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Preface

The theory of thermoelasticity examines the interactions between
the deformation of elastic media and the thermal field. The beginnings
of this theory are found in the works of Duhamel and Neumann whc con-
sidered the equations of the linear theory in the case of homogeneous
and isotropic media. The reasoning from the thermodynamic viewpoint
of these equations wa:z carried out by Blot, after Voigt, Jeffreys,
Lessen and Duke made various attempts in these directions.

The theory of thermoelasticity has advanced considerably through
the recent years. The large number of investigators and their studies
which present interest both from the viewpoint of their technique and
the theoretical importance of the problems which ere considered 1llus-
trate these facts. Among the monographs devoted to the subject of
thermoelasticity we want to mention those written by Melan and Parkus,
Boley and Weiner, Nowacki, Kovalenko, Grindei, Parkus, Carlson.

In this book the fundamental problems of the theory of thermo-
elasticity are presented. The book also contains recent results which

are not included 1n other t reatises. Of course it was not possible

to present all aspects of this theory and it was not even attempted.
The gozl of the book istopresent to the reader the basls of thermo-
elasticity and some of the remarkable results achleved in this fleld.
The presented questions refer to media with a generalized anisotropy

or to 1sotropy media. 1In order to maintain the unity of the exposition
the generalized theories of thermoelasticity were not considered. Both
the thermomechanical sense of the problem and the mathematical formu-
lation and resolutions were emphasized 1n this work.

Without belng exhaustive, the bibliography contalns, in addition
to the papers cited 1in the text, also studies which give a broader
plcture of the literature and the invescigations of the theory of

thermoelasticity.
The Author
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THE THEORY OF THERMOELASTICITY
Dorin Iesan

Chapter 1. DEFORMATION OF THE CONTINOUS MEDIUM

l, Description of the Deformation

A continuous body or a continuous medium occupies a domain /9*
in space., This description does not correspond exactly to the
physical concept of material bodies. It 1s & well known case that
at the molecular scale matter has a complex structure ard does not
occupy & domain in the sense of the mathematical meaning of this
word. In spite of this,the phenomena studled within the framework
of the mechanics of continuous media describe quite well from the
practical viewpoint the behavior of real media. A continuous medium
is thus a mathematical model representing an idealization of the
real medium,

Let us consider a continuous medium which at the moment ¢ = 0
occupies the domain B of the boundary 9B. The closing of B will be
indicated by B.

Let OXK(K=1,2,3,) be a system of rectangular cartesian coordinates,
XK the coordinates of a generic material point M, from the B domain,
and R the position vector of point ¥ with respect to the system of

conrdinates under consideration,

Let us assume that the medium is deformed in such & way that at
the moment t 1t occupies the demain # of the 0wfboundary, while point
M reaches into M®, We will refer the medium which occuples the domain
# to another system of rectangular cartesian coordinates, fixed OXy
(1 = 1,2,3). Let Xy be the coordinates of point M* fixed with respect
to the reference ox, while r 1s the position vector of M* with respect
to this reference (Fig. 1).

¥Numbers in the margin indicate pagination in the foreign text.
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Biunivocal and bicontinuous correspondence 1is established
between B and ¥ in which the point M from B and the poi.ut M® from
# correspond to each other.

The deformation of the medium 1s defired by the relation

o= 2 Ny )y

(1.1)
which in view of what hes been ztated above may be resolved with

respect to XK

Xy oo Xy, .

(1.2)
Here and subsequently if not stated otherwise the indices will assume
the values (1,2,3)., Occasionally the systemof coordinates (Yl, XE,
X3) will be indicated by X, and (xl, X x3) by x.

If the coordinates XK are fixed, the functions (1.1) determine
the trajectory of the material point which at moment t = 0 would have
the coordinates XK; if t is fixed, the functions (1.1) describe the
transformation which takes the domain B into the domain .2

Let (9, to) be a fixed time interval where to >0 may bte infinity.
In the following if not indicated otherwise we will assume that B 1is
a region regulated in the sense of Kellog [232].

~
—
Q

The functions (1.1) defined by B x (0, to) describe the
movement of the continuous medium under consideration. If not

stated otherwise we will assume that these functions are of the
2
C” class.

Obviously from the above 1t follows that the functional determinate

0 £y
0Ny

, (1.3)

is other than O,

The XK
are called spatial coordlnates.

T P e T T ey AU RTUURRT ST VIRIL Wy

coordinates are called material coordinrates and Xy coordinates
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Let us indicate sorme of the designations and notations wiiich
the reader might encounter in the text. We state that a function f
is continuous on portions on B if there is a subdivis’on of Bl, 82,
...,BD >f B in such a way that for each B’ (§ =1,2,...,n) the res-
triction of £ on B, 18 limited on B, and continuous on BJ-D, theredy
D 18 a finite submagnitude (eventually empty) of BJ. Let S1 and 82
be parts of 9B so that S, US, = dB, 8;n 8, =0, We say that
function g is regulated on the portions on Su (o0 = 1,2) 1f g 18
continuous on the portinns of Sa and every regulated point {rom Scl
1s a point of continuity for the function of g. A point XedB
is called regulated if the normal at a8 18 continuous in X.

Let g and g be regulated functions on the portionsa on 3B, We
‘ will write £ = § on 3B if g(X) = g(X) in any regulated point JXedB.
Let f be a function of X and t defined on B x (O,to) and M and N be

nonnegative numbers. We say that f is from theclass c™N gr the
]
‘ functlons
i Inf™ m o (31 , me{0,1,..., M}, nef0,1,..N)
» X, 0X,. .. 90X\ O '

m + n < max {M, N},

exist and are continuous on B x (O,to).
| We say that f 1s of the C'*Nclass on B x[0,t,) 1f £ is of the

{ class c™N on B x [O,to) and for every me{0,,..., M)},

ne{0,1,..., N}, o%m may be extended continuousiy to B x [O,to).

The class of the functions CN'N is Indicated by CN.

T S r— A

-
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We will say that the function g is regulated on portions on
Sa x [O,to) if g 1s continuous on the portions on S  x [O,to) and :
for every te€l0l) is regulated on portions on P 7

2. Displacement Vector. Deformation Tensors

We will designate by E, the versors of the axes 0X

X X and by 91
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the versors of the axes oxi. Cbviously we have

EA'E,, == 8A’Lv € 0) = alh (2 ’ 1)

where GKL and sij represent Kronecker's symbol.

If we take into account the notations introduced in paragraph

1, we can write
R = X,E,, F == 7,0,

(2.2)

Let b = 8o and u = Mﬁ*. The vector u is calied the displacement /11

vector. We have

w=r~Rth (2.3)

We are introducing the

constantas
8‘, == G‘B‘. (2.“)
y These represent the
X diractive cosines of the
ox, axes with respect to
Figure 1 the reference OXK’ If these
twn coordinate systems coincide then 61K coincides with Kronecker's
symbel,
Let it be
0 == wey = UI;'EK! b = b‘cl = BKEK’ ( 2'5)
From (2.3)-(2.5) we derive
(2.6)

Vo=ay —38xXx + by, Uk = 8ty — Xk + Br.

If these two coordinate systems colinclide then we can write

L B e a2 e st ¥ ditesiate b N il e Sk e et el b
R AR - S A e A o & ey e L B e




Thus knowledge of the components of the displacement factor
is equivalent to knowledge of the functions (1.1) or (1.2) which

describe the deformation.

Thus the vector uof the class c? onB x (O.to) class describes the
movement of the continuoum medium,

Let us consider the two positions of the medium: 1in the B domain ]
and in the » domain. TIf we take the differentials dR and dr, we have :

: AR = ExdXy, = nuedXy, (2.7) %
| s
or
AR = .Yx.‘Ex(ld‘a, de = e dxy,
(2.8)
where we note |
' 1\
. X, ax
Npa = 28 = S0
L R o, y Tk oX, (2.9)

By the agency of the relations (1.1) and (1.2) any function f
of the veriables Xy t, 1s similarly a function of the variable
XK, t and inversely. In general we willl use the following notations

Y =

Ju =5y Ja=50 (2.10)
The magnitudes Xy Kand XK 4 are called deformation gradients. 12 5
s A ——
We have g
x xXg gy = 8ipy Xgariy = 8x. - (2.11) 3
If we 1introduce notations ;
( 2 . 12 ) ;"
CK = 2 k€ Q¢ == 4""(Ex' i
from (2.7) and (2.8) 1t results that !

dR = edx,, dr = CdY,. (2.13)
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Let us designate by dS and ds the magnitudes of the vectors
dR and dr respectively. From (2.7), (2.8, (2.12), (2.13) we obtain

Q8% m (AR)* = AN, Xy, de? = (dF)? = CydXxAXy,y (2.14)
or
ds: C‘;d.l\d.l’;, de? = dxdry, (2 \ 15)
where .
Cxp = Cx€p = TxTiey Oy = €€ = Xy Xy, (2 16)

The quantities ciJ’ CKL are components of some second order
symmetrical and positively definad tensors called Cauchy's deformation
tensor and Green's deformation tensor, respectively.

In view of (2.14; «nd (2.15) we can write

3?2 —d8? = 2B, d XA X, = ey duy duay, (2.17)

where
2I"‘lt’l. = Cx;, — 3“[,, 2(’" = 8(/ — Ci4. (2 '18)

The magnitudes EKL’ ei‘1 are the :omponents of certain symmetrical

tensors called lagrangian deformation tensors and eulerian deformation

tensors respectively.

The deformation tensors thus introduced may be expressed by
means of the components of the displacement vector. Thus 1f we take

into account the relation

Co=rnx =R +uyg =Ex + UyiE,y, (2.19)

=Ry =ry —u; =e —u, e,

we obtailn

Cxi. = 8 + Uy + Upx + Uy Usy, (2.20)

Cp = 8y — Uy — Uy -+ w0,

. - "
8 B T i 4 . o - - . '
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From (2.18) and (2.20) it follows that

2Bxr, = Uy, A Uy -+ UsxUu.s, (2.21)

(3]
SO = Uy b gy = 11,0,,.

The relations (2.20) and (2.21) are called deformaticn dis- /13

placement relations or geometric equations. 1In some cases their
displacement vector may be assumed to have the form of W= et

where ¢ is a parameter the powers equal or higher than two of which
may be neglected and y' is a vector which does not depend on €. Thus
the linear theory of deformation of the theory of small deformations
is obtained. In this theory a single system of coordinates will be
used and we will indicate the components of the displacement factor
with respect to the system by Uy Thus we have Xy ® X1 + ui. However
we should observe the fact that within the limitations of the theory
the partlal derivatives of the components of the displacement factor
with reapect to the spatial coordinates coincide with the partial
derivatives with respect to the corresponding material coordinates.
Thus

Oug  Ow Ox, P-ﬁ'—-(& duy\  ou +4+0(¢?) sa.m.d.

X, or, 0X, 0z X, ]~ oz,

Tt follows from (2.21) that in the linear theory of the deformation

the lagrangian and eulerian deformation tensors coincide. In this
case we will note that components of the deformation tensor by eij'
We have

2!" = U4 + Uy

(2.22)

In the linear theory of deformation the coordinates of point M
are usually indicated by Xy the coordinates of point M# being
obviously Xy + uy

The relations (2.22) represent the relations of the defoimation-
displacement called the geometric equations in the linear theory of

deformation.

PR
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3. Conditions of Compatibility

The two positions of the continuous medium under consideration

B and g are placed in “nree dimensional euclidian space. Rclations

(1.1) will be considered as defining the transformation of coordinates
from the cartesian rectangular coordinates Xy tn the random curved
coordinates XK. The magnitudes CKL are components cf the metric
tensor in the curvilinear coordinate system XK. If we have been
given the components CKL will we be able to find the transformation
x = x(X)? Let us note by Ri¥lux the Riemann-Christoffel tensor

formed with the tensor CKL'

1
Rélssw = — (Cryon + Cusxw = Oxsow — Ovwinn) + (3.1)

+ 0&7"([5»,' 8] [K.V, R} — (LN, 8) [KMo Rl)v‘

where

-0 _. (u=1
CxsO5z" ~: O Oy = 8gy,

. 1
(KI, M) = - (ks + Crarx —Ogym).
- (3.2)

This case in known (see for example Halmovici [168])

Theorem .1, Tn view of the fact that the funetions C of the

KL
2
class C° which verified the conditions -

are given ir B and are coefficlents of a positively defined form /14
there exist in the neighborhood a of a given point from @,

a system of curvilinear coordinates X in which thése functions are
c-mponents of the metric tensor.

The same problem may te posed for the tensor ciJ' In other words
if we assume that we have been given the symmetrical and positively
defined tensors c1'j and CKL’ in order to be able to consider these
tensors as metric tensors it is necessary that

Rfluy =0, Rith = 0.
(3.3)

e 1 SR ot B B AR X A

NM.‘.'—...“._.“ gL e
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It 18 a known fact that in the three dimensional space the
Riemann-Christoffel tensor has only six components which do not
annul themselves identically. Thus from (3.3) we will obtain six
conditions of compatibility for C
for ciJ'

KL

In view of the relations (2.18) these conditions cf compatiblity
may be expressed by means of the tensurs EKL and eiJ’

In the case of the linear theory the conditions of compatibllity

become ‘
copm -t Sknag — gt — e =0,
(3.4)

We will demonstrate

Theorem 3,2, The deformation tensor €y ot the class 02 on B
satisfies the conditions of compatibility (3.4). If B is a simple
connected domain and EiJ is a symmetrical tensor of the class C2 on
B which satisfies the conditions of compatibility (3.4) then there
exist functilons uy of the class C3 on b which satisfy the equations
(2.22).

The first part of the theorem 1s obtained easily &n view of

the deformation displacement relations (2.22). In order to demonstrate

the second part of the theorem let us consider the system

gy + Ugg = 2y (3.5)
where €44 are given functions which satisfy (3.4) If we note
Uy g ==y = 2wy ( 3. 6 )
we have from (3.5) and (3.6)

U,y = €y 4 Dyye 3.7)

and six conditions of compatibility




The conditions of integrability of the systems (3.7) are

Ca + g = a4 W

(3.8)
these relations may be put under the form of
Cus — Cyg 4 Oopa — Oy = (3.9)
By the permutation of the indices we obtain
? T T B IR T L (3.10)
- Eai = Eage - wagy — @y == 0, (3.11)

‘ If we add member for member relations (3.9) and (3.10) and /15
subtract from the result (3.11) we derive

‘ g4 5= Cing —Cagae (3129

We obtain a ocystem of equations in unknowns miJ' The
conditions of integrability for the system are

Cuai b Cuy — et —~ e a= 0,

these conditions are identical with those in (3.4). In view of the

| fact that these conditions are assumed to be fulfilled 1t follows that
' the system (3.12) determines the functions Wyye Let x4 be a fixed
point from B. Then for every ¢ B, we have

[ 4
Wy = S (g —gns) AdEp 000y,
) (3.13)
the integral from (3.13) is independent of the »aths in B from x, to

x.

It may be noted that 1if we take ng = -wgi therr the antisymmetry
of the magnitudes wij is preserved. If the functions “15 are
determined then the system (3.7) for which the conditions of

s, gk e En e i s ety eidkab - Akt el 9 it A




integrability are fulfilled alocws usto determine the displacement
vector. We obtain

ty = S. (e -t wey) dE) -ul,

(3.14)
where ug are the values of the functlions ui in the point Xge
If we note
©fy = S:'(tu.' —emmg) AEyy (3.15)
then i1t follows from (3.13) and (3.14) that
(3.16)

wews (e o) 48 1 ohe — )+ ok

The above integrals are independent of the paths in B from Xq
to x. The thus defined functions uy represent the components of a

displacement vector corresponding to the deformation tensor 91’.
> L

The relations (3.16) indicate that the displacement vector is

determined as far as a rigid displacement, as i1t was antliclvated.

el et e e

The six distinct conditions of integrability from (3.4) are
s+ G = B ege (F#J, not added), (3.17)

Conis 1 s = Eppte - Eugee (VA j#8¥1, not added) .

The vector w the components of which are given by

Qg S - g
T > Copalogy,y

- (3.18)
is called the rotation vector.

11




We used e1Jk for designating the symbol of permutation which, /16
as is known, 18 defined in the following manner

1, 1f the values of 1,j,k, form an even permutation

i
|

eijk " -1, 1f the values of k,j,k, form an odd permutationr

0, 1f at lecast 2 indices are equal
(3.19)

Obviously we have

W = —-‘- rot w,
2

(3.20)

It may be easily seen that the relations (3.4) may be written
in the form of

Ciy ,"“' :,,." == 0.

(3-21) E
‘ :
| Similarly on the basls of the fact that 3
. |
[
| rig€ram == 8,8,,, - sn"’!n
€riy€, 120} ¢ (3.22)
the relation (3.12) obtains the form of
' Wegn = CgplromEa,m- {3.23) %
If we keep in mind (3.23) and relations é

S ol €y = (2) — 29) of) | S () — &) iyl &y,

from (3.14) we obtain another form for the components of the dis-
placement vector

== ul + (1, —af) & -| S' (e 1 eoscram(y — By)ersm] dEs. (3.24)

4
et AR W T T EE—
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Similarly, from (3.23) we can derive

(3.25)

5
0
Wy = Wy +S €i3rCrem Era,mtl S1 -
e

12




In case of amultiple-connected domain the problem may be studied
by carrying out suitable sections with the help of which a simply
connected domain is obtained.

At the marginsof the sections, the components of the displacement
vector will have in general different values, be it u; ’ ui+ depending
how the x tends to go toward a point on the section from one part or
from the other part of the veector. If the displacements are continuous
the following supplementary conditions must be fulfilled on the sections
u; = uI. In the contrary case certain discontinuities will appear in
E the body; the funccions u, will not return to the same values after /17

going aroun. any closed contour.

Let us assume that the domain B is (M + 1) connected. The
functions u; and Wy 4 determined by (3.24) and (3.25) may have many
forms. In order to ensure the uniformity of these functions it is

‘ necessary and sufficient that

[e + €1gr Cram(y — %) €rem] A5 =0,
L, ]

S romtremtl B 2= 0, (0= 1,2,...,), (3.26)
l‘”

where Ln are simple closed curves from B, each of which surrounds one é
and only one of the cavities.

Conditions (3.26) may be written in the following equivalent form

;
;
:
:
;
:

e o e R -

(3.27)

SL [El} ~Ci3r Crsm E]eh.m] dg, = 0,
"

S ComSim 52 0, (0 == 1,2, ..., M),
L'l

4, The Invariants of the Deformation Tensors

Let us consider in the three dimensional euclidian space a second ?
13




order symmetrical tensor aiJ' As 18 known the coefficients of the
polynomial in A

Py — W8y ) = — a3 - T (a) 2% — Ty(a) o -i- Iy(a),

(4.1) t
are invariant at their reference transformation. Similarly any
invariant of the matrix (aij) is a function of the invariants I1(a).

[1
From (4.1) we obtain

(4,2)

Il(‘;) =y Do) = ".!,' (ft gy — tyy Qi) Ia)= Lay).

-

Often in place of the invariant Ir(a) other invariant expressions
are used. Magnitudes Ir(a) are called principal invariants of the
tensor aij' For the deformation tensors CKL’ EKL’ ciJ’ and e1J we
‘ will indicate the respective principal invariants by Ii(C), Ii(R),

! Ii(c) and Ii(e).

In view of the relations (2.18) it follows that

() =3 | 20(E), 1(e) = 3—=21),
1C) = 3 4 AI(E)  A1y(B), Toe) = 3 - A o Ay(e),

d
- (4.3) |
I(C)=1+4231(E) bALE) -+ BI(1), Te)- L2 (e) | (o) SIy(e). j
A
; Let us note the fact that because 3
I:l(c) - !('I;I.‘ T |-"l.l\‘|uv (u u) i
it follows from (1.3) that /18
(4.5)

13( 0) =',“.

14




Similarly we obtain

l I5(c) = §%,
where
j= | Xl
Obviously
=1,
| so that
I(C) I(c) = 1.
]
F 5. The Transformation of the Surface and Volume Elements

T

(4.6)

(4.7)

(4.8)

(4.9)

Let us consider the vectors AR, =EdX,, dR, = EdX,, dR, = EdX,

which after deformation become dr, = CdX,, dry = C,AX,, dey = €dX,

respectively. Let dA3 indicate the surface of the rectangle determined
by the vectors d§1 and dR, while do3 is the surface of the parallelogram

2
determined by the vectors dr, and dr,. We thus have

de, = €, xC,ddy = ey 11, ¥y 08cd A5
The relation (5.1) may be written in the form of
de; = J X .ed4,,
because

= J = |xrix| = €y 1 29,0%k,3

In the same way we obtain

do, = J.X,,0,d4,, do, =JX 004,

where the meaning of the new notation is obvlous.

e e v b bt it o8, by sl

(5.1)

(5.2)

(5.3)
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If we note da = de, + de; + de,,

(5.4)
we have
da = J4Y“.'do4"°‘. (5 .5)
Setting da = daigi, it results
da. =% J.\'“.‘(llin,
(5.8)

these re_.ations will be useful in the following.

The volume determined by the veetors dry, dgz, q;3 is given by

dv = de Gl V=T Xy, 0,d A 2 50,dX, = JUV,

(5.7)

where dV is the volume of the parallelepiped determined by ttre

vectors dBl’ dgz, d§3.

If we keep in mind (4.3), (4.5) we can write

Qo = JAV = VIOV = V1 T 2I,(B) + 31(E) + 8L,(E) dV. (5.8)

In the case of the linear theory we obtain

A L) =1+ e (5.9)
dVv
or
_‘_12:_’—Q-K-= I‘(E),
dl (5.10)

this relation expresses the fact that in the linear theory, Il(e)
represents the variation of the volume per nondeformed unit volume,.

o
s

N




Chapter 2. PRINCIPLES OF MECHANICS AND THERMODYNAMICS

6. Velocity and Acceleration

Through the intermediary of relations (1.1) and (1.2) any
quantity f which is a function of the variables xi,t is also a

function of the variables XK,t and vice versa. We will indicate the

dependence of f on a certain system of variables by writing f(x,t)

or £(X,t). Let the function f be of the class C on B x (0,t,).

The differential of function f with respect to time, maintainirg

coordinate XK constant 1s called the material differential of the

; function f and will be indicated by df/dt or by f.
If £ = £f(X,t), then we have y

. of 3
L f= (6.1)

I£ f = f(x,t), we obtain in view of (1.1)

i O 9f or
f‘o¢+0n o’ (6.2)

o Lt e e

Obviously the concept of material differential may be considered
also in connection with vector or tensor quantities.

DN

) The velocity vector 1s defined by

vt (6.3)
If we observe i
Vo= UGy (6.4) j
then
oz, (6.5)

")




The velocity vector may be expressed with the belp of the
displacemerit vector. From (6.3) and (2.3) we have

VNI'l,
and 1f we take into account notations (2.5) we can write

V=1l

Setting
W = l,"(.\., ') l’:‘-, V = V,; (-", ') ":“,
we obtain
1
E= "

Tn view of (6.5), the material derivative of the function
may also be written in the following manner

. 0
f = ~'d{~ + _f,( v|.
The acceleration vector is defined by
a=v.

We can write

o :
W No ) p _ RULN, Y

Q=
ot X ot

Similarly 1f a = a8y and v, ® vi(x,t), we have

. do, "
t TR em— 'v t‘ .
ot (¥RY
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(6.6)

(6.7)

N
N
]

(6.8)

(6.9)

f(x,t)

(6.10)

(6.11)

(6.12)

(6.13)
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7. Several Important Material Differentials

TR T T
A

{a) The material differential of the deformation gradient.
We will show that the following relations take place.

T e

sbiiai A%

*d*‘(-l‘a.n) = Vg, X'y, Ko "'“'(-\'x )= —0,Xx, (7.1)
1K !

In view of the fact that in the operation of material difterentiation

the XK coordinates are kept fixed, we can write

2 '
*®
"“f
4

d_ ..__?_..:‘_{'.)...,w
| Zﬁ(hJ) axx(!u L T

i which proves the first formula from (7.1).

Carrying out now the material differential of the relation
‘ (2.11)1 we obtain
F d

. d, .
Xy, T (e, a1) + Loy ":il‘!(«\u.:) =0,

whence, on the basis of (7.1)1, (7.2)2 can be easily obtained.

15 we consider duy= r ,d\,, from (7.1) we can derive /22
| I .2
':" (d"") =- rl'] (l-l". (7 )
» ;
(B) The material differential of the square of an element of :
2
- arc. We will show that ;
o 9
. é "d' - (!l!l.‘) = 2(‘(’ d‘.l?( (]\l'"
o de
| (7.3)
] ‘
-
P ; where
i : gdu = U,y -4+ (VKB
(7.4)
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t " In view of (7.2) it follows

A (de?) = 2 4 (ag) durg =i 20,y daydirg =2 (v, -+ 0y, ) ddzy,
ot e

which demonstrates the relation (7.3)

(yY) The material differential of the volume element. Let us

l show that
-—5! (de) = vy o do,
r (7.5)
{
| In view of the fact chat dv = JdV, we have
d dJ aJ d(ay, x)
— e ] =2 e "/-—7 o e ...._‘.'.5.- / =3
ar =g o W
‘ =z J.\’KJ )Ly, 5 ul = v“J d", i
,l |
‘ which demonstrates relation (7.5). Here we use the fact that |
o . |
— =JNk 1
0.1’..‘ hl ‘
|
l and also the relation (7.1)1. Let us remember the fact that %
;
| N S P (7.6) |

(6) The material differential of a volume integral. Let
#(t) be a random regular domain from the continuous medium consldered
at time t followed in its movement. Let us assume that this domain
comes from the domain p . gy,

The following integral is considered

13 ’“‘S Jlay ) doy (7.1
»

20
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in which the domain @ and the function f assumed to be of the
classe C1 are dependent on the time.

Let us demonstrate that £23

¥ -S"(jnkfv.,.)dv. (708)

For this reason let us transform first of all the considered
integral into an integral extended to P

F =\ fr,0do=( fiaX, 0,07 dV. (7.9)
’ (]
Obviously we have
d
=) Ut .10
¥ S“u () b (7.10)

Coming back to the spatial varilables and taking into account
(7.6) we obtain

i = -l~¢$UNU=SJj+f%0m%

- Ry ] J- dt

which was to be demonstrated. The relation (7.8) may also be written
in the form of

l',v = _:?_L -4 =\ of

where 92 18 the boundary of 2.

8. The Deformation Velcecity Tensor. The Spin Tensor

The deformation velocity tensor dij and the spin tensor wiJ are

defined by their relations
(8.1)

Qd” = 1'(,1 + v’."

2w“ = — V4,4 (8 .2)

21




These tensors represent the symmetrical and the antisymmetrical
part, respectively, of the tensor v

-

1
10w oo O 0z, = e O Va0

I

is called rotation velocity. We have

W o ‘; “)'. V.
)

Let us establish certain relations between the material
differentials of the deformation tensors and the deformation
velocity. We will assume that Lx. - Ex (N, 1), ¢y=cqiat).

We will show that the following relations are involved

I:f'm. wx dly Ly, g 2y, 0

6y =y — ey ey — Prptr,0e

In view of (2.16), (2.18), (7.1), we can write
: 1
QEA'I. = Cgy, = T;*l (2, 5 £y, L) &= oy Xy 5 1 - Ty, g Xy, g 8 p =

= (U, ot 0p0) ok 2y, 1

5 The vector w with the component
]

(8.3)
(8.4)
(28
(3.5)
(8.6)

which demonstrates (8.5). 1..order to establish (8.6), we will use

(7.1), (8.5) and the relation
LAV lfu. -";m -‘.l.. »

Thus we are able to write

. . . 1 . . L , | -
b= Ly Xi,o N1,y 4 Exy, . (X, Nog v Epr Ny —‘——(,\ L 1)=
at dt

=y — Egr twi Nn,o Xo,) — Err tm s Noow Vi =

= (IU — P U'm, — ('.ml'...; .
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From (8.6) results the fact that in the linear theory we have

iumd‘;. (8-7)

9, Objective Tensors

The magnitudes which are independent of the movement of che
person whn observes them are called objective ones. Thus the
distance between two points is objJective. The velocity of a
materlial point is not an objective magnitude.

Two movements of the continuous medium described by the functlions
xi(x,t) and xi(x,t') respectively are called objectively equivalent
if

2y ) = Qult) 1N, 1) + bt), U=t — @
(9.1)

where a is a congtant, bl represents a translation and QiJ satisfies
the relations

QuQu = QuQui == Byy |Qyy] = 1. (9.2)

Thus two obJjectively equivalent movements differ only by the
benchmark and the reference time. The two movements could be iwnade
to coincide by superimposing a rigid movement and by changing their /25
origin oi time, If in case of such a transformation the components of
a vector Ai(X,t) are changed according to the law

A :(-"9 ') = er(l) A,(.\’, t), (9 .3)

then this vector 1s called an objJective one.
The tensor AiJ(X,t')is called objective if

AU, ) = Qul®) Qult) Ao (X, ). (9.4)

23
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In view of (9.1) we are able to write

(1A . ;
“l‘?;:_ = Quay -+ Qyay + by,

whence

15 = Qg -+ Quay -t by,

(9.5)

This relation indicates 1if the velocity vector is not
obJective.

Let us examine the tensors d 3 and wid' From (9.5) we obtain

1
Because
=0
we are able to write
' - QuQutis 1 Qu Q. (9.6)

If we derive (9.2) in relation to time we have

Q‘M le T+ Qim Qim = ), ( 9. 7 )
From (9.6) and (9,7) we obtain
Iiy = Qi Quudrey
" , (9.8)

a relation which expresses the fact that the deformgtion velocity
tensor 1s objective.

]
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Similarly from (9.6) and (9.7) we can derive

w:! = Oy Qn Wy, ()lr er- (9 D 9)

Consequenvly the spin tensor is not an objective tensor.

e g

10. The Principle of the Conservation of Mass. The Equation of /26

Continuity

The fundamental principles of the mechanics and thermodynamics
of continuous media are: the principle of the conservatlon of mass,
the principle of the pulse, the principle of the kinetic moment,
the principle of energy and the principle of entropy.

Let us start with the study of the principle of the conservation

of mass. Let us assume that we are given a strictly positive
function p, of the C' class on B x (0,t,) and continuous

on 8 x[0,t) called mass density; the mass of any given portion
? from the continuous medium # 1is .given by

m(2P) =S p dv, (10.1
4

The principle of the conservatlion of mass states that the mass
is conserved, in other words t'ie mass of any portion from B is the
same as the mass of the same portion after deformation. Let P be
the domain from B which by deformation becomes the domain 2 from 2.

If we designate the density of the continuous medium at the
initial moment by po,then the principle of the conservation of mass
may be expressed in the form of

S'pdv =SppodV. (10.2

From (10.2) féllows the relation

po =dJ py (10.3)

)

)
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which 13 called the continuity equation. If the motion is known,
the relation (10.3) determines the density p¢. The function Po is
prescribed. In view of the fact that po does not depend on time
we obtain from (10.3)

Jo +Jp =0,

If we consider (7.6), it follows

- = ().
P+ PV, (10.4)

This 1s another form of the continulty equation. It may be
expressed also in the following manner.

de | -
'at * (9”().‘ 0' | (10.5)

' From (10.3), on the basis of the relations (4.3) and (4.5)
; it follows that we have in the linear theory

p == poll — €u). (10.6)

In ending this paragraph we will consider the material
derivative of an integral of the form of (7.7), in which [ = ¢?
In consideration of (7.8) we derive

|
..... lo = { . e 5o ool b
Y S’Pv'!’—‘s’[ dt(?@) t e?un]dv-—sglpv boolp + pvy,¢)]do.

If we consider (10.4), we obtain the important formula

~
N

d

1
L 1o = L2 ae.
ot S, pecy S’p de o (10.7)
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1l1. The Principle of the Impulse, The Principle of the Kinetic

Moment

In Paragruph 2 we have seen that a motion of the considered

medium is defined by a displacement vector u of the class 02 on

B x (0, &).

A motion is called allowable if u, w, i, u,x, Ux are

continuous on B x [0,1,).

Given an allowable motion and a portion @ of the body under
consideration at the moment t, then the vector

K2) = S'pl'ldv, (11.1)

is by definition the impulse of the portion » at the moment t.

The kinetic moment (with respect to point o) of the portion ¢
at the moment 't 1s, by definition, the vector

ll«(s')=§'pr x 1 do. (11.2)

A system of forces assocliated with the body in motion 1s
defined as follows:

(a) For any given time T, there 1s given a vector f(2, 0 zed

This vector 1s called the specific mass force; it represents the
force per unit mass exerted on the point x at the moment t by
bodies external with respect to #- The vector Fn(?)

is defined by

Fno(?) = S’pl dv,

and 1is called the resultant of the mass forces exerted on the
portion # at the moment t.

27




(8) For any moment t and for any unitary vector n there is
given a vector tm(ry t)yze B If # 1is a regular and oriented
surface from : , with a normal unitary vector n, then tuu (2:?)
is the force per unit surface in x and at the moment t, exerted by
the portion of the body located on that part of & toward which n
is directed on the portion from # located at the other part.
The vector tm (%! is called the tension vector.

The resultant of the surface force exerted on the portion of
#? from # 18 defined by

F(2) =» S Lngry () 1) da,
(Id

where 92 1s the boundary of the domain #, and n is the versor
of the normal exterior at 2.

If redam, and n 1s the versor cof the normal external /28
to 94 1n x, then 'm(H!)  1s the specific force of the surface
in (x,t).

(v) The resultant of the forces exerted on the portion of
? from # 1s defined by

(11.3)
F(2) =S el dv +S tm da.
e 0>
(8) The vector X ) is continuous on B X [0,1) and of
the class Cl’0 on B x (0, ) and f 1s a continuous vector on

B x [0, ty).

By definition the resultant moment (with respect to point o)
of the forces which act on a portion 2 from a# is

. My(2) = S’pl' x fdv +So'l' X twy da. (11.”)




By analogy with the mass force and the tension vector the
concepts of mass moment and surface moment may be introduced,
A continuous medium in which mass moments and surface moments are
present is called a polar continuous medium. We will assume in what
follows that the medium under consideration is nonpolar.

The principle of the impulse states that for any portion @&
from # and any t the following equation occurs

i?) = F(2). (11.5)

The principle of the kinetic moment states that for any
portion # from # and any t the following relation takes place

Hy(2) = M,2). (11.6)

The ordered aggregate [, twy, 1], where u 18 an allowable motion
and g,g(n) is a system of forces is called a dynamic process 1if, for
any portion 2 from # and for any t, the relations (11.5) and (11.6)
are satisfied.

In view of (10.7), (11.1)-(11.4), relations (11.5) and (11.6)
are written in the following form

S'pil de = S’pl do +§ ’l(.)da, (11.7)

(]

rXttdo = -
S,p do S,prxtdtw o’rxl(,.)da. (11.8)

In Paragraphs 12 and 13 we will present the local consequences
of the principle of the impulse and the principle of the kinetic

moment.
29
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12, The Tension Tensor

Theorem 12.1. If(wtw,fjis a dynamic process then for any

given unitary vector n we have

(12.1)

ly = — '(—-n).

Demonstration (Gurtin [163]). 1In view of the fact that the /29
domain occupied by a body is limited, in view of the properties of
o u and £ 1t follows that the function

k(t) = sup |p(f — W)},
Xeb

is finite on [0, ). From (11.7) we derive that

! tmda| < kV(2),
(il 4

(12.2)

on [0,t,), where V(2 ) is the volume of 2

m
’

4 A
5 . Let us consider a point
4 ,;‘;-- 3 i roe # and unit vector m. We
,'/’ ’ will apply (12.2) for the case when
Ao A, ? 1s a parallelepiped, 2,, with
Figure 2 a center X, (figure 2),

having faces A1A2A3Au and AiAéAéAﬂ normal to m. We will assume that

these faces are squares with a side € and will designate them by

30
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o: and c; » respectively. We will assume simiiarly that the edge ,
AlAi is equal to 52. Let us designate withwc the reunion of the
parallel faces with m.
We have
a\‘?. = °‘+ U 6;' U(’)., { ‘
¥ (12.3) 54
ard ¥
V@) = oty S(af) = (o) = 163, (12.5) ,3
¢ ;
{ where for every surface e, 9(06) designates the surface of o. From ;
(12.2), (12.4), we derive
} '
(12.5)
‘ :;&wlmdwao when €-+0, ;
In view of the fact that g(p) is continuous on # for any :
fixed unit vector p, it follows from (12.4) §;
| %
1 (12.6) ;
":'{ S,.*l'*"' "“.'”’ Lam(Dgy 1)y .s“ Su.‘(n)"“"’o when €+0. ' 1
Keeping (12.3), (12.5), (12.6) in mind we obtain f
tmy (24 1) 4 ) (2 ) = 0,

a

this relation proves the theorem inasmuch as m and x, are arbitrary.

The vector g(n)(x,t) i1s designated by t(x,t;n). We will /30
) by ti(x,t;g) or gi.

i G e

designate the components of vector t

{n

Theorem 12.2 If (W'»tl 45 a dynamic process, then there
1,0 on B x (O,to) which is continuous on

i
o
3
i
{

is a tensor tiJ of class C
B x [0,t,) so that for every unit vector n we have

4 = ty LTS ‘ri

(12.7)
31




E where n, are components of the vector n.

Proof. Let us assume that the portion
#, including 1ts limit 18 internal with
respect to the domain and has the shape
of a tetrahedron AA A A, (fig. 3) in which

— 17273
the vectors AA1 have vectors ey respectively
as the right versors. Let x1 be the coordi-
Figure 3 nates of point A, and n tne v-rsor of the

externa. normal with respect to the plane A1A2A3. The tension vector

which acts on the surface element with an external normal e, 1s t(e4):
{ To simplify the description we will designate this vector by gi.

Obviously vectors gi depend only on the point and time.

, Let o0 be the face of the tetrahedron with the external unit normal
n and o, the face of the tertrahedron normal to e,. Obviously the
external unit normal at the face o, 1s -e,. The tensicn vector which

acts on this face will be -t,.

The principle of the impulse in the form of (11.7) applied to
the tetrahedron under consideration becomes

l‘.‘da —Sa,'s‘l“' (12.8)

S e(n—1)dv =St\'.,da ——S t,de —-S
» L] i

If we designate ;

; '(n) == {( O, t¢ = 'U €5
| the relation (1i2.8) will be written as ;

t“da-—srﬂda—-\'md“- (12.10)

vr),

S’p(a. —fi) dv =S:. da —S

9, L]

In view of the fact that E(p) is continuous for any fixed unit
vector p, we derive from (12.10)

[pa —f)[*V(P) = 1} S(0) — 1} /() — 13 /() — tht (), (12.11)
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where [p(ai —fi)|°represents the value of the function #las — /i)

in a glven point M inside the tetrahedron, ti representa the value
of the function t1 1n a point N1 of the face o and tJi represents
the value of the function tJi in a given point RJi of the face aJ.

Let h be the height of the tetrahedron derived from A, We have /31
V(@) = % hotf(a), S(0) = n;f(0), (12.12)
where n = ngey-

From (12,11) we obtain .
[e(as —fc)]‘ ' —H ny.

(12.13)
It in (12.135) we inake h tend toward zero, we derive
ti(z, t; M) = ty (ry 1) ny(x)y (12.14)

which demonstrates (12.7),

It sho1ld be noted that the formula (12.14) is true also when
n=te,.

The fact that thefunctionst1J are of the class C]’O on B X(O,to) i
and continuous on B x [D,to) results from the fact that ti(x,t;g) j
has these properties regardless what n would be.

The relation (12.14) may also be written in the form of

tm = tine. (12.15)

This relation expresses the dependence of the tension vector
E(n) on the vector n; it 1s known under the name of Cauchy's formula.
The tensor tiJ 1s called Cauchy's tension tensor. 5

13. The Equations of Motion

Theorem 13.1 (Cauchy-Poisson Theorem). Let u be an admissible
33
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motion and g,g<n) a system of forces. Then [u,t.,f] is a dynamic
process if and only if the following conditions are fulfilled.

(1) There isa tension tensor tyy such that t,(x,t;n)
is represented in the form (12.7) and this tensor is symmetrical,

tl’ = ‘M,

(13.1)

(13) Uy t and f, satisfy the equation

13 i

e+ ofy = pile (13.2)

Proof. If [u,twm,1] is a dynamic process, then according
to theorem 12.2 there is a tension tensor t1J such that (12.7) takes
place. Let us show that the relations (13.1) and (13.2) occur. We
will write the principle of the impulse and the principle of the
kinetic moment in the form of

s
!
f‘

S pii,dv=s pfedo +\ tda,
» ’ oo

(13.3)
] S Bl 1y ii,dv——:s plis 13 fa dv +S e 1yt da, (13.4)
i 4 » v
r
; where e1Jk is the permutation symbol defined by (3.19).
;" In view of the fact that the relations (12.7) take place, /32
: applying the divergence theorem, we have
(13.5)

‘r'“‘.'«.“ tda :S { sdo S : = »
L So’ s do, o't’m Tty da '(ﬁn Tyler,y + O ty) do.

Relations /13.3) and (13.4) may thus be written in the following

manner

S (pi;; -—-pf‘ --t,.,,)dv "—'—‘0, (13.6)
(4
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S,[fm &y (pits = pfi —tu,e) — e ln]do = 0. (13.7)

In view of the fact that the functions under the integral sign
are continuous and the domain # is arbitrary, equations (13.2)
result from (13.6). These equations are called equations of motion
of the continuous medium under consideration.

On the basis of equations (13.2), the relation (13.7) implies

eiJkth = 0,

that is, relations (13.1).

In the opposite case, if we presuppose that (1), (i1) take place
and that the aggregate [g,g(n), f] 1s given, where u is the admissible 1
motion, g(n),g is a sy~tem of forces comprislng a dynamic process.

From the fact that relations (13.2) take place, we obtain 3
(13.6) as the result., Because tensor t1J exists so that (12.7) ]
takes place, (13.5) results. From (13.6) and (13.5) we obtain :

I3 ‘i
S p(tty —fo)de ==\ ¢, da, |
» o9 %

]

that 1is,the principle of the impulse,

In view of the fact that relations (13.1) and (13.2) take place,
relation (13.,7) 48 true. In view of (13.5)2 we derive from (13.7)
the form (13.4) of the principle of the kinetic moment.

From equations (13.2) and the continiuty of # i fi on B x [0,t)
it results that tji j are continuous functions on B x [0, ).
]

From the above it resultsthat the tension tensor t,, has the following

13
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properties.
1) t’iJ is symmetrical and of the class of cl»0 on B x(o,to),

2) t13 and tiJ,J are continuous on HB x (0,1).
A tensor with these properties is an admissible tension tensor.

In view of theorem 13.1 it results that the specification of
a dynamic process is equivalent with the specification of the ordered

magnitude (W, 4y, f,) where
(a) Uy is an admissible movement,
(B) t,, 18 an admissible tension tensor,
(v) fi are continuous functions on i x (0, /%),
(8) Uy tiJ’ fi satisfy the equations of motion

b,y + pfe = pid,.

Thus, a d;namic process is an ordered array of functions
ui’tij’ fi with properties (a) == (§).

14, The Piola=-Kirchhoff Tension Tensors

As has been stated before the tension vector 1s assoclated with
& material surface ¢ from # and is measured on the unit area
of this surface. However, the area of the deform2d surface is not
known and therefore it 4is necescary to introduce a tension vector
to act on ¥ which 1is to be measured on the unit area of the surface
Yo where Yo is the surface from B which by deformation becomes the

surface ¥ frem 4.

Let P be the domain from B which is transformed by deformation

into the domain ¢ from #. The relation (11.7) may also be written

in the following manner

Spp.,uuu =Sppol(l|' + OPTw,dA, (14.1)

where g(N) is the tension that ascts on 02 and 48 measured on the unit
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area of the aP surface. Let N = NE, be the versor of the normal
exterior to adP. Proceeding as in Paragraph 12, from (14.1)
we obtain a relation analogous with (12.15)

'l'(m = Tu Nltv
(14.2)

where T, represent the tension vector associated with a surface

from 4@, corresponding to the plane of the external normal EK from B,

Let dA be the oriented element of area from B with an external unit
normal N which, by defornation, becomes the element da with an
1
f external unit normal n.

‘ We have
]
LI} da = T‘N) (lA, togda = TA'N_R‘]AQ
(14.3)
| da; = neda, dd gz = NydA, toda, = TrdAy,
| ,
! where we used (12,15) and (12.2).
In view of the relations (5.6), from (14.3) it follows

' TK =¢,.\'K.“p (lu.u) 1
i
| 1
| |
r From (14.4) we obtaln 1
- |
' | |
| '(:"’zl,KTK' (14.5) |

' 1

1

- We will note |
o |
- (14.6) |

T,( = TKl €.

T is called the Pilola-~Kirchhoff tensor of the first kind.

K1
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From (12.9), (14.4), (14 .6) 1t follows

Ta) = JNn, 0 lipy

and thus

. mn
'l[ - XN l“,-

f The Plola-Kirchhoff tensor of the second kind, T

| by

|

L TA'd = Iy T,L .

| From (14.8) and (14.9) we derive

’[l ty = ; Yok Iy,0 Trey
; and thus

Ty =4 ,"x,( -"L.I lyy.

(14.,7)

(14,8)

3

KL is defined

(14.9)

(14,10)

(14,21)

In view of the symmetry of the tensor t1J it follows

. Al —_—
Fox Tay = &y 58 Triy  Tho = Tyy.

or T.,..

of the tensions TKi KL

1

T
u,-f “ax) =0
( J ).c

these relations may be easily verified.
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(14.12)

Let us express the equation of motion (13.2), with the help
We willl use the fact that

(14.13)

u it ;



From (13.2), (14.8) and (14.,13) we can derive the following
form of the equations of motion

1"“. N '*‘ Po!( = fo ii., (1“ .l'-l)

which can be easily derived also from (1l4.1). Obvtously, the
equation (14.14) may also be written in the following way

(Tre w0, L)k -~ Pofi = po ke (14.15)

In the linear theory of deformation the tensions are of the
same order of magnitude and displacement. In this case we followed
the convention of using a single system of coordinates and have
shown that from (2.6), (4.3), (4.5) it follows

oJ = 1 f Tety .\')J S 8,‘ —_— N,.(. (lll 416) 7

In view of (14.7), (14.10), (14.16) it follows that in the
linear theory the tensors tid’ TKi’ TKL colncide.

T, = 1. |
1=t (14.17) 1

15. The Principle of Energy %

Let us assoclate witheach dynamic process an internal energy :
per unit mass e(x,t); the internal energy of the portion o é

from the body at the moment t being defined by

(15.1)
E(2) -_:_S’F ede,
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# By definition the kinetic energy of a continuous medium which /35
' occuples the domain » at the moment t 1is

’\'(-’?)m:-s pittdy, (15.2)
»

The power of the applied forces of the portion # from 4
is defined by

W) == S"pl wdo - S tm W da. (15.3)

fil.4

| In continuation we will study the principle of energy in

the case in which two forms of energy are present, mechanical energy

‘ and thermal energy. In the following the thermomechanical behavior
of a continuous medium will be our subject.

A system of heat sources assoclated with a body in motlion is E
} defined by the following:
(a) For any t there is a function (s, !), ¢ # given., This

function is called the output of the heat sources per unit mass.
If ? 4is a portion of the body 4 , then the integral

Q“?)ws or dr, i3
, .

represents the amount of heat transmitted in # by radiation pPer
unit time.

(B) For every t and for any unitary vector n there is given a
: function him(ry ), &< A. If ¥ 1s an oriented and rezgulated surface
from 2 with a unitary normal n, then h(n(x))(x,t) represents the amount of

4 heat per unit area of the surfaces ¢ and within theunit of time Inx and at the
“ﬁ .moment t, which passes from the portion of the body located in the

§ part of ¢ toward which n is directed towards the portion from #
placed at the other part. This function is called the heat flux.

g The integral

QP = S

hm da,
g

4o
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represents the amount of heiat that enters by the border of the
portion 2,by conduction in a unit of time.

(v) The amount of heat that enters in a unit time into
the portion 2 is

W(P) ._-S’p,-.w I S”h(., da. (15.4)

(8) The function h(n) is continuous on B x [0,8) and 1is
of the class Cl’O on B x (O,to) and the function r 1s continuous
on B x (0,).

Let us associate with each dynamic process and entropy per unit
mass oWy 1) the entropy T of the portion # of the body at the
moment t being defined by

1’9 =S g, do, (15.5)

R

Finally let us introduce a function T(x,t) > 0, called absolute /36
temperature.

The principle of energy (or the first law of thermodynamics)
states that for every portion & from 4 and for every t the

following relation applies

K(2) + E@) =W (2) +Q(2) (15.6)

e e diie 2l iy

In view of (10.7), (15.1)-(15.4), the »zlation (15.6) takes
the shape of

e

(15.7)

S pu ity do+ S pedo = S’pj.c’t. do + Sd’t, 1, da +S'pr do + S”h(., da.
[ 4 L 4
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The ordered set [u, T, &, biapy % heanr 1 7]y in which

(1) u 18 an admissible motion,

(11) t(n)? f 1s a system of forces,

(111) h(n),r is a system of heat sources, 21

(iv) T 18 a positive function of the class C°’" on B x(O,to)
being continuous together with ? and T g °n B x [0, t,),

(v) e 48 a function of class ct oﬁ B x (O,to) and continuous
together with e on B x [0,1)

(vi) n is a function of class C1 on B x (O,to) and continuous
together with n on B x (0,1,
form a thermodynamic process if the principie of the impulse, the
principre of the kinetic moment and the principle of energy are

satisfied,.

3
!
1
|

The corditions of regularity 1mposed on the functions which
characterize the thermodynamic process are somewhat more restrictive

than those necessary in this chapter. i

In view of the definition of the dynamic process it follows
that T =[u, T, &t G hmi, r] is a thermodynamic process 1if

1) [wtw, 1) is a dynamic process, ]

2) hmwyr 1s a system of heat sources,

3) T, e, n have the properties 1ndicated in (iv)-(vi),

4) & satisfies the principle of energy.

L i L o R LT i e i

Theorem 15.1. If  [u,tm, ] is a dynamic process then the
first law of thermodynamics may be written in the following form

- R

S pédn=s s dgy do +S pr dv +S ki da, (15.8)
» - -4 (il

where diJ is the tensor of the velocity of deformation.

Proof. If [wtmf] 41s a dynamic process then according to *“he

theorem 12.2, the relations (12.7) take place. In this case the
second term of the right member of the relation (15.7) may be written
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E* in the following form
,

! S tetteda =\ tyvnda ==S (o), do = S (1,3 0 -+ g 0y,9) do.
: o 0o ® »

In view of this fact the relation (15.7) becomes

S'!’c(Pac = pfe = ) do + S’pédv = S' tyvy,,do + (15.9)

+ S' prdv + So'h‘., da.

On the basis of the theorem 13.1, Uy s tij’ ri satisfy the
equations (13.2) and therefore (15.9) is reduced to

, (15.10)
d Py -
| S'pc V== S't,.v.,,dv { S' prdv so'h(.) da.

} If we take into account (13.1), relation (15.10) will take
l the shape of (15.8),

16. The Heat Flux Vector. The Energy Equation

Theorem 16.1. If [g,T,e,g(n),n,h(n),f,r] is a thermodvnaric
l process, then for every given unit vector n we have

hw = — hi-m-

(16.1) i

i

; The demonstration of this theorem is similar to the
: demonstration of theorem 12.1, However this time relation (15.8)
; is applied for the paralleleliped Pe’ used to prove theorem 12.1.

DR e aeaigitag e T gl

Theorem 16.2. If {g,T,e,t(n),n,h(n),ﬁ,r] is a thermodynamic process
then there 1s a vector g of the class c*% on B x (O,to) and continuous v
on B x [0,tg) such that for every unit vector n the following relation i

takes place.
hiy = Qi Ny,

(16.2)
where @ are components of vector gq. The vector g 1s called the

heat fl&x vector.
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The theorem is proven the same way as theorem 12.2. In this
case the relation  (15.8) of the tetrahedron used for proving

theorem 12.2 is applied. With respect to the meaning of the components

of vector q let us mention that the heat flux that enters a
tetrahedron through the face o1 is -qi.

Theorem 16.3. Let [g,T,e,g(n),n,h(n),g,r] exist with properties
given in (1)=-(vi) respectively from Paragraph 15. Then[gJT,e,g(n)n,
h(n),g,rl is a thermodynamic process if, and only 1if

(a) [g,g(n),f] 1s a dynamic process,

(R) there 1is a heat flux vector g so that h(n) is represented in
the fcrm of (16.2),

(y) the relation (the energy equation) takes place

pe = lydy 1 Qi + pr (16.3)

Proof. If the considered set 1s a thermodynamic process then
[g,g,n),g] is a dynamic process. Similarly, according to theorem

16.2, there 1s a heat flux vector g such that (16.2) takes place. /
Let us show that relation (16.3) is satisfied. Tn view of (16.2),
the relation (15.8) may be written in the form of

(16.4)

S (gr  tydy -er - dde
P

In view of the fact that the function below the integral sign
is con*inuous and the domain of # 1is arbitrary, (16.3) results from
(16.4)

In a reciprocal manner let us assume that (a)--(y) take place
and let us show that the set (u, Ty e, Gy %y himpy 1, 1| with the
properties (1) =- (vi) of Paragraph 15 is a thermodynamic process.

From the fact that (B8) and (y) occur, (15.8) follows. Taking
into account (a) it follows that the relations (13.1) and (13.2) take
place. Therefore, we can write (15.8) in the form of (15.10) and
from this we can derive (15.9). Afterwards, (15.7) is derived.
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From equation (16.3) it follows that qy 4 18 a continuous
function on 5"[°’tn)' From the above it follows that the heat
flux vector has the following properties

(1) q, 18 of the class ¢ on B x (O,to),

(11) q, and qi,i are continuous on E’tto,to).

A vector having the properties (1), (11) will be called an
admissible heat flux vector,.

A From the statement made in Paragraph 13 concerning the thermo-
f dynamic¢ processes and theorem 16.3, it follows that the specification
| of a thermodynamic process is equivalent with the specification of
the ordered magnitude [ui, T, e,tij,n,qi,fi,r] whereby

\ 1) [ui’tij’f1] is a dynamic process,

2) qq are components of an admissible heat flux vector,

3) T,e,n are position and time functions with properties mentioned
in Paragraph 15,
; 4) r 1s a continuous function on B x [O,to),
5) the local equation of energy (16.3) 1s satisfied.

Thus the thermodynamlc process 1s an ordered set of functions
[ui,T,e,tiJ,n,qi,fi,r] with the properties given in 1)--5).

' As in Paragraph 14 we will introduces the concept of heat flux
» referred to the area of @ nondeformed body. We must consider |
the function H(N)’QK go that ;

h(n)dﬂ == ¢ Nyg da = qi d('( = II(N) ('44 == "'K “"In' d4 = (t)h' ("‘K' (16 5)

The relations(16.5) are similar to the relations (14.3). We
used here some of the designations from Paragraph 14,

The vector Q of the component Q, is called the heat flux vector
referred to the area of 2 nondeformed body.

In view of relations (5.6), it follows from (16.5)

Ox == J Nk Q.
(16.6)
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From this we derive

o |
=y ran (16.7) |
H
If we keep ir mind (14.13) we can write /39
1 ﬁ
Q.4 3 O, xy (16.8) |

and thus equation (16.3) will take the form of

Jpc '-'-‘-c””d“ {- QA',A‘ }- .’Pr. (16.9)

Using the relations (8.5), (10.3) and (14.10), the
energy equation may be written in the following way

ot = Txy Exs - Qx.x + Por (16.10)

In the linear theory the displacement vector u and the heat
flux vector g are of the form of u = ¢€u', q = €q' where ¢ is a
parameter whose powers equal to or higher than 2 are negligible
and u' and q' are vectors which do not depend on e. 1In view
of (14.16), i1t follows from (16.6) that, in the linear theory,
we have

9 = Q.
(16.11)

17. Statements about the Princlples Introduced

Green and Rivlin [143] have shown that the principle of the
conservation of mass, the principle of the impulse and the principle
of kinetlc momentummay be derived from the law of the conservation
of energy using the conditions of invariance and the superposition of
a rigid motion. Let us present this fact. If we consider (15.1),

(15.2), applying the formula (7.8), the priunciple of energy (15.6) may te

written in the form of
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S [(m’n T+ €)p 1 ('1 %9 ¢’)(fs 1 P”I.l)]'l" ==
’ > -

= S plfive { rde ¢ S (t oy 4 hw) da. (17.1)
[: 17 4

We no longer use the formula (10.7) because o1& assumes
the principle of conservation of mass.

Let us assume that a considered medium reached a given state
at the moment t by means of a certain motion. We will consider
another motion which 18 obtained from the given motion by the
superposition of & translation motion with constant speed. The
functions p,é,ti,fi,h(n) remain unchanged by the superposition
of this rigid motion. The components of the velocity vector are,
however, changed into vy + Qy where o, are arbitrary constants,
The equation (17.1) 1s true regardless what the velocity vector 1s,
and Wwhen vy is replaced by vy + Oy

Thus we have

S I[(v. NI AIE [ 1 (00 1 a)® - t‘](P i P"f.:)}‘l" = (17.2)
" -

P S’ [fdee 1 =) r]pde {-S

(ti(ve + ) + hw]da.
oo

From (17.1) and (17.2) we obtain

{S [e(fi — ) —vlp + pvy, ))do |- :.da} a —
» il d

(17.3)
- ‘i LY Gts (¢4 pty)dv =0,
2 ’

this relation is true regardless of the conatant ay . The integrals
from (17.3) are independent of a, . 1 by Bays, Where
B is an arbitary scalar quantity, it can be easily derived that

If we replace o

~N
=
o]
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(17.3) implies the relations

S(b+mev=m
[ 4

S'[P(fa =) —0(p + pv,,) ] de + S

Obviously (17.4) represents the principle of the conservation
of mass, Now in view of (10.4), the relation (17.5) becomes

tda = 0.
(14

S Pﬁulvas pfidy #s {, da,
4 (4 Y0P

which represents the principle of impulse,.

(17.4)

(17.5)

In view of (10.4), (12.7), (13.2), relation (17.1) becomes

S po (lv=s (pr + tyv yde +\ hada.
’ »

(14

(17.6)

Let us consider a movement of the medium which differs from
the movement given by the surerposition of a rigid motion with a
constant angular velocity, as the body has the same spatial orientation
at the moment t. The functions P, é, r’tji’ h(n) remain unchanged

by the superposition of the above-mentioned motion.

The relation

(17.€6) is true also when e i1s replaced by Vy,g + Qij, where Qij

is an antisymmetric constant and arbitrary tensor.

S 90 do =S [er (v, + ﬂu)] de S
[ 4 »

iz g

by da.

Thus we have

(17.7)
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From (17.6) and (17.7) it follows that

S Qiylydo =0,
»

from which we obtain (13.1). On the basis of theorem 13.1, the
principle of kinetic momentum can be derived.

18. The Principle of Entropy /41

The thermodynamic processes are subject to the action of the
second law of thermodynamics, known also under the name of the principle

of entruopy. This principle states that for any thermodynamic process
the inequality

d P" ’I (18 01)
le — - ()
et S’pnu S’ P di S" T da 2 0,

1

must be satisfled regardless what the portion from would be
at any moment t.

The inequality (18.1) is known under the name of the Clausius-
Duhem inequality.

If we consider the relations (10.7) and (16.2), the inequality
(18.1) may be written in the form of

o= 7)o

This inequality 1s equivalent ¢to the inequality

1 @l 0, (18.2)

pTn —pr —qui v T

which represents the local form of the Clausius-Duhem inequality.

4o
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If we consider (10.3), (16.7) and (16.8), the inequality (18.2)
assumes the form of

4 1 .
bo I — po? —Wua t P Ty 30 (18.3)

Often, instead of function e the function of free energy ¢ is
introduced, defined by,

$:ze T

(18.4)

[
| is introduced.
‘ The equation of energy takes the form of :

:
‘ Po("‘ ’ .”‘n l Ti)) D3 ,I"“‘ I‘"‘KI. E ()ﬁ‘.ﬁ' " Po r. (18.5) |

If we replace the expression PoT + QK K from (18.5) in the
]
inequality (18.3), we obtain
~poln T { §) Ty By ’l"""' T x>0,

P
’ In the following instead of the functlion e, we will use the

function ¥ introduced by (18.4). 1In view of the definition of the i
thermodynamic process, it can easily be seen that the free energy
has the properties from (v) Paragraph 15. Obviouslya thermodynamic
process 1s described by the ordered set [ui,T,w,tiJ,n,qi,fi,r].

]
L
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Chapter III. THE EQUATIONS OF THERMOELASTICITY

19, Constituent Equationu

Two bodies of the same form and mass may behave differently
when they are subjected to the same strains. 1In that case, we
say that the two bodies are made of different materials.

The principles studied in Chapter TI are applicable for any
continuous medium regardless of its internal constitution. There-
fore certain relations are needed to define the various classes of
continuous medla corresponding their different behavior. These
relations are called constitutive relations or constitutive equations.
In any case, 1t can easily be seen that the equations derived until
now are not sufficient to characterize the unknowns.

In order to 1lllustrate a certain behavior which characterizes
F one class of continuous media, a mathematical model was developed.
Thus, various types of i1deal continuous media are introduced:
' elastic, fluld, viscoelastic media, etc.

, A continuous medium 1s called elastic 1if

| ¥ (X, ) = §aul X, 0, TLY, 0, Ta(X, 0, X),

T"'L("‘" ) = I'me [‘rl.M(“'7 ), T(“'y t), T.N(Xy {,) “.]’

»' Ox(X, 0 = Qulwou(X, 1), T(X, 1), TA(X, 1), X], (19.1)

(X, 1) = %LrwlX, 0, T(X, 1), Ta(X, 1), X].

The relations (19.1) are the constitutive equations of the
elastic medium. Let us assume that the functions @,ikh @m;




ik are of the class c1 on the domain % of the elements of the form of
&
(xi,K’T'T,L’x)' where O S A and Non,

The constitutive equations represent a restriction imposed on
a thermodynamic process. A thermodynamic process ir which relations
(19,1) take place is called an admissible thermodynamic process.

The constitutive relations which define a material must follow
certain principles (Noll [311], Truesdell and Noll [421], Eringen
{1077, Jaunzemis [2207, Misicu [790], Truesdell [422]). For the
equations (19.1), these principles are reduced to: the principle
of objectivity and the principle of material invariants.

i The principle of objectivity staten that the consitutive equations
must be independent of the observer. 1lii view of what has been said
in Paragraph 9, it follows that this principle may also be formulated

, in the following manner: the constitutive equations must be the /b3
l same in any two objectively equivalent motions.

| LLet x' and x be two ubjectively equivalent motions and
P - * ® 2
F = [xi’KW, Q (Qij], where the functions Qij satisfy (0.2).

The restriction imposed by the principle of objectivity on
the constitutive equations consist of the fact that these equatlions
must satlsfy the relatlons

BT, Ty N) &QP.T.TJ.XL

Par (P, Ty Ty X) - Ta(@F, T, Ty X (19.0)
Ouiky Ty Ty A) Qu@F, T, Toyy V),

NF T Ty XY == QR T, Ty, V),

for any specific orthogonal matrix Q.

o avmon 5 e
v My O R A ik il O i b bk s’ s ;




Use of the whole orthogonal g=oup to describe the objectivity
, could eliminate in some cases, essential prcperties of the materials
' (Rivlin [351], Eringen [107], Green and Adkins [1411), and therefore
we considered specific orthogonal transformations.

In view of the fact that the functions &'6KL’6K’S are
subject to the same type of conditions, we will study only the
function ¥. The problem is to find out how § should depend on F
so that the relation (19.2)] is satisfied regardless of the specific
orthogonal transformatlion Q. We will use the following theorem.

| Theorem of polar decompostion. Any nonsingular matrix A may
| be written in the form

A = RM = NR,

where R 1s an orthogonal matrix and M and N are symmetric and positively
defined matricexr. The matrices M, N and R are uniquely determined.

We recommend the work of Ericksen [106] to prove the theorem.

o .

In view of the fact that matrix F is nonsingular, according to

the above theory, we may write

F = RU,

e T YA e < ey ey

(19.3)

where U is a symmetrical and positively defined matrix and R i¢

g g e

; an orthogonal matrix,.

" The relations (19.2) may be satisfied regardless of the i
‘ orthogonal mat.ix Q. We will designate by A* the transposed matrix A. i
Let us choose Q = R¥, 1In this case the first relation from (19.2)

is written as

SR T, Ty X) = (RS 9, T Ty X, (19.4)

53

i 4 o b sl G A D T L A e 0 e Rt R V] i X 1 K s sl L b PREE MR Bl 3 i b 9 i B R N .. o e e 3




In view of the fact that R is a specific orthogonal matrix {(determined
as F>0), we have R*F = U, and thues (19.4) becomes

YT TNy = 1 T, ),
(19.5)

From (19.3) we obtain /uh

F*F = UR*RU = U-, (19.6)

Keeping 1in mind the definition of matrix F and the relations
(2.16), (2.18), we have

U* = [2 : 5,,1] = [Cxe) = [2Exe + 8xc ]

If follows that ¢ depends on F by means of the components o{ the .
deformation tensor EMN' The same result applies also for TKL’QM’n‘
We will write

¢’ = J(EMM T, T.Nv “')’

f%
1
;

Tkr = Tx(Eun, T, T.s, X),

Ox = Qx(Exs, Ty Ty X), (19.7)

n = ';I(E.\INv T, T.Kv -\.)

[T R T Ny

It can easily be seer that the functions (19.7) satisfy the conditions
(19.2) regardless of the orthogonal matrix Q. There thus follows

Theorem 19.1. The censtitutive equations (19.1) satisfy the
principle of objectivity if and only if they can be written in the
form (19.7)

There are continuous media which present certaln symmetries as
far as their physical properties are concerned. Thus, for certain
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materials thelr physical properties are the same when (Xl, X2.X3)
are changed into (xl, x2. -X3). Obviously it &8s possible to imagine
more general transformations of the material coordinates which do not
modify the physical properties of the material., We will designate
with {S] the subgroup of orthogonal transformations of the

material coordinates which characterize the symmetry properties of a
continuous medium.

The principle of the material invarlants is applied in the case
when such symmetry properties exist. This principle may be stated in
the following manner: the constitutive equations of a material must
be invariant with respect to the group of transformations (S} which
characterize the symmetry properties of the material.

According to this principle the constitutive equations must be
invariant at any transformation of the form of

(19.8)

X! X

k ™ Skrfre

Sy S 8

mLSMK = SkmSLm = SkLe

from {S}.

If the group {S} coincides with the group of specific orthcgonal
transformations, the materlial is called hemitropilc.

If {S }coincides with a whole group of orthogonal transformations,
then the material under conslderation is calle Iscotroplc. Media which
are not isotropic are called anisotropic.

If the functionals (19.1) do not depend explicitly on X, the /4

corresponding medium is called homogeneous; in the contrary case it
i1s called inhomogeneous.

Sometimes the internal constitution of the material or the method
of treatment restricts the class of deformation to which the material
in question may be subjJected. Thus, incompressible media represent an
example of materials which cannot be arbitrarily deformed. As 1s

i e U T MR R G AR Tt T e e ea TR e ki T 2 sl R o N : o i b s e ey St T IR P b s r el ara ™ ik e AEA £ N T AR AR L v LE e e € e s

iy




-

well known, a body is incompressible if, during any kind of deformation,
its density remains unchanged; p = po(X). The possilbe deformations
of these media are those which rcspect the conditions of incompressibility.

In view of (4.5) ena (10.3) it follows ¢nat incompressible materials
may be characterized by the condition

I0) = |Cxy| = |2Ex;, + 34| = 1.

(19.9)
Thus, incompressibllity implies a connection between the
components of the deformation tensor,

It 1s possible to imagine continuous media which have been
subjJected to certain restrictions by the fabrication process, limiting
» the class of the possible deformations. Thus, a body which is re-
| inforced by a system of fine and inextensible wires, parallel with a
P certain direction, will be considered inextensible in that direction.

} These types of restriction imposed on the deformation tensor are
»
|

called connections.

In the following, except when stated otherwise (when we will
consider the condition (19.9)), we will assume that we do not have
connections. They have been studied in various works: Green and
Adkins [141], Green, Naghdi and Trapp [145],Trapp [419], Gurtin and
Guidugl! [164], etec.

20. The Consequences of the Laws of Thermodynamics ;

Theorem 20.1, An admissible thermodynamic process satisfles
the inequality (18.6) if and only 1if ]

~

- (1) the functions ¢, Tyr, i are independent of the material
gradient of temperature 1

b = YWBuw, Ty X)y Thr = Txu(Ewyy Ty X)y 0 = A(Eyy, T, X), (20.1)
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(11) the functions TKL and | are determined by the function § by

a1 Y ay
]'K'- - l) 90(674““' aElK) (20.2)

.9
e =g (20.3)

(111) the functions  Qy satisfy the inequality

OxTx > 0.
i (20.14)
Proof. 1Ia view of (19.7) it follows that an admissible /U6
thermodynamic process is compatible withthe inequality (18.6)
if and only 1if
1 ad 0 , ) . 5
""[ 0 Po (0’;”;: + (’I’;?'A - i*’]"hl‘ e Po("-,%‘ {- 7)) - ,
(20.5)

d. 7 . é
—ogp B i g0k 30, |

e e e lin gt s

on 2. We assumed that both ELK and EKL enter into {.

e

(20.5) indicates the sufficiency of the conditions (i) -- (111).
In this paragraph we will sometimes use the designations E
G = TogEy = OxEg-

In order to prove that these conditions are necessary we will first
establish

LEMMA 20.1. If (F*, T*, G*, X*)c @, 1* < (0, 4), are matrix A,

a scalar quantity rt and a vector a exist 1n a thermodynamlc process
so that
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PX%, (%) = %, T(X%,()=T% G(X* ) = G

PX*% 1) = 4, T(X% %) =1+ G(* (*) =a.

Proof. There 1s an open sphere X B with the center
in X* and an open intervil T < (0,1,) which contains t%* so
that

det [V + ({—1%)4] ¥ O,

H T® + (8 —1°) + (G* + (t—t*)a) (R —R*) >0,

X )
for any (X, el xs, where R —R* = (X, —Y}E,. Let

and T be defined by EIx& by

i

ro = [F + (8 =) 4, 1(X, —XD),

Bt e e

| T=1T*%+ =(t—1%) + [G* - 1 —1*)a] (R —R*).

It can be easily seen that the corresponding admissivle thermodynamic
process has all the required properties. /

Let us prove now the necessity of conditions (i) -~ (111).
If we apply the inequality (20.5) to the process constructed by
| lemma 20.1, inX = X¥, t = t*, we have

e ddarhing i)

4 1 0@ ad *
“ o e L oy \*
’ [2 Po (3Ex:. t 7] ,‘,,,‘J 7'“-] Dkl.*Po (0*1" -+ ")) T -

, ay \* . :
- — koG, ) w b Q0% >0, (20.6)

where by [ ]* we noted the value of the function from the parentheses /147‘;
- in F* T® G* X*, Similarly we use the notation

| 2D =ATA — 1, D = Dy}, I = [8x.), 0 = ayEy, G* = G2E,.
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In viewof the fact that in (20.6) F",'r',a!x JX*,£8,Dp0, T and 8, are
arbitrary, (20.1) - (20.4) may be derived from these,

This result is due to the investigations carried out by
Green and Adkins [141], Trueeiell and Toupin [420], Coleman and
Noll [63], Coleman and Mizel [€5].

Theorem 20.2. In an admissible thermodynamic process the
equation of the energy becomes

poTn = Qu.x + Po’ (20.7)

Proof. It was shown that the equation of the energy may be
written in the form of (13.5). In view of theorem 20.1 we obtain

i ; ; .8 |
po¥ = Txe Exi. — ponT. (20.8) k

(20.7) follows from (20.8) and (18.5).

Theorem 20.3. If the temperature gradient is annulled, then the
vector of the heat flux 1s zero, 1.e., :

(20.9) 5

Qx(Ewn, 1, 0, X) =0. :
4
Proof. In view of (20.4) 1t follows that the function :
f(Es) = Ex@x(Bun, Ty &y X),
where EMN’ T and X are set and f(0) = 0 is also non-negative. Therefore,
f has a minimum equal to zero in £ = 0. Therefore
of -0 3 ,OQL
-‘7)':‘:"\" = JA' * L dE,K'

(20.9) follows from this.
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This result was determined by Pipkin and Rivlin [342] (see
also Coleman and Noll [63], Coleman and Mizel [65]). It should be
noted that from the relations

A ~
01',; - a','ﬂ OE.MN ) 1
TTT T vy IMN = u- (x‘n M J‘“u‘v - 8“’~)'

- 0-"1,5‘ Ilyy l).l"_ K
OEun L (1B 3
dr x 2 LMWK+ &1, w8k ),y
we can deduce /U8
a.,?, 1 aa. 04’
= mm e I ——em b —
ryx P 4.5:(0;‘"‘ F B | (20.10)
In view of (14.9) and (20.2) it follows that the Piola-
Kirchhoff tensor of the first kind has the form of
po o 0%
Ki = Po Orix (20.11)
From (2.6) we have
rox = U,x + Six. (20'12)
Therefore
Tyy = pg—2¥—. (20.13)
au.,,‘
If we introduce the notation
pob = % (20.14)




)
;
F

then it follows from (14.9) and (20.2) that

T L _?5_ - = (UL + 8 )( 30 )
K= a""‘(anx, am.‘) LA P (20.15)

The function o represents the free energy per unit of initial
volume.,

From (20.13) we obtain

an
= —— . (20.16)
T P

We shall write similarly

i . R (20.17) A
Qs = Ox(Eun, Ty Tyy X) = Qultt,a 7, T, X). %
t
Obviously, the internal energy has the form ﬁ
e = E(Eum T). (20.18) i
The function
de
By, T) =
*(Ex,, T) ar’ (20.19)

1s called specific mass heat. In view of (18.4) and (20.3), we 5
obtain i

d ‘,‘
*( Ky, T)<.]v02'_ (20.20) §
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2

In the theory of thermoelasticity a lagrangian description of
the deformation is used. The problem of the thermoelastic deformation
of the medium under consideration consists in the determ’nation of
the functions

o= riNp,t), T = (N 1), (21. 1)

} which amounts to the dete.mination of the components of the displacement
[ vector u and of the temperature T as functions of X,  and t.

From the facts established in the previous paragraphs it follows
, that the fundamental equations of the theory of thermoelasticity are
- equations of motion

} Trix ' pofs = ol (21.2)
,l
| - equation of energy
poTn —Qr. = pof, (21.3)
:
' - the constitutive equations ?
' o = a(kx, T\ ), 5
i ! ! (210“) 1
| , 1 03 3 :
' Tae == (w0, + 3,,)(- AL ) , ’.
i ; e b 3
| L1 0%
o 0T’ :
Ox = ‘}x”’)‘v.\'. T, Ty, ). f
- geometric equations
'.’l';'“_ = ”A‘.L t ”I..x +- ".\I.A'""n,r,; My = 8,.”,. (21.5)
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In the above relations (Eun, T, X) and  Qu(Eum Ty Ty \)

are prescribed functions which are compatible with the principles
formulated in the previous paragraphs, which characterize the thermo-
mechanical properties of the material under consideration. The
functions PO(X),fi(x,t).r(x,t) are given functions which satisfy

the conditions of regularity from Paragraphs 9, 11, and 15,

If we substitute (21.5) in (21.4) and substitute the expressions i
obtained in (21.2) and (21.3), we obtain four equations for the
components of the vector u and the function T.

Later on we will present other forms of the fundamental equations.
If we consider the results given in Paragraph 20, the equations
(21.2) == (21.5) are substituted by

- equations of motion |

Trix t gofi = pofiyy (21.6) 1

-equations of energy /50
YA ~= Q. = por (21.7)

]

- constitutive equations i

.y X (21.8) :

- . o Yo _ 1 9o .

¢ :=a(u,,, T,X), Ty e e —= " 1

. . B

Qx = Qxlu,1s T, ", X).

‘4

Be replacing the relations (21.8) in (21.6) and (21.7), we i

4

obtalin four equations for the unknowns u, and T, ﬂ
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Initial conditione and conditions at the boundary of the body
under consideration are also added to the fundamental equations
(21.2) == (21.5) (or (21.6) == (21.8)). The initiel conditions
have the following shape,

u(X, 0) = a(X), Y, 0) = WX), (X, 0) = 5e(X), N e B,
(21.9)

where 2, b, n, are prescribed continuous functions for B.

The boundary conditions consiet of mechanical and thermal
conditions. The mechanical conditions are those known from the
theory of elasticity where,at the boundary, the displacement vector
or the tension vector is prescribed,

The thermal boundary conditions which appear mcst often are:
(1) the temperature at the boundary is prescribed, (11) the heat
flux is prescribed at the boundary, (1ii) the convection condition.

Mixed type mechanical and thermal conditions may also be
considered. Thus, we will consider frequently the mixed problem
characterized by the conditions

= u® pe X% [0, fo) TxNu = P* pe Lo [0, lo)y (21.10)

T =@ pe Lyx (0, ), OxNy = N pee PP U

where I_ (s = 1,2,3,4) are part of the boundary B so that D
o= .‘.:3 Ux' = 0," S‘ﬂ 22 = x;‘ N E' = (’),

while u*, P*, 0, H* are prescribed.The components .f vector u*are contlnuous

on 21 x [O,to), the components of vecter P* are regular functions on
portions on ¥, x [O,to) and are continuous with respect to t, 9 is

a continuous function on 23 x [O,to) and H* is a regulated function
on portions on Il x [O,to) and continuous with respect to t.

]

{ The convection condition assumes the forr. of

{

{ QN = WT - T, pe OB [0, 4, (21.11)

T
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where Te is the temperature of the surrounding medium and h(> 0)
is the heat transfer coefficient. The functions 'I‘e and h are
nrescribed.

If the solution of the thermoelasticity problem is determined,
the density p is obtained from (10.3)

In the study o. thermoelasticity problems it is generally
assumed that the reference oxXy coincides with the reference OXK.
The components of the displacement vector, the lagrangian deformation
tensor, the Pilola-Kirchhoff tensor of the first kind, the L<eat flux
vector measured per unit area from the nondeformed body, with
respect to the reference under consideration, will be desigrated by
ui(XJ,t), EiJ(Xs,:\, Tij(xs,t)’ Qi(Xs,t), respectively. In view /51

of the fact that only the variables Xs and t are used; only partial
derivatives with respect to these variables will appear, and we will
indicate now by fi the derivative of the function f with respect to
X The fundamental equations assume the form of

-equations of motion

10

Ty,s + pofi = poi, (21.12)

- equation of energy :

PeTh — Qi = pqr, (21.13) i

- the constitutive equations

g = E(EU’ T, X,),

7= Y, 48 )( %5 . 9 (21.14)
A TP aE,,)

1 35
g= —- 9

po T

Ql = Ql(Emu T7 T.h -"c)’




- the geometric equations
2,'4‘" ar. “,.‘ »*. “,.‘ .*- "."u‘.,. (21.15)

The constitutive equations written in the form of (21.8)
become

de |

T, - 0 -
1 ”"‘." ] 2o

de iy ’
o Q= Qguy,, T, T,, X,). (21.16)

22. Isotropic Media. Incompresible Media

The continuous isctrevic media were defined in Faragraph 19.
A thermoelas. 2 medium 1s isotropic if the functions & and QK
depend similarly on EMN and T,L’ regardless of their orthogonal
transformations (19.8). In view of (20.1), (20.14) it results that

the § is an invariant of the deformation tensor EMN and therefore

& = afl(K), I(E), I{k, T, X) (22.1)

It 1is shown that for isotropic media the functions QK:areexpreseed
in the form of

()K (Wusm. ] Z,'.BI"‘KI. - (6,3"“&" "t‘\n.)'l'.L, (22 . 2)
where %:¢ are functions of the variables /52
If(E)G TkTx; Tk T. Eg; T.KT.LEL.\:EMK; T; Xy (22.3)

This result was established by Pipkin and Rivlin [342] for the
case when éx depends polynomially on 1ts varlables. Green and Adkins
[141], Koh and Eringen [237] extended the results for Lemitropic media,

and Truesdell and Noll (4217 to the case when QK

of EMN,T L,T,X with the regularity properties given in Paragraph 19.
]

are general functions
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Often instead of the invariant Ii(E)’ the invariants J
as follows

1 defined

J: = I,(E) = ELM Jy = R(E) "'2’|(E) = Elu.Em.. (22 .ll)
Jy =1 + 2I(E) + 4I(E) + BI(E) = I(0) = | 8x; + 2Ex,|.
are considered.

In order to obtain the form of the tension tensor in the case
of 1sotropic medla we will consider the relations

.0_'.,1— == 851,, OJ,. = 2EKL’ "(1";,3_ = 2"30&."”’ (22 * 5)
Bk OBk, 0B,

where

,"”=‘\' ,\' .
Ol = Xrete (22.6)

In deriving the last relation from (22.5), we kept in mind that
for che algebraic complement A of the element C from the determinant

KN KN
I3(C) g J3 we heve the relations
aJ .
CKNANL = Jasm., Agy = 60,:\: .
Therefore
C,;NCSJ'L" = 8k,

it follows that

PRI S L. AR

Jg 6(/',;,, ! 01’)}(1, aCA'I.

From (21.4), (22.1), (22.5), we obtain

Tgy == (ug,, + 84) (ﬂ_o_ 8. + 2

X 23 )
ar, al, '

e -t 2S5 —— OV
kel 3 aJ kl‘ ]

3

(22.7)
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Let us consider the case of the incompressible media. Now
the relatiocn (20.5) takes place only for those deformations which
satisfy the condition (19.9). If we consider (22.5), (22.6), it

follows from (19.9)
%

e

]
¢
=

C‘,&"i“"‘,, = 0, (22 . 8)
{
In this case, (20.5) and (22.8) imply /53
} 1 ( 93 03 (22.9)
!' T = 1) -t -
] xt, = PO + 2 (0"}“ al'},,x)'

where p is a lagrangian parameter. The relations (22.9) substitute
the relations (20.2) which were established for an anisotropic
medium in the absence of connections.

F If the elastic medium under consideration 1s isotropic and

incompressible, then we have

&= 30, Jy, T, X), (22.10)

' and the relations (22.9) become

0a 99 (22.11) i
Ty, = pOEY + — 8y o |
K. -+ o, k. + 2 3, Ey,. ,

Here p(X,t) is an unknowa function which must b« Aetermined.
This time equation (19.9) is to be added to the equations considered

until now.

In case of isotropic and incompressible media, the relations
(22.7) are substituted by

93 L 903 4 . 22.12
Tie = (W, + 3u) (’EJ‘; 8k, 2 —52;2- Eg. 4 PC‘KL") . ( )
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049 0%
'l; == pau + Xy, kT, (—07;"‘ 3‘1, + 2-5:-]-: Em,) . (22.13)

Obviously, in this case I3 does not appear among the variables
on which functions % depend.

23. The Equations of the Linear Theory of Thermoelasticity

In the followling we will designate by 6 the temperature
variation of the medium with respect to the absolute temperature
TO of the reference state.

We have thus

T = Ty 4 0, (23.1)

The concept of the linear theory of deformation was introduced
in Paragraphk 2. The linear theory of thermoelasticity is characterized
by the fact that each of the functions Uy s e, tiJ’ qys N are of the
form of e€¢ wherz2by € 1s a parameter whose powvers greater than or equal to
two are neglibible, and ¢ does no. depend on €. As 1t was agreed, in
this case we willl use a gingle system of coordinates and will designate
with X the materia” coordinates. Let us recall that in the linear
theory the relations (2.22), (14.17), (16.11) take place. We are
designating the tension tensor by t1J and the components of the flux
vector by Ay

In the linear theory the free energy developed according to /54

eij and o 1s also considered (see also Paragraph 53) up to the
second order terms, and it 1s assumed that

! aoa, (2302)

9
-

A
o Conzntnn— (5,,54)0 -

6 = 6(gy 0) = Co— o eysy

69

1

i
1




U T

w o
§
k
4

P—_—

medium under consideration having the properties

o \ - s
Coy = Cyy "Uu A puu = ("mn ?‘u ‘C,‘.

where'co,cl, ciJ’ Cijkl’ BiJ are characteristic coefficients of the

In view of the fact that in the linear theory the tension
tensor of Cauchy and the Piola-Kirchhoff tension tensors coincide,

we have, according to (20.2) and (20.14)

1 (2% 05
iy = 9 (’d—e;_, { —l;;;) = Cyaza = B8u8 ey,
s
Po} = — o0 Buey + al i«

(23.3)

As a general rule, the following assumptions are made in the

linear theory of thermoelasticity:

(a) when €44 = 0 and 6 = 0 we have tiJ = 0,
(B) the absolute temperature T, 1s constant.

Without restricting the general application, we
that when e1J = 0 and 6 = 0 we have 0 = 0 and n = 0.
the medium in which we have eiJ =0, 8 =0, ‘c1J = 0,
0 3 = 0 1s called the natural state. From the above

will assume
The state of
c=0,n=20,
assumptions

]
it follows that c1J =cy=2¢y = 0 so that the free energy takes the

form

- 1 1 ,
¢ = Cinitytn — Byl — o ab?,

- -

The relations (23.2) become

ly = Ciyutn —Bunb,

pon == PBuyey 1- @l

(23.4)

(23.5)
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If we consider the theorem 20.3 and (16.11) it follows

q = ky0,, (23.6)
;
From (20.4) and (23.6) we obtain %
I.'.,O,.-O,,- > 0. (23 '7) j
: f
]
.
, The quantities k1J are components of a tensor called the i‘
‘ thermal conductivity tensor. 5
‘ In view of (23.1) and (23.5), (21.13) becomes in the linear /55
’ theory p
% |
» PoTon ~qi = Po’. ’ (23.8) !
| i
In conclusion, the equations of the linear theory of thermo- b
' elasticlity are ;
- equations of motion €
bi,y + eofi= potiy (23.9) ?
- equations of energy .
i
po Ton — 4,0 = Po’ (23.10) '
- constitutive equations
b, = Cg,"e“ —{3"0' (23 11) ;L
foi = Byey + ah, &
G — I'l’lo'i!
- geometric equations
%, = gy + Uy (23.12)
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In the above equations Pys Cidkl’ BiJ’ a, kiJ characterize
the properties of the medium under consideration. For inhomogeneous
media these quantities are functions of Xpe In the case of homogeneous
media they are constant.

The coefficients C1Jk1 and Bij satisfy the symmetry properties

Cii = Coyy = Cyzyy Biy = Py (23.12)

In connection with the thermal conductivity tensor, there 1s no
reason to consider it symmetrical (Truesdell [423]) as it 1s used
in general. It is noted however that i1f this tensor 1s not symmetrical
then the antisymmetric part does not contribute to the equation of
energy (23.10). With respect to this question let us mention the
works of Lessen [258], Cay and Gurtin [79]. Milller [299] and Green
and Lindsay [146] built a theory of thermoelasticity with a symmetrical
conductivity tensor (see also Boschl and Iesan [36]).

If we consider (20.20) and (23.5), we can conclude that in
this case
1

(’* = - _Toa,
Po

represents the specific heat of mass corresponding to the state of
deformation in which Eij = 0,6 = 0, We will designate by c the
specific heat per volume

o .- Fof": = ’l'oa.

(23.14)

It should be noted that the funttions ijkl, Bij’ kiJ’ Pgs 2 /56

(or ¢) depend in general on the reference temperature TO but do riot

depend on temperature 6 . The dependence of g will be incompatible
with the linearization process.

If we consider (22.1) and (23.4) it follows that in the linear

~

theory of isotropic media the function ¢ is expressed as

!
i
!
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i

1 | .
Qbﬁqug—&h0~2um,

(23.15)

where J1 = €440 J2 = eijeid’ and A, u, B, and a2 are characteristics

of the materlal. Similarly we have

q = ’{0..‘,

where k > 0,

In this case we obtain
iy = Nen 8y, |- 2ue,; — 305,

Poh = e, + al

The coeffficlents X and y are called Lamé coefficients.
u# 0and 32 + 2u # 0, the relations (23.17)1 may be written

differently
1 M, 3
= oy — ) 0 83
7] 2 14 2a(3% |- 2u) %01y,
where
ae B
A+ 2.

1s called the coefficient of thermal expansion.

Introducing the designatlons

pBA+20) 2

E = ’ RPN
At 2(n @)

the equations (23.18) take the form of

L v
‘lj} ly K b8y | @08y,

€y -

;
NN T i G M £ B8 i e ot coun ki N i S e .

(23.16)

(23.17)

If

(23.18)

(23.19)

(23.20)

(23.21)
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The coefficients E and v are known under the name of
Young's modulus and Poisson's coefficient, respectively.

Thus the equations of the linear theory of thermoelasticity /51
for isotropic media are

(23.22)
t,s + pofi = polie
poTon — Qi¢ = foTy
ty = A8y -+ 2uey — pO3y,
pon = Pty + a8,
q = k0,

22“ = 1, -+ Wy, 4.

These equations were postulated by Duhamel [91] and Neumann
[305) Providing a basis for them on the basis of thermodynamic
principles was started with the works of Voigt [432], Lessen and
Duke [257], Biot [20], and Lessen [260].

For the sake of simplicity, an agreement has been reached in
the linear theory of thermoelasticity, to designate the density
of the medium in the nondeformed s‘tate by p. The density of the
medium in the deformed state will be p(1 + eii). Similarly we will
use the specific force per initial unit volume, components of which

are
.ﬁ' = Pofiv
(23.23)
and the flow of heat sources for initial unit volume
= por. (23.20)
Often, in place of f? and ro, we will use the designations fl

and r, respectively, with suitable mentions.

O g Tt




24, Curvilinear Coordinates

In the study of many problems of the mechanies of continuous
media it is useful to employ curvilinear coordinates. We will derive
here the equations of the theory of thermoelasticity in arbitrary
curvilinear coordirates in the manner Presented in the monographs of
Green and Zerna [139]) and Green and Adkins [141]. The results will
be used also in other paragraphs of this work.

Let us assume that both the deformed and the nondeformed
media apre referred to the same system of rectangular carteslan

coordinates.

The position vector of a generic point M from B is

" =l .\'..’g, (?u cl)

where gi are versors of the coordinate axes. Let us assume that at
the time t the pcint M reaches in M*: 4, and the position vector
of point M# is

r o= 2. (24,2)

The deplacement vector may also te written in the following /58 ;
manne .

n=(r,—\)a.

(24.3)

The deformation of the medium is described by the functions

X, ® xi(XP, t)., If we introduce a system of arbitrary curvilinear

1 1
coordinates @ by

Xo= X0, 6, 69, (24.4)
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it follows that the deformation will be described by the relations

ry = 01, 03, 03, 1), (24.5)

Consequently we have

R = “(6‘, 0%, 0%), r = '(0‘. 02 0%1), u = II(O', 92, 03, 1. (2“ 06)

Let us introduce the fundamental vectors g,, gi and the metric
tensors 813’ giJ into the nondeformed body corresponding to the
coordinates 6i

IR aN, dX,

= e—— ‘ = 8‘ = T s
U= S0 W= 0 o =0 =000 T (24.7)
0 =ty = 2% O
ax, oX,

Similarly we introduce the fundamental vectors G,, g} and

the metric tensors Gij’ G1J in the deformed body

ar viqs . 4o ox, Or ‘.
G‘ = 00‘ ¥ ‘lql, = 8’, (;U b ‘M(l, = “(")0‘ '-0*6; ’ .;
G“::(Nﬂ’=w00“ow . '3
d.n‘ dl’. ﬁj
The following relations take place %f
9"y = 8 GGy = 8 ' = "y, G' = G"G, (24.9)
We will desigrate
g =\galy G = 1Gul. (24.,10)
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If we consider (2.14), (24.7), (24.8) we can write

d8? s g 00/, da? = G0, (24.11)

In this case we have

dat — 8¢ = 29,0040,

(24.12)
where /59
2Yy = Gy~ gyy, (24.13)
is the deformation tensor.
The displacement vector may be expressed in the forms
UL TN T [ ey 1y 1) (24.14)

If we designate ty a comma the derivative with respect to QJ,
we can write

.l.‘ L “,. LN | TR u,, (2u'15)
so that from (24.7), (24.8), (24.13) we can conclude

(24,16)

Dyg == s | AWy oy = Gy i G, ---wn,

We will designate by a vertical line the covariant derivative

with respect to 0 using the metric tensors gij’ gij
vertical lines the covariant derivative with respect to 6 using

and by two

the metric tensors GiJ’ Gid. We have
w, =g we == U6 (24.17)
ey =7 My g i":a“n v,, - l'r.l - |‘:ll’7"

_ - C ek .
Wy = gy’ = il i,y = Pplit = riG.,

7
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7 8
where 1Ja’ 15. and rijs. 14 are Christoffel's symbols corresponding

to the metric tensors giJ and G 14° respectively. Thus, 2rira gn,1
+ &1,r ~ Bir,s ete.

The relations (24.16) become

LI (PR PR B T PR LAR S LPEPRE [AfY | PP (2“.18)

} It 81 coincides with the coordinate Xy» then Yq4 coincides
. with E,,,

) o oy ( { 7
[ K. ‘0 ) i )' oy 1 ( cm', " (m., | e, Oug ) . (24.19)
E oY, o\, 2 \oly, vy, 0N, o\,

L Let us consider the mixed tensors

|
(= = ("G — B, AP = Gy = 2 (8= v, (24.20)

) - -

We will take as direct invariants of the tensor yj the coefficlients

of the powers of u from the development of the determinant

1298 1 (i b V) B =gy b p8Yl = n® Lty L - T (24,21)

We obtain /60
’ ,l =3+ 2?: = g"(;uo
(24.22)
| I; =3 + 497 + 2>vivi — ¥iv}),

Ia = | 8 + 2y = |g"G"':=g-.

_ Let us consider as the direct invariants of the tensor Y*% the
- coefficients of the powers of y from the development of the i

LT o o bl e &
e i e e e s Bl ey okt g2 i sl e - i o et ol Wi " e




determinant i

.  _ — ”
e -+ 1) 8 —2¢%)) = |G"g,, + 3y =ul+ Ju? + T+ J, (24,23)

It follows

(24,24)
"l = 3_270: = G"g

iry

o =3 — 4y o(yeryen ).

Jo=181—2v%) = |Gy, = L
G

In view of (24.21) and (24.23) we can establish the following
) relations between the invariants Ir and Jr .

[
» Jl=—!-g—, J2=-£l— 1 (2“.25)

y Jy=—

I, 1, I’

From (24.25) we obtain

' I, = IJ, = LG"g,. (24.26)

If we take into account (24.22) we can derive the following
form for I2

1.,
: Iz=-:5 (Ii‘—g”g“G,,G,.). (2k.27)

i Rkl 53§10 e 5 s et £ e

Iet us consider a point P from 4 and the curves of coordinates
which pass through P. Let Pi(i = 1,2,3) be points situated on

Y

the curves 61, respectively, so that i)-j)" ~ G,do, 1';'1,"2 & 6,02, PP, = Gyi0.
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Let us consider the curvilinear tetrahedron having angles
PPS, F2P3, P3P1, P1P2. Let n be the versor of the normal exterior
with respect to the surface P1P2P3. Let us desigriate by -%ds.the
areas of the 81 -constant surfaces. They can be represented'vectorially

in the following way
M
08, = S

Vb“

d ls".

The area of the guvrface P:P:P; 411 pe designated by -;-dS. Tn view of the /61
fact that the surface P, PPy 1s vectorially equivalent to _‘_i.ls‘,

B

we have - ;
S =% " g Z
=y y.28 | i‘
If we set (24.2 ) '

n o= ,“G"
it follows from (24.28) f
48, = n,JG% a8, (24,29) ;

Proceeding as 1in Paragraph 12 we obtailn

s = 1,48, (24.30)

where -t, are tension vectors assoclated with the surfaces el=constant
and t =t y. From (24.29) and (24.30) 1t follows

b=t JGY, (24.31) !

this relation represents Cauchy's formula in curvilinear coordinates,

Taking (24.31) in account we can wriie

LG = G, = 6, (24.32)

where TiJ 1s the contravariant tension tensor and Tj 1s the mixed
tension tensor. The covarlant tension tensor is

Ty = Gy,

- i MR i o RN - v o



TR A Y

ST W

From (24.31) and (24.32) we obtain

Tt R

. (24.33)
t= VG T""( = ?“"g“, = ?;H‘G’,
in which
=1, YGG" = Vi -1G, = VGG’
T‘ "V(;" VG. G, VGT,G. (2“.3"‘)
The tension vectors t, may be written also in the form
3 G
|‘=ZS“I)—~$’ (2'4-35)
=1 Gy
where G, /G, are versors of the Qj vectors, and
; q,
Sup = V":: ¥, (24.,36)
The quantities S(id) are called physical components of the
tension tensor.
If we take into account the theorem of divergence, we have
oL 1
S“'a == SV(i]""(la:SVG Ty, ¢ do, (24.37)
¥ o» »
so that from (13.3) it follows
Tt plGt = p)an. (24,38)
The equation (24.38) is the vectorial form of the equations
of motion in curvilinear coordinates.
It follows from the principle of the kinetic momentum
W (24.39)
If we consider (24.34) and (24.38) the equaticns of motion
81
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may also be written in the following way.
T”“l + Pf’ =3 P‘"? (2u uc-}
where

= ['G, = fifg, 0 = a'G, = alge. (24,41)

It should be noted that the tensicn which acts on the surface
element S, is gideddek. This follows easily on the basls of the

i .
fact that d@S, = JGG'"a0e*>. Let us introduce the tension vectors

0
by by

1

T AV A0 = () gg' d 0/ ci 08,

0
The vector g;

is measured on the unit area of the corresponding surface from the

acts on the surface 91 = constant from 4 and
nondeformed body.
We will write
¥Vgg" =T, = Vgs"G. (2h.142)

From (24.22), (24.34) and (24.42) it follows

s = I, (24.,43)

If % 1s the oriented surface from B, with a normal unit exterior

N, which by deformation becomes the surface ¥ from # with a normal

unit exterior n, then the tension vector g? which acts on #
and is measured on the unit surface of S, 1s given by

, 24,4y
. u;V,-v"(i, e N‘N;“, . ,,l\i'rl ( )

g9

y




where lﬁl
N= N‘g‘ == ‘v‘g‘. (2"‘ OL'S)

Obviously we have

(24.46)
G =g, +n,=(8+u))g,.

The relations (24.34) and (22.42) may also be written in the
following form

* T, = JG ny,= Vpa'y, (2b4.47)

! where

7t = 23]+ wl)), o = ¢"(3] - w'|)).

(2h,48)
‘ The quantitles nij and oiJ are not symmetrical. From (24.34) and

L (24.42) we obtain

{ _— b3 i PR FT M
= }“’ = % J‘l“ a )", = 8 J‘l”

(24.49)

and therefore the following relations take place

=g G/ = n"g,GY, o¥g,G! = o'"g,G", (24.50)

From (24.,38), (24.41) and (24.47) another form of the equations of

motion 1s derived

(24 .51)

g a'lly - pofd = poai.

In the same way as in the derivation of relation (24.31), we |
ottain from (15.8) ﬂ

h(') = h‘"‘ Vé“‘, (21' '52)
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where -h1 is the flux through the svrface el . constant,

B T T TR
e WHAE )

H

|

{

j

? Let us designate j
b ¢ = hja". (24.53)
€, The heat flux vector is
4 = q'i; = ¢,G*, (24.54) ‘
and thus ;
i
M) = @ Ny,

: Repeating the procedure used in the study of the tension,
the heat flux H(N) per unit area of the ncndeformed body 1is
introduced and we have

I e o

>
E Hny = NASY g, (24.56)
f where the meaning of the new magnitudes is obvious. The heat
flux vector per unit surface of chte nondeformed body, Q, is
0 = Qg = Q4 (24.57)
where ?
/64
- Q' = 1Y g« (24,58) :
Therefore, KVgg" =k VGG  ylelds j
Q' = Vlnq‘. (24.59)
]
Similarly we derive ;
Qo = VIq'
(24.60)
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The surface integrals from (15.7) are thus transformed
(24,61)

Slvda = ST‘V"‘ S (T, v + Ty do,

09

Shm de = Sq‘n.(la = S q'lls do.
(14 oy )

If we consider the relaticns (24,38), (24.39), (24.61) and also
the fact that

. 1, 1 ..
Yoy = 5 g = (Gl + G = GV, + G0,

we obtain from (15.7) the following form of the energy equation

. " (24.62)
Pe = =y . ¢4y 4 pr.

The relation (24.62) may be writter, also, in the following way
Po€ == 8", + QY+ por, (24.63)
onthe basis of relations (24.43), (24.60).

The Clausius-Duhem inequality (18.3) i1s written as

eoTh — oo — Q' + ; Q'T| > 0. (24.64)

Trom (18.4), (24.63) and (24.64) we obtain
. , 1 ,
— poln T + §) + 8%y + QT30 (24.65)

If we consider (2n0.14), the constitutive equations take the

followins Torm

——— ——

ST Oy

'f‘:._—_

x";_}(.o'.’ da )' 1 93 (24,66)

po 0T '

i
|
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In view of relations (24.43) and (24.48) 4t follows that /65
1"= 1-( aa +. a'é )’ (2“.67)
I\ 0yy  Oyu
3 e
o = b = VI,

The energy equation (21.3) 1s written

po T — @'l = por. (24.68)

f In the case of homogeneous and isotropic medla we hgye
a=23a(I), I, I, T), (24,69)

| where I, are given by (24,22),

» From (24.,13), (24.10), (24.22) and (24.27) it follows that

(24.70)

.a!‘ = 29“v ,6’2' = 2(!/”9" —g"g") G,y '?!'!‘ = 2130"'
vy dv4y Ovy

In view of relations (24.67), (24.69) and (24,70) we obtain é

= g 4. WBY + pGY, (24.71)
where §

) (21.72)
= ° 9% o 93 . 03 ,
o= 207 o B =2V ,,
Vr, a1,’ Vi, oI’ ol %

BU —_ I]ﬂ" . g(rg;t(;" — l e""'e""g,ﬁ.,.,..
Sy
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In the cise of incompressible media, p is an unknown function.

The constitutive relations for the heat flux component (22.2)

A become

E (24.73)
g O = (6.8 -+ Gyrh + CaryT) TV

é where 0T

- Ty g = r > .

2 TP =gl =07 54

3

| and ¢, are functions of the invariants I, I, = TliTli, I = Tlileyi,
| 16 = TliT{Jygyi, T. Similarly the following representation may be
established [141].

? G (0 | G 1 CaT) TV (24 .74)

}

| where o 66

Ty = Gy = 6 e o

r
, and ¢ are functions of the invariant 1, Ty, T\, TI'Tiyh Ti'Tlyivéy T .
i
i .
, In the linear theory, the constitutive equations in curved :
; coordinates are ;
r = Oy — 698, pon = by, + ab, ¢! = KD, (24.75)

In the case of isotropic media, these equations become

:
t 9 = aghy; -+ 2uy — BOgY, pon = BY; + @, 4' = kgV0,. (24.76) j




It 1s obvious that in (24,75) and (24.76) Yi4 is expressed as
follows with the help of the components of the displacement vector

i vy = “‘!l + 'y, (2u 77)

and ¥ = 0" ¥V = g"i.

In view of the fact that in the linear theory the tensors
riJ, nij, oiJ, siJ coincide, the equations of motion may be written

in the form

), 4 ;;oj3= Poab. (24.78)

In view of the fact that in thls case Qi = qi, the equation

of energy bvecomes

} (24.79)

peToti — 4*li = P’

In general, the physical components of the vectors and tensors
which appear in the above equations are used to study concrete

problems.

For 1llustration, let us consider the equations of the linear
theory of thermoelasticity for homogeneous and 1sotropic medla in
cylindrical coordinates. Let the cylindrical coordinates (r,¢, z)

: exlist such that x1= r cos¢ ,X2 = rsging, X3 = 7z, In order
- to avoid any confusion, let us agree that in this case the flow
f* rate of the heat sources per unit mass is indicated by r'. From

(24,7), (24.9), (24.17) it follows that

1 .
I = G35 = 1, goo = 13, N =g3=1, g2 = "r,z' y Ju=g"=0(i #j),

| ‘3
| 1 (24.80) ]

9 R 3 o — T . l —
f g=r"¢ =4 9 =09 = 2 Oy De=Tap =1 Iy =—r

I =—r Iy =T} =—,
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while the other symbols of Christoffel are zero. Let us designate

(24,.81)

1
€ =@ £, = , flay € "= Iy,

R ) o .
U=y =g = e -+ e, + ue,.

In (24.81), Ups Uy U, are the physical components of the displacement /67

vector. If follows that i
:
|

"l‘:'l"-“" uas—Luz=iu.' “3=u=’u.. (2“082)
r r
The contravariant component of the acceleration vector may
also be written
al =i, a®* = —1-&,, ad = il,.
' (24,83)

Taking into account (24.17), (24.77) and (24.80) we conclude

du du du
Yn = ‘5"‘" = -61" y Yo = ;2— +ory =12t ru, :
(24.84) :
Yoy = du, du, v 1 ( A, ou, 2 " :*
33 = 9 T —— - e e U ) = :
® 0z s " 2\ dy or r ') i
1

== .}. ( (‘9“-'. * auv 'N..) Yoy = —-l- au’ +_ _a_u_'.. ’

2\ de dar 2 a: a7 :
_ 1 1 dy, ou,
Y13 o ‘\\ 9= + or )

The phvsical components of the tensor Yij a, expressed as
- 1
€rr = Yy Zop = ,-‘.‘-Y”’ €rs == Ygq, (2[5 .85)

1

t' TTT e N, - —_. . -
? r f12y Ces ’ Yaay €rs := ¥4,
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I T U T T 7 o —,
o
b
L
?‘ and, therefore, we obtain the following relations between the
o physicsl components of the deformation tensor and the physical
i ‘ components °f the displacement vector
oy =5 007!'_, tep = .}. .‘?0'_'!. 1 'll'), Ty = -a-‘-;{-'-'
d rLew ) (24.86) |
R Y LI TR T l'" c =L [0n, - 1 _17)!'4_.) ;
e :.'(r vy o ')’ T 7 r o9 ) 1
]
s (2 "E_) ‘?
2 Uz or
If we consider (24,80) it follows that the expressions 68 :

E'm o m 2y 4+ 4y 4+ Y0,

} become
l - a?” 31’"_ 01" l ?‘1 — rgfz’) ]
[ ) P + a9 + % + " ( ' J
| E = R L L L +0-r” + I_S_ -, 1
or de ] r
| B = o 9e® 972 +—1_ -3,
or o9 dz

The physical components of the tension tensor riJ are

= r2z®2, g,= 1%,

= =N .
o= S (24.87)
8,y = 1712, 6 = r1??, o, = 319,
and *hus we are able to write 1
3, do,. 1
E' = ‘q"a‘"‘ + l ?“"‘! + Zin, + —(6y — d“\.
ar r d¢ 9z r
4,88 :
E-:_-..’..('i‘.’!!..*.lgg!!« +‘23"-+.-2.- c,,) R (2 ) ;
r\ or r 09 oz r
ac 'y 1 60., OGu 1
.3=-—-'~ —~—"+"“‘ ‘+"—‘ Gyt 3
E dr + r d0¢ oz r
H
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If we indicate by rr, fo ’ fz the physizcal components of the
mass forces, then

J8 =1, ﬂ = 'l;‘!ﬂ !8 = fuy

and from (24,78), (24.83), (24.88) the following form of the ejuations
of motion follows

0] 14 da,
e A +—~(a..~ Ove) + pofs = po i,

f

¥ dr r ode¢ 0z o012 (24.89)
r

[ day . 1 day,  da,, %y

| ('lr+r 09 *.d +~o"+P°f'=P°ml'

: do,, 1 dey, , da,, o0*u,

; or t+ ; oo -+ s -+ —; % i+ Pofs = po ;{[ .

In view of (24,76), (2u4.77), (24.80) and (24.82) the following /69
relations result

4 = ¢' = k0,9’ = kgrad O—R(-— . +—L~@n.+-%9--.), (24.90)
z

| o
vi =uw!y =divu = ~~-_(u‘ Vo) = 1.9 (' ) + _l_gu__,_ + St '
Vo r r dp 02 4
¢", = div q = k div grad 0= kAO=F [_1__0_( 9-9) 44000 08 ;17
r Or\ or r? dod az2*

. which permit to write immediately the other equations of the linear
theory of thermoelasticity of homogeneous and isotropic media.

Let ‘s consider now the spherical coordinates (R,¢,¥) in such

a way that X, = R sin ¢ cos ¥, X2 = R sin ¢ sin ¢, X3 = R cos ¢.

r ¥ ..1.

TS RO A R

o In this case we obtain the following relations between the
% deformations and displacements
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1 1 0"* ) | 4
- - R I
E ‘= Rung oy 'R "R

1 duy __&.3!_9“ Ou,
R d9 R ot sinq» Y )

e k(2

The meaning of the designations used 1s obvious. The equations of

motion may be written in the form

W

00,.,. . 1 00;;.) 1 80,,,
- + - +
R  Rene 0y | B ¢

1 0
] + R‘(2°nn ~ Ggp — Oyy -+ Gne 1% @) + pofn = Po o

dag, 1 day, +-L 1 doy,
: JR Rsmq; ay R 09

1 dtuy
+ m"[-%no (30 = ) 1B 9] + Pofy = Po ~ o,

’

IR Rsing ¢&4¢ ) de

dony 1 __ 904 | 1 0% (Jo.¢,+2a.¢ctg @)+ Pofy = o .

(24.91)

(24,92)

6’u0 .
a1e
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Similarly, we have

00 1 990 1 a0 ,
== j o = f] — B ekt — e §
‘l lglﬂd 0 k(a” En *‘ R a? z' Rﬂin¢ aq‘ 0)' (2“093)
) 19, 1 duy
— (8in @ u —2
oR n) + Rsing d¢ (sin @ ue) + Rsin ¢ oq,'
1 0 ., 00
= divgrad 0 = --— — | R? —-
A) = div grad T au( OR) +
1 00
e | Ni — 4 ——
Risin ¢ d9 (M“Qov) " Rtsin® 9 d¢*
'
c~ 2
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Chapter IV LINFAR THEORY OF DYNAMIC THERMOELASTICITY /711 1

25. Fundamentsl] iquations. Statement of the Problems

This chapter is devoted to the dynamic theory of linear
thermoelastizity. The fundamental equations of this theory are
- the equations of motion

tiy + Jo = ey (25.1) ' |

%
- the equations of energy
pTon —quu=r,
(25.2)
- the constitutive equations
ly = Ciyur €4y — By, 0,
PN = By &y -+ al. (25.3)
9 =ky0,
- the geometric equations
23“ == 4y {- Uyq. (2“ . u) g

In the above relations in order to differentiate them from
the notation from Paragraph 23, fi represents the components of the
specific volume forces, p i1s the density of the medium in the non-
deformed state and r represents the flow rate of the heat sources

per unit initial volume.

The coefficients C have the foliowing symmetry

properties

and B

1jkl 1]

(25.5)

Ciit = Cuiy =~ Cginny By = Bav-

i
t
p
A
H
¥
3
3
13
3
4
i
E
;o
d‘g‘,muﬁ_»._ Ll
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Similarly the following relation takes place

Ly 0,4 0,>0. (25.6)

To the equations (25.1) -- (25.4) the initial conditions

u(z, 0) = ay(a), i1(2,0) = b(x), n(z,0) = ny(z), 2¢ B
(25.7)

are added with the boundary conditions which, in case of a mixed
problem, are

"y = l.l‘on 2:|><[0, '0)9 'l = ’“ ny = 7‘ on xgx[o, 'o), (25.8)

0 = 0 on £,x [0y o)y q= gy m, = § ON L X [0, 1)

In the preceding relation, a4y bi’ Ngs ﬁi, Ei’ 5, a &re prestribed
functions, and L, (r =1, 2, 3, 4) are parts of 3B, with
2:1 U.r‘z-": z3U2.=0B, zxn 23 =23ﬂ z.r-ﬂ--

It 1s assumed that the functions Cyu, By, by ¢ a,
which characterize the properties of the medium are given. We will
23sume that Cijkl’ Bij’ kij’ are of the C1 on B class and that they
satisfy the relations (25.5), (25.6), and p and a are continuous
on B, p being strictly positive.

The preceding considerations refer to the thermoelastic properties

of the medium. As far as the other prescribed functions (loads) are
concerned we will assume that
(a) £,
(B) 28,5 by, ny are continuous on B,
g % [0,80),
(8) Ei are regulated on sections on 22 x [O,to) and are

and r are continuous on B x [O,to),
(v) ﬁi are continuous on I
continuous with respect to t,

(e) © 1is continuous on 23 x [O,to),
(z) d is regulated on sections on Eu x [O,to) and is continuous
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with respect to t.

The expression admissible process is intended to mean an
ordered set of functions Il ={w, tus t 0,7,9) with the
following properties (Carlson [46])

(1) u, are of the class of 02 on B)([O,to),

(11) Uy &1’ h}, 4y g0 ﬁi,J are continuous on B x [O,to),
_ (111) € 13 are components of a symmetric continuous tensor on
B x [O,to),

(1v) t1J are components of a symmetric tensor of the class C
B x(O,to),

(v) th and tiJ,J are cgnginuous on B X[O,to),

*> on B x (O,to).

1,0

(vi) © 1s of the class C
(vii) o0, © 19 ® are continuous on B x [O,to),
3
(vii1) n 1s of the class c%! on B x (0,t.),
0

(ix) n, & are continuous on R x [0,t,7,
120 on B x(0,t,),

(x1) q, and q are continuous on B x[0,t.).
1 3, 0

(x) q, are of the class C

If we define the addition of the admissible processes and
the multiplication of a process with a scalar magnitude respectively

by
N W=y - wdy oy @t Q1) AN = {Me, ooy MU

then the set of the admissible processes is a linear space.

We call the solution of a mixed problem an admissible process
which satisfies the equations (25.1) -- (25.4) and (onditions (25.7)
and (25.8).

We call an admissible fileld of displacement temperature the
ordered set of functions U = (ul, Uss u3, ®) in which u, satisfy
the conditions (1) and (1i), and 0 satisfies conditions (vi)
and (vii). With the previous definitions the set of the admissible
displacement temperature fleld 1s a linear space.
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Cbviously, the boundary conditions (25.8) suggest also other
types of problems depending whether one or several of the parts of
21 are empty. Similarly, other kinds of boundary conditions may be
considered, such as those corresponding to certain special problems

(see, for example, Nowacki [315], Boley and Weiner [23]).

26. Characterization of a Mixed Problem with the Help of
Displacement and Temperature

The problem of thermoelastic deformation of a continuous medium
involves the determination of the components of the displacement
vector and of temperature. The equations (25.1) -~ (25.4) and the
conditions (25.7), (25.8) may be formulated with the help of the

unknowns ui(x,t) and 8(x,t).

Thus, in view of relations (25.4), (25.5) we can write the
constitutive equations in the following form

(26.1)

tiy == Cipa g — By 9,
pn = Buy ey + ab,

ql = k" 00"

Substituting the previous expressions of functions tij’ n and
ay in the equations (25.1), (25.2) we obtain the equations

(Cons Wan)y —(Bey )y —pily = — f, (26.2)

(kﬂ 0:!).‘ - TO B” il‘.’ —_ c.o = —T,

where in the place of TO a we set the specific heat ¢, on the
basis of relation (23.14).
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The initial conditions may be written in the following form

w(ry 0) == ayy dl, 0) = by 0(r, 0) = Uy, 2 € B' (26.4)

where

al, == pro — Buy By

In view of (26.1), the boundary conditions (25.8) become

Uy = '-l' m}:, X [09 'o)f ((“"N U, — ﬁ“ 0) "l = "" on xtx [0’ '(I), (26 . 5)

0= Hhon¥,x[0,1t), k, 0,n =Jon Z,X[0,1).

Thus, the mixed problemof thermoelasticity 1s choracterized with

the help of the displacement and temperature.

When the equations of thermoelasticity are expressed with the /74
help of the components uy of the displacement vector and the
temperature change 6, we shall call a solution of the mixed problem
an admissible f'eld of temperature displacement which satisfies

the equations (2€.2), (26.5) and the conditions (26.4), (26.5).

ety

The connection between thils definition and that given in
Paragraph 25 is obviocus.

o SR PO ot mrep -4+ =R

In the case of homogeneous media, the equatfons (26.2), (26.3)
are written as

Copni Mgy — Biy 0,5 -~ piiy == — f,,

(26.6)

ky 0, — TyBy iy — 0 = — r.

If the continuous medium under conslderatlon 1s homogeneous
and isotropic, it takes the following form in view of (23.22),
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equations (26.2), (26.3)

ity A+ (A 4 @)t — B0 — plh = = Ju, (26.7)

ko,io - To a‘.‘v.v - 06 = — T

In the study of certain materials it was noted that the second
term of equation [26.3) may be neglected, as the results thus
obtained agree with the corresponding experiment, In this case

the equation (26.3) is written as
(26.8)

(ks 0,0 — 0B = — ry
and the problem is considerably simp ified. Indeed. ‘he equation
(26.8), the initial condition for 8 and the boundary conditions
corresponding to the function 6 represent a problem which can be
separately studied. After determining the function 6, the problem
is reduced to the study of the equations (26.,2) with the initial
conditions and with the boundary conditions corresponding to the
u, functions. This problem is a problem of elasticity in which

i
the components of the specific volume force are

Jo = (B 0),,

and the tension prescribed on the surface 22 is the components
?‘ +- Bu 0"!'

The theory of thermoelasticity In which, instead of equation
(26.3), the equation (26.8) 1s considered,is called the uncoupled

theory of thermoelasticity. The designation of coupled thermoelasticity

refers to the general theory described by equations (26.2), (26.3),
equations which cannot be studied separately.

The equations of the coupled thermoelasticity describe the

interaction between the thermal fileld and deformation. 1In the unccupled
theory the function 6 is zero 1f r-,en,5 and a are zero. In tne case of
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the coupled thermoelasticity this does not occur: there is a
temperature variation due to mechanical deformation. Thise
temperature variation causes in turn a deformation of the medium,

The coupling effect will be shown with the help of examples
given in Paragraphs 34, 35, and 37.

In certain phenomena the lnertial terms are negligible and
the equation (25.1) 1s replaced by

byy t i = O (26.9)

In this case we obtain the quasistatiastical theory of
therunoelasticity. Thus the fundamental equations of thils theory
are (26.9),(25.2) -- (25.4), 1In the following we will consider
neither the uncoupled nor the quasistatistical theory. They have
been studied in various treatises (for example by Parkus [334],
Boley and Weiner [23), Nowacki [315]).

27. Another Formulation of the Probtlem

In this paragraph we will present another formulation of the
problem of coupled thermoelasticity, in which the 1nitial conditions
are incorporated in the fundamental equations. The 1importance of
this formulation will become obvious in the following paragraphs.

It was given by Iesan[186] and it represents the generalization of
a result from the theory of elastodynamics established by Ignaczak
[2071.

Let u, v be definite functions of F x [O,to), which are
continuous witt respect to time on [O,to), for any &¢B.

We will designate by u # v the product of convolution of
functions u and v

[]
Y i 1 .,‘,t—? ’,7 (l'.'.
we quz ) v(r, ) (27.1)

;
;
3
§
E
j



“n the following we will use the following pronerties of tlre
product of convolution

(27.2)

Uel=0DeU, He(DsW) =(Her)eto:==1ovsi,
Ue(V - W) =ued | uetw,

werv=20" 'implies u= Qor v~ 0

Theorem 27.1. The functions u, tij’ n satisfy the equations

(25.1), (25.2) and the initial conditions (25.7) if and only if

(27.3)
gely, -+ F = pu,
1 P
P, = 7 Lo qu + W, in*Bx [0, 1), 3
0 (27.4) 7
)
| where
MMEXRUERE (27.5)
1 N
Fo=gsf t er%mL‘V=>%1'N+P%-
1]
| (27.6)
Proof. First of all let us observe the fact that /76
i
]
gOﬂ,=S(t—-ﬂd&nr)dr=QMvﬂ)—tM(n0)~0Mrﬁn, (27.7)
J (1]

| . L) ‘ L
ol leiy= S., 7, 1) d= = n(z, 1) — 9(x, 0).

If the functions Uy, tij’ n satisfy the equations (25.1),

(25.2) and the conditions (25.7), we can write
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g *WUpyt fi) = pg o bl = p(uy — ib — ay),

1 1
"1’,‘;“Q|.4'i"i,:,"r" p(7 — o)y

from which result the equations (27.3), (27.4) in which the notations
of (27.6) were kept in mind.

Inversely, if uy, tij’ n satisfy the equations (27.3) and

(27.4) then,

1
—-leg, + —i,—l o7+ png = p[le 7 + n(r,0))
0

taking 1into account (27.6), (27.7), we can write

golys+ gofi+ plth + a) = plg o iy +ti, (2,0) + wu(z,0)], (27.8)

(27.9)

If in these relations we make t = 0, we obtailn

a, = u(x,0), 5, = n(z,0).

Deriving, with respect to time, the relation (27.8) and then making

t = 0, we conclude

ity(ay 0) = by.

On the basis of these results, the relations (27.8) and (27.9)

are reduced
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In view of the last of the properties of (27.2) of the product
of convolution, it results that the functions Uy tiJ’ snd n satisfy
the equations (25.1)(25.2).

An irmedaiate conesequence of the previous theorem is

Theorem 27.2. An admissible process I' is the solution of the
mixed problem if and only if i1t satisfies the equations (27.3), (27.4),
(25.3), (25.4) and the boundary cond®.ions (25.8).

If we substitute the components of the displacement vector /717
from (27.3) in the compatibility equations (3.21) and in equation
(26.3) we can obtain an expression of the theories of the equations
of thermoelasticity with the help of *he components of the tension

tensor and of the temperature variation (Iesan [186]).

28. The Theorem ‘ *_Unlqueness

We will present the theorem of uniqueness of the solution of
the problem of coupled thermoelasticity. In the case of isotropic
media, this theorem was established by Weiner [LU4(0]., The theorem
was extended to the case of anisotropic media by Icnescu-Cazimir
(2177, (2187,

Theorem 28.1, If C1Jk1 is a positive semlidefined tensor and
a is a strictly positive function, trhen the mixed problem has at
least one solution.

Proof. Let us recall that we assumed already the fact that
p and TO are strictly positive and kijis a positive semidefined
tensor (see (25.6)). Obviously, if a 1s strictly positive, then
the specific heat c¢ 1s strictly positive and reciprocal.

Keeping in mind (25.3), we have

ty g = Cyn toy €y — Boy 0éyy,

pO% = By & 0 + ab 6,

N R e
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whence it results that

ly by + p0% = Cypyy €1y éyy +a0d = -}‘%(Om. ¢y €a + a09). (28.1)

-

On the other hand in view of (25.2) and (25.4) we can write

. ) * 1
by 8y + 907') = Iy Vg, + "ﬂ O(r + q"‘) - (28 . 2)

. 1 1 1
= (b Vg = iy O+ r (0q)).s — -i,-;m 0 + . r0,

;
]

where v, = u

i 1°

Using (28.2), the formula of divergence and equations (25.1),
we obtain

S (tiy é¢s -+ 207 ) do = s (‘a v+ L ‘10) da +
u You T,

(28.3)

+- S”(j, fv. -+ ';oro) do — Su oy vy dy — 11'; Sn 7,0 ; dv.

If we note
U = 17 S: (pity ity -+ Cun 6y €n + 003) dy, (28.4)
- Ju
1t follows from (28.1) -- (28.3), (25.6)

U— S S - o1 (28.5)

Sw(" e roqo) da~§ (f‘ ht ’170'0)"" =

-1
T,

S a9 0,0’ de 0.
I:]

Le. us assume that the problem under consideration would have
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two solutions. Keeping in mind the linearity of the problem, the
difference N*={v?, e% % 0% %% ¢!} of the two
solutions is the solution of the mixed problem, in which

Ji =7 =0, a mb =0, r,=0(then 0 = 0),

- (2€.6)
fy=1=0,Gmb=0,
For N* the relation (28.5) implies
0egn, te [0,1,), (28.7)
where U* is the function U corresponding to the process of N¥,
It follows from (28.7) that U¥ is decreasing
U* ()<U* (0), teo,1,). (28.8)

Keeping in mind (28.4) and the initial conditions, it follows
that

U* (0) = 0.
(28.9)
Because of £>0,a>0,Cy e tu30, from (28.8) and (28.9)
we obtain
(28.,10)

U* (1) = 0, 1 ¢ [0, 1,).

In view of (28.4) and (28.10) it follows

= 0 and 6% = 0 on B x [O,to).

ey
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In view of the fact that the initial momentum u®* annuls itself,
we have

ug = 0, 6% = 0onB x [O,to).
and thus, n* =« {0,0,0,...,0}. This implies, thus, the uniqueness
of the solution of the problem under consideration.

Theorams of uniqueness in which the assumption that CiJkl i
a positive semi-defined tensor is renounced have been advanced by
Brun (417, Knops end Payne [23%], Levine [261]. 1In reference [235]
the continuous dependence of the solution of the intial data 1is
establish:d.

8

The problem of uniqueness was studied (see Paragraph 32) also
by Dafermos [73], who established also the theorems of existence
and of asymptotic stability.

The theorem presented here of uniqueness may also be extended
to other types of boundary conditions. Thus,1t can easily be seen
that it remains true for boundary conditions which imply

thuf =0, ¢*6* =0 0N aBx[0,1,).

Similarly, the theorem is applied to the unbounded domains if the
conditions of behavicr at infinity are imposed

11m q° = 1im t, u, = 0.

i1

In this case, the relation (28.5) of a sphere with a (suitably
ctosen) radius R is applied. If R tends toward infinity, the surface
integrals from (28.5) are annulled according to the above conditions,
and the theorem of uniqueness 1s then proven similarly as for
finite domains (see Ionescu-Cazimir [218]).

29. The Theorem of Reciprocity

In the dynamic theory of linear elasticity, the theorem of
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reciprocity was established by Graffi [136,137]. The result,
obtained with the help of a Laplace transform, was extended to the
case of coupled thermoelasticity of Tonescu-Cazimir [215, 216].

In another work, Graffi [138] derived a reciprocity theorem in the
linear theory of elastodynamics without using Laplace transforms,
The same result was obtained later by Wheeler [442]. However, this
theorem yields a relation of reciprocity which jmplies both the
displacement vector and the velocity vector. Let us mention also

a result established by Wheeler and Sternberg [441)] which is based
on the assumption that the initial conditions are homogeneous.

Tesan developed a method for establishing the reciprocity

theorems without using Laplace transforms whereby reciprocity relations

which eontain only the displacement vector components and loads [187]
are obtained. This last fact 1s important in deriving the variational

theorems (see Paragraph 31). The method was applied in various linear

theories of the mechanics of continuous nmedia (for exa -le, Roschi

and Mainardi [37], Tesan [1947, [201]). We will present two theorems

of reciprocity derived in (1877, [201].

Let us consider an elastic medium subjected to two systems
of loads
L {4, o, 0, T, 0 a0, ), (a1, ),

(29.1)

Let e {uﬂh“.,qW} be the solution of the probiem of
thermoelasticiiy corresponding to the system of loads L(a).

We will use the following notaticns

P& cgefiv et bagy, 60 oy, (26

1

|1 BT, RCTI
T Lo, ! P"I(o“'» q(m e q‘.m Ny
u

where the functions 1 and g are given by (27.5).

Theorem 2%.1. If the conductivity tensor 1s symmetric and
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)
ﬂ(l) and n( are solutions corresponding to the loading sys.ecms
of L(l) and L(?), respectively, then the following reciprocity relations

: occur
]
X [ (e ewe —gomwmeompae  { gep o -
€ B Wit
{ ‘ (29.3)
E = Lo e 0L < { [FE e g e We s g0 )4 ‘

T, 8 ‘
' TR G TR Ry LR LI

.} 'l'o

Proof. On the basis of relations (25.5), (27.2) we derive from

i (25.3) that

) [0+ By OM e el - [0 | By 0] e Y,
(29.4)

| [Bey e — Py 0 0 - (B ed - pr® e OV,

»
| Adding these relations we obtaln
r

o el — pnth e O o £ e cl) — pr® o OO, (29.5)
]
If we introduce the notations
= a) o !0 @) o 6] (dr
Iy Sng'w; ol @ e 09 )y, (29.6)
1t follows from (29.5) that

(29.7)

To = Ioye

In view of relations (25.3), (25.4), (27.3), (27.4) and

using the theorem of divergence we can write
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i S

Iy = S“g o (13 o ul®) — (?l';l . g ¢ W"’) o M ]dy -

s 1
S‘mg . [l!" o u® — 71‘ leg®e om]da +

(29.8)

- , [P ou®— g o WW o 0] dp | 71’ Sug.l o ky 0 o 08 (Jy—
4]

- S pt'® o 4™ (o,
]

If we keep in mind the properties of the product of convolution,
from (29.7) and (29.8) the reciprocity relation (29.3) follows.

In the case when the initial data are 2zero, we have

l":" = g .f:.)v W = ,;1 leore

and the relation (29.3) becomes

g {S [ rerne oo {0 ew -
B l'o on

— " lor® e O(H ]‘hv . S ['t'!) . “(‘l) . 1
r(b it 'l

— "r Lo gqhe 0(*)]«1« —S

0

0

h

[\]

[f'."" o ulh —

Lo g ettt

(29.9)

]a«l::m

In view of the last property of (27.2) of the product of
convolution, it follows that

S [ﬂ" o uF — 'l' leri®e 0"’](10 §~S [!‘." oud —
n 1 oB

i

—'[‘;

0

v N e B .
Tloq* o0 daw-s

0 8

n
lertd e ()“)]llv . S [l‘f‘ o'V —
OB

O T LI T P Oy W

[f;*) ol —

1
~ leg™e QM
r, 9"

]da.

(29.10)
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In view of the fact that in this case we have

g = 11y,

(29.
the relation (29.10) may be written in the following form
g [1(‘1) ol 1 RUN “m].h. 5 S [,gn o
h ,l'o (7]
3
— " q(l). 0(?)]‘“; g [f:’.') N ":l.l o (...9 R
70 Ry}

}- ;' ri3) o (0 ]clv -} s

] cub

[".%n T ! q® e 0‘”]1!::.
T ]
0

Relation (29.12) was derived by Ionescu-Cazimir [215], however, by
using the Laplace transforms.

11)

12)

/82
Next, we will derive a reciprocity relation,
assuming that H(l) corresponds to a problem of coupled thermo-
elasticlty, P(l) with loads of L(l), and H(z) corresponds to a
problem of uncoupled thermoelasticity, P(2), with loads of L(g).
In view of what has been stated in Paragraph 26, it follows that
we have
P = a0, (29.13)
In this case the relations analogous to relations (29.4) are
[ + By O] e = [0 + Boy 0] o b
(Bor ) — pn®] 0 63 = — oy o g, (29.14)
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Adding these relations we obtain

3 o el — oyt o 0B = (H o ¢} — py® e O — By O o o1, (29.15)

By proceeding in the same way as in theorem 29.1, there follows
from (29.15)

Theorem 29.2. If an elastic medium with a symmetric conductivity

tensor 1s subjected to two systems of loads L o) (a = 1,2) then

n(a)

between the solutions corresponding to the problems P(a)(a = 1,2)

the following reciprocity relation prevails

S [FV e ul® g e WO o 6] .}.S g+ [‘:I) o ul® —
8 ol

- 1'_ leqhe O ]‘da =S [FE e uf —
T, i s

(29.16)
=g WOe00)dn - g [r:'-'> v —
fili}

1
—- 1l q('z) . O(l)] da _S @“ g 0nm e Eﬁ) de.
T, B

:
;
In the case in which the i1nitial data are zero, relation (29.16) i
is reduced to ;
Su [ e — 71'; Lerth e 0"—"] de 1. San [!{h s nFf— :

— 1|'_ Leghe 0(2)] da= ‘ [f;‘.‘.) o u — ml Lo, , 0“)] v |

0 N ’['0

S [l:‘h oulho. _[_l . q® . ()m]«la —.S Be O w e (o (29.17) !
OB 7'0 ” 1 i . ;
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If we consider (29.11) the previous relation will assume the /83
form of

Sn [ﬂ" o uld — % O Om].h, A SM ["m ol —

0

1
— - g e 0(2)] la _.._.S [ oy b @ e '
T, v X f‘ .y 7‘0 1 e 0 do i

(29.18)

8 1
4_8 [,u;. a® o~ g® g g Wy 1
o ‘ 7 q° » OV | da Snﬁcl" Ve 3P dv.

o

The relation (29.18) was derived by Ionescu-Cazimir [215], using
Laplace transforms,

30, Applications of the Recliprocity Theorem

In order to simplify the exposition, we will consider the case
in which the initlal conditions are homogeneous and Zl = 23 = 0,

Let us assume that the elastic medium under consideration 1s
acted upon by the following system of loads,

fo==8(x — E)S (1) 84y r = 0, 7; =0 §=0,a; = b = e = 0, (30.1)

where § represents the Dirac distribution. From the mechanical
viewpoint the situation corresponds toa force concentrated in point

£ directed according to axis Oxl, of unit magnitude and applied

in the form of a shock at the initial moment (see for example, Courant
[66], Sneddon [371], Kees and Teodorescu [231], Teodorescu [U411]),
while the other loads are zero. We will designate by l%%m,athe“wmgh)
the displacements and the temperature corresponding to the system

of loads of (30.1).

In general, 1f

f‘ == 8(.1' el 5) 8“) 8“, )’ == 0, .f'. =i (’,q E 0, @y == b‘ = Y9 = 0, (30 '2)
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the solutions corresponding to the system of loads will be
designated by I'"(s, §0), O (&, &10) (j- 1, 2, 3).
The load systems

fi=0, r= 3z —E) 3 (D), 7‘ = § = 0y ay =2 b = ng=0, (30.3)

correspond to a heat source concentrated in point Ekof unit
magnitude and applied in the form of a shock at the initial moment.
We will indicate by Ui(“)(x,g,t), e(“)(x,g,t) the displacements
and the temperature corresponding to the system of loads (30.3)

The above load systems and the solutions which correspond to

> them do not lie within the framework of the assumptions from
Paragraph 25. However, they are very important and the interpretation
and mathematical handling follows the path know:: from the theory

f of elasticity (see for example, Sneddon[371], Gurtin [163], Kecs and

\ Teodorescu [231]1). The functions U(x & 1), @ (&, §0) (v - 1, 2, 3, 4)

» constitute Green fun->tions corresponding to the domain under

& consideration.

Let us apply the relation of reciprocity (29.10) to the system /84
for loads L= ({f,r, , § a = b =5, =0}, to which correspond the
displacement uy and the temperature 8 and for the system of loads
(30.1). 1In view of the fact that

of = %
es=h (30.4) |
from (29.10) we obtain ;

(80 = [fn - Lereon ] v *
5 ;
- 1 -
-+4- SOB[(‘ s U — —2-'-- leje @‘“] da.

0




Similarly, using the same relation, but under the form of (29.,12),
to the system L. and to the system (30.3) we derive

0E, 0 = — 7o [_r. .« U - ;,-‘r. em] do —
8

[1]

s 1
— T { U(Cl — = (4)
oS.m[ g T .0

] (30.6)
da.

[

From the above follows

Theorem 30.1. If the conductivity tensor is symmetric, then
and the temperature 6 corresponding to the system

the displacement u,
of loads L = {fy ry, ty §y a0 = b == 7y =0}

are -expressed by means of the Green functions corresponding
to the domain under consideration by the relations

Qul &y 1) 5= Sn[fi o U5 — ;' ler o(-)“’] dv +

0

(30.7)

+S [i" o U® ——-~1'-~—l o G)"’] da, (8 = 1, 2, 3, 4), 1
Jo 10

where ¢i = U4 -T = 1%9,

10 “To®y
Let us designate by V(a, &), I(2, &) the displacement

and the temperature from the problem of uncoupled thermoelastlcity,

respectively, corresponding to the system of loads (30.3). If we :

apply the relation of reciprocity (29.18) to this problem of ‘

uncoupled thermoelasticity, and to the problem of thermoelasticity

coupled with a system of loads L ={f, r,1,§ ai=: b= ne =0}

we obtain
» ’ > 1
0(;)'):"‘1‘08 [f;“’("" —rof]dv—-
B 7,
(30.8)
—TOS [i!' ‘.‘| —-—l-ﬁ‘f]da —'Tos B" ",‘."od'v.
(] To ]
:
3
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Let V"‘;("’ Eo ), ’m(-"y §. f) (j‘l' 2,3)
be the solutions of the problems of uncoupled thermoelasticity

corresponding to the loads (30.2). Applying the relation of /85

reciprocity (29.17) to the problem of coupled thermoelasticity
corvespcending to the system of loads L ={fu,r tyfsa = b = v, 0},

ard the problem of uncoupled thermoelasticity corresponding to the
system of loads (30.2) we obtain

(& 1) =S {fl o VY — *Tl- lore .9'“’] dv 4
B

0 (30.9)
e -

lej of‘“]da +S B,. Vo Ode.
) )

Consequently, if we determine the function 6 as a solution of
the integral equation (30.8) and substitute 1t in (30.9) we obtain
the component of the displacement vector. Thus, we have

Theorem 30.2. The problem of coupled <“hermoelasticity
corresponding to the system of loads L = {fi, # lyd,a = b = v, = 0}
1s reduced to the resolution of the problem of uncoupled thermo-
elasticity corresponding to the system of loads (30.3) relative
to the same medium, and to the integration of the equation (30.9).

These theorems may be useful to resolve certain concrete
problems [128], [216]. They have been derived with the help of
Laplace transforms of Ionescu=-Cazimir [216] and later extended to
other theories of thermoelasticity (see, for example, 1943, [195]).

From theorem 30.1 the following relations follow

U‘l” (& Hi) = U}“ (s & 1), O (&, Hi)= — To l'};‘) (m & 0)

O (&, nf) = O (v, &, 1), (iyj =1, 2, 3). (30.10)
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31, Variational Theorems

In reference [158] Gurtin presented the variational theorems
which characterize completely the solution of a mixed problem from
the linear theory of elastodynamics. 1In the theory of coupled
thermoelasticity, this type of theorems was derived by Iesan [184],
11871, [201]. A general method for deriving variational theorems in
the case of linear theories of the dynamics of continuous media was
presented in [201].

In the following we will consider the equations of coupled
thermoelasticity for nonhomogeneous and anisotropic media with
asymmetrical conductivity tensor.

If we consider the relations (26.1), then the equations (27.3)
and (27.4) may be written in the following manner

qs (Cisn e — by 0).) - V= AT

C Byt i al == —‘l, Lo (kg 04,0+ W.
7,

Let us introduce the vectors

U = (3,103 1y, 0), ¥ = (Fyy Py 1y, —g s W),

and the operators 86

.-‘( l;' PR —— g . ((/"“‘ “"‘ — ‘)‘" 0).’ 4 p“‘, (31 .2)

4“.‘ l] = g L [—--l l | ] (’{" ".l).‘ — ﬂ(/ N", —_— (l().l.
T,

Keeping in mind (27.2) it follows that equations (3%..1) are
equivalent with the system
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Au = F (31u3)

Wh?.'e AU - (Alu.cso.AuU).
From this follows an immediate consequential of theorem 27.2.

Theorem 31.1, An admissible displacement-temperature field
U= (u;,8) 4s & solution of the mixed problem if and only if 1t !
satisfies the equation (31.3) and the boundary conditions (26.5).

Let us consider the tension operators and the flux
() = (Coug gy — By ) ny, £31.4)

q(l]) ==~ ’s'“ (’J My

We shall note

i (31.5)
FU (Ut (AN 1 (), = Lo (D)
[1]

If we take into account (31.3) and (31.5), then the reciprociiy
relation (29.3) may be written in the following form
j
VeAlUl U s AV)dr = Ve TV} ! !
§,0 PAVIIE = gl e TV =V e Tt e (31.6)

where
U = (i, udy ufd, 00, Vo= (uf?, uy uf?, 09).

T s e 2 . o e = otman. -l

In the case when the boundary conditions are homogeneous,
the relation (31.6) will take the form

(V@ AU) = (U@ AV),

IS T

e
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where by f(®g we designate the scalar product in convolution
(Hlavacek [178]) defined by

/®9 Su.’"!’""' (7%.8)

The relation (31.7) expresses the fact that in this case
the linear operator A is symmetric in convolution, Let us consider

the functional

FU) (AU ® ) 20 @ ), , )
31.9

It 1s a known fact that (Hlavacek [178]) 1f operator A is /87

symmetric in convolution on its domain of definition DA’ then

3F (") =0, (33 .10)

if and only 1if ¢ n, satisfles the equation (31.3).

It follows from (29.8) and (26.1), under the assumption
that the toundary conditions are homogeneous, that

(AU® U)= S,g o (Coppitg g0y, ¢ — 2Byt ye 0 — (31.11)

—~ab« 0)dv -}-S plg e tde — —LS gelekyf, o0, de
n To o

Therefore, the following takes place

Theorem 31.2. Let ¥ Uve the set of admissible displacement-
temperature fields which satisfy the conditions (26.5) in a homo-

geneous form. For te [0, 1) we define the functional A
on X by
118
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: o mese
!g. m...m.m*_f SRR T TN S

AL as.g.((vm, Hep ot —28ytt,00 —a 0e0)de ;-

1 (31.12)
+S" I NTT " ”y elekiy0,e0,dv _.o_rsl’”,v‘ on, -

~ g Web)dg,

for any "¢ x¥. Then

BALT) =0 0 <1<y, (31.13)

if and only if U 1s a solution of the mixed problem.

This may be proven directly without using the result (31.9),
(31.10). For this the fcllowing notation is considered

B AT = = A1 5 2D o, (31.14)
s
where
(a) Uil en “or any scalar \.

As 1s known, we have
8N {U} =0,

ir ﬂiht{U} exists and is equal to zero for any 6 which satisfies
the condition (a). Using this fact and also a generalization of
the fundamental lemma from the calculus of variations (Gurtin [163])
results in the derived statement.

If we keep in mind that the following conditions

W) foon Xy % [0,1), (1) = on X,x[0,1,),

are natural conditions (Mihlin [289]) this means that it is sufficient
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as in theorem 31.2 that the admissible displacement-temperature
field satisfy only the conditions 0OonX < |0 4), 0 -0onX,. |0,1),
and the other conditions will be satisfied.

Let us consider now the case of conditions at a nonhomogeneous /88
bonndary. Let W’-{wi.r } be an admissible displacement-temperature
field which satisfies the conditions (26.5). If we introduce the vector
W by the relaivion VW = U -¥, then W satisfles the equation

AW = F - AY, (31.15)
and the conditions (26.5) in homogeneous form. In this case we
are led to the functional

QW) = (AW @ W) —2(W @ (I — A4 '),

which may be written in the form

QU =) =(@U@U) L AT@U) — (AU @Y) (31.16)

—2(U@F) 2T EF)— (AT @)

From (31.6), (29.8), (26.5) we have

(AY® ) —(AU®Y) =S ge s () 1, ()] da +

N 1 1 0
+Sz.g.<,,. u.)-tda——T;Sxg'"‘l*[fl(U)'—Q(‘*’)]d“—

1
T, :.g‘l.(?*o).qda'

(31.17)
(AU @ U) == Sng L4 (Cug; Ugy & Upy — 2‘5“ Mgy ® 0—

—a b 8)dv+s Py * ug do ——-,-1-~S gelek,;0, 6, dv
B ['o n ' '

- Y] - ~ 1 .
Sr,g ¢+ (0 da S,;,"’"“"“""*“T"S._,‘ﬂ"""‘l(mda+

1
top) 9eiebefda

0%,




r*vmvx-rwrs— o T EheE ks - D s e AT e e
§

1f we keep in mind the relations (31.17) and give up the non-
g essential terms, then the functional (31.16) is replaced by

w‘. {'7} - S g ® ((,‘“““‘ ;@ "t.l - 23.’ “"; o )
H

—at e 0)de -\ pug e u, de ,|' Sgolol\’.,()_.oﬂ,,dv«-
n Ty Ju (31.18)

R W LR TR I | P ‘.!S K u.o;.tla {

"

’
i

~»
| ":: S geleleqda.
lu ¥,

5
[ Thus, we have
| Theorem 31.3. Let » be the set of admissible displacement-
| temperature fields which satisfy the conditions u, = G1 on le [O,to),

=8 on Eg x fO.tn).For te o, we define the functional W}

on ¢ through (31.18), regardless of Uc ¥. Then
)
?
,l BULLUY -0, (0121,
| if and only if U is a solution of the mixed problem.
’ Now we will present a variational theorem (lesan [1867), in which

the admissible processes are not aasumed to satisfy some equations or
conditions of the problem. The theorem characterizes completely
the solution of a mixed problem of coupled thermoelasticity. We
will use the following notation
1

Y
]U (?1'10)

The relations (25.3)3 may also be ywritten in the form

3‘ FEY ;‘ k"o'" (31'20)

0

Rt o v e




or, equivalently
0.4 = Tohysy, (31.21)

where the significance of the quantities *13 is obvious,

Theorem 31.4, Let ,» be a set of admissible processes, Tor
L [0,1,) we define the functional Zd{'} on s by

l v
aim . S"‘ .,[(m'g“u‘hl + Pl ey +

|
-+ ‘.'.’"(P'J CBun)elen Bl - 'I'o)‘ol.'l‘l“"l""l] -

— gel, ez, —- puenel —geley e, —

. (31.22)
gty TR sy - .v*"‘"'}-lv +{ gotiviida +
-*_ 1 ~ -
T, x.g.l.o s g da + S:. got;— t,)suda -
1 .
+ 7, SL_.!I‘['(O -~ 0)eqda,
regardless of 1 {uy ey 6 G0} oS Then
SPAM =0, (0 <1<y, (31.23)

i{f and only if W is a solution of the mixed problem,

Proof, Let 1L IVeus, therefore, I+ Al e S,
for any scalar A. If we take (31.14) into account we obtain
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w2} = Su {0 . [oamtu - ‘l; Bulen — 8,.¢,) —

' 1
-1 ol - - "
u]‘m'f'g‘[a(M Buey) 0]‘9‘0 (31.24)
— @ty + F — pu,)oul +gele(Tor,s — 0,)es +

"1
+ 0‘[73'("‘.; + ) — ‘u] sty —ge(pn—leg, — W)e 0'} dv —

-S“ ge(uy — ) etida -+ S ge(t,— 1, su; da —
L, L,

1
— To_sn g.l‘(q__ q)‘ol da + Sz'g.l‘(o — 6)‘3:”«‘1“0

If T 1s a solution of the mixed problem, then, using theorem
27.2, 1t follows that

@ {I} =0, telo,1,) (31.25) |

R T

for any fes and thus we have (31.23).

In a reciprocal way, let us assume that (31.25) occurs. Let
n' = {ui, 0, ...,0}, where ui is annulled on 3B, It follows from
(31.24) and (31.25) that

P R LY

S (g *ty,y + Py — pug)suido = 0, t e [0, t,). (31.26)
B

Using a generalization of the fundamental lema from the
calculus of variations (Gurtin [1637), from (31.26) we obtain
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Similarly it {s shown that N satisfies the equations (27.3),
(27.4), (25.3), (25.4) and the boundary conditions (25.8)., On the
basis of theorem 7.2, it follows that 1 1s a solution of the mixed
problem,

Other variational theorems in the theory of coupled thermo-
elasticity may be found in the works of Riot [20], Tesan [186],
Nickell and Sackman [3077, Rafalski [348], Carlson [46]. The /91
importance of the variational theorems presented here was
indicated by Nickell and Sackman [308], and Renthien, Gurtin
and Ralston [19] who pointed out the potential applications of
these theorems,

32. Theorems of Existence

The existence of solutions of problems of thermoelasticity
was studied in various papers, among which those written by
Dafermos [73], Duvaut and Lions [93], Kupradze [2U8], etc., could
be mentioned.

In this paragraph we will present some of the results derived
by Dafermos [73], with reference to the mixed problem of thermo-
elasticity formulated in Paragraph 26. Without restricting the
generality, we will consider the conditions (26.5) in homogeneous
form, 1indicating this fact by (26.5)0. We assume that none of the
parts Zr(r = 1,2,3,4) of the boundary are empty.

We will consider the mixed problem in the formulation piven
in Paragraph 26, assuming that R is an open set, limited, connected

and self-regulated in the sense of Fichera [111]. In order to demonstrate

the existence of a solution, a method given by Vishik (see [U31])
is used. ¥irst we will present some preparatory questions.

Let Cm(ﬁ) be a set of scalar functions of the class of c™ on B.

L iamiy .




For ¢ € C"(R) we define the norm

" ? "cm(m = z z \ "“:'x ' V.i,. N "

ST PR PR |

We designate by gw(ﬁ) the set of vector fields, the components
of which are from C™(B). We define the norm of vel™R) by

K
" v "rm 0 ) a Ll " o l'C"('B')'
]

Let wm(B) be the Hilbert space obtained by completing the set
of C™(B) in the norm of || - |Iw,(B) induced by the scalar product

(& Wiy = .20 Sa P in ¢‘,¢. L de

We will designate by w (B) the Hilbert space obtained by
completing the set of C (B) in the norm of | *lwmwm induced by
the scalar product

Ld

3
(\'. (l))\"m(ll) = E (vh m’)u'm(ln "—*Lo S" LURTRRRTE L I Pn udv‘
y 0

In this paragraph we will have occasion to use the cartesian
product of normalized spaces. As a norm in the produced space the
sum of the norms from the factor spaces will be used. Thus

‘! (" Q) "“’”"’ ll.,(ll) == “ v ““ﬁ"’ '{ u ? ”“-m“".

Let H be a Banach space and [0,t ] a time interval. We will /92

designate by c™m (fo, t 13H) the set of functions defined on [0,t ]
with values in H, which have on (0, t ) derivatives with respect to
time up to the order m, in H”continuously on [O,tO].
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The meaning of the sets Ll[o,tO);H) and L,({O,tOJ;H) is
derived in a similar manner. For the derivatives with respect
to time of the function f, we will use the designation

. ,')3 ()_af
f"" f"'  f= e 028

We are introducing the sets

O(B) = {x € CY(B)| = =O0on I},
&y(B) = (ve C}(B)|v =0 on T,),

Wi(B)® completing the set C'(B) in the norm I *lwean

\9“8)3 completing the set éwB) in the norm [ *lwa.

Let 0,9e¢Cy(B) and wve(i(B) We designate

@(0, 9) =SB kiy9+5 0 do, (32.1)

Y(u,v) = SB Convy,s wspdo, (32.2)

We will assume that
(1) the thermoconductivity tensor k11 1s symmetrical;
(11) the density p and the specific heat ¢ satisfy the conditions

ess inf p(z) >0, ess inf ¢(z) >0, (32.3)

(111) there are positive constants M and N so that

®9, 9> MSB 8 bdlo, ¥ 9elYB), (32.4)
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3 A
Yo 2 3 y YV veCYB)
F(v,v) > VSM;;'W)“” e (}(B) (32.5)

The relations (32.4) and (32.5) may be extended to WI(B) and
W(B), respectively., For veWyB) , the Korn type
inequality [177] takes place

Y(v, v) >xs (v0; + 9,0, ,)do, (32.6)
]

a relation which expresses the fact that W(g,g) is coercive in
| Wy (B).

let Q;, be the cylinder B x (O,to),t0> 0 and the set

| (']O(B) = {(, () e

f ¢ (3(B) x C°(B)), 64(B) ={(n, 0)\(u, ) « C(B) < YR, F(Qy) = O=([0,1,);
‘ 0UB)), (@) =((v, 9)] (v, B)e F(Q,,), v=0 ONB X0},

r Let us consider a certain element ¥ =(V,8)€ F(@)
and let y = (u,8) be the solution of the problem (26.2) == (26.5)0.

. 9
If we multiply (26.2) with (t-to) vy and (26.3) with (t-to)ii’
summine up and inteerating on Qto it results that y = (u,6)
satisfies the relation

| 2Ly, V) = Dz, §) + E(% ¥) Ve FQ,), (32.7)
where <, ¢¥)= S: Sn{(‘_ to) [pit® — Cumtta, s,y + BuyO0,,y + 0B+ 8w, ]+

]
-+ pl.“b‘ + a09 4 p,,u.,,a + *‘;"S k" 0,,3.4 df}dv dt,
070

)= — ' €=t s+ 7ro Javar
0

&(xy §) = tosa (obi®s + 60,9 + Buyae ;9)woiio,

x = (8, By 0), z = (I, r).
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Let 3= (u 0)€ F@) ¥ = (v, 0) € F(Q) = = (h,7) € C2([0, 4);
(B) and x=(8,b,8) be so that (M 0 e O(B),belr (B).
It 1s noted that £ may be defined for ye F(@u) ¥< F(Q);
9 may be defined for zeC®([0,l,]; C%B), Ve £Q,), and &
for x with the property that (a,6,)e%B), beiyp 8nd Ve FQu).

We assume that Cum(@), Bu(®), ky (2), p(2), a(z)
are measurable functions essentially limited on B, satisfying
the symmetry conditions mentioned in Paragraph 25.

Integrating in part the following identity may be easily verified

L4, ¥) = ;'S:SB[ e ¥ + Cyni¥ y0r, + ad? +

. (32.8
+ »2—8' Koy 85 e ]dv a4+ = to{ (Pt +a0%)1-ods, 32.8)
To 0 2 B

v §e F0).

By V(Qto) we designate the Hilbert space obtained by completing
#@,) 1n the norm of |+| induced by the scalar product

. '
((u, 0), (v, 8)) = S:S”l“lvl + o, + w b, +09 +S Cidids ] dodt.

0
Let i%Qu) be the closed linear variety of V(Qto) obtained
by completing #(0.) in the norm of |-|.

We will designate by U@ the Hilbert space obtained
by completing .%aw) in the norm induced by the scalar product

[(u, 8), (v, M)] = {(u, 0), (v, B)> + <(&, 0), (¥, D).

Let G(B) be the completion of the set CO(B) in the norm of

Il ”'.(B)x WolB).




Let us designate by HO(B) the completion of the set of

(W, 0) (w, ®el¥B), welm) 1n the norm

S [ptonoq + € ppprti gy + ao']dv} m.
]

[(wy, W, 0)lg = I 1

In view of the introduced notations and using the incquality
of Schwarz and the immersion theorem of Sobolev [381], 1t can easily
be seen tgat L's and 9 may be gxtended by continuity in
V(Qto) x U(Qg,) and Ll([o,toj;G(B))xU(Qto), respectively. Similarly
has a meaning for e H(B), $e t"]((),,).

" B

8%y )

From (32.8) it follows that

1 ¢t \
L4 9) > '.;,"S S I'Pi’i"s + Cinytiy + ad? 4
o (32.9)

9

- ¢ -]
o So kg jds)dedt, ¥ §e FQ,),

[¢]
an inequality which may be extended to U(Qto).

In view of (32.4) and 32.6), from (32.9) it follows that there
i1s a constant ¢y >0 which depends only on Tmtmsgﬁpcn,omintﬂm»_V,N,x
]

so that
161 < @by ¥) Y de D). (32.10)

of the system (26.2),

We call a solution with finlite encrgy
(26.3), (26.5)y in Q. , with initial conditions of ¥ ==(ub, 0)ecHB)

and mass loads :=;u,r)§LAULVo;G(”H, the element 7 - (w, 0)e V(Q.,)

which satisfies the following
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2(y, ¢)= 9z, *") 'f"(z, 'J’), v&el’](o') (32u11)
W) (U
u{l)—u, for (., (32.12)

It follows from Sobolev's immersion theorem that 1if
y = (u, 0) € V(Qy,), then ue C%[0, ,]; Wo(B)) which is what (32,12)
states. Obviously, any conventional solution 1s a solution with
finite energy.

Let y = (u,8) be a conventional solution of the problem under

consideration. If y ”(h’ﬁ)mﬁq y(x, ) dz then we have
! ),
' . 2 U . e ' . .

and therefore, § satisfies the system

P"it = (Cipilly,), — (Bué),; -+ So Sz + by,

a2 )
To(a® + Bitisy) = (ki B, i + go rd=z + Ty(aby + Bosaiy).

In general, the following takes place

Lema 32.1. Let ¥Y€V(@,) ©be a solution with finite energy in
Qt, with initial conditicns x = (g,g,eo) and mass loads z = (f,r).

-~

Then V¥ = y(r,7)dt 1s similarly a solution with finite

-~

energy in Qto with initial conditions X = (0,a,0) and mass loads of
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- {J
3= Soz(m, ®)dz 4 (pb, Ty(ab, + Biau,)).

*

%

P
\

Proof. 1In view of the above we must show that

LG, §) = B, §) + 8 ¥ VY = (v, 0) € T(Qy) (32.14) |

: Keeping in mind (32.13) and the definition of Y , we can !
¢ :
i write :

"‘9"’”=S:S.,{°“‘ w-w.uaﬁ (¢ - 1) 0] -

-~ d
— [Cuynitta, — pué](' — b)) 0,5 + Butty,y a (e —1)9) +
+ S iy B 0,005 }dv dt = § {pu‘— [~ t) 3] +
+ aoA-‘} [t = 1) 5] = (Cumttra — Bu®) (1 — o) B0y +
dt

d ~ 1 ¢ o J
+ Bist,y ar [(t — 1) 8] + E‘; Sok,,O,,o,. d-r}dv t +

—_ 1 0, dr ;
+ 'oS”Patbuhodv Z(y, 3) + osu pa o ’ l
] i
' PR
where = (V,d) satisfies
d t,) b oy 4 5 (32.15)
o ((t— 1) 21 = — (¢ = t,) v, Y [t —t) 8] = — (0 —1,)0. . y
I Integrating (32.15) and setting ¥ =0 for t = 0, we obtain /96
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(v — 1) \'f(a', t)d=sd§,

) = ~ -

" (% — 1) B, 1) dx. (32.16)

—

1n view of the fact t&ei](q“, it follows that ¢e 37(()..),
as ¥ 1s defined by (32.16).

Keeping in mind the fact that
fe '
2, ) = (' [—(S fuls 4+ pb‘)umt.,w.-
oJn .

-— (—'11';-— S‘ rds - aO, -+ puﬂg’;)(' — ’o)oldv dt =

-, (G ) b (o

[}

-+a%+-&mmr§%Ut—raW4dvm,

and integrating partially, we obtain
(%, §) = 2(z, §) +6(x, §).
Similarly we have

(% §) = foS

pa.i‘.i dv,
8

§ e+ 0

Substituting these results in (32.14), this 1is reduced to
LY = 2 ) + 6, §),

a relation which 1s satisfied on the basis of the fact that
EGENQM and ¥ e Vo) 1s a solution with finite energy.
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Theorem 32,1, If there is a solution with finite energy
of the mixed problem in Qgt,, then the solution is unique.

Prcof. We assume that there are two solutions with finite
energy Y ¥ € V(Q),). In view of the linear nature of the problem
it must be that Yy = ¥, is a solution with a finite energy in Qtn
of the problem which corresponds to zero lvads. Moreover, ¥, »y,el’f(().,).

According to lema 32.1, 1t follcws that

4
y = S. (B2, ) = yylz, 1)) dx,

is similarly a solution with finite energy with homogeneous /97
data, so that

2Ly, §) = 20, 4) + &0, ) =0,  Vyel(Q,).
(32.17)

In view of the fact that Vi = Y€ “}(Q-.) it must be that
ye U,), therefore we can take ¢ = y in (32.17) and therefore

L, 4) = 0,
The inequality (32.10) implies that |y| = 0 and therefore
yl-y2 = 0.

Theorem 32.2. 1If the initial conditions are zero, and
z=(l,r) e Ly [0, t,); G(B)), then there exists a solution with
finite energy' y=(u, 0)e}°’(Q,.), Moreover, there exists a constant
¢'> 0 which depends only on Cys TO, to, so that

Ly! &€ € 12 llugggr ) xtatory - (32.18)

Proof. We must show the exlstence of a ye‘o’(_Q,.) so that

L) = Az §), ¥ e UWQ)
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Let us consider ¢e (@) o fixed, and <)
as a linear functional defined on V‘(Qto). According to the
representation theorem of Riesz-Fréchet, there exists a correspondence
of  8:01Q,) — V(Q) so that

g(”' ¢) = <y, Sd&), Y Ve VO(Q’.). (32019)

Let R(S) be the set of the values of S in 8(Qt0). The
application of S is biunivocal. Indeed, if there exists %o€ U(Qy,)
so that Swo = 0, then (32.19) 1implies that L, ) =0, V !Ie‘?(()a.)
and therefore (Q,) = V(Q, resultsin parcicular that £(dn ) =0.
The 1inequality (32.10) implies, then, wo = 0 and therefore S 1is
biunivocal. From this it follows that there i1s an application

of s™1: R(S)~+ G(Qto). Using the inequality (32.10) and the inequality
of Schwarz, we have

lol* < LYy §) = e, Sq’) <c i S"ll,
or

Y] <88, ¥ ye QL) (32.20)

I.et us show that R(S) 1s a dense set in \OI(Q'c ). If we assume
the contrary, 1t means that there exists !,('51"'((),.)\():’c(8), Yo 0,
so that for any ¢« U(Q,) we have (y,, 8¢y = 0. According to (32.19),
LYo ¥) = 0 for any vy« !”/((),,) which means that Yo is a solution
with finite energy for the problem with zero loads. According to
thegrem 32.1, it follows that Yo = 0 and therefore R(S)are dense
in V(Qto). Consequently we _can extend application of S'l, by

continuity, to the whole of V(Qto) so that
815 Q) - U(Qu),

is a limited operator with a norm /98
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18] < e (32.21)

Let us consider the bilinear form 9z ¢). Using (32.21)
and the inequality of Schwarz, it follows that there is a constant
¢" which depends only on To,to, so that for every y.el?(q,.), we have

| 22y 8'u)) & | 870 2 lingoy ) xrator,) € 070y |l 2 Mgty ) x Loty e

This fact indicates that the functilonal (2, 8-3) is
0
limited on V(Qto)° According to the representational theorem of
Riesz-Fréchet, there is g(z)ef’(q,,) so that

Dz, 8-%) = (G pdy Y ue V(@)

In particular, for every (e U(Q,), 8¢ € V(@) we have

D(z, §) = {Y(2), 8D, (32.22)

In view of (32.19) and (32.22), it follows that §(z) is the
solution sought. From (32.19) -- (32,22) we conclude that

V71 o Gy ) = L 87F) =~ 205, 871F) < 7015 12 oy« tat@yy)-

from which follows the evaluation from the theorem,

We will next study the existence of a solution in

the case when the intial data are not zero.
Let H(B) = Hy(B)n {W,(B)ﬂx\A\’,(,B)XWx(B)} and » = (I, r) e G(B).

We define the application of P(z):HO(B) + H(B) by

(u, v, 6) = P(2) (v, w, 9),
(32.23)
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where (v,w, 9)e Hy(B), and (v, v, 0) e H(B) 80 that (u, 0) e W,(B)x
xl?un is the solution of the system

&(0, D) = —S BTty + Toad — 1) Ddv, ¥V DeWy(B),
/]

. (32.24)
Y(u, o) ‘"S (BiyOwyy — ptoyeyy -+ fio) dv, Vo e Wi(B).
B
Therefore, 1f (V,w,8)eH (R) is given, we can determine

with the help of the application of P(z), the triplet (u,v,0)eH(B)
namely uhﬂ)e\@AB)x\edn) is the weak solution of the system

(kuo,;)n = To(ﬁu“m + at) —r,

(Cunittg i)y — (By0)yy = ptoy — fiy (32.25)
with boundary conditions (26.5)0. In view of (32.4) =~ (32.6) /99

it follows that the elliptic system (32.25) with boundary conditions
under consideration determines uniquely (u,f). This fact indicates
that the application of P(z) is biunivocal and therefore there is
an application of P'l(z). Similarly, we have (Fichera [111]).

I PE) X Nw g xwymxwyan S Cg{lxlo -+ 1| 2 llwga « wym}. (32.26)

Let zg ...y %y €G(B) and  Po(®g ++ -1 %m-1) ® P(3)0 ... 0 Pza-y).

It 1s obvious that pm(zO""’zmél):HO(B) + H(B). Let us
designate by Hm(B;zo,...,zm_l)the set of the values of the application
of Pm(zo,...,zm 1) from H(B). In view of the fact that P(z) is
biunivocal, it will be the same way also with P (z seeeaZ 1) and
therefore there exists P_ - (zo,...,zn 1) tH (B zO,...,z l)+H0(B).

Let X € Ho(B; 0,....0). We define the norm in H (B) = H_(B;0,...

«.050) b |
’ ’ Lxim == | 20y ooy )7 o
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From the definition and the properties of the application of
P(z) the following properties of the H  spaces follow (see Dafermos

[731).

Lema 32.2. Let €GB, (i =0,...,m 1), be fixed elements in
G(B). Then

(1) Hm(B;zu,...,zm_l) is a complete metric space with the metrics
defined by dm(x,x') - |X'-X'lm. Hm(B;zo,...,zm_l) is a plane in
H(B), and H (B) is a Banach space with a norm el

(11) iy > H(B) = H(B3z) 2 oo 2 Ha(Bj 500 000y 2mn1)s
moreover,Hm(ﬁ;zo,...,zm_l) 1s dense in Hl(B;zo,...,zg_]) for any
g < m,

Theorem 32.3. If s - (1, r)ecC» w|m:0n;a(nnf?ebﬂunun
GBY)y  x (W Wy 0,) € H.(B;2(0), .. .,mzkl()())) (m =0, §,...,)
then the mixed provlem under consideration has a solution with
finite energy Y€ V(@) in Q¢,. This solution has the following

properties

. 4 1 0
(a) (w, W, 0)(” a (m.(“" '"‘; "0( ")) and (ll, u, 0)(‘“ - (“m Wy Yol
(- 1)
) fﬁfﬁx(a)u)tlu..uc EITORRRES (LA IR
te ‘", ‘0)'
and
YR INL Wk} (w (m) (i 1) (m) (32.27)

iy, w, 0O P sy 1 (‘))(“y u, 0)n,

(y) there is a constant c?> which depends only on TO, so that

I ,
(\(3.“.ﬁ"3, IHEE Sl‘D(O, 0)(=)dr)"? <
Todo (32.28)

-n rw d=
<\]G‘Lun,..q 2 (0) x Mvu&H~(J|de‘w“m

for k = 0,1,...,mytc(0,t,]. In (32.28) the equality takes place for
z & 0,
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Proof. On the basis of lema 32.2, M8 2(0),..., = (D) is
[
dense in y _(H;:(0), ... .lnn Making use of this fact and of
(32.28) it follows that 1t is sufficient to prove the theorem for

se ([0, 8] G, 7 ¢ Mo o (B (D), ...‘ (n))

We will use the following quxiliary construction. From /100
(32.23) we have (V\W,8) = P~ ‘() (1,v,8)  where W) 1s the
solution in the weak sense of the equations

T,a& == (kuo,’ ),i - Toa“l’(" + r,

p10 = (Coynitin, 1)y — (Bey0)y + fio (32.29)

with the boundary conditions (26.5)0. We define

(A (h) (As1) (” (h=1) (B} (‘—')
x = (g Wy, O) = P~ ] (- (0)) (ngy Wg, 0p) =

-1 '
= PiMz(0), ...y 2 (0)) (ug, 0, 0p), (kK =1,2,...,m + 2), (32.30)

Keeping in mind (32.29), we have

-1

70“00 = ("u oo 1) i— Toﬂu"ou + r (0), ;

N+ 1) (=1 - 1) (-1

;
p g = (Cigra Uora)j — (Bu oo)j + fi (0), 1
(k =1,2,...,m + 2); (32.31) 4

in the weak sense.

(k
By determining ¥ ) in this way we define

LXR. 1 (A) L l(l)

Yy = (U, By() ~(§; LS '00!") (32.12)

Let us introduce the notation
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@, 10, %) () = P (=) @, @ 07 (). (32.33)
On the basis of relation (32.29) we derive

1 m '
T, ar* = (ki 0)i — TBiyltig t+ r(t),

f* = (Cyuttid)s — (8,48 + L0 (32.34)
Let

(1) = ((f* — pu™), Toalr® — N0 .
(32.35) -
In view of the fact that =(1)e C*([0,1]); G(B)) according ]
to 32.37) -~ (32.35) it follows that 23() e C=(10,1,]; G(B)) and !
(,:zm(o) =0, (k=0 Ty ooy 4 1). 6 i
(32.36) g
?*
Let F“efWQO be the solution with finite energy of the problem i
mot 2 -
corresponding to zero initial conditions and mass loads of (:&(n. i
The existence of 9(2)(t) i{s ensured by theorem 32.2. Let %Z
4 1 Tl A : '
YA = (wH, 0 (1) =\ d5\ dT,... e d-. :
’ ‘o lSo 2 S“ y (‘r) T (32.37) é

Applying successively lema 32.1 and making use of (32.36), /101

(8}
(32.37), we conclude that  ¥®(t), k=0,1,...,m + 2,
i{s a solution with finite energy of the problem with zero initial

conditions and mass loads of :&UL Consequently




20w, §) = 96, §), Vo T@y), (k=0,1,...,m +2). (32.38)

In view of (32.30) -- (32.35) and the definition of 2
we conclude

h) (8) (&) (k) o
2, §) = — LM, §) + Dz §) + E(x ), VY € TQ,). (32.39)

Keeping in mind the linearity of £, it follows from (32.38)
and (32.39) that

) [
200 4 = 20, 4 + 800 &), Vo€ T(Qy), (32.10y
(k=0,1,.0.ym +2),

where

y() = y(t) + y>(1). (32.41)

o
Therefore ¥(hk=0,1,...,m+2  is a solution with finite energy

. LJ

in Q  of the problem with initial conditions 2=y e 61)
and mass loads gﬁ) From (32.32), (32.37) and (32.40) it follows that

y(t) given by (32.41) is the solution sought. Let us show that

the properties (a) -- (y) do take place. In view of the fact that
_,,Tz)mef(();.), (32.27) implies the fact that ¥®() e 0**'([0, t,]; H(B)).
Inasmuch as yt(t) € C=([0, t,]; H,(B)) from (32.41) it follows that
yU)gU"*%UleélﬂqB». It is obvious that we have from

(32.41) (u, u 6)(0) = (go,éo,eo), which proves the affirmation of (a).
In order to prove (R) it is sufficlent to prove (32.27). The relation
(32.40) takes place for any $<U(@) and any t, and therefore for

any te(0,1,) and any ye UQ) , where Q.= B x (0,1). Selecting

$=(0, T,D(x) e U, 1in (32.40), we find
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« S S (Tola O D + By, w,,D) +s k0D, ds] do dt =
v [ (]

] " (s (L]
, == (s— 07 Davar +1{ (a0, + B, T,
b (X4 ] B
3
- a relation that leads to

(U} ) (A41 (b4

|, ku8iD-do = (F — T(a 0 + Buu;)) Ddo, v D e Wy(B). (32.42)
Taking ¢ = (x v(2),0) € U(Q)), v(z) e Wy(B) in (32.40), we
obtain

' U] -
su (v — ') (— Cun wy vy, + B, 0 t’, D+ u: :7‘] dodg = —

4 () %)
‘ —S S (t—~0fiv,dodz4 ts P Ugt,do,
oJn b

; Similarly, we have /102

ki 2) (&)

| W) N ' ’
Sn Cijg Mgty 10 —S (ﬂu 0 g — P u, vy 4 f v,) dv, (32.43)

Vv e“,(B).

J
\ It follows from (32.42), (32.43), (32.24) that
)
&) (A1) (K) (h (4 1) (R4 2) (h+1)
(w, w, 0)(t) = 1’( () (w, w, 06 )N,
f (k= 0,1,...,m—1). (32.44)
)
T e relation (32.27) can easily be deri.ed from (32.44) by
induction.
Let us show that the statement made in (y) does take place.
% Let us consider the relation (32.40) written for Qt' In view of
(k) (k) (&)

the fact that ¢ = (v — u, 0)e U(Q), we have

() (k) (L)}
2Ly, V') = 2(z, ‘;") + &, ‘;")
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By deriving this relation with respect to t twice and by partial
integration, we obtailn

1 (h4-3) (Ao 1) ) ()
“S (o e w4+ Oy py uy+a 0‘] () de +

(M41) (k) TR

)
+S S T, ,‘“ 040 drdo+ - S Ptto o — Cuyihar, g,y +

(h) (k+1)

" (A)
+ a 05 + B “o:,l 9,) dr =‘s ‘ (fi v+ - "' :') ‘6)) deds -
T,

(B+1) (A1) (%) LI

-4- (p LR P + a 00 -+ p" LI 00) dr,

By deriving the previous relation we obtain

(A) (A+1) (M) (») (M (k) (k4 1) 1 (k) (k)
Ao, 0+ -1 o0, 00 ={ (i v+, rOHNd<
dt T, " T,

(A) (A1) (B)
< 2¢l(u, u, 0)(0 “ “)"w.tu)xu.m

We used the inequality of Schwarz in deriving the last inequality.

Here,c3 depends on TO. We can wriie

d (A) (A4-3) (0 )
[(u, w, 0) ()i + T \ 00, 0) (1) cltls

o-0

(k) (41} (R) k) (k) LTEAN U]
< 2¢cy {H“a u, 0) (813 + ‘,,‘ S ®(0, 0) (<) ‘l'-’} = flwten won .

0

Dividing by 2{-}
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conclude

) (A+3) (W)

1 (U] Vi
U, o, o)(ons+--ﬁ§; (8, om)dr} < (32.45)

[U} (N'llb "
< |(u, u, 0)(0)| + 4 NJhowmn%u»d'

In view of the fact that

s) »
WD ) (i e B = PES(O) s 5 (0)) (or B Do)

the relation (32.45) leads to (32.28).

The coefficients which characterize the properties of the
medium satisfy the conditions of regularity of the order m if

(1) Cppky=O*-'(B), and for m = 1 the generalized derivatives

cijkl;J and kiJ’idoexist and are essentially limited on B;

(11) 8, € C*-(B), m > 2, and for m = 1,2, the generalized
derivatives BiJ,J do esist and are essentially limited on B;
(111) aeC"¥B and have generalized derivatives of the

(4] (B)

order of m - 1 which are essentially limited on B. This can
be proven (Dafermos [73]).

Theorem 32.4, If

(o) z=(1,7) € C[0,1,]; A(B)N (Wpn_,—(B’) X Wa_s1(B)))

(m) )
where B' is a certaln compact subset of B and € L([0,t);G(B);

(m-1)

(8) ls(n,b,oo)eﬂ.(B;z(0),...,z 0));
(vy) Cijkl’ BiJ’ kij’ p, a satisfy the regularity conditions of the
order m, then the solution y = (u,6) with finite eergy in Qto of
the problem under consideration satisfies the conditions

(u, 0, 0) (1) € CX([0, t); C*-*-Y(B)xC"-*-*(B) x om-.-l(B))v

fOrk=o,1,...,m"2.
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It follows from this theorem that it y = (u,6) is a solution
with finite energy of the posed problem, and m = 3, then y 1s the
conventional solution in the sense of the definition in Par. 26.
These results were extended by Chirita [59] in the case of micro-

polar thermoelasticity.

;
.
¥

In [73] Dafermos sets also the asymptotic behavior of the
solution when the time tends toward infinity. Ericksen posed the
! problem of stability in the theory of thermoelusticity [lou4], [105];
i this was studied also in various papers (see for example Koiter
»
L

;
E
i
i
5

(2387, Knops and Wilkes [236], Gurtin [16€], Naghdi and Trapp [301]).

33. Homogeneous and Isotropic Medla /104
' :
! Throughout the rest of this‘chapter we will consider }
; homogeneous and isotropic media. Fror the facts presented ir. Para- f
} graph 26, 1t follows that in the case of homogeneous and isotropic
» media the equations of thermoelasticity are
i g
pdn 4 (2 + pygrad dive — g grad 6 — it = — f, (33.1) ‘,
EAG — Tﬂa diva - ¢ = — r. (33.2)
We will introduce the operators
0 ¢
D’ o= a— -—l: -alz’ a‘-_-_-_ . . _; , 1
a o (33.3)
a,-o,- 2t 2 1
+u
where
(33.4)
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Theorem 33,1, Let ue0, 8eC4,0eC® on B ()

which satisfies equations (33.1) Then u, §, f satisfy the
equations

1 e (33.5)
0, diva-= T 2n (BAO — div ), {
\ (33.6)
O, rot u =— — rot{

b

Proof. By applying to the equations (33.1) first the operator
of divergence and then the rotor we obtain the equations (33.4)
and (33.5), respectively.

It should be noted that the equation of the rotational wave

PO SRR | G vy Ou i g

l is independent of temperature. The equation (33.5) was obtained
| by Volgt [432], and equation (33.6) by Cristea [681.
|
Theorem 33.2., If ye(, 0cC¥ te( re:on I8 x (0,4,)
and equations (33.1) and (33.2) are satisfiled. then we have
J
| !ngAon.(Zﬁﬁ ~mﬁ)A0-kA6~+c6== (33.7)
¢
EEg- Tof, divl — ¢ Oy
A P

Proof. The operator 0O, of the equation (33.2) is applied |
keeping in mind that (33.5), This result was derived by §
Cristea [68], Lessen and Duke [257], Chadwick and Sneddon [48]
and Paria [332].

In a similar way 3t 1is shown that div u also satisfies the /10
equation (33.7) (Voigt [432]).

Y
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34, Formal Representations of the Solutions

Let us assume that f.%n B x (0, e) and fcf? on B x .‘“» te).

In that case we can write
f  radd -} roty, (34.1)
where 0, ye(# on gy, and div y = 0.

We will assume that B8 ¥ 0. If we set

u - grad ¢ 4 rot ¢,

(34.2)
we obtain from equation (33.1)
grad [(A 4 2p) Ap — p% — BU + 8] + rot [uAY — ¥ +¥) - 0.
Thus, we can satisfy the equations (33.1) by taking
un
Dip = ——m (B0 - 9), (34.3)
A 2u
1 (3b4.0)
OV -=——1.
B
It follows from (34.3)
or:%-l<n+2:A) Qi + 9. (34.5)
Substituting (34.2) and (34.5) in equation (33.2), we obtain
o L <] . 1 ‘
(D'a' N c'oiA) PTG T2y Ot e af (34.6)
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Thus, we have
Theorem 34,1, (Deresiewicz [82], Zorski [457]). 1If

wegrad g t-roty, 0 —:; [+ 20) Dy i O} (34.7)

where o OOy R o I (1) and equations (34.6), (34.4),
are satisfied, then u and 6 satisfy the equations (33.1), (33.2).

The following theorem establishes the completeness of solution
(34.7).

Theorem 34,2, (Carlson [46]) Let ‘w. (™" on B oA (0,1, (M > 3,
N2 uc®onlts x (0,t,) and Oe (1Y ON I (0,0), (I 32,05 0)
which satisfy the equations (33.1) for f wradd | roty with ©
and y of the class CP’Q on B x (O,to) and div y = 0, In that
case there 1s a function ¢ and a vector y of the class c™F on
B x (O,to) where R = min (N + 2, Q + 2}, 50 that

u = grad ¢ + rot ¥, Om—‘l;[(k+2p) O.9 + 9),
1 ,
7

Moreover, if M3»4, P32,Q>1, and u and 6 satisfy (33.2),
then ¢ satisfles equation (34.6).

Proof. Keeping in mind (33.3) and (33.4), the equations
(33.1) and (33.2) may be written, respectively,in the form

4,8
&Ugn+(d-—d)mndﬁvu—~%gmd0=-ib (3 )
P
Q,O-—--Zg—divt'l =—-—-1-r.
¢ ¢ (34.9)
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If we keep in mind the fact that

rot rot u = grad divu — Au,

the equation (34.8) may also be written in the following way

¢t grad divu — G rot rotu —%grad 0+

If we integrate this equation we can derive

i.tzi'-. (34.10)

u(t) = u(x) + 8(7) (t = ) +gmdS'S: (ddivu — w(M]drds + (34.11)

+ rozS' S [— crotu(d) — §(3)])drds,

where , _ (30 — 9)/p, = =1l

Using for u(t) and u(t) a decomposition of the form of (34.2),
we can write
u(t) + u(<) (¢t — <) = grad a(t) -+ rot b(t),

where a and b are of the class C2 and satisfy the conditions
i=0, Hh=90, divh =0,
If we define the funtions ¢ and ¢y on B X(O,to) by
LN |
0 =a+S s [c} div u(d) — w(n)]dA ds,

Y(t) =h— S‘ S' (% rot u{2)+-L(r)jdads,

then we can derive from (34,11)

u = ad ¢ | roty

and in view of the “act that div y = 0, we have div y = 0.
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1t can easily be seen that the following relations take place

whence we obtain

Replacing u and € in equation (34,9) 1t follows that ¢ satisfies

the equation (34

Theorem 34.%.

‘ Jd
o (A llﬂ)[ 0,8, — A “”“]0 — (A1) Q, grad div @

where ¢ 1s a vector of the class 06

of the class Cu

S ddive o (0 - g0),
P

o N 1
Vv - earotwy —vy,
?
divu - Ag, rotu -~ — Ay,

0 -:.—%-l(x |- 2p) Oyo ot W)

1
O~ =7
n

.6).

: £ _ . .
et (O
! At 2n R
3T
Lok 1 iy 79

¢ 0

0 -

(Nowacki [3167, Soos [3851).

- O,
t

If

on B x (0,t.) which satisfy the equations

(34.12)

on B x (O,to), and ¥ is a function




T e

S TP I e T T T T TR | m—————

M Sl A wm!

d 1
0. ( 0Q, -ed ot ) ® w(d -4 2u) !

J . 1
(Ulol : 3A:"")" — =1,

¢

(34.13)

(34.14) :

then u and 6 satisfy the equations (33.1), (33.2), with the force

f and heat source r.

Proof. In view of (33.3) and (33.4), the relations (34,12)

may be written in the following form

n pq-ﬁ[ 0,0,- ¢A ¢ ]m —p(¢i =) mrad dive + (5" prad ¥,
oty P (34.15)
E :!
0 = CP Ll(g D.. div 00 *_ D|‘F. 3’3
4 dat i
If we replace (34.15) in (34.8), we obtain /108
Qa0 + (¢f - &) grad diva -- f grad ¢ .

: 1
a2 dJd N \ ; |

= peyeg[ly ( DIQl—eA~‘")0 - [ el — o) (O0Q,— €A ;") +- (34.16)

4

'*' P('g( ‘i - (g) D"QS i P((l - (g)anA ”' EP‘]("D» ) ]gl‘l(l div P ’+‘

o o —
+ ‘;[ b PR : A - O,] grad ¥,
[}

In view of (34.13) and the relations

i
H
i
3
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the second member of {34,16) is reduced to -f/p.

If we replace (34,15) in (34.9) and in consideration of
(34.14) 1t follows that

.4

. )
QI 0 — - (ll\' u :‘4(D|al” sA ()l ‘l‘ ’*'
. ol |

(

4 —¢)An, — i, —

+- [ £ F,.:("i, (_;. 0.0, + .T:)BF( T
! (

t

—ea? ]mm S
ot ¢

In the quasistatic theory of thermoelasticity Ionescu-
Cazimir [213] derived the Galerkin type representation (24.,12).
In the case of the dynamic theory of coupled thermoelasticity, the
representation (34.12) was derived by Nowacki [316] and by de Sobs
[385] using the method of associated matrices (Moisil [292]).

De Soés gave, in [385], an expression of the equations of
coupled thermoelasticity with the help of the functions t1J and 0.
This result extends the results derived by Ignaczak [208] in the
uncoupled theory and by Ionescu-Cazimir [214] in the quasistatic

Case,

35. Thermoelastic Waves

a) Plane harmonic waves. A plane thermoelastic wave 1is
characterized by the fact that at a given moment on any plane

151




perpendicular with respect to a fixed direction, the components of
the displacement vector and temperature are constant. The direction

: considered 1s called the direction of propagation of the wave. Ve E
: will choose the system of coordinates in such a way that the axes
Oxl coincide with the direction of propagation. 1In this case the
plane wave is characterized bv

g == gy, t), 0 = O(x,, ). (35.1)

' In the absence of a mass force and a heat source the equations {
' (33.1), (33.2) become i
i :

!

( 0:___)1_.0'-')“1_ p-.f”.o-»-o, (35.2)

daE o o dr,

J2 1 o2 a¢ 1 g8 ‘
T . "2 FAS$ 0' ¢ w TS T “3 = " 4
Ja e o aas G ot® :

r ( k 0-“ _ 04) 0 — T 0w, 0.
| e dat o e adrdl

The component Uy describes the longlitudinal elastic wave, the {7
components U, and u3 transverse elastic waves, and 8 the thermal wave.
It 1s noted that the transversal waves propagate with a velocity 3
Ch and are not affected by the heat fileld. In the followlng we willl
not study them.

o) If
| Uy, = Re [uP(x), w)e-) 0 = Re [0%(z, w)e-tat), (i =Ty, (35.3)

the plane wave under consideration is called harmonic. Re [ ] was
used to designate the real part of the expression from the parenthesis.
In this paragraph we will analyze the thermomechanical 1nteraction i

R e W
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studying the propagation of plane harmonic waves in space. The
problem was studied by Chadwick and Sneddon [U8] (see also Chadwick

[49], Nowacki [319]).

It follows from (35.2) and (35.3) that u
equations

1

( da .*. q'l) “l‘ -— B,,_ S!.g: = 0’
dag eet duay

. . .
(.—(.!.i; {- q) (1% + ,|z°po{ SBQ_ = ﬂ.
dai ko dry

where

w* iwe
g 1 T
“| ’u‘

In the following we will assume that w is a real

Let us consider a fictive medium for which B 0.
case the solution of the equations (35.4) has the form

a
“l‘ = ("lpu"l _‘*, (’20-!1.‘.’

A
[TL l)l(.x).,l, i l)._.(’_”"",

where
)
)‘l G : - )

’

- Va N e
o 2o Vo - I)ng,

and Ca and Da are arbitrary constants.

~

and 6 satisfy the

(35.5)

fixed constant.

In this /110

(35.6)

(35.7)

The displacement 01 and the temperature 8 corresponding to the

functions (35.6) have the expression
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[ul=:Re[0@'“0’2)+§"ﬂ-mo+ﬁ)b (35.8)

0 =: Re [",l'- V?: Mo “"(""/! \/i—;‘;) -+ l)zWVh':f" e= ,“(,,,"/Vi:“_)]'

The function Gl represents purely elastic waves which propagate
with constant velocity cq in both directions of the axes Oxl. These
waves do not present dispersion or damping effects. The function
8 describes purely thermal waves. They are damped and are subject
to dispersion 1n the sense that the phase velocity depenids on the

frequency. The damping coefficient is 5y=1m)ﬂL; ;f,
and the dispersion results from the dependence of the phase veloclty

B = 0 ] e on the frequency w.
Rea, ¢

Let us study now th? equations (35.4) in which B8 differs from
zero. From (35.4) it follows that both u¥ and 6% satisfy the equation

! ;

[+ ) g+ 0) + 0 oo (35.9)

%

where %
€= ::2 (35.10) |

einxl

Looking for the solution of the form , we are led

to the characteristic equation

4 __ 2 2 . . e .
U] n¥(e* - q - £q) - qa 0. (35.11) 1

e i
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We obtain

1
e {0+ b eg b [(0* | g | eq) - dgarpa),

¥ T2
:
3 The coefficient B enters in equation (35.11) only through €. /111
N I
, Obviously, the roots of the equation depend one and for
| € = 0 we have

i(0) = o¥, 73(0) = q. (35.12)

We will designate the roots so that

(0) = ) “'—"(‘f' n:(0) = Ay = (1 ’*’ii)VEE- (35.13)

¢ 2k

If we ask that the functions u{ and 6% given by (35.9) satisfy
the equations (35.4) we obtain

“l‘ = A|(‘"’I‘l + Az"-‘""' -4- __________i"izﬁ m [B,e"h'.— Bae"'uh]'

pck (0¥ — 73) (35.14)

_T_oﬁitll_ [Aleln.t. — Aze-ln,r.]
o) L

0* = Blpi'h'n + Bze-in,n +
k(g — i

where Aa and Ba are arbiltrary constants.

With the notation

w

Ve =-  +idy, (35.15)

’v

we can write
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" = R0{44|0'.I'Ie-‘w('-::) + A’-e..,l e-u»(u..f) +

) ' (35.16)
0 = Re {Bl""" c-riu(c-.'.)_* Betn ,'“"(“'vf) +

T 3 ™ ] -l ol ]
+ ﬁ%[“le—oﬂle f (' V.)_A260|l|' ! ‘*vl )]l.

The relations (35.16) contain on the one hand terms of the form

- t+3) (35.17)

~ie . -i
Alt’""'? ( v.), Agpo.-,e u( v, ,

called quasielastic ones, on the other hand terms of the form

L1}

Ble'%'l e-—im(l—- " )’ ’gceot,.e-hﬂ(‘ + ‘v:-) . ( 35 . 18 )

which are called quasithermal ones,

Tn order to interpret the result, we will consider the relations /112
(35.8) and the fact that for 8 = 0 (¢ = 0) we have ;

3

l-l(()) =y, 1‘._,(0) - ?%‘_’ — "A".'v
B,0) - 0, 9,0 - Vf;’,‘f C 9, (35.19)




b
H
L

L
3

e S5 &t aihahe

The root nl(e) determines the quasielastic terms (35.17;
and nl(o) = A, defines the purely elastic waves (35.8)1.
Similarly, n2(e) characterizes the quasithermal terms (35.18) and

n2(0) = Az the purely thermal waves from (3%5.8).

From the above presented facts 1t follows that the effect of
the interaction of the elastic deformation with the thermal field
in the case of plane harmonic waves may be desciibed by two aspects:

(1) Modification. The purely elastic and the purely thermal
waves are modified. The quasielastic terms in contrast with purely
elastic waves are subjected to damping and dispersion. The
quasithermal terms and the purely thermal waves are subject to
dispersion and damping, but with different phase velocities and
damping coeffiecients.

(11) Coupling. 1In the expression of function u, appear both
quasielastic and also quasithermal terms. The same thing occurs
also for the function 6. The presence of different type terms in
the expression of the functions u, and 6 characterizes the coupling
effect,

In order to discuss the phenomenon from the purely physical
viewpoint, it 1s convenient to introduce the following quantities

r . @ Y e O o}
T e 2 ¥t (35.20)

o’ I
The equation (35.11) takes the form

B¢ BXE AL )] 4- i =0, (35.21)

From (35.15) and (35.20) we have

Em =0| Vg = 1'1("‘/. +- iac ). (35.22)

* .
(0] ( Oy (,)t
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Solving the equation (35.12) we conclude

1, . .
S SR AR RN 1] A (TR L

(35.23)
TR LA} IO ) 417 i1 e)pa,
1.
§2 =° " Vegon + Ve iy ) —
-+ i)V;.!X A4 il g,
The expression of the phase velocities Vo and of the damping /113

coefficient ©_  may be obtained from (35.22) and (35.23).

The data from table 1 indicate the fact that € is a small

]
I
|
i
|
r
{ e (the convergence is very rapid [49]) from (35.22) and (35.23)
|
|
|
|
:

number. Developingthe powers in serles, according to the parameter j
we obtain
€ el — 14 2 + 99 ]
=)l - -2 O e?
' '[ 201 + x?) R+ 22)° (e}
[ ] 2. — Ry
- _m - [____‘7.’ — € /.2(5 "7‘) +0(¢3)],
6121+ 73 (1 22)?

' 9,=‘
|
!
P

(1 + 7) |, €3 + 10y—By?—6y2 4|5yl

vy = e, )2y [1 - + ()(c’)],

m‘V ;[ e(1 — ) &1 — 6y — 1292 + 1037 +3y4) ]
9, = Ly S 0(e?)|-
PN I E T ST 7 + O

We will designate

. l.
D= = lime, - £

Pex ey

The frequencies which will be reached in elastic media are
limited at the top (Brillouin [40]) by the constant
3

" - . P ‘:'
oo ()
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where M is the atomic mass of the medium and (cl)a is the velocity
of the longitudinal waves under-adiabetic conditions. For solids
the experimental data indicate that the following equations

o€ 0 < o,

take place.

Information concerning the order of magni‘ude of the quantities
which arise may be found in table 1, where the data were determined

at 20°C,

Table 1

Units

Quantity of Aluminum Copper Iron Lead
Measure~
ment
(r)ds ‘ em e b 6,82 108 4,806 108 : 0,80 10k 204108
3 - 1,56 to-s 1LeR-30 8 1 20790 ¢ 7.88 00 8
e ; sev b 4,66 1M 1,7 108 i V.30 0m 1,491 - Jou
B ‘ om't 1,31 100 } 3,20 109 A48 10 8,27 108
we sec™d TR (TR T L 7.00 . Jute (XTH T $.69 - 1082
It follows from this that in agreement with experimental Lilﬂ

data, we can assume that x << 1., Developing 1n series according
to the powers of x, we obtain from (35.22) and (35.23)

v, = p‘VT.T.-;[] - _x’_c_(_é_——_(_}{l + O( 7.‘)]'

B(L+ ¢)
" VT:"_-T [2(1 Tz)‘ + 0"‘"]’
= "'V:'Z[‘ TR ﬂ: €) + )g(cl(4++¢;)+ "°ff§({“f‘j}"’ + 0(x‘)]*
O ;E‘(.’: V—'}“Hﬂ)[l T2 %: S ]S(cl.(i_;;) +

y3e(8 — 12¢ 4-"¢*)
16(1 4 e)f

+mw4
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For frequencies reached in the laboratorv and in nature (for which
X << 1), we have o=e ¢ fi+ec.

A similar study may be undertaken to analyze the cnse when
the wavelength 1s given. For this, n ‘s considered a real
constant., In this case the equation (35.21) will be considered in
the unknown x (Chadwick [49]).

b) Rayleigh waves. Let us consider now an elastic medium which
occupies the half-space x3 > 0, We assume that it exchanges heat
freely, by radiation, with the atmosphere x3< 0, the temperature
of which 1s TO. We assume similarly that there are no mass forces
and heat source and that the boundary of the half-space 1s free of

-tensions. Consequently, on the x3 = 0 plane, we have the following

conditions

sy =0, "Z4h0 =0, for ., =0, (35.24)

where the transfer coefficient h is constarnt.

We will study the case of surface waves which propagate in the
direction of the axes Ox, (Lockett [265]). We assume that the
components of the displacement vector have the following form

"lz?"-':‘"” U, =0, “329134‘""" (35'?5)

where ¢ and ¢ are functions of only X, and x If these functions

satisfy the equations

3l

b —5 —Lo =0, (35.26)
p

By — b =0, (35.27)

kA0 — ToBAe — b =0, (35.28)

160

RGeS AT s i ars s na it S T ST T e




g

where /115

then the equations (33.1), (33.2) are satisfied in the absence of
mass force and a heat source,

We must £ind solutions for the equatione (35.26) -- (35.28)
of the form

(9) $» 0] = Re ({®(x,), W(xy), A(zy)) ton- o), (25.29)
If we substitute these expressions in the equations (35.26)-

-(35.28) we obtain for the functions of ¢, ¥, A the following
equations

Q)“ — 2 (?;‘) m - -p~ A
(»* - E (35.30)
A — (p" — l(:c A= — »i-quﬂm (D" — pid),

e (p’ - “") ¥ =0,

s

In addition to the boundary conditions (35.24) we also have
conditions which require that the solution shculd tend toward zero
when x3 tends toward infinity. Keeping t:..is fact in mind, we will
consider the following solutions for equations (35.30)

= g0 " V"-"+ Be-.'v"-'r,

= Fd R w? - - &y /’T:lf_ w? a2 "OV;'.::{
A p [4‘(("7' ”)0 l +B(('.’.'-.,)e ]’ (35.31)
Y o (,("': ‘i"—”ﬁ.’
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where A,B,C are arbitrary constants and zi, zs are the roots of
the equation

z‘._. w2+i.m.(_’ 1 -4 ]z" -i‘?_s_c e
[«’. PRI (35.32)

and
SE o (35.33)

Obviously, the equation (35.32) coincides with the equation
(35.11)., If we substitute the displacements (35.25) in relations
(23.22), we obtain

by == o2 g b o — Vo) lis 0, (35.34)

ly; = Pc?Az? + ¢ F"g(“‘na ~ %ag) — B0,

In view of (35.31) and (35.35), we obtain from conditions /116
(35.24) the following relations among the constants A,B, and C.
2
(A+B%2—%j—2m0=m
i (35.35)
mma+bwy+@-f)0=m
pie:
h w? L 2
A(u—b)ptml+—f)+B(~-b)(w~1 “):o
T pict p 2, +p-*;cf '
where we have designated
~2
e

Elimination of the constants A,B and C from equations (35.35)
leads to the relation
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'f . wiyfo, w?
(3 — p’cf,) (b. + by 4 B — 1 + ,;.c;;) — 1 bbyby(by + by) = (35.37)
\7\‘ - p " o__ (,):f' l i} _ ‘d‘.‘
A (G R LR e
: which connects the quantities p and w.
;;
f» If we consider in (35.29) w as an independent variable and
' set
| o
. =,
' p (35.38)
!
; then equation (35.37) becomes !
p1 2 ‘ 2
E\ l? - p ) (b} 4 byby 4- b3 — 1 + q’) — 4 b,byby(by 4 by) = (35.39) ’
- "”[(h‘ i bg)(z ~ ') -4 b:,(blh, 41— 'g)]
i © 3 3
F From (35.36) it follows that ;
| z
] ;
4 1 o . o :
] Wi+ b =2 — -Gi+A), 00 =1~ ],, (2% 4 25) ! i, :
: P p* r
and from (35.32) we have %
. 0 i o }
L R “’2 + mj—(l by, s - lm:‘f ' %
1 § key ;
If we keep in mind relations (35.20) and (35.38), we obtain /117
’ é o v wle re
kp* et kpat xet
- with this we are able to write
B4 b 2 — (”)'~ ' (")'(1 + e),
¢ ) ALY
bib -ﬂ—-(”)’—i "-)2(1 + e)+~i("-)‘. (35.40)
¢ X \e, L\e
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Similarly, we have

L

Bt =) (35.41)

Keeping in mind (35.40) and (35.41) we can derive from (35.37)

an equation for v, It follows from (35.29) that 1/Re v"1 is the

1 is a measure of the attenuation fn

phase velocity and w Im v~
the direction of the Ox1 axss. The surface wave is subject to

dispersion because these quantities depend on the frequency w.

If we develop 1n serlies the powers of y and neglect the

1/2
X /

terms of the order we can conciude that the velocity v

ceases to depend on the frequency and on the constant h and we have

T IERT [ PRy
( ‘3) ¢ (14 &) '

Setting cg = (1 + e)ci, we obtain the known reletion which connects

the velocity of Rayleigh waves and the velocity of longitudinal and
transversal elastic waves.

36. The “lastic Space Subjected to Concentrated Loads i

Let us consider an elastic medium which occupies a whole
space. We will study, in the case of harmonic waves, the effect
of a concentrated mass force and of a concentrated heat source.
The results presented here have been derived by Nowacki [316].

Let |
o l{ » . £r)e 1 y r l{ ) " . b~ led .

Ji e [frr)e | e [r¥(r) e-ivt] (36.1)

In this case, the unknown furictions have the form §
w, = Re [uf(r, ) e=t'], 0 = Re [0%(r, w) e, (36.2) 3




5

L3
[3
3
¥
x
M

3

The functions ¢ and ¥ which realize the representation (34.12)
may be taken in the following way

’ 'l'l ~ Re ||])"(',-' (,,) ,,-u.nJ' ¥ . Re I‘l"(-"y <) (.—tm)_ (36 . 3)
:
4
It follows from (34.13), (34.14), (36.1) and (36.3) that /118
the functions Qs and Y* satisfy the equations
(A4 ) [(A+ a) (At 0) | ey . — LA
Fu(n -4 2 u) (36.4)
LA 4 o) (A - q) i qd] ¥ _: .
where we use the notations
P w* - w* .. i(t)(,'
a (.f’ ‘,‘::’ q k M (36'5)
If
Kbk ot gl 4 e,
Wiki -+ o, (36.6)
then we are able to write
oy 36. :
(B4 o)A+ @)t eqd = (A 1) (A 4 k). (36.7) g
Obviously, ki and kg are roots of the equation
A~ o+l -+ e)]2* i atg - 0, (36.8) :
165 %
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In view of (36.7), the equations (36.4) become

At ) A+ A+ - - — e (36.9)
(A + ) (A + k) (A + M) LA 3
(A -+ ) (A -+ K2 e -;‘. .

From (34.12), (36.2) and (36.3) it follows that the functions

ug, 6% are represented with the ald of the functions Og, ¥#* by

the relations

k
up = (A 2p )"( 1) (A - Af) O —

—(r ok u)'f[(A + ) -+ ‘--‘ij{f-"fﬁ qc] 8, -+ -{f-—- v, (36.10
0 .= ﬂTo[.l.l") (A + "") d’,. -+ (A . 02) PR

If we assume that the mass force has the direction of the axis
Ox1 and we do not have a heat source, that 1is,

R N ) (36.11)
then we can consider ¢ 0,9 — 0, Y+ =0,
It follows from (36.9) that the function o% satisfies the /119
equation
(A + o) (A -+ k(A - k3 y = -——-w_,._ft
/‘u.() -+ u_) (36.12)

Let G¥ be functions which satisfy the equations

J
A4 k)G = — S
( 1) G} kp(h .)u)f"
A+k)6 = ——_ % (36.13)
: ka0 1 20
A+ )G =— T ¢
ku(r + 2 u)f
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The solution of equation (36.12) may be put in the following
form

%7 MGE 4 alf + o, (36.14)
where a, are constants. If we suppose that the function x given by

(36.14) satisfies equation (36.12) and if we consider the equations
(36.13), then we obtain for the constants ay the equations

4t ay + ay =0, (35.15)
(=% 1) ay 4 (22 + k) ag + (K + Kf) ay = O,

k:'_!; Tzal ’*‘ 'I'??lgﬂz -f‘ l."{'l.‘f::a.\, =1,

It follows from 36.15) that

1 . 1
=@ -=" " T W mES e (36.16)

a, =

1 |
(K — =) (kf — =3

a; =

Here and in the following, we assume that the denominators
of the previous fractions are different from zero, but the results
which will be presented may also be derived in the contrary case.

If the mass force considered is concentrated in point y, then

we have
¥z 8 — my,

where 8§ 1s the Dirac measure.

In this case, the solutions of the equations (36.13) which satis-
fy at infinity the radiation conditions (Courant [66], Kupradze

[2477) are

A e o R0 i b s A R PR S e AR MR o v e & 3 TR e .
A i s FR A St e B s Do .. i i ks




. _ ¢ eitak
¢ 4 mhu(d |- 2p) R '

o ';‘Y"

(£ | R

4 mhu(h - 2p) R

’

where

N A I (IR A R VAR Y e

From (36.14) and (36.17) we derive

¢ UL
7,(-": W "’) T e T [ " -
4ombhp(d 42005 - YR LN

q.x,k _(__,‘:: . ,‘::) (,i?R

- e (T -‘-’1?)]'

The corresponding functions ug and 6% are obtained from
(36.10) by setting df .y, y;0),dF - &F = 4* - o,

We will designate these functions by uf(])(x,y;m) and
J
0*w (o, y: 0) respectively, thus indicating the fact that the mass

force has the direction of the Ox1 axis and is concentrated in
point y.

If we keep in mind the relations

(K2 —q) (K2 - &%) - kige,

(= =) (3 = )= oy 2 ),
1 Loy
N A - 2u w(hE - )y (k3 )
— ’.'; -*. }. eQ - - 0 .. S gy - 1.9
1 A 1 (n 1 u)h? » »=h
after calculation we obtain
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(36.17)

N
o
N
o

(36.18)

(36.19)
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¢ Impd B Ampwd a0,

t o e ¢ u (,..k.k ek

: A=k My o\ ® R

where

B(R, o) = SR @) oMY kg - ) emm i
W — k) k& BUi- ) R R

Let us assume that

fF = 8u8(e —y), 10, (36.22) ;

In this case we will designate ug and 6% by (2, y; ) f

and 0*(r, ¥; w), respectively. These functions are obtained 3
from the relations (3:.10), setting BF - Sjoy( 1, ¥ ; w) |
and Y#% = 0, '
Thus, we derive é

T CTEATTES S P LR (36.23)

Irmpci I 4 mpwt  dayda, )

i

' s k

0% (&, 03 @) == . L (( LI e kbt ‘ Y

( ) ROk - KE) au, \ K g ) B ;

Let us study now the effect of a concentrated heat source. /121
We will assume that

I -0, r* £ 0,

In this case we will take ¢*% = 0, The function ¥¥* satisfies

J
the equation

(A4 A (A + ke - _ : re (3€.24)

: 5 " 3 i i y ‘ k- 5 sorisgeet s e tri, . s . e N g
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If we have

o 1
@A+ - MR R HY f 1 e (36.25)

then we can write

ye . .V (HY — 1?). (3€6.26)

K — k3

If the heat source 1is concentrated in point y, then r* = §(x-y)

and we obtain

¥,y 0) 0 — TTZI“I ---’..;;. (
"Ny — K

ek PN

kT w ) (36.27)

I this case we designate the functilons ug and 6% by
ug(“) and e*(") respectively. We derive from (36.10) and (36.27)

’

, i, i kR
L R ) R B . ( M (36.28
1 mhecf(h} — k) o, K R ) 3 )

1

0+ (L, )3 ©) = —m oo
Anl(h - k)

irgR ik, R
(—0?) & —(h2—gy)f "
[ ) G —i—an 0]

The functions ug(p)(x,y;w), e*(p)(x,y;w)(p = 1,2,3,4) are Green
functions for the problem under consideration.

Other problems referring to harmonic waves are presented in
the monographs of Nowacki [315], [3191].

37. The Method of the Potential in the Study of Vibrations

a) Preliminaries. In this paragraph we will present a study

SET N R i i, $5iad¥ 12 5 i ks T




of harmonic waves in homogeneous and isotropic media with the
: help of the method of the pntential. Ignaczak and Nowacki [209],
% [210] derived the reduction of the problem: to the limit ot the
‘ integral equations in the case under consideration. Kupradze and
Burciuladze [249] (see also [2U48]) studied these problems with
the help of thermoelastic potentials.

: lLet us derive the equations which describe the thermoelastic /122
z process under consideration. We will assume that the loads have

the form (36.1)., We will use the designations from (36.2) for
displacements and the temperature. Keeping in mind the relations

(36.1) and (36.2) the following equations can be derived for the

unknown functions u¥, 6* from (33.1), (33.2)

BT -+ (A 4 ) Ul — BOY -+ podup = — [P, (37.1)

ko"" + T()csiwul.‘l + iwclh* = — e,

The constitutive equations imply the relations

18 = M8, + u(uts + up,) — BO*3,, (37.2) 1

where t;s and qg have the amplitudes of the functions trs and dys

respectively.

' If we designate by tg the amplitude of the component tJ of
the tension that acts in point x of the oriented surface S, then

we have

b= i, (37.3)

Where n, are components of the unitary exterior normal at S in x.
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Similarly,
q‘=q,‘n,, (37.4)
where q* 18 the amplitude of the flux which acts on S.

The system of equations (37.1) may also be written in
matrix ferm, We will consider the vector v = (vl, v2...,vm) as
a matrix column. Thus the product between the matrix A "',aij"mxm
and the vector v is an m-dimensional vector. Th2 vector v multiplied
with matrix A will desjignate the products between the matrix line
v = llvl,...,vA | and matrix A. We introduce the operator

(}.E ’.'( ()-:17_) de,
where
Dy =u8u A+ (A 4 w0 —205 - 4 ot
Tk + ¥ OJ'/"-l'k + pe 8}“ (37 -6)
J 0
’) — —— ENp— s ”m -I —
1 p gy Dy, = ToBio .
Dy =LkA -} ive, (G, k = 1,2,3).
If we designate 0 = (M ufyud, 0%), I — (8, S8, 3, 1%) /123
then the system (37.1) may be written in the following way
n('"‘)U=I". (3707)
dar

Let us introduce fhe matrix operator
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R

e 23

H(om) B o) (37.8)

’
ex4é

where
)
Hy =p8; " 4 om, " +pn,»-d~, (37.9)
n dr, o,

. )
Hy s — By Hy = 0, H,, = 0'” v Uk =1,2,3).

It follows from (37.2) -- (37.4) that the vector (i, 8, ¢*) s PU
may be written in the following form

I’U:H(" ,n,.)U. (37.10)
Jar

The reciprocity relation from Paragraph 29 becomes

. i"'To[S (fF 1 o fyusay dp +S (P —
b ol

(37.11)
— 1P upNy da = S (reh Qe L peigathy (p 4.
H
_*,S (q“"ﬁ"‘"" — q"""ﬁ“") da.
1l
Let us designate by
-~ d - o
]) - = ,) BRA
(da') i "(d‘r)‘“.' (37.12)
7
the adjunct nperator of the cperator h( : } We have
or
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Dy = by, D, ~ - b,, i’u - Dy,

Dy =Dy (i = y 94 ol).

Let V=(rf) 8%), P = — (g, y). The system

i)( )V-,, 2
or !
is written as

BO% + (A 4 p) €2, - T,iBwd® + pwie? =

==

k9%, 4+ Bos, + jwede = Y.

Obviously, if we put the follewing in (37.15)
v" = i‘ﬂTo““' 9‘ == 0‘, gl = i(.)Tof;.' Y = ",

then we obtain the system of equations (37.1).

. Let T fP% = gt r*® = vy juT ut® = o, gt = 9o ,
= = (g YY) B o= = (IR, r8), Vs (of®, 00, U = (u, 0%),

(37.13)

/124

(37.14)

(37.15)

(37.16)

Let us designate by B1 a finite domain from the three dimensional

space limited by the closed Liapunov surface 2B and by Be its
complementary B1 + 3B with respect to the whole space,.

From the relation (37.11) we conclude

&(Ubv-vnunw==s(vﬂv-vnvnm,
1

oB
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where

) o (37.18)
o))

Hy = H{n By = — iwT . 8n,, i;

] :
Ixé H '

ﬁ" = o’ n“ = "“.

given by (36.23), (36.28) are tundamental solutions for the system

»
|
| b) Fundamental Solulions. Obviously the functionsuf®(az,y;w), 68 (z,y;w)
|

(37.1). Let us consider the matrix as fundamental solution

Pz, yi0) = ||Taallgns
(37.19)

where

|

fl Py, = up®, Ly, == 0%,
»

|

If f(x,y;m) is the fundamental solution matrix of the system

(37.14), then we have

INSIC IR N

©* (1, 2;0) = P, y; 0). (37.20)

We designate by A* the transposal of matrix A. If x ¥ y, /125
each column of F(S)(x,y;w)(s = 1,7,3,4) of matrix T satisfies,

as a function of x, the system

])(_;;:’;) l‘“’(x,y;m) = 0. (37 .21)
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If w + 0, B+ 0 then matrix T becomes

(2, 9) = (Mayllyne (37.22)

where I K= U§k)(x.y) are fundamental solutions of the equations
of elasticity [24€], and nJu = ""J = 0, Tke matrix N represents
the fundamental solution matrix of the system

l“’;.n + ()‘ + V’) va,” = - f”
kAO = — r,

If we designate
Az, y;w) = T(r,y; w) — Il(x, y),

it can be seen that the elements of matrix G remain limited when
x = y, and the first order derivatives of these have in this point
a pole of the first order.

We have

” N(z,y) = N*(x, y) = N(y, z). (37.23)

We will designate by H(x) the matrix line which has elements

1
> d s
: H, ("6;'9 n )7 (h,j=12,3,4). We can write

“=H‘U, q=B‘U. (3702!“)

Let H(S)(x,y) be the columns of matrix N, As is known from the
theory of elasticity (Kupradze [2U46]) we have

“H‘o" n® (a, y) da, = — v(¥) 3, (37.25)
; where | 1, zeB,
k " ow(x) =11/2, xeIB,
n , xe¢B,.
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Let there be a matrix

M(z,y) = | M,lise (37.26)

with elements 4___

. ? .

The matrix

0
I(x,y; ) = H(ba ’ ":) Pz, y;0)— M(z,y), (37.27)

has at point x = y a pole of the first order. Let us
designate by A(X,y;w) the matrix obtained from lf(ba,fu)Puay;m)
by transposition and exchange of x with y. In view of (37.20)
we can write

Mayy;0)=|H '/ i 'o.—-
(zy 95 0) [H(i)_u ,"y) l‘(.u,ar,«)] = (37.28) i

=[ (hanP(aunﬂ]

e

From (37.10:, (37.26) it follows that

) (-:? "y w,) W, y) = M(z, y) ='H(~‘?~. ”‘z) N(z, ¥). (37.29)
ox da

The matrix

Nz y;0) = Az, y; 0) -~ M*u, ), (37.30)

i e AT T

has for x = y a pole of the first order.

Theorem 37.1. For x # y each column of ta. matrix A(x,y;w)

satisfies as a function of x the system p(-ﬁ_)U==0,
that 1s Ow
J
”(B'al) A @, y50) =0, - (37.31)
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) Proof. We have from (37.28)
~ i)
An == I’am('d” y “') l‘".(a', |/ m),

where Ars are elements of the matrix A(x,y;w). Thus, we can

) , ﬁ
l)(-;‘-~ )A(.r y;m)] = ( ‘)- 7 ! o
[ ("T ' rs ” oar H"ll d” ! ”") [‘m'(a i ‘.,) = ?

r_ > ] ) ;

write

¢) Formulas of representatiocn. Conditions cof radiation. /127
‘ Let us say that U = (ug,un) is a regulated vector in Bi if

' U e C{(B)NC4B,) and the functions u*r J(r = 1,2,3,4) are

] integrable in B,. Let U be defined 1in B,. Let us say that .
‘ U 4is regulated in Be if UeOCu(B,)M C¥B,, and u;,J are integrable 5
| in B,M~=<0,8), where 1(0,8) 1s a sphere with center in O

and a radius § regardless of §.

| Let us consider the relation (37.17). If we apply this relation 3
for a regulated vector U and for the vector V = W”W,I;wh @==i,2:3,4h ;

Just as in Paragraph 30, we obtain é

b = I :

ur) = S” M, 2; WYHU da, — (37.32)

. (D . - P
- ayv(y) H('O'y" y ﬂ') X P‘"(y, ] w)dau—sn. r(”(y, T, ‘I)) D (—("-;—)U(y) dl",
(J = 1,2,3, 4)9

or in matrix form

U(z) = SM Py, z; ) HUda,— SM (HT(Y, z; w))* U(y) da, — (37.33)

=, fwzi0 n(%) U(y) dv,.
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If U satisfies the equation

1 W
|
? 1
i |

; p(.‘_o_)uaof (37.34) |
) dr

then, using (37.20), 7{37.28), the relation (37.33) becomes

U(x) = SOB P(x,y i) HUday - S ” Ao,y w) Uly) da'. (37.35)
[i7

Any regulated solution of the equation (37.34) may be written
in the form

]
|
.‘ U= (uf,ul) = (@ + ), (37.36)
?
| so that
‘ (A + k) (A 4 Ky u = 0, rot u'® = 0,
} (A + ) uP = 0, divu® = 0, 3
| (37.37) :
} (A + k) (A + K)ug = 0.
J
| This statement .can eas1ly be proven, keeping in mind the ngg\
| results from Paragraph 34. Thus from (34.10) it follows that ‘
' we can write :
. 't = (i grad div n* — £ grad 0%,
) - p :
(2) _ G *
: ws = — 7 rot rot u*, ;
W= 1
“‘ — ““) ,i_ “('-H. ‘

It can easily te seen that the relations (37.37) are satisfied.
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We say that the solution regulated in Be of equation (37.34)
satisfies at infinity the conditions of radiation if we have
reugl, [249]

“(h - 0( ])—l)' “:,l) . O( "n vg),

u =R, %E}f—’- — itu® = oY), (37.38)
0% = o(R-Y), 0% = O(k-2),

for any fixed y.

A formula of the type (37.35) oc:urs also in the domain
Be if the regulated vector U catisfies the radlation conditions
[248],

d) Thermoelastic votentials. The formula (37.33) leads to
the introduction of the potentials
the simple layer potential

Vrs 4) =\ T, 05 0) ) da, (37.39)

ol

the double layer potential

Wr; &) :S A, 15 ©) Uy} da,, (37.40)

W

the volume potential

Ury o) = S By i3 o) o(y) do,, (37.41)

117

where the components of the vectors ¢ and ¢ satlsfy the condition
of H8lder on 3B and Bi’ respectively.

As in the case of elastic vibrations, we can state [247,,
[248]

180




Theorem 37.2. The single layer potentlal is continuous.

Theorem 37.3. The double layer potential tends toward /129

finite limits when v -—z:eaB, from the interior and from the exterior,
and these limits are equal to, respectively,

Wz §) = — : (=) + SM A(z 5 @) Y(v) da,, |

1 (37.42)
W(z; 4‘) a2 ”;-)' “i(#) + Sou RVEN T w) ’JI(![) daw

the integrals from the right member being understood in the sense
of the principal values.

The demonstration .:f this theorem 1s based on the representatlon
ot W(x;y) in the form

Wrs ) =\ Alx,y;0) [4H) — $:)] day +

JB

+S [A(r, g4 0) - M*u, )] $(2) da, +S M*(y, z) $(2) da,.
a8

(1]

In view of the fact trat Y(y) satisfies the conditions of
H81der and that the difference (37.30) has for x = y a pole of
the first order, it follows that the first two integrals above
are continuous. If we keep in mind (37.25) we can conclude

Wiizs )+ $(:) = W3 9) + o 96) = Wat2),
and therefore (37.42).

o
Theorem 37.4. The operator 11(0£,1u) applied to the
potential of single layers 1s a vector which tends toward finite
limits when T>2€dB, from the interior and from the exterior,

and these limits are equal, respectively, to




{
[ (o m v ] = o +

+ [n( "-«,".) r(z..-/;«-»)]w)da.. (37.43)
l,”l dz
[n( " .n..)‘ V(s ¢>] = Ve +

oz P 9

+ [u( ’, n.) Piz, y; w)] $() da,.
ot s

Similarly, as in the case of the conventional theory of /130
the pctential, we have
0 i
Pa)rev=o oL wein=o o (37.41)
D --'a— Ulx: \
0z (r;9) = — (), 2¢€B, (37.45)

In the following we will consider the equation (37.34) and
the following problems at the boundary.

Interior problems: to find in B1 the regulated solution of
equation (37.34) which satisfies one of the conditions

(Il) lim U(x) = G(z),
(1,) lim 7 (”?{ n,) U(r) = GGy,

where ren,zedB, and G(z) is a vector, the components of which
sati:t'y the condition of H8lder;

Exterior problems: to find in Be the regulated solution of
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the equation (37.34) which would satisfy the conditions of
radiation (37.38) and one of the conditions

L P T

(El) lim U(r) = G(},

(E))

A R

lim H -—, ”.r) U(r) = G(z),
or

I P P TRy S L

where re€ B, zedB, and G(z) is a vector, the components of
which satisfy the conditions of H8lder.

Homogeneous problems, corresponding to the problems (I ),
(12), (El), (E ) for G(z) = 0, will be designated by (I ) (I ),
(ED), (E9).

The following can be proven [248]

Theocrem 37.5. The solutions to problems (Eg). (Eg) which
satisfy the conditions of radlation are zeiro in Be

Theorem 37.6. For m2 different from the elgenvalues of the

problem (A + 5)uP(a) =0, divu®(x) = 0, 2 € B, u =0 on 9B,
the problem (Ig) has banal solutions.

sl D e S Fd sl

L

a5 s it v

Theorem 37.7. For w2 different from the elgenvalues of

the problem
(A + =) u(x) . 0, div u¥e) . 0, re B,

, Ju® &
2 —-0-"-‘ 4 n XxXrot w0, onJdR,

the problem (Ig) has banal solutions.

e) Reduction of the boundary problems to integral equations.

ot WA s
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Let us look for the solution of the problems (Il) and (El) in
the form of a double layer potential and for the solution of the
problems (12) £ndé (E2) in the form of a single layer potential.
In view of the theorems 37.3, 37.4, we obtain,for the unknown
density, the following singular integral equations.

=¥+ A ) b da, = 6, (37.46)
- (14
i
¥+ () P o 4o da, = 6 (37.47) |
- o8 (1
. (37.48)
'§¢@%+S Az ) ) Qa, = G(z),
1l:]
(37.49)

1, 0
— v ( "\ : " n..) Pz, 05 0) §(2) da, = G(2).
S e

[}
‘)
-

These equations are integral singular bidimensional equations.
Following the procedure used in the case of elastic vibrations,
the following can be proven [248].

Theorem 37.8. If =2=(2+ 2u)+# +yu, then, for the equations
(37.46) == (37.49) the thecrems and the alternative of Fredholm

may be applied.

Similarly the existence and uniqueness of the solutions of
problems (El) and (EZ) may be proven.

We limited ourselves here to the presentation of the method

and of certain results obtained with their help. A more detailed
exposition of these questions would exceed the frame of this work.
This has been done in the monograph written by Kupradze, Gegelia,
Raseleisvili and Burciuladze [248], where other boundary problems

are also examined. Problems of plane deformation in the case of
stationary vibrations were alsc studied bty the method of the
potential [1891, [197], [227].

38, Short-Time Sclutlons. Lessen's Method
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In Paragraphs 35 -- 37, the problems concerning the particular
case of harmonic waves were considered, in which the equations of
the theory are reduced to elliptic equations. Let us consider now
the general case of non-periodic waves. One of the most widely used
methods in the study of the problems of coupled thermoelasticity 1is
that of integral transfcrmations. However, serious difficulties
appear when these transformations are inverted. In general, developments
in serles according to the powers of the parameter € are used
(Lessen [259]) or solutions which are valid for a short time are
determined. We will consider some problems which will illustrate
these methods.

a) Elastic half-space. Let us consider a homogeneous and
isotropic medium which occupies the half-space X, > 0. We essume
that there are no mass forces and heat sources and che initial data
are zero, We will study the case when the boundary Xy = 0 is free
of runsions and is subjected to a thermal field independent of the
roint. It is obvious that the solution of the problem must become /132
zero at infinity. 1In this case we have a one-dimensional problem
so that

o=@y t), 0= 6(x,1), wy,=uy,=0, (33.1)

The equations (33.1), (33.2) are reduced to

azu1 ’ ey 00
A 2 — 1 g Y
(A +2u) s L 5011_.0, (38.2)
I 020 _c_@_q__ o-(-}ih—'"—':O
da? Jt dardt

The components of the tension tensor which differ from zero have
the expressions

du
= (A4 2u)—L —BO, 1, =1, = )\.a.!f'_ — Bo.

oy dz, (38.3)
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If w2 introduce the non-dimensional variables

[ ¢
p=-lpy, v, wm !

M
3 k ro"

where

We assume that at the boundary we have the conditions

1y (0,%) =0, 00, ) = T*H(s),

0
= .-
7,

(38.4)

(38.5)

(38.6)

(38.7)

where T* is a constant and H(t) is Heaviside's function, defined

In the followlng way

0, <0,

H(x) =
(=) 1 , >0

Let us consider the followling initial conditions

wz,0) =0, 1u(r), Oi = 0,‘ T(x,0) = 0,

In the theory of uncoupled thermoelasticitv the problem
was resolved by Danilovskaia [75]. In the theory o: cocupled

186
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(38.9)

posed

e e e e LT e e e bl e T Mmmm“




mer~~— ~ L T e ey L
¥
?
#

thermoelasticity this problem was studied in various papers. Let
us mention in this sense .he works of Hetnarski [172], Boley and
Tolins [24], Muki and Breuer [294], Boley and Hetnarski [25].

4

!

E We will present first the solution of the problem in the

1 uncoupled case (problem resolved by Nanilovcekaia) and afterwerds
we will study the problem within the framework of the theory of
coupled thermoelasticity.

In the uncoupled theory the equations (38.5) are substituted

t
,&
| by
| o
93 g2 aT
‘ (012—013),“,1;;.:0, (38.10)
as d
(5 =75) T =0

)
; We will designate by T the Laplace transform with respect to
| T of the function f, that 1s

y Jiryp) = 3Tﬂfyfﬂ==§“e‘"ﬂ;,,)dt (38.11)

} If we consider the conditions (38.9), we obtain from (38.10)

; & ar (38.12)
‘ (—...._.._pz ﬁ—A——'=0,
da? dz
{ dz }
—_—— '= 0. i
3 (d-'v‘2 p) ! |
[ Applying the Laplace transform to the boundary conditions, it )
follows that
1 I71) T‘
th(0,p) =0, T(0,p)= T 1
° (38.13)
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The solution of the equation (38.12)2 which becomes zero at
infinity, is

Tcole-yil' (38,14)

where C1 is an arbitrary constant. Imposing the conditiomn (37.1?)2,
it follows that
0, =,
and therefore PTo
p o 2 et
R p (38.15)

In view of the fact that we have (Carslaw end Jaeger [U47])

v V;'
e () e
P 2 V?

where

erfe iz 2 -~ ar
= Akl (38.16)

y

it follows from (38.4) and (38.15) that

_ . T
O(r, t) = T+ erfe —-- -, (38.17)

2) =

We obtain from (38.15) and (38.12)1

dz - AT e-Vhe

The solution of the equation (38,18) which becomes zero
at infinity has the form
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where 02 is an arbitrary constant. We will determine this coastant,

imposir, the condition (38.13)1. We have from (38.3)

i du

Tl —p)pip "’ (38.19)

= O 20— BT
and therefore
; A L TeAc-Vbe Vi
'll = ‘A -+ 2“) [— ,.“Cg("'" <+ ] — RT* e Vos
T,0 —p)plp r (38.20)
If we impose the condition (38.13)1, we obtain
= AT
Tl —p) !
so that we can write
. [ ]
= ’np‘i' p et (38.21)
% = ﬁ?" (e-l‘l — ._!..:_V:_'..
(A4 20) 1 —p)p Vp |-

From (38.21) we can derive the expressions of functions t,,
and u. Thus, in view of the relations (Carslaw and Jaeger [47])

y..l ( -o:f_'.__) = (”"H(T — 1‘),

p-—1
_ e-VP' 1 R ox X - f —
()= g ) e 7).
we can wrlite
'n = = BT*S(r, ) — er-R(z — 4y, (3¢.22)
where
1
S(: N = .--0'{ e 7 ep -——.F--— P 2 s
(ry 1) 5 e [L mfc(ﬂ/r — 'r)+e erfc(?‘;‘_r +V1)] . (38.23)
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The term from (38,22) which contains H(t - x) has the
character of an elastic wave, while the other term characterizes
the diffusion. It 1s obvious that x = 1, that is, X, = clt
characterizes the wave front, Let us take any given point of
the medium under considera“ion with coordinates x¥%. Before the
moment t¥ - x!l'/c1 the tension tll in this point assumes the expression
-BT* S(x*,T). At the moment t* in the point under consideration an
elastic wave arrives. After the moment t* the expression of the
tension 1s — BT*[8(s*, 1) — e'-*') The tension is discontinuous

on the wave fron% and the magnitude of the discontinuity (of the
jump) is

(doyee = BT (38.24)

It should be noted that the jump of the functiontll on the
wave front does not depend on the distance to plane X, = 0.

Let us now study the problem within the framework of the
theory of coupled thermoelasticity. If we express the functions
uand T in the form

(‘.«?.;'_.____f?f_) @ (38.25)

then the first equation from (38.5) is satisfied. From the second
equation from (38.5) we conclude that the function.¢ must satisfy
' the equation

ol dJ g3 a3 _
{'o‘;“[?a‘:“‘+*"]s¢a‘5;+‘a$}"—°' (38.26)

where € is the coupling constant defined in (33.4).

In view of (38.25), we conclude from (38.3)
h = (A + 2!‘)'9*22 .
=2
(38.27)
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The inivial cond..ions are satisfied 1if

g0y =0, JHBO) o 0i(s0)
de Je?

0. (38.28)

Applying the Laplace transform to equation (38.26), we obtain /136
-lll_ - . de . 8 24
) pip A (1 -+ ‘)l-‘-'-a_—u"f‘l) }Qu 0. (38.29)

The general solution of equation (38.79) which becomes zero
at Infinity is

P = ,;‘(l""l' - '"2"—“'7

(38.30)
where Ba are arbitrary constants and
Wy = ,: P4V e £Vpr-2p(0 ~ o F 0+ €)?}. (38.31)
In view of
f = (A 2u) po, wmﬂlpfw_
il =) (38.32)

Ba is determined from the conditions (38.13). For the function
9% we obtain the expression

o= AT e i, (38.33)

Ton(hi - 1)

b

It follows from (38.25), (38.32) and (38.33) that

- 7™
(04 2u) plht — k)

(kye ¥ L=ty

"= }»‘(FZ"“F; [ — Pty e M — (ki — po) b,
T Ry
(38.34)
T*p
t, = ——t LI y b
" ey (e o )
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The problem of inverting the transforms (38.34) i1s difficult,
According to Abel's [L426] theorem, it follows that if T is the
Laplace transform of function f, then we have

SR . SR I “i;mi
1
El
4

lim f(z) = lim pf(p),

and thus, large values of p correspond to low values of r. This
situation permits the inversion of the Laplace transforms for a

short time. Th~» method permits, however, carrying out an exact
determination for any time of the magnitude of the discontinuitiles

on the wave front. If we develop in series the powers of 1/p, we /137
can write

bomp 2 S o),

2 np p?
- [ e(3e — 4) ( 1 )
- e — e 0f——
ley = Vp 5y + splp + p2 )’
—_ — de 4 ¢
S TR B L T _j‘
K—K_ p P P
I — pt € e(2 — ¢€) e(3 + €2 — 6e) | 2e(l 4 €2 — 3¢)
WoHTF T T T e (38.35)
2 . p2 (2 — 1 —6e + 3e2  2e(l — 3¢ + ¢?) ]
Bor_ gyt s2o0 notet i BESES, !
k} — k3 P p? p 4 ,
! 1 2oe, BoMeddd (OF=0)
K-k p 29 8p? 8p
by _ 1 =3 8- d0cdlse
I - ks pr o 2p* 8p
Similarly, we have Lo, _seen,
ety ete? o P
L, -3
(l-hl' ~ (r'V;l ezy; e ﬂpV; *

In the following we will assume that

“ oo, '

@ e ~ ‘ — e(.‘ --_8') .I', v’éy;' ~ l .+. »—.—c«'_ ‘l',
8p 2Yp
((‘“:'3:)' 4 3 )
ot Vp zl+—-—-——~—~—~8( — 28 .
splp
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?~1 We obtain from (38.34)

iy R I s(l-«:).t-—&(l-—t) 1
pre " "[7 TRpt '""(p)]"

e Vm[ 'l' " 1 ;—;c I 2"‘“‘/',‘ }- o(-';:l-' H ’ (38.36)
e 0(,:3)]—-
BRI}

In view of the relations (Carslaw and Jaeger [477) /138

2 ("p’) H(x — 1), 27 (9;—,;) = (v — 2) H(x — 2),

I’V-'
‘ .‘Z"(S '»-) .-erfc-————

2y=<’

; P
~Yps Y R
z! (~e~)l-';~)=(v—1—-l )orfc -—-—-x(f-) e ¥,

» 2 e =

~Vps w x
&zt E‘-——.';- = I-‘E- © < — perfc - 7y
‘.’.V T

ty =BT% *'{1 - ;— [e(d —e) r — B(1 — &)} (% —~ r)} H(x — x) — |
we conclude .
x

4+ (1 — e)[(r—}-—-— z"‘)e\lc:»

"'l:

&€
—_ * } orf
8T {u‘c e

12 " {17 S X
R B e

T -

y

———

(38.37)
2y«

o 2
+ _E:?- 2 :.. e ﬂ — 7 orfe -—- _] —
2 n d <

- g[(‘! + lz- x’)erfc 2;}. — m(%)m e'%]} . 1

= T* lerfc T + ee 2(t — o) H(z — @) +
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It should be noted that in this case we have

[ty] = BT%e" 3", (38.38)

Similarly, it follows from (38.37) that

[0] = eTwe™%",

(38.39)

Let us note the fact that the magnitudes of the discontinuities
are exact for any time.

For the function u we derive the expression /139

a'l" ‘A- “ [ 1 \ a'
L :.2;[. (2 = ) H(t — 2) — (42)%3 i3 orfo 2}/‘;-]

N = —
]

where

. po’ K3 3 »
i"erfer S i*terfe EAE, i®erfer = erfe a.
1}

The expressions of the tensions t22 and t33 may be obtained in
a similar manner,.

It can easily be seen that the solution obtained goes to
zero at infinity. Within the theory of coupled thermoelasticity
the problem under consideration above has been first studled by
Hetnarski [172] whe gives a solution for short time, neglecting the
powers of € which are larger than or equal to two. In another study,
Hetnarski [173] presents a solution developed according to the
powers of €. The problem was studied by Boley and Tolins [24] and
by Muki and Breuer [294].

Boley and Hetnarski [25] studied systematically the discontinuities

in the case of the half-space. As has been seen, the magnitude of
the discontinuities may be studied indepondently of tbe derivation

s onl b § o, ot e e a5 o, o e b g it ey




of a complete solution of the problem. In [25] the Laplace transform
is used to study 16 problems referring to the half-space,considering
various boundary conditions. The discontinuities are classified

and their magnitude was determined for every partial problem.

b) Concentrated loads, Let us consider an elastic medium |
which occupies a whole space. We will 1llustrate the method |
given by Lessen who studied the action of a concentrated heat source, {
In general, if a solution in the foim of (34.7) is sought from (34.3)
and from (34.6), it follows that the Laplace transforms of the
functions ¢ and ¢: with reference to the variable t satisfy the

following equations

(- 2)(s-7) T
l'“" ’u' ’I' i (38.“0)
) B i ¢
o . . . — )
k(x| 'J;L)‘ Al e (A k p) !

”*y 1.
(A"’ I‘, ) Y - Ve
¢ 1

i

We assumed that the initial conditions were homogeneous, If Cl
and c2 satiasfy the equation ;

opd
P,

v e T :)] o
4 b g et (38.41)

('; ’l.

then the equation which satisfies the function § may be written
in the following manner

St A i e L

, . B 1 ¢ ) .
A—T)A--U —— — A - 5) 38,42
( W we k(l-rﬁu)' x~i‘hz( k p) g (3 )

Obviously, the f‘unctions.wi do not depend on the coefficient
€. It follows from (38.41) that
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(f.,m‘.‘;‘{:‘-k%‘i“ + ¢) -f:

' (38.43)

s[5+ o) 2]
1

In view of the fact that, in gzeneral, the coefficient ¢ is
a small aumber (e < 1) lLessen suggested a development of the following
form for determining the function ¢

] (38.40)
? =9+ P, + edpg 4 .

In this case there follow from (38.&0)] or (38.42) for the
functions 30, 51,..., the equations

) .

Yy -

By = — ——

It can easily be seen that the function $O correcponds to the
problem of uncoupled thermoelasticity. The function ¢1 is the i
& solution of a problem of the same type in which, however, the loads ﬁ
[ are determined by the function ¢0, etc. \
i
l

Let us assume that (Nowacki [319])
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fr=0, r=Q¥x—y)d0), (38.46)

3
o

where Q is constant. In this case let us take wi = 0 and from
(38.45) we obtain (see Paragraph 36)

5 pelQ . pe
o } Ty (e ® r_ (.‘”V'x,
Ark(n 4 24) Rp (p! - ) )

A

(38.47)

From (38.47) and (34.7) the corresponding temperature variation

is determined

‘ I (38.48)
o“ = "ﬂ'k’» ¢ l & . )

If we designate

S
-
-
-

, =

e

T {,
k L

then the original functions have the expression /141

{
, Polps -) = =P 1o, 0 = Bylp, ®) H(x = o)),

s*?
dre(h 4 2u) (38.49) g
i

: ___ epQ -2
i Buley =) = Sk meps ¢

'

where ;

.’ Eyp, t) = __P 1 o-e
| Wy ©) erfc(q—[/_:)—-z«e‘ [e’erfc( P +l';)+

c 2+
+e erfe (-5;_;__ V?)] ,

Eyp, ) =e*-° —,

(38.50)

IRRE R S et & s "M&f:ﬂd‘w}:;*&;~ Ca
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Thefhnctions$& etc, are determined afterwards. The
solution of this problem was studied by Hetnarski [174], Similarly,
Hetnarski [175) considered the problem of the elastic space when

fi=0, r=Q3r—y)HP().

In this case we take v, = 0 and equation (38.42) hecomes

B-WHA-We=—--¥
1 1) P ko0 + 20 3(r - y).

As in the case of the procedure used for equation (36.24) we
derive for ¢ the expression

5 BQ ~LR __ a=%alt
Ankp(A + 2u) B3} — &) te N

In order to obtain the function ¢, Hetnarski uses both approximation
procedures: he neglects the powers of € which are larger than or

equal to 2 and determines the solution for a short time.

The problem of the elastic space azted upon by concentrated mass
forces was studied by de Sods [386] with the ald of representation
(34.12). 1In this case the Laplace transforms of the functions ¢i
satisfy the equations

(A— 'ﬁ)m_z:‘m-_ W=~ I (38.51)
o k(» - 2u) T

It can easily be seen that if, in the equation (38.41), we
replace ¢ and p by i1z and -iw respectively, we obtain equation
(36.8). Let us assume that

fi = 8 3(z — u) 3(1), r=20,

In this case we will take 02 = 03 = Y = 0, The function &

satisfies the equation
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B-A-THA-Wd - ——% _3p),

PR (38.52)

2 _ ,2,2
where c3 p /c2.

If we consider the results from Paragraph 36, it follows that
the solution of the equation (38.52) is

(bl == ¢ e [m(if.. —
Ankp(A + 2u) (U —-CH R LU —

L (8 — B e~k ]

(38.53)

T TR T T I TN I, Y

From (34.12) and (38.53) the Laplace transforms of the components
of the displacement vector and of the temperature variation can be

determined The functions were originally determined for a short time

and neglecting the powers of e€" (n>>2), in [386]. Solutiocns both for
concentrated forces directed according to other axes and for a
~oncentrated heat source can be similarly obtained.

Lessen [259], Chadwick and Sneddon [48], Paria [333], Sneddon
[373], Lockett and Sneddon [259], Eascn and Sneddon [99], Naribo.i
{302], Galka [128] and others also studied problems referring to the
space and half-space. Investigation of the coupling effect between
the mechanical field and the thermal fleld formed the subject of many
studles (see, for example, [1], [14], [1s5], [92]1, [303], [308],
(3831, [4u6]).

39. Propagation of the Discor :inuity Surfaces

The mathematical method used for investigating the discontinuity
surfaces in the mechanics of continuous media, outlined at the end o7

the last century, was developed by Hadamard in [167]. 1In this
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paragraph we will study the discontinuity surfaces in the theory
of coupled thermoelasticity as given by Chadwick and Powdrill f51].
Other studies concerning the pro; agation of discontinuity surfaces
in the theory of thermoelasticity were carried out by Chen [56],
Truesdell [4247] and others.

a) Geometric preliminaries. We will express the position
vector of a point in the form

R=R, | P, (39.1)
where R, depends only on 61,92 and 8y is a unit vector which
depends, similarly, only on 01 and 92. The equation 63 = 0 determines
a surface
R, = R, (6 0%,
o = ol (39.2)
The vector ga is normai to this surface. If we designate
o Ry,
(33.3)
then the covariant vectors from (24.7) may be written in the
following way
: |
s - g | 0% a5, Oy ==y, (39.4)
It 1s obvious that /143
8y = 0, a0, = [, "a“:.: = 0, (39-5)
r prag -
For 83 = 0 we have g, = &, Ve will designate by a', a,., 8, a»

the values which g¥, Bpgs g'%, 2 miven in (24.7)-(24.10) respec-
tively take for 83 = 0. Therefore
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8 8; ™= ag, By = 8,,, Gep aby mc 8, aY = \,“, (39 6)

0’==a“l.,l.—a..l°,l‘l‘==a"l’ul;,.

In view of the fact that

AR, = &, 4 0* = a* d0,,

st

5

-
i

the arc element from the surface (39.2) has the form

T,

d8? == a,gd 07 160 = 08 (10, 10y, (39.7) {

The expression (39.7) 1s the first fundamental form of the
? surface. The scalar product

ARy dug = —heg 4O A6 = —bs 0, 405,

where

g
g

b\la == '-'“q 03‘3 e "“ “a.‘ Tz na n.‘e = “3 na‘“ ,

| (39.8)

is the second fundamental form of the surface. The coeff’cients ]

baB' b8 are symmetrical surface tensors connected by the relations

b = a** by, = ag, b*,

b‘a iz ﬂah ')g, '),6 = Ay, bﬁ . (39 . 9) ‘
"11"4% s‘
. The invariant ;
§ oM o= b2, ]

(39.10)

i1s t.e average curvature of the surface, and
K on ! baﬂ l ,

@ (39.11)
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is the gaussian curvature of the surface.

The symbols of Christoffel with respect to the surface 03 = 0
are obtained fror (24,17) setting 03 = 0, If we designate these
symbols by Tjk, keeping in mind (39.4), we have

M, = il,,,,, I8 = w'agy = a”™ a0y = —a® byy = — I,
(39.12)
|'=n = ua“c.ﬂ = o ll’lia" == Ugpy
I = 0%gq == 0, 1% = 0.
It follows from (24.17) and (39.12) that /144
B9 = .l‘.lgng Y- hlﬂ"ﬁ’ 0% = - l;gl at -+ b; a,,
@4 “’"‘h:nx- (39013)
If we consider (39.13)2 we can write
ua',. Mg == by, 1,&. (39.14)
and therefore
dag day = by b 160 g, (39.15)

an expression which represents the third fundamental form of the
surface,

Let the vector be

V= tta, 0% = r, 0% 4 v,

(39.16)
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Taking into account (39.13) we obtain

Vo = (the— c&”:)“" + (V34 -+ "3 7)\)a, =

= (U — blvd) @y - (0% 4 byy Py, (39.17)

where

1

Uria == V) q — i‘gl"u! "?I = “?‘c + P&uv“-

(39.18)

b) Singular surfaces. Let I be an interval of the real axis
R,G = I‘xR3 and £ a hypersurface from G which allows the representation

N e
R 3

To= 9 (6, 6, ¢), 0, O,e Uc R tel. (39.19)

For a fixed value of t, the equations (39.19) define a surface "y
Zt. Thus, the relations (39.19) describe the movement of the surface
I

t vhen tel.

o taiies 8T b ey cest Ee GtI e liie .l

We say that I 1s a smooth hypersurface if the functions ¢1
are blunivocal and of the class of 02 on UxI and the matrix

o9
[5é] has the rank of 2 in any point of I. The varlables 8,,

it gla ey

6, define a system of curved coordinates on the surface of Xt.

2

We will designate by n the normal to I, and therefore in the

relations from (a) we have

ay = n. (39.20)
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Tt follows from (39.3) and (39.5) that

1
Ba = Qrally W - W N\ ny,
a

and thus

|
. Wy a Cors Pra Paye

Similarly we have

"‘ ". “sz l. "‘ Q... e ('.
Keeping 1n mind (39.6), (39.8), (39.21) we conclude

Tap ™ PuaPr.p h-. S PrapMee

From (39.13) we obtain the relations
Pran = bap e | Flye,
Mia = =W - - a* boa®in = 09, 00 Pen ).
Using the covariant derivative

Prat  Prep ~ lagna,

and the relation (39.73), it follows that (39,.2h), may be

written in the frollowing form

"an 5 Paap Mo

Similarly we have from (39.2R)

Piap < Dap My,

Ma = “”?;.n‘?t.z "y

(39.21)

(39.23)

(30.2h)

ORI

(39,25)

(39.26)

(39.27)

(39.28)




If B = yy0y, then, on the basis of relations (24.7) 1t
follows that

3
:
*‘

v O 0w

.
a0, oo, (39.29)
®
Keeping in mind (39.1) and (39.19) we conclude
Wy | 03wy,
and the relation (39.29) takes the form
2 Pra | 00 (918 4 W) | onen, e 3¢y
i Thus we have on the surface of L,
ﬂ"n?...vy" L= 8., — ".",. (?Q. ?0)
The velocity of a point from the mobile surface ¥, at the
moment t, has the component
i v o,
ooan (30.31)
,l
and the velocity of ¥ 1In the direction of the unit normal at Xt
is
Voo Von,.
] (30.32) é
, T the surface 1s locally represented by %
| |
; O (L) -0, (39.33) ;
: o :
. where ¢ 1s of the class C°, then /106
) @
ST R WA O (39.34)
4" ‘
o, @) 00
ot

.

Let us calculate the first and second order derivatives of
a function on a hypersurface which Intersects each domain of
definition.

,‘L
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Let f be a real function: 2 =+ R and ¥c @, a hypersurface.
Let us assume that @ = D x I where D 1s an oren set from E3 and
QnNYXpwO for any tel. In view of the fact that the results
which will be derived refer only to that part of I which is iicluded
in Q@ we will replace Qn¥ by &I, and QnY, by Xt.

=4

We will assume for tvhe beginning that fe(yQ). On I we have
f = f(t,¢,(0,, 0,)) and thus

TR TR O A

df _of | of dg o
ar "ot g ot 'L'“"dh'?M' (39.35)

From (39.35)? and (39.30) we obtain

of

)

In view of (39.36) it follows from (39.35)1 that

of _df _ . oy (39.37)
"\ - dt W Saven Vo ' on

We define the §-derivative with respect to time (Thomas [U13])
by

3 )
i S UL dJ

3t ot an (39.38)

This refers to the derivative with respect to tirme, following
the motlon of I along the normal at Xt.

We conclude from (39.37)

8 _df

& VS A (39.39)
’ and
of 8 ;o
o8 an (39.40)
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If £ 1s a known function of t and ea on I then the derivatives
df/dt, f’u can be calculated. The derivatives which are determined
in this sense will be called interior derivatives on I. From (39.39)
if follows that 6f/8t 1is an interior derivative on I.

The relations (39.36) and (39.40) express connection between /147
the first order derivatives of f on I and are called conditions of
compatibility for the partial derivatives of the first order of the
function f on I.

If f and 6f/3n are given on I then the relations (3%9.36) and
(39.40) determine the first order derivatives of its f functions

on T.

If we consider (39,39) and (39.31) we can write

8@1.0 .

v < Vg = u”%.a"ﬂPc;cov

whence, on the basis of relation (39.28)2 we obtain

8?‘.. X (39-“1)

51 mes Vg, 4 Vg, Va

From (39.23) and (39.41) we can derive

in, 3n
4 R | ] ,-!;;_ -1 3 .u
N‘ 8' y ('P"u 8' l a (.)9 2)
If we multiply both members of the relation (39.182)2 by
a“e¢d g and sum up after the index a, then, on the basis of
»
relations (39.30) and (39.&2)1, it follows that
3
8';‘ = —a"Po V.
(39.43)
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Let us assume that J¢('(Q). 1n this case the relations
(39.36) and (39.40) can be applied to the functions 3f/3x, and
af/at. Thus, we have

]
o, dury aa, dn \du,
whence we obtain
o ( n[') '1.,‘( 1)" 4)'{{ (39'“5)
tu e, . day eyl dn? Moy
in which we indicated
i f ')(.w ot f (39.46)
) n; - YWy,
e adn ) dadr, !

In view of (39.23), (39.27), (39.28), (39.26) and (39.45) we
find from (39.44) that

(39.47)
1""' I'« al 1) / w
:)J‘.N.l‘, ’ (0") b h"f'p} (o "”F“ﬂ) -
Y i , l". o
l ’ (‘,.‘" I" n ) Fewioe l)!i’{ ety
From (39.47) on the basis of the relations (39.23), (39.10) /148
we obtailn
'
Y gy —on + 9y (39.48)

()J" ()J" J n 0"2‘ *

If we apply the formula (39.36) to the function 3f/3t we can
derive

_()3f = q%® af 1] 0f
dxeot (;a;),."‘“'g.:(a; (39.49)

208




oy
s

E:
F
E;

T e A R TR I REET T T e T g 7T

In view of (39.40), (39.36), (39.43), (39.46) 1t foliows that

3(L)_ B3, O B
ac(an- "‘sc(ax. t o W
(39.50)

d (of af
= — |- V- 2L — "s.
6»(0! on? @ Sa Vs

If we keep in mind relation (39.50), we can derive from (39.49)

e (v 2 e )

’ a’f
+a®”fo Vo — V=" n.
Jo ¥ an? f

In view of (39.40), (29.50) we obtain

of _ B (8 AN KX ] , , 0% (39.52
o St\st o») '{a:(éi)+a¢f’“"°"‘5,‘,{'}' 39.52)

The relations (39.47), (29.51) and (39.52) are the conditions
of compatibility for the partial derivatives of the second order of

the function f on I.

Using the conditions of compatibility we will derive the
corresponding conditions for the discontinuities of the partial
derivatives of a function which appear on a smooth hypersurface.

Let us designate by D: and by D; the open and dlsjunct subsets
of D, the reunion of which 1s D\Y, We assume that the normal n at I,
is directed toward D_. Let
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Qt = {0l reDftel), Q- = {(r, ) reD, te 1},

We assume that f is continuous on r v ¥ and N -y ¥
but 1t 1s not continuous on Q. Let f' and £~ be the extensions of

f on the open subsets which contain Q+uy ¥ and Q- y 3 respectively.
The Jump of f through T 1=

(e =t - -,

A 1T

Ir (] 18 different from zero throughout nearly the whole of

£, then we can say that I is a singular absolute hypersurface for
tne function f.

Let us assume that /.« "}Q)(r>1) and [fei"(QruX), fc(Q-y

v I). We can thus calculate the jumps of the derivatives
. of erder r of f on f, If at least one of these is different from /1&2‘
F zero throughout nearly the whole of ¥, then T 1s called a singular

hypersurface of the crder r for the function f.

Let ¥ be a singular absolute hypersurface for the function f. :
We assume that f 1s of the class of C1 on Q*vyX and on Q- y X |
J The conditions of compatibility (39.36) and 39.40) are applicable
or T both for £’ and for f~. In view of the fact that

- — L

[.”'a s (f* “f-)u =fc‘a - fv;"S[fl' = e 8f~ ’ (39 .53)
8t at 3t

we can derive the relations

a.rg ot St an

g; .Lylxnmwh%$+L%]%[W]=§UL_V[g]_ (39.54)

which represent the conditions of compatibility for the jumps of
the partial derivatives of the first order of the finction f through L.
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If £ 1s a singular hypersurface of the first order for f, then
{f] = 0 and we have

el =0 (1= =31 (39.55)

Let us assume that f is of the class 02 on fQ+yX and
on -y I, In view of (39.47), (39.51), (39.52) and (39.53) we
obtain the following conditions of compatibility for the jumps of
the partial derivatives of the second order of function f through I.

[ 0'}'7_] =% l[ of + a® "cv[.”w} (ne@pp + MyPep) +
r o, on Jy
( 03
,}\ + a*® a* {[.”.uv - "mv[’:': ]}?'.D Pje t [b”{']"l ny,
[.i?ff..-] ,,,.‘,‘am t [ "f]} Ben +
At 3t on §)a (39.56)
BT\ odr g1ty — »_«'ﬂf}}

' + {SI[ON] Vo ' [0::2 o ;

)AL e L)

. [ 0¥
4 w-hl / Im‘ " | [ihl:‘]l.

}

%é, From (39.56), we obtain /150
Cdy e of o3f

) - ~ = 0% -9 B . ,v
[().r; (?J'.] e = 200 [«'m] i [(")n“]. (39.57) ]

211




E,
b

- D Tt B S SV o N A e 1 b e, ¥ s Zomhadier . o A
. A T I

If £ 18 a singular hypersurface of the first order for f,
then [f] = 0. If I is a singular hypersurface of the second order,

we rave [Qf}z o and therefore
on

o¢f o » 1
[) b [ , Mty Y S A "
or dr, an? €t on? '

[dﬂ] TS [()‘-ff]
o ont |’

(39.58)

The relations (39.54), (39.56) and (39.57) have been derived
by Thomas [U413] and the relations (39.55) and (39.58) are attrib-ted
to Hadamard [167].

Let us assume that I is a singular hypersurface of the order
r > 2 for the function f. In this case the relations (29.56) are
applicable for the jumps of the partial derivatives of the order
r-1 of the “unction f. Aprplying these relations successively, we
can write
[ I ] B [m ~ oy
ordx, ...or,or " gy oo dr,dtt t Yaay, day,

] Ny Ng Ny

and step by step we reach the following conditions of compatibllity

NN M NI ¥ (39.59) :
[ da0xy ... dr,dt*-* ] == [«)h'] Aty eoe Mo (OQ0ST),
where (Hadamard [1671])
f oy
on’ ar,...de, Moowe M (39060)
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If £ 18 of the class ¢™*1 on 9+ v Y and on n-ux

the conditions of compatibility (39.5C), (39.57), in which

[f] = 0 are applicable to the partial derivatives of the order
of (r=1) of the function f. In these conditions, substituting f
Lv N A and using (39.59), we obtain

Ory ...y

ST RTIATRT T e T B

"41 [4
[——» «—'———-f—~«-—-] - % [" f]n.. N AL TR
day oo drdargr, an’ e
T,
b)) = @ a® "av[‘ "'] o oos Ma%inie + (39.61)

n?

ll'“f ’
bpo— T Nkl ,
dry oo drydagda

F‘ [ ar, . U';l{,d.z.;;l ] e {'{32{.]"»- r "o} ;.v-.a -+
+ :' {[z:{']", oo n,} n, — V' [ v~ ,(i';.‘z{i)x.(?r. ]n,n.n‘,
st R i SRR T | 54 PR
8 Ererrtrerd KL

[-» ~———‘2'—:‘f = — 20 af Npoou N, -
ry, ...0n,0x,dx, on]?’ '

- gr+t
- [ f neny.
or, ...dr0rdr

. i

c) Characteristic hypersurfaces and wave fronts. We will
assume that the elastic medlum which occuples the domain B 1s
homogeneous and 1sotropic. 1In the following we will indicate
#=Nxl. As shown in Paragraph 34, the equations of thermo-
elasticity for such media may be written in the following form

SRR SR b 0 proeh-_FEvImn

g it S YT L ST s b
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M, i -0 4 (e - .g,..!?f“h, _B 29_.
ar oxdx, oxidr, p oxy
a0 ik )3
¢ + 7'0 p ‘.—.!.“'., . k o o -
ot Jd.ay0t o, dx,

(39.62)

if there are no mass forces and heat sources.

These equations were derived under the assumption that the
functions uy and 0 are of the class 02 on #. If the functions
Uy 8 of the class 02 on 4 satisfy the equations (39.62) in .

we say that (ui, 0) represents 8 strict solution of these equatiors.

Let us determine the characterlistic types of the equations
(39.62). Tre problem will be formulated in the following manner,
Let S be a finite union of smooth hypersurfaces which has a non=-
empty Intersection with # From now on we will designate S0 #
by S. Let us assume that on the hypersurface I from S are prescribed
?”.00, as analytical functionc of 51’ 02 and t. These
functig;sd;epresent the data from the corresponding Cauchy problem.
The problem of the determination 1s placed into a certain neighbor-
hood of S of a strict solution of the equations (39.62) which should

zatlisfy on S the conditions of the Cauchy problem.

. 0,

In order to extend the solution of the S variety by means
of series of powers, we must determine on S the partial derivatives
of uy and 6 of any order with respect to Xy and t. If, in the
relations (39.36) and (39.40) f is substituted by u, and 6, it
follows that we can determine on S the partial derivatives of the
first order of the function of u, and 6, with the help of the data
of the problem. In view of (39.47), (39.51) and (39.52), it follows
that in order to determine the second order partial derivatives,

' o
the derivatives 9% and 030 on S are needed. In order to determine

gn? Jn?

et aaaEra g et el e i s e g o

e
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these derivatives, we will use the ecquations (39.62). If we
evaluate the terms from (39.62) on S with the help of the relations
(39.47), (39.48), (39.51), (79.52) we obtain

, 5 0% 14
o3y S0 ey
( ) o (e} —e}) I LTLTIEEN P
(39.63)
, 0% ()
y N L/ IR
od Znd "ok on? A

| where the functlions Ar(r e 1,2,3,4) are determined by the Cauchy
data. From the system (39.63) we can dctermine the derivatives
| 9% 90 on S 1f, and only 1f

an®  dn?

| kdet {(VE—ef) 8y — (¢f — ) mn,) % 0,

(39.64)
If, in the point of S we have

(39.65)

kdet {(12 — ¢§) 8, — (¢ — ) nenyl =0,

' then we cannot determine the derivatives sought, and the

; method cannot be used. If the relation (39.65) occurs throughout

the whole of S, then § 1s calle.! a characteristic variety of

equations (39.62). We say that (39.65) is the characteristic equation
? of the equations (39.62). Carrying out the calculations, the

equation (39.65) 1is reduced to

V3 — ) (V2 — )2 =0, (39.66)

If the hypersurface is given in the implicit form (39.33), then
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in view of (39.34), the equation (39.66) may be written in the
following way

kl(ﬂ‘,’_) 2% "{0} {(om IO

o o.r, £y 0! ch, d:,} =0

It follows from this that the characteristic variety of the equations
(39.62) conzists of two hypersurfaces, given by

b -0 (’70) e d‘b ("D
) =g o, (39.67)
® .0, ((Nv) iy oM (39.68)
] ox, v,
As we have seen, a hypersurface I may be interpreted as
a mobile surface in the three dimensional euclidian space. 1In

the case of a characteristic hypersurface I, we say that the
surface Zt is the wave front and for its motion we will use the
term propagation of the wave front.

It follows from (39.66) that ‘“e wave front X(tel) represents
families of parallel surfaces; the propagetion of a wave front takes
place with one of the constant velocities Cqys Che

d) Weak thermoelastic waves. Inasmuch as equations (39.62)
are equations with second order partianl derivatives, the singular
hypersurfaces for uy and @ of the order more than or equal
to two wil) be designated as weak singular hypersurfaces. We willl

show that weak singular thermoelastic hypersurfaces are characteristic.

We will refer to these hypersurfaces by the expression of waves.

We assume that I 1s a weak singular hypersurface of the order r.
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If r > 2, then the equations (39.62) occur on 1} if r = 2, then
(39.62) takes place on ©\I. Thus, for any r » 2, equations obtained
by the application of the equations (39.62) of the operator Ow:E.OJ,
take place on Q\X. Inasmuch as I is a singular hypersurface of the
order r for the functions u, and 6, the jumps through I of the

de. svatives of the order (r-l) are identically zero, and the jumps
through I of the partial derivatives of order r are defined.

Making the Jjump through I of each term from the equations
obtained, we find

4 ’)'"
My __l-[ LLT ] +
L g oo dagot? (TN U F M F JYE A

0", ] o (39.69)

My oo daydrdr, !

+ () [

9" a0
N P vl | =
Gy o oo Dy diry it Ory ... drgdrda,

If we keep in mind the relations (39.59) we can give another
form to the equaticus (39.69), expressing the jumps from (39.69)
by the right members from (39.59). Then, multiplying with no«..n
and summing up, we obtain

Y

(Vi—cd) M—(G—E) 2ynymg = 0,

,‘IE + Top "A‘"‘ = {0, (39 .70)

where

9 - f’"‘?]
: o= [ an' ]’ ¢ [0”' '
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Keeping in mind (39.59) it follows that the jumps Ay, E

determine the jumps through ¥ of the partial derivatives of the

order r of the functlons u1 and 0 and therefore on the basis of
the hypothesis all of them cannot be zero. Therefore, the determinant

of the system (39.70) must be zero. This condition coincldes with
the characteristic equation (39.66). Thus, the singular weak /15U

hypersurfaces in tharmoelasticity are characteristic hypersurfaces
which propagate with constant velocitles ¢y and Cye They will be
designated as weak thermoelastic waves.

If we consider the relations

A 1 (du, 7]
"‘ = A_!_ ] :” = - (-‘_"— + {,1‘—,.)' Wy = "- “’“‘ — a“’, ,
1l 2 \day  day 2 \dxy;, oy

then on the basis of the equatlions (39.59) we conclude

0'—1 e )v-g .
[ ‘7"1‘“12 (= [f—-m'f;']: (= V)™t (39.71)
[ a:);:tol‘ ]= - _.!,-(“'V)"‘(N'h — MNy).

ST T P T N

TIn the case when the wave 1s propagated with a velocity ¢y it

follows from (39.70)1 that A, = An where A = Apnp and

{“a-'.i-"’t\: (— V) h e # O, [o'ﬁ"“'““}'“ (=1 o (39.72)

ar-1
a"_l ot

oyl o,
o

218 J




R A 5 R O A

If the velocity of the wave 1s Cos it follows from (39.70) that
A = 0 and therefore we have

.'?{;';:‘_!:L],.,m.,, [9_';‘.591],_,‘,, [Q&“-;:],.o (39.73)

n In view of the above we wlll say that a weak thermoelastic

f wave 1is dilative 1if 1t propagates with a velucity of ¢y and
rotational if it propagates with a velocity of Cye. For a weak
dilative wave of the order r, the discontinuity in the derivative

\ of the order (r-1) with respect to time of the velocity

follows the direction of the normal to the wave front. For a

rotational weak wave of the order r, this discontinuity 1s tangential

‘ to the wave fronts,

\
| It follows from (39.70) that
TyBre,
§ = Ty for dilative waves,
]
(39.74)
g 0, for rotational waves.
- Thus, the Jumps of the partial derivatives of the order r
¥

o of the functions uy and 8 through a weak thermocelastic wave I of
T the order r are determined by the vector of singularity )\ of
ok

§ components Ai. The magnitude of this vector is a measure of the

; "force" of I.
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a7-1
Let us apply the operator 5; ar
_ﬂ"" '

(39.62). Then, we form the Jjump through I to each term from the
equations obtalned and express it with the help of relations
(39.59), (39.61). Multiplying with ApeeeNy and summing up, we
obtain

to equations

(V=) — () {mmpme - a*®hjia@ion 0o +
- “u.'i P4, g( )\j;g", Y a*® by W.o)} T

- 3y a2 A 42U 3N - B Eng =0,
8t 8t P

(39.75)

rd

T,4 ll'p,n,m 8;;’ ny 4 Va® e + a®V o090, ) -+

doky b (Tt V'~ 2KH)E - 0,

E
1

where
- ‘,Lfl"‘ o ,)'+1!)"]
In deriving the relations (39.75) we ccnsidered (39.23).
In view of (39.43) and the fact that for weak thermoelastic waves
V 1s a constant, it follows that
N 3A
_8_7_‘_ === (A0 = n,..s".
&t ;
(39.76) :
If we consider (39.10), (39.28),, we obtain j
"““)\,{q Pi;p - Nﬂu()\]?‘;a)t’ e 2”)-, ‘!
Yialty = N W by @j 0 7 Mg (39 '77)
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The relations (39.76), (39.77) allow us to write the equations
(39.75) in the form

(VE--cd) g — (§—¢3) {ugmyng + a*B(N;@is);q M6 + a®® Ayqep} —

,8) ) .
8:‘F2H{@1;+-«f~&)lnu-k'?E"¢=‘L (39.78)

— 21

TBV ugny - ky — T8 { i:‘ = Va0 ps0)ia '.H'IIA} +

4 (ToaV—=2k1IE - 0,

If we multiply (39.78)l with n, and add, we obtain /156

i

(V2= pmy — (F — ¢f) a®®(2g 94,8);2 —
5 (39.79)
—2V~A~#200h-y£- =0,
3t P

(1) Weak dilative waves. For weak dilative waves we have

Ve=ec;, A\ = An;, £=-T, BcyA/k, and the relation (39.79) leads

to the following equation of transport

--:-1- »§2\— = d~->\~ == A (II — —}*em*),
¢, ot dn 2¢, (39.80)
where € and w* are given by (33.4) and (35.20) respectively.
Keeping in mind (39.80), the equations (39.78) become
221
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e — pyigity = 4% Neagi,p,

. \
ToBeyuyny + ky = T, 8 (',A[H 4 (To - -1,— 3 ] (39.81)
¢ 2 .
Let us assume that at the moment t = to the average curvature
and the gaussian curvature of the wave front Zt, are Ho and KO,

respectively. The mean curvature of the surface Zt may be expressed
in the form (Thomas [414])

H, — nk,
1—2nH, -+ n2K, ' (39.82)

H =

where n 1s the distance measured on the normal from zt,. With
the help of relation (39.82), the equation (39.80) may be integrated
and we obtain

1 swe

A= d(1—20Hotn2Ky) Se ="

(39.83)

where ) = AO on 2t°.

It follows from (39.718)1 and (39.83) that the jumps of the
partial derivatives of the order r of the functions uy and 6 through
a weak dilative wave of the order r are determined by the values
of the latter on an initial wave front. More precisely, it is enough
to know X on the 1nitial wave front zto. It may be noted from
(39.81) that the Jumps of the partial derivatives of the order
r = 1 of the functions ui and 6 are not determined except when the
Jump of one of the partial derivatives of the order r = 1 are known
ahead of time. Thds occurs because equations (39.81)1 are not
independent; by multiplying them with n, and summing, we obtain an

identity.
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(11) Rotational weak waves. In this case V = Cpo A =0 and
£ = 0. The equation (39.79) is reduced to

Bytty = — a*8( 24908 hay

(39.84)
and from (39.78) we obtain the following transport equation /157
1 L1 = ax = M,
e, 8t dn (39.85)

and y = 0,

In view of (39.82), equation (39.85) may b- integrated and

we obtain
3

h = 28 (1—2nlly + nKq) %,
(39.86)

where Ai = Ag on £t°. This indicates that the jumps of the

partial derivatives of the order r of the functions uy through a

weak rotational wave front of the order r are determined by the

values of the latter on an initial wave front. The partlal derivatives
of the order r and r + 1 of the function € are continuous on the
hypersurfaces of the type under consideration. In order to determine
the jumps of the partial derivatives of the order r + 1 through

Zt it 1s necessary that we know two of the quantities of My - Let us
note the fact that in the relation (39.83) for weak dilative waves,

the factor exp (~ew*n/2c1) appears; this indicates that the values

of the jumps of the partial derivatives of the order r of the functions
uy and 6 tend towards zero when the time interval t-to tends toward

infinity.

e) Strong thermoelastic waves. To complete the study of singular
surfaces we study the case of hypersurfaces of zero and first order.
These hypersurfaces are called strong singular hypersurfaces. The pres-
ence of discontinuities implied by these hypersurfaces contradicts the

DTS T ey A+l




hypothesis of regularity in which the equations of thermoelasticity
were derived. Therefore it is necessary to establish beforehand

a theory that would permit us to study the strong singular hyper-
surfaces.

Let M,(#4) be a set of the regulated regions contained in 4.
If PeM, (#) we will designate by #2° the intericr of 9 and by 92
the boundary of 2. Let #(G) be the set of functions with compact
support on G.

If the functions Mo & eu vty g satisfy the relations

....AT~
|
=
-

o 1
ty == I &y = '2‘ (Wi, -+ ),

ly = hew By + ey ~ B 03, (39 * 87) j
pn == Be,, + a0, ]
q = k0,

and for any wedW, (#) and any (3, 0e 2 (¥ we have

. ‘;)Cl — 0{’ de - 0 "'on ot - »at )(l‘l’ = 0, 39 i
S'(Ph My ) J S,(P )

1l l'.l" ot Sl

e
PO TR S e T ST

then we will say that (ui,e) represents a weak soiution of the
equation (39.62) on «#.

It can be shown [51] that if the functions Uy 8 represent /158
a weak solution of the equation (39.62) on # and are of tne

class C2 on # then (ui,e) is a strict solution of these equations
on # and vice versa.

L R e A

N
N
P —
P RERSES




-

- L

[T — T e

"

LRG0 &5
e e D i

Let us assume that (ui,e) is a wenk solution of equations
(39.62) on 4 Let I be a strong singuiar hypersurface, and D an
open set from B so that § = DxJI intersects I the same way as
before. We assume that uy and 8 are functions of the class 02
on n* and on Q. Letlrcn be an arbitrary regulated region that
intersects I and #+ 2nQ% P =20 Q- be non-empty sets.
In view of the fact that (ui.e) is a strict solution of the equations
(39.62) on a* and on 0 , i1t follows that the equations

lyy = p pTon - i = 0,

are satisflied in #+and in #-. Therefore, we have

S {‘*‘(P Q) — - (hm)}tlv =0,

LAA L &

? Jd
S { m" (pTom?) -- .aa‘;((q.)' de =0,

oryr-

(39.89)

Let (vo, Vis Vg v3) be the components of the unitary norral at 99,
In view of (39.34) we can write

vo = — AV, v = An;on X,

using the theorem of divergence and the fact that the functions
(Ki.C) become zero on ¢.#,.we obtain from (39.89)

S AT LoV [0 + [ty) ) da = 0,
In?e

S AZ{eTy V' [n] + [g] m} da == 0.

Lns

In view of the fact that the quantities below the integral

are continuous functions on I, it follows from the above relations
that




eV [v) -+ (ty]ny =0, p ToV [n] + [@]n =0 on X. (39.90)

These relations are called dynamie discontinuity relations.

If we use (39.87) the relations (39.90) may be written in

the form
[a“‘] +(d 2c=)[ ]» + i["*“ a“‘]
0 "y day O (39.91)
—-Q(O]n.@(n
[
ToV3 {o“’] + Ty V(0] + k[~"° ]m =0 on L.
Iy ()J',
The equations (39.91) are applicable both to the absolute singular
hypersurfaces and to the first order singular hypersurfaces.

In the following we will assume that the functions u, are
continuous on @, The conditions of compatibility for the first
order partial derivatives of the functions u, are thus those given
iIn (39.55)

duel L[]l
arg ) 7{]‘ = (39.92)

where N = [.‘2'!1].
an
It can be shown that the law of the conservation of mass
imposes a restriction on the jumps of the functions uy and in our
assumptions this has been identically satisfied [51]. It follows,
simllarly, that the discontinuity relation corresponding to the
second law of thermodynamics 1s satisfied.

We will study the basic properties of the strong singular
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surfaces on the basis of the discontinuity relations (39.91) and

of equations (39.62). Substituting in (39.54) 6 for f and keeping
in mind the relations obtained and also (39.92) i1t follows from
(39.91) that

2 B .
Ve ) d - (] — o) 2y - (0] g == 0,
( 3) (e} ) 2y ; ‘ (39.93)

7,8V% 4- K 4 Tou V [0] = 0,

0
where E==[ﬂ—].lu=lmh Forming the Jump through I to each term

I

on

of (39.62) and applying the conditione of compatibility (39.56) to
the functions u, (with (uil = 0) and (39.36), (39.37) (39.57) to
the function 6 we obtain

(Vi—ed) i — (§ — ) twmnit a*®(%y ©,8):a My -+ a®Bhg @ip} —

—or 3 3V Lo gan 4ot — D +
3t a3t
NE -9. : E’"‘ { l!“"l 0‘..?!;[}} 0,
p (39.94)

oy LN v . ’ ‘ .

TopVisnyt by — ToP {g’ — VaB(Agy.0),a -+ 2 VI }4
0

(Tt V= 2kH) & — Ton L s (0,4

at

3 } 3n
+ Tosn [apabi 1Y ] - 0,

where

‘lﬂu|' Y;:'_fﬁll,
Wy = L—‘;—"—; ' \_ on

In deriving the relations (39.94), the relations (39.43), (39.77)
have also been taken into account.
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The equations (39.93) and (39.94) represent the basis of the
study of strong singular hypersurfaces. They differ from the similar
equations (39.70), (39.78) for weak waves by the presence of the
terms in [6) and &V/ét.

(1) Shock waves, If I is a first order singular hypersurface
for v, and 6 then [6] s 0 on I and equations (39.70) and (39.93) are
formaily identical. As has been shown before, these types of hyper-
surfaces are charazcteristic surfaces and thus propagate with one of
the constant velocities Cys Coo Therefore §V/6t = 0 and equations
(39.78) and (39.94) coincide. Therefore, the relations (39.83) and
(39.86) are applied also to the strong dilative and rotational
first order thermoelastic waves, respectively.

If V= ¢y, 1t follows from (39.93) that A, = An, and

(0] = —Vang ok 0 [g,] = & o 0, [wy] = 0. (39.95)
The discontinuity of the velocity is directed according to
the normal to Et. The wave I is callec¢ a shock wave. The velocity

of the shock wave ¢y is the displacement velocity of .

If V= c,, we obtain from (39.93)1 A = 0 and

[lvl] ng == 10, [_'ll1 =), [(W/I * 0,

(11) Absolute singular hypersurfaces. If I is an absolute
singular hypersurface for Uy 6, then [8] does not become zero
on L. Multiplying (39.93)1 and (39.911)1 with n, and summing,

we obtain (e — ) a z (0] = 0,
(V2= ) ymy — (6 — &) a*®(Mg.p);a - (39.96)
~2r2;m~zzr+2nﬁp+2a=o.
228
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From (39-96)1. in view of the fact that [6] ¥ 0 it follows that
V ¢ Cy. Therefore, in order that an absolute singular hypersurface
be characteristic, V must take the value of Cye If V= c, then
§V/6t = 0 and (39.76) takes place. Eliminating uyn, and (6] between
the equations (39.914)1 and (39.66) we obtain the transport equation

“1

3 (M — any) “‘—‘L(N — Ang) = (M — ) H.
8 da

F If we replace H by (39.82) and integrate, it follows that

o— Ang - (A7 — M) (I - 2 ""o -4- "’K‘.)'”’o

’ where A = X A= X on Br.

Consequen’ly the tangential component to Zt of the vector
A satisfy the same relation that the component of A satisfies in
f the case of weak rotational waves

It follows from (39.96)1 that ) may be determined only when
(6] 18 known on L.

If V o ¢1s¢5, the equations (39.93)1 and (39.96)1 imply that

D

oy hoss

b
: y oo B
| pV* — of)

(39.97)

Substituting (39.97) in (39.96)2 we obtain the transport equation

. T i’
2 4 {”' *lap(V— ey — gy 4+ LAV _
A pk ' ﬁ)+l’x1
2H , 1"t —
T ‘i = T Wy

The relations (39.93) indicate that the jumps through I of
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the partial derivatives of the functions u, and 6 may be determined
; only when I i3 a free surfare (V ¢ °1’°2)’ and (6] and V are known,

If these requirements are satisfied and ) and £ are determined,
then equations (39.94) determine MysY and therefore we can determine
the jumps of the second order partial derivatives of the functions

u1 and 6.
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CHAPTER V. THE LINEAR THEORY OF THERMOELASTICITY

40. Equations of Thermoelastic Equilibrium

Let us consider the case of equilibrium in the linear
theory of thermoelasticity. In view of the fact that now

the functions involved do not depend on time, i1t follows that
the fundamental equations (25.1) -- (25.3) are reduced to
equilibrium equations

'u.)+fl=09 (“0.1)

energy equations
q‘.l='_r'i (u0.2)
constitutive equations

ly = Cfmtu - ﬁuaa

(40.3)
Qi = 7:4,0_ I

geometric equations ;
(4o.h)

ey = w4y

In +40.1) -- (40.4) we used the notations from Paragraph 25.
The coefficients Cijkl’ 81J have the symmetry properties (25.5).

To the above equations the boundary conditions are added
which, in the case of a mixed problem, have the form

w== by pe Sy, o= tgny = !: re Z,, (40.5)
9=0pe =y, qu=3 pe I,

where £, (1 = 1,2,3,4) are parts of 3B so that I, UZ;=Z,UZ, = 0B,

2.“ 22 == EJﬂ S| -_—:Q.

Let us observe that, in the case of equilibrium, the
problem is uncoupled, in the sense that the determination of the
temperature is independent of the deformation of the medium.
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We obtain from (40.2), (ll0.3)2 and (MO.S)2 the following boundary
problem for the temperature variation
(ky0. )¢ - rin n,
0= 0 pe Sy k0, n ijongZ,. (k0.6)

In the following we will assume, in general, that the function
0 1s determined.

We call an admissible state the ordered set of functions /163

{ui, €yq tiJ} with the properties

(i) 1 € C¥(RB), w € C'(H),

(“) €y == &y &y € m("),
(i) iy = tygy by € CHBY 5 Moy Ly € CO(R).

If we define the addition of admissible states and the
multiplication of an admissible state with a scalar by
{rgy &gy ) - {us, i ‘:I} == {u; + ug € -+ 5;)9 ty -+ B

7\("(, €y '”} == {)\N/, MEqgy 7\'(;},

then the set of the admissible states is a linear space.

By the term thermoelastic state, corresponding to a specific
force of volume fi and to the temperature variaticn 6, we understand
an admissible state which satisfies the equations (40.1), (h0.3)1,
(4o.Ub),

The determination of the thermoelastic equilibrium 1s reduced
to the resolution of two problems. The first of them is the boundary

problem (40.6).
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The second problem consists in the determination of a thermo-
elastic state corresponding toc the functions fi and 6 which satisfy
the boundary conditons (Uo.s)l. If there is such a state, it is
called the solution of the problem. The problem of the determination

of the function 6 is considered as an auxiliary problem,

Therefore, the study of a thermoelastic equilibrium problem
amounts to the resolution of boundary problem for equation (110.6)1

and the integration of the equations

'u,; + ft = ),
ty = Ciyntu — B9,

2:‘, == ’N[_' + ﬂ;‘“

(40.7)

(40.8)

(40.9)

in which the function & is known, with the boundary conditons (“0-5)1-

41, Analogy with Problems from the Theory of Elasticity

Considering the function 6 known, we can obtain an expression

of the mixed problem with the help of the components of the

displacement vector. Thus, proceeding as in the case of Paragraph 26,

we obtain the following form of the equilibrium equations.

(Ciytti ).y + i — (B 0),, = 0.

The boundary conditions obtain the form

u, it on Iy, Cl“l"l,l"} : F. + 8,00, on Z,.

e M £l il N Kt i

(41.1)

(81.2)
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The problem (41.1), (41.,2) is a problem of elastostatics
corresponding to the specific forces of volume fi - (8136)’3,
the displacement n1 on Tl and the surface forces t + BuanJ on 22.
Consequently the effect of the temperature in thie case 1s shown by
the appearance of the term —(Bide) 3 in the equilibriam equations
as a specific veclume force and of term 8139"3 in the toundary conditions
as a surface force.

On the basis of this observation (due to Duhamel [91]) it is
! possible to transpose a series of results from the theory of
| elastostatics to the theory of the thermoelastic equilibrium,

F It can easily be seen that on the basis of the linearity of
the theory, the solution of the problem may be written in the
following way

{tgy gipy g} = (M, ], 83} + {(ul®, e, 0 ))!

where {u(l),éfg E. }is the solution of the corresponding problem of
the load system I @, {fi,ui,t } and {u( ), Eg%h ig)} is the solution
of the corresponding problem of the load system 3

I® = {— (B,0),5 0, B, 0n,).

In general, in thermoelastic equilibrium problems 1t 1s assumed
that the functions fi’ ﬁi and Ei are zero, thus only the effect of the
temperature variation is studied. In the contrary case, an auxillary
problem of elasticity corresponding to the mechanical loads must be
sought .,

Strictly speaking, thermoelastic equilibrium problems are
considered, which are, on the one hand, problems in which the function 3
8 and then the corresponding functions u, are determined effectively, :
and on the other hand, problems in which the solution is based essentially !
on the equation which satisfies the function 6 or the special mode 3

W s il Ll Dl . 3
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of the loading system 1(2). If 81 = 3B, the problem is called the
first boundary problem or the problem with displacement given at
the boundary. If t2 = 3B, we say that we have the second boundary
problem.

Further on we will present a characterization of the second
boundary problem with the help of the tension tensor components.

We assume that the tensor C1Jk1 is inversable. In this case
we conclude from the constitutive equations (40.3)

ey = Ayntu + 2,0,
(41.3)

where ;
(41.4) i

Ry = Alll’lakl-

We will consider the case when the tensions at the boundary
are pregcribed. We assume that Aijkl and “iJ are functions of the
class C“ on B and that the domain B 1s simply connected. Keeping
in mind the compatibility conditions (3.21) it follows that the
symmetric tensor tij of the class C? on B is the tension tensor
corresponding to a solution of the second boundary problem from the
theory of thermoelasticity if, and only if /

= ()

ot =0 (41.5) :
Comfern{Augntiy 4 3,0) ma = O, in B, (41.6) i
tyny =1 2 uB. (41.7) 1
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42, Formulas for the Mean Values of Deformations and Tensions

The mean value of the function f, continuous on B, is defined by

1
~-1_(sav, 42,1
r® =g i (h2.1)

where V(B) is the volume of the domain B.

_ Theorem 42.1, If uy and 5:1)3 ere continuous functions on

B which satisty the equations (40.4), then the mean values of the
components of the deformation tensor depend only on the boundary
values of the displacement and we have

1
e(B)= 5'—,(-5) M(um, +u;n,) da. (42.2)

Moreover, if the medium is homogeneous, and 6 is a continuous
function or B, then the mean values of the components of the tension
tensor depend only on the boundary values of the displacement and
the mean value of the temperature variation 6%(B) and we have

1
'-‘5(3) ’:“—,T';')Cuusoam'h‘]" — B,0%(B). (u2‘3)

Proof. The relation (42.2) follows immediately by applying
the theorem of divergence. It follows from (40.8) and (40.9) that

iy = Cynttyy — 8,0,

and consequently, using (42.1) and the theorem of divergence we
can derive (42.3).

If the boundary conditions are

v, = 0 on UB, (42.4)
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Theorem 42.2.

» f1 and we have

Moreover, if the medium is homogeneous and the tensor C1Jk1 is

inversable, then the mean values of the components of the deformation

tensor depend only on the specific volume force, the boundary values /166
' of the tension and the mean value of the temperature variation and

we have

we obtain (42.6).

the relations (41.3) imply

If {u

.
E-)

In view of the fact that the medium is homogeneous,

then it follows from (42.2) and (U2.3) that

¢ (B) =0, (5(B) = — ,0%B).

18
4

(B

s .nl,.n.da—%S xrefde - S Il -+ f)de S
Solt B n

MRIALE B . it BT ke ey

10€140%4y

18(B) =- F%l?) ( Slm.r.l,cla -+ S”J‘.f, dv).

1

Proof. In view of (U42.1) and the relation

ef(B) = Agutt(B) -+ a,0%(B),

u

In view of the relation (5.9) we conclude that in this case éi
the variation of the volume 1s zero.

} 1s a thermoelastic state which

corresponds to a specific volume force fi and the temperature variation

| of 6, then the mean values of the components of the tension tensor
depend only on the boundary values of the tension and of the forces

oA rhd . i*‘4. 1 0%(B).
t%ﬂ)‘”“l&u“""*sn“f”'l 0

", dl’,

(42.5)

(42.6)

A e bt e

(u2.7) ?

e sz it 2
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and, in view of (42.6), (42.7) follows.

If f, = 0 and the medium is free of tensions, that is

i

tym==0on uvR,

then we obtaii: from (U42.6)

1%B) = 0, (42.8)

Similarly, in this cuse the relation (42.7) becomes (Nowacki [315])

ef(B) = a,0%(B). (42.9)

From (5.9) and (42.9), it follows (Nowacki [314], Hieke [175])
that

3v = V(B) 0‘(“) Kige (ll2 .10)

43, The Theorem of Reciprocity

Although the theorems of the linear theory of thermoelasticity
may be derived from the theorems of the theory of elasticity, using
the analogy frcm Paragraph 41, we prefer to derive some of them

directly in order to facilitate the reading. Similarly, we agree also

to take mechanical loads into consideration.

In the case of a thermoelastic equllibrium, we will call the set
{fo Uy 4,y 0} a thermomechanical load system (it is assumed that the

function 6 is known).
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Let an elastic medium be subjected to two systems of thermo-
mechanical loads

Lo = (g, 5,50, 00, (x - 1,2).

We will designate by M@ = {u\, ¢, iy} the solution of the

thermoelastic equilibrium problem (40.7) -- (40.9) corresponding to
the loading system L(a).

Theorem 43,1, If an elastic medium is subjected to two systems
of loading L(a)(u = 1,2), then between the corresponding solutions
n(®) the following reciprocity relation prevaills /167

Sj:“u;“'dv -S (8.0, ud do + S tu da+\ 8,0"nul da =
y B 08

ol

(43.1)
N Sﬂ”’ W de —\ (8,0%),, w" do +S tPu da + \ By 0% da.
U b (1] (1]
Proof. Let
2W,, = (1 + B,0) .
(43.2)
In view of the constitutive equations, we can write
2Wes = Cuu'i'.?’ﬁi":’-

(43.3)

From (43.3), on the basls ~f relations (25.5) we derive
“'lz = “"21. ( u 3 L) u )

Using the theorem of divergence and the equations of equilibrium




we have
2SUW,.dv :—:S 6w do +S B0 u®)da = S tud® da+
] (] (1]}
(43.5)

+\ B,0®nudda+ S S u® do - S (B1s0') , ul® dv,
8 n A '

(43.1) follows from (43.4) and (U43.5).

Let us give another form to the established reciprocity
relation. The equations (41.1) may be written in the vectorial
form in the following manner

Au = ’
d (43.6)

where the vectors Au = (A,u) and p = (py) have the components

Au = (le“r,l),h (43.7)

and

I’lzf-“(ﬂuo).n (43.8)

respectively. If we introduce the vector Tu with the components

I = C‘,"“‘».'llh ( u 3 o 9 )

then the problem (41.1), (41.2) consists in the integration of
equation (43.6) with the conditions

et d g s e SatTiad antii

u=on S Tu = g gn Ly (43.10)

where w7, = t, + Bijenj' Let u and v be displacement vectors
with the components ugl) and u§2) respectively. We will
designate
WU, v) - 2Wpy = Copey(m) (V). (43.11)
240
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From the relations (43.5) we derive

1l

s uTuda -}-S nAude.=2 ”W(n)dv,
]

Jobt

where W(u) = W (u,u) is the elastic potentisl corresponding to
the displacement u. The reciprocity relation (43,1) may be
written in the following way

S'(m\v — vAn)dr =\ (vTu — uTv) da. (43.14)

v}

Let us observe similarly that the relation (43.1) may &lso be
written in the following form (Maysel [281])

JPude 4\ gl da 4\ 8,0 el - -
h i

ult

(43.15)

= S fEud dv+S 1w da +S B, 0% 2} e,
(]

i ]

The reciprocity relations may be used to establish certain
formulas of representation of the type of those given in Paragraph
30 (Maysel [280]). It is possible to introduce potentials which are
similar to the simple layer potentials, double layer potentials ard
mass potentials, from the conventional theory of the potential. By
means of this potential the boundary problems are reduced to the study
of certain integral equations (Kupradze [2u6]).

U4, The Theorem of Uniqueness

The uniqueness of the solutions of the problems under consideration

S vTuda + S“\' Aude = 2 S"“'(II,\') do, (43.12)
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is derived from the study of the uniqueness of the solutions of
problems from the theory of elasticity. For the unity of the
treatment we will mention the following theorem

Theorem U4,1, If Ciakl is a definite positive tensor, then

(a) the first boundary problem has at most one solution;

(8) any two solutions of the second boundary problem differ
by a rigid displacement;

(y) the mixed problem has at most one solution.

Proof. Let (ug, ng, th} be the difference of two solutions
of one of the boundary problems under consideration. On the basis
of the linearity of the theory,{ug, ng,th } corresponds to

zero loads and it follows from (43.13) that

W(uwe)do - 0,
] ( uu . 1 )

where gp - (ug). In view of the fact that W is a square positively
defined form, it follows that cgJ = 0 and therefore

W ag b e by,
in which a, and b1 are arbitrary constants. For the first boundary
problem and the mixed problem it follows that ug = 0, The soluticn
of the second - .undary problem is determined, however, by the rigid

displacement.

If the following conditions are imposed

S uale 0, Sc.,,.r,u,dr -0, (ul,2)
1

1

it can easily be seen that the solution of the second boundary
problem, which satisfies the conditions (44,2), is unique. The
first of the conditions of (44.2) eliminates the translation and
the second one the arbitrary rigid rotation.
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45, Variational Theorems

We will present two variational theorems from the theory of
elasticity with reference to the equations of the thermoelastic

equilibrium,

We call an admissible kinematic state an admissible rtate
which satisfies the relations (40.8), (40.9) and the conditions
imposed at the boundary portion 21.

Let & {uyzpnty) be an admissible kinematic and functional
gtate i

‘I.(H) == ||) ‘ (“I“t‘l t““" * S (ﬂ‘,O)_,mdv—-S f‘"‘d" - u
- o n ] ( 5.1)

tinda,
&

- S‘. 8.:0n,uda - S

defined on the set K of the admissible kinematic states.

Theorem 45,1, (Theorem of the minimum potential energy).
If ciJkl is a symmetric and positively defined tensor, Y 1s the
functional defined on K by (U45.1) and 8 is the solution of the
mixed problem, then

‘l'(u) < \r(ut\.
(45.2)
for any s*ekK.
Proof. Let ss*e¢kK and s' = s* ~-g, Obviously s' is an

admissible state and we have

ey - iy | "0y s "'un‘u'a in B, w = 0on X, (‘“5-3)
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We can write

Y (xn® ® '’ . '
“” ) ' (0 | &) Y} (%) | " " ““l“‘;/‘;l do 4
- N

+ Sh(ﬁuoh ude - .\“fm.' de S B Onyut) da - S»j.n.' da -

+ S.omﬂnt.';d" = V(») 4 :S Chusen dn

]

+ Sﬂ(ﬂc,ﬂ)_, u, dr — “f,u: de — Sn‘p“on,u:da - S ) da

X,

' 1
+ S,(h, + Buy0) ui,dv=W(s) + Esacm,,g,d,do_

“S u.v,.,+fi>u:dv+s (tyny — ) widv.
u L,

' In view of the fact that s 1s a solution of the mixed problem, ;
: i1t follows from (U45.4) that |
| .
E Y(8%) — W(s) = ;.. SBC,,,, e e de, (45.5) i
4 !
) In view of the fact that CiJkl is a positive defined tensor, j
we can write :

Y(s) < Y(*),

W(s) = W(s*) o €}, = ¢ — cy = 0. (

The functional (45.1) may be substituted by the functional

1 -
(s = ?Sa Cuityendo — suﬁ,,e,,o do — Snf,u‘dv - SS‘ tu, da. (45.,6)
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This is due to the fact that the second term of the right
member of the relation (45.1) may be written in the following form

( (p.,o)_, u‘dv ==S ﬂ“ On,ﬁ.da +S p.,ﬂn,u‘da — S ﬂ,,eg,ﬂdv,
] £, Ly o

and the integral extended at 21 may be eliminated because the function
6 is assumed to be known.

Remark., Let us consider the mixed problem of the thermoelastic
equilibrium written in the form (43.6), (43.10). Theorem 45.1 may
be derived also with the help of the results mentioned in Paragraph
43, Let us consider first the equation

us,
Au = p, (45.7)
where A is a linear operator in a real Hilbert space, and u and f
are elements of the space. It is known (Mihlin [288]" that if the
operator A is positively defined, then the equation (45.7) has a
generalized solution which minimizes the functional

F(u) = (Au, u) — 2(n, f). (45.8)
The domain of this functional i1s a new Hilbert space which /171
1s the closure of the domain DA of the operator A in the metric
generated by the scalar product (Au,u).

The operator A, defined by the lineal DA which 1s dense

in the Hilbert space under consideration, is called positive if

(Au, vy = (i, Av)y Vu,re Dy, (45,9)
(Aw, )y > 0, Vi Dy (Auy,u) = 0= u =0,

The positive operator A is called positively defined if for
every wch, the following inequality takes place

(A, W) > -‘.:vl! Wi,

(45.10)
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where v 1s a positive constant.

Let operator A be definite through (43.7) and the conditione
(43,10) in a homogeneous form. Let us consider the real Hilbert
space Lz(ﬁ) the elements of which are square vectorial functions
summable in B; the scalar product of this space is defined by

K]
(w, V) = S av de a:S E o de,
"

Hoal

The symmetry of the operator A follows from (43.14), keeping
in mind the fact that we have homogeneous conditions on 23B.
Inasmuch as Cijkl is a definite positive tensor, it follows
from (L43.13) and theorem 4U,1 that the operator A satisfies the
conditions (45.9). It follows that the solution Uy of the problem
under consideration minimizes the functional (45.8). 1In view of
(43,13), (43.8) we can write

Py 2{ wrande—2{ 16— (@00, wde.
o b B

For nonhomogeneous boundary conditions 1t can easily be
shown that we are led to consider the functional

Mn) - g Wu) de - g [fo = (B0, Jade — S (1, -t B, 0n,) uda. (45.11)
ol ol p

In this case we can state that in the set of the displacement vectors
corresponding to the admissible kinematic state, the solution of
the problem minimizes the functional (U5.,11),

It can be shown that the operator A is positively defined

(Mihlin [288]). From this fact follows the existence of a generalized

solution and the applicability of the variational method stated in
[288].

We will now present a known variesticnal theorem from the theory

FR. PR g _.-:j
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of elasticity (see Gurtin [163]) with reference to thermoelastostatics.

Theorem U5.2. (The Hu-Washizu Theorem). Let & bhe the set of
admissible states and A a functional defined on « by

\ 1
A(s) = '2 su("”“ﬁ,t"dl! . g

(lﬂ "{' {3”0) € (h‘ -
i

bt ‘ ('o\‘,' '} "') “‘ dv '*“ g " r" d“'*‘ S ('| - '.‘) u‘ ‘l“'
vh '£| !,

for every s.u: (u, 5l € o, Then /172

SA(¥) = 0, (“5.13)
if ond only if s is the solution of a mixed problem.

" = = ] ] 1
Procf. Let o (ui’cij’tid} and s (ui, eij’tij} be two
L_ admissible states. Then 84 M e for any scalar A, Then in
| view of (31.14) we will form the expression

8'. /\(3) - (:l)‘ .\(N-F )\8')1.@.

It can easily be seen that

3, \(#) ::S [(Copnien; — ) — B,0) 5, — (gt O uy —

. ] j
 ;
}3 —'anﬁuth+S‘Wuhﬁw W, + (1, = £) v da. (45.14) :
- X, v, 3

;73 If we keep in mind

' .
S ':I.! "‘d.v :.:S ':,",”.‘lﬂ — ‘ '“,J',’d' .
" " -4

then (45.14) takes the form

By A(s) == s (Conren — B8 — 1) ¢, do —
8

, (45.15)
- S (tyy + [ de "}‘S [ " (g -y ) — 5.1]’:1‘“' +-
8 B

+S (i, — n)t, da+S (¢, — ?.) u, da.
o >
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If s 1s a solution of the mixed problem, then it follows
from (45.15) that

5, A(8) == 0 for any ' e, (45.16)
which implies (45.13).
In order to prove the reciprocal, let us assume that relation

(45.13) takes place. This implies (45.16). If we select s'= {ui,0,0}

where u; becomes zero on 3B, then from (45.15) and (45.16) we have

S (g + L) uf de =
i

On the basis of the fundamental lemma from the calculus of variationsit i

l‘ollowst:hattiJ J+ f, = 0, Let us select s' = {ui,o,o} where u;
]

becomes zero on 2]. We obtain from (U45.15) and (45.14)

S (¢4, — l',) w da = 0,
e

whence, on the basis of a generalization of the fundamental lemma 113
(Gurtin [163]) it follows that t, = t, on L. Let s'= {0,: iy ,0}
where eid becomes zero on 3B, We derive from (U5.,15) and (U5.1€)

el TN R e

S (Conen — B0 — ) e, dv=0,
B

< = - L [}
whence follows ij Ci1k1 1J Taking s {0,0,¢t J} where tij
becomes zero on 9B, we obtain 251J 1,3 . If we do not
request that tij become zero on 3B, we Bbtain from (45.15) and
(45.16)
S (‘.‘o - ll‘) ‘:,H’da =0,
L,

whence, using an extension of the fundamental lemma (Gurtin [1631),
we derive that u, = &, on I,. Consequently s = {uij’eij’tij}
is a solution of the mixed problem.
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d 46. The Existence of the Solution. Approximation Method

The exlistence of solutions of the boundary problems of the
linear theory of thermoelasti.ity results from the theorems of
existence established in the theory of linear elastostatics (for

to the presentation of an approximation method of the solutions
. and to the study of the existence of approximation solutions
I (Mihlin [288], Gurtin [163]).

| The standard methcod for determining a approximate solution

» of the mixed problem consists in minimizing the functional (45.1)
or (45.11) in a particular class of functions. It is attempted
to find ar. approximate solution uiN) in the form

™ = @™ 4 S m
_L i o ML (46.1)

(1)

where ¢1
X
GiN) will be omitted in the case of the second boundary problem.

e

, and ﬁiN is a function which approximates ﬁi on Zl. The term

are given functions which become zero on

The constants a,, 0,5,...,0y are so selected that the ¢(E(N)) is
minimum,

If we set

~“ Dy 2ay o0y ay) = 0(“‘"’)v
) (46.2)
F then we have

N

z A'Mamzm (u6.3)

m ==t

Doy @z, -y ax)=A + ¥ da, +

O [

where 1
A=y § St e = § 15, — (@001 a0

- Sx (I + ByyOn,) ™ da,
' (46.4)

Ay ={ Conyit o do — ( {1 - " ;
Su s 1y @i do S”U. (B9),] 9\ dv— sx.(" +B40n)) @i da,

An, - S’le?'o'.'f’ oV dv.
/3

example see Fichera [112]). We will limit ourselves in the following
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When I, is empty, we will have u

and therefore

4 = Ay = — (8,,0),,] g¥" e — 1 0n,) oi* da.
A =0, 4, "”4 (84,0),,] g4 e .m(‘+ﬂ" 1) P4 (46.5)

If C1Jk1 are components of a semidefinite positive tensor,
then the matrix (Amn) will be positively semidefinite and
Oéal,a2,...,aN) will have a minimum in a, = mg if, and only if
ay 1s a solution of the system

YA == Ay (1,2 o V), (46.6)

iasl

Next we will establish the conditions in which
the system (46.6) has solutions and in which the approximate solution
ugN} converges in energy for N + « on the solution of the problem.

In the following we will assume that CiJkl 1s positively
defined. We wlll designate by Mo the set of continuous vectorial
functions with continuous first order derivatives on portions of B.
Let GN be an N-dimensional subspace of MU with the property that
elements of GN become zero on Zl. If I, #0, we designate by
E(N) a glven element of MO, and by Gﬁ the set of the vectorial

functions of the form

g* =g+ UV gl
- % =
If T, =0, then GN GN‘
Theorem U46.1. There 1is " e q so that for every veG?
we have
oY) < d(v), (46.7)
250
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N = 0 in the above relations /174
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If %,40  then Q(N) is unique; if =, =20  then E(N) 18

determined up to & rigid displacement. Moreover, if u 1s the
displacement vector which corresponds to the solution of the mixed

problem, then
SWm—uWNm.m W(u — w)do,
1 wehN ] (“6.8)

The relation (46.8) specifies the sense in which the vector g(N) is

optimum,

Proof. Let g(l) ,1(2) peee .g(N) be a base in Gy. In order to
establish the existence of a solution u( ) for (46.7) it 1is
sufficient to establish the existence of a solution cg of the

system (46.6),

Inasmuch as CiJkl is positively defined, it follows from
(46.4) that

N
Y 49,50, (46.9)
rns =1}
Let us assume that
N (46.10)
z An“ya. == O,
s = |
and let
N
his- ¥ a,em, (46.11)

~
=t
-3
N

From (46.4) and (46.10) we obtain

L R R R AL BB T ek

s”C:m hyhy ,dp —
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and in view of the fact that C1Jk1 is positively defined, 1it
follows that h represents a rigid displacement, If Z, %0
then h = v,

In view of the fact that ¢¢%,...,6'™) 15 3 base tn G
it follows that

N

L) (46.12)

Therefore if I =0 then (46.10) implies (46.12) and
accordingly it follows from (46.9) that the matrix (Ars) is positively
defined. This state of affairs indicates that the system (U46.6)
has, in this case, a unique solution,

Let us ccnsider the case when I, =0. If

§An’4 = 0,
v (46.13)

then (U46.10) takes place, and therefore h, defined by (46.11)
is a rigid displacement. From (46.5) and (46.11) we obtain

% Ar«r = S [fu - (Bllo)ﬂl "‘ de _S (i‘ + BUO”’) h‘ da'
reel u ]

[\

Inasmuch as h is a rigid displacement and the forces fi and
t, are in equilibrium (which implies that f, - (8,,6),, and

51 + eijenJ are in equilibrium) it follows that

N
2 Ar“r = (),

re}

Therefore (Al’Az”"’AN) is the orthogonal with any solution
(al,az,...,aN) of the homogeneous equation (46.13). Using Fredholm's
alternative, it follows that the nonhomogeneous equation (46.6) has
a solution.
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In order to demonstrate (U46.8) we will show first that
(Tong and Plan [417]) 1f {u,, €44, tiJ} 18 a solution of the
mixed problem, then for any We M, we have

d(w) — B(u) ms W(w — u) dr +S (ty 481, 0) n,(10,—1,) da.
) .

& &

Let us designate wy - u, = ui. Obviously

oo ‘ Ww)de =S W') do -1-8 W) dv +S Cout g,y Ao =
Oy /] n u (4]

> = S W’y de -{-S Wm)de +S (ty +8,0) u;,, dv=
4] ] 1]

S&vmw~unw+81wmav+s(m+%mnMdu_
] u

Ul

t =\ (A By 0y vl de,
u

We obtain from (45.11) and (46.15)

O(w) — d(u) == gn Ww)do — S Wu) do —

B

—- .\u Lfi—(Bey0)yy] (20— 1,) do — S (fi + BuyOmy) (10, — 1) dat ==

== S" ,4/'(\\'—“) de — S“ (’4).] -{ f‘) (w‘ -— "') dv +

T +S“ (ty + B4,0) ny(e0y — it,) da.

K equations, we derive the relation (U46.14)

(46.14)

(46.15)

Keeping in mind the fact that tij satisfies the equilibrium
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(N) on L,.

If weay, then W = u 1

Inasmuch as ll"\"eﬂ;’ it follows from (“6.7) and
(46.14) that

Su WU — u) do = S(u)—diu) — S My +8,0) 0y (0¥ —di,) da €

< D(w) — b(n) — S (8eg+B1,0) ny(t0, — uy) da =

3 =S W(w — u)dy,
B

for any wege, The same procedure is used when I, =0,

f Let us study the convergence of the approximate solution.
} This has been done in detail by Mihlin [288], [289].

We will assume that

(1) for any displacement vector u corresponding to a admissible
' kinematic state, there is a series (W"}, w™ e@} such that

Wu —w™)do—>0 for N — oo. (46.16)

n

- T

Theorem 46.2. Let us assume that (1) takes place and g(N)
and Gl‘.\'l satisfy for every N = 1,2, ... the conditions imposed by
theorem 46.1. 1If E(N) is a series of approximate solutions (sclutions
for (46.7)), and u is a displacement vector corresponding to a j

solution of the mixed problem, then

/
E
‘i
|
;
!
4
)
:
;
i
i
:
;
?

(" W — u®)do—>0 for N - co.
(46.17)
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Proof. Taking into consideration (i), it follows that
there 1s a series {(w¥), wM¢qgs such that (46.16) takes place.
The relation (46.9) and the fact that C is positively defined

1kl
imply

0<g S. Wu—uM)do g S W — v'») do,
(]

In view of (46.16), (U46.17) follows.

The above theorem includes the method of the finite element

(see for example Tong and Pian [U417], Zienkiewicz [U56], Oden [325]).

47, Homogeneous and Isotropic Media

Let us consider now the case of the thermoelastic equilibrium
of homogeneous and isotropic media. It follows from the statements

presented in Paragraph 23 that in this case the constitutive equatilons

(40.3) have the form

tyy = 7‘!nsll 4 2 HREy -~ 30&;,

(47.1)

e = ’5'0,‘.

Inasmuch as the medium under consideration is assumed to be
homogeneous, thecoefficients A, u, B, k are constant,

The boundary problem (40.6) becomes

kAO =- — r in B,

00

an

0 -0peX, k- "= jong,

TS P ol Sl Lo 8 D e

(47.2)
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If this problem is resolved, the following equations must be
studied

(47.3)
'U., 'i' f‘ - 0,
by = Z:,,B., + 2ume, — 908m (“7 .“)
28“ = Uy, + 4 in B,

(47.5)

with the boundary problems (00.5)1.

From (47.3) == (47.4) results the following expression of
the equilibrium equations with the help of the components of the
displacement vector

AN A (A ) Uy b f, o B0, 0. (47.6) i

The boundary conditions assume the form

(47.7)

wedtg on Eyy Mg By 4wy, w, w4, | BON, ony,

If we assume that k # 0, we conclude from (47.6) and (47.2), /178

(A +2p)Adive = — divf — B r,

(47.8)

pArotu = — rotf,

If fy =r = 0, 1t follows from (47.6) and (117.8)1 that

AAu, =0,
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We have thus (Gurtin [163], Carlson [46])

Theorem 47.1. If the functions Ugs of the class Cu on B
and 6 of the class 02 on B satisfy the equations

wlu, + (A 4 @) u,, — B6.. =0, (47.9)
A0 = 0,

e A T;;t“‘ A

(47.10)

then

A divau =0, Arotu =0, AAu, == 0,

Let us assume that in (47.4) the function 6 is known. We
will present the method due to Goodier [135], to determine a
> : particular solution for equations (47.9) which allows the reduction
F of the thermoelasticity problem to a problem of elasticity, with-
| out mass forces and with loads at the boundary. A particular solution
of equations (47.9) 1s sought in the form

' u® = @, (H7.11)

The function ¢, assumed toc be of the class C3 in B, is known

) under the name of thermoelastic potential of the displacement.
? Substituting (47.11) in (47.9), we obtain

.

=

»" (A + 2pu)Ad — BO],, =0,

} (47.12)

and thus the equations (47.9) are satisfied if the function ¢ is
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the solution of the equation

i (47.13)

AW == 0in B
At 2

The components of the tension tensor corresponding to the
displacement (47.11) have the form

'.‘, = 1"’0""" -+ 2(“""” - Boaﬂ‘

In view of (47.13) it followe that

".‘ -3 [L(""“ — "’,"8”). (u7 . 1“)

Let us mention also the use in some cases of a Boussinesq-
Papkovici-Neuber representation for the direct study of equations
(47.6). Thus, it can easily be verified that the functiocns

. 1 (47.15)
U -~ O — e LA
! V‘ 4(] - V) ("1" ‘ Q)no
where ¢ and wr are functions of class C3 on B which satisfy the
equations
A‘;‘(; ”"!l (f(—QO) A'p:*l_r(f — 60,)
“‘ [} Wi . J 1] i (TR (“7.16)

are solutions of equations (47.6).

It is shown (see for example Gurtin [163]) that any solution
of equations (47.6) may be written in the form (47.15).
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Often it 18 convenient tocharacterize the fundamental equations
by means of the components of the tension tensor. It should be
recalled (see Paragraph 23) that 1fu ¥ 0 and v ¥ -1, then the
relations (47.4) may be written in the following way

L (T ;f, iy + 203, (47.17)

Making use of the analogy from Paragraph 41, we can
state (Boley andyeiner [23], Carlson [U6])

Theorem U7.2. Let there be tensor €y of the class 02 and
the tension tensor tiJ which satisfy the relations (47.17) where
@ is a function of the class 02 which satisfies the equation (U7.2)1.

If also k # 0 and v ¥ 1, then the equilibrium equations (47.3)

and the compatibility equations (3.4) imply the following compatibility

equations for the tensions

"ll.u '*‘ """1 T ln' P ]"‘1[ ! 0'1['_" 1 ry; +
R 4y 7 =y 7 (47.18)

\' . N
+ e — 8.,/:““ “%' f/.l - ,’),t = 0-

l )

Inversely, 1if tij is a syrmetric tensor of the class 02 on B,
which satisfies the equilibrium equations and the equations (47.18),
then the tensor EiJ defined by (47.17) satisfies the compatibility
equations (3.4)., 1If the domain B is simply connected, then there is
a displacement vector which satisfies the relations (47.5).

In the case of a domain which is multiply connected, in order to
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ensure the uniformity of the displacement, the following conditions
are derived from (3.27) and (47.17)

‘j";vg Ulk - "H"'umai’hn.m) ‘l EA - lv' S (‘ns«l - 1'.,,!’.“,.'5#", m) ‘l E-l' +
K} Ly Y S

la

" ® S (08“— ”urrr‘mEx}O'n.) dE.A = Ay
[}

‘ : ; (47.19)
! l"“"v SI.,, Clamlreom d EA - I; SI,,. Conmlrem ":.r. ! 18,," "almﬂ-m d % 0,
(n- 1,2, ...
In conclusion, let us derive the expression of the ‘hermal /180

field which duves not produce tensions in homogenecus and isotropic

media.

We assume that we are dealing with a second case of the boundary
problems, and that Ei = 0 on 3B. We consider also that there are no
mass forces and thermal sources., If we set tij = 0 in B, then 1t
follows from (47.18) that

e’ij = 0,

and therefore
8 = a;xy + D, (47.20)

where a, and b are arbltrary constants,

It follows from (U47.17) and (47.20) that

C” = a(a':rr + b) 8"' (u? 21)

H
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The displacements corresp *.:'ng to the deformations (47.21)
are

" =a [(“;"'l + b) x, — “;‘ “4-"1"’1] + )

where ug are components of a a rigid displacement.

48, Special Problems

In this paragraph we will study some of the special problems
of thermoelastic equilibrium for homogeneous and isotropic media in
the absence of mass forces. We will assume, with the exception of
Paragraph 48 (f), that there are no heat sources. Other problems
of tliis type are found in the monograph of Nowacki [315].

a) The problem of the half space. Let us assume the medium
under consideration occuples the half space x3 > 0. We will study
the problem of thermoelastic equilibrium for the case in which,

at the boundary, x, = 0 is the prescribed temperature variation

3

0(ryy y, 0) = 6(.1‘,, X)),

(48.1)

In addition, we assume that the boundary x3 = 0 1s free of tension..
This last case implies the following boundary conditlons

132y gy 0) = 0, (48.2)

We will also impose the conditions

Uy = 09 0 = 07 Ty > 00O,

(u8.3)
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and Parkus [286], Lurye [271], Sternberg and MeDowell [3931],
Sneddon and Lockett [3751).

In the following we will present the solution gilve
and Lockett [3751.

If we designate (Sneddon and Berry [372])

a'l__l:_—l__t_g._’ b:_ﬂ
& [

E then the relations (47.1) are written

i 1
¢ :m=uu+mJ+Hﬁﬂ2Hn—MWW

Equations (47.9) become

e + (@ — V) Ui = ho,.

In order to integrate the equations of thermoelasticity,

will use the Fourier transform. Let

oo o0
* Ty L 18,2
(g, ag, Iy) = - S S w(ry, gy e *Pduy ey,
- o0 -0

1 00 @ ia *
0.(1“ Ao, J'a) == “)ﬁ S S O(J',, J'z, 1‘3) ¢ e pd-l'l dxz.

This problem has been studied by many investigators (Melan

n by Sneddon

151 K
(48.4) |
(48.5)
|
(48.6) |
:
;
we %
3
“5
\
(48.7)
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The equations (47.10) and (48.6) imply

3
—(—l—- — a.") 0® = 0,

da?

dz2
(-—-—; - a') u? — (a® — 1) a,an} = — ib «,0°,

where

¢’==d=+ag, ¢3='~"i-—-, i.‘:""‘.
dllo'g

The solution of the equation (U48.8) has the form

0% = Ae—%% 4- By,

where A and B are arbitrary constants.
We cerive from (48.9) and (48.11)

uh = (Cp 4 Dagry) o ™ b (O 4 Dizdy) €%

wf - (Cy = izDay) e (05 iaddlag) e,

(48.8)

(48.9)

(48.10)

(48.11)

~
-
(o o]
N

(48.12)

In (L48,12) C. and C} are arbitrary constants, and D and D' are

defined by
4 b
B L ey - ),
(a* - 1) a— 1

o T (%% | sl ’ml._)_
(a* 4 1) a at -1

e R s W i e i v vl ¥ " " e LIy

(48.13)
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If we consider the conditions (48.3) it follows that

0* . Ap o,
M; (('.’4 + /"1.,';-",-;) (._",’ (188 olu)
": X (('il —— iq_['.,v:‘) ¢,
Applying the Fourier transform to the relations
(48.5) and keeping in mind (48,14) we conclude
. B3 = — w(aCy 4 axg Doy - 2p D) - iuyCy - agaDag)e= 2
‘ e v (48.15)
| 12, = (2 — a?) (auCy + «2Duy) -} a¥(intDay — aCy —
) - ld’)) — ,}Al(' LA
P
!L
i
From (48.1) and (48.2) we have
] . .
‘ 0% (2, agy 0) = 0%(a,. ay)y 18(x), ooy ) = 0, (48.16)
;
| If we impose the condition (H8.16)1, it follows that
) -
' 4= 0‘(1“ 2a).
(48.17)
Similarly, we obtain from (48.15) and (u8.16)2
C. -- __ih0%, Cy=: — _4,._"6‘ S
T 2at — 1) « (48.18)

I§
3
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In view of (48.17) and (48.18), it follows from (ll8.13)1 that /183
Conseguently, the relations (48.14) take the

D =0,

If we replace A and C8 given by (48.17) and (48.18) 1in

Uy =

0* = 6‘(&,. ay) e~

ib0*ag bo*

e~  uf =

2at — 1) o? ' T 2(at—1)a

—”.'

form

(48.15), and we keep in mind that D = 0, it follows that

Therefore, a state of plane tension, parallel with the

'1.3 - 0, .’1'3 - 0-

boundary x3 = 0 takes place in the body.

Inversing the transforms (4£.19), 6 and u, are determined.
Sternberg and McDowell [393] considered the case of an axially

symmetrical problem in which

6 = 0‘,"((’ — 1),
2 2 2
where eo and ¢ are constant, r = X, + X5
function,

it follows from (U48,19) that

where

beo,

N, = —

2(a* — 1)

J(1,15 = 1),

beo,
2(a* — 1)

J(1,0; —1),

-]
J(ry v A) = S Ju(ac) T (ar) e s o,
0

and H 1s the Heaviside
In this case, using cylindrical coordinates (r, ¢, z),

(48.19)

(48.20)
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J (x) was used to designate the first species and u order

Bessel function. For the nonzero components of the tension tensor,
the following relation. result

O + Oy = ""@&E‘l",(lv";o)v

a —

Gy — 0,

v

.;"_9&‘&1. [.m,o;m ~2 50,1 - 1)].
-

W —

The integrals J(1,1; =-1), J(1,0; -1), J(1,0;0) have been
tabulated for various values of r/c and z/c by Eason, Noble and
Sneddon [981].

b) Elastic layer placed on a rigid foundation. Let us consider
an elastic layer which occuples the region 0 < x3 £ d and which
is placed on a rigid, frictionless foundation. Let us assume that

the surface x3 = 0 is free of tensions and the surface x3 = d is in /184

in contact with the foundation. On the surface x3 = 0, it is ascumed
that the temperature is given,while on the surface in contact with
the foundation, a thermal flux 1s assumed.

Thus, the boundary conditions are

=0, 0 -0 pop ay=0, (48.21)

d9
Mg ==yt 0, "7 = for r,=d,
dxy

This problem was studied by Sneddon and Lockett [376].

In the previous problem, it was shown that the solutions of
the equations (47.9), (47.10) have the form (48.11), (48.12).
Obviously, these solutions may also be written in the following
way

0* = Ech ary + £ sh 'y,

(48.22)
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[ -
"’ = (Jla + ’"13-"3) '.h au"s + ("15 + ,'19-"3) Fh % (o

(48.23)

uP = (dy -k ial’rg) shoaey + (A5 + iaPry) oh aury,

where Ai,Ai.E,E' are integration constants and P and P' are defined
by

S o) ( , ik
P — " Aoy + i2dy ~ y

(@t + g \H0 T T T (48.24)
P J_".f.:_ll_(A' PETTI ) X

(@ + 1) a s -+ iz @t — 1 )

For the components t13 of the tension tensor, the following
expressions are found

. i
Igs = (ady — iagdy + Pag) sh awg -+ 2P2gg0y ch ary +

+ (ady — iagd; 4 P'ag) ch ary + 21" agory sh ax,,
. o (48.25)
t3 = — i(a* — 2) (Adgzp ch ary + Pairy sh ary) —
— bE ch ary 4 a*a(Aych ary - ilch ory +
+ iaxgl’ sh axy) — i(a* — 2) (Ayag sh 2, +

-+ I"airy ch ary) — O shoory |-

-+ a*a(Ag sh azy + iP’ sh ary + iaz, ]’ ch ary).
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The thermal conditions imposed at the boundary imply

r e K= :
! alC

where S = sh ad, C = ch ad.

The tension conditions imply

— e o o SEIIRE S S

i 6::5" (“8.26’

i -2y dgry - b ety +atia PO,

adg — iagdy  1og -2 0,

(7..““ - i’ﬂ"‘:] -+- I'dg) N {‘— 2P adg d(‘ '*‘ 2‘" axg dS’ -"—'ov

(Ay + iPad) N -+ (A} + iPad) € =0,

If we designate

hi"
D - -- L.

then we have

'D

r

In the case

from the foundation

Dy (a¥ -l )

agh, Ay~ N
Qata

e

~ 2 DNCY g, Ay = ix DSC,
2aa

e 0y -k,

Qaia

o _!__(gers(“lm=-1)~+in1.

DQay

(48.27)
ety
T (a*-~1) (S {-adC?)
_Lo bk - vy,
(u8.28)

when the foundetion consists of a material which
does not conduct heat, the elastic layer 1s thermally insulated

e A n———————————— m—— | R T e—

and we have Q = 0, and therefore

SRy P ia Sk LA - e




i

20¥(at - 1)

D -

We obtain P = P' s 0 and therefore

At i"';‘ Ne' )
O Y
=z*(a¥ 1)

Ap = = POe 80
:.'a(a'-‘-l)"

If we consider the above relations, it follows that in this case
the Fourier transforms of the temperature and of the displacement
components are expressed as
0% = B% (ch xay — 8¢ 1 sha o
o h (48.30)
¢ __ ibo‘aa
g == m(vh aty — SC-Uxh xay),
_ bbe
'e'“?zﬁtjyﬁhih-—N04chu%L
In general the inversion of the transforms 6%, ug implies
serinus difficulties. For some particular cases, the functions
were originally determined, and the results were interpreted
(Sneddon and Lockett [375], [376]). Other problems referring to
the elastlc layer are presented in [315].
c) Elastic space with a circular crack. At the start, let
us mention the fact that if we take
Uy = By, -+ (@—1)ry Dy + 0,y Yra s
My = =@y i (aF — 1) 2y Digy 4 2yl — U, (48.31)

0= — Yias
b

___hile

a(at — )’
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: where O(xl,xz,x3) and w(xl.xz,xB) are harmonic functions
AD =0, Ay =0
Ak =0, (48.32)

then the functions Ugs 0 satisfy the thermoelastic equilibrium 1
v equations in ihe absence of mass forces and heat source. This
: can easily be derived by substituting (48.31) in the equations i
ro (48.6) and keeping in mind (u48.32)., A representation (48,31) is |
L due to Sneddon [377] and is useful for studying some problems |
| referring to the half space. We obtain from (48,31) and (u48.5) ;

lay = 2 [(@2—1) 23 Dy 58 + 2, %:;]»

tag = 2p[(a*—1)x; Dygpy — (a?--1) Bygy + &y Grag=rs], (48.33)

hence it follows that for x3 = 0, we have ta3 = 0,

Let us consider the prohlem of determining the thermoelastic
' equilibrium in the case when, in an elastic medium which fully occupiles
the space, there is a crack (Olesiak and Sneddon [326]).

We assume that the crack 1s circular, and that it is located
in the plane xlox2 and has 1its center at the origin. 1If the radius
of the crack is equal to unity, and we use cylindrical coordinates
(r,¢, z), then the crack is described by the disk

’%v"}'i re< l, == (. (u803u)

Let us consider the case when the crack is free of tensions. /187

We assume that the temperature, as a function of r, 1s prescribed
on the surface of the crack. In this case we have the boundary 1
1

conditions
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S 8y 0, 2o, (48.35)
% 0, 0, 0grgl, (48,36)
My o= 0, 20, >, (48.37)
b - g(r), 0, 0Crgt, (49.38)

(48.33)

By -0,

&

Sy r>1,

by means of which we are able to determine the displacement and
the temperature of “he half space Z » 0 and therefore, by symmetry,
the space in its en*: ety. Obviously, we also have the condition
that the displacement, temperature, tension and the fluv should
tend towards zero at infinity.

In order to resolve this problem, we will use the representation
(48,31). With that, the conditions (U48.35) will be similarly
satisfied. The problem under consideration is a problem with
axial symmetry. Keeping in mind (48.31), (48.32) and the conditions
(48.38), (48.39), it follows that in order to find the temperature
the function y(r,z) must be determined, satisfying the equation

o2 | Y *
oy rodJr o3 ( ‘48 o uO)

and the conditions

) i
['-~-‘f—] =an v, (48.41)
T 0

[ILD
L
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Similarly, it follows from (48.31), (u48,32), (48.33), (48.36)

and (48.37) that the function ¢(r,z) must satisfy the equation

(i{f_ .{' ' —‘!.- + —-‘:}—-) (zk &n ("

ord r ur osd (“8.“2)
and the conditions
[(,,u — e *__'.x] S0, 0Lrel, (U8.. 3
s dr 1 e
[u‘ '—mi T Q;] 0, r,-1
thy : 0

We will designate by P the zero order Hankel transform of

the function fir,z). We have (Sneddon [371])

202 (T i) Ao (5 ar
12, 2) Sorur,)lo(a:)«h, CERTY

firy 2) = So SE 2) g (2 1) L.

Applying the zero order Hankel transform, the following equation

follows from (48.,40)

(48.45)

This has the solution
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where A 18 an unknown function. If we designate

=2 B4 (E),
98 =--8 (8)

then the function ¢ may be written in the form

¢==fisma(me-“h<b?d%
- J0

and we conclude from (48.31)

2 p00
0= =% E0(B e (3L
bk

Similarly, 1t follows from (48.42) that
d = B(E)e-b.

Setting

S(8) = (a* — 1) [25* E (8) — ¢(3)],

we obtain

1
D= --
2 a(—.

It follows from (48.31), (48.33), (48.48) and (48.51) that

2 oo
i 0) = i § A T30 8

aulry ) u S“ E1q(E) — [ (2)] S, (2r) dE.
(1]

) —‘:[—.—‘—‘M) + qm] o=, (Zr) dE.
o €

»
»

(48.,47)

(48.48)

(48.49)

(48.50)

(48.51)

(48.52)

(48.53)
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The conditions (48.41) lead to the following integral equations /189

for the function q

L / ’
So §9(8) o (Br) aE = —‘—‘; 9r), v<grgl, (48.54)

SO E*q(g).lo(ﬁr)dﬁr.-.-o, r>1. (MBOSS)

In view of (48.53), the conditions (48.43) imply the equations

® § (48.56)
So E[q(c.)—-f(a)].]o(ar)dz.—.0, < rg, l
o (48.57)
{, (0@ ag 0, s,
If we keep in mind (48.54), then the equation (U48.56) 1is
replaced by
{er@se@nae=—"on,  ocrat.
0 ¢ (u8.58)

The solution of the dual integral equations (48.58) and (48.57) is
(Sneddon [3711)

D]

2h ¢!
J(8) = — ;ﬁ;SSi" Et dt

0

S'_ﬂlﬂﬂl_
o VEE -1t (48.59)

Similarly the solution of the dual integral equations (48.54),
(48.55) 1is given by

2b Uog(w) dy
§) = — — Cos § S Yotie  —
EQ\ Q) 7:(1'. A o Vl . !]2

(4® 60)
_ =hE S' Yy s‘ xg (ry) sin (Er) da.
o (1}
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d

If the faces of the crack are kept at a constant temperature,
g(r) = -T#, then the following is obtained

2b7*  sing 2T ]
g(&) = -;;: & y  JE) MT:(!"E (xin E—E cox E).
In this case we have
L 2T
On.("’ ”) e e (,-'l_. ‘)-lll' rs 1 ,
na?
LT )
a4(r, 0) = 1 - s 0 .
(ry 0) PR (1 - r¥)s, <r<1
A similar study can be made also 1in the case when the /190

thermal flux is prescribed on the faces of the crack (Olesiak and
Sneddon [326], Sneddon [378]). Other problems referring to media
with cracks were studied by Sneddon [374], Das [78] and others.

d) Boussinesq's problem for a heated die. Let us consider
the problem of the thermoelastic equilibrium of a semi-infinite
medium which 1s in contact with a rigid heated die (Sneddon [3791]).
Trhe presence of the die prnduces a temperature variation in the
medium under consideration. We assume that the boundary of the die
i1s a revolution surface and that the axis of the die 1s Ox3.
Similarly, we assume that the noandeformed boundary of the medium
is the plane x3 = 0 and that the tip of the dle starts to enter
into contact with the original medium. In view of the fact that
the die is pressed normally at the plane x3 = 0, then, when the
equilibrium 1s established, 1t will Lave, in contact with the plane

X, = 0, a circle with a radius a. We will consider a = 1.

3

We will assume that the portion 0<rg 1, 2z = 0 1s the prescribed
displacement u, and on r>1, 2z = 0, the normal tension is zero. We
assume, similarly, that the surfaces in ccntact are smooth and that
the temperature of the die is a function of r and z. These assumptions
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imply the following conditions

6 ) 0, r 30, ay(r,0) =0, r>1, (48.61)

wir, 0) =g(r), 0<r<i,

We will consider the thermal conditions of the form

0 (ry0) == 0, (1) I (Y -1). (46.62)
%

In order to study the problem we use the representation (48.31).
On this occasion we introduce the functions q(f) and f(f) by the

}; relations
L. | :
’ E) - — - =& A(E), tHEA , . ,
L L I G (N L HCARR L) (48.63)
| |
In this case the functions ¢ and ¢ have the form 3
® o (E G- g (@) e v, (30 dg,
A8 (uB.6u)
b= T ety Enas,
(]
i and therefore we have
¥ wr, 0) 'S) ENL(E) - q (3] g E0) L,
F . (48.65)
Tl OB (R (B G, ) 0
0 '
é br, ) = 2h'ua!—~l)§”q(5yla(gry|5_
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From (48.31), (48.46), (48.63) it follows that {191 4
i
b a o ap e “ (48.66)
B = ey WG ) = S So r O(r, 0)Jo(& dr.

~ If we deslignate
iy = (8@ & nen (48.67) |
; 1

|

then from (48.65) and (48.61) the dual integral equations follow
for the function f(E)

| 5 SRS (ENAE=D(r) 4 gr), O<r, (48.68)

(@ deEnaz=0, r>1.

We will write a solution of these equations in the form
f=f <+ fz, where fl and f2 satisfy the equations

1

&E*Lw»u(anwr-vv» 0<r<y,
(48.69)

e b el b B e S

{ #® T az=o, r>1,

STMAB) S (BN dE = g(r), O rg1,
(48.70)

5
Je(B)Jo (BN AE =0, r>1.

)
)
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The solution of the equations (48.70) does not depend on the thermal
field and it can be written as in (U8.59).

If we keep in mind (48.,52) it follows that

?’ (& 0) == Sw r O (1) Jg (Er)dr,

0

In this case we derive 1

L@ = g b o }

Solutions may be obtaired also for other thermal conditions
‘ on the plane z = 0 (Sneddon [374]).

49, Plane Thermoelastic Deformation /192

% In this paragraph ve will assume that B 1s a straight cylinder
with a length £, the bizes of which are perpendicular with respec?
to the generators. We select a reference 1n such a way that the
axes Qc3 are parallel with the generators of the cylinder. Let
L be the domain of the transversal section and L its boundary.

a) Statement of the problem. Let us assume that the domain é
B is occupied by an isotropic and homogeneous medium, i

Let us define the state of plane thermoelastic deformation
parallel with the plane x10x2 as being that state of deformation

in which

A Rt il B & i

Uy == Uy 1Y), H .0 (y Ia), u, =0,

(49.1)

Keepiiig in mind (49.1) we conclude from (47.5)

Lzan Mg, T Nag, Eay = s €43 = 0, (49.2)
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and therefore

(49.3)

? lay = he,, 8«7 4+ 2n Eay — {508.7,

o e B e =0 (49.4)

The previous relations indicate that in this case tiJ = tij(xl’xz)'

{’ i It follows from the third equilibrium equation that the state
3 . of plane deformation parallel with the plane x10x2 is possible only
| - ir f3 = 0, The other equilibrium equations are reduced to

'aﬂ.ﬂ +f¢'—09 ‘ (ug 5)

} : whence 1t follows that the state of plane deformation under ;
L ; consideration demands that the functions fa do not depend on x3. :

The tension on the lateral surface of the cylinder is given
by

'4 - lh"a,

and therefore, on the basis of relations (49.4) it follows that

t3 = 0, and ta does not depend on x3. Therefore, if a tension is

| prescribed on the lateral surface, then, in order for the state of

' plane deformation under consideration to be possible, this tension

| must be parallel with the plane x10x2 and it should not depend on x3.

‘ The surface force which !s applied along a portion of the
cylinder S, contained between two right sections at unit distance
- one phase from the other, and between two generators which project
4fk in points P.,P, from the plane xlox2 is given by the relations

1'°2
Ie, S lda .= S !, s,
A IV N

I .ur case we have

R, ==S Lang s, Ry -:0,
roy
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We will consider th nB as a tension on an arc element.
We obtal» the expressions for the components of the moment resulting
from the tension

J

-'". == t..a ’f’.ra, ;‘l:‘y "‘- ‘ (-"' 'ﬂ - .r: '|°) "o d-“.
PPy

D VR

;.
E . Equation (47.2) is reduced to
r

O = — v, (49.6)
k

which indicates that the plane deformation under consideration
requires that r should not depend on x3. Proceeding as bhefore,
it follows that the expression kB’cnOl has the interpretation
of a filux per unit of arc.

Consequently, in order to determine the thermal field, the
equation (49.6) must be integrated in the domain I, with certain
boundary conditions L. These conditions may tske the form

0 =don Iy, kb, m, =G Onp, (49.7)

: where hwly=1,I,nL, =0 and & and d are prescribed functions. !

After the determination of the functions 6 the system of

equations
;A 'aﬁ.B +- fa"" 0, (ug ) 8)
fay = Aew 8y + 21 gy — BOB,,. (49.9)
Reuy = My g | g4, (49.10)

e

must be integrated in the domain I with certain boundary conditions.
The equations (49.6), (49.8) -- (49.10) are plane thermoelastic

deformation equations. 1In the case when the tensions are given ;
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at the boundary these conditions have the form

Lo mp = 1a(8), 8¢ I,

(49.11)

where Ea are prescribed functions, n, are components of the exter-
nal versor normal to L.

The conditions necessary and sufficient for the existence of
the boundary problem (49,%) -- (49,11) are (Mushelisvili [2961],
Fichera [122])

S:j, da SLL dy -= 0, S‘r,f,;, r,foda +S €403 T, fads = 0,
x L (49.12)

If the functions U, and © have been determined, we obtain from
(49.4) the expression of the component t33 and thus are able g
I to calculate the tensions which act on the bases of the cylinder ;
in order to maintain the state of deformation under consideration, f

T

Assuming that the function 6 is known, we can express the mixed :
problem by means of the displacement vector. Thus, it follows ?
from (49.8) -- (49.10) that the functions u, must satisfy the
equatlions 3

WiHa 0p 1 ()‘ ! (") o, px '}'fa'—ﬂﬁh. = 01
(49.13)

and the boundary conditions

Ny == ity L (R0 8ip - ity 0 I ug )] mp=f,+B8n, on L, (49.14)
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where /'yl =1, I'0L" =0,

The plane deformation problem may be studied in general by
methods known from the theory of elasticity (Mushelisvili ([296],
Melan and Parkus [286], Boley and Weiner [23], Nowacki [315], Grindei
[152], Kovalenko [2U42], Green and Zerna [139], Kupradze [2U6],
Teodorescu [409], Fichera [112]).

As we have shown in the problems of thermoelasticity, it is
assumed that the mechanicel loads are zero. Strictly speaking,
those problems are considered, rightly, problems of plane thermo-
elasticity; on the one hand, those whose solution is based
essentially on the equation which 18 satisfied by the function 6,
or on the special character of the loading system, and, on the
other hand, concrete problems in which the function 6 and
then the corresponding displacements are effectively determined.

b) Reduction of the problem to the isothermal case. Let us
consider first a case in which there are no mass foizes and
thermal sources. Consequently the function 6 satisfles the equation

6. =0, (49.15)

Let us designate by F(z) the analytical function of the complex

variable z = xl + ixz, which has the function 6 as real part

F(z) = 0 + id. (49.16)

Let us introduce the function ua by the relation

uf -+ iuf = Sl"(z)d:. (49.17)

e R e ok i . S < ks e s
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L

It is obvious that we have

o mmoe

! u{|=u§,3=0, “zgr—: —“I..l' (“9.18)
L

W If we consider the unknown functions u& such that

,; = ' oyt

: Ny == Uq + TR Ug (49.19)

then we obtain from (49.2) and (49.18)

Cep = Cop ;-___E"___s‘”

2 -
e (49,20)
where
’i 2‘;3 = “;.a + “a'.. (ugo 21)
' .
i
| In view of (49.20) and (49.3) i1t follows that
(49,22)

lyp = )‘5;\' sup + 2“- 3(‘:9'

S Consequently the problem of thermoelasticity was reduced to
a problem of elasticity in the displacements u&, the deformctions
, E&B and the tensions taB referring to the same domain., It should
v be notec¢ that the tensions taB from the new probiem, called the
S auxiliary problem, coincide with those from the initlal problem.

Let us assume that the domain I 1s simply connect.d. If zero
| mectianical loads are prescribed at the boundary, then the solution
. of the auxiliary problem is

fig = 0, ug = 0.

283

o e S e
i L T ke e e+ i e o SR i i e .. X |




-—F

g,

Rk
e

gigriiel el'i(‘ AT

vt R
o S PR

Y 2]
:'I

,;: v

Y
ot
.

r

1
2y
wy -
"L"
'ﬁ};&,
R
o
.

(4
Thus, in a simple connected medium which is in a plane thermo-
elastic deformation state, in the absence of heat sources and

mechanical loads, no tua tensions appear and the displacements
are given by

U, = —L—<u:.
2(N 4t u) (49.23)
The tension t33 is expressed as /1254
by = — Bud (49.24)
A+ p

Obviously, in this case the deformation of the medium 1s due to the
temperature variation caused by the thermal loads a3t the boundary.

Let us consider the case of a multiple connected domain. Ve
assume that the boundary L of the domain I consists of the external
outline L0 and ©of n internal outlines Lr(r = 1,2,..., n) which
do not have common points. The function F(z) whose real part is
the uniform function 6, can have many forms

P(s) =% Bylog(s —z2) + Fo(2), (49.25)

where z) are points situated inside the outlines Lk’ Bk are real
constants and Fo(z) is a holomorphic function in the domain under
consideration,

In this case, we derive the relation

" b9,
Belog(z—2) + Flae 4 ibe)log (2 —2) | fo(2), (49.26)
] [ T4 |

g E

w4 ind =2
»

in which 8, bk are real constants, and fo(z) is a holomorphic
function Iin .
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We obtain from (49,26)

[} b iul, = 2wi(s By 4 @y + ib,). (49.27)

We designated by (f]y, the variation of f when it follows a
positive direction, an outline which contains thes outline Lk'

In view of the fact that the functions u, are assumed to be
uniform, it follows that the functions u& have many forms,

(49.28)

In this case in the auxiliary elasticity problem the displacements
u& must have the multiform nature given by (49,28)., It is said
that the auxiliary problem 1s a problem with dislocations. The
quantities

s ittel e

PO, .| TS ] (49.29)

Al Y AT )\iu'

are called the characteristics of the dislocation. The results
presented are due to Mushelisvili [296].

Let us consider now the case when only the mechanical loads /196

e zero. In order to reduce the problem of thermoelasticity to
a problem of elasticity, let us look for the solution in the form

Uy =ty + D,

(49.30)
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where the function o(xl,xQ) iatisfies in the domain I the equation

" E 0. (u9.31)

®
18 A ‘*‘ 2M

If we replace (49.30) in the equations (49.13) (in which
fi = 0) and we keep in mind (49,31), it follows that the functlons

u& satisfy the equations

kg o8 b (A -+ 1) 15,0 = 0. (49.32)

We obtain from (49.9), (49.4) the expressions for the tensions

lap =ty + 2u(® 4y — 3,5 0.,

g = hejg —2u @, (49.33)

where

';9 = “I» 8:5'*' 2[‘-3;& (u9 . 3"‘)

Stap = e | My,

Tt 1s obvious that the equations (49.32) are equivalent with

' (L9.35)
'39.5 = 02

If we have the boundary conditions

1 s = 0y

e A A et it e o e s e e s e e - . . j
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then we derive the following conditions for the functions u&

R S W“‘W

1o m logng = — 20 (D9 ng — D 0,) gy 1o (49.36)

% Consequently, the problem of thermoelasticity is reduced to
- the Jetermination of a function ¢ which satisfies equation (49.31) i
and to the integration of the problem of planes elastic deformation ‘

§" (4o.34), (49.35), (49.36).

Mushelisvili [296], Sokolnikoff [382], Gurtin [163]) the solution
of the problem of plane elasticity may be determined with the help

¢
f . As is kncwn from the theory of elasticity (see for example,
r
L of the Alry function. In this case we have

| fap = 8,5 A co — A 45, (49.37)

b

where the function A(xl,xz) is biharmonic

r
; . AA.' =()_ (u9038) i
| !
| It follows from (49.37) that /197
]

. ,,.'1_ ' d |
!‘ 4 0 (Ay2), g = — dq_ (4.),. (49.39)

With this, the conditions (L9.36) become

:
'F 1 1 1 d (49.40)
' _(_. y, = 92 __‘_ ._(,_ y = 0 , 90

2 (4,2) ’ s (D,2), as (4,,) =2 N (®))on L.

The plane deformations may also be studied with the help
. of complex variables. On the basis of the theorem of Goursat
F 5 (for example, Mushelisvili [296], Gurtin [163]) the function A
may be expressed (see also Paragarph 55) by two analytical functions

i

of complex variable z = X, + ix2. Thus

Uz) + 2 UE) + 1f2) + xf2). (49.51) %

24 =

L2
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"he displ. .ements u& and “he tensions t&B are represented

in the form
’ I} )u - 3 Yy 7
2u (uy + iug) = —A—%-—:- Y(z) = 24'(2) — *'(2),

i + 1z = 4 Re [{’ ()], (49.42)

le =t + 2ifg = 2[2"(2) + x'(3)).

Similarly, we have

P . oot

oo d . . d | :
by = — "'('l";"("‘.l +id ) = ~ ";‘;‘;‘W(?) + 2)'(z) + x'(2) ). (49.u43)

In view of (49.30), (49.33) and (49.52) we obtain, for the solution
of the problem of thermoelasticity, the relations

o A 4 3 T
2ty -+ i) = A) b uI,L VE) — 29'() = A'(2) + 20 (D, +i D),
by F tg = 4 Re [$(2)] — A‘i’f‘i“ 0, (49.L4)

fag — In+ 2it,=Z [2 {"(2) + »'(2)] + 2u(P o — D, +2iD, ;).

A detailed study of the problem of plare elastic deformation with
the help of complex variables may be found in the monographs of
Mushelisvili [296] and Green and Zerna [139].

¢) Thermal tensions in a tube. Let us consider the case when

¥ is the domain contained betwezin two concentric circles with radii

Rl and RZ(RI < Rz) and a center at the origin., We will use polar ﬂ
coordinates (r,¢). In this system the equations of thermoelasticity '
288
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are derived easily from (24.86) -- (24.90).

We assume that there are no mass forces and that the
boundary of the domain is free of tensions. We will consider the
case where the temperature 0 is & function which depends only on
r. Letu, = u(r), uy = 0. It follows from (24.86) that

_ du 1 (49.45)

Epy == y Bgg T-— U, €a =0
(II' 9 r ’ ry .

If we consider the relations (24.76), (24.80), (24.85), (24.86)
then the equations (U49.9) are substituted by

6n=:7t(2" - t,,)-}-g.u g"_ﬁa’ (ug.us)
6°° = )' (t"‘ '+- 299) + 2}1. EO. — ﬂo’
Orp = 21 €.
We obtain from (49.45) and (49.46)
G,y = 1 A d (ru) 4- Q!Ad" — 86,
r o dr dr (49.47)
1 \
Opp = , A (;ir (ru) +4- 2: n — B0, i
6'0 s 0.
The equilibrium equations are reduced to
Ao 1 (o, — aee) = 0. (49.48)
dr r
The boundary conditions may be written in the form
a,, (R)) = 0, a,, (1t,) = 0. (“9 .L‘g)
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L If we replace the tensions from (49.47) in the equation
Lk (49,48) the following equation may be derived for the function u

=
u _Q_[ 1 (1)] _ 49
P ; ar L r dr >+-p dr’ (49.50)
b
Et? The solution of this equation is
4 g .
E, };) n =A,r+ - ,+____.B___._S',-()d,., (49.51)
v ;g (A "' Jp)r Ky
S

%3 where Aa are integration constants. We obtain from (U49.51) and

(49 . 47)
O = 2 (A + A-m%A.m_ii_'
®) 4, 2 e o3 "y)r-s rodr,

3 % =2(h+ )4, + 2"—A,~-—_.____2“30 288 " 04y (49.52)
‘ ‘V‘; ré A 4 2u (A + 2#)'.35”' .
. :
‘ y
o 3imilarly, it follows from (49.4) and (49.51) that /199

' i

. ("‘90 53)
I iy = 0u= A (e -+ tog) — BO = 224, — — 2B ¢
A4 2
If we impose the conditions (49.49) we derive the following
b values for the integration constants
) 49.54)
' (7~+2;L)(R§—R) S rdr,
2
4, = B, rd dr.

(x+2muﬂ—k)s

Replacing thes: values in (49.52) we obtain for O and a¢¢
the expressions

e Raitioiiy . S
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2up 2 — I} ¢® ’
Oy = : ! —
(warm-m&ﬂm k%}

. 2up rt 4 RS
[/ ==
” (A-+2uy=[ 1~ R’ 'Gd'*'nde'"'"o}

The radial component of the displacement 1s given by

2 R*

Ry 4
A(roar+ —2(roar.
TEmi ] bt AL v A

U =

¥ we have the conditions

G(Rn) = Ty, 0(R,) = Tz,

where T1 and T2 are constant, then the solution of equaticn

(49.15) which satisfies (U49.57) 1is
i 0:=C,Inr + C,,
7

in which we designated

¢, = Te— 1T ¢, TR, — T,n R,
InR, — InR, In R, — In R,
In this case we can easily determine from (49.55) and
(49,56) the solution of the problem of plane deformation.
T2 = 0, then we obtain for the tensions the expressions
Cpp = uaT ['n r - — lc.-__ Itf RZ
(A - 2u) Inle,/ 1e, R, R - 13 (l" ,-.;‘) In B ]

Ok 2u)In Ry R, | m.-”la—nlk+ )"lf}

If there are no heat sources and at the boundary of the domain

(49.55)

(49.56)

(49.57)

(49.58)

(49.59)

(49.60)
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? The method of Mushelisvili presented in Paragraph 52b may also 200 %
3 be used to study this problem, Thus, in the case of the temperature :
H distribution (49.58) the functicn F(z) introduced in (49.16) is ﬁ
£ 49.61
E\% I"(:) =2 () '(),‘..": +- (12. ( 3 )
$
X
e We obtain from (49.17) and (49.61)
* uP -t iy = HCylog s 4- Cy — C)). | (49,62)

The constants By, a,, b, from (49.26) are reduced to B; = C,,
a, = b1 = 0, The solution of the auxiliary problem of elasticity
which corresponds to the characteristics of dislocation

=B,

' tlz_Tt}T;’ oy = fB; =0,

§

[

|

? was established by Mushelisvili [296]. This has the form

' ‘ v (s i A . Ry PP j

V 2 0+ i) = oo [ L Xy - 55 ) |
) L4 u :
Y (2) = S W(z)dz,  y, (2) =S A (z) d:, (49.63) {

| . ., ;
Py = S tw (1 1iIn I, ~ Riln k, } IRIRLE ) ;

; 2r (A 4 2u) | 2 I — K O (14 2u) ;
: 2 13 f

A(Z) - '.elr)'(A + “) I‘f R‘! ‘ ln_’ig ,

} n2t (A -+ 2p) (RE— R} R,
' P 53] » 2 ) 4 %
a:"z ﬂ&(‘?\'“—*;_}{) (l"r -}_ R: If_; " '" “132 ;. l{: ]” Ile" I{, l“ ,{l . ?

m (X + 2u) r(RE-K) R, I — ;

) 2 g2 2 23 ' :
- ohe = Ewi"_j';ﬁ)(,n, -..*RJ&"—.: o fe _ IEIn Ry — Kiln R, 1), :g
Z n(h - 2p) -1 R, R’ — I 3
!} aly = 0. ‘
: f;

1 ]
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The displacements are determined from (49.,19), (49.62) and
(49.63),

Other problems involving the state of plane thermoelastic
deformation will be found in the monographs written by Melan and
Parkus [286], Boley and Weiner 723], Nowacki [315], Pors [35],
Grindei [1527, Teodorescu [409], where there 1s also a large
biblivgraphy of works in this area.

50. _Generalized Plane Deformation

a) Statement of the problem. We assume that the cylinder
under consideration in the previous paragraph congsists of a
nonhomogeneous and anisotropic medium for which the coefficlerts
do not depend on the axial coordinate x3.

Cignar Byg0 Kqy

Let us define the state of generalized plane thermoelastic /201 ;
deformation parallel to the plane x10x2 of the medium under '
consideration an being the state of deformation in which we have

W = Uy ), 0 - 0 (ry, 2y). (50.1)

These restrictions imply the case that & &, (n, 1), ¢, fy (44, ).
Moreover we have

T RN TR T IS Y

e = laus o Upay 20 = 2+ Myay 2 W, (50.2)
'la = ('.,.a U, g — p‘a 0’ (50-3)
'33 = (,‘33.6 Wy p — ‘533 0. (50' ‘4)

The equilibrium equations (40.1) take the form

lig.a +- f‘ = 0, (50-5)




from which 1t results that the generalized plane thermoelastic
deformation requires that the functions fi will not be dependent
on x3.

Let us assume that the following tension is prescribed on
the lateral surface of the cylinder

“'". b p‘. (50.6)

Thus, the functions Py must not be dependent on x3. /The
equation (U40.6) is reduced to

(Fap 0,p)s == —r. (50.7)

‘ Obviously, the state of deformation under consideration
L requires that the thermal loads be independent of the axial
coordinate.

If the thermal flux 1s prescribed at the lateral surface,
then in order to determine the furction 6, equation (50.7) must

] be integrated in (he domain I, with the boundary conditions ;g
' Fap 0,5 Mg -+ 7 On L. (50.8) 3
After determining the function €, the system of equations ?
) (50.3), (50.5) still must be integrated in the .iomain I with the
boundary conditions (50.6) on L. This system of equations may
’ be written in the follow!ng way

" (Ccna "k.ﬂ).a - (l@'l 0).¢ +f =0 in X/
| ‘ (5009)

The conditions (50.6) take the form

((""a u‘.’“ . ﬁm ") He = o on/j, (50 . 10)
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If we know the functions u, and 6, we obtain from (50.4)
the tension t33 and can thus calculate the tensionr wihich act
on the bases.

The generalized plane deformation of homogeneous elastic media
war considered in various papers (see, for example, Lekhnitskiil
[256]) assuming that f3 =py " 0. This restriction is unecessary. /202
The equilibrium conditions of the cylinder under consideration
may be written in the form

S‘:fl "a + SL’,‘ dd = 0' S,:eaua J'ufa ““ ‘}‘ SLO‘.Dl J',.f“ ('" = “' ( 50 ] 11)

(| aufsda 4 { o, py = s da. (50.12)
} L v

The relations (50.12) are similarly satisfied on the basis cf
relations (50.5), (50.6) so that

‘ ta3 da ’S [taz + T4 (g8 + f3)] da =
-L £

=-'S [(rg tap),p + X4 fo] da =S Ty Py d +S x, f3 da.
£ L >

It has been shown (Iesan [203]) that in certain conditions of ?
regularity, the relations (50.11) represent necessary and sufficlent §
conditions for the existence of the solution of the boundary %
problem (50.9), (50.10).

The problem of the generalized plane thermoelastic deformaticn
for homogeneous and anisotropic media was studied by Manolachi [276]
with the help of . omplex variable functions. The case of the
connected multiple domains was analyzed by Iesan [191], using the
method of the potential,
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b) Reduction of the problem to the isothermal case, Let us
consider a homogeneous and anisotropic medium which is in a
generalized plane thermoelastic deformation state in the absence of
thermal sources and mecheanical loads.

In this case the equation (5G.7) becomes
ks 0,45 = 0. (50.13)
We assume that the boundary problem tor the determination

of the function 6 has been resolved. In the following this function
will be considered as belilng known.

Let Aa be the roots of the equation

kap M-64+8) = g,

. (50.14) §§
}' On the basis of the relation (23.7) we can write %%
¥
| zj
| M=a = (—1)ib, {=)T. (50.15) ;é
{
If we make the transformation ¥
]
“ Y= bxy, y, = r; -+ aa,, (57.16)
»
then the equation (50.13) will take the form
a0 00 o (50.17)

o oy

Let us introduce the complex variable z = ¥y + 1y2. Let F(r)
be the analytical function which has as its real part the function 6




¢ Obviously, we have /203 !
i ,f a0 Y J0 Ay
n . =3 L R p— <.y 0 . 1
? By, oy’ ay, oy, (50.19)
In the variables X these r2lations are written as é
' i Vo = Cap Uy, (50.20) |
ro where |
-
a L
; )y = b Cpa = — 9“‘:"‘“" ty = "'l;" Tge = “;' (50.21)
i

| Let us consider the functions u: defined by

ut = ing - (PO 4L (50.22)
)
!
| Thus we have
, y$ au? Jdu? Ju?
v e Se eeea—— 2T 0’ -—L: ...-__.‘.- . -—-',
Jy, dy, e 0y, 4 (50.23)
]
' In the variables xa these relations become
] .
0:_5 = d 0 | I'.B ¥, (50-2“)
| where
)
a,, =: b, ay, = 0, a, = a, Gy = 1, (50 '25)
li“ = —a, "12 i —[, l"." -z l), bzz = (),

Let us introduce the functions ui by the relations

”‘ T “; l" ’)‘a u‘r, (50.26)

in which Pyg are constants which must be determined.
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If we designate

fia  Ciais Mgy
(50.27)
then we obtain from (50.3) and (50.26)

le = lia -t Ciaro puy uE, - P 0. (50.28)
In view of the relations (50.24) it follows from (50.28) that
fo = N+ (Cuaso brv s - B1) U+ Copio pryg . (50.29)

We require that the functions tia satisfy the equations

- (50.30)
|
We obtain from the equilibrium equations (50.5), in which /20“?
fi = 0, and relations (50.28), (50.30)
(Ciaro Pivttye — Bia) 04 1 Coqpp Pabw g, =0, (50.31) Xi

Keeping in mind (50.20), the relations (50.31) become

[Coano pr (ayp 8y + b, c,,) —Bu] 0, =0 (50.32)

If we have

Ciaro (@5 8uu + by Cau) Pry = Py (50.33)

P P

then the equations (50.32) are satist'ied. We w411l determine
the constants Py so that (50.33) takes place. It can be shown
that the system (50.33) delermines, in a unique nanner, the constants

Pia:

In view of (50.2G9) we obtain from (50.6), in which Py = 0,

':l ”l = - [(C‘Gl’ﬂ l’kv“vb - p‘ﬂ) 0 ’*— C‘akppkvbvﬁ ‘:’] "ﬂ on l" (50 i 3"‘)

In this way the problem of thermoelasticity was reduced to the
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resolution of a problem of elasticity (6 « 0) with a certain load
at the outline. The elasticity problem consists in the integration
of the equations (50.27), (50.30) with the boundary conditions (50.34),

If the domain I is multiply connected, then, as in the case
of (49.25), the function F(z) has th- form

B = 8 Bilog(3 = G -+ y (), (50.35)

where gy are points situated inside the outlines Lk’ Bk

are real constants and Fo(c) is a holomorphic function. It follows
from (50.22) and (50.35) that

o uptind = :‘g Bilog (3 —2%) +‘§ (5 4 i) log (Z—T,) + £,(0), (50.36)
f in which 8y bk are real constants and fo(c) is a holomor»hic
} function. In this case we obtain
E (g de, == 20l(ppa — pb) Byovy 4 py By oy - py by ~ Paay]. (50.37)
J Consequently, for multiply connected domains in the auxiliary problem, |
; the displacements ui must have the multiform nature given by (50.37).
The results presented here were derjved by Iesan [196].
s
) : 51, The Problem of Saint Venant., Let Bbe the inside of a right

cylinder with a length 4, the bases of which are perpendicular on
. the generators. We assume that the generic transversal section [
2 éi is limited by the closed Liapunov curve, L. We willl select the

. %  reference Oxi so that the axis Ox3 is parallel with the generators 3
; fﬁ of the cylinder, one of the bases is in the plane x3 = 0, and the
e other one in the plane x; = &.

P T Y Ny Ty
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We assume that B is occupied by an elastic medium which
is in equilibrium under the action of a prescribed temperature
field. We will consider that the mass forces and the tension on
the lateral surface are zero. Aaopting the principal of Saint-
Venant, we assume that the tensions that act on one of the bases
are statically equivalent to zero. It follows from the equilibrium
conditions of the medium that the tensions which act on the other
base are statically equivaient to zero. If the mechanical loads
were not zero. this would ‘mply the resolution of an auxiliary
problem of elasticity.

We will study the case in which the temperature is a polynomial

of degree r in the coordinate x3 of the form

0 =~..ﬁo Ty (2, 2,) 2%, (51.1)

where the functions Tk(xl,xz) are given. Consequently, we assume
that the temperature obtainea by the integration of the equation of
propagation with certain boundary conditions 1s approximated by
(51.1). |

The equilibrium conditions are
"’,l“—-oin B. (5:.2)

In view of the fact that the lateral surface 1s free of
tensions, it follcws that we have the conditions on this surface

tigng = 0. (51.3)

On the bases situated in the plane x3 = 0, we have the
following conditions

S t,;da =0,
x (51.4)
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SJ“ da = 0, (51.5)
Sr, ty; da =<0, (51.6)
X

Sz"axﬂ Iy los da = 0, (51.7)

whizh express the fact that the tenslons which act on these bases
have the resultant and resulting moment 2zero.

Let us designate by P(n) the problem of the determination
of the thermoelastic equilibrium of the cylinder when

(51.8)

0 - Ty (ny, )0,

where n 1s a positive integer, or zero, and Tn(xl’x2) is a prescribed
function. It 1s obvious that if we know the solution of the problem

P(n) for any n, then, on the basis of the linearity of the theory,

we will be able to determine the solution of the problem when the
temperature has the form (51.1). In order to resolve the initial
problem, we will use the method of induction. First we will resolve /206
the problem P(O), and then we will establish the solution of the

problem P(n+l) when the solution of the problem P(n)

is assumed to
be known.

If u(k) are components of the l1isplacement vector from the
problem P%k) (k = 0, 1, 2, ...,r) then the components of the
displacement ‘ector corresponding to tre problem in which the
temperature has th~ form (51.1) are given by

[
Wy = 2 "‘!.)'

'=0 (51.9)
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Boley and Weiner [:23] studied the problem of the deformation of
homogeneous and isotropic bars when the f.emperatui< 1is linear in
X,. The results presented in this paragraph were derived by

Iesan |190], [200], [703]. |

a) Homogeneous and isotropic bars. In this case the constitutive
equations are

"’ = ).C" 8” + 2“‘" Lo po 8’,’ (51 .10)

. RENE R sttt -

where A, u, B are constants and

28 = My, by (51.11)

Let us consider at the beginning the problem P‘O). We
s will assume that

0 = f(ur,, Ty, (51.12)

where f 1s a given function.
Let us look for the solution of the problem 1n the form

(51.13)

1l . ,
Uy = - 0 M (3 + v(ai -~ )] — ayvryr, —- ay vr, + Py (7, L)

1
A Vo 2 2 2
Uy @y VEpTy == =@y [5 — v (45 — 15) | - ay vy - vy (1, ),

-~

| g = (ayry + azr, + ay) @y,

where Vo (xl,x2) are unknown functions, a, are unknown constants
and v represents the Polsson coefficient given by (23.20).

If we introduce the designations




3
E s

R W*«{*WW
I

i AT T s - . L e

+

27.5 = 4.8 + L YY)

Tap =2 Moo 84y - 2uvyn - Bf 3,3, (51.14)
we obtain from (51.10) -- (51,13) |
ot s O, (51.15)
laa W (agey | agry | ) | vagy — Kof,
where E and a are constants defined in (23.19), (23.20).
The equilibrium equations (51.2) are reduced to /
005 - 0 IN Y, (51.16)
and the conditions (51.3) become
%t = 0 on L. (51.17)

Thus, the functions va(xl.xz) are the components of the
displacement vector from the problem of plane thermoelastic
deformation (51.14), (51.16), (51.17) corresponding to the
temperature 6 = f(xl,xz). In the following we will consider this
problem as being solved, and thus the functions Vo oaB will be
assumed to be known,

The conditions (51.4), (51.7) are satisfied on the basis
o the relations (51.15). We obtain from (51.5), (51.6) and (51.15)

a = - 1d (LeaM, — Lo My + (221, — 23] g) P),
™ ‘!l'.l'? (Mg — I My -+ (23, — xily) Py, (51.18)
e
a, = L P — 4,20 — a1
T RA et
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where

r- S_A.la, M, S ryAda, A . Eaf—vay, A .—=S da,

>

(51.19)

Iy =§:<w. = )y — e e, d = Dyl = By Ast =( 2 da

L

Consequently, the problem P(o) is reduced to the solution
of a problem of plane thermoelastic deformation, The solution of
the problem P(o) has the form of (51.13) where the constants a
given by (51.18).

1 are

Let us study the process of recurrence., We will designate by
s ug, ng, tgj, respectively, the components of the displacement vector,
o the componiénts of the deformation vector, the components of the
14° tij the similar
. Let us establish a solutio? §f
n

tension vector, from the problem P(n) and by Ugs €

)
functions from the problem P(n+1)

(n+1) assuming that the solution of the problem P
1? ?nown. In view of the fact that the solution of the problem

n
P

|
F the problem P
»
|

is known for any Tn(xl,x?), it i1s also known, therefore, 1in
the case when the temperature has the form 6 = Tn+1(x1,x2)xg. The
problem may thus be presented in the fcllowing way: let the functions
Ugs €4y tiJ be found which satisfy the ecquations (51.2), (51.10), ,
(51.113 and the conditions (51.3) -- (51.7) when the temperature 3
‘ has the form

0 = g(ry, 2g) 23'Y, (51.20)

assuming that the functions u¥*, e*_ , t¥*, 6 which satisfy the equations ;
1

.- 17 "1y

- (51.2), (51.10), (51.11) and the conditions (51.3) -- (51.7)

= where the temperature is

: 0 =: y(.l'“ J'a) .l'g. (51 . 21)

are known,

et i o ' A . T 'z




Let us search for the functions u1 in the form

-
-
-

= (n 1) {S;u,‘d.ra - ‘.’. byl2§ -+ vt — af)] — byvaywg—

(51.22)

— byvry — a.ry - 04(0y, .rc)},

Uy = (- l){\ ‘ug dr; — h,w',.rz-——l’- by[r§ — v(af — a})] —
0 2

b bav.rz + .'J‘l'r’ ’{’ wz(.l‘" -]‘2)}'

il

-~

a=(n 1) {So’"‘: dag + (bay + byby -+ bg) g -+ I (a2, .L',)},

where the functions wa(xl,xz),F(xl,xg) and the constants b1 and
t must be determined.
We obtain from (51,22)
ap = (nh ‘)[‘J::hd“h — w(byy - berg -+ 03)8.94~Yuﬂ]’ :
<0

(51.23) j
£, = (it - 1) ls ’5:3 drg + —‘I; [Frg = TCsp g -+ g (g, 2y 0)}}, i
o 2
€33 = (N + 1)[S "oy Ay + byry b bory b by ud(ay, 0y, ")],
0 3
:
;
where
' que = u)"e -+ wﬂ.c' ( 51 . 2“ ) i:

In view of (51.20), (51.21), (51.23) it follows from (51.10)
that
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: g = (0 -+ 1) So'f:. A7y -+ ey + Mygui(ay, gy 0)].

g = (0 1) So":a dzy -+ pl by, — Thyp Ty -+ ne(ry, LY ")liv

tyg = (0 4 1) S'Iﬁ, Ay - E(byry 4 byry - by) fovm,, -+
(1]

A4 (N o 2p) w3y, 0y, 0) ],

where
s
' Tap >‘Y998aﬂ - 2,'1'(“.

The equilibrium equations are reduced to

nlauﬂ '*V !’g = u’

AR =k in Y,

J
? in which we designated
9a(yy 22) = 18(2yy 2y 0) -+ Augq (g, 2y, 0),
; h(ay, r) = — ugo(2y, 1y 0) — L 133(2yy X 0).
‘ n

The conditions (51.3) become .
:.up"o = --pa,

oF
LT q on ,/.
Jdn ’

(51.25)

(51.26)

(51.27)
(51.28)

(51.29)

(51.30)

(51.31)




where

'I- " e )Jlg(.l'l, -"2, ") ”.p

; § — Teygdahe — US(Xyy Xgy 0) . (51.32)

It follows from the above that the functions W, satisfy
the equations of the problem of elastic (6 = 0) plane daoformation
(51.24), (51.26). (51.27), (51.30).

The conditions which are necessary and sufficient for the
eristence of the solutions are

S:!’. tla F SL,)"]” i "’ ‘ p:h:s‘l'a.”ls‘l" + S esuba‘apbdﬂ =0, (51 * 33)
A L

In view of (51.29), (51.32) and the thecrem of divergence,
we obtain

l Sxqu]a t sta'(l.v = SEI::,(J',, £y 0) da, (51.34)

‘ 3,5 .0pda + S’ Cap Tyl = S Cagalalfs(yy oy 0) da,
oL . L

g0 that the conditions (51.33) are satisfied because the functions
| tgd satisfy the relations (51.4) -- (51.7). 1In the following we
will assume that the functions wa are known.

Bnadl
B o LU T N S S LTS

L The necessary and sufficient condition for the existence of !
a solution of the problem (51.28), (51.31) 1is V

S h da g i ds. (51.35)
L A
If we consider (51.29), (51.32) we can write /210
1
[, o= adr=— ~{, (a1, 22, 0) da=o, (51.36)
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on the basis of the fact that the functions t!J satisfy the
conditions (51.4) -= (51.7). The function F depe¢nds on the
constant 1. In order to determine this constant we introduce

the function of torsion ¢(x1.x2) which satisfies the equation [382]

Ap=0 in %, (51.37)
: , and the boundary condition
Fo ?
i iz'ﬁb"l"’ onIh (50038)

b on

Let us consider the function ¢y defined by

- F=o+ 4 (51.39)

‘ It follows from (51.28), (51.31), (51.37) -- (51.39) that
the function ¢ satisfies the equation
Ay =h in X,
(51.40)
and the condition

8y (51.41)

ek ud(xy, 25, 0)m, ON L,

The function ¢y does not depend on T and we will assume that
it is known. We obtain from (51.25), (51.39)

e AT e s S A TS sl a5 Aeadias i £ R s S

s =(n + 1)[8:133 dr; + pt(e, — 3:0%5) -+ (51.42)

+ “¢7l + p’“: (x]y 1‘2, 0)]-

In view of (51.42) it follows from (51.7) that ;

D = — us,;eaua%[‘hs + u3(xy, a5 0)] da, (51.43)




TR T

?u
Y
r

where D is the rigidity upon torsion {382]

D= "Sg(e"""" + a} -+ a3y da. (51.44)

It 18 known that D > 0 so that the relation (51.43) determines
the constant rt.

We find from (51.5), (51,6) and (51.25) that

1
b, = Bd (I3gNy — 1,Ny + (A1, — 281,,) Q), (51.45)

1

1

b s -
' KA

Q- b,.l‘?-—- bz"'gy

where 0= = =
) Szn da, N, Ssm, Qday Q= vz, — (M4-20) ul(a,, 7y, 0),

while the other designations are given in (51.19)
The conditions (51.4) are similarly satisfied on the basis

of the equilibrium equations and the boundary conditions. Thus,
we have

S fada = S (tys + walig,) ta = g [(ales)y -+ T4lss5]da =
x x o

——~—S Lylyg ng dy -+ (n + l)s Ity da = 0,
L >

because the functions th satisfy the equations (51.4) -- (51.7).

Consequently the problem thus posed is reduced to the
integration of the equations of a problem of plane elasticity.

The study of some special problems 1s presented by Boley
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and Weiner [23], Grindei [152], etc.

b) Bars made of different materials. Let us consider the k
case when the transversal snction I i: the combination of domains !
I, and SJ(J ® 1,2,00.,m), to being a multiple connected domain,
Jimited by closed curves LJ(J = 1,2,...m*l) which do not have
common points., We assume that the domains I, are finite and simply
connected, limited by the curves LJ(J = 1,2,...,m) respectively,
and Lm+1 is the boundary of the domain I. We will consider the case
when the bar consists of different materials, so that in each of the
domains EJ(J = 0,1,2,...,m) we have a homogeneous and isotropic
medium and by going from one domain to ancther, the thermoelastic
properties of the respective media are different.

The problem of Saint-Venant for these bars in Lhe isothermal
case has been studied by Mushelisvili [296], Bors [35], et al.

We will impose that in this case the components of the dis-
placement vectors and of tension vectors be continuous in B, These
conditions, together with those on the lateral surface, may be
written in the following way

[ )y == (e le (51.46)
' - ) = o -
; Ilkall Ny -= “nlo n,, ON l"(‘ o2y evwvm), (51-.“7)
; [haloty = 0, ON Ly Yy, 1], (51.48)
{ wheire we designated by n, the components of the vector of the /212 &
i

unit normal which is external at the boundary of the domain XO

and [ ]i indicates the fact that the expression 1in the parentheses
or brackets 1s calculated for the medium which occupies the domain
L, (i =0,1,2,...,m).

A, MR+

i

- %anzi
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Let us designate by Ai' My Bi the constants which
characterize the thermoelastic properties of the medium which
occupies the domain I, (4 = 0,1,2,...,m)., The constants Ey» Vys
ui(i = 0,1,2,...,m) correroond to these goefficients through the
relations (23.19), (23.20).

We will consider three auxiliary problems of plane elastic
deformation A(k)(k = 1,2,3). Let us designate byn#ncw,ﬁg(kzzl,gﬁn
the components of the displacement vector, the components of the
deformation tensor, the components of the tension tensor, respectively,
from the problem Azk). These auxiliary problems are characterized by
the equations

o= A3y + 2ull), (51.49)

s
L = tlh 4 o, (51.50)
e =0, in O == 0,1,2, ..., m), (51.51)

, and the conditions 3

(k) ok ‘
. c= [ (k) 3
[ ) Ny L& ngy (o), — [”’:"Jo = g{¥),

" pe ’q(i—:]"_’, ..',"‘)’ :51'52) "]
}l [7%,]0 "5 = 0’ pe ]’m-H’ 3
| i;
'
;
|
where T . |
= 2‘( v (11— ad), gl = (v — ) Ty g, |
) = —— - 1 o

I = (v = vg) 2y, 9 :"-'2' (vi = vo) (2§ — 2}),
yla, = (v Vo) Iy 4
:
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The above auxiliary problems were considered by Mushelisvili [296]
in the course of the study of the problem of Saint-Venant in the
isothermal case. They were plso studied by Sherman [363]. In the
following we will assume that the solutions of these prchlems are
known.

In order to solve the problem ;.(0)
solution in the form

we are searching for the

’ 3
TR o e 3
Wy = ,,“n[-'a t- Vo("‘;-"J‘g)]-*a,v,.‘r,.l',-—anv,.r,+ Y aurl ooy, 1Y),
- Aol °
Mg o —apryey - eyl — (i — af)] — agver, i’. ard) 4
a " D= tgueryd 3 acrg (51.53)

-+ ".'("'n J'a)y

My ey Loagry L)y in X v jo ) G o0, .y M),

where va are unknown functions and aJ are unknown constants.

In view of (51.%2) it follows that the functions (51,53) are

continuous in I if

el - ede pe Lo - 1,2, ..., m). (51.54)
We conclude from (51.53)

4

Lo == 6, Y, 1= 0,
Aul
(51.5%)

. 3
tyy =+ Eilayay + ayry 4 ay) 4- v, Y il oy —
hal

—Eaf in (i = 0,1, 2 ..ym),

where

Oap = )\i'foaa,g +- 2}14Y¢g - {S.f&.g,
Stap=typ + o in E(i=0,1,2, ..., m).

(51.56)
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In view of (51.51) and (51.55) the equilibrium conditions
(51.2) are reduced to

cl.l. = 0 in x.('. Ead 0’ " 2’ Ve m).

(51.57)

The conditions (51.47) and (51.U8) become

(G.al‘ ". B2 lﬂ.' ]o "o on ,4‘(.. = l’ 2, veey "‘)'

(51.58)

[Q'. '0 ”' = () On l‘ﬂ’l’

on the basis of relations (51.52).

In conclusion, the functions v, are the components of the

displacement vector from the plane thermoelastic deformation problem
‘ (51.56), (51.57), (51.58), (51.54) in which the temperature i1s
l f(xl,xz). We will assume that this problem 1s solved (see Sherman

[363], lesan [193]).

The conditions (51.4) and (51.7) are satisfied on the basgis
of relatlions (51.55). We obtain from (51.5), (51.6) and (51.55)

“l - I\'c_n.u’"l el I"‘.‘l"', l'-_o ~-: '\'”'"2 - I"l?"'l’

a=p —ad, —aud, (51.59)

where
I\ag = .(I ,_‘2,, ":."J'a‘l“v B - Eo, - vnf,‘d—-dﬁ[ﬁ}‘ + v ,}’3‘“’
oy . o :
d, = d, '}n_‘o.s‘[l'q.i‘g vt day dy = Y [E b v da, (51.60) ﬁ

00

— .' g ] l Liad
d =K Ky — K3, p = Y\ AbMa, AY = B — Vi T30

My .02y

-
- i )
my -y S”[A Vep(B, wld) | g da.

. 430
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It can be shown (Mushelisvili [296]) that d3 ¥ 0, d ¥ 0,
Let us study now the process of recurrence. We will try to
find tbhe solution of the problem of P(n+1) in the form

y = (n +1>{§°'u.‘dra—»} bt + wlal — 2] —

(51.61)

L)
bt bthJ'lJ" -— baV‘.l'l — Td'ely +‘ zbgv‘.) + “’l(“"” 1'1)},
Al

Uy = (n - 1) {S:u.f dry — byvryr, — -‘1’- by[r] — w(af—a)) — (51.61)

-

3
-_ "3\“.1'2 }' T‘J'lu"a ‘*' z b.l‘n‘_-“, * '02(-"” t'.':)!
A=)

Wy==(N H)[S .u!fda'a + (byry -+ borg -+ by) vy b F(ry, fz)]v
o

where the functilons W F and the constants bi’ T are unknown,

For the components of the tension tensor w2 obtaln the

expressions

Sy £} '
’Gﬂ == (Il é' l)[s ':3 (l.l's + ﬂ,a %‘ Zb‘-'u'yé, *‘ )\1815“;(.1'“.. 2,0)],
0 Rl

] . (51.62)
. Lia={n 1) {‘o 13 duy - l‘l[l"m - T(’;,gxa»f—u:(.’l’,, Loy 0)]}1
.’ |
’ tyy = (0 + l){s l:,,d.r, FEAbyry - by 4 bg) + vemg, +v‘§ bt 4 3
| 0 Ae=1 1
| i
' (A A 2u0) “;("'19 '1"290)}) Z
where
Tag = AMoodap | 2pv,p,
2Yaﬂ = “‘a'a "':' w{s.'x' ( 51 . 63 )
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|
|
|

In view of (51.52), the conditions (51,46) == (51,U8) are
reduced to

(ol = [t0aloy  [maphitty = [maplony 1 9,

\j \J )"' )" g
(P [Py [p. ‘ ] "[[L o l =qeon L@ == 1,2, ..., m),
dn ), dn |y

[®an lu"b e Pay

apr I
[tl on ]o Hg - q on Limay

in which
1= (0 = A uS(ry, 1y, 0) ny, Py = = Mg u3(ry, 1, 0),
Qe = (gy — l‘t)[“:("'h Xy 0) — "'":ho-rol Nay

q = llof""m-fa - ":('"lv Iay 0)] ng.

If we keep in mind (51.51) and (51.6?2) the equilibrium equatilons

take the form

o8 | .04‘:" = (),

AF =" in X = 0,1, ... ,m),
where
."2' = N"S‘.a("'lv ~rgo 0) - ‘:;(.l‘" I'ay ),

1
WO = — 0y 0) = (2, g, O).
{4

. st A IS
e b TR AR St - 7 S A e A A 4 i,

(51.64)

(51.65)

(51.66)

(51.67)

(51.68)

a
. g
k
(51.69)
(51.70) "Q
(51.71)
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In the following the functions wa(xl,xz) from (51.61) are
the components of the displacement vector in the plane elastic
deformation problem (51.63), (51.64), (51.66), (51.69). The
necessary and sufficient conditions for the existence of this
problem are (Sherman [363])

R, =Y S,;‘ g¥da +S Patly — i SL xds = 0,
‘

1=0 “m 41 1=l

M = z Ss‘eala‘rd gg) da '+" SL Pa,n-rupads asme isb eauo.raxg’ds 3 0. (51 . 72)
]

im0 "t el

If we keep in mind (51.68), (51.71) and the meaning of
the components na we can write

— u“ L J .
R, '-Zo Ss"aa(-rn Igy 0)da, M = .§, SE“’MB L, 'Es(-Tn Z3, 0) da,
so that the conditions (51,.72) are satisfied on the basis of
the fact that tgj satisfies the relations (51.4) -- (51.7).

We will assume that the functiorns wa are determined,

For the function F we obtain the equation (51.70) and the
conditions (51.65), (51.67). The necessary and sufficient condition
for the existence of a solution of this problem is (Mushelisvili

[29617)

N=Y p‘h“’(la—-s

1a0 JEy¢

Iy 4 " ds =
qds + E,S qs =0. (51.73)

I.m4_‘ =0 Jig

It follows from (51.68), (51.71), (51.5) that

L]
N =- Y\ ey, 25 0) da=0.
a0 S
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x
? ; The conditions (51.4) are similarly satisfied on the basis
i f* of the equilibrium equations and the boundary conditions. This
S is indicated in the same way as in the case of homogeneous bars.
Eﬁ_ In order to determine the constant 1 we will introduce the
Ei{ torsion function ¢(x1.x2). This function satisfies the equation
T (Mushelisvili [296])
= F
f' ’ Ag=01in Z(i=0,1,2,...,m), (51.74)
:
i and the conditions
I
| d P
s — el 1,99 - - _ -
oh=toh [ 7] [0 | =~ o —woessmns ]
| . pe dy 1= 1,2,...,m), }
@ = Paaadiplly D¢ Lipey J

)
i
on
F
i

If we introduce the function ¢ through (51.39), it follows
j that this function does not depend on t. We obtain from (51.7)
* (51.39) and (51.62)

‘ﬂ)z-—ES‘Qmed¢m Py e 0) ] day (51.76) :

=07 X

P ST

where D is the rigidity at torsion

D = ﬁ S wi(egaptaPra - L5 -1 2¥)da. (51.77)
. 1=0JL¢
Consequently the constant 1T 1s determined by the relation
(51.76). From the conditions (51.5), (51.6) and (51.62) we

cbtain for the constants b1 the expressions similar to (51.59).
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¢) Thermal tensions in nonhomogeneous and anisotropic bars.
We will study next the case in which the cylinder B
1s occupied by a nonhomogeneous and anisotropic medium. 1In this
case the constitutive equations are

ty =2 Coiguttig = B0, (51.78)

We will assume that

Con 7= Cyulay, 1y), By, = B4y (g, ). (51.79)

In the following we assume that I i1s a domain c”-smooth
(Fichera [112]) and CiJkl’ Bjj and Tk are functions of the class
c®. This problem may be studied also under more general conditions,
but we preferred this path in order to insist on the method used.

The problem consists in the integration of the equations (51.2),
(51.78) with the conditions (51.3) =-- (51.7) in the case in whilch
the temperature is given by (51.1) and the coefficients CiJkl and

Bij have the form of (51.79).

We say that in the medium under consideration an elastic /217
(6 = 0) plane generalized deformation takes place (see Paragraph
50) parallel with the plane x10x2, if u, = ui(xl,x2). In this
case the constitutive equations are

— o
ly = Gty y,

and the equilibrium equations,in the case when the mass forces

fi(xl,xg) are are taken into account, become

ligs - Jo =0 in X, |




DS 3**5"?,?”‘:':;?" o

If the boundary conditions

luly =1, ON I,
are considered, then the conditions necessary and sufficient for
the existence of a solution of this problem are (Iesan [191], {203])

S,,-'f' da - SL'l ds = 0, SB"a:a-":fad" 1 SL".MDJ';F‘"'” == 0, (51.80)
If fi and Ei are of the class Ci then w,e =) (Fichera [112]).

In the following we will use four special problems of the
generalized plane elastic deformation designating them by
D(P)(r = 1,2,3,4). Let v§8) and °§§) be the components of the
displacement vector and the components of the tension tensor
from the problem D(S). These problems are defined by the equations

o) s Conptith (v = 1,2, 3,4), (51.81)
ofta P (Camalp)a = 0, (B =1,2), (51.82)
A (51.83)

%ida — Copa(Cragalaha = 0 in X, (51.84)

and boundary conditions

W, . . ;
Sty = = Cigglghyy i, = - Cyygny, (51.85)

"}::"4 = Popg Cliagy agt, ON L.

It can easily be verified that the relations (51.80) are satisfied
for each of the problems D(S), the fact that ensures the exlstence
of the solutions. We will assume that the solutions of these problems
are known, In the case of a homogeneous and 1isotropic medium, the

problems D(S) have the following solutions
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T (TP — (23— gt m . A
' (A} ) b= 2Nt op) s 00,
A A
LR A G £yls, e 2 W)
T A R R T I (51.86)
e e AN
" 2(N + p) fo 8 =0, %' =0, ¥ = o1y, 2g)y
where ¢ 1s the solution of the problem (51.37), (51.38).
Let us now study the problem P(O). We are looking for
the solution of this problem in the form
- 1 2 ‘
fa = =5 0als —agegp gy + Y a0 4 u,(ay, 1),
=t - (51.87)
¢
Uy = (@yTy + agry - ag) ay -+ Y a, vl vy(ay, 1),
=l
where viS) are the solutions of the problems D(s)(s = 1,2,3,4),
v, are unknown functions and ar(r = 1,2,3,4) are unknown constants.
We obtain from (51.87)
4
Wy, = “a'l‘ast:l"“cf’éaz-"asna + Y anf oy,
=1
"l‘,s = (al-l‘l ”{' ag.rg '*‘ a,) 8.3 - 6‘]"’“-3 —_ 8‘.‘a.(aaad_a'
so that the relations (51.78) imply
4
Ly=Cya(a,0,+apry +ay) —Cja3tapately 4 E a,ol) i n,,
sml ( 51 [ 88 )
where Gij) are given by (51.81), and
Wy = C”.av.'g — ﬂ"f. ( 51 . 89 )

In view of (51.82) == (51.84) and (51.88), the equilibrium
equations (51.2) are reduced to
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Tae = 0 in X,

(51.90)

On the basis of the relations (51.85), (51.88) the conditions

on the lateral surface become

Tty =0 ON L,

(51.91)

Consequently the functions vi(xl,xz) are the components of 3

the displacement vector in the generalized plane thermoelastic
deformation problem (51.89), (51.90),(51.91). We will assume
that the solution of this problem 1s known.

From the conditions (51.5) -- (51.7) we obtain the follow
system for the constants as

'g‘l Lya, = H,, (r==1,2,3,4),
where
Ly = Sz: Ta[Cagaztn - 6§ | da, ’fan‘—*ss-l'a[nanna + o) da,
Iy = Sx-"'a[Caaaaf’Bas«"s o da, Ly,= Ss[caaaadh + o] da,
Laa’*Ssl(’ma +of]lda, I, =Sx[(7aaus¢’zs-s-"e { o] da,
Ly =:S;;,p 8Lo| Cpasa 1y + 0l | da,

Iy =S eaent’o[ Cams +- ob%'] da,
]

Ly = S!; 308 o[ Cuzva 103 13 + aff) | dla,

}” = —S‘a-,nmda, "3 = —S 833(]0, l[‘ = —-S €3ap Ty T, 3(10.
L X L ’

ing

(51.92)

(51.93)
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It 1s known that (Lrs) ¥ 0 (Iesan [203]), so that from the system
(51.92) the constants a, are determined uniquely.

The conditions (51.4) are satisfied, similarly, on the basis
of the equilibrium equations and the conditions on the lateral
surface. Thus, we have

S 'nad" = S (tya -+ J'.‘:Ia,p)('(l '-‘:S (g lsn)p da =S Talaghp da =0,
L T £ E
Consequently the solution of the problem P(O) has the form (51.87).

If we keep in mind (51.86), it can easily be seen that in the
case of homogeneous and isotroplic media, the constants Lrs are
reduced to

Ly = ps rgrgdd, Loy = EASS, Ly =0, Lyg=D,
}

where E i1s Young's modulus, and A,xg and D are given by (51.19) and
(51.44).

Next, we will study the process of recurrence. We
are looking for the solution of the problem Pm'1 when the temperature
is given by (51.20) in the form

- %, 4
g =(n H)[S Wty | bt byengrary 1Y b | w0, (i, w-..)].
(U - 1=l

) . (51.94)
Uy =(n t-1) [s gy - (byay | byry t-by)ay - Y, b | wy(ary, .r,)],
0 s )

where ug are components of the disp'acement vector from the

problem P(n) corresponding to the temperature (51.21), wi(xl,xe)

N
n
n
o

are unknown functions and br(r = 1,2,3,4) are unknown constants.

We obtaln from relations (51.78), (51.81), (51.20), (51.21),
(51.94)
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ty = (n -t 1) [s 18003+ Coygalbyry t byrg | bg) —Crieseapabyrs -

0
4
! zbmii'_i'ﬂu b ,"H]o + (51.95)
sa |
where
%y = Ciuptls g,
(51.96)
ky = Ciyqul(ay, 25, 0). (51.97)
If we keep in mind (51.82) -~ (51.84) and (51.95) the
equilibrium equations are reduced to
Gis,a + (1‘1 = 0 in S. (51098)
in which we designated
Gy 1p) = (fy(xy, 19, 0) -} Kiga- (51.99)

The conditions on the lateral surface become, on the basils
of relations (51.85) and (51.95)

Cially = ll‘ on l‘, (51-100)

where

I’((J'], J‘2) = - k(u"a‘ ( 51 . 101)

Consequently, the functionsvuﬂxl,xg) are the components of
the displacement vector from the generallzed plane
deformation problem (51.9€), (51.98), (51.100). Keeping in mind
the relations (51.99) and (51.101), we can writc
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Sn(l.da e S;."‘ de = gvl.‘,(.r,, Tgy 0) da,

. (51.102)
S:.‘ €387 Gpda - SLfssoJ'cl‘u Ay == S easy o lfa(ay, 24, 0) da.
x

Inasmuch as the functions t'iJ satisfy the conditions {51.4) --(51.7)
it follows from (51.102) that in this case the necessary and
sufficient conditions (51.80) for the existence of a soiution of

the problems (51.96), (51.98), (51.100) are satisfiad. In the
following we will assume that functions w, are known,

From the conditions (51.5) -- (51.7) and (51.95) the following

system for the determination ¢f the constants br results

e
QMMML,U 12,38, 1),
)

(51.103)
where L _ are given by (51.93) and /221

K,=.S.“uu+k”um.K,:—S(a”+kmdm
L T

K,= -—S;’a,a.r,( apa-{-kga) da.

The conditions (51.4) are similarly satisfied on the basls of the
equilibrium equations and boundary conditions. This can be

shown in the same way as in the case of homogeneous and isotropic
media. With this, the problem which posed 1s solved.

In the case of homogeneous and anisotropic media, this problem
was studied by Chirita [60].

d) Bars composed of different nonhomogeneous anisotropic
materials. Let L-=1Iyuly IynL, =0 We assume that I is an
arc of the curve from I so that J,ul' 1s the boundary
of the domain Zp included in I so that EI;nkX, =0, We will
consider that tlre domains Xp are occupied by anisotropic medila
with different thermolelastic properties, and designate by Cfu, 8.




the corresponding coefficients, Let Rp be the three dimensional
domein occupied by the medium with the coefficient Cigal. e§§2

We assume that
Ol = Clli(a,, r,), B = Bi¥ (ryy 2g) i R,, (51.104)

Similarly, we will assume that the tensor Cigil is positively

defineu and of tne class C°. The domain I will be considered
as being occupied by an elastic medium with discontinuous
coefficients at the passage through I.

The displacement vector and the tension vector must satisfy
the conditions of continuity

(vd = [ (tohve = (tel.ve on T %[0, 1] (51.106)

where ve are the components of the versor of the normal to T,
exterior to the domain 21.

The problem of thermoelasticity consists in the integration
of equations (51.2), (51.78) with the conditions (51.3), (51.105),
(51.4) == (51.7), in the case when the temperature is given by

(51.1) and Cijkl’ 81J have the form of (51.104) in Rp.

Let us consider the problem of the plane generalized de.ormation ;Qﬁ

in the isothermal case for the domain I [203]. We will take into
account the mass forces fiffe C>(¥,) 80 that the equilibrium equations
have the form

'41.1 t- f‘b) =0 in }:p, (51.106)

The constitutive equations are

— . -
ly=Cpitag in X,

(51.107)
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If the components of the displacement vector and of the tension
vector are continuous at the passage from one medium to another
we have the conditions

["‘ll o [“l]ﬂ ["l)lvl ﬂ:[".],\lﬂ on P. (51.108)
Let us consider the following boundary conditions /222
laigle = AP onl,
(lc ll. '] (1] (51'109)
where hip) are functions of the class C .
If we ccusider the results derived by Fichera [112], it
follows that under the assumption of certain regularities (see
[112] p. 386) the boundary problem (51,106) -- (51.109) has a
solution MEC™E, uL)n €Y,y Lyn C=(%)
if and enly 1if
2
) [S: J®da 4-S h!”clv] =0,
o=t s L,
(51.110)

lil[s’;a'm“l‘ ' da *'SL”&IN’J‘S"’ il”] =0,

It can easily be seen that, if the conditions (51.108) are replaced
by

(nch =[] [ladive = [taizva + 9 ON T,

(51.111)
where g, are functions of the class CQ, then the conditions
(51.110) are replaced by
2
L [Ssﬂo)da %-S P ds] +S g.ds =0,
eeti e o P (51.112)

2 :
) [SL et fo da -{-S ca,oa-,h{,”daj-f-s €300 A8 = 0.
P Ly r

o=

DY T D e

e iR




We will use four special generalized plane deformation problems

that we will designate by C'°)(s = 1,2,3,4), Let via) and o(s)
be the components of the disjplacement vector and the com onenta
of the tension tensor respectively, from the problem C(s . The
problems C(S) are characterized by the equu.ions
02’ + (O -:a"'i)u =0, (3=12),
033- 4 Cl:b.. = 0,
(51.113)
c’:?l - '0’3(0‘:%3’.)91 = 0!
; and the conditions
[v!”]l = [D(‘" ]ﬂv lc::)}l". = [0:;’];\'. -4 :. on I‘, (51 . 115) ‘
; [osg’".]o= —("}:‘S'TB”G. (ﬂ:]' 2)' %
‘ [ n,Jo= —Chy,, (51.116)
[d’c"‘. j’ = eﬂﬂac“:,'m&'a”‘ on "9' l‘ f';
2,
/223
= | Oy — Cidls | ravq,
g = [Cidhs — Cilhs] v,
(51.117)

9 = “’naslpnns — Cihs] 2y,




It can easily be verified that for the problems C(s), the
conditions (51.112) are satisfied. In the following we assume

that the funcions vis)and oij) are known.

Let us search for the solution of the problem P(O) in the
form of (51.87) in which vis) are the solutions of the problems
C(s), vi(xl,xz) are unknown functions and ar(r = 1,2,3,4) are
unknown constants. In this case the compcnents of the tension

tensor are express2d as

= P . . 4
fy = Cla(ayy + agry + ag) — Cluemsayzg | Y 0,08 + n,,,

| = (51.118)

L where

Ty = Cllaves — B2 f. (51.119)

If we consider the equations (51.113) and the relations (51.118),
it follows that the equilibrium equations are reduced to

' “'g,g = 0, ill -‘-:. (51.120)

Keeping 3ia mind (51.116), the conditions on the lateral surface

e e

become
Rigly = oonl.
(51.121)
From (51.115), (51.117), (51.87), (51.118), and (51.105)
the conditions follow
[oh = [0y [®hva = [Tigleve ON T (51.122)

In the following, the functions Vi(xl’x2) are the components of
the displacement vector in the problem of the plane thermoelastic
deformation (51.119) -~ (51.122) in which the temperature variation
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is f(xl,xz). We will assume that this problem 1s solved.

The conditions (51.4) are satisfied on the basis of the
equilibrium equations and the conditions »r the lateral surface,
the same way as in Paragraph 51 (c¢).

From the conditions (51.5) == (51.7) we obtain the following
system for the unknowns a,

4
L Mea =y (r= 1,28, 4), (51.123)

where we use the designations

2
My = Y, SL‘ P C%ary i ol | da,
pat v%

(561.124)
/224
.xJ = LS I(‘an: - "Il’l‘l"v
.\.a . el C¥aegayrn i oll) [da,
e ~a
2
‘":l- S [(am'. {- a"’||lu
o L,
M - % 108 1 ol o
ol~
\] S '
M, z S“ l("&?l‘l'l"ﬂ.::rvﬂ Fald ] da, j
ot ™) !
v, - |
T 'p}-‘, Sv "“"“"’ﬂr(‘i&’u €y "WN"» ':
Ty JE, §
'"m S‘_ ";mri-"n[(‘gﬁ’m } ﬂaq Jdba, |
p=l “p i
M, ) S“ Canpet o[ (’r\?\’vul'xvs-"x t ﬂAﬂ'lclu,
pmt Sy
P LR :
« , aan l"v 4‘3 s .R;m(lll, zl‘ - -—S ('hﬂ"‘a“ﬂnd“-
L Jy
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It can be shown (see Iesan [205]) that det (Mrs) ¥ 0, so
that the system (51,123) determines the constant ar. With this,
the problem P(O) is solved.

Let us study now the recurrence process. Let us search for
the solution of the problem P(n+1) in the form (51.94) where
v(s) are components of ths displacement vector from the problem
C~5% wi(xi,xe) are unknown functions and br(r = 1,2,3,4) are

unknown constants. In view of (51.44) it follows that

tys= (0 4 1)[S Uy o By | by | by

0

! 4 (51.125)
: =Cliarapabyry Y bal o4, 00
o R}
Y :
. where E
ke . 3
Ty - ('(oﬂ-ﬂ 15 py (51 R 126) _‘;
MY OBy ey e 0). (51.127)
]
» The equilibrium equations are reduced to /225
o
| Bz 1 OF -0 in I, (51.128)
in which we designated
Hf%ﬁwq)»:me,er){ﬁﬁL. (51.129)
The conditions on the lateral surface become *
["l;":Ja = ,'!91 on "" (51-130)
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where

P = — 1o, (51.131)

If we keep in mind the relations (£1.115), then the ~onditions
(51.105) are reduced to

[ = [10dey  [95)v, = [7)av - qo ONT, (51.132)
in which

4o () — kD] v, (51.133)

Thus, the functions wy are components of the displacement
vector from the problem of the generalized plane deformation
(51.126), (51.128), (51.130), (51.132). The necessary and
sufficient conditions for the existence of the solution of thils
problem are satisflied, which can be easlly proven. In the
following we will assume that the functions Wy oiJ are known.

The conditions (51.4) are similarly satisfied, which is proven
similarly as in Paraeraph 51 (a). From the conditions (51.5) =--(51.7)
we obtain the following system for the constants br

S‘_: M. h,=B,, (r=1,2,4,4), (51.13“)

=1

in which the constants Mrs are given by (51,124) and Br takes the

expressions

2 2
2 .. . X i e
R, L&mMrWNm%=~ESMmH&M,
eml ey b=l :9
2
) - \
by - - .\_,S‘ €300 Fa( G2y -1 kLY da.
p=1l /= .

e
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The system (51.134) determines the constants br and
consequently the problem posed is solved. Obviously, the case
in which the domain I is occupied by n elastic media with different
properties can be treated in a similar manner.
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: CHAPTER VI. NONLINEAR THERMOELASTICITY

52. Successive Approximations

Let the equations of the nonlinear theory of thermoelasticity
be written in the form (21.12) -- (21.i5). We will consider the 4
initial conditions (21.9) and the boundary conditions (21,10), :
We assume that the reference state is a natural state and that i
the functions & and 51 are analytie. Consequently, we have |

E = E A'( E'“ T! ‘\'1)1 ()( = i er(Emm T9 T’h “’a)’ (52 * 1)

4 rel

(5]

where Ar 1s a homogeneous polynomial of degree r in EiJ and

‘ T and Qir are polynomials of degree r in the varilables E qQ’ ‘

‘ , T and T K while the coefficients of these polynomials are functions }

F of Xs. ,In the case of homogeneous medla, the coefficlents of tnese ’
polynomials are constants,

We assume that the charges depend analytically on the
parameter € so that

fo = § P, P o= E e,
Nl =l (52.2)

a, == E ,nasm b = - A e - n..(8)
M, 1—25’69 ’10—25"09

nsl n=| n=1

O="Ty+ 3 T 1% =¥ pm,

é nal n=1

The specification of the parameter ¢ depends on the specific problem
under consideration (see for example Green and Adkins [141]).
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We assume that the solution of the problem has the form

Uy = i ™, I'= 7, i et I, (52.3)
LR

tal

We will establish the equations and boundary conditions
and the initial conditions for the functions uin)’ T(n).

In view of (20.9), (21.14), (21.15), (52.1) it follows that
we are able to write

T, = Cunlte, s — Byl -+ I,
Po% = Bylti, - al 4 8, (52.4)
Q = ky8y, i Ay, 0 =T~ T,

where niJ and S are polynomials in Mg and T which do not contain
’
linear terms, and Ai are polynomials in Uy, o T and T Kk which do
9 L]
not contain linear terms. The coefficients Cijkl’ BiJ’ a and k

i
do not depend on u, and T and have symmetry properties (23.13;.

s S

From (52.3) and (52.4) we obtain

T, = ¥ etp - ® (52.5)

where "
T3 = Cuypouf, — By I,

P = Byl .- a0,

oY = kT,

5 = ot e+ 1, (52.6)
Pon'™ = Byul®) + aTw + 8§m,

in) __ .
C=kgTR AR > 9
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In the relations (52.6), ni?) and S(n) are polynomials of a

higheriegreethan one in the variables uiag and T( )01-1.2....,n 1)

and A1 are polynomials of a,degreelarger than one in
ugoay ) ana 19 (o w12, ne0).

From (21.12), (21.13), (52.2), (52.3) and (52.5) we obtain
the equations

TR+ pofi™ = pofif™,

PoToR™ — QN = 29r™ + 2 Q®b, =1, 2. .. " (52.7)
where Qo =0, Q = —(Tgo 4o, - T‘”ﬁm), k=2 3, ..

If we consider the relations (52.6), we derive from (52.7)

(Crmttl)yy = (BuT™),, - pob'™ = gyiitm,

|

b e e i iiemem it s v e ki kb

(52.8)
(R T3)y 0 — By 0™ —aT, " = o W™,
. no— 1,2,
where
]":l) =f.m’ W ’.m'
Pl = ga i gy, e e _ L gy
Po (52.9)
'}‘ QMW“ - ’I‘og:.)y H o 2, 3, * e
The 1initial conditions become
WY, 0) = a™, AW 0) = b, 79X, 0) = v, (52. 10)
335
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The boundary conditions imply

v

’WWWNP 5w
T e

e = pe X% (0, 1), (Craauif?y — ByT™) N,y = (52.11)

e 7:" pe .‘.:3 x [0, '@),

T® o T pe Byx [0, 1), ky TN = ™ pe ¥, X (0, f,),

i
¥
i | in which
} W == PN =
| . (52.12)
| ﬂ‘) == ”1.) - “‘p'd”‘vh H = ™ — A‘.M tvu "= 2,3,...
i
} ~ When n = 1 the equations are the csame as those in the linear

’
Let us assume that ujgl),T(l),...Tugm'lﬁ,T(m'g) are determined from
the above equations and conditions. Then for n = n we obtain
a problem characterized by equatiors of the linear thermoelasticity
for the same domain in which the loads depend in a known way
- on the functions ui“), (@) (4 o 1,2,..., m=1), determined in the
previous pages. The solution of the problem for n = 1, if it
exists, 1s unique, and consequently the loads which appear in
the problem with n = 2 are uniquely determined. Thus, for n = 2,
the solution 1s unique. In general the functions uin) and T(n)

are uniquely determined.

The method presented represents an extension of the method
of the successive approximations of the theory of elasticity given
by Signorini [365] (see also Wang and Truesdell [U436]).

An interpretation of the development of (52.3) follows from

the generalization (Iesan [188]) of Rivlin and Topakogl:'s theor'm
[350] of the theory of nonlinear elasticity.
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3 A, O = ﬁ iy
[

we say that we are dealing with a theorv of thermoelasticity of
the order N.

53. The Theory of Thermoelasnticity of the Second Order

We will establish here the equations of the theory of
thermoelasticity of the second order in the manner given by
Chadwick and Seet [52].

The following consideretions assume certain conditions of
regularity for the functions of ¢ and 51 in a neighborhood
corresponding to the reference configurations; these conditions
appear in all theories of this type.

Let X be set of functions {ui,T} corresponding to the
admissible thce.modynamic processes in the medium under consideration.
The element {O,To} from »x  corresponds to the thermodynamic

process in which the medium remains always in the reference con-
figuration,

It is always possible to introduce (see Paragraph 35) a length
20 and a time to, which are characteristic for the material under

consideration, which together with po and T, permit the use of

0
certain adimensional quantitles.

Let
a, = SE[) Hug gl 4 14T Ty, + 7oy},
— x -1 S :
a, hl.lp{lﬂa,:' LT T, | 4 Tet)0] | (53.1)

- lol e g | -+ BTG T ] + tol e 4} -+ ,T5410]),
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where |-|o)..,|' = (-"u,..a-“w...l,"'-

The quantities ay and a, are called the primary and secondary
amplitudes, respectively, of the admissible process. Obviously
a,< a,. We will designate by ., the subse: of X defined as
the intersection of the domains of the functionals a8y and 5.

In order to establish the results which follow, we will limit

: ourselves to admissible processes for whicl {w, Tjc Xy, i1, af < 1.

F As will be shown, the restriction a; « 1 %8 sufficient to derive

f the constitutive equations of the theory of the second order

| thermoelasticity end the condition ag << 18 necessary to Justify
]

their substitution in the equations of motion and in the equation
‘ of energy.

| We assume that & 1s of the class Cu with respect to FiJ and T

in the neighborhood of the reference configuration é
| Byl + Tot10] < 8, -

and that éi are of the class C3 with respect to Eygs T T 1in the

neighborhood

S e
] | Byl - 1oTe M1 Ty, - Tyt 0] <3, 1
L while the positive constant § was selected in such a way that

) T gl € g < {ug ' 1B < 8),

l\
I
o

} Developing in Taylor's series around the reference
t configuration we obtain ii

+ l Ml 1 \ \] A J
—‘)— CoukyEnw —Bykyd — = ab? -+ n ChuimbyEubne -t

o
.

L OB — - BB — b0 O, (53.2)
- )

o
-

()‘ = (k” -*‘ ”l‘",E" -+ ";‘k("eyr + ’\'“’0) 0!1 '*' o(a?)'

¥
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where
d% 3z
Cusy = -—-—————-) Cinsime -(_._..l’_.i'____
0By Jo' "™ \OEEudEa )o’ (53.3)
2% 15
qmu(.“__”ﬁ,, m_( a3
OB OEWOT Jo Pu AEOT o' (53.3)
2% _ 9% 9% g,
ab",«?T') T 51‘?)0' == 0”175) bu = 01'.‘,)
2%Q 3%Q 3
k"' ( ] ) Y = ( o ) — 0 Q‘
9T, 0T,, W =\ar, ot ) T T \oT. e ,)
The new thermoelastic coefficients have the fcllowing symmetry
properties
Cunmn = Cuum = Cllmm = Cparasy
Y, = O = Ciliy,
(53.4)
ﬁ‘}‘ = B“ ' k"r = kun Myjrs == Mygee-
Substituting (53.2) in (21.14) and setting
' 1
Ey =ty + - U e ey = Ug, g+ Uy 00 (53.5)
we obtain
Tl} = Cypelry — .'5110 + "g‘ Clmmntnzmu -+ olrm\“u,n“;_' -+
+ :E‘Cl}mn“',mur,n A (O, = Bty ) O _..l,.{;wm 0(ad), (53.6)
— 1 1) 1
pon = Busey -t ab - Ciisnen - ".Tﬂll“m.l“m,j {-
B egd - b0 OGd).
Tt follows from (53.2)2 that
~ 1
Q= ("'H 1= Myges€ra i - khlo" -4 ;“'1')0) 0” + O(a?)
- ' (53.7)
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The constitutive equations of the theory of thermcelasticity of
the second order eare obtained from (53.6) and (53.7) imposing

the condition that az <« 1 which justifies the neglect of terms
which have not been explicitly stated., When expressions (53.6),
(53.7) are introduced in the equations (21.12), (21.13), terms
will appear containing both u, 1,5° 0 ,r? 6 and also u1 rs’ 0 pq’
ﬁi.J’ 6. As a general rule the terms remaining from (53. 6; and
(53.7) will not generate terms of the order ag. Thus, the
condition ai « 1 18 not sufficient to express the equations

with partial derivatives of the theory with the help of the
components of displacement and the temperature variation. We
will replace this condition by a stronger condition ag « 1. It
follows from (53.1)2 that the terms which appear by the introduction
of the constitutive equations in the equations (21.12), (21.13)
are of the order By, Inasmuch as a quantity which 1s of the
order of ag is of the order ag, it follows that the order with
respect to a, of the relations (53.6), (53.7) 1s maintained by

the derivation operations implied by equations (21.12), (21.13).

Thus, imposing the condition ag « 1, the equations with partial
derivatives of the theory of second order thermoelasticity
expressed in variables u,, 6 are obtained by replacing (53.6), (53.7)
in (21.12), (21.13) and by neglecting the terms in O(a ).

In the case of the homogeneous and anisotropic media, these
equations are

Ciratty, s — B0y t Copramatis, sltm, ng +
b Crme(tm,alte, o) + U, aslts,r) -+ Cismatte, mttr, us + Oty 0 +
bty 40y — By, 000 1 1 ,0,4) — BIOO,, A pofy = potly,
KegOyas - MugreCti 0005 -+ 10,40y ) + Fig,, 0, + (53.8)
4 (00, ), — ToaC — To(Byity, s — Clluy, 4y, +
+ Bogttm,otim, g + B0 16) = By + ToBY) ,,0 —

—(a -+ bTy) 00 = — g,r.
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If we consider the relations from Paragraph 22, we can
derive the equations of second order thermoelasticity
for isotropic media. Thus, in this case the constitutive equations
are [52]

T.’ g 7“"3., -4 Q fegy -{508" f

y 1
-4 {~2 Vi€ € - V28,8, | -.,. )“‘....‘... - A‘"C"O —
-

(53.9)
1 "

- 3'5"’0‘) B 1 2Avazy, + W0 g, -

+1(kc.. = B0) uy ¢ At vy ety —pu, N, ,,

!
Pon = Ben 1 a0 — = WV, —uPeyey -

1
t o Bup gty o + BV, 0 } bo?,

Qi = k0, + m0,.¢, 1 2m,e,0,, | A'V00,,.

In the case of homogeneous and isotropic media, the equations
(53.8) become

(A4 (v bov) (A w0,
b F v, (Y —=PB) 0w,
BN ) e b 2va v e ) e+ 20 - va) Wy ol e ot (53.10)
F A A ) s+ 20 b vg) W 1 2t va) gt e

- (ﬁ * ‘5("0 - A“'"v,r) 01! '*' (2“‘""16,77 - p”l.r) 0” : Po.’l = Poﬁn

(k - AVO + mu,,)0,,, + 2mu, 0,
4 (g, g 4 2mguy, ,,, + kPO, 0, —
— Toal —(a + bTy) 00 — TBVn, b —
~{Tof + (B -+ TeBM) O — TorPu, ,}u, , —

— ToBr,, , = 2u¥u, ,\) #, , = — gory
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where

1
Uy p = ';'("!.! + ).
-

An incorrect version of the equations of second order
thermoelasticity for homogeneous and isotropic media was given
by Dillon [86]. The correct relations for this case were derived
by Hermann [170].

Application. Let us consider the case of plane waves li: i..e
theory of thermoelasticity of the second order. We assume that
u, = ui(xl,t), 6-=6(x1,t). Equations (53.10) in the absence of mass
forces and thermal sources become

(Mt 20+ (B2 4 6 + v, + 6y, + 8vy) Uy, +- (53.11)

FAMD - 20— ) 0Ly ) - (A 2u 4 vy |-

2 va) ety — (B = (AP B~y 4 B9, = pgdiy,

(o + (A + 2 + vg + 2v) 1 + (0P —B) 0} up,y + |

4 (M 2 4 vy 2vy) wp gty + (1Y = B) up, 9y = poiry
{k + kW0 4 (my -+ 2mg) 4y} 0,y + {(my + 2my) uy y +

] 4 kvo,,} 68, — Toa6 — (a + bTy) 00 — To{i‘l’u,‘,i)—-—

—{ToB — To(AV 4 2p —PB) 2y, + (B + ToBW) 0} 4, —

- — To(p® — B) "A.l'i‘.\.x =0,

where T,A = 2,3.

If we set u, = o(Tr = 2,3) then we obtain from (53.11) two
equations in the unknowns ui and 6 which permit the study of purely
longitudinal waves. Similarly, if we set in (53.11) u, =u, =0,
we can study the possibility of purely transversal waves. In contrast
to the linear theory, these waves will be affected by the thermal
field.

Johnson [225] carried out 2 study of longitudinal thermoelastic

waves.
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54, A Stoppelli Type Theorem of Existence and Uniqueness

Let us consider a homogeneous medium which 1s in thermo-
elastic equilibrium under the action of mass forces poch, of the
superficial forces eP1 of the heat source pocw and of the thermal
flux €H where € 1s a parameter, and Fi,w,Pl, H are prescribed functions.
If we consider the relations (21.12) -- (21.16) it follows that in
thlis case the basic equations are

the equilibrium equations

Ty, y 1 poel =0,

(54.1)
the energy equation
Do i ppclV 0, (54.,2)
the constitutive equations
. , la 1 da
: M, m ot L
i “(“l,h ) ll‘ ('Nl', ’ fo T ’ (5“03)
O Qu, . 1T, ) in B,
The boundary conditions are
]
TN, <. QN, ell on oh. (5h.4)

The problem posed represents and extension of the problem

; considered by Stoppelli [397] in the nonlinear theory of elasticity

to the theory of thermoelasticity. Stoppelll [397] studied the
’ ) equations of the theory of nonlinear elastostatics for charges of /234
| the type which appear in (54.1), (5U4.4) and under certain conditions
he proved a theorem of existence and uniqueness. Moreover, if
; le| 1s sufficiently small, Stoppelli showed that the solution to

: which the theorem of existence and uniqueness refers depends,

! ; analytically, on €. Truesdell and Noll [421] #nd Wang and Truesdell
t : [436] presented Stoppelli's theorem. In the following, we will present %
briefly Stoppelli's method with reference to the problem of thermo- 3

elasticity (54.1) -- (54.4) (a problem studied by Niscor [309]).
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It can easily be seen that in order to have the existence
of a solution, the folliowing conditions are necessary.

by,
PydA -rS gl dV =0, S Hd4 +S poSdV = 0. (54.5)
1} 8 (i]:] B
Following Signorini [366], we assume that we have
S eou Xy Py 44 --rS 2ot X Fy AV = 0, (54.6)
aB n
: The idea consists in the reduction of the problem of the
; existence and uniqueness of the solution of the problem of
L?, nonlinear thermoelasticit:, when |e| 1is sufficiently small, to
the corresponding problem from the llnear theory.
}? We assume that the reference state is the natural state.
} This means (see Paragraph 23) that the function & is such that
. we have
B 95, 9B
d"‘.’ g ‘b.’l; == 0 for “‘., = 0’ 1‘ = TO‘ (51‘ .7)

The functicns Qi is satisfied by the corditions (20.9), thus
. we have

é‘(“l.n Tv 0) = 0.
(54.8)

In certain conditions there result the existence and uniqueness
of # solution {ui,T} with the second order derivatives which
satisfy the conditions of H8lder and the condition

u(0) = 0, T00) = T, (54.9)

L e TR e e i sl A ik A s
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Let the equations of nonlinear thermoelasticity be

Thi+ pofe =0, Q8+ por =0, (54.10)

with the conditions

TN, =T, OIN, = T on 9B, (54.11)

and (54.9).

Let us censider the deformation xi(x) obtained by the
superimposition of a rigid rotation Q, around the origin on the
deformation xg(x). In view of the designations from Paragraph 19,
we have F = QF#, Tt can easily be seen that the relations

= # # i
TJi,J QfsT Js.J’Qr.r Qi.i' take place.

Consequently, if the functions {xg(x), T#¥(X)} represent a /235
solution of the problem (&4.10), (54.11), then {xi,T} where
Xy = Qijxg’ T = T*# represents a solution of the problem

Tﬂ.l + pleafn = 0, Q‘.‘ 4+ pol = 0 in B, (Su a12)

TuN, = Q.T,, QN,—H ongp. (54.13)

Inversely, 1if {x,(X), T(X)} 1s a solution of problem (54.12),
(54.13) then {xfu= jSxj’ T = T#} represents a solution of the |
problem (54.10), (54.11)., It is appropriate to consider the
problem (54.12), (54.13).

At the start we wlll introduce some designations. We say
that the function u, defined on the domain limited by @, is of
the class C<*} on 0 1 u€ C*(Q), and the derivatives of the order
k satisfy the condition of H8lder with the exponent A on Q.
Let * € 0Q. We say that (yl,yz,yB) 1s a system of cartesian
local coordinates with the origin in x¥*, if ¥y = aij(xj - x¥),

J
with (aij) the orthogonal matrix and the axis x*y3 is directed

according to the exterior normzl at the point s. The surface




31 is of the class Ck’x i1f there 1s a number r > 0 so that the

intersection of the sphere with the center in x* and radius r,
V(x¥*,r) with 3Q may be represented by y3 = r(yl,ya) with fe C¥ (D),
D being the projection of Vnvfl on y3 = 0,

We designate by Z the space of the elements of the form
z = {ui,T} where u e C*X(B), T e C*X(B). For :¢Z, we introduce
the norm

] 3 )
N2 = .23. max FARE }‘l max 251+ 8 (max|z | 4 9m)} ' (54,14)

IR

where 2y ®Uy, zu =T, Bijr is the H8lder coefficlent of the
function ui.Jr’ and thr that of the function T,Jr’ With this
norm the space Z is a Banach space.

Let Z' be the space of the elements of the form

i {(l’“ \l'; Pis !‘l},
which satisfy the conditions

O, Ve CNB), op e '} B),

(a) |

S o, dV +S g dd 2 0,
n

ols

(B) S C'“.“',q)k av +s l’u..",Q‘ d4 = ()’
B uB

S Yav -ys $dA = 0.
B B

For s+ ¢%Z' we define the norm

sl = i ["“}‘-"- LIRS nulx ol + b+ e+

s=

-+ m'si\xl‘l’|+m'j}xxl¢l 4 b+ (54.15)




R

where bi’ b are H¥lder coefficients of the functions Oj, Y, and /236

CysC are the largest of the H8lder coefficients of the
derivatives of the functions ¢1, ¥y with respect to the parameters
of the representation of 3B. It can be verified that 2°',

provided with the norm (54.15) is a Banach space.

Let us designate by Z" the subspace of the elements of Z which
satisrly

rotw =0, =0, 7 =17T for Y =o.
: o (54.16)

It can be shown that Z" 1s also a Banach space. We will
assume that
(1) B 1s a compact set and 3B 1s of the class c2?
Sii) ¢ 1s of the class Cu with respect to the variables ui,J’T and
Q1 are of the class C3 with respect to u J’T,r’ T in the sphere
S={z| ||z =-2,|| «R} from Z, where = (0,0,0,T4)3
(141) 20 {polyy oW I 11} < 7.

i,
20

Let us consider the relations

Ty coai b, -y, Q + gpor - Win B,
o (54.17)
- l,,‘\‘, + Q.0 - Poy --‘I,N, 4 «H - ¢ on JB.

Considering these relations as a functional transformation, we

will try to determine the rigid rotation (Qid) and the functions

{xi(x), T(X)} so that ¢, =0, ¥ =0, ¢, =0, v, = 0 and thatrelations
(54.5), (54.6) be satisfied. Let z = (uiT}, z! = {®1,W;¢1,w}, and
G(z) = z' be the application defined by (54.17). We will determine

the rigid rotation Qid so that element z' defined by (54.17) belongs

to the space Z'. Accordingly, we will have G:Z +» Z', Keeping in

mind the assumptions (i) -- (111), it follows that the first

condition from the definition of Z' 1s satisfied. It follows from
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conditions (B) that Qij must satisfy the equations

t"l)le'rAh == .’"”

where

A"z&%LﬂdV+SjﬂhM,

& ol

AL=Sem%uUZ

B

Consequently QiJ must satisfy (54.18) and

le()lm == (!rl(r’r} = 8”, det (()U) =1,

We will write the equations (54.18) in the form

1
fﬂn—-;=M’

where the application of # 1s defined by the set of their own

(54.18)

(54.19)

(54.20)

(54,21)

orthogonal matrices. It is noted that F(3,) :-". The problem of
the inversing of the application of F was resolved by Stoppelli /23
and, as 1is known, this application is inversible if, and only if

det (A“ —_ A"S") # 0.

It is known that
(l('t (Au —_ Ansll) = 0’
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then there existes an axis so that any rotation of the body around
it, while maintaining the loads, does not modify the

state of equilibrium. It is said that the loads have, in this
case, an equilibrium axis. Therefore, we have the following result
from the theory of elasticity.

Theorem 54.1. If the 1loads {Fi’ Pi} do not have an equllibrium
axis, then there exist two positive numbers a and B, 1independent

of €, so that 1if
lﬂll <¢|‘|v

the equation (54.,21) has a unique solution Q, with the properties

Qi — 8,1 < B.

In view of assumption (ii) it must be the case that ze Nz, R). This
implies a certain higher limitation for |e|. The application
G(z) = 2' is defined on  N(z,k) c 2 with values in .',

The following stage represents the problem of inversing

the application of G in the reighborhood of a point 20.

Proceeding 1n the same way as in the case of elasticity,
it follows that this problem is reduced to the existence and to
the unliqueness of the solution of the system of equations from the
linear theory of thermoelasticity

(-"Utl"k,u - ﬂ,; 7';, = S(b‘, 11'07',11 = 8% in lf, (5" 2u)

with boundary conditions

("un“k_l - ﬂ(;'p.;) ‘\', — -—8¢,, -—';‘,“T"’N‘ == 8!1'; ondap, (5“ .25)

In view of the assumption (1), the definition of the space Z'
and the results from the linear theory of thermoelastic equilibrium, it

349

B
R b Bt - i e e o s




- - EwINT T

follows that the boundary problem (54,24), (54.25) has a unique
solution which satisfies (54.16). This solution admits second
order derivatives which satisfy H8lder's condition. Therefore
we have

Theorem 54,2, If conditions (i) -- (111) roccur and the
system of loads (Fi’Pi) does not have an equilibrium axis, then
there exist two positive numbers y and x so that for |e| < y the
problem (54.1) -- (54.,4) has a unique solution z = (ui,T} which
satisfies (54.9) and || z - 50||< X

The extension of Stoppelli's method to the equations of
thermoelasticity does not cause any essential difficulties.

If the functions & and 51 are analytical ones, it 1s shown
that the solution, the existence and uniqueness of which was

mentioned above, does not depend analytically on €.

55, Plane Deformation

a) Statement of the problem. Let us consider the equations ;
of the nonlinear theory of thermoelastostatics written in curved j
coordinates (see Paragraph 2U4). We prefer this type of writing E
because it facilitates the formulation of the problem in complex
variables. We select a system of curved coordinates ei so that
93 = x3. The state of plane thermoelastic deformation parallel
with the plane X,0X, 1s defined as being that state of deformation

1772
in which we have (Green and Adkins [141])

:"a"—"‘"a(olv 0%), wy == Te( 0, 04), ry = Xy = 03)

(55.1)
T = T (0, 0%).
In this case we can write
R = R*(0, 62) 4 0%, r = r*(0, 0%) -+ 63A,, (55.2)

A E S




go=a, G =2\, go=0;5 f3=1, fu3=0

Go = Ay Gy =0, Gy=1, 9 = |as| = a, G=|4,1=4. (55.2)

T TR N ST

v
‘

1

3
&
L

It follows from (24.13) that

2Yep = Agp — gy Y13 = 0. (55.3)

The invariants Ir defined in (24.22) take the form

e T

L=1+a"®4, I,= -‘3 (a,pA®® + 1), Iy = -‘:—~ (55.4)

| In view of the fact that auBA“BA = avavpa. the relation fnllows

L
]3""12"‘1"—1:—'0. (55.5)
g k
F Let |
‘ 4 = - 4= - :
Is Il,J E 13,J1 I1 3,J2 I2 211 + 3,
Obviously, we can write éf
&= Iy Iny Iy T) = oy(I, J, T) = (3%, J2, T). (55.6) i

The relations (24.71) become

s AT A i i

0 = W 0% PA, (55.7)

A L kLt

=0, =04 (I-1)¥ 4+ p, 5

. where _ 2 _i'{c__l _ _?__(i'_c, _ va, {239

Vo or — yas\eJt (;Jg)’ :
. 06 o U do :
y:zVJﬁ—_-:VJai,-, (55.8) :

2 95 2 05 oy 703

= - = ’ = o J"“_ .

: Vier,'  yior,' P 4 oI, j
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We obtaln from (24.,59), (24,74) and (55.1)

¢ =(C,8%+0Cvi+Civivd) T} ¢ =0, (55.9)

in which TIf = A® Tl 8 = 0™ Yos and C1 are functions of the
invariants [,J, T, TI* Tl TIF T lsv2, 71" Thavd 1.

In the absence of mass forces, the equilibrium equations
are reduced to

= 0. (55.10)

We will assume that there are no thermal sources, so that
equation (24.68) becomes

¢l = 0. (55.11)

If we represent the tensions with the help of the Alry
function

<98 . e he

|
?"IN (55.12)
where e®JA = e, then equitions (55.10) are satisfied.
We obtain from (55.7) and (55.12)
(55.13)

A
?”GB = aaaﬁx +A43 .?.

It 1s known from the theory of elasticity (Green and Zerna [139],
Green and Adkins [141]) that the force which is exercised on an
arc of curvature from the plane x10x2 measured on the unit length of

the axis x, can be expressed such that

3

P = PP A; = o, A (55.14)




In the study of the state of plane stress from the theory of
linear elusticity, it 1is useful to formulate the problem in complex
variables. This formulation is useful also in the nonlinear theory,
in particular, for the study of the second order approximation (see
for example Green and Adkins [1413]).

< T ‘memi ) r )
B

Let us introduce the complex coordinates (¢, Z) nd (z, z) /240
in the nondeformed body and in the deformed body by the relations

Lo X, 4Ny g Xy~ iNs
(55.15)

~ = ."‘ "‘ |J'2, s = "'l - l‘rz.

~

Let U, be the components of the displacement vector with
- respect to the system of rectangular cartesian coordinates. Let
us designate

]
|
D == uy 4 iy, D o=y — iy,
, P ! (55.16)
|

It follows from (55.15) and (55.16) that

] _ (55.17)
r=84+D, 2= 04D
¥ 1 2
N If we take 8~ = z, 6" = ¥ , we obtain
4,0 =- 1 402 =9 4 . 1 au
: Ay = 2 y = - 1 ’ A“ = ‘422 - All — ‘,‘.. e 0’
Va - i i)(t,:) _ i (‘ »_ul)_.,)h‘*_ a H“_—lin ol (5‘; 18)
2 d(zz) 2 oz gz ax Jz Jdz dz )' "
ob(on 1 aDob
! = 9 == N - — » T
T = Ga oz ( 0z )’ e 2V + dz az
a" = 622‘ -::‘] ('22’ a” = - ‘ "12'
a a
The geometric relations take the form -
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e 1t obh aon
Y o= Yy oE (‘ - ")’

2 0z
1(oh  ob oD D _abh on)
Yyg = 4 (d: s Jz dg oy 03] (55.19)
Similarly, we have §?
oD oD |
JE= T d == - (55.20
J =14 2V0’ 4 4 J os oz ’ 4n 55 )
Iy
. If we designate by ™% the contravariant components of the

tension %“ensor in the coordinate system z,§,x3, it follcws from

; , os
= W = ¥ = — 4‘“?, e =4 0"7?; .
3 0z® ~e (55.21)
The relations (55.13) become /2b1 3
e L O N LR o -'7"))# +) e (55.22)
’ 21 dz \ vz dzz  \2 dz oz -
From (55.14) we obtain
n P e e
PPt it (55.23)

b) Successive approximations. We assume, as in Paragraph 52,
that the complex displacement D and the temperature T may be developed
in absolutely convergent series, according to the powers of parameter
€. In the following we will 1imit ourselves to the first two terms
from the developments which appear. Let

Dz, 3y = €Dy (2, 3 + €2 Daley B+ oo

T(z,2) = T (2 )+ 2 Ty(a, Y4+ ..
(55.24)

]
q
)
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It follows from (55.18) and (55.20) that

VI - 1 4 eay + glay 4 ...,

Where

nn,* un, " un, nn,‘ un,ylh4

@y - . L IE 0e e 02

o2 03
(”)| J "l o, ) ((}D‘)ﬁ'
TN oz vz
Consequently, we have

JoooT 4 2a, 8 A (a5 2ay) et L

If we take into consideration (55.20), (55.25), (55.27),

we obtailn

D, o
JY? 24:,:)2(413-{ ‘_:’I"")cz_*,_”,

[

Je ‘-(u';' g ""')e'-' b

ar  dz

With the designations

i, e, i* 2
A ton= " e L% w1
""l‘. l':,: ”"l‘”".“ l/;,"tl 1'
" - da, 1 ddg, v ata,
. 9 . . - — . - P
A Je S add a2’

P 1 e ti‘az

2 llT(Il‘ ;1 for e 0,

we have P
29 — (240 —GT,) + ¢ [2,4«, — GT, + (2H + C)a} +
ddy
+ 44— 0)‘”" ")”' — MTi— 1P a,T,],
as
al!-—B-}-e("(‘a — KT)) +
aJ”‘ —— -t/ l ’ 00 9

ot SRR K TN s e e e et = e o 1o S P R 5 A o £ v RN o iilbtinA T nmiciki i i i

(55.25)
!
|

(55.26)

(55.27)

(55.28)

(55.29)

[242
(55.30)
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It follows from (55.8), (55.25) and (55.30) that

H o= Hy e+ ey (55.31)

where

X, = 2B, #,=2 [(24—~2C+B) ay,—(G—K)T,]. (55.32)

Similarly, we have

1 .-
3 VIr + 2) = ¢[(24 + B)a, — CT,] +
| (55.33)

+olea+ Ba—or +i4- 022 oD,
z O2

"‘ o "”"“

, If we set " . i
} ?=Hole a2+ o (z2) +...], (55.34)

then we obtain from (55.27), (55.31), (55.22)1

%y _ _ 0D,

ozt 9y '
oy _ _ 0Dy 2(A—0>(§9; A (55.35)
da? vz B 9z 93 ) P

_ ol 0B, _G=K , oD,
d:  dz B ! Uz )
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In view of (55.33), (55.27), (55.32) it follows from /243

(‘55.22)2 that

)2 2448 :;l)l .:})
Tt " —(- )z *""B »

0302 oz !

B
0%, 2A+B
WELE 2B
2A+3C+ B+ o (HJ)‘+9_I_;!\) _
- R H Jz 03
6A —4C - D QI), QI', n oA 4+ DB ll}, f-’wl-’, +
oD Uz Uz ok Jax Ui
W "—"‘) ..

oz (1

oz «

(',"_)2 _‘-‘.’D).*. ——Ty—

(55.36)

oD 2P
. K, on, ﬂ .__:‘_[_ T3 4 - (
1‘51}"‘(7;; + .,s)* 5 T

We introduce the designations

A
0l=1+“, Cy

l

(55.37)
G K n 1P

n . —— I e
?‘1"""“7(’- - 'y 4 LTS T

B D l,
al = ( '—('2—]’ V.c_"—_:‘;,('l"‘s('z’*"-c"—l, “3'—': 601—402‘_74

The Poisson coefficient v and the Young's modulus E from the linear
theory are connected to A and B by the relations

AR I — 4Hchl4—2n). (55.38)
24 -+ .l: 24-8

v ==

With the designations thus introduced, we have from (55.35)
and (55.36)

Vi 0D,
03 oz’
e, 1 (DII "‘Ul
T YRR """r'lTlv
vzoz 21 —2v) \ 0z u~) (55.39)
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e, (D YUy, (55039)
: : u3? Jz Jz B T Jr o dy du ity ,,.
Lo ddoy 1 oy, oD, 1
2 " dsus N 2(1-:2.—'-\;)( oz “t T) :;; p""’ -
E . R oby 1 T T TRY
g —— . it . 1y
- AV —2v) 0z w: 2 12( o~ L 3 )
L oab b, g , ,
? 2 B * 1'5' -U:l T (te 'Hh”’x( j,,f‘ " '.I.'l) -l. By Tt (55.40)
l
!
I
i relations which correspond to the classical theory and to the /244
| seco..d order approximation, respectively.
r
} The conefficients Cu from (55.9) have the form
r ('l ws o -i" S[')’tl(‘,',) '*‘ "'I' )'{’ ’t- ] + ooy (55-“1) 1
| ( o3 j
‘.’ ('2 == ’I‘:‘ + cee gy ;A
| where ?
] , J , __”P. b - (. fop £ =0
' k =4 (‘17 Il.l . (],,l. l“-" - ()1' 4 <
} It follows from (55.18) and (55.19) that
; T I IR (55.42)
r ('"
) o= ah, N N S (L0 AN
. :’: == e 2, ey e A f oz + |
k4 Since ;
] T v 2 7.(.,1»' ;
1 1 “l ("- ’ 1 d Js ’ E
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we obtain from (55.9) and (55.41)

" = oy b -

where

?|
1 o)k(. .“ ‘l%l) 2 v r‘ [
fin =N gz

qly = 2k T E

~

[
—
5
-
)
T
t

arT, .
Gisy = 2T (ihy ’*u)( d

) ;’w| ol ll'lh l"l'| .

RURL) N/ A ! 2h,
i -lt'.’ll o= os the

Equation (55.11) implies

M lla = 0, Ty lla = 0.

m ap, obh
a7, ' (",ﬁ | ,‘.:l)( ' b ‘

J b, L ‘”’l

(55.43)

(55.44)

(55.45)

Let us assume that the plane domaln under consideration, I,

is simply connected and the mechanical loads

are zero.

For this

case 1t was shown (Paragraph 49b) that, in the linear theory, no
tensicns taB appear, and the displacements are given by (49.23).
We will study now what takes place in the secounc crder approximation.

We obtain from (55.U44) and (55.45)

g 0T 0T,

0202 dz 0z

a H2T
T, _ g BT
0302 !

'%nT,o(onLFaﬁq*_ﬂﬁ[O(

dr adz\ dz a3

oy

b (kg + k) [ ‘

(55.46)
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It follows from (55.146)1 that

Ty (0 3) = 1 () + P (R,

(55.07)
where F'(z) = dF/dz.
We introduce the functions ug by
Do Dot B (A=20 F ), (55.48)
where D, = ug + 1u2. We have from (55.39) and (55.L8)
LN ab, 0¥, o l'-__ ((")09 *‘01‘)‘9) . (550“& )
FEL) s ,d:d.: 2(t -2v) gz Jz
We designate
™ T - g""‘,‘) *‘ E."T(l‘.!) *‘ eeey T = ET!;", }- e“T(‘.f,-{-. vee (55-50)
11 12
Obviously T(l)’ T(l)’ D0 satisfy the equations of the linear
' theory cf elasticity in the absence of mechanical 1loads. We

have, therefore, T%i) = T%i) = 0 and DO = 0, up tc a rigid displacement,

Consequently, we obtain from (55.48)

D, B (1 -2y F(2). (55.51)

In view of (55.47) and (55.51), equation (55.”6)2 becomes

LN -
(55.52)
, where /ou6
k= gk o 2B
% tky = 4k; + T om k-t k).
G (55.53)




It follows from (55.52) that

Ty (2 2) = vF' () F' (3)4G'(2) + G’ (3). (55.54)

If we keep in mind (55.51) and (55.54) we obtain from (55.40)

9%¢, _ _ 9D,
gz dz '

09, _ aI) 31),,
C)(l a)v) )

9203 , BlG @) + @) —

1 -
=y (B = 2v) + 9By 4 201 P () (3) —

(55.55)
1 Al 2 TR T v
Ty bI(F'(2))* -+ (F(3))*),
where
b= B (1=29) apet-By (1=29) (B +By)-+ By (55.56)
. J
i We introduce the function D% (z,2) by
-
=
D, (s,5) = D2z, 3) + by F@) FGE) + 1 6 + b {2 s, (55.57) g
in which we designated ?
by~ L2 (g (1= 2v) o+ o8y b 2h) (55.58) |
hy = By (1—2v), by = b (1—2v),
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It follows from

(55.55) that

. , e
Vou _ _ODF _ P pe),
dzt Jz
e _ e

g0z 2(1 — 2v)

' ang {an°)
( ("‘ ()u

The first relation implies

— D? — B FEI(z) + 41 — V) 0 (2).

We obtain from (55.60)

(’)D; _{.Oﬁe‘ . —00.3

0z

In view of (55.61), a second relation from (55.59) becomes

so that we can write

2
. - -
0z 920z

— oh. P(2)P'(2) +

+ 4 (1—v) [+ ().

—— () F'(2),

- (2) + () - ,,(l 5

Pa(3y 2) = 20 (3) + 22 (2) -+ 02) + w(?) —

h,

T e P
= s Fe) P&

We derive from (55.60) and (55.63)

D2z,

If we designate

3) = (B3—4v) Qz) — 2'(2) — &'(3) —

-'V) \J
- h, F(z) F(z).
“U-— v) *

(55.59)

(55.60)

(55.61)

(55.62)

(55.63)

(55.64)
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3 1
% . PR (5,3) = (3—4v) Q (2) — 20'(2) — '),

a $E) o (55.65)

- o8 (5 3) = 2 (2) +222) + w(2) + @ (3),
g Q then we have from (55.57), (55.63), (55.64)

& ;
R ¢ |
4
°F ), (2, 2) — DRz, 3) + —— T JER
. D, (2, 2) A ¥ 2(1—v) (55066)

' + "20(:) *‘ ":!S [',w (2) l'.'. d:’
t -
o o, (2, F) = ¢z, ) — ———— F() F (3).
v (50 ) = 9z §) — oo )
‘ ?
|
|
| _4
} A
} These results indicate that in the case under consideration, /28
| the temperature causes tensions T%;), T%g). Determination ;
! of the tensions and of the displacements 1s reduced to the problem
(well known from the theory of elacticity, see, for example, Mushelisvili
[296]) of the determination of the functions Q(z), w(z), which
' are holomorphic in the domain I and which, at the boundary L of
3‘ this domain, satisfy the condition
P
oyt e h v 7o B g
Q(v) 1 %' (M) + ' (%) T - v)~i (n) ¥’ (%), ne L, (55.67)
[
L
P< which expresses the fact that the tensions on L are zero.

Application. Let us consider the case when I is the inside of
a circle with a radius R and the temperature T1 varies linearly with
Xl. We assume that the origin of the axis of coordinates is in the
center of the circle. In this case we have

=l (55.68)

-

T, = ar, F' (2)
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We obtain from (55,67)
Y b o () o et By
Q%) -+ w0 (%) -+ ' (1) 16 (1—v) " ne L, (55.€9)
keeping in mind that nn = R°,
If we take
Q(:) = _’i!‘if-.}i- 2, 0 (%) == 0,
32(1--v) (55.70)

then the condition (55.69) is satisfied.

It follows from (55.65), (55.66), (55.70)

0

) = hat R (~; - ,..):__~2;z)
~ ~ ~ ,

(5 T 16(1—v)

(55,71)

B i

and consequently, using (55.21), (55.33), (55.34) we derive

hy XHy a?z? ™ .. "l,,‘@;‘_{“’i (1 — .2 :E)
LI S T
—- T - :

Ly —
¢ T = Tt =

: The results presented here have been derived by Iesan [192]. 1In
? the case of incompressible medla, the study of plane thermoelastic
deformation was made by Chaudry [53].

56, Special Problems

Various inverse problems which describe the deformation of the
medium have been studied in the theory of nonlinear elasticity,

determining the corresponding charges which keep the body in

equilibrium ({34931, [102], [141]). Moreover, the problem of finding /249
all of the deformations which satisfy the equations of equilibrium,

in the absence of mass forces, regardless of the elastic medium
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under consideration, has been posed. Ericksen [102] has shown that
for elastic homogeneous isotropic and incompressible media, there

are at least five families of deformation with this property. For
elastic compressible media, the only deformations of this type ere
the homogeneous ones [103]. These types of solutions of the equations
of nonlinear elasticity were obtained earlier by Rivlin [349]. 1In
these problems the determinatiocn of the charges 1s reduced to the
determination of the tensions at the boundaries; the

states of deformation may be "controlled" only by boundary conditions
(an important fact for experimental studies [141]). The solutions of
f> these problems are called universal solutions [422] or controllable
states [369].

In the theory cof thermoelasticity, the problem of controllatle

states was studied by Petroski and Carlson [338], [339], Hayes,

r Laws and Osborn [169], Laws [252]. It was established that for

L compressible media, there ere no essential controllable states
(but only the trivial case in which the deformation is homogeneous
and the temperature is constant). It was also shown that in the case
of incompressible media, there might be essential controllable states
and such states have been determined (Petroski and Carlson [338],

E [339], Laws [252]). For illustration we will present some problems
of the above-mentioned type.

Let us consider the theory of thermoelastic equilibrium
for homogeneous and isotropic and incompressible media, assuming that
mass forces and heat sources are absent. In this case, the
equations (24.40) and (24.68) become

), = 0, (56.1)

7'l = 0. (56.2)

The constitutive equatlions are

M= pGY+ &g+ ¥ BY, (56.3)
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¢ =(C, 3 +Ciyf + Cyyny)TI, (56.1)

where we used the designations from Paragraph 24. In (56.3), p
1s an unknown function. The condition of incompressibility, I, = 1,
18 added to the equations under consideration. In this case,

the function & depends on 'I‘,I1 and I2 and the function Cr depends

on the invariants I, I, Ii =TI T, Ii=T| Tlyvh Lo =TI Tl v

 ;4 and on the temperature T.

In the first two problems, in which we will prescribe the
deformation and temperature, we are considering the class of materials
for which we have [339]

§=8(T, I, 1), 0, = C, (I, Iy, L, I}, Ty). (56.6)

If the functions CS depends on the temperature, then it

- can be shown [338] that in this case all controllable states have
a constant temperature. In other problems we will prescribe the |
deformation and the heat flux [252].

Dot

\ (a). Let us consider the thermomechanical state defined /250
g by the relations
C .. D _
f .')'l :“"“""" 4‘-_1,
“{‘« VA V’f
r“‘,' J'-: = n “'l i' (' -"2, (56 . 6)
' X VA VVB ( sic )
ry = VAR Xy,

T=T, T X,

where A,B,C,D,T.,T, are constants which satisfy

0’71

c:+ D*=1, A, B >0
(56.7)
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If we take 0" & xi, then we have

¢ G e

4
5
g

1 1
Gy = i Gy = B gy = AB, gy = 8p

+

1 .
[*5 13 = 3B o, =G - 0, [ ) G4 =1
M= A, G = B, G ant (i e j) ) (56.8)

1

1 1
= . AB, I, = A - B + y
I, A}-B+ 2

4“ "

» [ ‘ L]
=T, u=; (AB-DT I~ | (AB=1: T,

B = 1" + AB, B2 = ‘(+ AB, B% = :{+ ; BY = 0 (i #§),

4

and therefore & does not depend on Xl and X2, and C8 are constant,

It follows from (56.1), (56.3), (56.8), (24.72) that the
function p is independent of X1 and X2. Moreover, we have

o A4 B 08
p=——po«—2:lB(—-—-—t—~—~——'— )

0 AB I,

h (56.9)

where p, is an arbitrary constant. In view of the relations (56.3),
(56.8£) and (56.9) we can easily obtair the components of the tension
tensor. These are functlions independent of Xl and XZ. It may be

noted that

M =0, (i # j) (56.10)
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It follows from (56.4) and (56.8) that

ql-ql-o'

953[0| '{;0.(48—1)-{.: 03(43_1)3]1,‘. (56.11)

Cbviously, the equatione (56.2) are similarly satisfied.
Consequently, for any medium of the class under consideration,
the deformation (56.6) satisfies the equations of equilibrium and
the equation of energy in the absence of mass forces and heat sources.
For a given body, the corresponding boundary 1loads can easily be
determined.

(R) Let us assume that

(01, 0% 0%) = (r, 9, 2), (56.12)
where r, ¢, 2 are cylindric coordinates in the deformed body

Ly 7= P CON @, up == PRIN @, Iy =2, (%6.13)

Let p, 6, Z be cylindrical coordinates in the nondeformed body

.\" = @ o8 0, 4\" = p ﬂin 0, 4"3 = Z- (56 all‘)

Let us consider the thermomechanical state defined by the
relations

A
T=1T,+T,0, (56.15)

where X > 0, TO’ T1 are constants,

bk ks o B L ke % en oty et
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If, in the nondeformed state, the domain occupied by the body
is limited by the surfaces N;= +h & =0, D=ua, p=p, ¢p™= ps
where h, a, Py and Py are constants, then the thermomechanical state
{56.15) describes the deformation of the body under consideration
which, in the deformed ccnfiguration, occupies the domain limited by
the surfaces = M, ¢ =0, ¢ = a, r, mp//5 r, =p, V2 ;
the plane ¢ = 0 18 at the temperature To. and the plane ¢* a is
at the temperature To + aTl.
The mechanical defcormation described by (56.15) is a partic.ias
case of the claess of deformations studied in [141],

It followe from (56.13) -- (56.15), (24.7), (24.8) that

Gy =G =Gy = GO=1, Uy = 1, G¥ = 2

r2'
G =rGy=G"=0( % j)
T | (56.16)
Ju - M Yug ~= Ardy gy == 22! g = ré
yll=!. 'u=._L 33 = )3 = g"=0, (1 :
R’g ”,99 = A, g = g'=0, (i ¥ j),
and therefore, the 1lnvariants of the deformation (24.22) are
'.:2 _l_‘ )\2,’27;:2}-}- 7‘”, ,3=l. (56017)
\ 2
Keeping in mind the relations
1
"= T§* =0, T|*= - T,
1” TI q” )."2 1 (56.18)

1 :_l 3...1 2 $ - 1 §
ﬂ=2ku~nmp-ﬁuem,h—2(l—lhw—ouflx

we derive

el g ew
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1 2
I'=—~-< 3 'zz.—Tl
Tan b hi=gna o,

" ki (656.19)
I o= 21 (56.19
‘ 428 p2 a M

TS R

Consequently, the free energy doces not depend n r and z, and
the functions Cs do not depend on ¢ and z.

It £ *lows from (2u4.72), (56.16), (56.17) that

BY = 1+ , Bt = R
' 22t ! (56.20)

B3 =23, BY = 0 (i # j),
and therefore the components of the tension tensor are expressed as

» (56.21)

3= p 1 2D + 22,

«23 = 73 = 12 = (),

The Christoffel symbols Pir different from zero are

F-:z": -7 r%u == T4 = l"
so that the equations of equilibrium (£6.1) take the form /253
) <1 S} G ol -3
—(;-—-}-——'————'—-——:0,?—-‘—:‘0,‘?-1{=0. (56.22)
Jr r do 0z
It can easlily be seen that these equations are satisfied if,
and only if, the function p has the form
_ 1 14028
LR S (56.23)

’,2
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where P is an arbitrary constant.

It follows from (56.21) and (56.23) that

) § R, r'-',.'l'l —
T P (56.24)
n: 1 A -1
¥~ py b ()\- — )‘)qy } i2~ _\p,
Pk R R LY |

If we keep in mind (56.18) and (56.4) it follows that
ql - q* =0,

¢ = [o. +,,'.A<t — N0, ﬂle“‘”""“] 7. (56.25)

e

It >nsues from (24.59), (24.60) that, in this case, we
can writ. ol = qi, Qili = qui . It can easily be noted that

the equation (56.2) 1s identically satisfied.

In the case of the previously considered domain, the thermal
flux on the boundary portions at the surfaces r = rys T =T,
z = £ h 1s zero. The other charges which act at the boundary may
also be calculated easily.

'The equations (56.4) may be written in the form (Truesdell and
Noll [4211)

T = (B, 8 t byyf + By Ya Y7 2, ! 6.26)

where the functions Bi depend on Il’ 12, Ju q7qy> J5 o] qJYi’

J6 = qiqjyivi and on the temperature T. The problem of the
controllable states may be posed, also, in the following way:
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the functlons of deformation and the components of the thermal flux
for which the functions p and T exist should be determined so that
equations (56.1) and (56.2) are satisfied regardless of

the functions @ and Bi' The controllable states with prescribed heat
flux in the case of homogeneous isotropic and incompressible media,
were studied by Laws [252]. We will present two controllable

states for media in which the functions Bi depend on Ii’ 12, Ju, JS’

JG, T.
(v) Let us consider the thermoelastic deformation defined by

P2 2AN, F By = ONy 1 DXy R Gy 2 s BX, X,y 11,

b= K, g 0 =0, (56.27)
r

where A q¢, qz are physical components of the vector g,
and A,B,C,D,E,F,G,H,K are constants which satisfy the
relation

ACF — DE) = 1.
(56.28)

In this case we wlll select curved coordinates as in
(56,12). The metric tensors of the deformed body G13 and G1J are
given by (56.16). It follows from (56.27) and (56.28) that

g = —E:; v g = A (F? 4 B2, ggy = A3 (D 4 CF),

Gie = i3 =0, g2y = —A*(F'D -+ EC), g = r?, (56.29)
g = "_l:’ g2t = Dt 4 €2 g% = F* § B?,
re

gt = g** =0, g% = FD 4 EC,




and therefore we have

, 2\ gl wo_. e
I, =5 + (D* + O r? -+ B 55
' (56.30)

rt AN g gy AT(DR ORI =L
fp= 54, 04 B AT e

If we keep in mind (56.16) and (56.29), we can derive from
(24.30) for the nonzero components of the tensor yj the expresslons

\ 12 | o 1 3 y o l A} h ¥
=) (5 - 1) v =, (ot =g (B,
; o
E Pyt =1yl= 1 (D + KO (56.31)
| :
E In view of the fact that In this case q” = q; = q,,,
i q2 =Qq, = q3=q3 = (0, we cbtain
o o ;2 40 » N »
! K* K2fA® K-(.-i- )-

==- = (=), Jg="-1" —1]).

E» Jy= e’ s 2,-2( r: )’ ¢ g\
g (56.32)

Similarly, in view of (24.90) and (56.27), it follows that the
equation (56.2) 1s satisfied. We derive from (56.26), (56.27),

B TP L PP g S P T TR P NLs

ewkiaty iy

, 1 (A2 1742 2 K
N X OS EEH R K 63
,:j

”m 1 :

or _oT _ i

09 2z

Consequently the function T does not depend on the variables /255
¢ and z. It 1s noted that in this case, the func“lions Bs depend
onlyon T and r. The temperatureT i1s determined from the equation
(56.33)1. Cbviously, 1if BS does not depend on T, then the situation
i1s considerably simplified. Let us now determine the tensions




) =
b

We obtain from (24.72), (56.16) and (56.29)

M= Az A B = (B 1. O AD* 402 WD RO
Ve pe ! = (67 | CF) — r¥(D*4-C?) - ! -F )Y,
(56.34)
B3 = I, (F* 2 E?) — (FD -+ EC)*r* — (P} K22, B2 B3,
B2 = (KD - EC) [I, — F—E*—r¥D* | O¥),
and therefore, we can write
2 2 2
*"=p+¢4"+{(ﬁ"AJW,
re ot r
= Ll 0 g (1D koY - (56.35)
r

—rt(D? + C¥) — (FD 4 CE?}Y,

33 = p ++ O (F? + B?) + (1" 4 B*) — (FD - EC)¥ri—
— (F? \ E}R)Y,

33 = (FD + EC){® |- [I, — F:—E*—ryD* |-CH)I¥},

ol 213 = Q.

1f we keep the relations (56.30) and (56.33) in mind, it
follows that ¢ and ¥ depend only on r. In this case the equilibrium
equations mave the form of (56.22). Keceping in mind the relations
(5€6.35), 1t follows that these equations are satisfied only 1if
the function p does not depend on ¢ and z and satisfies thLe relation

P R T L TR Ty

g,



e et danh il e

_(IP .. \ “-r;g( D2y Yy - _-1.:‘_]([) -+
dr r r

ot (D FC — (D} CF) — (D 4 EC3?IN —

. A2
A I, -- A2 Vi "”d ["-‘b b ‘ ('l - \.‘_)‘F]-
N re drire rt re

Consequently, the relations (56.27) characterize a thermo-
mechanical state for which there are functions T and p so that the
equations (56.1) and (56.2) are satisfied regardless of & and Bs'

(§) Using the designoations from (56.12) -~ (%6.14), let us /256
now consider the deformaticn deiined by ;
3
rt=Agt i B,p=Cd+ DZ+Gz=RS pFZ + I, |
1.
0= LK g=q=0 (56.36)
where A,B,C,...,K ar~ constants for which the relation (56.28)
takes place.
The tensors of the matrix G1 and G1J are given by (56,16).
We derive, from (56.14), (56.36) and (56.28) j
2
In = ,1: p;:' 9o =AXF?p*+E?), gy=:A? (D?p*-+-C?), ‘3
=0 =0, gn= —A2(DF ¢* - EC), ¢ =r?, (56.37) ?
11292 s 1- o0 9 P 1 T Y \D ~i
g“ = ) gt = ':(D'F'+Cl)v !]M = ':(l"P"' + E?), i
r- e e
g = g% =0, ¢® =~ (DF ¢* + EC)
e ;
In this case we have
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S g

W

R

I, = ii:—+ SO o B - D B

[ = — & fi(t"-'p* 4 E?) + Ar(Dfgr 4 O, I3 =1y
r'.'

: Azp?
B = —5: [C3* - B 42 (D¥* + 1)),
B e A 4 AL (Drer 40,

Asp? r¢

r
1338 = ,_r_. (F2p* } E?) -+ T}__'.,

’f‘-"ﬂ = ""_:-'_(DI" P"" '*' EC)9 I;l'-’ = 1{13 = 0~
re

The nonzero components of the tensor yj have the expresslons

1 A"'P"' e __ R o ,v,___‘
Y= (”,‘.-.»”“ *1)’ T (“' e ‘ )

) (56.39)
1 1 .. ~,_‘.a ,L " et {-LC).
o = . ('“'*"pz'l"-_l)’ Yg_r" R 7o {DI {-EC)
The equation (56.2) i1s similarly satisfied. The invariants
JU’ J5 and J. are given by the relations
- K? [ A%p? _ K A% LY €.40
J.::r':K", v’s"—'—‘-':"’:"(—"r—.'—‘_ )9 J._[r"'( r:! 1 . (5 )
From (56.26) we derive
oT [ A2pt 2,2 2
=[m () me (B ) B R (56.41)
or 2 r: 4 r: r
aT _oT _ .
Jd gz

Consequ~~tiy the functions T and Bs do not depend on the variables
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¢ and z. The function T is determined from (56.41).
tensions we obtain the expressions

A?
n mi—¢%-{th+F°+pﬂD#*FFM“’+p,

re
T = ——(l)‘ 0o +l“—(D‘P + C')+’X;‘..]‘*’ + ——-P'
1 o) _ o) A Q) ""
= e 4 B [ S e o yird
2p?
TR AN ) A? y !
= S (DF g+ EC)® + = (DF ¢ + KO) ¥,

M 2 g

If we eliminate the function p, it follows from (56.42) that

2,2
piot? = <1 +[ - (Dt 4 € — .%_P__]Q) +

re A
LI TR (PPN A
+[ L )]

2pal
33 — 1 '*'{""_;(F:P' 4 By — A2p ] d +
P ré

+[_ﬁ-_ — AR (DEet 4 C"')]‘l",
pl.A®

re

42p8 o
= (DR | 1;0)((1» Azl \1*), W= 2 g,

et

where r depends on p by (56,.36).

The functions ¢ and Y depend only /258

For the

(56.42)

(", )

on the variable r. The equilibrium equations in this case are i
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(56.22). 1t follows from these equations that p is a function
‘ only of r. In view of the fact that'fll-rztz2 does not depend on
i p, the first equation from (56.22) determines the function 11
| (or p) in the form

-1 _.._,S: (r3z3 — ,n)"_f + T,
. r

f where télis the value of 111 for r = Ty and the function

A 2

: r2 22 _ g1l 1s given by (56.“3)1.

|

| Other controllable states are presented in [169], [252], [339],
| [342]
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