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Abstract

This report preseats a survey of the theory of the earth’s wotation ad the geophysieal
phenomena affecting it, with emphasis ot polr mation and UTH wariations. The theoren

cal developiment in this review beginy with fivrst prineiples and fornudates the problent of

palar wotion and UT'1 variations in considentble generalite and detadl, The trearment
neludes an analvsis of the effeets of varth deformations aud the selid earth tides.
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A Survey of the Theory of the Earth’s Rotation

I. Introduction

In recent years the technique of long baseline inters
ferometry (LBI) has demonstrated its ability to carry out
measurements of the varations in the earth’s rotation rate
(UT1) and of the varfations In the position of the earth’s
rotation axis with respeet to the earth’s crust (polar motion)
with an aceurney which Is comparable to that obtained by the
classical methods using photographie zenith tubes (PZT's).
While the classical methods have probably been extended to
their maximum capabilities by thelr present day use, it is
expected that continued development of the technique of long
baseline interlerometry will witimately yield measurements of
these geophysical quantities with uceuracies which exceed
present day capabilities by an order of magnitude,

This document was prepared in anticipation of these future
developments, Its purpose is to comprehensively teview the
present day dynamical theory of the earth’s rotation in order
to provide o colierent theoretical basis for the development of
futnie data analysis procedures and soltware models for the
treatment of future high quality long baseline interferometry
data. Uz purpose then is to serve as a tutorial handbook for
workers who will be involved in the process of extracting
geophysical information from the interferometry data, In
arder 1o enhance its usefulness in this respeet the work s
presented tn considerable detail,

Il. Coordinate Systems

The term *axis™ will always be associated with a corre-
sponding veetor. Ae axis is 4 stinight line passing through the

origin of coordinates in a direction parallel to the assoclated
vector, The point of intersection of an axis with the surface of
the earth or the celestial sphere is called a “pole™; in the
former ease a “ferresirial pole™ and in the Jater case o
“celestial pole” If not explicitly siuted which, “terrestrial
pole™ will be understood,

In establishing a theoretieal and operational framework for
describing the carth's rotation It Is necessary fo use two
coordinate frames: a space-fixed frame spamad by basls
vectors £, E, £, and a body-fixed frame spannad by basis
veetors @, @, @, Coordinate systems can be grouped into
“geometrical™ and “dynamical™ classifications according to
the nature of their fundamental defining quantities, Hybrid
coordinate systems requiring a combination of geometrical and
dynamical quantities for their definition are also possible,

The present spacesfixed coordinate frame is a dynamical
coordinate frame which uses the orbital and equatorial planes
of the earth to define £, £, £y, The £y axis is parallel to the
carth’s mean orbital angular momentum veetor ol 1950,0 and
)?‘, is contained by the intersection of the mean orbital and
mean equatorial planes of 19500 and points toward the
ascending node, The £, axis is orthogonal to B, and £} to
complete a right-handed coordinate frame. The origin of the
space-fixed coordinate frame is placed ot the center of mass of
the carth, including the oceans and atmosphere, In defining
the mean orbital plane of the carth it is necessary to reckon
with the fact that the motion of the earth about the sun is
continually perturbed by the gravitational attractions of the
other bodies of the solar system and that the actual orbit of
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the earth's center of mass is an irregular and ever varying curve
in space (Woolard and Clemence, 1960),

Even in the case of a rigid earth cortain difficulties are
encountered when operationally defining the celestinl equator,
The instantaneous celestial equator is usually defined as being
contained by a plane which is orthogonal to the carth's
instantaneous rotation axis. For a righd earth the Instantoneous
motation axis §s defined by the vector sum of the angular
rotation rates of polar motion, spin, precession, and nutation
and is unobservable by conventional astronomieal means, What
is observable s a position on the celestial sphere, to be here
ealled the eelestial reference pole, located at the center of the
quasi-cirentar diurnal pathis of the stars In the sky. The celestial
reference pole is in continual motion across the sky owing to
the effects of precession and nutation alone. Polar motion
changes the latitudes of observatories and not the declination
of stars and 50 does not contribute to the motion of the
eelostial reference pole on the eelestial sphere, The motion of
the celestinl veference pole across the sky implies the existence
of an additional rotation rate (due to precession and nutation)
which, along with the rotation rate due to the polar motion,
must be added veetorially to the spin to obtain the total earth
rotation vector,

The realization of the above dynamically defined space-
fixed basis vectors is provided in an implicit manner by the
coordinates assigned the stars of the FRe4 catalogue whose
positions have been measured with refeyence to the earth's
orbital and equatorial planes, The FK4 eatalogue contains
about 1500 stars and has an internal mnmtemy of 018 are
and an overall internal aceuracy of +0°10 are (Kolezek and
Weiffenbach, p. 32, 1978), Soon 1o replace the FK4 eatalogue
is the FKS catalogue with about 3000 stars and an internal
consistency of *010 are and an overall aceuracy of #0%02 are,

Long baseline interferometry is expected to provide the
relative positions of roughly 100 compaet radio sources with
an overall internal aceuraey of 207001 are in the near future,
This eelestial coordinate system wilk be essentinlly geometrical
and some effort should be dedieated to tying it to the
dynamically defined FR4 and FKS coordinate systems, at least
to the level of the errors inherent in the stellar coordinate
systems,

The body-ﬁ\cd courdinate system spanned by basis veetors
&, & @, has its origin at the center of mass ol the earth
im,ludlnp, the oveans and atmosphere, Hence the space-fixed
coordinate system and the body-fixed coordinate system share
a common origin, and the general linear coordinate trans.
formation relating the two at any particular time consists of a
rotation about some axis and w scaling, A relative sealing of

unity is maintained by adopting the some unit of length In
both systems,

The @, basls vector s defined 10 be parallel to the mean
axis of figure of the earth, The axis of figure corresponds to
the principal eigenvector (the elgenvector of maximm eigen-
value) of the earth’s inertia tensor, For a deformable enrth the
body-fixed orfentation of the axis of figure Is time.dependent
since the inertia tensor Is time-dependent,

The mean axis of figure Is defined as corresponding to the
prineipal eigenvector of the mean inertia tensor.

The &, basis vector Is orthogonal to the T, basls veetor and
conmincd in the plane of the convcmlonnl prime (zcm)
meridian. The @ basis vector Is orthogonal to &, & and
oriented so as to form a right-handed onho;,onul trind The
realization of the body-fixed basis vectors @ @, @, is provided
implicitly by the coordinates of a sot of fixed observatory sites
located on the carth’s surface, The following Is a brief
examination of eurrent practices involved in the determination
of the terrestrial coordinate frame,

In the presatellite era the geocenter was, to u large extent
inaccessible geodetically speaking, and geodetic networks were
essentially “local” coordinate systems, The location of the
geocenter relative to the earth’s surface could be determined in
principle by solving the boundary vilue problem in the theory
of gravitational potentinl, However, the practical realization of
this procedure was hampered by the lack of gravity measure-
ments over the oceang, and any attempt based on the limited
data available excluded the earth's atmosphere since it was
outside the surface over which the measurements were made,

The artificial satellite senses the center of mass of the earth
direetly since the osculating orbit plne passes through it, The
usual procedure is to use satellite tracking data to solve
simultancously for the geogentric position of the tracking
station and the spherical harmonie coefficients in the expan-
sfon for the carth's gravitational potential, In this manner the
location of the geoventer relative to points on the earth's
surface ¢an be determined to about #0,5m - £1,0m,

Even in the case of a rigid earth, owing to the presence of
the fluid portions, the geocenter does not remain fixed relative
to the earth's solid surfuce, The seasonal redistribution of the
masses of the oceans and atmosphere and particularly the
redistribution of global ground water displace the geocenter
relative to the solid 2arth periodically in & year along a roughly
elliptical path with a major axis of the order of 0.5¢m (Stolz
1976).
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Considering the real deformable earthi, the tidal deforma-
tions of the solid portion, because of thelr symumetry, do not
displace the geocenter, However, owing to thelr asymmetry
the tidal redistribution of the mnsses of the oceans does
displace the geocenter, Each tidal constituent will displace the
geocenter along a curved path relative to the solid earth with a
perfod equal to that of the tidal constituent. Brosche and
Siindermann (1977) have shown that the M, tidal constitnent
displaces the geocenter relative to the solid earth arsind n
closed curve of the order of 4 em in extent with a perfod of
12.42 hours, The motion of the geocenter due to the M, tide
I= essentinlly confined to the plane of the cquator (the
displacement parallel to the polar axis belng an order of
magnitude smaller) slong the directions A = 45°E, 135°W,

It can be shown (Goldreich and Toomre, 1969) that for n
quasi-righd, evolving, extended body rotating in the absence of
external torques about its nxis of largest moment of inertia,
the axls of figure s constrained dynamically to coineide with
the axis of rotation, However, the earth, being subjected o
external torques, differs in some respects from the body being
considered by Goldreich and Toomre,

For historieal reasons the motion of a rigid body In the
absence of external torques Is known as “*Bulerian motion,” In
the case of the carth subjected as it is to external torques it
can be shown (Woolard, 1953) that the motion of the rotation
axls withine the body-fixed frame is almost entirely due to the
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Eulerian motion, with only a small perturbation of the order
of 0702 nre oecurring as a result of the lunbsolar gravitational
torques. Although the elastic ylelding of the earth greatly
alters the Eulerian motion from what would prevail on o rigid
earth, the effect of the lunisolar torques is simply to displacy
the Instantaneous rotation nxis In a diurnal eireular path of
dinmeter roughly 0%02 are about the Eulerinn position, Thus
the mean axls of rotation of the earth coincides with the
Eulerian (torque-free) axis of rotation and hence, by the
arguments of Goldreich and Toomre, also colneides with the
mean nxis of figure 25,

In general, at any instant the rotation axls Is displaced, in
the body-fixed frame, from its mean position on the uxis of
figure. ‘The figure axis of the carth or the @ basis vector e
be determined by establishing the mean position of the
rotation axis, In practice the procedure of determining the
location of thie “instantaneous” rotation axis in the body-fixed
frame by PZT observations ylelds the position of the “instan.
tancous”™ Eulerfan or spin axis, However, the mean position of
the Eulerian axls will also serve to determine the earth's figure
axls or @,

Figure 114 (after Smylie and Mansinha, 1971b) flustrates
the geometrical relationships pertaining to polar motion, The
figure Is drawn with reference (o the Eulerian or spin axis
rather than the rotation axis, since it is with reference to this
axis (that fatitudes on earth are observationally determined.

%y FIGURE AXI5
(REFERENCE o
POLE) / HINSTANTANEOUSY

EULERIAN (5PIN)
POLE

=== REFERENCE
EQUATOR

s HINSTAN TANEOUSH
EULERIAN (SPIN)
EQUATOR

Figure II-1, The geometry of polar motion, For clarity the figure is drawn in a body-tixed frame so
that the tigure of the earth defined by &, appears fixed in orientation, When viewed in
a space-fixed frame, the equator and the spin axis appear fixed in orientation while the
figure of the earth is displaced, (Atter Smylie and Mansinha, 1971b)
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In Figure Il-1 the point O refers 1o an observer on the
earih’s surface or alternately to the body fixed angular
coordinates of an Interferometer baseline. The polnt C is the
geocenter, the origin of the terrestrinl coordinate system, The
displacement of the Eulerlan or spin pole from P, the axis of
figure or reference pole, to P changes the latitude of the
observer or the declination of the Interferometer buseline at O
from the angle OCM to the angle OCM' and changes local
siderenl time at O or the sidereal hour angle of the weridion of
the Interforometer baseline nt O from the angle ECM to the
angle E'CM' where E and E' refer to the subequinox point on
the carth’s equator before and after polar motlon respectively,

There nre two systems of reckoning in use today to deseribe
polar motion, One Is most widely used by nstronomers and
corresponds to the usage of the BIH (Bureau International de
1'Hesire) while the other is most widely used by geophysicists
and corresponds 1o the usage in this document. The geo-
physicist orients the surfuce of the earth so that the positive
normal points toward the zenith, The use of a right-handed
coordinate system then requires that the location of the
“Instantancous™ Eulerian axis in the bodyfixed frame be
specified by m, the angular displacement s * {he Eulerian pole
paraliel to the prime (Greenwich) merifig, and m,, the
angular displacement of the Eularian pole parallel to the 90°E
meridian, This fs Hlustrated in Figure 1i-2, The net angular

44 EUL

ERIAN
(SPIN) AXIS

Figure li-2, The geometrical definition of the angles, m, m, used by
geophysicists to indicate the location of the Eulerian
pole or spin axis of the earth relative to the CIO (Conven-
tional international Origin). The axis of the CIO is con-
sidered to be coincident ‘vith @, the figure sxis of the
earth,

displacement of the Eulerlan pole from the figure axis is given
by angle f, where

= md emd o md), (1)

The astronomer adopts a right-handed coordinate system
on the celestial sphere, with the “surface” of the celestial
orfented so that the positive normal points toward the earth,
As 8 consequence of this the nstronomer is required for
consisiency to orlent the surface of the earth with the positive
normal poiuting toward the geocenter, The use of » rights
handed coordinate system then requires that the location of
the “instantaneous™ Eulerfan axis In the bodysfixed frame be
specified by x, the angular displacement of the Eulerian pole
parallel 10 the prime (Greenwich) meridian, and y,the angular
displacement of the Eulerian pole parallel to the 90°W
meridian,

Both systems of reckoning use the ClO or Conventlonal
international Origin ns the reference pole defining the figure
axis or &, The CI0O is the nominal point of 90°N Jatitude an-
s defined implicitly by the assigned nominal coordinates of o
number of observatories around the world, The ClO was
defined Initially by the mean latitudes @, and longitudes X, | =
I, 2,,..,5 of 5 obscrvatorics a5 & result of latilude and
longitude observations made at these sites extending over the
interval 19000 - 19050, The CIO defines the @, basis
vector, the axis of which makes an angle of 90° ~ & with the
verticals of each of the § defining observatories.

It can be shown that for an observitory (interferometer
baseline) with nominal (referred to the CIO and the Greenwich
meridian) geocenirfe coordinates given by latitude ¢, and east
longitude Ay, the Increments to the latitude Ag, (OCM' -
OCM in Figure 11:1) and to the longitude A\, (E'CM' - ECM
in Figure 11-1) accompanyling a displacement m, m, radians of
the Eulerian pole are given by '

9 )
A, = M, cos A Fmy sin J\c (-2

A}\O = tan ¢, (m I sin Ay «m, cosAy), (11-3)

UTO is o “raw” mensure of Universal Time based on data
obtained at a particular site where the assumptions are made
throughout the data analysis that

(1) The observatory (interferometer) coordinates are fts
nominal coordinates reférenced fo the C1O and the
Greenwich meridinn,
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(2) The earth has been spinning about an axis through the
0.

UTL is 8 “true" measure of Universal Time intended to
give the hour angle of the mean sun at Greenwich when the
effects of polar motion described above nre duly taken into
necount, UT1 eannot be mensured from u single point on the
carth’s surface singe it is impossible to distinguish the effects
of polar motion which are to be incorporated into UT! from
the effects of varlations in the earth's rotation (spin) rate
which are normally incorporated inta UT2,

UTO and UT1 are related by

uro = ury + 89990, ty (my s, iy cOs XD,

2
(11-4)

UTC s an atomie time seale broadeast by national time
services and maintained vontinwously by onsite atomic fre«
quency standards at observatory sites. At each of m observa.
toty sites it Is possible 1o observe directly the quantities

U‘I‘O,-UT(‘ { = 1,2,30m

‘:’(“‘{jm = 1,23 m

where ¢, Is the “Instaatancous” latitude of the th observatory
and By, the nominal latltude of the /th observatory, These two

observables are related to m, my and UTL  UTC by
UTO, = UTC = UT) +§~—9§;?9~ an gy (my sin Ay, = m, coshg))
~UTC (11-5)
b =g ® My cos Ay i, sindy, (11-6)

where Ao, Is the nominal longitude of the ith observatory,

From a large set (of the order of 50) of such observations
the BIH solves for the quantities nty; my and UTL -~ UTC by
least squares adjustment, This adjustment procedure produces
a value of UT1 which is not reduced to the prime (Greenwich)
meridian passing through the meridian circle of the transit
telescope at Greenwich but to a meridian which is displaced
from Greenwich by several milliseconds of time. The meridian
to which UT1 is ndjusted s called the meridian of the "mean
observatory” or the Greenwich Mean Astronomic Meridian,
The corrections for the displacessient of the mean observatory
from Greenwich (usually of the order of 2.5 msec) are
published in the Bulletin Horaire of the BIH,

ni.; p! i: ft*'t ‘~*
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Ill. Dynamics of Rotating Bodies

Before proceeding to & treatment of the rotational
dynamics of the earth we shall review the dynumical theory of
rotating bodies generally, arriving finally at the Liouville and
Euler equations.

A. Rotational Dynamics of an Assemblage of
Particles

We consider an assemblage of N particles whose masses and
positfons relative to our origin of coordinctes are given by m,
and v, 1% 1,2,3 4 N,respectively. I ¥, Is the acceleration of
the jth particle relative to the origin of coordinates and If § Is
the ncceleration of the origin of coordinates relntive to inertial
space, then Newton's second law applied to the /th particle
plves

N
m (§+1) = F+ § R, (1)
I#i

where F; Is the net force on the ith particie due to all
influences external to the assemblage and Ry, Is the force on
the {th particle due to the jth particle of the assemblage,

Summing over all particles

N y N N N
Y mS+i) =Y F4Y > R,

i3] i=1 ol )
Jai
and denoting
N
F=) F
11

as the total external force on the assemblage and denoting
N

M= Z n,

ol

as the total mass of the assemblage glves

N N
MS+3 mi = Fa 3 3 R,. (12)
I 1
j
' 5

.
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Introducing p us the position of the center of muss

N
): mr
= »
p e N (11.3)
> m
=1

allows Equation (111-2) to be written as

N

N
MS+p) = F+Y5 35 Ry,

=1 %)
[#l

(111-4)

In its "weak” form Nowton’s third law merely asserts the
equality of action and reaction and gives

R” - QR{,I

Simply stated this implies that the foree exerted by tha jth
particle on the fth particle Is equal and opposite to e force
nxerted by the ith particle on the fth particle, If the weak form
of Newion's third law Is assemed, then In the double sum

N

)>

=

R,

s t~<’::

Ny Moy
- -

in 3
7
the terms cancel in pairs with the conclusion that the net force

nn the assemblage of particles Gue to Internal action and
reaction palrs vanishes,

Returning now to Equation (I11-1) and taking the cross
product of Equation (111-1) with the vector r and summing
over all the particles glves

N
E mx ,XS4Z me X '2 nXF,

i) =

(11:5)

Assuming nonrelativistic mechanics for which dm /dt =0,
several terms In Equatlon (11-5) can be rewritien:

N N
(1Y meX i‘,n?g* (Z mr X i,) )
131 i1
since i, Xf, = 0

N
(2) Y mr, X 8=MpX$§,

=}

using Equation (111-3), and if we define:

(3) L the total angular momentum of the nssemblage about
the origin of coordinates 0 ns

o
L ‘IZE m X,

(4) N the net extornal torque on the assemblage about the
origin of coordinates 0 as

then Equation (111-5) can be written

N N

MoXS+L = N+33 37 nXR,.
ja) Jai
54:/

(11-6)

The Yast term,

N N
Z Zr,XR

I

——
by

1
£ 1

in Equation (111-6) represents the net torgue on the assemblage
reswiting from its internal actions and reactions. In order for
this term 1o vanish it is necessary to invoke Newton's third law
in its “strong” form; namely, that

R

=y [r, - /] by e a 7y

Simply stated this implies that the force oxerted by the jih
particle on the ith particle is equal and opposite to the force
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exerted on the /th particle by the jth particle and that these
forces act along the line Joining the centers of the particles.

If Newton's third law in its strong form [s assumed, then

N N N N
Y X nXR ==30 3 Xy (1)
=) J=} =) /=1

ot J#1

and the terms on the RHS of Equation (I1[-8) cancel in pairs
since iy X 1y = =r; X v, and o, = o 1t follows that the
dynamical equation (111-6) reduces to

MpX§+L =N, (171.9)

It should be noted that Equation (I11<7) is not valid for
electrodynamical Lorentz forces acting between charged parti-
cle pairs, However, the conclusion of Equation (111-9), which is
still valid when the mass assemblage includes charged particles,
must be obiained by a morc extensive argument than that
presented here.

In order for the term M p X 8 to vanish it is necessary to
choose an origin of coordinates to coincide with the center of
mass, In which case p=0 and the dynamical equation (111-9)
further reduces to

L=N, (111-10)

In dealing with the dynamics of rotating bodies it is im-
portant to realize that the dynamical equation governing
rotation only assumes this simple form of (1il-10) when
expressed in a coordinate system whose origin coincides with
the center of mass of the body, The coordinate system need
not be an inertial frame in that 8§ nced not vanish to aghieve
this simplification. The simplification occurs because o van-
ishes, Hlowever, while the origin of the coordinate system may
be accelerating arbitrarily with respect to inertial space, the
coordinate system itself cannot be rotating, for nowhere in our
dynamics have we allowed for this,

The angular momentum of a particle of mass m reckoned in
a nonrotating frame with origin O relative to which the
particle has position r is defined

L=rXp (-11)
where

p = mr (111-12)

is the lincar momentum of the particle relative to the origin of
coordinates, If we now considet a second coordinate frame
sharing the same origin O as the inertial frame but rotating
relative to it with an angular velocity w (defined as usual in
the right-hend sense), then the velocity of the particle relative
to an obseryer at rest in the rotating frame denoted dr, , /dt Is
related to the velocity of the particle relative to an observer at
rest in the inertial frame by the kinematical relationship

dr

5 rot
f o b Y X1,

o (11-13)

It follows from these considerations that the angular
momentum of the particle may be equivalently written

dr
L=rXm (-——“’—"1+wx r). (111-14)

dt

in considering an assemblage of particles of masses m and
position veetors r, 1= 1, 2, 3,7, N, we can express the total
angular momentuni of the assemblage as

N
L=Y, L,
I=1
where
dr
= —Lrot
L, = r X m‘,( i +w X r,) (1nt-15)
is the angular momentum of the ith particle.
Introducing V, where
dr
= i toL A6
\# ar (11-16)

is the velocity of the jth particle relative to the rotating
coordinate frame, it is possible to write the total angular
momentum of the assemblage of particles as

N N
L= Z XVt ,Z my [r, X (@ X 1)} .(N1-17)
iz =1



ORIGINAL PAGE 1S
OF POOR QUALITY

Introducing p, where

p,=my,

is the lincar momentum of the ith particle relative to the
rotating coordinate frame, we can rewrite Equation (111-17) as

N N
L = ?:; nXpt lz; m, X X)), (111-18)

Introducing h where
N

h = Z rXp

he1

(1-19)

is the “relative angular momentum” of the assemblage of
particles, that is, the angular momentum of the assemblage
relative to the rotating coordinate frame, then Equation
(111-18) can be written

N
L=h+Y mnX@Xr)]. (11-20)

=1

Using the triple vector product expansion
AX(BXC)=(A-C)B-(A-B)C

the total angular momentum of the azzemblage of mass points
can be writien

N
L=h+ Z m, [(r, Crw- (r,- w)r,] .
i=1
(Im-21)

Considering for the moment only the kth component of
this vector

N
L o=h+ ?: L (G ATERER (RRES) (AW I
=1

(111-22)

Now using the Einstein summation and range convention
and
. 2
NN

and so

N
L = Iy * f\:n n, [rl2 Wy, ~ ('i)/ W, (r,)k]

which an be written as

N
Ly =Myt ; m 7 8- (), (1))

(11-23)
where 8, , is the Kronecker delta defined by
0 k#j
by = - .
The quantity /,, / defined by
N
Iy = § my 12 8- () ()] (111-24)

is a second order tensor (although we have not proved its
tensor character) referred to as the inertia tensor, The inertia
tensor is clearly symmetric in the indices &, /, and its six
independent elements consist of the six independent second-
order moments of the mass distribution of the assemblage of
particles,

With this result we can write the kth component of the
angular momentum of the assemblage of particles as

Ly =1y othy (111:25)
or in coordinate free notation
L=T -wth, (111-26)

g R T e e

T T
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Ta avoid possible confusion it should be emphasized that
the vector w was Introduced In Equation (ME13) as the
angular veloeity of n rotating conrdinate frame and has
nothing 1w do with the sgular rotation rte (if any) of the
mass assemblage.

It is assumed withoul loss of generality that at some Instant
during the rotation the basts vectors spanning the nonrotating
frame and the basis veclors spanning the rotating frame
eoineide, The nstant is ealled the “moment of coincidence,”

Fixing attention on the moment of cofneidence permits us
to compare components of the vector equation (M1-13) amd
the tensor equation (HE24) as well as thelr time derivatives as
represented in the rotating and nonrotating coordinate frames,
At the moment of coincldence the busis vectors of the rotating
anty nonrotating coordinate frames colnelde and such comparis
sons are mathematienlly permissible,

It should be emphasized that the inertia tensor 7 consists of
the second-order mass moments of the mass distribution taken
about the coordinpte axes af the woment of coineidence, i
the mass distribution remains fixed relative to the ronretating
coordinate frame, then clearly the body is not rotuting and
L =0, However 7+ w is still nonzero but is cancelled exactly
by h W the mass distribution remains fixed relative to the
rotating frame then clenly the body Is votating and L # Q.
However, 7' ¢ is exnetly the same value ns in the nonrotating
ense! This time, however, h# 0,

There is In general only one elrcumstanee under which the
veetor ¢ is to be fdentified with the “rotation rate of 1 body”
and that is the case whereln a rotating coordinate frame Is
found such that h = 0, In this ease

L=T w. (1-27)
However, e is still the rotation rate of the ceordinate system,
hut the above relationship oceurs only for n unique value of w,
which can then be defined as “the rotation rate of the body,"
This anique rotating coordinate systent can always be found

for the ease of rigid bodies by fixing the rotating coordinate
axes relative to the rigid body itself,

This discussion Hluminates the esseptial Kinematic nature of
the tern T e appeaving in Bquation (11-26). The magnitude
of 7' w can be changed at will by a change of coordinates, It
is the sum of 7"+ w plus h which has dynamical significance
and yields the quantity L, The term 7 w only hias dynamical
significance il the rotating coordinate system is referenced or
“attached™ in some way 1o the roiating body.

B. Rotational Dynamics of Extended Deformable
Bodies

Passing from the case of an assemblage of particles to a
continuous, extended and deformable mass distribution it s
necessiry 1o Introduce a mass density distribution function
A, 1) which will in general be time<lopendent. The mnss
density distribution function need not be a differentiable or
even & continvuons function of position as the body may
possess internal density discontinuities, The extended deforms
able body aceupies the time-dependent volume ¥(f) bounded
by the time-dependent enclosing surface S(£). The summntion
over individual particles Is veplnced by an Integration over the
volume (7).

Onee again we consider two coordinate frames sharing n
contmon ovigin O, one coordinate frame rotating and one
coordinate frame nonrotating, The angular velocity of the
rotating frame is defined by the veetor @, At the moment of
colneidence of the two coordinate frames the veloeity vector &
relative to the nonvotating frame is related to the velocity
veetor dr,, fdt relative to the rotating frame by the Kinemati-
el relationship

(11-28)

It will be convenient to introduce v(r, £) as the velogity
veetor relative 10 the rotating coordinate system and u(x, ) as
the velocity vector rplative to the nonrotating coordinate sys.
tem, Thus we have

i
vir, N = at (H1.29)
pin 1) = ¥ (111-30)

and so at the moment of coineldence
pin ) = v(n NtwXr, (1-=31)

1. Dynamics of rotation without the inertin tensor. The
total angular momentum of the extended deformable body is

L n[ p(n ) [eX v(y, ) dV (1-332)
J ¥
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and if the origin of coordinates is at the center of mass of the
body then the dynamical equation governing the rotation is

i .
given by Equation (11-10) as -l by

L=N (111-33)

where, s before, the dot *+" indicates a time derivative taken
with respect to the nonrotating coordinate system,

In cstablishing the time derivative of the Integeal in
Equation (111:32) the deformable nature of the body must be
explicitly recognized, To do this we consider two instants of
time ¢ and ¢+ dr and the increment dL to the angular
momentum wiich oceurs in the interval dt,

Figure lil-1, The mathematical constructions used to evaluate the
time derivative of integral quantities v:hose values de-
pend on an integral taken througholt the volume of a
body whose shape is changing with time,

dL =j pe t+dt) e X p(n, t+dt)) adv
V(r+dt)

-f e ) [k Xv(r, 0] dV,
V(1)

And so we have

dL *f ple t+de) [k X v t+d)] dV

V. eV
172
In evaluating the above integrals we have adopted an
Eulerian viewpoint. The vector r refers to a fixed position in - Pty [x X iy, D] dV
the nonrotating coordinate frame, Vv,

The volumes V(¢ +dr) and V(¢) are related by or

V(t+dt) = Vl +V, i
dL = {p(r, 1 +d0) [t X v (r, t +dr)]
VY=V, 4V, v,

where, as shown in Figure [11-1 (after Prager, 1973), =P N [rXv(n N} Yay,

+f pr, t+d) [t X v, t +d)) dv,
v

(1) v, is the volume common to both V(f + dt) and W(f). \
(2) V, is the volume swept out in the interval dr by those
portions S, of the bounding surface S(r) whose -
velocity v (relative to the nonrotating frame) has a
component parallel to the positive direction of the unit
outward normal f, .5, refers to that portion of § for

which i < » >0,

(3) V, is the volume swept out in the interval df by those It is clear from Figure 111-1 that
portions S5 of the bounding surface S(r) whose
velocity v (relative to the nonrotating frame) has a de = ﬁ‘dS2 e
component parallel to the negative direction of the unit
outvard normal i, S, refers to that portion of S for dV. = -HdS. « vdt
which 7i - v <0, 3 3

o N Ir X v, N)dV,,

Yy

10

B O e
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and that the volume integrals over volume ¥, ¥, can be
replaced, 1o first order in Infinitesimals, by surfnce Integrals
over the regions 5, S, respeetively

dl.sf {p@r, e de) [ Xv(r, t+d))
V
i

=p(r 0 [rXv(n N1} dV,

+]f prrtd) [e X (n t +di)} RdS, » vdt
S

2

+jj- p(e, N e Xw(, 0] f?a’S3 cwdt . (111:34)
N
3

We now make the approximation that since dt is an infinitesi-
mal time Increment whose magnitude is going 10 be allowed to
shrink in the Hinit to a vanishingly small quantity, we can set

= W)

and write

dL = {p(e, 1 +dt) [r X p(r, ¢ +dD))
vy 1r

“p(n D) (e X e, D)} dVde

Fff a0 [r X v, 1)} r'l‘dS2 . pdt
8, (1)

*jf pn 1) [r X p(r 0} fidsa vpdt,
LXO

(11-35)

The entire arca of the bounding surface S(¢) is divided into
regions which

(1) licin 8,0

(2) liein s,

(3) lie neither in S, nor S,

It follows from the definition of S, and S, that for the
latter classification which lic neither in S, or S, wc necessarily

have fids * vdt =0, It follows that including these regions in
the surface integrals will not alter the value of the integrals,
Consequently we may write

dL "f o t+dn) [eX v(, £ 4dD)]
dt
v(n

-, 0 [r X v(r, 1))} Vit

+ff p(r, ) [r X v(x, ) RdS + vdt
S(r)

from which it follows that

L =[ m {p(r, t+dt) [r X v(r, ¢ +d1b)]
v(n

o ) [k Xv(n 01} dV

*jf pln ) [rXe Ny 1) nds,
0

(In-36)

In Equation (111-:36) we recognize the Eulerian time
derivative taken with respect to the nonrotating frame

39%‘.”) =.[%; {p(x, r+de) [t X v (x, 1 +d1)]

-p(n ) [r XN} (mn-37)
where £(r, /) given by
e, ) =p D xXe@ ) (111-38)

is an angular momentum density field defined also relative to
the nonrotating frame,

Consequently Equation (111-36) can be written

L=f ———~c1V+jf RveRdS, (111-39)
v(t) 5(n

11

©r e ey TS



S
ORIGINAL PAGE !

The quantity &v appearing In Equation (111-39) and given by

Qv =pr, D) rXv (unlvn D (111-40)

Is a second-order tensor, It is an angular momentum flux
density and shull be denoted D‘Z(r. .

L@ ) = o DleXp @D v 1), (41
The elements &), of the tensor density 7

Jﬁwlf =p(r, ) [k Xvir n]g "/ (9]
and so Equation (111-39) can be written

Lsf -g—;’idwff P hds
¥(r) 8

We may now use Gauss's theorem to convert the surface
integral in Equation (111-42) into a volume integral

ff 7 s f o Pav
S(1) 140))]

(1142)

where
~ O
v =Ll (111.43)
0x,

which then gives

T ({1 St ’

L= FTi ) dv, (1144)

v(r)

It can be shown directly thut the integrand of Equation
(111-44) can be written

2, o a0 :
-57*\7 .,‘/,’ﬁal «XV)+p(rXV)

9 (pr) (e X V) tpve V(e Xp).  (111-45)

12

Collecting terms in Equation (11-45) gives

Frvd e[y @] exn
Fpr XD)+ppe 9(rXp)

and by Invoking the equation of continuity

g.§.+ Ve on =0 (11-40)
"This reduces (o
W yg.5 ~ 1147
—5;-+v B pX)tppe V(e Xp)  (11147)
and Equation (111-44) asswmes a final form
L :f [p(er))+pv- v (rX v)} av .,
ven
(111-48)

The RHS of the governing equation (111:32) represents the
torque acting on the extended deformable body. The net
torque on the body arises as & result of the combined actions
of a system of body forces f and surface stresses S\ N can be
expressed quite generally as

N() =] rdeV-!-[[ Temds  (11.49)
Y O]

where it is understood that in general both £ and S are
time-dependent fields.

The complication which must be borne in mind when
applying Equation (111.49) Js that usually the vector field f
representing the system of body forces and the tenser field §
representing the system of surface stresses are referenced to
the material of the rotating body. When expressed as vectors
and tensors in the nonrotating coordinate system the body
forces will in genera) appear as the time-dependent vector field
f(r, £) and the surface stresses will in general appear as the
time-dependent tensor field S(r, ), where r refers to a fixed
position in the nonrotating frume, even if, when viewed by an
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observer at rest relative to the body, these ficlds have no time
