <

LN _ , (3.48)
g T

Comparing (3.46) and (3.47), it follows that-a good initial

value of M, can be taken as

: N
y (initial) = ai . (3.49)
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where- _
=- -1 ' _
No = [1aFL], /7 [1[KG(Q) ] "aF[], (3.50)

such that o is a user selected parameter which enables an expansion
or contraction capability for the HECS. Now as we proceed to suc-
cessive load steps, Mo must be scaled to reflect potential curva-
ture changes in the force-deflection space. Since C; = 1, this can
be achieved by Tetting
N
s _
W, = ——% _ : (3.51)
2 a(Cﬁ)B' , :

where B enables the user to vary the influence of the curvature

A parameter in defining the warping of the HECS.

4.  ENERGY CONSTRAINT: CORRECTOR PHASE

As noted earlier, for the present purposes the CMINR is
employed in the manner of a predictor algorithm. To correct
the results arising from this stage of calculation, a strain energy
constraint will be employed to enforce the proper type of mono-
"tonicity of successive solution jterates. This is achieved by
upper boundfng the”admissible strain energy excursion by séa]ing
'the_variation of ioad and deflection during the iteration process.
Such scaling can eithef be.based on worst case individda] element
constraint tests or on an overall global check. If the check is
faiTed; touprovidé for the foregoing scaling, the HECS is shrunken
so as to maintain the requisite convergence characteristfcs.b

To initiate the development, a workable expression must be
obtained for successive strain energy excursions generated during

the iterative process. In this context, a trapezoidal approximation
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is employed to evaluate the incremental area "under" the solution

curve. Specifically the energy accumulated during the 1th iter-

ation of the lth load increment takes the following form namely

i _1 ayiyTreqyd i-1 21y
el = LayhTerae)) + rYIThy w0 (erii1 B @l

POty = s ey s v - (4.2)
F(Y ! Y S(Y
F(Y,) = / [B*(¥,)17S(¥;) dv - (4.3)

To achieve the requisite scaling of the governing field vari-

ables, Y; is recast as follows

NN DX R
Yo=Yy txp Yy (4.4)

where the scaling parameter x; must be chosen to enforce the follow-
ing energy cbnstraint namely

i-1,
2 >

1 :
AE, < ep AE

2 i=2,3,... (4.5)

such thet'eR'is‘e user selected parameter which can either ]ooeeh
or tighten the monotonicity requirements. Hence, ohce en is
~selected, (4.1) and (4.5) lead to the requisite value of X;- In
“terms of X;; the HECS can be warped in the abscissa dimensionbylet-
ting u£+u£/x1 . This effectively reduces its size thereby providing

a tighter bound on success1ve AY2

To obtain the foregoing scaling, x; must be extracted from
(4.1) and. (4. 5)‘ In this context, since F(Y’) is dependent on the
d1spos1t1on of the energy constra1nt/sca11ng parameter XQ’ in terms

of (4.4), (4. 3) can be recast as follows namely
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(¥Y}) =

¢m

(471 g  Ikp(ry™D] 0w ay] s

tm

5.2 T i T RN
(xg) é ([6] [B,(aY,)] [DLI[B*(Y,” )] +

e (viT1) ] [0 308 (av})I06T) dQ aYd 4
~2 T n‘“.2 ~L

3

, . T < T . .
{xy) s 6] IBn(Ax;)J (0,108, (aY;)1[6] dv aY, (4.6)

or in approximate form by

FOYD) = FOTT) + g Tk (Y, 7)) Jdvay) + 00(x;)%) (4.7)

R

Employing (4.6), the energy stored during the ith iteration can

be written in the form

i
AE; =

% X;Azl {ZE;'] + X;é[KT(XEF])]dVAX; +

iy Tre (ayiyeT w(yi-]

(xg) S(16] [B,(AY,)1'[D I[B*(Y,™")] +

08*(y) 1) 170,108, (aY;) (6 TdvaY, +

(xg)*/161 L8, (41;) 1T (0,108, (87 ;) TG TavaY, (4.8)

Rearranging (4.8), we have that

i, iy 142 o iy3 i iy4 i
XoTg 1t (Xg)™ Tpp + (Xg)7 Tya + (Xy) Ty, (4.9)
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~ where the various bilinear coefficients take the form

Tyt (431)T Fy (4.10)

ST VU CHEH R I | (1)

B %<A11>Té<téJT[sn(Ax;)T[oTJ[a*(z;4‘)J'+ - (4.12)
8+ (y;")17 008 (aY])I06T)avay;

Tya = 0¥} é[é]TtBn(AX;)JT[DT][BH(A!;)J[GJdVA!; (4.13)

Truncating (4.8) to 0((X;)2) or less yields the following more

tractable algorithmic expression for AE;, that is
sel oyl el e whZei v o()?) | (4.14)
RS A I LR ¥ 8 | ‘
Now, enforcing the energy constraint defined by (4.5), the

following genera] and reduced polynomial expressions are obtained

for X, that is

i j ] : iy2,1 i i i=1 '
(X;)4p;4 + (X;)3rl3 t (X)) Tgp + (xg)Typ - eg Eg7" < 0 (4.15)
or more simply
(y2ri e xipt L e giT1 g _ e
L 22 2721 R "2 ~ 16
For simplicity, solving (4.16) for_X; yields
b1 ¢ -pl 142 i-1.9 % | ‘ |
X * 2r Pop + D(Tgq)™ # feR E, Tpol | (4.17)

22
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i

22
by (4.17) can be used to resize the HECS thereby providing for a

where for PD situations T > 0. As noted earlier, X; defined

tighter bound on successive iterations. Having now obtained the

proper scaling, the energy stored during the ﬁth 1oadvincrement is
given by |
R i |
Eztot = E AE : : - (4.18)

where here AE; is defined by (4.9) such that local MDPD solution

curvature is assumed. In such situations, it follows that

| AE; > 0 for ¥ i | (4.19)

Similar monotone behavior of the energy increments 1is also noted
for MIID solution curvature.
In the case of MIPD and MDID curvatures, since successive

1terafes form an oscillatory noannotoné;sequence, the energy

inbrements themselves give rise to an é]ternating sequence of
positive and hegativé-definite terms. For such a situation, the
spécific deffnitehess of successive energy increments is defined
as follows:
1

- i

i > 0 if @2 < 0, @2 > 0

AE ' (4.20)

"*Leoiroei-l >0, of <o
g » @y ”

5. SUMMARY AND DISCUSSION OF NUMERICAL EXPERIMENTS

The overall algorithmic flow associated with the predictor-
corrector pfoceduré is performed in several main steps.~ These
include:

i) - The monitoring of the various condition flags;
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ii) The application of the various predictor-corrector

constraint algorithms; and lastly,
iii) The assessment of convergence.

For the purposes of algorithmic efficiency, the vafious condi-
tion -flags can themselves be applied in three main levels which

have the following pufposes namely:

i) To define the geometry of the HECS contingent upon local

‘solution curvature; calculate Cé, M3

ii) Locate so]utibn positioning relative to HECS so as to
enable proper structuring of algorithms; calculate
Si-1 i-1 Kzi

S ¢2 ?

and;

iii) Define conditioning of iterated solution curve via
SeVgral flags noting need for updating and constraint
,tightening;.caiculate Xl etc.

~As noted earlier, dgpéndiﬁg on the various condition flags, itera-

tion count and user options, the stiffness may be updated and in-

verted in the following manner:
i) Preferential local updates of highly nonlinear elements []4];

ii)  Standard full global update;
ii1)  Pseudo updates (BFGs ['81, proyden [241, prp [25]
Huang [26], etc.); ‘
iv) Update only at start of given load increment loop.

Such actions are preparatory to the application of the various

predictor/corrector algorithms. The predictor phase consists of
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projecting the_so]utioh curve via the MINR, INR or'pseudo INR
algorithms to determine its intersection with the HECS. The
corrector phase employs an energy constraint to enforce the'proper
type of convergence. This is achieved by upper bouhding the admis-
sible energy excursion by scaling the variation of load and deflec-
tion during the iteration process. Such'scaling can either be
bésed on worst case individual element constraint tests or an over-
all global check. For the present purposes,-the.three phases o%

’ . [14]

convergence testing discussed by Paddvan are advocated heré.

There consist of:

41) Displacement/force norm checks;
ii) Quality of convergence tests; and,

jii) Nonlinearity checks.

As a demonstration of the approach developed herein, we con-

sider the following highly nonlinear numerical experiments, namely:

i) Stretching of a rubber sheet;
ii) - Larée deformation loading of a spherical cap; and,

'iii) | Pré- and postbuckling of a centrally loaded arch.

These‘prob1ems}were chosen to illustrate the predictor-correctors
‘capability and efficiehgy to handle varying types of kinetic;
kinematic and material induced nonlinearity. To enable the cé]cu]a;
tions, special predictor-corrector "plug ins" were developed for
the ADINA code of Bathe L271.

To'staft, the stretching of a rubber sheet is treated first.
This problem involves both large deformation kinematics and kinetics -

as well as significant material nonlinearity of the Mooney-Rivlin

3
— .
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type [28]., Figure (8) illustrates the geometry, material prop-
erties as well as the FE mesh used to simulate the problem. Based
on the use of 2-D plane stress 8 node isoparametric elements, Fig-
ures (9 and 10) show various aspects of the response behavior of

the rubber.sheet to wide ranging loads. In addition, Figure (9)

also lists a comparison of the required number of iterations for

the MINR and predictor-corre;tor algorithms over the same load range.
As can be séen, for the given problems, the current approach is more
efficient. In particular as seen from Figure 9 a 40% improvement is
achieved for the given problem. This follows from the fact that the
HECS tends to generate a larger driving force potential over the
c1assic INR for the same size load step. Because of this, fewer
iferatidns aré required. More importantly is the fdct that the en-
tire‘iierafion process is automatic. The only dataxneeded is the -
final load step. Ohce specified, the l1oad stepping becomes self-
.adapfiVe. Note, th]e a, B and ep are user selectable, for all

thé prqb]ems considered herein, unity values proved to yield satis-

faétory results. ’

Note while the rate of convergence cah be modified by changing
the various conditioning parameters, due to the constraining nature'
of the predictor-corrector algorithm, "unbounded" iteraté excursibns
are precluded from occurring. Because of this, unlike the INR algor-
ithm which yie1d§ strongly divergent and unstable successive itefates
when ekcéssive load steps are employed, the current approach tends to
yield a'stable sd1ution even when a relatiye1y large HECS and 1oo§e
energy constraint are employed. Whatever solution drift that hight
occur is entirely removed by only modérate tightening of the' con-
straints.- This strongly stable chéracteristic makes the predictor-

corrector algorithm more forgiving as to conditioning choices.
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In terms of the spherical cap problem defined in Fig. 17,

Fig. 12 clearly demonstrate; the foregoing behavioral character-
istics. Ih particular, as the HECS is tightened, the correct
Timiting behavior is obtained. Note the other results [27] juxta-
posed on this Figure were obtained through the use of the INR
wherein iteration was suspended and hence represents essentially
a straight‘Eu1er—Cauchy type incrementation without regard to un-
balance Toads. When iteration is readmitted into the calculations,
the INR yields highly unstable and divergent so]utién behaVior.
This is a:direct'outgrowth of the fact that for the given cap geom-
etry, while the'g1oba1 load deflection characteristics show posi-
tive definite behavior, significant unloading occurs locally. As
seen in Fig. (13), the s]opeé of the local element energy-load para-
meter space undergo fluctuations in definiteness. Because of this,
the overall stiffness can exhibit local "shallowness" hence leading
to anohé]ous excursions of the nodal displacements of a given element.
For thé classic INR type opberator, such local overshoot tends to grow
in magnitude as well as spread to heighbbring elements ultimately
leading to a globally divergent sq]ution. For the current approach
such behaviof is completely eliminated by the use of the HECS and
energy constraint. Because of this, successive iterations can be
uéed to eliminate any load imbalances and hence drift.

Note, for the_resu]ts depicted 1in ngure 12, the CINR gener-
ated results were between 70-80% faster than the standard INR with
iteration suspended, If small amounts of drift were allowed in the

CINR, 5% max, the speed of calculation imbroved to the range 140-100%
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times faster. If the same was attempted for the INR, as noted
above, divergent solution behavior was immediately encountered.

The foregoing speed enhancements are associated with the form of
nonlinearity treated. Had other types been considered, the speed
enhancements would have varied depending on the generic curvature
changes encountered.

| Figure (14) f]]uStfates'the geometry and finite element model
of a centrally loaded sha11ow_arch. The model employs plane stress
eight node isoparametric elements. As seen from Figdre {(15), good
correlation is obtained with previous analytical [29] and experi-
‘mental [30] results. The local load/unload characteristics of the
pre- to postbuckling transitions are clearly seen in Figure (16).
.As with the cap problem, local changes in definiteness occur in the
energy-load narameter space. For the given arch though, suéh defin-
iteness fluctuations are significant enough to lead to unloading/

reloading in the postbuckling zone.

6. CONCLUSIONS .

In terms of the foregoing numerical experiments, it follows |
that the bredictor—corrector algorithm can handle essentially all
the types of nonlinearities prevalent to the nonlinear responses
of structures in a highly efficient and self-adaptive fashion.
This includes Sftuations which‘undergo definiﬁeness changes as in
turning points and bifurcations. Because df,tﬁe}manner_of the
formulation, the brocedure is ;pb1icab]é to'history dependent sit-

uatiOns involving creeb and plasticity. Lastly, due to the form
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of its algorithmic "hardware", it can be easily implanted into
currently available GP nonlinear codes'without any need for major

architectural modification.
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Abbreviation

Nomenclature

Meaning

BFGS
DFP
CINR
CMINR

FE
HECS
6P
1D
INR
MDID
MDPD
MIID
MIPD
MINR
PD

Broyden-Fletcher-Goldfarb-Shanno update
Davidon, Fletcher, Powell method
Constrained Incremental Newton Raphson Method

Constrained modified Incremental Newton Raphson
Method : :

 Fin1te Element

- Hyper ellipsoidal constraint surface

General Purpoée

Indefinite

Incremental Newton Raphson

Monotone decreasing indefinite
Monotone decreasing positive definite
Monotone increasing indefinite

Monotone increasing positive definite

" Modified Incremental Newton Raphson

‘Positive definite
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Nomenclature

Symbol Meaning
a’i-] Intercept of MINR extrapolation
% solution curve in ||y|[,x]|[AF]]
[B] _ Linearmatrix coefficient of Y defining strain
Bh(Y)1 [G] Nonlinear matrix coefficient of Y defining
- strain :
[B*(Y)] Matrix coefficient of Y defining variation
- . in strain
by Slope of MINR extrapolation of solution curve
in | [y]1,A[18F || space
L
Cr Curvature parameter
[DT] Materia]vstiffness
ep Allowable energy ratio
AE Energy Increment
Fa Nodal force
AF, Incfement in nodal force
fl,fg Load excursions relative to starting point

Y
K,
Lijng
[N]

of given increment
Tangent stiffness

Update parameter

Lagrangian strain tensor

Shape function

Normed quantity use to define u,
On the order of ( )

Body force

Initial region occupied by structure

2nd Piola Kirchoff

stress tensor
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Symbol Meaning

dS Increment in S

ug,U Cartesian type Lagrangian
displacement

v Volume

Y. Yy Nodal displacement

szi Increment in y

Yg Displacement excursion relative to starting

~ point of given increment

1 Matrix

() Vector

| ] Absolute value

| Ill Absolute value norm

NP Euclidean norm

17, ()7 transposition

() Variational operator

Az,kzi -v.Sca1ing parameter for load increment

Scaling parameter for energy increment
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