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A b s t r a c t  

We analyze t h e  a x i a l l y  symmetric pendent drop a s  it o c c u r s  i n  t h r e e  d i f f e r e n t  p h y s i c a l  
s e t t i n g s :  Problem A ,  c o n s t a n t  p r e s s u r e ,  f i x e d  c i r c u l a r  opening ( t h e  s i p h o n ) ;  Problem B ,  
cons tan t  volume, f i x e d  c i r c u l a r  opening ( t h e  medicine d r o p p e r ) ;  Problem C ,  p r e s c r i b e d  
volume, cons tan t  ang le  of c o n t a c t  w i t h  a  h o r i z o n t a l  p l a t e .  A s  examples,  t h e  fo l lowing  
r e s u l t s  a r e  v e r i f i e d .  For  Problem B we show t h a t  i f  t h e  opening is smal l  enough t o  
support  a  s t a b l e  pendent drop p i t h  a  b u l g e ,  then  a s  t h e  exposed volume is i n c r e a s e d ,  
s t a b l e  pendent drops  wi th  bo th  a  neck and a  ba lge  w i l l  be  formed. For  Problem C we show 
t h a t  wi th  i n c r e a s i n g  volume t h e  p r o f i l e  curves  f o r  t h e  fami ly  o f  s t a b l e  pendent  d rops  w i l l  
develop an i n f l e c t i o n  p o i n t  b e f o r e  i n s t a b i l i t y  a r i s e s .  

I n t r o d u c t i o n  

We f i r s t  analyze t h e  e q u i l i b r i u m  and s t a b i l i t y  c r i t e r i a  f o r  each o f  t h e  problems. 

Problem A 

Here t h e  drop i s  t o  p r o t r u d e  downward from a  f i x e d  c i r c u l a r  opening of  r a d i u s  f, h e l d  
a t  t h e  l e v e l  u  = ii where u  i s  t h e  v e r t i c a l  c o o r d i n a t e  w i t h  p o s i t i v e  d i r e c t i o n  upward 
and u  = 0  i s  t h e  ze ro  p r e s s u r e  l e v e l  of t n e  f l u i d .  ( s e e  F i g x e  1). I f  X is t h e  
exposed body o f  t h e  f l u i d  and R is  t h e  l i q u i d - a i r  i n t e r f a c e  w i t h  A ( Q  ) i t s  a r e a ,  t h e  
p o t e n t i a l  energy o f  t h e  c o n f i g u r a t i o n  i s  

o is t h e  s u r f a c e  t e n s i o n  of t h e  l i q u i d - a i r  i n t e r f a c e ,  P is t h e  d e n s i t y  of  t h e  f l u i d ,  and 
g  is t h e  g r a v i t a t i o n a l  c o n s t a n t .  The c o n d i t i o n  f o r  equilibrium is t h a t  t h e  f i r s t  v a r i a t i o n  
of  t h e  p o t e n t i a l  energy 6E (9,N) = 0  f o r  a l l  normal p e r t u r b a t i o n s  N o f  R which v a n i s h  
on t h e  boundary. The Eule r  equa t ions  y i e l d  

H is t h e  mean curva tu re  of  t h e  s l ~ r f a c e  measured s o  t h a t  it i s  p o s i t i v e  a t  t h e  d rop  t i p .  
By a  s u i t a b l e  s c a l i n g  we may assume t h a t  k  = 1. The c o n d i t i o n  f o r  s t a b i l i t y  is t h a t  t h e  
second v a r i a t i o n  be p o s i t i v e  f o r  a l l  n o n - t r i v i a l  normal p e r t u r b a t i o n s  . 

2 
E 3 ( R , N )  > 0 f o r  a l l  N f 0 ,  b u t  N = 0 on E l .  ( 3  

Prcblem B 

A s  i n  P-oblem A t h e  f i x e d  c i r c u l a r  opening o f  r a d i u s  f l i e s  i n  a  h o r i z o n t a l  p l a n e ,  b u t  
now t: exposed volume i s  p r e s c r i b e d  ( s e e  F igure  1) .  Now t h e  c o n d i t i o n  f o r  e q u i l i b r i u m  is  
t h a t  t h e  f i r s t  variation of  t h e  energy 6Eo(C,N) = 0 f o r  a l l  p e r t u r b a t i o n s  N ,  van i sh ing  
on t h e  boundary and f o r  which t h e  f i r s t  v a r i a t i o n  of  t h e  volume i s  a l s o  ze ro .  By t h e  
method of  Lagrange m u l t i p l i e r s  we o b t a i n  

6 (Eo+ XV) ( R  ,N) = 0  f o r  some c o n s t a n t  1 (4 )  

and normal d e r t u r b a t i o n s  N van i sh ing  on t h e  boundary. This  y i e l d s  t h e  condi t - ion 

2H = -ku + 1 '  , where k= pg/o and 1' is  a  c o n s t a n t .  ( 5  

By a  v e r t i c a l  t r a n s l a t i o n  o f  c o o r d i n a t e s  we may t a k e  A '  t o  be z e r o ,  r educ ing  ( 5 )  t o  t h e  
cond i t ion  ( 2 ) ,  and with  the v e r t i c a l  c o o r d i n a t e  of  t h e  opening a t  t h e  l e v e l  u  = ii. 
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The c o n d i t i o n  f o r  s t a b i l i t y  i s  t h a t  

f o r  a l l  n o n - t r i v i a l  normal p e r t u r b a t i o n s  N ,  which  v a n i s h  on t h e  boundery  and f o r  which t h e  
f i r s t  v a r i a t i o n  o f  t h e  volume is  z e r o .  

Problem C 

The d r o p  i s  now penden t  from a  homogeneous h o r i z o n t a l  p l a t e .  The p o t e n t i a l  e n e r g y  is  now 

where 0 i s  a p h y s i c a l  c o n s t a n t  and I x I  is  t h e  a r e a  o f  c o n t a c t  o f  t h e  l i q u i d  w i t h  t h e  p l a t e .  
S e t t i n g  t h e  f i r s t   ariati ti on e q u a l  t o  z e r o  f o r  a l l  volume p r e s e r v i n g  p e r t u r b a t i o n s  y i e l d s  
t h e  c o n d i t i o n s  

a )  2H = -ku + X f o r  some c o n s t a n t  A ,  k  = pg/o 
b )  cosa  =6  

Here a i s  t h e  a n g l e  o f  c o n t a c t  o f  t h e  l i q u i d - a i r  i n t e r f a c e  w i t h  t h e  h o r i z c n t a l  p l a t e  
measured i n t e r i o r  t o  t h e  f l u i d .  Again we may choose  k  = I., and by a  v e r t i c a l  t r a n s l a t i o n  
o f  c o o r d i n a t e s  may set X = 0 ,  w i t h  t h e  h o r i z o n t a l  p l a t e  a t  a  l e v e l  u  = ii. C l e a r l y  it i s  
n e c e s s a r y  t h a t  l 6 l <  1 s o  t h a t  0  4 a  4 TT. There  a r e  no p o s s i b l e  penden t  d r o p s  when a = T 
s o  t h a t  we may c o n s i d e r  06 a  < n ( -1< f 4 1).  A s  i n  Problem B t h e  c o n d i t i o n  f o r  s t a b i l i t y  
i s  t h a t  t h e  second v a r i a t i o n  6?(E + hV)  ( R , N )  b e  p o s i t i v e  f o r  a l l  n o n - t r i v i a l  normal 
p e r t u r b a t i o n s  f o r  which t h e  f i r s t  v a r i a t i o n  o f  volume is z e r o .  (see F i g u r e  1).  

Problem C 
(d rop  from c e i l i n g )  

F i g u r e  1. The v a r i o u s  d r o p  c o n f i g u r a t i o n s .  

D e s c r i ~ t i o n  o f  t h e  P r o f i . l e  c u r v e s  

S u i t a b l y  n o r m a l i z e d , t h e  d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  p r o f i l e  c u r v e  whose s u r f a c e  o f  
r e v o l u t i o n  r e p r e s e n t s  t h e  l i q u i d - a i r  i n t e r f a c e  ( s a t i s f y i n g  ( 2 )  w i t h  k  - 1) is  

a )  r l ( s j  = c o s  $ r ( 0 )  = O 
b )  U '  ( s )  = s i n  u (0 :  = uo 
c)  (s)  = - ( s i n  $ / r )  -u $ (O)  = 0. 

The s o l u t i o n s  t o  t h i s  sys t em have been c a r f f u l l y  s t u d i e d  by many p e o p l e .  I n  p a r t i c u l a r ,  
I s h o u l d  ment ion  t h e  work o f  D.W. Thomson , F.Bashfo r th  and J . C .   dams^, and r e c e n t l y  
2. Conpus and R. ~ i 1 , n 3 .  

There  i s  a un ique  s o l u t i o n ,  { r ( s , ~ ~ , u ( s , r )  , $ ( S , K ) ) ,  t o  t h e  sys t em s a t i s f y i n g  t h e  i n i t i a l  
c o n d i t i o n s ,  r ( 0 , ~ )  = 0 ,  u ( O , K )  = u0 = - 2 ~ ,  $ ( O , K )  = 0 ,  where r  i s  t h e  mean c u r v a t u r e  a t  
t h e  d r o p  t i p .  The s o l u t i o n  e x i s t s  f o r  a l l  s and a l l  K and i s  a n a l y t i c  i n  b o t h  v a r i a b l e s .  
We n o t e  t h a t  u  0  g i v e s  a  s o l u t i o n  and t h a t  r e f l e c t i o n  o f  any s o l u t i o n  a b o u t  t h e  r - a x i s  
y i e l d s  a n o t h e r  s c l u t i o n .  Drops w i t h  uo < 0  r e p r e s e n t  penden t  d r o p s  and t h e  s o l u t i o n s  
c o r r e s p o n d i n g  t o  uo > 0 r e p r e s e n t  "emerging" bubb les .  W e  now l ist  o t h e r  i m p o r t a n t  
p r o p e r t i e s  o f  t h e  f a m i l y  o f  s o l u t i o n s .  

1. F o r  " sma l l "  uo < 0  t h e  s o l u t i o n  c a n  b e  e x p r e s s e d  n o n - p a r a m e t r i c a l l y  w i t h  u  a s  a  
f u n c t i o n  o f  r o v e r  t h e  e n t i r e  p o s i t i v e  r - a x i s ,  and u ( r )  uo Jo ( r )  where Jo(r) i s  t h e  
P s s s c l  f u n c t i c n  o f  o r d e r  z e r o .  

2. There  i s  a  v a l u e  u s  ( u a  -2.5678-) s u c h  t h a t  t h e  p r o f i l e  c u r v e  w i t h  d r o p  t i p  a t  u8 
a t t a i n s  s i m u l t a n e o u s  v e r t i c a l  t a n g e n t  and i n f l e c t i o n  p o i n t  a t  ( r f , u * )  where r l  . 9 1  
and u* -1.1 . F o r  0  r 4 r *  t h e  c u r v e  is  convex w h i l e  f o r  r g f e a t e r  t h a n  r i  
t h e  cukve may a g a i n  b e  e x p r e s s e d  n a n - p a r u n e t r i c a l l y  u  = u ( r ) .  



3 .  For  u$ < uo & 0  t h e  s o l u t i o n s  may be  expressed  i n  non-parametric for .  .., u  = u ( r )  , 
f o r  a l l  r. 

4 .  For  uo < u8 t h e  p r o f i l e  curves  a t t a i n  a  v e r t i c a l  t a n g e n t  a t  a  p o i n t  ( r l l u l )  
where 0  < rl < u* . The curves  form a bu lge  a t  t h i s  p o i n t  and r 
decreases  t o  a  :al$ a:d i ~ d  for& a  nec; a t  (r2!uZ) where u  < 0. r and ul a r e  
i n c r e a s i n g  f u n c t i o n s  o f2 'u0  f o r  uo < ug w i t h  m t rl = 0  and m i  u  = - a s  
uo approaches -w . 

5. For  u  <<  u$ . t h e  p r o f i l e  curves  form a  sequence of  b u l g e s  and necks  u n t i l  it 
c r o s s e s  t h e  Or-axis wr th  r '  (s) and u '  (s)  bo th  p o s i t i v e  from which p o i n t  on t h e  curves  
may be expressed  non-parametr ical ly  u  = u ( r )  o u t  t o  r = . 

6.The f i r s t  i n f l e c t i o n  p o i n t  on a  p r o f i l e  curve  w i t h  t i p  a t  uo < 0  o c c u r s  a t  a  
p o i n t  ( f , Q )  where O < 9 .  f and Q a r e  monotonical ly  i n c r e a s i n g  f u n c t i o n s  o f  uo 
f o r  uo < 0.  I f  uo < u$, s o  t h a t  t h e  p r o f i l e  curve  has  bo th  a  neck and a  bu lge ,  
then  t h e  f i r s t  i n f l e c t i o n  p o i n t  lies between t h e  f i r s t  neck and f i r s t  bu lge .  

F igure  2 .  P o s s i b l e  d rop  c o n f i g u r a t i o n s  

Ana lys i s  o f  s t a b i l i t y  

Our method f o r  determining t h e  s t a b l e  c o n f i g u r a t i o n s  f o r  each o f  t h e  problems proceeds  
a s  fo l lows .  Take a  given p r o f i l e  curve  { r  (s ,R )  ,u (s ,R)  ,$ (s ,E) }and l e t  (PIE)  be a  p o i n t  
on t h e  c u r v e ,  r = r ( B I r )  and ti = u ( S , ? ) .  The p r o f i l e  curve  from t h e  d rop  t i p  t o  t h i s  
p o i n t  g e n e r a t e s  a  p o s s i b l e  pendent drop whose exposed volume V ,  can be  c a l c u l a t e d .  

V  = volume of drop = ~ ; ( f i i  + Zsin (10 

The volume g i v e s  us  a  f o u r t h  f u n c t i o n  o f  t h e  parameters  s and K ,  V = V ( S , K ) .  For  each 
of  our  t h r e e  problems two of  t h e  f o u r  f u n c t i o n s  a r e  p r e s c r i b e d .  Th i s  g e n e r a t e s  a  mapping 
from t h e  ( s ,K) -p iane  { t h e  parameter  space)  i n t o  a  two-dimensional " c o n t r o l "  space.  The 
a n a l y s i s  of t h i s  mzp determines  s t a b i l i t y  f o r  each of  t h e  problems. 

S t a b i l i t y  f o r  problem A 

Here t h e  a p p r o p r i a t e  map i s  A ( s , K )  where it is d e f i n e d  by 

The " c o n t r o l "  space f o r  t h i s  problem i s  t h e  ( r , u ) - p l a n e .  It i s  e a s i l y  checked t h a t  t h e  
d e r i v a t i v e  of  A , D A ( s , K )  i s  i n v e r t i b l e  when s e q u a l s  zero.  Let  0 be  t h e  set of  a l l  
p o i n t s  i n  t h e  ( s , K ) - p l a n e  where t h e  d e r i v a t i v e  is  i n v e r t i b l e .  

D e f i n i t i o n .  0  con ta ined  i n  0  i r  t h a t  component a f  0 i n  t h e  parameter  space  which 
c o n t a i n s  t h e  l i n e S  s = 0. 

Theorem 1. Every p o i n t  (El;) i n  0 de te rmines  a s t a b l e  pendent d rop  f o r  Problem A. 
( i . e .  t h e  d rop  genera ted  by t h e  profHle  curve  ( r  ( s , R )  , u ( s , R )  ) f o r  0  < s < s') . Any p o i n t  
o u t s i d e  Us determines  an u n s t a b l e  pendent d rop  f o r  Problem A.  

Th i s  theorem i s  e s s e n t i a l l y  c l a s s i c a l .  



I t  fo l lows  t h a t  t h e  " c o n t r o l  set" A(OS), is  an open set i n  t h e  ( r , u ) - p l a n e .  A p o i n t  
(?,El de te rmines  a  s t a b l e  c o n f i g u r a t i o n  f o r  problem A i f  and o n l y  i f  it is  a member of  
t h e  set A(OS). W e  now wish t o  d e s c r i b e  t h e  r e g i o n s  Os and A ( 0 s ) .  S i n c e  A(Os) i2 
symmetric about  t h e  c o o r d i n a t e  axes ,  we may restrict o u r s e l v e s  t o  t h e  c a s e  r ) 0 ,  u  4 0  

Theorem 2. Choose R > 0  and c o n s i d e r  t h e  p r o f i l e  curve r s , , u s , ,  s 3 0. 
There is a  s m a l l e s t  p o s i t i v e  v a l u e  8 ,  such  t h a t  (s.17) is i n  0s f o r  0  < s < I w h i l e  
(!2,3) is  on t h e  boundary o f  0s. On t h e  i n t e r v a l  0 < s < 8 ,  w e  have r '  (s) = cos JI 
p o s i t i v e  s o  t h a t  0  < JI < (n/2). 

There fore  t h e  corresponding p r o f i l e  curve  ( r ( s , Z ) , u ( s , i i ) !  0  < s < I may be expressed  
i n n o n p a r a m e t r i c  form u s  f ( r , Z ) ,  f o r  0  < r < f  where f  = r ( I , C )  and Q =  f ( P , R ) .  
The p o i n t  ( f , Q )  l ies on t h e  boundary o f  A ( 0 s ) .  I t  is  t h e  c o n j u g a t e  p o i n t  t o  t h e  d rop  
t i p  a long  t h i s  p r o f i l e  curve.  

S ince  r '  (s) is pos!.tive, w e  may use  r a s  an independent  v a r i a b l e  r a t h e r  t h a n  s. 
P o i n t s  (?,ii),on t h e  boundary of  A(OS)  re determined by t h e  c o n d i t i o n  t h a t  t h e  
d e r i v a t i v e  DA(r , r )  be s i n g u l a r  where r = r ,  f ,  and u  = f ( r , x )  is t h e  
nonparametr ic  r e p r e s e n t a t i o n  of  t h e  curve .  T h i s  o c c u r s  when f ,  e q u a l s  zero.  (i .e.  
t h e  p o i n t  ( f , i i )  is on t h e  envelope rA , of  t h e  fami ly  of  p r o f i l e  curves .  

Theorem 3. The f i r s t  envelope , o f  t h e  fami ly  of  p r o f i l e  curves  u  = f ( r , ~ ) f o r  
K + 0  (uo ( 0)  and r p o s i t i v e f A  i s  t h e  graph o f  a  smooth ( a n a l y t i c )  f u n c t i o n  u  = e ( r )  
f o r  0  < r q a. where 'ao is  t h e  f i r s t  p o s i t i v e  z e r o  of  t h e  z e r o  o r d e r  Besse l  f u n c t i o n ,  
Jo(r) . This  f u n c t i o n  has  t h e  fo l lowing  p r o p e r t i e s .  

l i m i t  e ( r )  = -- a s  r -+ 0' , l i m i t  e ( r )  = 0 a s  r + a0  

The d e r i v a t i v e  e ' ( r )  i s  p o s i t i v e  on t h e  i n t e r v a l  0 < r < a 0  w i t h  e 8 ( a 0 )  = 0  and 
l i m i t  e l ( r )  = +- a s  r approaches  zero.  

The e n t i r e  envelope is t h u s  a  smooth curve  wi thou t  s e l f - i n t e r s e c t i o n s  which p o s s e s s e s  
a  cusp on ly  a t  (ao,O).  ( s e e  F igure  3 )  

Consequences. 

I. The mapping A ( s  ,K) is a  diffeomorphism of 0s o n t o  i ts  image A ( O s )  . 
IT. For  ( f , i )  i n  A ( O s )  where P < r i  , t h e  p r o f i l e  curve  f o r  t h e  s t a b l e  pendent 

drop i s  convex. For  r n e a r  a0  ( P < a, ) and ( f  ,t) i n  A (OS) , t h e  p r o f i l e  curve  
w i l l  c o n t a i n  an i n f l e c t i o n  p o i n t ,  and s o  t h e  s t a b i e  pendent d r o p  l o s e s  convexi ty .  (F igure  3) 

111. There a r e  no " i n a c c e s s i b l e "  s t a b l e  pendent drops  f o r  Prablem A. The v e r t i c a l  
l i n e  r = f ( P l e s s  t h a n  a. ) i n t e r s e c t s  A(OS)  i n  a connected i n t e r v a l .  Thus t h e  
s t a b l e  pendent drop corresponding t o  t h e  p o i n t  ( r , u )  may be reached from t h e  s t a b l e  
z e r o  p r e s s c r e  s o l u t i o n  ( u  t 0 ) cor responding  t o  t h e  p o i n t  (?,a) i n  A ( O S )  merely 
by i n c r e a s i n g  t h e  p r e s s u r e  ( p  = -u) con t inuous ly  from 0 t o  -5 . ( s e e  F i g u r e  3 . )  

4 h 

The c a s e  I < r j  

S t a b l e  pzndent 

d rops  a r e  a l l  

t I convex 

f / t < a,, t n e a r  a. 

I A s t a b l e  pendent 

drop which i s  
n o t  convex 

F igure  3. The envelope T A  , s t a b l e  c o n f i g u r a t i o n s  f o r  problem A 
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S t a b i l i t y  f o r  problem B.  

The c o n s t r a i n t s  a r e  now t h e  r a d . 1 ~  o f  t h e  t u b e  r ,  and t h e  exposed volume V. Thus t h e  ! 

c o n t r o l  s p a c e  i s  t h e  ( r , V ) - p l a n e  and we a r e  l e d  t o  s t u d y  t h e  mapping B ( s , K )  from t h e  I 

paramete r  s p a c e  t o  t h e  c o n t r o l  s p a c e  d e f i n e d  by 
1 

A s  i n  problem A w e  l e t  0  b e  t h e  open se t  i n  t h e  ( s , c )  -p l ane  where t h e  d e r i v a t i v e  DB(s,K) , 
is  i n v e r t i b l e .  Hcwever, s i n c e  B(O,h) = (0,O) t h e  l i n e  s = 0  l i e s  o u t s i d e  t h e  set 0. 

F i x  R and c o n s i d e r  t h e  c u r v e  B ( s , Z )  f o r  p o s i t i v e  s. There  e x i s t s  a  s m a l l e s t  p o s i t i v e  i 
v a l u e  SB, such  t h a t  t h e  d e r i v a t i v e  D B ( s , r )  is  i n v e r t i b l e  f o r  0  < s < SB b u t  s i n g u l a r  

! 
1 

when s = sg-. L e t  ( rB,  uB) b e  t h e  c o r r e s p o n d i n g  p o i n t  on t h e  p r o f i l e  c u r v e  
s u s  , where r g  = r ( s B , Z )  and ug = u ( s g , C ) .  I t  i s  a  c l a s s i c a l  r e s u l t  t h a t  
i f  (I,U) i s  a  p o i n t  on t h e  p r o f i l e  c u r v e  p r l o r  t o  ( r B , u g )  t h e n  t h e  c o r r e s p o n d i n g  
penden t  d r o p  g e n e r a t e d  by t h e  p r o f i l e  c u r v e  up t o  u  s " symmet r i ca l ly"  s t a b l e  f o r  
problem B, w h i l e  i f  t h e  p r o f i l e  segment c o n t a i n s  t h e  p o i n t  ( r B , u g )  t h e n  t h e  g e n e r a t e d  
d r o p  is  u n s t a b l e  f o r  problem B. 

D e f i n i t i o n .  W e  c a l l  t h e  p o i n t  ( r B , u g )  t h e  "Volume-constrained" c o n j u g a t e  p o i n t  
on t h e  ~ r o f i l e  c u r v e  r e l a t i v e  t o  t h e  d r o p  t i p .  

Note. The ax i symmet r i c  penden t  d r o p  i s  s a i d  t o  b e  s y m m e t r i c a l l y  s t a b l e  i f  t h e  second 
v a r i a t i o n  O ' ( E ~  + hV)  ( i ? , N )  i s  p o s i t i v e  f o r  a l l  n o n - t r i v i a l  symmetric normal p e r t u r b a t i o n s  
N ,  o f  R which v a n i s h  on t h e  boundary and f o r  which t h e  f i r s t  v a r i a t i o n  o f  volume i s  ze ro .  
I f  t h e  p r o f i l e  c u r v e  can  b e  e x p r e s s e d  t e n - p a r a m e t r i c a l l y  i n  t h e  form r = r ( u ) ,  t h e n  
symmetr ic  s t a b i l i t y  i m p l i e s  s t a b i l i t y .  I n  c h i s  c a s e  we o b s z r v e  t h a t  t h e  a n g l e  o f  
i n c l i n a t i o n  $, must be  non-negatj1.c. However, i f  t h e  a n g l e  o f  i n c l i n a t i o n  becomes 
n e g a t i v e  on some p o r t i o n  o f  t h e  p l ~ f i l c  c u r v e  ( t h e  c o r r e s p o n d i n g  d r o p  i s  o f  r e - e n t r a n t  
t y p e ) ,  t h e n  t h e  d r o p  i s  u n s t a b l e  f o r  problem B due  t o  a  non-symmetric p e r t u r b a t i o n .  
T h i s  f a c t  was n o t e d  by D . H .  Michael  and P.G. Wil l iams Y .  F o r  an  a l t e r n a t i v e  d i s c u s s i o n  
see r e f e r e n c e  5.  

D e f i n i t i o n .  0 s  is t h e  s u b s e t  o f  O c o n s i s t i n g  o f  a l l  p o i n t s  ( s , i )  where -- 
0  < s < sa where sB depends on . I t  f o l l o w s  t h a t  ( s , ~ )  d e t e r m i n e s  a  s t a b l e  - 
configuration i f  i t  i s  i n  0s and an  u n s t a b l e  c o n f i g u r a t i o n  i f  i t  l i e s  o u t s i d e  o f  OS. 

W e  now wish  t o  d e s c r i b e  OS and i t s  image B(Os) c o n t a i n e d  i n  t h e  " c o n t r o l  space', 
t h e  ( r , V ) - p l a n e .  

Theorem 4 .  0s is  a  connec ted  open s e t  i n  t h e  ( s , c ) - p l a n e  bounded on t h e  l e f t  by t h e  
l i n e  s = 0 ,  and on t h e  r i g h t  by an a n a l y t i c  c u r v e  ) ,  which is t h e  g r a p h  o f  a  p o s i t i v e  
a n a l y t i c  f u n c t i o n  sB = o ( c ) .  

T h e r e f o r e  0 s  i s  2 ;>en s e t  i n  t h e  pa rame te r  s p a c e  and B ( O s )  is an open set i n  t h e  
c o n t r o l  s p a c e .  

Theorem 5. Let  ( r g , u g )  b e  t h e  vo lume-cons t r a ined  c o n j u g a t e  p o i n t  on t h e  p r o f i l e  c u r v e  
r s ,  u s ,  . A t  t h e  p o i n t  ( r g , u g )  t h e  d e r i v a t i v e ,  r '  ( s )  is p o s i t i v e .  The p o i n t  
( r g , u B )  i s  l o c a t e d  between t h e  f i r s t  and second i n f l e c t i o n  p o i n t s  on t h e  p r o f i l e  c u r v e .  
I f  t h e  p r o f i l e  c u r v e  p o s s e s s e s  a b u l g e  (and hence  a  neck)  t h e n  ( r B , u g )  i s  l o c a t e d  above 
t h e  neck.  A s  K app roaches  z e r o  t h e  p o i n t  (r  ,ug )  approaches  t h e  p o i n t  ( a l , O ) ,  where 
a 1  i s  a  r o o t  of  t h e  e q u a t i o n  rJo ( r )  + Z J o l  (re = 0. (see F i g u r e  4 )  

F i g u r e  4 .  L o c a t i o n s  o f  t h e  vo lume-cons t r a ined  c o n j u a a t e  p o i n t  



By Theorem 4 t h e  curve  y is  an a n a l y t i c  a r c  pa ramete r ized  by K .  Its image B(y)  is a 
pa ramete r ized  curve  i n  t h e  ( r ,V) -p lane  and,  a s  i n  problem A ,  it i s  t h e  enge lope ,  rg of  
t h e  fami ly  of  curves  (r  (S , K )  , V ( S  , K )  ) . Thus rB may be  expressed  i n  t h e  form ( r  ( K )  , V ( K )  ) 
where r  ( K )  = r ( o  ( K )  , K )  and V ( K )  = V(o ( K )  , K )  a r e  a n a l y t i c  f u n c t i o n s  o f  K .  Furthermore 

l i m i t  ( r ( ~ )  , V ( K ) )  = (0,O) a s  K +  m ,  l i m i t  ( r ( ~ )  , V ( K ) )  = ( c x l , O )  a s  K + 0 .  

B Theorem 5 we know t h a t  a g iven  curve  B ( s , P ) ,  touches  t h e  envelope a t  a p o i n t  where Y r (s)  is  p o s i t i v e .  Thus, i n  a neighborhood of  t h i s  p o i n t  , ( r B , V  ) , w e  may e x p r e s s  t h e  
curves  B ( S , K )  non-paramet r i ca l ly  i n  t h e  form V = g ( r , ~ ) .  I£ t t e  envelope is  smooth it  
w i l l  be  t a n g e n t  t o  t h e  fami ly  o f  curves  V = g ( r , ~ ) ,  and i t s e l f  would have a non-parametric 
r e p r e s e n t a t i o n  V = G ( r ) .  A p o i n t  on t h e  envelope of  t h e  fami ly  of curves  V = g ( r , ~ ) ,  
is  determine? by t h e  c o n d i t i o n  g K ( r r ~ )  = 0 w h i l e  t h e  c o n d i t i o n  f o r  smoothness i s  t h a t  
g r # 0 S i n c e  t h e  envelope T B  = B(y) is  a p a r a m ~ t e r i z e d  a n a l y t i c  curve  it w i l l  
be  smooth excep t  perhaps  a t  i s o l a t e d  p o i n t s  where t h e  d e r i v a t i v e s  r '  ( K )  and V ' ( K )  bo th  
van i sh .  A t  such p o i n t s  t h e  p o s s i b i l i t y  o f  a cusp a r i s e s .  One such cusp occurs  a t  ( a l t o ) .  

C o j e t u r e .  T h a t  p a r t  o f  t h e  envelope T B  which l ies i n  t h e  ha l f - space  V > 0 is  a 
smoot curve whlch may be  expressed  non-paramet r i ca l ly  i n  t h e  form V= ~ ( r ) ,  0 < r < a l l  
w i t h  G ( 0 )  = G(a1) = 3 and G '  ( a l )  = 0. There is a s i n g l e  v a l u e  r *  where G '  (r*) = 0. 

Computer c a l c u l a t i o n s  s t r o n g l y  i c d i c a t e  t h a t  t h e  c o n j e c t u r e  is v a l i d ,  b u t  a complete 
proof of  t h i s  is l a c k i n g  a t  p r e s e n t .  ( s e e  F igure  5) 

F igure  5.  The curves  B ( s , K )  and t h e - r  enve lope ,  TB.  

I f  t h e  envelope i s  a smooth c u r v e ,  then  it fo l lows  t h a t  t h e  map B ( s , K )  is a d i f f e o -  
morphism of OS o n t o  i t s  image B ( O S ) .  I n  t h i s  c a s e  any v e r t i c a l  l i n e  r r: r i n  t h e  
c o n t r o l  space would i n t e r s e c t  B : O s )  i n  a connected i n t e r v a l .  The s t a b l e  pendent d rop  
corresponding t o  ( P , v )  i s  a c c e s s i b l e  from t h e  f l a t  drop u 3 ,  corresponding t o  t h e  
p o i n t  (P,O) i n  t h e  c o n t r o l  space ,  through a smooth one-parameter f m i l y  o f  s t a b l e  
pendent d rops  o f  i n c r e a s i n g  volume and f i x e d  r a d i u s  f o r  t h e  a p e r t u r e  u n t i l  a maximum 
volume i s  reached. Th i s  i s  t h e  proceedure  used by E. P i t t s  i n  h i s  paper .  ' 

I f  t h e  envelope were n o t  smooth and con ta ined  c u s p s ,  then  t h e  poss ib i1 i t .y  a r i s e s  t h a t  
t h e  mapping B ( s , K )  is n o t  a one-to-one map of  0 s  o n t o  i t s  image, o r  t h a t  f o r  some P 
t h e  i n t e r s e c t i o n  o f  t h e  l i n e  r = P w i t h  t h e  s e t  : ( O S )  i s  n o t  connected.  I n  e i t h e r  
c a s e  t h e r e  would e x i s t  s t a b l e  pendent d rops  corresponding t o  some c o n t r o l  v a l u e  ( P , V )  
which could n o t  be connected t o  (r,O) i n  t h e  manner d e s c r i b e d  above. 

I f  we fo l low t h e  " u s u a l "  proceedure  of t r y i n g  t o  d e s c r i b e  t h o s e  d rops  which a r e  a c c e s s i b l e  
from t h e  i n i t i a l  drop u 0 , corresponding t o  t h e  p o i n t  (P,O)then we have t h e  theorem: 

Theorem 6 .  ( a )  I f  P < r f  then  a s  we i n c r e a s e  t h e  volume from z e r o  t h e r e  w i l l  be  
produced a one-parameter family  of  s t a b l e  pendent  d rops  f o r  Problem B. Through an i n i t i a l  
range of  volumes 0 < V < V l ( P ) ,  t h e  p r o f i l e  curves  w i l l  be  convex and t h e  d rops  w i l l  
?evelop a bulge.  When t h e  exposed volume reaches  V1(F),  t h e  p r o f i l e  curve  w i l l  develop 
an i n f l e c t i o n  p o i n t  a t  t h e  edge of  t h e  drop. With i n c r e a s i n g  volumes t h e  d rops  l o s e  
convex i ty ,  b u t  b e f o r e  t h e  l i m i t  of  s t a b i l i t y  i s  reached pendent d rops  p o s s e s s i n g  bo th  a 
necA and a bulge w i l l  evo lve .  

( b )  For  P > B dhere  J l(f?,)  = 0 t h e  "drop" u 5 0 is u n s t a b l e  f o r  problem B due t o  
n o n - ~ ~ e t r i c  p e r t u r b a t i o n s .  For P < e l  t h e  drop u . 0 i s  s t a b l e  and w i t h  i n c r e a s i n g  
volume t h e  p r o f i l e  curves  f o r  t h e  family  of  s t a b l e  pendent  d rops  w i l l  deve lop  an i n f l e c t i o n  
p o i n t  b e f o r e  t h e  l i m i t  of  s t a b i l i t y  i s  reached.  

( c )  For any r a d i u s  I' , drop h e i g h t  i n c r e a s e s  monotonical ly  w i t h  volume throughout  t h e  
range of  s t a b i l i t y .  

The r e s u l t  ( a )  of Theorem 6 was observed i n  t h e  l i m i t i n g  c a s e  of  smal l  drop w i t h  
narrow necks.  bv A.K. C h e s t e r s  5. 



Formation of neck 

 orm mat ion of ulge 't 
Figure 6 .  Drop formation f o r  Problem B 

S t a b i l i t y  f o r  problem C. 

The con t ro l  parameters a r e  now t h e  angle of i n c l i n a t i o n  6 ,  and t h e  volume V ,  g iv ing  

C ( S , K )  = ($(s ,K)  , V ( S , K ) )  (13) 

as  our  mapping from t h e  parameter space t o  t h e  con t ro l  space. Again we l e t  0 be t h e  set 
of a l l  po in ts  ( s , ~ ) w h e r e  t h e  de r iva t ive  D C ( S , K ) ,  i s  i n v e r t i b l e  and we observe t h a t  t h e  
l i n e  s = 0  does not  meet t he  s e t  0 s ince  C ( O , K )  = (0,O). For each 2 ,  t h e r e  is a  
pos i t i ve  value sC depending on R, such t h a t  DC(s,P) is i n v e r t i b l e  f o r  0 < s c s b u t  i s  
s ingu la r  a t  sC. Let OS be t h e  s e t  of a11 po in t s  i n  0 of t h e  form ( s , R )  wgere 
0  < s Sc. 

Theorem 7. 0 is  an open simply-connected s e t  bounded on the  l e f t  by t h e  l i n e  a  = 0  
and n  e  r i g h t  Sy a  curve y which i s  t h e  graph of a  p o s i t i v e  a n a l y t i c  func t ion  
SC =OoC;:) where l i m i t  o C ( ~ )  Es zero a s  K becomes i n f i n i t e .  

Defini t ion.  For a  given p r o f i l e  curve ( r  (s,K),u(s,iZ)) s 3 0 ,  t h e  volume-constrained 
foca l  Point f o r  problem C is  the  poin t  (rC ,uC) on the  curve wi th  rC= r (sC , i 2 )  , uC= u(sC,K) . 

I f  a  p r o f i l e  curve is t o  generate  a phys ica l ly  meaningful conf igura t ion  f o r  problem C ,  
i t  is necessary t h a t  the  m g l e  of i n c l i n a t i o n  be non-negative along t h e  segment of  t h e  
p r o f i l e  curve generat ing the  drop. Otherwise t h e  drop would i n t e r s e c t  t h e  face .  This  
e l imina tes  from considerat ion t h e  re -en t ran t  drops. Therefore we l e t  0' be t h e  s e t  of 
those poin ts  (B,R) i n  0 f o r  which the  angle of i n c l i n a t i o n  is  p=s i t i $e ,  0  < a  < 8 .  S 

Theorem 8. The p r o f i l e  curve segment corresponding t o  any member of 0' genera tes  
a  s t a b l e  configurat ion f o r  problem C.  I f  t he  poin t  (I,;) l i e s  .outside tfie c losure  of 
the  s e t  O;, then the  generated drop is  uns tab ie  f o r  problem C. 

Remark: This r e s u l t  which was e s s e n t i a l l y  ' c l a s s i ca l "  f o r  problems A and B, i s  
somewhat more d i f f i c u l t  f o r  problem C. 

In o the r  words, l e t  ( r  ,u ) be t h e  volume-constrained f o c a l  po in t  f o r  problem C on 
some p r o f i l e  curve. suppo6e cha t  ( r  ,u ) comes before  t he  poin t  where t he  angle  of 
i nc l ina t ion  i s  zero. I f  ( E . i i )  is 5 p h n t  on t h e  p r o f i l e  curve p r i o r  t o  (r ,u ) then 
the  correeponding pendent drop i s  s t a b l e  f o r  problem C. while  i f  (F .l) come$ aF te r  (rcIuC) 
then the  r e su l t i ng  drop i s  unstable.  



Theorem 9. The volume-constrained foca l  po in t  (r ,u 1 f o r  a given p r o f i l e  curve 
lies between the  f i r s t  and second i n f l e c t i o n  poin ts .  f t  Eomes ahead of t h e  volume- 
cons t ra ined  conjugate poin t  f o r  problem B ,  (rg,uB) . 

Theorem 10. The s e t  C(0;) is symmetric about t h e  l i n e  $ = 0. I t  is  bounded on t h e  
l e f t  by t h e  l i n e  $ = 0 The r e s t  o f  C (0;) is  bounded by C (yC) where yC is  t h e  curve 
describe6 i n  Theorem 7. 

A s  i n  problem 8, t h e  s e t  C(y is t h e  envelope r , of t h e  family of  curves 
$ K S K  . By Theorem 9 Each curve i n  t h e  famfly w i l l  touch t h e  envelope a t  a 
point  where $'(s) is negative. Therefore i n  a neighborhood of  t h e  touching poin t  
each of  t he se  curves may be expressed non-parametrically V = h ( $ , ~ ) .  The envelope 
i s  determined by the  condit ion h (J , ,K)  = 0. I t  w i l l  be a smooth curve i f  h ( I J I , K )  Z 0. 
I f  t he  angle , $  i s  p o s i t i v e ,  theh dV/d$ = ~ , ( $ J , K ) =  V /$ is negative,and w#&e it is 
smooth, t h e  envelope w i l l  be t h e  graph of a dec reas ings fdc t ion .  

Con'ecture That p a r t  of t he  envelope r , which l i e s  i n  t h e  f i r s t  quadrant of t he  
($,- t h e  graph of a smooth functiofi V = V ( @ )  0 < J, < n ,  wi th  V 1  (0) = 0 ,  

V' ( $ 1  neqat ive  f o r  0 < J, <.a , and V '  ( a )  = 0. 

Computer ca l cu l a t i ons  s t rongly  support t h e  conjecture.  ti I f  t he  conjec ture  is t r u e ,  
then ( a s  i n  problem B) t h e  map C would be a diffeomorphism of 0' onto  its image, and 
the  i n t e r s e c t i o n  of a ve r f i ca l  l i n e  J, = it , with CiO') would ije a connected i n t e r v a l .  
This would imply t h a t  a s  we move v e r t i c a l l y  along t h e  l i 8 e  J: = Jj from ( J i , O )  t o  
, V 1 i n  the  cont ro l  space,  t h e  corresponding drops would genera te  t h e  e n t i r e  
familpaxof s t a b l e  pendent drops f o r  problem C. I f  t h e  conjec ture  were not  t r u e ,  then 
a s  was t he  case f o r  problem B,  t h e  procedure j u s t  described would f a i l  t o  pick up some 
s t a b l e  pendent drops f o r  Problem C. ( see  f i g u r e  7 .) 

t he  envelope TC 

- 'JJ 

Figure 7. The curves C ( S  , K )  and t h e i r  envelape TC 

The following theorem i d e n t i f i e s  those s t a b l s  pendent drops t h a t  a r e  acces s ib l e  from 
drops o f  very small volume. 

Theorem 11. ( a )  For any angle of contac t  J j ,  0 < & < n ,  s t a b l e  drops of small  volume 
are-convex and resemble sphe r i ca l  caps. These drops a r e  generated by p r o f i l e  cvrves whose 
t i p  i s  ct uo, where uo i s  ia rge  and negat ive.  A t  a c e r t a i n  p o s i t i v e  volume V , where 
V depends on 8 ,  t he  p r o f i l e  curve genera t ing  t h e  drop w i l l  develop an i n f l e c t i o n  po in t  
a t  i t s  edge. This drop is  s t a b l e .  A s  t he  volume i s  increased ,  f u r t h e r  s t a b l e  pendent 
drops a r e  ionnod, and t h e  i n f l e c t i o n  po in t  on t h e  p r o f i l e  curves w i l l  move t o  t he  i n t e r i o r .  
With increas ing  volume t h e  l i m i t  of s t a b i l i t y  w i l l  be reached before a second i n f l e c t i o n  
poin t  appears. 

(b)  If = 0 a l l  o r o f i l e  curves co r r e s  onding t o  pendent drops of  poo i t i ve  volume 
cant in an i n f l e c t i o n  poin t .  Drops of  smalf volume correspond t o  small values f o r  
a t  tfie drop t i p  A s  is decreased s t a b l e  pendent drops of  increas ing  volume areu?ormed. 
The drop generated by t g a t  p r c t i l e  curve whose t i p  is a t  uo = ua = -2.5678- is  unstable.  
(Computer r e s u l t s  i n d i c a t e  t h a t  t h e  s t a b l e  pendent drop cT maximum volume occurs  with 
o = -1.6 with a volume of  18.4 

( c )  For any angle of contac t  drop he ight  i nc reases  monotonically wi th  volume 
throughout the  range of  s t a b i l i t y .  

Remark. For example, i f  the  angle of contac t  $ = (n /2) ,  it fol lows t h a t  wi th  
i n c m  volume and bef r e  t he  po in t  of i n s t a b i l i t y  i s  reached, pendent drops conta in ing  
both a neck and a bulge w y l l  appear. 



F i g u r e  8.  Drop f o r m a t i o n  f o r  problem C 

J u s t i f i c a t i o n  o f  t h e  s t a b i l i t y  c r i t e r i o n .  

As n o t e d  e a r l i e r ,  any r e - e n t r a n t  d r o p  ( d r o p  f o r  which t h e  a n g l e  o f  i n c l i n a t i o n  
becomes n e g a t i v e )  is n e c e s s a r i l y  u n s t a b l e .  O the rwise  a  s t a b l e  symmetr ic  penden t  d r o p  
r e p r e s e n t s  a  s t r o n g  l o c a l  minimum o f  e n e r g y  f o r  any o f  t h e  problems d i s c u s s e d .  A n!ce 
p roof  is based o f  t h e  method o f  H.A.  Schwarz i n  h i s  p roof  o f  t h e  i s o p e r i m e t r i c  p r o p e r t y  
o f  t h e  s p h e r e .  Fo r  example ,  r e l a t i v e  t o  Problem C we can  show t h e  f o l l o w i n g  r e s u l t .  

Theorem 12 .  L e t  tV,R) be a s t a b l e  penden t  d r o p  f o r  problem C w i t h  exposed volume V, - 
and a n g l e  o f  c o n t a c t  $.  Cons ide r  any o t h e r  penden t  d r o p  (Y,S) whose c o n t a i n e d  volume is  V. 
For  e a c h  h o r i z o n t a l  p l a n e  P ,  below t h e  s u p p o r t i n g  p l a n e ,  l e t  A(P) b e  t h e  c r o s s - s e c t i o n a l  
a r e a  o f  YAP,  and l e t  V ( P )  b e  t h e  volume of t h e  d r o p  l y i n g  below t h e  p l a n e  P. L e t  r ( P )  
b e  t h e  r a d i u s  o f  t h e  c ircle  whose a r e a  i s  A ( P ) .  Suppose t h a t  t h e  p a i r  ( r ( P ) , V ( P ) )  
d e t e r m i n e s  a  s t a b l e  penden t  drop for problem B and f o r  e v e r y  p l a n e  P. Then t h e  e n e r g y  
E ( R )  (see ( 7 ) )  is less t h a n  o r  e q u a l  t o  E i S ) ,  w i t h  e q u a l i t y  o n l y  i f  ( X , i l )  = (Y,S) .  

The method o f  p roof  is t o  f i r s t  symmetr ize  (Y,S) p roduc ing  a  n e r  d r o p  o f  less ene rgy  
and t h e  same volume, which w e  t h e n  compare t o  t h e  g i v e n  s t a b l e  d r o p .  
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