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CRACKED SMELLS UNDER SKEW-SYMMETRIC

LOADING(*)

by

F. Delale(**)

Lehigh University, Bethlehem, PA. 18015

Abstract

In this paper, the general problem of a shell containing a
through crack in one of the principal planes of curvature and
under general skew-symmetric loading is considered. By employ-
ing a Reissner type shell theory which takes into account the
effect of transverse shear strains, all boundary conditions on
the crack surfaces are satisfied separately. Consequently,
unlike those obtained from the classical shell theory, the angu-
lar distributions of the stress components around the crack tips
are shown to be identical to the distributions obtained from the
plane and anti-plane elasticity solutions. Extensive results are
given for axially and circumferentially cracked cylindrical shells,
spherical shells, and toroidal shells under uniform in-plane
shearing, out of plane shearing, and torsion. Taking advantage
of the fact that the problem is formulated for "specially" ortho-
tropic materials, the effect of orthotropy on the results is
also studied in some detail.

1.	 Introduction

In recent years, a great deal of effort has been devoted to

the study of cracked plates and shells. The reason for this

This work was supported by NSF under the Grant CME-7809737 and
by NASA-Langley under the Grant NGR 39-007-011

**After September 1, 1981, Drexel University, Dept. of Mechani-
cal Engineering and Mechanics, Philadelphia, PA 19104
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stems from the fact that a great variety of advanced structures

such as aerospace vehicles, pipelines, different components of

nuclear reactors, etc. are designed from the viewpoint of frac-

ture mechanics. The early studies of cracked shells employed

the so-called "classical" shell theory. This is an eighth order

theory, and consequently can accommodate only four boundary con-

ditions on each crack surface. To make the number of unknown

functions arising from the solution of the differential equations

compatible with the number of independent boundary conditions,

the transverse shear and the twisting moment are combined as the

"eff_-ctive transverse shear" which in turn is used to satisfy the

boundary condition regarding the transverse shear. (See, for

example [1-7], and for review and references [8]). The short-

comings of the classical shell theory are well-known from the

plate and shell solutions. The angular distributions of the

moments around the crack tips do not conform to those obtained

from the plane elasticity solution and the transverse shear has

a strong singularity of order of -3/2 which is not physically

acceptable. It has been shown that in plates, if one uses a

Reissner type plate theory [9-12] which adequately incorporates

the effect of transverse shear strains, then the angular dis-

tributions become identical to those obtained from the plane

and anti-plane elasticity solutions [13-18]. Motivated by the

success achieved in solving the plate problems, in recent years

a Reissner type shell theory [19-20] has also been applied to

cracked shells [21-26]. However, in all these studies, the

loading.is symmetric (i.e., the cracked shells are either

under tension or bending). 	 In practice skew-symmetric

loading is also very important. Considering also the fact

that the existing solutions are limited, the need for a

refined solution and additional reliable results does not

need elaboration. In this paper the general problem of c.racked,
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thin and shallow shells under skew-symmetric loading will be

formulated by using a Reissner type shell theory. After

analyzing the asymptotic behavior of the stress resultants

around the crack tips, extensive results for circuir .rentially

and axially cracked cylinders, and spherical and toroidal shells

under general skew-symmetric loading will be given. The effect

of material orthotropy on the results will also be studied.

2.	 Formulation of the Problem

The problem under consideration is that of a shell of

thickness h containing a crack of length 2a in one of the princi-

pal planes of curvature and subjected to skew-symmetric loading.

The problem is formulated under the following assumptions: a) the

shell is shallow and thin, b) the effect of transverse shear

strains is included, and c) the material is "specially" ortho-

tropic, i.e. the elastic constants are related as follows:

2G 12
 = l+v	

(2.1)

where

Condition (2.1) will enable us to factorize the differential

equations. Referring to figure 1 for the geometry of the shell

and noLa cion, the equilibrium equations can be written as:

N i j Ii = 0

	
(2.2)

V iii + (z,i Nij)
Ii 

+ q(X1 ,X2 ) = 0

Mi j Ij	
V

i
 = 

0 (i,j = 1'2)

	
(2.4)
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where the indicial notation and the summation convention are

used, and Ni j , Mij , V i (i,j=1,2) denote	 the stress,

moment and transverse shear resultants, respectively, q(Xl,X2)

is the load normal to the X l -X2 plane, and Z(X 1 ,X2 ) is the equa-

tion of the shell. Let U i , W and s i (i = 1,2) be respectively the

displacement components and the angles of rotation of the normal

to the shell surface. Using the generalized Hook's law, in terms

of the displacement derivatives, the strains are obtained as:

eij = a ijkl Nkl/h	 2- C U i ^j+Uj ,i
+Z, i W , j+Z,j W'i, (i,j = 1,2)

(.2.5)

Defining a stress function F by

N ij = eik ejl F,kl	 (i,j = 1 2)	
(2.6)

eik being the permuation symbol, the equilibrium eqs. (2.2)

are satisfied identically. Eliminating Ul and U 2 and substituting

(2.6) into (2.5), we obtain:

e imejnekpe lga ijkl F, mnpq + h Z,
ij eikejl W 'kl = 0
	 (2.7)

For "specially" orthotropic materials satisfying condition (2.1),

the strain-stress resultant relations may be expressed as:

E li = hE (N11/c2-vN22 ) ' 012 = hE N12' 6 22	 hE (c2-vN11)

(2.8)

M= D(c's	 +vs	 )' M12	
2	

( s 	+s	 )
11	 1,1	 2,2	 12 -	 2	 1,2 2,1

4
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M22 = 0(v0 l,l +02,2/c2)	 0 = 12 1hv

V1	
= W	 +s	

c	
V2 = W,	 + s2 	B =	 5E

cr.B	 1 1	 1	 V2	 12	 +v (2.10)

where c = (El /E2)"

Using the relations	 (2.8)-(2.10), the normalized quantities

defined in Appendix A, the curvatures defined by

9 2Z	 _	 1	 a2Z_ _	 1	 92Z	 1

T	 =	 R	
a—X2z-	 R2 ' ax ax 2 - - R12

(2.11)

and the following new functions,

asx - a— y
^ (x 'Y) =

(2.12)
ay	 ax

V (x,Y) = K( a
a6

X + --
as
y) - w (2.13)

equations	 (2.7),	 (2.3) and (2.4) become:

04^ -
	

(X1 2 = - 2 X122 axay + X22 a	 )w = 0 (2.14)

v` w + X2(1—Kv2)(X12 a—ay-^ - 2X
122 axay + X2 2 a )

= X4(1—Kv2) h q (2.15)

Kv 2^ — - w = 0 (2.16)

K l 2v) v2p - 0 = 0 (2.17)

-5-



The problem is thus reduced to the solution of the differential

equations (2.14) - (2.17) under the boundary conditions as yet

to be specified.

For the crack problem the transverse load q=0, and noting

that the crack is along a plane of principal curvature the

shell parameter X 12 = 0. Further it is assumed that through a

proper superposition, the problem is reduced to a perturbation

problem where the only external loads are those acting on the

crack surfaces.

Defining

vX = X 1 2 a`y^' + X2 2 =	 (2.18)

eqs. (2.14) and (2.15) yield:

v4v 4^ + V2 v2 (1-Kv2 )^ = 0.	 (2.19)

Now assuming ^ in the following form,
00

P(n^Y) = 1
ritf g(x,a)e-iya 

da	
(2.20)

and using the regularity condition at x=m, (2.19) gives:

4	 mix
i R^ (a) e	 , x > 0

g(x,a) _	 <	 (2.21)
8	

m 
X

ER3 (a)e	 , x < 0

Ri , (j=1,...,8) are unknown functions and m1, ... I N are the

roots of the following characteristic equation:

-6-
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M2 = p + a2

p`+ - K 
x24 

p 3 + (2KX 1 2 x22a2 - 2Kx24a2 +X 
2 

4 P2 

+ (2Kx 1 2 x22a2 - Kx24a2 - Kx 1 4 (%2 + 2x2	 - 2x12x22)a2p

+ (x2 2 - x 1 2)2 a4 = 0 (2.22)

such that,

Re(mj ) < 0	 , mj+4 = -mj	 j = 1,...,4 (2.23)

Similarly assuming,

w(xlY)
I

2,
Co

j f(x,a)e- 'Ya da (2.24)
_00

R(x.y) =
1 00h(x,a)e-iya da (2.25)

c7r 1
_00

^(x 'Y) = 27r ooj	
e(x,a)e-'Y" da (2.26)

_0,

and substituting into (2.15)-(2.17) we obtain:

4	 R•(a)p• 2 	m.x
X2 ^-^r e	 x > 0i 2^mz^z=

f(x,a) _ < (2.27)

X2 s	
R^ 

(a )--	 4	 emi x	 x< 0^a2m	 x l a5	 j

-7-
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i

fr	 rlx
A l (a) e	 x > 0

hx a =	 -r 	2.28( ^)	
I

A2(a)e 1 x , x <0	 (	 )
l	 G

and

R̂(a)p.2	 M 
az 1 ( Kp -i)1X2z m^=a az ) e	 ' x > 0

9(x,a) _	 <	 (2.29)

z 8	
R^(a)p2-4	 mjx

Xs	 pj - x2 mj _ al a e	 x< 0

where

rl = - a + 2	 (2.30)

Kk1-VJ

Considering the symmetry of loading and geometry with respect

to the y-axis, the stress resultants satisfy the following sym-

metry conditions:

Nxx(x ,Y) _ -Nxx (-x,Y)	 Nxy (x,Y) = Nxy(-x,Y)

Mxx(x,Y) _ -Mxx (-X,y)	 Mxy( x ,Y) = Mxy(-x,Y)

Vx (x,Y) _ Vx (-x,Y)	 (2.31)

In solving the problem, it is therefore sufficient to consider

g	 the x>0 portion of the shell only. The boundary conditions of
M

the problem can then be expressed as follows:

-8-	
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0	 R1; pOO QUAWY,

N 
xx ( 0 )y ) = 0	 -00 < Y < CO (2.32)

M
xx (O,y ) = 0	

_CO < y < 00 (2.33)

lim	 N,y, (Y)xy(x)	 F /F < y < rc
I>X4+ (2.34)

V(O,Y) = 0 lyl > 3'c

lim	 M	 (x,y)	 F2(y)
xy

-r< y < /F
X4+ (2.35)

Sy (0,Y)	 0 lyl > rc

lim	 V (x,y)	 Fx	 3(y)
-r < y < r

X4+ (2.36)

W(O,Y)	 0 lyl	 > C

where Fl(y),	 F
2 (y),
	
F3(y)

define the loading on the crack sur-

faces and are known functions. Using eqs.	 (2.6), (2.8)-(2.10),

(2.12),	 (2.13)	 and	 (2.20)-(2.30) the stress resultants may

be expressed as:

CO

1	 4
a2 EN

xx (x,y) = - 21T f 

mi x
R 
i 
We	 e - 'Yct da (2.37)

1
CO

Nyy(x,y) =	 E M2
27r f

4
j R(a)emjx

 
e- 'Ya da,j (2.38)

oo

00

4
NXY (x,y)	

f	
mj m xRj (.) e i	 e- 'Ya'd a (2.39)

-00

-9-
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4	 (a) p 2 (m 2-va2 )	 mJ' -iya

M (x ^Y) h°a	 ( X2 E	 m ,-a -a Kpj- f e	 e	 da
xx	 J	 i	 2 3	 1	 3

	

°°	 r xi -T K (1-0 2 ( arlAl(a)e 1 e-iYa da	 (2.40)
21r h^	 J

_00

	

°°	 4 R (CO pi 2 (vm 2 -a2 )	 m •x	
i s

MyY (x^Y) 2^r ham' 1	 1 a2 m^ a1 a kp^^
"C,

	

+ 
i ham' K 

( 1 -V ) 22 	 `"a rlAl(a)erlx a-iya da 	 (2.41)

J

	

,0	 4	 (a) p ; 2m	 m x -
i a

	

M^,(x^Y) =" 2^r hj,z'	 ( 1 -v)a i
	 2	

- 
1	 J	

e	 e Y da
A m . a 4) Kph

3

°°	 r x

	

1 - -a,- K 1-
v 2	 (az+ri2)A1 (a)e l e-iya da	 (2.42)

2a nx-^	 ^+	 1

	

i 00 

2	
4	 R (a) p M.	 emix a-iya 

da
Ux(xly:	 2, j ^ K 1 d 2 m^ -a l ^ Kp^-

n	 j00a Al(a) erlx 
e
-iya da	 (2.43)

_CO

a2 - a 4	
R (a)p.	

em 
x -i a

y (x,Y) -- 2^r	 j	
1	 '	 3 e Y da

V ^2 m^-?.^ a Kph-1

Co	 r x
- K 12v jrl Al (a)e l e

_^ya 
da

_0,

(2.44)

Application of boundary conditions (2.32)-(2.36) would lead to a

system dual integral equations. However, if one defines a set

-10-
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of new functions in terms of displacement and rotation deriva-

tives, the problem can also be reduced to the solution of three

simultaneous singular integral equations.

Let,

J^	 2
Gl (y ) = lim+ay	 - lim+ ( ) y ay	 (2.45)

x-+0	 x-►0

G2 (y) = lim 8^	 (2.46)

x+0
+

G3 (y ) = 1im+ 2y	
(2,^7)

X4

Using the basic equations resulting from the formulation of the

problem, the new unknown functions may be expressed as:

(00G, (y) - ^	 L m i 2 R j (a)e_ iya da	 (2.48)

	

 -^ ^	 1 v v
_C0

1 foo
	 4	 R.(a)p 2	 -iya

G (Y) = -	 n2 a2 E	 e	 da
2	 27r	 1 ^2 m^ ^1 a	 Kp^j

r00

+ 27rK 
l2y J 

a r1 A 1 (a)e-iya
 da	 (2.49)

G (Y) _ -	 fa2 a E --- --2-p' —Z- a-iya da	 (2.60)
3	 2 	 i X2 m _X1 a_0

The homogeneous boundary conditions (2.32)-(2.33) and the

inversion of (2.48)-(2.50) give:

	

iR^(a) = 0	 (2.51)

-11-
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2 4	 R•(a)p•2(m 2-va2)	 1-v 2
- i k--2--^-- a r l A 1 (a) = 01	 m. - a	 s	 Kpi-1)2	 ,^1

(2.52)

4	 Rja)P• 
2

X2 a i
	 Mjv--x -	 = 

i q3 (a) (2.53)

-X2	 4	 R	 (a)p ^1,,1,.,,

1-v i	 m^a^a`)(pa^	 q2 ( a ) (2.54)

m^ 2R (a) = q l (a) (2.55)i

where
VrC-

ql(a)	 =

J
(	 Gl(t)eiat 

dt (2.56)-r

q2(a) =	 r	 G2(t)eiat 
dtJ (2.57)-r

q 3 (a) =	 G3(t) 
eiat 

dt (2.58)

_YrC-

By solving the system of equations (2.51)-(2.55) one can easily

determine the unknown functions R1(a),...,R4(a), A l (a) in terms

of G1 (y), G2 (y), G3 (y).	 The remaining mixed boundary conditions

(2.34)-(2.36) give the following equations:

1 imp	 2^r	 a i m^R^ (a)emJx 
e-iya 

da _ F1 (y)

x4o

-VIC- < y < V 	 (2.59)

-12-
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If	 R (a)p zm 	 In

xim - 27r ^ (1-u) a2 a 
i	 m	 K	 - a	

e-iYa da

	

j	 1	 j

- x>10+ 1	
K 

1- V)2 

f 
10A,(a)(r12+012)e r 1 x a-iYa da - F2 (Y)

-

-VC_ < y < ►r`	 (2.60)

lim ^' 	 ►t	 R (a)p 9m 	 m.x

x-}0^ 2^r j  2
	

i	 m	 a Kp - 
a	 e - 'Y" da

j	 1	 j

ro

- xii0+ i K	
21ta 

A,(a) e
rIx 

a-
'Y"

 
da = F3(Y)

_ro

The integrands in (2.59)-(2.61) are bounded for every value of

a except when lcfl-^- and y-}t. Therefore one must extract the

singular parts of the integrals when jaj -►-. The functions Rl(a),
..., R4 (a), A l (a) may be written in the following form:

Rj(a) = i[Qj (a) g l (a) + Nj (a) g2 (a) + Mj(a)g3(a)]

( j - 1, ... ) 4)	 (2.62)

A1(a) = Bl(a)°l(a) + B2 (a) g2 (a) + B3 ( a ) g 3 (a)	 (2.63)

The functions Qj (a), Nj (a), Mj (a), (j=1,...,4) and Bi(a),
(i = 1,2,3) are known from the solution of the system of equations

(2.51)-(2.55). Now using the asymptotic expansion of mj,

(j=1,...,4) and r l for large values of jal

-13-
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mj ((%)	 + 2 £- 88a	 .,.)	 (j=1,..,,4) (2.64)

r l (a)	 _	 -jaj(.1	 +	 ...) (2.65)
VW

after some lengthy analysis, the singular parts of the inte-

grals which appear in (2.59)-(2,61) can be separated and we

obtain:

3_

	 G, ( t) /C_

dt +	 Et-y	 •j k	 (y,t)G.(t)dt1j	 J=l
-^	 J	 -r

= 2wF 1 (y) , - r < y < VE (2.66)

rc1t'	 G2(t) dt +	
E

y
k2.(y,t)Gj(t)dt

J=l

= 27r a F2 (y )	 -^ < y < r (2.67)

E2 Gt- y	 dt +y k 3 
(y,t)Gj (t)dt

-1
-1	 J	 -r

= 21TF3 (y),	 -r < y < V'c . (2.68)

The kernels k ij (y,t) which appear in equations 	 (2.66) -(2.68)

are given in Appendix B.

To complete the formulation of the problem, one must also

impose the single-valuedness conditions for the displacements

and for the rotation of the normal, which are:

-14-
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r^

1	
G2(t)dt = 0	 (2.69)

-F

F

sG
3(t)dt = 0	 (2.70)

	

Fc	 X 2 2

J	
^G 1 (t) +() t G3 (t)]dt = 0	 (2.71)

Fc

The problem is thus reduced to the solution of the singular

integral equations (2.66)-(2.68) under the single-valuedness

conditions (2.69)-(2.71).

3.	 .ivl iitiv n %, 11 %;. in tegra lul V. 111%J a

Once the system of integral equations (2.66)-(2.71) is

solved, then all field quantities can easily be computed in

terms of the functions G l (y), G2 (y), G3 (y). To do this, first

the ^quations are normalized by defining:

t = F T , -V"C- < t < V'C—' -1 < T < 1 ,	 (3.1)

y= VEn, - r<y<Vc	 <ri <l 	(3.2)
x=VET, 0<^,x< Co	(3.3)

G i (F T) = H i (T) , (i = 1,2,3)	 (3.4)

The functions H i (T), (i=1,2,3) are singular at T=+l. Therefore,

let	 h• (T)
H•(T) _	 , (i=1,2,3)	 (3.5)

( T+l)a(1-T)s

-15-
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where h i (T) are bounded and Holder -continuous in -1 < T < 1.

Noting that the index of the problem K = (a+s) = 1, and using
y

the function -theoretic method described in [27] and [28], we

	

have a = s = T .	 Then, the integral equations can be solved 	 u

numerically b y using a Gaussian quadrature type formula [29-31].

4.	 Asymptotic behavior around the crack tips.

As stated earlier, one of the main objectives of this

study is to show that by using a shell theory which adequately

takes into account the effect of transverse shear strains, one

can remove the discrepancy that exists between the classical

shell theory and the elasticity solutions regarding the angular

distribution of the stresses. Using the expressions given by

(2.64) and (2.65), and the relation [28]

1

f
ham— e' sT dT = (2 

s ){h(1) exp[i (s - 4 -^^-)]
-1

+ h ( - 1 ) exp [ - i ( s - 4 	-)] + 0(-a-)} 	 (4.1)

around n=1 and g=0, the asymptotic expressions for the stress

resultants are found to be:

	

9h (1)	 °°
Nxx	 A e-0191 cos[B(1-n) - 4]da 	 (4.2)

 7 f2 42- 0

N	
hl(1)	

a-sI I cos [s(1-n) - A ]ds	 (4.3)
YY ^ f Ir -

0	
s

-16-
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00
Nx = h1(1)

z^	

a-s	
sin[ s (1 - n) - " ]do

Y 2	 3-0	 s

-	 hl(1)	
00
/a- e-O W sin[s(1-n) - 4]ds	 (4.4)

2^	
4

0
t

^h (1) Co

Mxx = ĥ  (
1-v2) 2

2^	
/ e-s1E1 cos[s(1-n) - 4]ds

0
(4.5)

M, = a- (1-v2) h2(1) foe-ajEjcos[s(1-n) - 'r]ds,
'y 	 hX	 327 	 ^	 4

o	 (4.6)

M	 =	
h h2(1)	 a

-sl l sinlo(1-n) -	 doyy 12 a /2— j r—	 4

	

o	
s

E h 
(1)	 °°

- 
12 a ?

f r e- * 1 sin[0(1-n) - 4]ds, (4.7)
2 V27 I

0

h 3 (1) °° 
e 
-oW

Vx =	 sin[s(1-n) - !,]do	 (4.8)

o

r

Co

V
Y
 = h 3

0) f 
a-* 1 cos[s(1-n) - 14-Ida	 (4.9)

/ 
o

If we now define the new coordinates,
t

E = r sine	 n-1 = r cose	 (4.10)

and use the following expression [32]

-17-



ORIGINAL PAGE IS
OF POOR QUALITY

f jt

t

x #^

00

fzu-1 e-sz- { si s}(rz)dz

l
= {cos}(u tan

	
S

Co 2 u(S2+r )
0

(s>0 u>0) (4.11)

eqs.	 (4.2)-(4.9) become:

N,•,x _ - hl(1)	 [-	 sin4
8 + 1	 sin 6e]	 ,2	 4	 2

(4.12)
2

N
YY

= _ 
hl(1)	

[-	 sin 2 - 4 sin 20] (4..13)

2

N
xy

= _ 
hl

(1) [ 4 cos 2+	 4 cos 2 ] (4.14)

2

h	
h2(.1)	 L-

sin 2 +	 sin 2 ] (4.16)
M 

xx

- -

12a 2^ 4

M
YY

h2(l)

=- 12a 
	 C- ^sin^-4sin 2e ] , (4.16)

2

Mxy
h2(l)

-	 12a 
	 C 4 cos 2 + 4 cos 2e ] , (4.17)

2^

h3(l)	 a (4.18)v
x

_-	 cos t,

= h3(1)	 0 (4.19)
Vy -	 sin 2
	

.

It should first be noted that the new coordinates defined by

(4.10) are not polar coordinates for "speciall y " orthotropic
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materials. For isotropic materials it is seen that the dis-

tributions given by (4.12-4.19) are identical to those obtained

from the plane stress and anti-plane elasticity solutions [18],

[33].

5.	 Results and Discussion

After solving the system of equations (2.66)-(2.71), the

discrete values of the unknowns Gl (t), G2 (t), G3 (t) can be used

to determine any desired field quantity in the shell. The

mode TT and mode III stress intensity factors are defined as:

k2 (X3 ) = lim	 2X2-a a12 (0
)
 X2 , X3)	 (5.1)

x2-}a

k3 (X3 ) = lim V2X2-a a13 (0
1
 X22 X3 )	 (5,2)

x2-'a

1

t

Using expressions (4.12)-(4.19) and those given in Appendix A

with a=0, the stress intensity factors can easily be expressed

in terms of the end values of the unknown functions. In the

examples given, three types of loading are considered.

a)	 In-plane uniform shear loading:

If am denotes the magnitude of uniformly distributed

shear stresses through the thickness, the external loads can

be expressed as:

N12 (0, X2 ) = -N12 = -ham ,

M12 (0 1 
X2 ) = 0 ,

V l (0, X2 ) = 0, -a < X2 < a
	

(5.3)
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Using the dimensionless quantities defined in Appendix A, the

functions F 1 , F21 F3 that appear in (2.66)-(2.68) are found

to be:

F 1 (V'c n) _ _	 F2(r n) = 0 1 F 3 (r n) = 01

< n < 1	
(5.4)

e

In this case the stress intensity
 factors will be normalized

with arms . Thus, we have:

- k2
( 

r _ h l (l) E	 (5.5)

kmm Qm^	
2 cm

- k2(f)-k2(0)	 h2(l) E h	 (5.6)
k tm _	 _- 2 

3m a'
am Fa

k	

k3^0) _ ..
	 ^ h3(1)	

(5.7)

sm - amp	
2 am

b)	 Uniform Twisting Moment

Let at denote the maximum of linearly distributed shear

stresses through the thickness. Then, the external loads are:

N 12 (0, X2) = 0 '

h2
M12(0' X2) = -M12 = - 6 at

	

1
(0 1 X2)=0,-a<X2<a	 (5.8)

or

-20-
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F l (v'c n) = 0, F2 ( V n) _ - 6 at	 F3 (/ n) = 0

-1	 < n < 1 (5.9)

Nirmalizing the stress intensity factors with respect to ate

we obtain:

k2 (0)	 hl(1)	 E__
mt

v / 
r -	 2	 at

t

(5.10)

k2(h/2)-k2(0)	
h2(l)	 E	 h

_

ktt Q tyra-	 2	 at 2a (5.11)

_kst ^'
k3 (0) _=- 3 62u	 ^ h3 (1) (5.12)
at^	 t

c)	 Uniform Transverse Shear Loading:

If a s denotes the maximum of the parabolically distributed

transverse shear stresses, the external loads can be expressed

as:

N12 ( 0 1 X2 ) = 0	 ,

M12(.01 X2 ) = 0 ,

i l (0, X2 ; = - Vl = - 3 h ^s	 -a < X2 < a (5.13)

or

I4

1

4.^

^i

F1(VE n) = 0, F2 (r n) = 0, F3 (^ n) _ - 3 B c
-1 < n < i	 (5.14)

-21-



In this case, normalizing the stress intensity factors with

respect to as AF, we obtain:

k (0)	 h (1)
k ^ 2
	

= - 1
	 E ,

ms 
as	

2 as

	

= k2(h/2)-k2(0) =
	

h2 (1) E hk	 '

is	
a F	

- 2 as 2a	
(5.16)

s

kss	 k3 (0) _ - 3 r Q h3 (1)	 (5.17)
ash	 s

The stress intensity factor ratios are calculated for different

shell geometries. The following examples are considered:

a)	 a cylindrical shell with an axial crack,

b)"? circumferentially / r	 c

	

.-r. 	 i.til; ,I^. a! "e"., ..^ 	u,. u %.y	 nu i %.a 311 s 1 1 ,

c) a spherical shell with a meridional crack, and

d) a toroidal shell containing a crack at different locations.

In all these examples, the material is assumed to be isotropic,

with v=0.3. To give also some idea about the effect of ortho-

tropy on the results, an example is considered for an axially

cracked cylinder. The elastic properties of titanium used in

these calculations are as follows:

El = 1.039 x 1011N/m2

E2 = 1.434 x 1011N/m2

vl = 0.1966,

v2 = 0.2714,

-2L^

w

N



G12	
4.675 x 1010 N/m2

Gave	
4.956 x 1010 N/m2 .

The results are given in tables 1-34. Some of the results are

also displayed in figures 3 and 4. First, it must be pointed

out that for toroidal shells, according to the crack location

7 1 2 or x2 2 are taken as negative to describe negative curva-

tures. Secondly, as a l or 
A2 

approach zero, the results given

in the tables approach those obtained for flat plates 118,].

From tables 1-34 and figures 3-4 the following trends can be

observed:

- If the crack surfaces are loaded with in-plane shearing

forces, the coupling stress intensity factor ratios k tm and

ksm are small compared to kmm . As x2 increases, i.e. as the

curvy
L..re ^...^^..easen L	 ale. increases	 0 the other handVUI C ttl% I GQOGO, 

"mm 
at ^^ ttvt G{AQV.Q.	 vn VIM W%' v1 40-11-11

a/h which expresses the thickness effect, does not affect the

results significantly.

- Under uniform twisting moment applied to the crack Sur-
faces, the stress intensity factor ratio k tt becomes dominant,

and the other two components kmt and kst are small in compari-

son. In this case, however, k tt does not vary significantly with

a21 and takes smaller values as a/h increases.

- For uniform transverse shear loading, the stress intensity

factor ratio kms is very small, however, kts is no longer

negligible. For this case also, the dominant stress intensity

factor ratio is k ss . Tne stress intensity factor ratio kss

does not vary significantly with curvature however, and decreases

as the thickness of the shell increases.

-23-



- Figure 3 shows the comparison of k. for three shell

geometries. kmm assumes its smallest values for a cylinder

with an axial crack, and assumes larger values for a circum-

ferentially cracked cylindrical shell. The results for a

spherical shell are even larger.

The results given in tables 28-31 for toroidal shells show

the same trends for the stress intensity factors as the cylin-

drical shells. It must be pointed out that, for this case, the

component ktt remains almost unaffected of the location of the

crack.

- The effect of orthotropy on the results is given in

tables 33-34 and figure 4. As it may be observed, k. is the

component that is affected most by material orthotropy. If tho

axes of orthotropy are subjected to a 90 0 rotation, the results

change significantly. For example, for EVE 2  < 1 km are

smaller than those obtained for isotropic materials, whereas

for E1 /E2 > 1, are larger than the isotropic results.
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Appendix A a

Dimensionless quantities used in	 th;.. derivation:

a
Pi
9
n	 '

X X X
Ci
'!

c

u =

U^	
v =

a
1 u2
f- a , W= w

a
(A. 2)

Ox = V S l	 a
 =
	 02F

= a-- hE

axx
= a ll /cE , ayy = c a22/E , axy = al2/E

axz - a
131BVc- , ayz = F a23/B (A.3)

Nxx - N 1l /chE Nyy = cN22/hE	 Nxy = N12/hE (A.4)

Mxx = M 11 /ch2 E Myy = cM22/h2 E	 Mxy = M12/h 2 E (A.5)

Vx = V1 /VE h B Vy = Vc- V2/h B (A.6)

X14 = 12 (1 - v2 )
1

a24 = 12 (1 -v2 ) c h—-^-
2

(A.7)

a12 =	 12(1-v2 ) h--^ -

12

,	 a 4 = 1211-v2 )	 K = -B -X-

i

i

Q
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Appendix B

Expressions of the kernels which appear in the integral equations;

k ll (y,t) = -f [2ia 
i 
m^Q^(a)+1]sina(t-y)da	 (B.1)

0

00

k 12 (y ' t) 
° -1 21a s m^N^(a)sina(t-y)da 	(B.2)

0

00
r

k13 (y,t) = -2
J
 a i I	 (a)cosa(t-y)da	 (B.3)

0

Co	
4	 Q3(a)p.2nt.

k2l (y,t) = 21 j 12X;P a i	 -Z'^^2 -^ 1 a	 Kp -I
o	 j	 J

	

- K (l -v ) ( a2+r 1 2 )B l (a)]sina(t-y)da	 (B.4)

°°	
4	 N (a)p. 2m.

k22 ( y ' t ) = j [2i 1
	

a i a2 m^ - a i	 Kph-1
0

- i __(l	
2 

(a2+r 1 2 )B2 (a) - 
1^v2 

]sina(t-y)da 	(B.5)

°°	 4	 M^.^ (a)p 2m

k23 (y , t ) 2 ^l a 
	 m-aKp -Tj

o	 J

- K 4 4 2 (a
2+r 1 2 )6	 f

	

3 (a)]cosa(t-y)da	 1(.6,5 
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	4 	 (a) pi Imi2	 -^c31 (y,t) = 2^ [i 7^ K 1
o	 A2 m^ -?^ a	 Kpj-1

-i K 
12V 

a B1(a)]cosa(t-y)da

	

r°°	
4	 N.(a)p.3m.

	

k32 (y,t) = 2 
1 

[i a2 Ki a 2 -m. -x 1 a	 Kpj-1

	

o	 ^

i K 1 g--^- a B2(a)]Cosa(t-y)da

	

co	 4	 M•(a)p.3m.

k33 (Y ' t ) = 2 j [-a2 K i a2 m. -a l a ^pj -1j
o

+ K I-V a B
3 
(a)_ 1]sina(t-y)da

G

(B.7)

(6.8)

(B.9)
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Table 1. Stress intensity factor ratios kMm for an iso-
tropic cylinder % containing an axial crack, v=0.3.
(Uniform in-plane shearing)

r"
Al a h=1 a h=2 a h=3 a h=4

0.0 1.000 1.000 1.000 1.000

0.25 1.003 1.003 1.003 1.003

0.50 1.012 1.011 1.011 1.011

0.75 1.026 1.024 1.024 1.024

1.0 1.040 1.039 1.039

1.5 1.078 1.076 1.075

2.0 1.114 1.113

3.0 1..-82

Table 2. Stress intensity factor ratios k tm for an iso-
tropic cylinder containing an axial crack, v=0.3.
(Uniform in-plane shearing)

A l a/h=1 a/h=2 a/h=3 a/h=4

0.0 0.000 0.000 0.000 0.000

0.25 -0.005 -0.002 -0.001 -0.001

0.50 -0.012 -0.005 -0.002 0.000

0.75 -0.018 -0.007 -0.001 0.003

1.0 -0.006 0.003 0.008

1.5 0.002 0.017 0.027

2.0 0.037 0.051

3.0 0.103
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Table 3. Stress intensity factor ratios ksm for an isotropic
cylinder containing an axial crack, v=0.3. (Uniform
in-plane shearing)

I

X1 a/h=1 a/h=2 a/h=3 a/h=4

0.0 0.000 0.000 0.000 0.000

0.25 0.005 0.004 0.003 0.003

0.50 0.020 0.014 0.012 0.011

0.75 0.042 0.030 0.026 0.024

1.0 0.051 0.043 0.039

1.5 0.101 0.086 0.078

2.0 0.137 0.124

3.0 0.222

Table 4. Stress intensity factor ratios kmt for an isutropic
cylinder containing an axial crack, v=0.3. (Uniform
twisting moment)

a i a/h=1 a/h=2 a/h=3 a/h=4

0.0 0.000 0.000 0.000 0.000

0.25 -0.001 -0.001 -0.001 0.000

0.50 -0.004 -0.002 -0.002 -0.001

0.75 -0.007 -0.004 -0.003 -0.002

1.0 -0.005 -0.004 -0.003

1.5 -0.007 -0.005 -0.004
2.0 -0.006 -0.005

3.0 -0.005
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Table 5. Stress intensity factor ratios ktt for an
isotropic cylinder containing •n axial crack,
v=0.3. (Uniform twisting moment)

A l a/h=1 a/h=2 a/h=3 a/h=4

0.0 0.523 0.354 0.274 00228

0.25 0.523 0.354 0.274 0.228

0.50 0.522 0.353 0.274 0.227

0.75 0.521 0.353 0.274 0.227

1.0 0.353 0.274 0.227

1.5 0.352 0.273 0.227

2.0 0.273 0.227

3.0 0.226

Table 6. Stress intensity factor ratios kst for an isotropic
cylinder containing an axial crack, v=0.3. (Uni-
form twisting moment)

N J a/h=1 a/h=2 a/h=3 a/h=4

0.0 -0.070 -0.092 -0.094 -0.091

0.25 -0.070 -0.092 -0.094 -0.091

0.50 -0.070 -0.091 -0.094 -0.091

0.75 -0.069 -0.091 -0.094 -0.091

1.0 -0.091 -0.093 -0.091

1.5 -0.089 -0.092 -0.090-

2.0 -0.091 -0.089

3.0 -0.087
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Table 7. Stress intensity factor ratios k 1ps for an iso-
tropic cylinder containing an axial crack, v=0.3.
(Uniform transverse Lhear loading)

a i a/h=1 a/h=2 a/h=3 a/h=4

0.0 0.000 0.000 0.000 0.000

0.25 -0.005 -0.005 -0.006 -j0.007

0.50 -0.021 -0.021 -0.024 -0.028
0.75 -0.045 -0.045 -0.052 -0.061

1.0 -0.076 -0.088 -0.103
1.5 -0.149 -0.174 -0.204
2.0 -0.264 -0.310
3.0 -0.495

Table 8. Stress intensity factor ratios kts for an iso-
tropic cylinder containing an axial crack, v=0=3.
(Uniform transverse shear loading)

A l a/h=1 a/h=2 a/h=3 a/h=4

0.0 0.47 1.26 2.12 3.03

0.25 0.47 1.26 2.12 3.03

0.50 0.46 1.26 2.12 3.03

0.75 0.46 1.25 2.11 3.02

1.0 1.24 2.10 3.00

1.5 1.19 2.04 2.93

2.0 1.95 2.81

3.0 1 2.52
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Table 9. Stress intensity factor ratios ks for an isotropic
cylinder containing an axial crack, v=0.3. (Uni-
form transverse shear loading)

X1 a/h=1 a /h=2 a/h=3 a /h;:4

0.0 1.68 2.34 2.98 3.62

0.25 1.68 2,34 2.98 3.62

0.50 1.67 2.34 2.98 3.62

0.75 1.66 2.33 2.98 3.61

1.10 2.32 2.96 3.60

1.5 2.28 2.92 3.54

2.0 2.84 3,46

3.0 3.24

Table 10. Stress intensity factor ratios kmm for a cir-
cumferentially cracked cylindrical shell:

A 2 a/h=1 a/h=2 a/h=3 a/h=4

0.0 1.000 1.000 1.000 1.000

0.25 1.003 1.003 1.003 1.003

0.50 1.013 1.012 1.012 1.012

0.75 1.031 1.027 1.026 1.026

1.0 1.047 1.045 1.045

1.5 1.104
1	

1.097 1.095

2.0 1.165 1.159

3.0 1.320	
I
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Table 11. Stress intensity factor ratios kt for a cir-
cumferentially cracked cylindrical shell.

A2 a/h=1 a/h=2 a/h=3 a/h=4

0.0 0.00., 0.000 0.000 0.000

0.25 -0.005 -0.002 0.000 0.001

0.50 -0 014 -0.003 0.002 0.006

0.75 -0.023 -0.002 0.010 0.017

1.0 0.004 0.023 0.035

1.5 0.030 0.068 0.092

2.0 0.139 0.178

3.0 0.437

Table 12. Stress intensity factor ratios ksm for a cir-
cumferentially cracked cylindrical shell.

A 2 a/h=1 a/h=2 a/h=3 a/h=4

0.0 0.000 0.000 0.000 0.000

0.25 0.014 0.010 0.008 0.007

0.50 0.056 0.038 0.032 0.028

0.75 0.125 0.034 0.070 0.062

1.0 0.148 0.123 0.109

1.5 0.328 0.272 0.242

2.0 0.479 0.426

3.0 0.949

.3
j

1

{

f
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Table 13. Stress intensity factor ratios km for a
circumferentially cracked cylindr cal shell.

X2 a/h=1 a/h=2 a/h=3 a/h=4

0.0 0.000 0.000 0.000 01000
0.25 -0.002 -0.001 -0.001 -0.001
0.50 -0.005 -0.003 -0.002 -0.002
0.75 -0.009 -0.005 -0.004 -0.003
1.0 -0.007 -0.005 -0.004
1.5 -0.012 j	 -0.008 -0.006
2.0 -0.011 -0.008
3.0 -0.012

Table 14. Stress intensity factor ratios k++ fora cir-
cumferential ly cracked cyriirur ica s11 11.

X 2 a/h=1 a/h=2 a/h=3 a/h=4

0.0 0.523 0.354 0.274 0.228
0.25 0.523 0.354 0.274 0,228

4 0.50 0.522 0.353 0.274 0.227
0.75 0.521 0.353 0.274 0.227
110 0.352 0.273 0.227
1.5 0.351 0.273 0.226
2.0 0.272 0.226
3.0 0.225

il
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Table 15. Stress intensity factor ratios kst for a cir-
cumferentially cracked cylindrical shell.

A2 a/h61 a/h=2 a/h=3 a/h=4

0.0 -0.070 -0.092 -0.094 -0.091

0.25 -0.070 -0.092 -0.094 -0.091

0.50 -0.070 -0.091 -0.094 -0.091

0.75 -0.070 -0.091 -0.094 -0.091

1.0 -0.091 -0.094 -0.091

1.5 -0.091 -0.093 -0.091

2.0 -0.093 -0.091

3.0 -0.091

1

Table 16. Stress intensity factor ratios kmL. for a cir-
cumferentially cracked cylindrical shell.

A2 a/h=1 a/h=2 a/h=3 a/h=4

0.0 0.000 0.000 0.000 0.000

0.25 -0.016 -0.015 -0.017 -0.020

0.50 -0.063 -0.061 -0.068 -0.078

0.75 -0.133 -0.133 -0.149 -0.172

1.0 -0.221 -0.251 -0.291

1.5 -0.387 -0.462 -0.546

2.0 ••0.595 -0.722

3.0 -0.753
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Table 17. Stress intensity factor rams kts for a cir-
cumferentially cracked cylindM cal shell.

A 2 a/h=1 a/h=2 a/h=3 a/h=4

0.0 0047 1.26 2.12 3.03

0.25 0.46 1.26 2.12 3.03

0.50 0.46 1.25 2.11 3.01

0.75 0.43 1.22 2.07	 2.97

1.0 1.15 1.99 2.86

1.5 0.92 1.67 2.46

2.0 1.24 1.89

3.0 0.93

Table 18. Stress intensity factor ratios kss for a cir-
cumferentially cracked cylindrical shell.

X 2 a/h=1 a/h=2 a/h=3 a/h=4

0.0 1.68 2.34 2.98 3.62

0.25 1.67 2.34 2.98 3.62

0.50 1.65 2.33 2.97 3.60

0.75 1.58 2.28 2.92 3.55

1.0 2.17 2.81 3.44

1.5 1.77 2.40 3.00

2.0 1.84 2.35

3.0 1.24

s
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Table 19. Stress intensity factor ratios kmm for a spheri-
cal shell with a meridional crack.

X 2 a/h=1 a/h=2 a/h=3 a/h=4

0.0 1.000 1.000 1.000 1.0.00

0.25 1.006 1.006 1.006 1.006

0.50 1.026 1.024 1.023 1.023

0.75 1.058 1.051 1.049 1.048

1.0 1.086 1.082 1.081

1.5 1.172 1.162 1.158

2.0 1.252 1.244

_3,0 1.418

Table 20. Stress intensity factor ratios ktm for a spheri-
cal shell with a meridional crack,

X 2 a/h=1 a/h=2	 a/h=3
I

a/h74

0.0 0.000 0.000	 0.000 01000

0.25 -0.009 -0.004 -0.002 -0.001

0.50 -0.021 -0.005 0.003 0.008

0.75 -0.030 -0.001 0.016 0.025

1.0 0.011 0.037 0.052

1.5 0.056 0.105 0.136

2.0 0.205 0.254

3.0 0.581
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X2 a/h=1 a/h=2 a/h:;3 a/h=4

0.0 0.000 0.000 0.000 0.000

0.25 0.014 0.010 0.009 0.008

0.50 0.077 0.053 0.045 0.040

0.75 0.169 0.115 0.096 0.086

1.0 0.200 0.166 0.149

1.5 0.436 0.361 0.322

2.0 0.626	 0.558

3.0 1 .209

ORIGINAL IMAGE IS
OF POOR QUALITY

Table 21. Stress intensity factor ratios ksm for a spheri-
cal shell with a meridional crack.

I

Table 22. Stress intensity factor ratios kmt for a spheri-
cal shell with a meridional crack.

X 2 a/h=1 a/h=2 a/h=3 a/h=4

0.0 0.000 0.000 0.000 0.000

0.25 -0.003 -0.002 -0.001 -G.001

0.50 -0.008 -0.004 -0.003 -0.002

0.75 -0.012 -0.007 -0.005 -0.004

1.0 -0.010 -0.007 -0.005

1.5 -0.014 -0.010 -0.008

2.0 -0.012 -0.009

3.0 -0.012
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Table 23. Stress intensity factor ratios ktt for a spheri-
cal shell with a meridional crack.

a2 a/h=1 a/h=2 a/h=3 a/h=4

0.0 0.523 0.354 0.274 0.228

0.25 0.523 0.354 0.274 0.227

0.50 0.521 0.353 0.274 0.227

0.75 0.519 0.352 0.273 0.227

1.0 0.351 0.273 0.227

1.5 0.350 0.272 0.226

2.0 0.271 0.226

3.0
0.226

Table 24. Stress intensity factor ratios kst for a spheri-
cal shell with a meridional crack.

^2 a/h=1 a/h=2 a/h=3 a1h;:4

. -0.070 -0.092 -0.094 -0.091

. -0. -	 92 -0.09

-0 . 50 _ -0-091
-0. -0.091

-0 .75 _ -	 1 9 -0.091

_ -0 . 093 -0.091

-0.091

•2 . 0 -0. - .0 0

-0.09
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Table 25. Stress intensity factor ratios kms for a spheri-
cal shell with a meridional crack.

X2 a/h=1 a/h=2 a/h=3 a/h=4

0.0 0.000 0.000 0.000 01000

0.25 -0.023 -0.022 -0.025 -0.029

0.50 -0.085 -0.083 -0.094 -0.108

0.75 -0.173 -0.175 -0.1.99 -0.230

1.0 -0.282 -0.325 -0.379

1.5 -0.465 -0.563 -0.669

2.0 -0.691 -0.844

3.0 -0.843

Table 76. Stress intensity factor ratios kts for a spheri-
cal shell with a meridional crack.

X2 a/h=1 a/h=2 a/h=3 a/h=4

0.0 0.47 1.26 2.12 3,03

0.25 0.46 1.26 2.12 3.03

0.50 0.45 1.25 2.11 3.00

0.75 0.42 1.20 2.05 2.94

1.0 1.12 1.95 2.81

1.5 0.86 1.58 2,35

2,0 1.15 1.76

3.0 0.84

-43-
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Table 27. Stress intensity factor ratios kss for a spheri-
cal shell with a meridional crack.

X 2 a/h=1 a/h=2 a/h=3 a/h=4

0.0 1.68 2.34 2.98 3.62

0.25 1.67 2.34 2.98 3.62

0.50 1.64 2.32 2.96 3.60

0.75 1.55 2.25 2.90 3.53

1.0 2.12 2.77 3.39

1.5 1.70 2.32 2.90

2.0 1.75 .2.25

3.0 1.17

Table 28. The stress intensity factor ratios for the crack
configuration shown in figure (2.a). Toroidal
isotropic shell, with v=0.3.

a/h=1 a/h=2 a/h=3 a/h=4

X1 = 0.575 a1=1.150 a1 =1.725 X1=2.300

X 2 =0.257 X2 =0.514 a2 =0.771 a2 =1.028

kram 1.019 1.063 1.116 1.170

ktm -0.017 -0.001 0.047 0.117

ksm 0.040 0.103 0.180 0.26

kmt -0.006 -0.007 -0.007 -0.007

ktt 0.521 0.352 0.273 0.227

kst -0.069 -0.090 -0.092 -0.089

kms -0.044 -0.156 -0.345 -0.596

kts 0.46 1.21 1.93 2.54

kSS 1.67 2.28 2.79 3.18
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Table 29. The stress intensity factor ratios for the crack
configuration shown in figure (2.b). Toroidal
isotropic shell, with v=0.3.

P

^' h

^L

^r

Table 30. The stress intensity factor ratios for the crack
configuration shown in figure (2.c). Toroidal
isotropic shell, with v=0.3.

a/h=1

X 1 =0.575

X2 =0.332

a/h=2

a1=1.150

a2=0.664

a/h=3

a1=1.725

a2=0.996

a/h=4

a1 =2.300

a2 =1.328

kmm 1.012 1.039 1.071 1.105

tm 0.008 0.006 0.003 0.007

sm - -0.000 0.011 0.032

t 0.003 0.003 0.002 0.001

tt 0.522 0.352 0.274 0.228

st - - -0.091 -0.088

s -0 - 001 - -0.029 -0.084

is 1.95 2.55

Ts-s 2.29 2.81 3.17
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a/h=1

a1 =0.257

X2=0.575

a/h=2

x190,514

A2=1,150

a/h=3

a1=0.771

A2 =1.725

 
a/h=4

a1=1.028

X2 =2,300

kmm 1.021 1.073 1.146 1.231

ktm -01019 0.011 0.107 0,269

ksm 0.079 0.208 0.384 0.604

kmt -0.007 -0.009 -0.010 -0.010

ktt 0.521 0.352 0.272 0.225

kst -0.070 -0.091 -0.093 -0.091

kms -0.087 -0,291 -0.561 -0,802

kts 0.45 1.09 1.47 1.53

kss 1.63 2.06 2.14 1.95
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Table 31. The stress intensity factor ratios for the crack
configuration shown in figure (2.d). Toroidal
isotropic shell, with v=0.3.

a/h=1

X1 =0.332

X 2 =0.575

a/h=2

a1=0.664

X2=1.150

a/h=3

X1=0.996

a2=1.725

a h 4

ai =1.328

A2=2.300

lcmm 1.014 1.049 11100 1.164

ktm 0.012 -0.011 -0.084 -0.207

ksm -0.065 -0.170 -0.312 -0.488

kmt 0.004 0.06 0.007 0.008

ktt 0.522 0.352 0.273 0.227

kst -0.070 -01091 -0.093 -01090

kms 0.073 0.247 0.485 0.700

kts 0.45 1.11 1.50 1.57

kss 1.64 2.08 2.18 1.99

0

H

Table 32. The stress intensity factor ratios for the crack
configuration shown in figure (2.e). Toroidal
i cnfrnni r chP11 _ with , ,=n i

R1 /R2 = 1/5

X 2 =0.514

R1/R2= 1/12

a2=0.332

R1/R2= 1/20

a2=0.257

silindiftk-
kabuk

R1/R2= 0

a2=0

kum 1.063 1.056 1.054 1.051

tm -0.001 -0600 -0.003 -0.004

sm 0.103 0.081 0.074 0.065

t -0.007 -0. -0.0 -0.006

tt 0.352 0.352 0.352 0.352

st 0 -0.090	 - -0.090 -0.090

s -0.156 -0.1 -0.112 -0.097

kts 1.21 1.22 1.23 1.23

kss 2.28 2,30 2.31 2.331

-46-

I

ar



U.M
r ^

O to ^

r^0 U r^r ^

,r I
.0 V N
a- ,O u

Cl) Ilo

o
U u L1ro4- n

O

INN X W

N t0 i-i4-) 
E W

c+'1

CA ro 11
Q1 4-
S- . r

Nov

M
M

4)

.O
CIS

1--

0122 K'1AL PAGE 6S
OF POOR QUALITY

o
b

i ago	 Ia'^o
^N

a% rn rn rn I

c+1 N N N N N N

^ O O O O O O O^
N N N N N N rl

NVI O O -4t h -t m
AdQ

O O O O O rI N
O O O O O O O

r-1 r♦ rf rl O O 00coUPI D O O O O O
'x O

1

O
I

O
1

O
I

O
1

O
I

O
I

n Ply N n n^.I r- f-
N N N N N N Nxd.1

O O O O O O O

O41 O O O O O Oxq 0 0 0 0 0 0 0
0 0

I'

0
i

0
I

0
I
0

I

0
1

0o° o 0 o v

O O O O O O O

O OO O O O G
.y O O

I
O

1
O

I
O O O

Or-4O O O O O O
'x ,-I r.4 r-I rl rl rl rl

Ln O Ln

1

O 0! u'1 r` O tf1 OprG O O O O rl r! N

-47-



U
•r0 ^oA

S- wo
b .terr

4-- C
.r. 1

C) ^,-

•r' U rN-I
u

S.	 II
O ^ ^
b U O

4- >-)cOY1r3

to X N

^ ^^
c

r-1

 EW

(D 4J

4J 4JLn vv

co
U

F^-

-48-

ORIGINAL PAO" IS

OF POOR QUALITY

N 00 co n n in O r-I
xN 0 0 0 0 0 0 0

M M M M M M N

^ °x0 c o
N N N N N N rl

Nto O O to m o'^0 r-Q O O O O O r-I N
O

1
O

I
O

I
O

i
O

I
O

I
O

1

co
ai rn rn m 0^, rn m0 0 0 0 0 0 0xtn

0 0 0 0 0 0 0

0 0 0 0r 0, rn m

I-1 N N N N N L^J N

O O c^ O O O O

-W 0 O O O O O O14 O O O O O O O

O O O O
1

O O O

O r-i ri 1--1gg ^f1 00
x b1 O C7 O O C o

O O O O O O O

.^i °o °o vo °o ov o 0
OI OI OI OI O O O

O r1 N ^t wx^ Oo v o o v o
r-i r) rl r-i r-1 r-i r-1

Ln o Ln
O N u1 r co Ln O

0 .
.< O O O O . 1 ri N



ONIGI'MAL PAGE 13

OF POOR QUALITY

i

X3'	 x 2



ORIGIt4AL PAGE IS

Of POOR QUALITY

Ri =3R

Ro = 5R

R 1 = R

R 2 = 5R

h/R j = 0.1

h/R,=0.02

Ri =3R

Ro = 5R

R, =5R

R2 =R

h/R, = 0.0 2

h/R,=O.l

0/h = 9

Ri	
RP	

h/R, = 0.1

R 0	 =1.150

)(el)

Fig. 2.	 The crack configurations in toroidal shells

3

a

Ri = 3R

Ro = 5R

R, = 3R

R 2 = -R

'/R2= 0.1

'/R1 
=O.V3

Ri = 3R

Ro = 5R

Ri = - R

Rp = 3R

h/R, = 0.1

h/R?= O'^3
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1.4
Spherical Shell

1.3

kmm

1.2

a/h = 4

Cylindrical Shell
With Circumfential
Crack

oRIGI SAL PAGE 1
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Cylindrical Shell With
Axial Crack

1.0 t-1/" 1	 1	 1	 1	 1

1	 2	 3

X or X2

Fig.	 Comparison of the stress intensity factor ratios
kmm for cylindrical and spherical shells
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Fig. 4.	 Effect of orthotropy in an axially cracked cylindrical
shell.
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