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I. Introduction

The first six months of the contract were spent in develcping the
mathematical models to be used {a the control system design. A major task
that was completed was the development of A computer program which takes
aerodynamic and structural data supplied by NASA for the ARW-2 aircraft and
converts these data into state space models suitable for use in modern control
synthesis procedures. This program has the ability to generate reduced order
models by eliminating selected modes. Reduced order models of inboard and
outhoard control surface actuator dynamics and a second order vertical wind
gust model was developed. In addition, an analysis of rhe rigid body motion
of the ARW-2 was conducted, and it was shown that the deletion of the
aerodynamic lag states in the rigid body modes resulted in more accurate
values for the eigenvalues associated with the plunge and pitch modes than
were vbtainable if the lag states were retained.

The remainder of the report consists of a summary of results in each of
the areas outlined above. The details are given in Working Papers contained
in the Appendix.

II. Actuatnr/Control Surface Models (Working Papers 1 & 5)

A, Elevator . (Working Paper 1) The elevator transfer function to be
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used {s a simple first-order lag
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The allowable control surface activity levels of Mach 0.86 ¢«nd 15000 ft. are
+7° and -12° deflection and £80°/s for a 12 ft/s vertical gust. The bandwidth
of tha elevator {s much less than the lowest flexural frequency (118 rad/sec),
and the gain of the elevator at this frequency 1is 0.167 (-15.54 Db);
therefore, it appears that the elnvator will not be effective for flutte.
suppression.

B. Inboard Aileron . (Working Paper 1). An eleventh-order model with

third-order numerator dynamics was given for the inboard aileron. The first,
fourth, and sixth flexure modes appear to be the most {mportant in modeling
flutter. (See Section on Results.) The frequency of the sixth mode is 218
rad/s. In this range of frequencies, a fourth-order approximation of the
actual {irboard aileron ransfer functiosn exhibits a maximum error of 0.25 Db
in gain and -97 1n phase angle. It 1is proposed to use the fourth order

approximation given as

'ui// - /.6#+X/O;;//

5
w 5%+ 671 f‘_a.zgx/osj’5z.f 3225 + 7.71%107)
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The activity for the inboard atlleron {s limited to 20"down and 10’ up
deflection and 130 °/s deflection rate for at 12 ft/s gust at the flutter

condition,

C. Outboard Aileron . (Working Paper 5) The modified transfer fuaction

for the outboard aileron is given in Working Paper 5. (Ncts the Jiscussion on
the Outboard Aileron given in Working Paper | is based on in earlier model of
the aileron and should be ignored.) The exact transfer function is seventh
order with second order numerator dynamics. A third-order approximation gives
the same ruesponse characteristics as the exact model up to frequencies of 300
rad/¢. This third order model is

U, , = 1L71%x7107

/u (s+180) 5%+ 2513 +(..-?/+)’z )

%¢

o

The outboard aileron has a maximum deflection of 15 and deflection rate of
o

740 /sec for a 12 ft/s rms gust at the flutter condition.

ITII. Wind Guat Model (Working Paper 2) A second-order vertical wind gust

model given below is to be used

wes) = (// * [3“ 54? Ws)/// z
1(:) ((‘Z)s+1>

where

W = veitical gust velocity
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L = characteristic length (2500 ft)
V = the forward veloclity
‘}} = white noise Lnput with 1ntcn-1t¥I( ng)d' 2
J" = rme gust velocity
At the flutter condition of Mach 0.86 and 15000 feet, J” =12 ft/s. At
the gust test condition of Mach 0.7 and 15000 feet o~ « 59 ft/sec. The control
system should reauce bending moments 30 to 40X at all stations at the gust
test condition.

IV. State Space Model (Working Paper 3)

Modern control design techniques raquire that the system be modeled in

state space form as

2=Az 4+ B + Y

where
Z = atate vector
Uc- control vector
N = white noise input

The equations of motion for the flexible aircraft are given in the form

2

(__Ms + C5 + KJX +1L—A tA(E) + Az(%_)

n
Pms
+ ) —= ]X
mzy 5+2'_‘_/E v
c ~m
w
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where
X = the rigqid body (plunge and pitch) uand elastic mode
deflections
U = control surface deflections
w = ve~tical wind gust veloctit,
(See next Secti>n and Working Paper 4 for details of this model.)

Incorporating the trancfer funccions for the control surfaces and the
vertical wing gust with the alrcraft model results in a state vector, 2,
consisting of (1) rigid body deflection and rates, (2) flexural displacements
and rates, (3) elevator angular deflection, (4) inboard aileron angular
deflection, deflection rate, and acceleration, (5) outboard aileron angular
deflection 8'.d deflection rate, {6) wind gust velocity and an asswoclated
variable (see Working Paper 2), and (7) lag states associated with the
unstea’y aerodynamics. The control vector, Ug,consists of the commanded
inputs to the elevator, the inboard aileron, and the outboard aileron. The
white noise input is the forcing term for the wind gust model.

Since there are 10 flexural degrees of freedom, two rigid body degrees of
freedom, a lag state for each degree of freedom and each reduced frequency
included in the unsteady aerodynamic model, a first order elevator mocel,
fourth and third order ajleron models, and a second order gust model, the
dicensionality of the state vector 18 46 even {f only one lag state is
assumed. Thus {t {s necessary to computerize the manipulations required to
construct the state space model. Such a program has been written and is
running on the University of Minnesota Computer System. This program allows
rigid body and flexure modes to be delected in order to generate a lower order
model {f required. Results obtained from use of this model are Jescribed

later.
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V. Unsteady Aerodynamic Mcdel (Working raper 4)

The flexible aircraft is modeled aa

{_Mszq C5+K]X + a Q(s)—i-} =0

w J

where

M = genevalized mars matrix

O
[ ]

generalized structural damping matrix

K

generalized stiffness matrix
q = dynamic pressure
Q = matrix of serodynamic coefficients
w, X, U are defined in Section 4.
The matrix of aerodynamic influeuce coefficients, Q (s=j %¥ k), was provided
by NASA for a range of reduced frequencies. The aercdynamic influence
coefficient matrix was approximated by

Q4 (s) = A, + A/(ZE%) ) + 0 -

ms

73 (s)

v
+ = K.

The error matrix E(s) is defined as

Eis)=s QG - @4 ()
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Determination of matrices Ao, A,

Az' and Q“which give the best least squares
fit to the data is a relatively straightforward problem (see Working Paper 4).
The first column of the matrix A, must be set equal to the first column
of Q) which is zero) in order to reflect the fact that aerodynamic forces due
to the plunge displacement are zero. The remaining matrices can be determined
to give the best least squares fit to the data once the.;";u are specified.
The selection Of.En'l which result in a "beat" fit 18 not so straightforward.
(See Dowell, E. H. "A Simple Method for Converting Frequency Domsain
Aerodynamics to the Time Domain'" NASA Tech. Memorandum 81844, Oct 198C.) An
approach to the selection of the I";n was developed as part of this s:udy and
appears to yield good results with minimal computational effort. This
approach depends upon the fact that the spectral norm of a matrix equals its
maximum singular value. Thus the maximum singular value of E(s), defined as
D{ff)equnls E(s) and is a measure of the size of the error in the approximat. on
of Q(s). The procedure 1s to (1) arbitrarily select values for theiim's, (2)
let the first column of Ao equal the first column of Q/5) (which is zero), (3)
determine the remaining values of A, , A,, A‘, and Y, , m=1, ...n which give
the best 1least squares fit to the data, (4) calculate the maximum singular
value of the error matrix E(s), (5) vary the Im’s and repeat the process until

this singular value achieves a minimum. Since only a few values of k _ are

commonly used, a relatively simple search procedure can be used to determine

-
’

the optimum values for the km 8.
VIi. Results

A. Rigid Body Modes (Working Paper ¢)

The procedure described above was used to generate a mathematical model
of the ARW-2 at the flutter condition of Mach 0.86 and 15000 feet. A single

aerodynamic lag state was used. The value of‘I was varied until the maximum

i
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singular value of the error matrix was minimized for a reduced frequency of
zZero. The minimization was accomplished at zero frequency because it was felt
that the approximation should be best at low frequencies since rigid body
modes wvere to be studied. The resulting value of ;iwan 0.13 which is very
close to the reduced flutter frequency of 0.15. The elements of the @Q matrix
supplied by NASA were plotted in polar form and were compared with pola: plots
of the elements of the QA matrix resulting from the spproximate model. As can
be seen 1in Working Paper 4, tnese plots are almost identical, indicating that
the approximation is extremely good.

All flexure modes were naglected, ard the eigenvalues associa.ed with the
plunge and pitch modes were calculatea as follows:

plunge  6.1146, 1.828 x 10 '

pitch  =5.1767 + § 7.5543
If the lag terms were neglected when the eigenvalues were calculated, the
plunge and pitch eigenvalues were

plunge  3.391 x 10‘2. 7.588 x 10

pitch  -1.1188 £ § 3.5572
These are not toco different from the values given by Boeing of

plunge -0.0092 £+ j .0437

pitch -1.4274 £ § 2.422
It appears that 1inclusion of the aerodynamic lag terms degrades the accuracy
of the calculation of the rigid body eigenvalues and that elimiuaticn of the
lag states associated with the rigid body modes improves the accuracy of the
model. It is difficult at present to explain why this is so. The aerodynamic
lag terms represent unsteady aerodynamic erfect and since use of quasi-steady
aerodynamics usually allows the accurate prediction of rigid body eigenvalues,

it {s not surprising that the eigenvalues calculated by neglecting the lag

terms are near those given by Boeing. What 18 surprising is that the
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inclusion of the lag terms has such an effect on the eigenvalues. The time
constants associated with the unstuadvy aerodynamics are less than .0. =3r
while the time constant associated with the short period mode is of the order
of 0.5 sec and that of the plunge mode .s approximately 125 sec.

B. Flexure Modes

An examination of the 10 flexure modre indicated that modes 2 and 5 vere
primarily fuselage bending modes, and mode 7 was exclusively a tail mode.
Therefore, these three modes were nof considered further in the analysis .
Modo 1| was the first wing bending mode, mode 2 was the sec~nd wing bending
mode, and mode 6 was the first wing Lorsior mode. These modes vere obviously
important and were retained. Modes 3 and 8 included wing tip bending ani 't
was felt that thes. modes should also be analyzed further. Mode 9 w.»
primarily wing bending and mode 10 was primarily wing torsion, and these modes
were also retained. Thus seven flexure modes, the lst, 3rd, 4th, 6th, 8th,
9th, and 10th, were used in the flutter inalysis. A single lag term with
reduced frequency of 0.13 was used. The loci of the eigeuvalues of those
modes as velocity is varied are shown in Fig 1. The data from which Fig. 1 s
constructed is given in Table 1. It can be seen that the lst mode flutters at
a speed of approximately 9500 in/s at a frequency of approximately 120 rad/s.
The results are based o. aerodynamic data for a Mach number of 0.86;
therefore, the values of the eigenvalues at 1low velocities are suspect,
however, 9500 in/s corresponds to a Mach number of 0.75 which is reasonably
close to 0.86. fig | presents results which are very similar to those given
by NASA; therefore, it 1is felt that the mathematical modeling has been done
correctly. It should be noted that modes 3 and 8 are very insensitive to
velocity, 1indicating that they are primarily vibrational modes not affected by
aerodynamics. Modes 9 and !0 do however vary considerably with velocity.

Eigenvalues were calculated using models in which various modes were
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deleted. (See Tadle 2.) It can be seen that even though the lst mode
flutters, a three mode mode) which contains the lst, 4th, and 6th modes {s
required to accurateiv pradict flutter. This s not surprising since
classical flutter raquires both a bending and a torsion mode. Both the lst
and 4th modes are bending and the 6th is torsion. It is {nteresting to note
that at Mach 0.6, the 4th mode flutters. Deletion of the 3rd and 8th modes
has almost no affect on the eigenvalues of the other modes, and the 9th and
10th modes have very little affect on the lower modes.

VI1, Conclusions and Future Plans

It 1s felt that we now have a valid model of the aircraft to be used in
our flutter control studies. Since the elevator has such a low bandwidth
compared with the flutter frequencies, flutter control will be accomplished
using the 1inboard and outboard ailerona. A model consisting of the Ist, 4th,
and 6th modes will be used for control system design and a model containing
the 1lst, &4th, 6th, 9t., and 10th modes wiil be used for evaluation. A single
aerodynamic lag state is proposed to be used in both the design and evaluation
models. Currently a program to perform eigenspace design is being written ae
is a progran to interface the aircraft model with an existing evaluation

program for determining rms responses to stochastic wind gusts.
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Variaticn of Eigenvalues with Velocity at 15000 Feet

Table 1.

Eigenvalue

Dyn. Pressure (Psi) Velocity (in/s) Mode No.

1000

0.0036

O OV OO F M
4

2000

0.144

3000

0.325

4000

0.577

O NWWO T N~
—

5000

0.%902

OV OO O M~
—

6000

1.3



Variation of Eigenvalues with Velocity at 15000 Feet

Table 1.

7000

1.77

8000

2.31

00V

2.92

10000

3.61

11000

4.37



Eigenvalues for Combinations of Flexure Modes

Tavle 2.

Eigenvalue

No.

Mode

1 Mode Model
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Working Paper No. 1
Actuator Models for
Flutter Control Study

W.L. Garrard
Dept. of Aerospace Engineering and Mechanics
University of Minnesota

Minneapolis, MN

Introduction

The CAST-2 vehicle has three independent control surfaces
available for flutter and pitch contrcl. These are an elevator,
an inborad actuator, and an outboard actuator. This paper gives
the transfer functions for these actuators and suggests some

lower order model approximations for the ailerons.

Elevator

The elevator transfer function is a simple first order lag

U - £0 (1)

,&Lec S+ 20

Bode plots for this transfer function are given in Figs. 1 and
2. The allowable rms control surface activity levels are +7°
and -12° deflection and +80°/sec for a 12 ft/s vertical gust at
the flutter condition of Mach 0.86 and 15000 ft. altitude.

Inboard Aijileron

The transfer function for the inboard aileron is

4(_ 2* 2 ol N, 3 ¢
o, T 723970 (5+610)(5%+ 28008+ 3.124 X /0 )/5

e +455.5)

- . SN
(s'+ ¢7/s +z28x705>/3?+3n5 + 77073 N w7
(8% 268,35 + 8227 x/0°),6% + 284395 + 3. 193,10 ¢

(8 +66E. »
or in factored form S8+ 7471 xs57)



2
. 7.832 X/0 4(.5+ §/0)(s4+ (400 2| /075.8)
Lbb// J '

. S+455.5) (54335 g+

133%8)
¢ ) 2
(54 /‘/td 8L5.8)0(s+ 144 + \J
(5+332.7 2" 546/.¢)
ORIGINAL PAGE IS :

) 85, 5)C5+ 424 5 é /074.2 )

Bode plots for this transfer function are shown in Figs. 3 and

4. The terms s + 2800s + 3.126 x 10°

in the numerator and
52 + 2848.98+ 3.183 x 106 can effectively be canceled. The
two high frequency factors in the denominator (s + 1424.5 +
j 1074.2) and (s + 332.7 + j 8461.6) have little exifect on the
dynamic response over the frequency range of interest in the
control problem of 1 to 500 rad/s. Also the s + 610 term in
the numerator comes ‘airly clcse to canceling the s + 455.5
term in the denominator and if there are no numerator dynamics
the state space representation is simplified somewhat. All

of these assumptions result in a sixth order model

A
7

be

/.3705)(/0%

54335511339 8) s+ 1612 8258)5+ /4—4383355
The Bode plots over the frequency range from 10 to 1000 rad/s
are given in Figs. 5 ana 6. It can be seen that the frequency
response for the exact transfer function and the sixth order
approximation are very close over this range of frequencies.
The comparison is presented in detail in Table 1. The flutter
frequency is about 150 rad/s and the correspondence between

the sixth order and exact transfer function is very good near
this frequency. At very high frequericies the exact transfer
function has a phase shift of -180° and a slope of 40 DB/Decade

greater than the sixth order approximation.

A fourth order approximation can be generated by <limi-
nating the dynamics associated with the factor s + 144 + j895.5.
This is somewhat difficult to justify as we retain the factor
s + 161 + j825.8 which is about the same frequency. The result-

ing fourth order transfer function is
/]

’u"(a - /.G,"’ X/O
{(,C //5+335,5-_+ ‘5339. 83X s+ /6l ¢ 5 825.8 )



Bode plots for this transfer function are given in Figs. 7
and 8. The fourth-order model gives a reasonably good approxi-
mation of the exact transfer function up to about 300 rad/sec
but deteriorates rapidly at higher frequencies. The numerical
details of the comparison are given in Table 1.

The final approximation considered is s&cond order and is
given as

u' / - 2280 s
“4 (5 +335.5 SELEND

ve

As can be seen from Figs. 9 and 10 and from Table 1, the accur-
acy of this model deteriorates fairly raridly for frequencies
above about 175 rad/s.

The activity for the inboard aileron is limited to -10°
and +20° deflection and tol80°/sec deflection rate for a 12 ft/s
vertical gust at the flutter condition.

Outboard Aileron

The transfer function for the outboard aileron is
24

u - J.853%33x/o
‘% %ﬁ 1043.75 + 3.795 x/05 )( 5 + 477..5 + 4038 X 105)
Q
9
(5*+1484.25 + 4.234X/0°) s*4 4745 4 539 x,0%)

or in factored form

‘it// = 3.5398‘X/0?%f/

S+ 521,89 358 .
s, i )'s+ 238.¢ fé 54X s+ 742, LD

(545737 % 2242.¢)

Bode plots for this transfer function are given in Figs. 11 and
12 for frequencies from 0.1 to 1000 rad/s and in Figs. 13 and 14
for frequencies from 10 to 1000 rad/s. If we consider only fre-
quencies of the same order as the structural frequencies, a

tourth order model results. This is given by

.55/ xs0! -

U =
i /54-5'2/‘_91*5325.3 XS+ 235.413594‘,
O¢



Bode plots for this transfer function are given in Yigs.
15 and 16, It can be seel that this gives a very good approrxi-
mation of the exact transfa2r function over the frequency range
of interest although at very hiaqh frequencies the exact model
will exhibit a phase shift of -360° and a slope of -80 DB/Decade

greater than the fourth order model.

A second order model given as

J7’55

M, - I
/‘Lac (5% 82195 + 3325 8)

was also examined and Bode plots for this model are shown in
Figs. 17 and 18. The approximation resulting from use of this

model is considerably worse than given by the fourth order model.

The outboard aileron has a rms cdeflection limit of +15°
and a deflection rate limit of 710°/sec for a 12 ft/sec vertical
gust at the flutter flight condition.

Conclusions and Recommendations

Initial controller designs will incorporate rigid body and
first, fourth, and sixth elastic modes. Since the sixth mode
has a frequency of 225 rad/s at the flutter condition, it is
felt that the fourth order approximation of the inboard actua-
tor whould be adequate even though the sixth order gives a
considerably better approximation of the actuator dynamics for
frequencies greater than 350 rad/sec. The fourth order model
of the outboard actuator gives a very good approximation of

the erxact transfer function over the frequency range of interest.



Table 1:

Comparison of Fxact Transfer Function for

Inboard Aileron and Various Lower Order Approxima“-ions

A Phase (Deg)

Freq(rad/s) Gain(Db) Phase (deqg) A Gain(Db)
Exact 100 0 -27 -- --
178 0.5 ~45 -- --
316 0.75 -81 - --
562 2.0 -162 - --
1000 0 -396 - -
830 6.6 (peak) -- -- -
2nd Order 100 0 -18 0 -9
Approx.
178 0 =27 .5 -18
316 -.075 -54 1.5 ~-27
562 -4.5 -108 6.5 -54
1000 -13.0 -135 13.0 -261
4th Order 100 0 -18 0 -9
Approx.
178 0.25 -36 0.25 -9
316 0.5 -62 0.25 -19
562 -0.5 -125 2.5 =27
1000 -7.5 ~270 7.5 -126
298 0.5 (peak) -- 6.1 --
6th Order 100 0.25 -23 -.25 -6
Approx.
178 0.5 -40 0 -5
316 1.25 -72 -.5 -9
562 3.0 ~145 -2.0 -23
1000 4.5 -300 -4.5 -36
830 8.3 (peak) -—- -1.7 --




Table 2:

Comparison of Exact Transfer Function for

Outboard Aileron and Various Lower Order Approximations

Freq(;ad/s) Gain(Db) Phase (veg) AGain(Db) AFreq (Deg)

Exact 100 0 =27 - -—

178 0.25 -45 - --

316 0.5 -90 -— -

562 0.25 -180 .- -

1000 -12.5 -306 -- --

433 0.9 (peak) -- -- -
2nd Order 100 b.o -18 0 -9 T
Approx.

178 -0.5 =27 0.75 ~-18

315 -1.0 -45 1.5 -45

562 -4.0 -81 4.75 -99

1000 -10.0 -108 -2.5 -198
4th Order 100 6 -23 0 -6
Approx.

178 0 -38 0,25 -7

316 0.5 -72 0 -8

562 -1.0 ~162 1.25 -18

1000 -15.0 -252 -2.5 -54

376 0.4 (peak) - 0.5 --
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Gust Model for
Flutter Control Study

W.L. Garrard
Dept. of Aerospace Engineering and Mechanics
University of Minnesota
Minneapolis, MN

Introduction

A second order vertical wind gust model is described. The
vertical gust is to have a 12 ft/sec rms value at the flutter
condition of Mach 0.86 and 15000 feet and a 59 ft/sec rms value
for the gust test condition of Mach 0.7 and 15000 ft. A 30 to 40
percent reduction in bending moment at all stations is desired
at this condition compared with the uncontrolled aircraft.

Gust Transfer Function

The transfer function for a second order gust model is given

as
d(s) _ ( 7+ V3 é%;.s>
9s) T T Ge)
((,%/)5+ / J
where § = the vertical gust velocity
2 = the characteristic langth (2500 ft in this case)
v = the forward velocity
n = a white noise input

dens
. 4 . .
If we assume s, 1s the spectral of the white noise the expected

value of 62 is given as

il

2= YO
Lol = Gl Gy By ol



If sn is constant, this integral can be evaluated from standard
tables [1] as

B8] =25‘n7r(%>

Now we want E[62] to equal 02, the specified rms value of the gust;

therefore,
S, = O°
" 2 égj‘j
Now
L ¢” et
Sox= E-'I—r-‘) R%(C)é o‘t

where Rn(T) is the autocorrelation function of n and since n is

white noise

where § is the Dirac delta function. Then
nooo2T 2T v
therefore the intensity of the white noise is
2
-1 = (%%') o
At flutter, Mach = 0.8@, h = 15000 ft, v = 908.8 ft/s, /v = 2.75

J - . 765)
5(54!“) = (/+ 4765/2/'755*,)2

and

A = 396.00
At the gust test condition, v = 739.7 ft/s, i/v = 3.38

- (1+ 5.85s5) 7 z
5(5)4“) = 4.38 5+,)

and
A = 11765.78



Both transfer functions represent critically damped sys-

tems. The natural frequency at the flutter condition is

W, = 0.363 rad/sec (flutter condition)

and at the gust test condition is

]

w, 0.296 rad/sec (gust test condition)

Bode plots for the flutter condition are shown in Figs. 1 and

2 and for the gust test condition in Figs. 3 and 4.

State Space Representation

Since the gust models contain numerator dynamics a little
extra work is required to put them in state variable form. We
can accomplish this by using the block diagram shown in Fig. 5.

The transfer function is

hz . ’ h| ) )/
o(s) ( i )(( - S+ A
o R T ey o)

By inspection
W= -.703 4o

and

1
h2=' , 406 (%’)

Now from the block diagram we have the equations of motion in

state space form as

Sz F + 0,285(%‘/)%
,é _2'(%)2 _ (\/{)2;_ 0“1‘0»'.(\/4);%

For M = 0,86 and 15000 feet

.

2 + 0./104%

Y
'

- 077 % - ©0.1324 - 0.05453 9,



and for M = 0.7 and 15000 feet

0= Z + 0.084-9

Z2%-0529z _
£ -~ 0.0875¢5 - o, oI55 7
Reference
1. Crandall, S.H. and Mark, W.D., "Random Vibration", Academic

Press, 1963, page 72.
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State Space Models for Flutter Control Study

B. S. Liebst
Department of Aerospace Engineering and Mechanics

University of Minnesota

Introduction

The structural, aerodynamic, and actuator models proposed
for use in the analysis of the DAST~2 vehicle have earlier
been presented in the frequency domain (see working papers No. 1
and No. 2). This paper gives the corresponding state space
representation of these models for use in the modal control system

design.

Second Qrder State Equation

The following is the proposed second order form of the
state equations of motion relating vertical gusts and control
surface deflections to the structural response of the vehicle.

X = modal coordinates and rigid body modes
U = control surface deflections

§ = wvertical gust velocity

V = forward velocity

q = %ovz

c = mean aerodynamic chord
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Actuator Model

The following is proposed frequency and corresponding state
space models for the three actuators of the vehicle. See working
paper No. 1 for details of the transfer function representations.

I. Elevator

Ue G) 2.0

-
-~

Ue L) S+20

therefore,

Ge + 200, = 20 U,

II. Inboard Aileron

n——

U, ) = [+ 14 x10
Uy ) ( 5+ JJS.SIJ.?}‘I.B)(Y-'-M,I: y825.8)

therefore,

— o

- .- g
Uy + 713.04;  + [152x10 (] + 5.484x10 U,

"
+ b4 x0 w; = Leidxio WY



s1

C“

ORIGINAL PAGE IS
OF POOR QUALITY

III. Outboard Ailero.
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Gust Model

The following is the white noise model for the vertical gust

state. See working paper No. 2 for details of this derivation.

2 -(L) S - HE)r - (L)

§ = a +.285 (YN

§ = wvertical gust velocity

intermediote yust state

]
n

n = zero mean white gaussian noise

Neones) = @Gy = A

£ = characteristic gust length

¢ = rms value of the gust

First Order State Equation

Now that the striuactural, actuator, and gust models have
been developed in the state space, they can all be adjoined to
form one first order state equation. Neglecting the s§ and PQ
terms of the second order equations of motion the resulting first

order state equation is

i = AX + Bu + w ‘@’
1"
where _
X o
X - Cgs YD)
Y F1 1850
Y - 2 c.res)(¥) \
X = : W= - : v\
Yo FLc.188)C¥)
M o
S (.85 ) (¥%)
2
e 4 (.'.4‘0‘0) /.{)

y
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NOMENCLATURE :

M: Generalized mass matrix

k: Generalized stiffness matrix

C: Generalized damping matrix

X Vector of generalized coordinates for rigid and elastic modes and

control surface deflections

x5! Vector of generalized coordinates for gust inputs
Q(s): Unsteady aerodynamic influence coefficient uwatrix
w: frequency in radians per second

c: reference chord length

v: velocity of the vehicle

q dynamic pressure

€ density of air

M: Mach number

H: Altitude

A laplace operator

0[A]: maximum singular value of matrix A



INTRODUCTION

For the design of active control systems for the suppression of aero-
dynamic flutter, it is necessary to first obtain the state-space represen-
tation of the equations of motion for the flexible vehicle. This is so
because at present all modern control design techniques are based on the

availability of a state-space model.

In the study of flexible vehicles, the unsteady aerodynamic forces
and moments are evaluated at various reduced frequencies by the use of
some type of finite element computational procedure. Our objective is to
obtain a model of tha unsteady aerodynamic forces and moments in a form
which can be incorporated into the structural equations of motion for the

aircraft so as to get a suitable state-space representation of the vehicle
dynamics.

This paper discusses the procedure for obtaining such a model. The
following discussion presents an approximation of the unsteady aerodynamics
by a rational polynomial and is based on the approximation first suggested
by R.T. Jones [1]. The details of obtaining such an approximation using a
least squares fit over the range of frequencies svailable is then presen-

ted.

A model for the unsteady aerodynamics of the DAST ARW-2 aircraft,
the data for which was provided by NASA, was developed using the proce-
dure discussed herein. Using this model, the rigid body motion of the
aircraft was studied and the results compared with those obtained by
NASA.

The programs developed to obtain the least squares approximation

and do the rigid body analysis are appended for thoroughness.
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MODEL FOR UNSTEADY AERODYNAMICS:

The general equations of motion for a flexible vehicle at a given

Mach number are [2]: x )
- ot - !
[Fiate cark]z+F Q6D [%,]7°

1f a simple harmonic motion is assumed, the matrix of aerodynamic
influence coefficients Q(A4 = ﬁ%‘-’- k), where k is the reduced frequency
given by k =-a-'2—3-, is calculated using finite difference procedures at a S 1
finite number of reduced frequencies ki’ i=1, 2,..n. This complex

matrix can be approximated by a pelynomial in (£ as:

a(~9~A+A( )PH,, -fg'+-£’3—’1‘-——— (2)

‘me (-d + = zvih\)

mssees  wr eme

This form of approximating Q was first suggested by R.T. Jones [1l] for
the case of two-dimensional flow. The matrix Ao can ke looked upon as
representing aerodynamic stiffness while Al represents aerodynamic damping

and A, represents added mass due to the aerodynamics. The term 9.&-;;7_ 5
A+ ﬁ' Km A

is an approximation for the time delays inherent in the unsteady aero-
dynamics and t:he values of k are chosen from the range of reduced fre-
quencies for which Q(k) has been computed so as to minimize the errzor in

this approximation.

Define the error matrix E($) as:

2 £ P4 -
B8 = Q8- 2A°+A( )-’rA,. %’m)g (2(x))

Then the matrices Ao, Al, Az; .'D.m,m - 1,...[ are computed 84 as to
minimize the spectral norm of E(8) ( lE@)Il ,). The spectral nomm of a g
matrix equals its maximum singular value [6]; i.e., ] E(-’J)" 9 = c [E(b)] . o
Therefore the maximum singular value of E¢$) is a measure of the size of .
the error in our approximation of Q(4) and we must choose the values of
ll\cm such that the corresponding ?[E(b)] is the smallest possible.

s S e R atd

The matrices Ao, Al’ AZ’ and Dm’ m = l,...l are real and are com-

puted by a least square fit of the aerodynamic data. This is carried !

out as follows [3]: . gl
Congider the (jp,q) element of the matrices, then for this element Lo

we can write (2} as:

F
L
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Writing out equations like (4) for every ki’ i=1,.,.n and
bining in a matrix form we get:

then com-

: . . . _r T (e g
| ; . 1 4k 2k A MY a"\ﬁ( ')
; 1 L et R TS 849 (k)
FriHEy AR A w9 hd
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. Since we want the least square solution to (5) to be real valued we
; can write (5) as:
: A }n
= ) % (&
E, Ay %4
’ 1
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The least squares solution to (6) can be obtained using any one of
the many standard techniques. The program used for the purposes of this
report is SNVDEC, developed by NASA [5] which uses singular value decom-
position to get the least squares solucion. An explanation of this pro-
cedure for solving the least squares problem can be found in f6] . Once
we have computed Aj, A,, A,, D @ = 1,...4 as the solution to (6), sub-
stituting for Q(% from (2) in (1) we get the equationa of motion to Le:

Ma>+ Cs tk T+ LAt th V*».nu“’r 2q)
[ T+ 3 [ [E)ra () 2 357 1[50

From this we can now obtain a stare-space model using any of the mini-
mal realization techniques as

x+« Ax +3Bu +P:Z

)
(7,

P . I, ]



whene X = state vector

= control vector
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N = gust vector

MCDIPICATION FOR RIGID BODY ANALYSIS:

Since the frequencies for the rigid body motion of the vehicle are
soail compared to that of the flexure modes, it {s important to get a good

fit for Q(4) at low frequencies in order to analyze the rigid body motion.

One modification {n the above procedure, which would achieve this, is
to set A, = QR(O) so that we now need to obtain a best least squares fit
for only Ay Ay Dm’ m=1,...0.

Using this approximation for AO’ equation (6) {s modified as:

y "
An -) & | (1)
' - )
A_.J 3’
where k; = 0 which implies that Q‘(O) -0 L2 1
s
(0 -kl 2= YR
ko +K, ky 752
’ 0 ke _5;___— ky
- - ~
Ak ) . & y;-t?t.‘ ks +Ke
o> K
. 0 ‘ A‘
| o - Ky ke +%," Kn *}"’ ]
o Jakg
- o ;\‘I o + ¢ ¢ $+i‘
F:. k’*‘i‘ ke £
2 T h ¢
ek kyke
, k5 o  Yai) **/Eq.
A, : ky+%" ke T4
A knﬁi
_52!4——— Y k‘
[ Praa
’ A‘*l"
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L Q*"‘(fa) - a*" (k) J 2 &M,(kn)

The fit for Al' Az, Dm' m=1,...£ thus obtained will give a good
approximation for the rigid body dynamics of the aircraft.

MODEL FOR DAST ARW-2:

The DAST (Drones for Aerodynamic and Structural Testing) ARW-2
(Aeroelastic Research Wing - Number 2) has a high aspect ratio (10.3)
supercritical wing with a 25 degree sweep at midchord mounted on a Fire-

bee drone fuselage.

The unsteady asrodynami: influence coefficient matrix for DAST ARW-2
at a flight condition of M = 0.86, ¥ = 15000 ft was provided by NASA -
the model consisted of two rigid body modes (plunge aad pitch), 10 symmetri-
elastic modes, three control surfaces (stabilizer, outboard aileron, in-

board aileron) and one gust state.

The aerodynamic forces were computed using an aerodynamic/structural
interface and a doublet lattice aerodynamics code, contained {n the ISAC
program, for twelve reduced frequencies (0.0, 0.05, 0.1, 0.2, 0.3, 0.4,
0.5, 0.6, 0.7, 0.8, 1.0, and 1.2).

The elements of the serodynamic coefficient matrix were plotted on
polar plots with the magnitude in decibels versus the p 1e. Several of
these plots which are typical of the first column of Q(4) (the force due
to plunge) are attached in Fig. 1. Plots typical of forces due to the

other mod®s and the control surface deflections are shown in Fig. 2.

From the plots in Fig. 1 it was seen that the forces due to plunge
are very small at low frequencies compared to the forces at higher fre-
quencies. Therefore the fit for the first column of Q(4) was obtained
using the rigid body modifications described in the earlier section, i.e.,
the first column of A, (see Eq. (2)) was forced to be equal to the first
column of Q(#) at k = 0.
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The fits for Q(J) were obtained for different values of Qm and a comparison
of the maximum singular values of the difference betwecen the actual values
of Q(4) and the approximations for different im showed that using % = 0.13
gives the best approximation. The following table lists the values of the

~
maximum singular value at zero reduced frequency for some values of k.

S.N. & a[E(0)]
1 0.1 214.4
2 0.125 138.2
3 0.13 137.0
4 0.135 147.0
5 0.15 162.8

The approximations of the aerodynamic forces using this value of %
for the elements plotted in Figs. 1 and 2 are shown in Figs. 3 and 4 re-
spectively. These plots show that the approximated values follow the actual
values very closely. Also from these plots we nutice that it is not worth-
while to use more than one value of i as that would not improve the fit
much and would only lead to an increase in the number of states in the

state space realization of the model.

A 1listing of the program written to obtain the desired fit 1is attached
in the appeadix. The matrices AO’ Al' Az, and D1 corresponding to this fit
are also listed. Finally an explanation of the parameters of the subroutine
SNVDEC which was used to obtain these fits is listed.

RIGID BODY ANALYSIS FUR DAST ARW--2

At low frequencies the forces due to the flexure of the aircraft are
small and the equations for the rigid body motion (with the controls fixed)

can be written as:

~

a .} (¢)
'Ft'éa + A+ An('czv) ' A*(zv) '»H"‘—:K. k -
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~
where M, A

0 Al' Az, D1 are 2x2 matrices corresponding to the rigid bhody

modes x, and X, (plunge and pitch).

Defining lag state y as y(s) =

ZVI x)
4 c 1
we have 3='zy2'g+é
M e y?
Let ?={+A1(ﬁ)

Then a state space representation of (8) 1is given as:

- -t .
'zl [Py -FAa -FD 1
3 I B 0 ° 2 @)
- »r
. _av 4 4
?-. L -’a,; o 3 k, 38‘& -

For the DAST ARW-2 at a flight condition of M = 0,86, H = 15000 ft we
have

¢ = 23.47 1in
q = 4.29 pst
v = 908.79 ft/sec

From the data provided by NASA and the fits obtained, the matrices
M, Ao, Al,'Az, and Dl for k1 = 0.13 are as follows:

-4
3044099 o \ F0-3760334x10°  0.13226x10°
~ ‘ -
M= ! . °
© 0'50"““ k—. o.’sq-’ﬂ '0-7 "53’3“
o 3
y 3 ovggoaTxi0’  -0-887X0
01075 7x10 013010 . A )
’ ’ > .QHUN2X10
§ nvauw’ 0'53‘1'6*'0' - 01310 0-¢
o |
* i
0S40 x10. - 01430310 .] |
D

> . gxu&
o HOynog k10 9473

'
-

o o
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Using these values, a state space realization as in (9) was obtained

for the DAST ARW-2.

The roots of the system for this realization were found to be

6.1146, 1.828 x 107/, -5.1767 + §7.5443, -1.1977 x 10% + §0.17228.

The last two roots correspcnd to the lag terms and the other complex

pair to the short period motion of the aircraft,

Negleéting the lag terms, i.e., taking only the top left 4x4 part
of the matrix in (9), the roots of the system were found to be 3,391 x 10-2,

7.5875 x 107>, -1.1188 + §3.5572.

A possible explanation for the discrepancy between the roots for the
rigid body motion with and without the lag terms 1is that the lag terms be-
come important only at high frequencies and at those frequencies the flex-
ure of the aircraft is large and we cannot neglect the forces due to the

flexure modes.

CONCLUSION

A procedure for modelling unsteady aerndynamics of a flexible vehicle
for ¢o  "~ol system design was developed. Using this procedure a model for
DAST-ARW-2 was obtained and this model was found to spproximate the actual

unsteady aerodynamic forces very closely.

Using this model the eigenvalues for the rigid body motion of the
aircraft were calculated and these were found to have good correspondence

with those calculated by NASA.

This model can now be used for designing active flutter suppression

control systems for the DAST ARW-2.
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Q0100 FAOGRAN NEUFTT(INPUT,OLTigT, Ta0E 1)

NQi)ilees
00102csss THTS PROGRAN CONPUTLES Tot «EAST SOUARE FIT FR THE INSTTADY AEROGYWAMIC
Q01030 COEBFFICIEnT MATRIL 7R umd’ ARY-2 AT 12,86,a3:506077

GOiQ4Lsss

J0110 DIMENSTION QR(15,16,123,010(15,16,12),A(24,4),B(24,14),A0015,14},
00120+ AT(15,16),A2015,16),D1015,14),02(15,16),RK{12),0(24,3) 0041,
00130+ APLUS(24,24),ADUN(24,4),0un1(12),BUN2(12)

G0140 REAL KnAT(2)

00150 DATA(RK(D),Ta1,12) / 0.0,.005,.05,.1,.2,.3,.4,.5,.6,.7,.8,1.0 /
00160 FLALL GETPF(SnTAPE{,5WDAT1S,0,0)

00170 00 2 Kwi,12

00180 00 2 J=si,16

00120 D0 2 i=:1,15

00200 READ(1,100) OR(I,J,<),01¢0,d,X)

00210 2COWTINUE

00220 DO 101 [31,12

00230 A0CI,1)3QR(I, 1,1

00240 101CONTINUE

00250 100 FORNAT(2714.8)

00260 KnAT(1)3,13

00270 0J 10 1ai,12

00280 Jal+)2 -
00290 A(I,1)=0

00300 ACJ, N=RK(T)

00310 A(I,2)3-RK(i)sRK(I)

00320 A(J,2)=0

00330 DuMI(1I=qR(1)SRK(IIEKAAT (1 ) annAT (1)

00330 ACI,3)=RK(TISRK(I)/DUMI(T)

S350 A(J,3)=KHAT{1)SRK(1)/DUNI(])

00360 10 CONTIMUE

00370 (J°=3 :

00380 MD=24 \

00390 ND=24

00400 M=24 .
00410 N=T

00420 NO5=1!

00430 1ATs10

00446 DO 20 I=i,12

00450 D0 30 K=1,12

00460 B(K, 1) MAR(T, 1,K)=A0Ci,1)

00470 XPLUG=K 12

00480 B(KPLY3, 1 )=01(1,1,K)

00490 30CONTINGE

00300 D0 40 J=1,24

00510 DO 40 K=4,3

00520  ADUM{J,K)34(J,K)

00530 40CONTTNIE

00540 CALL SOEC(TOP,dD,ND,m, ™, ADUKN,n05,3,14C, ZTEST,0,V, TRANK, APLUS, IERR)
00331¢




NITRY W
\ﬁfl}‘3l—,
00339
J9540
00%20
001380
Vw599
00000
00410
90620
004350
Q0640
00450
00440
00479
00489
00690
20709
00710
00720
90730
00740
00789
00749
0077¢
00789
G9770
00800
00810
00820
Q0830
Q0840
Ov830
008460
00879
00880
00890
- 00500
00919
00920
90930
00540
00950
00940
00970
00980
Ga9990
33000
Jio01C
dvaudt
%51303C

28

ORIGINAL ¥ GE IS
OF POOR QUALITY

PRINT, [FRR

ALCT, =Bt 1)

A2ui, a0

LI, ek,

<0 SONTINUIE

PO 102 (sl,l4

ACTL,)=407,3)

AT, 30 =R(T,2)

ACI,2)zaii, 1)

IF ¢I.GT.12) 60 70 193

ACI,1)31

G0 10 102 ‘ .

103 ACI,1)=0 !

102 COMTINUE

N=d

NOSa (3

DO 104 [a1,12

D0 108 J=22,14

JJaj-1

00 105 K=1,12

BiK,JJis0R(T,J,K)

KPLUS3K#12 _
B(KPLUS,J))=0T(T,u,K) -

103 CONTIMYE

o0 106 J=z1,24

D0 106 w31 ,4

ADUR(J,K)3AJ,K)

194 CONTIMNUE -
CALL SNVDEC(IOP,ND,wD,N,N ,ADNN,~JS, 3, 1AC, ZTEST,0,V, IRANK ,APLLS , TERR
PRINT,iERK

DO 104 U=2,'4

JisJ-1

A0CI,d)sB(4,d4d) - .
AtVT, A =B(2.40) -
A2¢1,4)aB(3,Jd)

D1(1,J)aB(4,4J)

104 CONTINUE

REUIND 1

DO 50 Js',i6

DO SO i=1,12

BRITE(1,200) A0CT,J),A1(T,),A2(1,4),D1(I,d
50 CONTINIIE
200 FORMATVAE1A.D)

Cwi, REPLACE(SHTAPE! 440N 46,3,0)
STJP

£sl
¥ 2 ¥
83 THE SUSRDUTING 3NUDIGL 3m0UiD BE ATTACHED AT TS POINT  sss:udsesa
(22 )
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BP83888800430380888BBP8838B848350438855.48.0006000308 8884434430880 03RBS!
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A0 A [P,
E ]
TIIT I PYPLl) 187 COLUNA  s3383ss88es3s
« 37603340206 L 10737462E¢04  ,78002764E+03
~184781108=07 . 12736737E8+02 ~.13'11972E+02
96467900807 1050410672403  .40504833E+02
=.306992608-07 ~-,73823772€+02 .47343388£+01
«.50342910€-08 ~-.117178778+02 ~=.27789210E+01
= 77841299€-07 -,18151098E+03 =.23704107E+02
o11893980E-67 ~.14245807E+02 -,18748114E+00
«23987840E~-06 3005600702 ~.27785720E+03
= J4181130E-08 18795377602  .420889030E+02
-.64935320E-09 .33028117E+02 -,31390206E+02
«20949430€-07  .87356730E+02  .i9904798E+02
«31324370€-04 A1467740E+02 ~-,17306298E+03
»
#ossssssssssss 2ND CNLIAN ss3339883838888s
.
132234648903 130911218903 -, 53794862E+02
183134628 +01 034100478402  .B4112276E+02
.288405418+02 «313919%9E+0¢ «27670379E+01
=, 707946484E+0 «110%4R681E+02 820595108001
= 153901085E401 =, 117337848201 =~.778194542+00
= JO34PT14E+02 =, 70957004€+08  -,346902640E+9!
152316038400 =.24853730E8¢82 -,.37793927E+02
775739638402 -.20340403€+02 -,14333513E¢02
«137924463E+01 «17095305E+C2  .74224375E+0
194910978401 -,25213003E+00 .22242056E¢02
o67076R09E401 =, J78v2330E«01 -, 1577v407€E+0)
10414616E403 ~.83086693E+02 .38070410E+02
»
BESSISOLISS SRE COLUMN ossssssssssssnses
»
301452986402  .20147389E+03  .37241742E+02
«45088340E+01 «241009646E¢02  .83733845E+0!
176186428402 109351262403  .19458645E+02
= .39083481E+00 L 1327J39AJE«02 311044368 +N0
~.0347430F7E+00 =,4623911468+01 =, 2044351 iC401 .
~.13628133€E+02 ~,21300543€+92  ,35593300E 01
~.74639767E+00 ~.170135030% "™ ~.39378221E+01
«A13380505+02 01323316468 e A3F73330E+03
I162634JE+00 -.A33537092E+00 . F3712148E+00
= 7B8143239F 400 -, 101290907 ¢)) =, 27444373801
W i18337373E+00 -, 1334580c+02 -.23511042E+00
189184745402 -.179:79328+02  .iT77843308+02

FIT FOR Gi8) DAST Adw-c w7 ns0.86 , Ha15000 FT

THE NATRICES AQ,A 0,2, 0! WRE URIiTEw COLUNVISE

29
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sl

« 145607232+03
+40440833€+02
«101020746E+902
91573321 E+01
= 1191046438 +01
~.34326497E+02
-.18239328e+02
« 19215422€+03
«12194837€+02
-.83022992z+01
+73032076E+00
+24897784E+03

~.14301898€+02
«47338337E+01
-.12680094E+02
439619732 ¢01
«63988320E+00
. 122449098402
~.4$1788734E+01
-, 43152991E+02
+ 24919245 +01
« 744362338 +00
«79377887€+00
-.87819484E+02

=.25384225E+01
~.876394637E+00
«23149329€+01
«78300480E+00
«320%4133&+00
= 28173132E+01
+84832407€+00
«474730Q9E+02
=.54990329€+00
+14747801E+00
= 112373352E+01

=.10609228%+02 -



e aan

soss8888nse  ATH LN uaN

R
JAATTA3R4E 0?2
10722178E+02
«'0708837E»02

= R10A5770€+0?
NIV AR (TR
«19456020E+02

30

3898554085308

-, 434810, o G2
=v13003078E702
13500 Teot

291326222001 «534268721E4902 1335064 ucvve
=.30882524€900 -, l0230400EYL0  -,37222221E+400
-.42543037E+01 + 383240378402 diT20R11E902
=.32074281E+01 ~-,22286433E+02 0 33392704E 901

«34048268E+02 +03500302E+02 -.8180237%c+01

457679898 +0 4 19830798002 =.2958911968+01
=.64880335€+00. =,124828i138+0c ~-.13158352E+02
8324140136400 -.21429%74E8002 -.14799133E+01

«43876296E+01 -,26089019E+402 .37607648E+02

"

nsssssssess STH COLUNN sesssssssssdsess

]
=.53773106€+01  <,1210144878+407 =-,42741725E+01
-~ 142717815401 =, 1J110134E+08 =,9093%130€+00
~ 59538552E+401  -,67333048E+08 ~-,12981327E+01
= 24811257E+01  ~,12052686E+0T <-,13746128E+00

«17040921E+00 JA40197248001 »24458315E+00
~, 267235373801 <, 41849697E+0! 025317464101
=.872083999E+00 -~.16098149E+01 +30934953E+00
-.18045067E+02 714220448401 ~.460517428+00

«352948736E-01 «70938641E-01 ~-.23382628E+00
=e31100776€+00 ~,35738330E+01 -.220997467E+01

«10064323E+01 -,863978128401 -,2213.544E+01

«194463068E+02 -.14758303E+02 «B4!254680E+01

E
388888883 HTH COLULN__:}*:::l"t‘:::Ot
E 3

2 12202383E+03 -, 13454275E+03  -.69449834E+02

«202270435E+02 09648309k +01 =-,16207627E+02

«72806972€+02 «S0041734E40 4 «13737247E+01

1 7317503E+02 +A8157434E+02 «7621400%E+01
~o17452666E+401 -,37036286E+01 -,72887382E-91
-, 11542483402 «12901256€+03 . 21446949E+02
«,34736:1:8+00 «21380940E~02 W 177697%4€¢02

0228337302403 -.85304059E+02 «1638099FE+03

«10887043¢+01 195721676401  -.62414385E+01
=, 54713902E+01 139114862402 L 17260466E¢010
. 11340863€+02 -.10063231€+0: 183690402 +01
-.68680294€E+02 -.14184331E+03  ,B88493571E+02

]
sssssssess JTH COLUMN ssssssssvessesss
L]
. 172043038403 -.60578033&+02 «31245816E+902

725191376401 -, 37725126E+02 -,38703134E+402
= 41871333E+02 =~,13737709E~02 .385%183402+01

0034373228492 «69222384E+01  ~.79331246E+01

«21BITAIE4)1 -, 12045030E+00 ~.30037370E+00

48089780802 32603835402 102624432 +y¢
~.08cv239E+01 1202547688402  ,22973128E+02
-.10402283€+03 «13938738E+03  ~-.23970%08E+02

27803898001 =, 75136072E+01 -,.5R%046707+0!
~ 411 11140E+01 1337291688400 -.493461253€+01
~.95314037E201 851403008 »g! 51048173440
-.1314841212+03 468592068402 -,27903435c+02

R
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=, 40945243+
=.506 11 129E+01
= SIR73AV9E 40|
=+ 1uaBASIE O
«32133326C+00
738731418401
«22709938+01
-, 21483250E 492
=+ 3565530 1E+01
+28930833+0)
=.23766325E+9)
=.68713534E+02

N

=, 12394789 +01
=+17082499€-02
«12143231E+00
+ 1472446 15E+00
=.33047309€-01
=, 4%5620¢83E+00
=+ 2330G039€+00
=.63822538€+0v
=.08403414E-01
«16332294E-01
«23323377E+90
=.24642279E+01

-.782880v3E+02
= 119:3322E+02
=e 16724347402
+71386227€+00
. 10237833E+01
+10684829€+02
+43363816E+01
-.10496115E+403
=.39842077E+01 .
=.39539084E+9)
=.74033302E+01
= 793747908402

+48949490E+02
= 106209308+0
1827 1935E+02
=. 8394571458+
<. 323925108400
= 174073712+02
«82539504F +01
1677092728402
=.323158 246E+01
=. 355139368 ¢01
«67233743e+00
<0959333E+403
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43539388888

E

- e2)91ATHE 04
- 407500055 +03
-.16803138E+04
51976995€+02
.52364066€+02
.81482059€+03
42216013€+02
- 47136664E404
- 13334993402
.728535603€+02

. 76665898E+02
-.38868544E+03

«27692233E+02
«13733530E¢02
+38550133E+0¢
646543770E+01
-.8642R128E-01
-.75826032€+09
= 717468987E+01
14685419802
2086418737849,
o 17857146E+00
-, 1050684 +0)
-.47478079E+)1

-.,38910153E+02
= 179932318402
=,60790091€+02

- =.212393208+02

~.39960106E+00
e 12264141E402
+73608829€+ 0!
«15i07730E+03
L 335181397 +01
.24341046T+02
(292377438402
A23RAT04F 03

87d COLunN

10TH

k)

ORIGINAL PAGE 13 °

o

OF POOR QUALiTY

e 1 1TTN1077 004
-, 184013747403
=,480514845 03

=, 28354333€402

«563834672E+02
=, 10829038E+03
«11538341E+03
« 318433096404
-, 18397642E+02
+12700411E+03
«A1431220€+02
-.23729102€+62

3338804440

LA193048 80
L22900R72F «0?2
45337304402
.28388871E+02
-.20596452€+02
1772613468403
=.30498438E+00
=, 198456356E+04
"o 782%92601E+00
- A43314313€+02
= 367260803E+01
«268777793c+03

COLJAn ssssssssssssss

«36480747E+02
+21202305E+02
0793279852 +00
«116180512+02
-, 14747243E+00
.68730949E 00
-, 1 191425RE«9?
=, 718977998 +01
. 13450190c+902
73581170801
=, 23743339E+01
63436616 +31

+12278581E+02
«521170802E+01
=.3467%4%602+00
+ 33521934018
+A9RRARASI-0"
-.436315352+00
= 301450628 +0:
+62070872E+0,
+320839202+00
¢ 314047353E+018
-, 70047767800
-.39341057E+01

COLUNN sessissss8880es

«288419448+02
~.11889935E+02
=.34227792€+02
-~ 41544933E+02
- 41314297E+01
=.95017800&+00

+16081319€+02

11477328E+03

+ 522693122 +0:

+10963753%+03

LB2917207F +0?
-, 20783800E+03

+33814487E+02
+37584917€+402
+44718792E+01
«80777876€+01
=+ 29064587E+91
«13226491E+02
=.227315353E+02
=.30300974E+00
«182803738+02
«428954604E402
208778982 +00
+495863238 492

71881382404
13759957203
+33973323E+03
-.106A0239E+03
~.17894377€¢02

= 40703506E+03
-.40199948E+02

134372372404
+23834373E+02
4439318284902
«11488361E+03
« 128423312 +04

=, 6443R731E+00
-, 20025983E +0!

~.50343.301E+00
=, 333861 T1E+bu

«71852124€400

« 135108 1E+01
-.230613702+01
=.71077079+00
-.29341349¢+00
=.35721681E+00
=.23671686E+00

«74090333E+02
«25978897E+02
«29894374E+01
«60879348&2+01
-.19482938E+00
-, 61492002€+01
. 1480%745E+402
«701670046E+01
114972328402
.327:SR11E+01
27413953 00
81779, 132401
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-.11812275€+03
-.27976115E+02
-.515743772+02
-, 131021006402
-.532000308+00
+40335648E+02
«17709930€+02
-.13048654E+03
-.89212951E+01
. 23134270€+02
«21059073€+02
-.26987318E+02

12TH

=.31387376€+04
«824846714E02
~426266162€403
+63328333E+03
+31843534E€+02
+12056312E+404
+06866382€402
=.50968843E+N3
18597452€+02
-, 11920013843
=+37906331E+402

- 45543710€¢04

«.18845993E+04
=.10842930E+04

«293480883£+02
~.4420210%3E+03
-.2826799:5+400
-.23088933E+02

.460982894E4+03
=.22%516353E+03
=.4033035278+03

311410948402
~.26931512E¢02
-.14308772E+402

LITH CoLyNe

13TH COLunn

3z

ORIGINAL PAGE IS

OF POOR QUALITY

S200088085480808

+69640370E+01 0921244615992
= 221630478902  .20220499€ 402
= 277899615402  .25794582E+01
“.233180%9€000  ,650250212 00!
=,67963340E+01 -,228795188+0:

«17468929€401 «979612928+01

15137118€402 -,04201864E¢01

«85373443E¢002 -,18382327E+02
= 73199442€+01 L, 10427939E+02

«047464624E+02  .232030834E+02

+96547368E402  .24724367E+02
= 77839782E+01

CoLunN t-ttotiattoa

~.67%4691878+0)
~.70R33R99E+01
+34020166E+02
«247002968+03
=+30360110€+02
+30600490€+03
«19609647E+03
+13063603E+04
«19033467€+02
-.66238346E+02
+17965863E402

= 10977619404
=+70616891E+403

«20877163E+02
=«34624437E+403
=.16790883E+00
=.106184%1E+02

«32610793€+03
=, 161997464E+403
-.30286761E+403
=.14708760+03

«234393523€+02
~.32486593E+01

=.37638098E+02

-

=e237129362+03
=, 14183059E+03

+63205643E+01
-.108%9316E+03

+13416602E+02
«. 172702178403

+59593304E+01
= 10077723E+04
-,735811618E+02
-, 12413786E+03
~.11331880€+03

LAA9293B4E 404 T -, 15214268F %04

ISBBULSBITENS

o 17333697E+03

" 1821547478402

~.68302080E+900
«93393017E+01
+26732328€-01
«33002297E400
=.28336319€+02
r.12618812E+02
=.93899564€+402
=« 15267033E+43
+41464628€+02
+42630615E+01

7793 1421E492
+ 249397496402
«33367%47C+01
33287775001

= . 433027R0E+00
=.73408613E+0 1
-.130931478+02

+40372982E+02
« 10006330E+92
«47494049€+01
+20601090E+01
+47739782€+02

-~

13143939 +04

=.91840%43E+02

«29313449€+03

= 21915646E+03
=, 18893736E+02
-.20341114E+03

«13334489E+03
11777249E4Q4

-.31308999E+02
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«94440007€+02

" 18596105E+04

+34378743E+03
«17813147€+03
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«83747918E+402

=.32716014E+00
=.27293776E+01
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=.92787777E+90
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« 112383728402
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Desoription: The purpose of SNVDEC is to compute the singular-value decomposi-
tion (ref. 2) of areal mx n (m 2 n) matrix A by performing the factori-
sation,

A = UQV'

wvhere U is an o x n matrix whose columns are n orthonormalized eigen-
vectors associated with the n largest eigenvalues of AA', V s an
nxn matrix whose columns are the orthonormalized eigenvectors associated
with the n eigenvalues of A'A, and

° s di“ (O1.Gz.o..,0n)

vhere 04 (1 = 1,2,...,n) are the nonnegal.ive squars roots of the eigen-
values o} A'A, called the singular values of A. Options are provided for
the computation of rank A, singular valueos of A, an orthonormal basis for
the null space of A, the psoudoinverse of A, and the least squares solution
to

AX = B

Both A and B are stored as variadble-dinmenzioned two-dimensional arrays.
The computaticnal procedure is described in reference 2 on pages 135-151.
Basicalliy, Houssholder transformations are applied to reduce A to bidiagonal
form after wvhich a QR algorithn is used to find the singular values of the
reduced matrix. Combining results gives the required construction.

Source of software: LaRC Analysis and Computation Division subprogram library
) with modifications by Erneat 3. Armstrong, LaRC

ﬂllia -auomo: CALL SNVDEC(IOP,MD,ND,M,N,A,NOS,B,IAC,ZTEST,Q,V,IRANK,
' ’

Input arguments:

IOP Option code:

1 The rank and singular values of A will be returned.

2 The matrices U and V will be returned in addition to the
information for IOP s 1,

3 In addition to the information for IOP = 2, the least
squares solution to AX = B will be returned.

L} The pseudoinverse of A will be returned in addition to the
information for IOP = 2.

5 The least squares solution will be retuirned in addition to
the information for IOP = 4,




ND

NCS

IAC

35
The maximum first dimension of the array A as given in the
DIMENSION statement of the calling program
Maximum first dimension of the array V
The number of rows of A
The number of columns of A

Matrix stored as a variable-dimensioned two-dimensional array.
Input A {is destroyed.

The numdber of column vectors of the matrix B

Two-dimensional array that must have row dimension at least NOS
in the calling program. B contains the right aides of the
equation to be solved for IOP =3 or IOP = 5. B need not
be input four other options but must sppear in the calling
sequence. :

The number of decimal digits of accuracy in the elements of the
patrix A. This parameter is used in the test to determine zero
singular values and thereby the rank of A.

Output argunents:

A

ZTEST

IRANK

On normal return, A contains the orthogonal matrix U except
when IOP = 1.

On normal return, B contains the least squares solution for
IOP = 3 or IOP = 5.

The zero test computed as ||A[| * 10-(IAC) ysing the matrix
Euclidean norm except when N = 1. When N = 1,

ZTEST = 10-(IAC)

A one-dimensional array of dimension alL least N which upon return
contains the singular values in descending order

A two-dimensional array that must have first dimension ND and
sucond dimension at least N. Upon normal return, this array
contains the orthogonal matrix V except when IOP = 1. The
last N - IRANK columns of V form a basis for the null space
of A.

Rank of the matrix /A determined as the number of nonzero singular
values using ZTEST

ORIGINAL PAGE (3
= OF POOR QUALITY
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APLUS A two-dimensional array of first dimension ND and second dimension
at least M. Upon normal return, this array contains the pseudo-
inverse of the matrix A. If IOP Jdoes not equal 4 or 5, this I

array need not be dimensioned, but a dummy parameter aust appear
in the calling sequence.

JERR Error indicator:

YERR = O A normal return

IERR = K ~ O The Kth singular value 1as not been found after '
30 iterations of the QR ealgorithm procedure.

IEKR = -1 Using the given IAC, A 1is close to a matrix
which is of lower rank and if the accuracy is
reduced, the rank of the matrix may also be '
reduced.

COMMON blocks: None |

Error messages: None. The user should examine IERR after return.
Field length: 2072 octal words (1082 decimal) |

Subroutines employed by SNVDEC: None

Subroutires employing SNVDEC: FACTOR, CTROL, CSTAB, D:°AB, DISCREG

Comments: SNVDEC may be applied to matrices stored as one-dimensional arrays
by setting MD = M and ND =z N in the calling sequence.

The subroutine is internally restricted to N S ?50.
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Working Paper No. 5
Modified Outboard Control
Surface Transfer Function

W. L. Garrard
Department of Aerospace
Engineering and Mechanics
Uriversity of Minnesota
Minneapolis, Minnusota *

This paper discusses the modified transfer function for the
outboard aileron. The new transfer function is

Moy ot x10"*( s* + 28.65 +(+77.5)")

- , )
'uoc (S+/180)(s* + 25/ + G.11)* Y52+ 2295 +(471.5)' Y5*, 2865 +(477.5)z/

Note tha% the numerator term and two of the denominator terms
have the same nondamped natural frequency, the damping factor of
the numerator is 0.03 while the damping factors associated with
the denominator terms of the same frequency are 0.23 and 0.3.

Thus the numerator dynamics effectively cancels the phase shift
resulting from the one of the denominator factorn and axcept at
near the natural frequency of 477.5 rad/sec the numerator dynamics
also cancel the 40 db/decade roll-off resulting from one of
the denominator factors. Bode plots for the response of the exact
model of the outboard aileror are shown in Figs 1 and 2.
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The most obvious approximation is the cancellation ~€ the
numerator dynamics with the most lightly damped of the quadratic
terms of the same frequency in the aenominator. This results in
the 5th ordzr model below

uy - 4046 X/0 'z
Mo, (ss.80)s? 4 2815 +(314)*) 5%+ 2865 4477.5)*)

The Bode plots for this transfer function are giren in Figs 3

and 4. Phase is alwost the same as for the exact model and gain
only differs near 477.5 rad/s. A 3rd order appro ximation results
irom neglecting the highest frequency term in the denominator.
This results in the approximation

uy = /'77_4' X/O’
Mo, (5+180)(s* +251s +(34)")

Bode plots for this transfer function are shown in Figs 5 and 6.
Up to approxima.ely 300 rad/sec this gain and phase are the

same as for the exact model. Since the 6th structural mode has

a frequency of 225 rad/s at the flutter frequency it is felt that
the 3rd order actuator model is adequate for initial control
studies.
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