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CRACKED SHELLS UNDER SKEW-SYMMETRIC
Loapna™)

by
F. Dela]e(**)
Lehigh Univ.rsity, Bethlehem, PA. 18015

Abstract

In this paper, the general problem of a shell containing a
through crack in one of the principal planes of curvature and
under general skew-symmetric loading is considered. By employ-
ing a Reissner type shell theory which takes into account the
effect of transverse shear strains, all boundary conditions on
the crack surfaces are satisfied separately. Consequently,
unlike those obtained from the classical shell theory, the angu-
lar distributions of the stress components around the crack tips
are shown to be identical to the distributions obtained from the
plane and anti-plane elasticity solutions. Extensive results are
given for axially and circumferentially cracked cylindrical shells,
spherical shells, and toroidal shells under uniform in-plane
shearing, out of plane shearing, and torsion. Taking advantage
of the fact that the problem is formulated for “"specially" ortho-
tropic materials, the effect of orthotropy on the results is
also studied in some detail.

1. Introduction

In recent years, a great deal of effort has been devoted to
the study of cracked plates and shells. The reason for this

*This work was supported by NSF under the Grant CME-7809737 and
by NASA-Langley under the Grant NGR 39-007-011

*
*After September 1, 1981, Drexel University, Dept. of Mechani-
cal Engineering and Mechanics, Philadelphia, PA 19104
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stems from the fact that a great variety of advanced structures
such as aerospace vehicles, pipelines, different components of
nuclear reactors, etc. are designed from the viewpoint of frac-
ture mechanics. The early studies of cracked shells employed
the so-called "classical” shell theory. This is an eighth order
theory, and consequently can accommodate only four boundary con-
ditions on each crack surface. To make the number of unknown
functions arising from the solution of the differential equations
compatible with the number of independent boundary conditions,
the transverse shear and the twisting moment are combined as the
"effzctive transverse shear" which in turn is used to satisfy the
boundary condition regarding the transverse shear, (See, for
example [1-7], and for review and references [8]). The short-
comings of the classical shell theory are well-known from the
plate and shell solutions. The angular distributions of the
moments around the crack tips do not conform to those obtained
from the plane elasticity solution and the transverse shear has
a strong singularity of order of -3/2 which is not physically
acceptable. It has been shown that in plates, if one uses a
Reissner type plate theory [9-12] which adequately incorporates
the effect of transverse shear strains, then the angular dis-
tributions become identical to those obtained from the plane

and anti-plane elasticity solutions [13-18]. Motivated by the
success achieved in solving the plate problems, in recent years
a Reissner type shell theory [19-20] has also been applied to
cracked shells [21-26]. However, in all these studies, the
loading is symmetric (i.e., the cracked shells are either

under tension or bending). In practice skew-symmetric

loading is also very important. Considering also the fact

that the existing solutions are limited, the need for a

refined solution and additional reliable results does not

need elaboration. In this paper the general problem of cracked,
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thin and shallow shells under skew-symmetric loading will be
formulated by using a Reissner type shell theory. After
analyzing the asymptotic behavior of the stress resultants
around the crack tips, extensive results for circur -.rentially
and axially cracked cylinders, and spherical and toroidal shells
under general skew-symmetric loading will be given. The effect
of material orthotropy on the results will also be studied.

2. Formulation of the Problem

The problem under consideration is that of a shell of
thickness h containing a crack of length 2a in one of the princi-
pal planes of curvature and subjected to skew-symmetric Toading.
The problem is formulated under the following assumptions: a) the
shell is shallow and thin, b) the effect of transverse shear
strains is included, and c) the material is "specially" ortho-
tropic, i.e. the elastic constants are related as foilows:

- _E

where

E=VBE v =y
Condition (2.1) will enable us to factorize the differential
equations. Referring to figure 1 for the geometry of the shelil

and notation, the equilibrium equations can be written as:

Nij,j =0 (2.2)
Vi,i + (Z,.i N'i\j),j + Q(X'lst) = (2.3)
Mij,j - V.i =0 ('i,j = ],2) (2.4)



where the indicial notation and the summation convention are
used, and Njj, Mgy, Vy (1,3=1,2) denote the stress,

moment and transverse shear resultants, respectively. q(Xy,Xs)
is the Toad normal to the X;-X, plane, and Z(Xq,Xp) is the equa-
tion of the shell. Let Ui, W and By (i=1,2) be respectively the
displacement components and the angles of rotation of the normal
to the shell surface. Using the generalized Hook's law, in terms
of the displacement derivatives, the strains are obtained as:

= =) —
eij = digiaMayn = 7 Vg, g#05, 1% W 5#Ty Wyl (1,5 = 1,2)
(2.5)
Defining a stress function F by

N_ij = e.ik ej'l F’k‘l (1.9\1 = 7192) (2'6)

e;y being the permuation symbol, the equilibrium egs. (2.2)
are satisfied identically. Eliminating Uy and U2 and substituting
(2.6) into (2.5), we obtain:

€ininCkp®1®i3k1 *mupg ¥ N Zoiz8ik@1iekg = O (2.7)

For "specially" orthotropic materials satisfying condition (2.1),
the strain-stress resultant relations may be expressed as:

= 2 = 1ty = 1. -
e11 = fE (Nyp/c®-Wp)s e1p = - Mygs €gp = pE (C2Ngp-viiyy)
o1 (2.8)
= 2 - -V
Myp = D(c28y 1HvBp 5)s Myp 'ii“l‘(51,2+32,1)
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Eh3

= 2 =
Mg = D(vBy 1*87,/¢%) » D = 1752y » (2.9)
.__...v1=w + B LoV, =W, + 8B B = SE (2.10)
chB | 1°HB "2 2 2 1201+ Lo

- %
where ¢ = (E]/Ez) .

Using the relations (2.8)-(2.10), the normalized quantities
defined in Appendix A, the curvatures defined by

azz = - -]—. 822 = - —1— azz = - _..1_. (2 'l'l)
ax12 Ry » aXz2 R2 3X13X2 R12
and the following new functions,
BB 3B
= - L
o, o8
= o2+ Yy o :
xey) = kgt 50 - (2.13)

equations (2.7), (2.3) and (2.4) become:

T ] 2 52 _ 2 32 ) 32 - .
G CRC R AR PR oA M vl (2.14)
v 2(1oey2) (1.2 22 - 2 32 2 92
™ + AZ(T-kv )(A1 w7 2)\-[2 5X5Y + 2 W) ¢
= A%(1-kv2) & g (2.15)
Kk V2p - ¢ = w =10 (2.16)
Eil%Xl-vzg ~2=0 (2.17)



The problem is thus reduced to the solution of the differential
equations (2.14) - (2.17) under the boundary conditions as yet
to be specified.

For the crack problem the transverse load q=0, and noting
that the crack is along a plane of principal curvature the
shell parameter Aqp = 0. Further it is assumed that through a
proper superposition, the problem is reduced to a perturbation
problem where the only external Toads are those acting on the
crack surfaces.

Defining

2 2
RN R Vil (2.18)
eqs. (2.14) and (2.15) yield:

vt + vi v§ (1-xv2)¢ = 0, (2.19)

Now assuming ¢ in the following form,

o(my) = 75 [ a(xia)e™ o (2.20)

=00

and using the regularity condition at x=%», (2.19) gives:
N msX
{ £ Ri(a)ed , x>0
1 J
g(x,a) = < (2.21)

8 m.X
J
l g Rj(a)e , X <0

Rj, (3=1,...,8) are unknown functions and Mys.. .ol are the
roots of the following characteristic equation:

N SR o7
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mz = p + a2

p“ - K Azu P3 + (ZKA]ZAZZGZ - 2KA2“G2'+A2u)p2

+ (ZKA12A22a2 - sz‘*az - Kx]‘faz + 2x‘§ - 2x12A22)a2p
+ (A22 - A12)2 ot = 9 (2.22)
such that,
Re(mj) <0 s mj+4 = 'mj j = 1,..-,4 (2.23)
Similarly assuming,
w(xy) = 2 [ Flxi)e™ da (2.24)
a(x,y) = é%'f h(x,a)e'iy“ do (2.25)
p(x,y) = é%-f e(x,a)e'iy“ do (2.26)

-00

and substituting into (2.15)-(2.17) we obtain:

° 02 03
)\R%;ai‘.)i T eme » x>0
2 My"=Aqma
f(x,a) = < (2.27)
2
Rj(u)pj_4 m.X

Ty 22 € » X <0
mj A-la

_——
>
)
-t

[P
>
N

[$ Y op X

Ao
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J A](a) e y x>0
(e = Bk (2.28)
l Az(“) e s X <0
and
" R:(a)ps? M.X
(2 9 3 ;
A § (Kpj'1)(hzzmjz-x1za2) e » X >0
B{xen) =3 (2.29)
2
8 R (a)p- m.x
2 3 -4
\A g (KPj'T)(AZijZ-A12a2) e , X <0
where
e ol (2.30)

Ty ..X
K{i1=v)
Considering the symmetry of Toading and geometry with respect

to the y-axis, the stress resultants satisfy the following sym-
metry conditions:

Nex (xs¥) = =Ny (=%59) 5 Ny (0y) = Ny (=x0y)

Mex(Xsy) = =M (=x.y) 5 My (%y) = M (=X,¥)

V, (x,y) =V, (-x,y) (2.31)

In solving the problem, it is therefore sufficient to consider
the x>0 portion of the shell only. The boundary conditions of
the problem can then be expressed as follows:

-8~
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N0oy) =0 ey < (2.32)

M, (0sy) = 0 % < Y < w (2.33)

Tim N, (x,y) = F.(y) -/C <y <V
V(O’.V) =0 i I-yl > /C J

Tim M. (x,y) = F,(y) -v/c < /c

oot XY 2 <y . L .5
6, (0,y) = 0 y] > /& J

Tim  V.(x,y) = F -/T /c

Hm, (%) = Faly) <y < L (2.36)
w(0,y) = 0 lyf > ¢ J

where Fl(y), Fz(y), F3(y) define the loading on the crack sur-
faces and are known functions. Using egqs. (2.6), (2.8)-(2.10),
(2.12), (2.13) and (2.20)-(2.30) the stress resultants may
be expressed as:

* u m.X -
Moctxo) = = g5 [ 62 £ Rj(ade Y &7 da (2.37)

<«

f i m.X ]
Nyy (9] = g}- : 2y Ryla)e 3% gm1Ye 4, (2.38)

-]

m,x
J

= i F s
ny(x,y) 75| @ Fm Rj(a)e

00

e e 4 (2.39)
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a 1 (Nl Rylolptmgova®)  ngk .y
” rX
e 52 [y (ae ! eV do (2.40)

-0

® Ry(a)ps2(vms2-a?) msX
1 a (e 37 g7l
Myy(x,y) o7 DAY I A% (Azzmjz-x12a2)(ij~1) ¢ ¢ o

=00

raX .
17 omiye 4y (2.81)

-v)2 [®
+ "z'i;r‘ h?\“ K (]2\,) J o Y‘-lA-l(a)e

- 00

iy xoy) = - A gz [ (v 1 e ifi:‘zmjmpa_” % iva g,

A g[:(azﬂ‘-!z)l\](a)e ety g (2.42)
Vo (xy) = ’1'1? r . % (Az&:li(ﬁ:&am)(l{p - ad” e-iya' do

- g ra Aq (o) eV emio g (2.43)
Vy(x,y) = é%'xz [m ¢ % Tizzm %(?1za2)(mp ) © J eV da

- x lég-fmr1 Al(o:)e‘”1x e 1Yo gy (2.44)

-0

Application of boundary conditions (2.32)-(2.36) would lead to a
system dual integral equations. However, if one defines a set

-10-
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of new functicns in terms of displacement and rotation deriva-
tives, the problem can also be reduced to the solution of three

simultaneous singular integral equations.

Let,
G, (y) = 1im - Tim ( hay® y au (2.45)
X”0+ 3y X’)'0+ oy
B
Gpy) = Tim, 5 (2.46)
Gyly) = Tim, 55 (2.47)

Using the basic equations resulting from the formulation of the
problem, the new unknown functions may be expressed as:

G-!(.Y) = '2]" ;( Z 2R ;(a)e -yo do. (2.48)
” Ri(a)ps? -1ya
= - ..l_ 3 2 : J J
Gz(y) T J AT O {: (Azzmjz_}‘.lzaz)('(pj_]) e da
b Y [ e A(a)e™V g (2.49)
2m 2 1 M\ @ ’
. y  Ri(a)p,? iy
GB(.Y) = - leT-J )\2 o] i: }‘zz%j _}\'?Izaz e 1y do (2.5\{))

=00

The homogeneous boundary conditions (2.32)~(2.33) and the
inversion of (2.48)-(2.50) give:

‘,13 Ry(a) = 0 (2.51)

-11-




ORIGINAL PAGE 1S
OF PCOR QUALITY

o R (e)pE(n ) .
M ('\223‘12'*120‘2;(@5-1) -1 05 g (a) = 0

(2.52)
4 Ri(a)p
A2 21: ;\zzg,jz_Mzaz =1 q3(a) (2-53)
A2 b Rj(a)Pj3 _
T § T, eon 2 (e Ty~ () (2.54)
4
z my2R;(a) = gq(a) (2.55)
where
/E .
ayfe) = [ &(0e’t at (2.56)
-/c
g iat
Ay (a) =f Gy(t)e " dt (2.57)
-~
g at
dz(e) = f 6,(t) e " dt . (2.58)
-Vc

By solving the system of equations (2.51)-(2.55) one can easily
determine the unknown functions R](a),...,R4(a), A1(a) in terms
oT G1(y), Gz(y), Ga(y). The remaining mixed boundary conditions
(2.34)-(2.36) give the following equations:

1'im+ -23; era g m-R-(a)emjx " do = F’.(‘y)

x=0 1 JJ

-0

~/C <y <ve (2.59)
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i a y _ Ryladeyiny
v, =gy (1-v) f Mol “22"‘3 RERICT Y

e (O

mex _
eV eiyada

-2 [ "* .
;1[(})]"’ 2]“ hiq K ( 4\’) IA1(u>(P]2+u2)e 1 e 1ya do = Fz(.Y)

-0

-YC <y < Vo (2.60)
tim 1 "ot Rylalpymg "% g-ive
x+0" 27 f A%k I (Aa‘*mj -A]‘a")(xpj-'l) ¢ da

-0

©

- Hlll i __%_\2_21" f a A-](Ct)e

-

raX
1 e tya da = F3(y)

-C <y </ (2.61)

The integrands in (2.59)-(2.61) are bounded for every value of

a except when |a|+~ and y+t. Therefore one must extract the
singular parts of the integrals when |a|»», The functions Ry(ad,
vees R4(a), A1(a) may be written in the following form:

Rj(a) = iEQJ(G)Q1(G) + Nj(ﬁ)q2(0) + MJ(Q)Q3(Q)]
(= Ty...,4) (2.62)
Aj(a) = By(adog(a) + By(a)ay(a) + By(a)qs(a) (2.63)

The functions Qj(m), Nj(a), Mj(u), (j=1,...,4) and By(a),
(i=1,2,3) are known from the solution of the system of equations
(2.51)-(2.55). Now using the asymptotic expansion of m, s
(3=1,...,4) and ry for large values of |q

-13-
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mj(a) = =|af| (1 + 'é%jz- 'g"i-:r'*‘ cee) » (J=1,...,4) (2.64)
ryla) = =|a (1 + ET‘I%)‘&T cl) (2.65)

after some lengthy analysis, the singular parts of the inte-
grals which appear in (2.59)-(2,61) can be separated and we
obtain:

= 21rF-|(y) , =/C <y < /c (2.66)

(t)dt

= 21 — Fz(y) -t <y < (2.67)

7 Gy(t) G
2 [ 3-ae 3|

t-y 5o k3j (y’t)Gj(t)dt

-c
= 2nF4(y), ~E<y< k. (2.68)

The kernels kij(y,t) which appear in equations (2.66)-(2.68)
are given in Appendix B.

To complete the formulation of the problem, one must also
impose the single-valuedness conditions for the displacements
and for the rotation of the normal, which are:

-14-
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/e
[7 eptrae =0, (2.69)
LV

/e

[ egwie =0, (2.70)
-/c

/e Ay 2

[" tey(e) + ()¢ oy(e)lar = 0 . (2.71)
L

The problem is thus reduced to tlie solution of the singular
integral equations (2.66)-(2.68) under the single-valuedness
conditions (2.69)-(2.71).

W

4

solution of the integral equations

[4

Once the system of integral equations (2.66)-(2.71) is
solved, then all field quantities can easily be computed in
terms of the functions GT(y), Gz(y), G3(y). To do this, first
the cquations are normalized by defining:

t=vcrt,vc<t<v,-1<1<1, (3.1)
y=vcn,/c<y<ve,=-1<n<1 , (3.2)
xX=vVCE,0<E, X <w (3.3)
6;(VC 7) = Hy(t) » (i =1,2,3) (3.4)

The functions H,(t), (i=1,2,3) are singular at t=+1. Therefore,

let h-i (T)
H'I(T) = B °® (1=19233) (3-5)
(v+1)*(1-1)

-15-
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where h;(t) are bounded and Holder-continuous in =1 < 7 < 1.
Noting that the index of the problem x = (a+g) = 1, and using
the function-theoretic method described in [27] and [28], we

have ¢ = B = %-. Then, the integral equations can be solved

numerically by using a Gaussian quadrature type formula [29-31].

4, Asymptotic behavior around the crack tips.

As stated earlier, one of the main cbiectives of this
study is to show that by using a shell theory which adequately
takes into account the effect of transverse shear strains, one
can remove the discrepancy that exists between the classical
shell theory and the elasticity solutions regarding the angular
distribution of the stresses. Using the expressions given by
(2.64) and (2.65), and the relation [28]

1
hr)_ o167 g0 = () (n(1) expli(e - T 21
L ez ® 4T Lgar (1) exelile - g gy

+ h{-1)exp[-i(8 - "TT“ + O(TT F([s]s=)  (4.17)

around n=1 and &£=0, the asymptotic expressions for the stress
resultants are found to be:

gh, (1)
~ 1 "BIEl i)
N = /B -n) - X .
iy J B e cos[8(1-n) - 7lds (4.2)
h.(1) = _-8l&|
=1 e oy L
Nyy - f = cos [8(1-n) - 7ldg (4.3)

-16-
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N

h, (1 @ -
1 f e Fl¢] sin[B(l-n)-%{-]dB

Yoo2kw 0 R
5h1(1) ®
-2 /5 e BlEl sin[p(1-n) - Tlde (4.4)
2/7% I ¢ sinleli) -
gh, (1)
= a 2 -BlE - TMde
Mo ¥ o (122) —£ [ofé‘e &l cosfa(1-n) - F1es
(4.5)
ho(1) (.-8lE|
2. @ (1.,2) -2 e ) o T
M;ly ha e (1-v2) > J 5 cos[g(1-n) 4]st (.6)
h,(1) (= .-8|E|
~ 1 h'2 e . n
M, 2D sin[8(1-n) - Tlds
w123 o fo r n(B(1-n) - 7
1 h Ehz(l) °°/_ -Blgl . T
- = B e sin[g(1-n) - 71d8, (4.7)
12a, o ‘L n ;]
ho(1) = -BlE|
=3 e - ) - &
== J = sin[(1-n) - 71d8 , (4.8)
ho(1) [ -BlE]
~ 3 e T
vV, = cos[B(1-n) - FldB8 . (4.9)
v o /5 v

If we now define the new coordinates,
£ =r sine , n-1 = r cose (4.10)

and use the following expression [32]

-17-
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[++]

p=1 -sz s1n . T Sin -Tr
Iz e cos}(\r'z) ——-11177( 22)" {gogtly tan )

S
0

(7]

(s>0, u>0), (4.11)

eqs. (4.2)-(4.9) become:

N, 2 - [~ +sinFm S'in ] . (4.12)
uX 0 /o7 4 2
h, (1)
~ 1 7 2.8
N = - [- &sin % s1n ] , (4.13)
¥y 2/2r 4 2"
h.(1)
= 1 3 9 , 1 50
N = = —— 0s < + + coS 5= 1 » (4.14)
Xy 2/57 4 2 4 2
ha(1)
d h L - '} 8 1! 56 - A T\
M s A e -2 singtgsins (4.15)
XX 12a 2/27: 4 2 4 2
h,(1)
= h 28 7 8 .1 ¢i0 28
Myy 122 /7 [ gsiny -7 sin 5 1, (4.16)
h, (1)
~ 2 3 9 , | 50
M D m o ["COS"“‘““—‘COS"""‘], (4.']7)
Xy 2a 0 /37 4 2 4 2
h.(1)
v, = - 3~ cos —g- , (4.18)
Y2r
ha(1)
3 .. B
V. = sin 5 . (4.19)
y ver 2

1t should first be noted that the new coordinates defined by
(4.10) are not polar coordinates for “specially" orthotropic

-18-



materials. For isotropic materials it is seen that the dis-
tributions given by (4,12-4.19) are identical to those obtained
from the plane stress and anti-plane elasticity solutions [18],

[33].

5. Results and Discussion

After solving the system of equations (2.66)-(2.71), the
discrete values of the unknowns G1(t), Gz(t), G3(t) can be used
to determine any desired field quantity in the shell. The
mode II and mode III stress intensity factors are defined as:

ko(X3) = 1im V2(X5-3) oy, (0, X5s X3) (5.1)
Xz'*a

k3(x3) = 11'—1:& Vﬁlxz‘a) %13 (0, XZ’ Xs) (5.,2)
"2'

Using expressions (4.12)-(4.19) and those given in Appendix A
with 8=0, the stress intensity factors can easily be expressed
in terms of the end values of the unknown functions. In the
examples given, three types of loading are considered.

a) In-plane uniform shear loading:

If I denotes the magnitude of uniformly distributed
shear stresses through the thickness, the external loads can
be expressed as: o

M(0s Xp) = -Nyp = -hoy

M}g(o: Xz) =0,

V1(0, XZ) =0, -a <X <a (5.3)

-19-
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jmensionless quantities defined in Appendix A, the

Using the d
2.66)-(2.68) are found

functions Fqs Fas Fa that appear in {
to be:

F](/E'ﬂ):"ggn’ Fz(\/an) =0, F3(»’<—Jn)=0,

~T<n<1. (5.4)

In this case the stress intensity factors will be normalized

with om/i . Thus, we have:

knm-.:lf..z_(_o—)—:-.l:]—lzil—)-j—, (5.5)
o, /3 “n
k,(M-k,(0) (1)
( -2z’ 2 EN, (5.6)
tm Gm/a' 2 Om 2a
k.(0)
3 3 B
K== .32 /8 ho(1) . (5.7)
sm Um'/a 20m 3

b) Uniform Twisting Moment

Let o¢ denote the maximum of Tinearly distributed shear
stresses through the thickness. Then, the external Tloads are:

N-lz(o, X2) = 0 9

= ik
M'Iz(o, Xz) = "M-lz - = 6 O't ]

V1(0, Xz) =0, -a<X<a, (5.8)

or

~20-



na 1

@ﬂ!‘”“?\“ﬂl, o

OF POUR QUALITY

g
Fr(/en) = 0, Fp(vEn) = = £, Fy(/Em) =0,

-1 <n<1 (5.9)

Nermalizing the stresc intensity factors with respect to ctwﬁ',
we obtain:

k,(0) h,(1)
gy = 2 = - L E (5.10)
ot/a_ t
_ ky(h/2)-k,(0) by (5.11)
k,(0)
3 3B
=2 = - 22/ ho(1) (5.12)

¢) Uniform Transverse Shear Loading:

If gg denotes the maximum of the parabolically distributed
transverse shear stresses, the external loads can be expressed

as:

N (0, Xp) = 0,

Mp(0c X)) =0,

v, (0, X2}=—V1=-%hos,-a<xz<a (5.13)
or

Fr(/En) = 0, F)(€n) =0, Fo(En) = - 281

1 n » o n s 3 n 3B /(_:_a

~l<n<i. (5.14)
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In this case, normalizing the stress intensity factors with
respect to os/E , we obtain:

kp(0) by (1) ¢

= D - re— ’ (5-15
ms osVE' 2 O )
kp(h/2)-kp(0)  By(1) |
B e e e e 5.16
tS os/- 2 Og 2a ( )
K (0) 3 .- B
k = ---—h 1 . (_5.17)
SS cs/a 2‘ S ( )

The stress intensity factor ratios are calculated for different
shell geometries. The following examples are considered:

a) a cylindrical shell with an axial crack,

b) a r1wrumfownn+4:11u cracked cy indrical shell,
c¢) a spherical shell with a meridional crack, and
d) a toroidal shell containing a crack at different locations.

In all these examples, the material is assumed to be isotropic,
with v=0.3. To give also some idea about the effect of ortho-
tropy on the results, an example is considered for an axially
cracked cylinder. The elastic properties of titanium used in
these calculations are as follows:

£, = 1.039 x 10" N/m?
£, = 1.434 x 10"N/m2 |
vy = 0.1966,
Vo = 0.2714,

Sl TGRS BTIE Tt TR DAV
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Gyp = 4.675 x 1010 N/m2 |

_ 10,2
Byye = 4.956 x 10°° N/m? |

The results are given in tables 1-34. Some of the results are
also displayed in figures 3 and 4. First, it must be pointed
out that for toroidal shells, according to the crack location
A12 or Azz are taken as negative to describe negative curva-
tures. Secondly, as M oor oAy approach zero, the results given
in the tables approach those obtained for flat plates [18].
From tables 1-34 and figures 3-4 the following trends can be
observed:

- If the crack surfaces are loaded with in-plane shearing
forces, the coupling stress intensity factor ratios k¢ and
ksm are small compared to kmm' As As increases, i.e. as the
curvature increases, k . also inCreases. On the other hand, -
a/h which expresses the thickness effect, does not affect the

results significantly.

- Under uniform twisting moment applied to the crack sur-
faces, the stress intensity fachtor ratio ktt becomes dominant,
and the other two components kmt and kSt are small in compari-
son. In this case, however, ktt does not vary significantly with
Aos and takes smaller values as a/h increases,

- For uniform transverse shear loading, the stress intensity
factor ratio kms is very small, however, kts is no longer
negligible. For this case also, the dominant stress intensity
factor ratio is kss' Tne stress intensity factor ratio kSs
does not vary significantly with curvature however, and decreases
as the thickness of the shell increases.



- Figure 3 shows the comparison of kmm for three shell
geometries. kmm assumes its smallest values for a cylinder
with an axial crack, and assumes larger values for a cfrcum-
ferentially cracked cylindrical shell. The results for a
spherical shell are even larger.

- The results given in tables 28-31 for toroidal shells show
the same trends for the stress intensity factors as the cylin-
drical shells. It must be pointed out that, for this case, the
component ktt remains almost unaffected of the location of the
crack.

- The effect of orthotropy on the results is given in
tables 33-34 and figure 4. As it may be observed, kmm is the
component that is affected most by material orthotropy. If the
axes of orthotropy are subjected to a 90° rotation, the results
change significantiy. For exampie, for Elez <1 kmm are
smaller than those obtained for isotropic materials, whereas

for E1/E2 > 1, are larger than the isotropic results.
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Appendix A

Dimensionless quantities used in th. derivation:

X = j%;é}-, y= /E'é% s 2 é?

u= /E-%} » V E j%;g%-, w = g

8, = VT By s By = =B, s 6= i

X 1 Y i 2 a<hk

Opy = 011/CE , ny = C 022/E s Oyy = 012/E
Oy = 013/8/3 » Oy = /C 0,4/8B

Nxx = N11/ChE s N = Csz/hE s ny = N12/hE

NAY

= 2 = 2 = 2
MXx M11/ch E Myy CMZZ/h E, Mxy M12/h E

Ve = V]//E hB, Vy = /c Vo/h B

b = _2c2al+ b = -v2 at
M 12(1v)'ﬁzw,)\2 12(1\’)'52'5'2'§Z“Z‘s

L - al+ - 5 ¢ az E
)\12 = 12(]-\)2) h2RZC ° AY = ]Zﬂ-\)z) AT e K = BE

12

-28-

(A.1)



ORIGINAL PAGE 1S
OF POOR QUALITY

Appendix B

Expressions of the kernels which appear in the integral equations:

1(vst) = <[ [2ie £ my0, (@)411sina(t-y)ce (8.1)
o
Hﬂmw=-rﬁa%%MQHMMhﬂ® (8.2)
0
kyglyst) = -Z[Na 2 myMy () cose(t-y)de (8.3)
0
koq(y,t) = 2 [J[EG? a ; (mjggz(fi12u2)(Kpj-1)
- 20 (q24 2B, () Isina t-y)da (8.4)
kpalyt) = Jmtz‘ i 1235?113 2)(epyT)
- 1 K= (g2ur 238, (a) - L lisina(t-y)de  (8.5)
kp3(yst) = [ o : § zzji-i:izfg(np =)

0

-y )2
- SU=9)S (a24r,2)B,(a) Jeosa( t-y)do (8.6}
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g (vst) =2 Tz e | Qlalegmy
1 (Azzmjz“A12a2)(Kpj-1)

0

- 29 B (a) Jeosa( t-y)da (B.7)
? y N:(o)ps3m,
- . .2 Gy
k32(.Y’t) 2 f [i A2« § szmjz._MZGZ)(Kpj_]y
0
- i & 152 a B,(a)Jcosa(t-y)d (8.8)
® Y M.(a)p:3m,
= 12 J J_J
k33(y’t) 2 [ [ AC K ? (Azzm,z_MzaZ)(Kp.-])“
. i i
#1524 Byla) - TIsina(t-y)de (8.9)
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Table 1. Stress intensity factor ratios kmm for an iso-
tropic cylinde" containing an axial crack, v=0.3.
(Uniform in-plane shearing)

A a/h=1 a/h=2 a/h=3 a/h=4
0.0 1.000 1.000 1.000 1.000
0.25 1.003 1.003 1.003 1.003
0.50 1.012 1.011 1.011 1.011
0.75 1.026 1.024 1.024 1.024
1.0 1.040 1.039 1.039
1.5 1.078 1.076 1.075
2.0 1.114 1.113
3.0 1..82
Table 2. Stress intensity factor ratios kyp for an iso-
tropic cylinder containing an axial crack, v=0.3.
(Uniform in-plane shearing)
A a/h=1 a/h=2 a/h=3 a/h=4
0.0 0.000 0.000 0.000 0.000
0.25 -0.005 ~0.002 -0.001 ~0.001
0.50 -0.012 -0,005 ~-0.002 0.000
0.75 -0.018 ~-0.007 -0.001 0.003
1.0 -0.006 0.003 0.008
1.5 0.002 0.017 0.027
2.0 0.037 0.051
3.0 0.103
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Table 3. Stress intensity factor ratios kspy for an isotropic
cylinder containing an axial crack, v=0.3. (Uniform
in-plane shearing)

A a/h=1 a/h=2 a/h=3 a/h=4
0.0 0.000 0.000 0.000 0.000
0.25 0.005 0.004 0.003 0.003
0.50 0.020 0.014 0.012 0.011
0.75 0.042 0.030 0.026 0.024
1.0 0.051 0.043 0.039
1.5 0.101 0.086 0.078
2.0 0.137 0.12¢4
3.0 0.222

Table 4. Stress intensity fTactor ratios kpg for an isotropic
cylinder containing an axial crack, v=0.3. (Uniform
twisting moment)

A a/h=1 a/h=2 a/h=3 a/h=4
0.0 0.000 0.000 0.000 0.000
0.25 -0.001 -0.001 -0.001 0.000
0.50 -0.004 ~0.002 -0.002 -0.001
0.75 -0.007 -0.004 -0.003 -0.002
1.0 -0.005 ~0.004 =0.003
1.5 -0.007 -0.005 ~0.004
2.0 -0.006 -0.005
3.0 -0.005
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Table 5. Stress intensity factor ratios kit for an
isotropic cylinder containing *n axial crack,
v=0.3. (Uniform twisting moment)

A1 a/h=1 a/h=2 a/h=3 a/h=4

0.0 0.523 0.354 0.274 0,228

0.25 0.523 0.354 0.274 0.228

0.50 0.522 0.353 0.274 0.227

0.75 0.521 0.353 0.274 0,227

1.0 0.353 0.274 0.227

1.5 0.352 0.273 0.227

2.0 0.273 0.227

3.0 0.226

Table 6. Stress intensity factor ratios kst for an isotropic
cylinder containing an axial crack, v=0.3. (Uni-
form twisting moment)

A a/h=1 a/h=2 a/h=3 a/h=4

0.0 -0.070 ~0.092 -0.094 -0.091

0.25 -0.070 -0.092 ~0.094 -0.091

0.50 -0.070 -0.091 -0.094 -0.091

0.75 -0.069 -0.091 -0.094 ~-0.091

1.0 ~0.091 -0.093 -0.091

1.5 -0.089 -0.092 -0.090

2.0 -0.091 ~0.089

3.0 -0.087

-33-



ORIGHIN,L PAGE I8
OF POOR QUALITY

Table 7. Stress intensity factor ratios kys for an iso-
tropic cylinder containing an axial crack, v=0.3.
(Uniform transverse shear loading)

Ay a/h=1 a/h=2 a/h=3 a/h=4
0.0 0.000 0.000 0.000 0.000
0.25 -0,005 -0.005 ~0.006 ~0.007
0.50 ~0.021 ~-0.021 -0.024 ~0.028
0.75 -0.045 ~0.045 ~0.052 -0.061
1.0 -~0.076 ~-0.088 -0.103
1.5 ~0.149 -0.174 -0.204
2.0 ~0.264 -0.310
3.0 -0.495

Table 8. Stress intensity factor ratios kys for an iso-
tropic cylinder containing an axial crack, v=0.3.
(Uniform transverse shear loading)

Ay a/h=1 a/h=2 a/h=3 a/h=4
0.0 0.47 1.26 2,12 3.03
0.25 0.47 1.26 2,12 3.03
0.50 0.46 1.26 2,12 3.03
0.75 0.46 1.25 2.11 3.02
1.0 1.24 2,10 3.00
1.5 1.19 2.04 2,93
2.0 1.95 2,81
3.0 2,52
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Table 9. Stress intensity factor ratios kgg for an 1sotrop1c
cylinder containing an axial cracﬁ v=0,3. (Uni-
form transverse shear loading)

A a/h=1 a/h=2 a/h=3 a/h=4
0.0 1.68 2.34 2.98 3,62
0.25 1.68 2,34 2.98 3.62
0.50 1.67 2,34 2.98 3.62
0.75 1.66 2.33 2.98 3,61
1.0 2.32 2,96 3,60
1.5 2,28 2,92 3.54
2.0 2.84 3.46
3.0 3.24
Table 10. Stress intensity factor ratios kyy for a cir-
cumferentially cracked cy11ndr1ca1 shell.
Ag a/h=1 a/h=2 a/h=3 a/h=4
0.0 1.000 1.000 1.000 1.000
0.25 1.003 1.003 1.003 1,003
0.50Q 1.013 1.012 1.012 1,012
0.75 1.031 1.027 1.026 1.026
1.0 1.047 1.045 1.045
1.5 1.104 1.097 1.095
2.0 1.165 1.159
3.0 1.320
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i
Table 11. Stress intensity factor ratios kyp for a cir- f
cumferentially cracked cy1indricaT shell. ]
i

Az a/h=1 a/h=2 a/h=3 a/h=4 %’
:

0.0 0.005 0.000 0.000 0.0C0 §

.25 | =0.005 =0.002 0,000 0.001 |

.50 | =0 014 ~0,003 0,002 0.006

0.75 | =0.023 =0.002 3,010 0.017

1.0 0004 0,023 0,035

1.5 0,030 G.068 0.092

7.0 0.139 0.178

3.0 0.437

Table 12. Stress intensity factor ratios kgy for a cir-
cumferentialiy cracked cylindrical shell.

A2 a/h=1 a/h=2 a/h=3 a/h=4
0.0 0.000 0.000 0.000 0.000Q
0.25 0.014 0,010 0.008 0.007
0.50 0.056 0.038 0.032 0.028 3
3.75 0.125 0.084 0.070 0,062 ‘
1.0 0.148 0.123 0.109 ;
1.5 0.328 0.272 0.242 ;
5.0 0,479 0,426 :
3.0 0.949
i
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Table 13. Stress intensity factor ratios kpy for a
circumferentially cracked cy]indr al shell,
Ay a/h=1 a/h=2 a/h=3 a/h=4
0.0 0.000 0.000 0.000 Q0.000
0.25 -0.002 ~0,001 -0.001 -0.001
0.50 -0.005 -0.003 -0.002 -0,002
0.75 -~0.009 -0.005 ~0,004 -0.003
1.0 -0.007 -0.005 -0.004
1.5 ~0.012 -0.008 -0,006
2.0 -0.011 -0.008
3.0 -0.012
Table 14. Stress 1ntens1ty factor ratios k¢y for a cir-
cumferentially cracked cylindrical shell.
Ao a/h=1 a/h=2 a/h=3 a/h=4
0.0 0.523 0.35%4 0.274 0.228
0.25 0.523 0.354 0.274 0,228
0.50 0.522 0.353 0.274 0.227
0.75 0.521 0.353 0.274 0.227
1.0 0.352 0.273 0.227
1.5 0.351 0.273 0.226
2.0 0.272 0.226
3.0 0.225

TN £ L s aat IR s e inmec

-37-




OFACINAL PArT 10
O p@wwﬁ QUAL‘W

Table 15. Stress intensity factor ratios kst for a cir-
cumferentially cracked cylindrical shell.
Ap a/h=1 a/h=2 a/h=3 a/h=4
| 0.0 =0.070 -0,092 -0.094 -0.091
0.25 -0.070 -0.092 -0.094 -0,091
0.50 -0.070 -0,091 ~0,094 ~0,091
0.75 -0,070 ~0,091 -0.094 -0,091
100 -00091 ”00094 "'00091
1.5 -0,091 -0.093 -0.091
2.0 —0.093 -00091
3.0 -0,091
Table 16. Stress intensity factor ratios kye for a cir-
cumferentially cracked cy11ndr1ra7 shell.
A2 a/h=1 a/h=2 a/h=3 a/h=4
0.0 0.000 0.0Q00 0.000 0.Q00
0.25 -0.016 ~-0,015 -0.017 ~0,020
0.50 -0.063 -0.061 ~0.068 -0.078
0.75 -0.133 -0.133 =0.149 -0.172
1.5 -0,387 -0.462 -0.546
2.0 0,595 -0.722
3.0 -0.753
-38-
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Table 17. Stress intensity factor retios ktg for a cir-
cumferentially cracked cylindeical shell,

Ao a/h=1 a/h=2 a/h=3 a/t=4
0.0 0.47 1.26 2.12 3.03
0.25 0.46 1.26 2.12 3.03
0.50 0.46 1.25 2,11 3.01
0.75 0.43 1.22 2.07 2.97
1.0 1.15 1.99 2.86
1.5 0.92 1.67 2.46
2,0 1.24 1.89
3.0 0.93

Table 18. Stress intensity factor ratios kgg for a cir-

cumferentially cracked cylindrical shell.

Ao a/h=1 a/h=2 a/h=3 a/h=4
0.0 1.68 2.34 2.98 3,62
0.25 1.67 2,34 2.98 3.62
0.50 1.65 2.33 2.97 3.60
0.75 1.58 2.28 2.92 3.55
1.0 2.17 2,81 3.44
1.5 1.77 2.40 3,00
2.0 1.84 2.35
3.0 1.24
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Table 19. Stress intensity factor ratios kmyy for a spheri-
cal shell with a meridional crack.

Ap a/h=1 a/h=2 a/h=3 a/h=4
0.0 1.000 1.000 1.000 1,000
0.25 1.006 1.006 1.006 1.006
0.50 1.026 1.024 1.023 1,023
0.75 1.058 1.051 1.049 1.048
1.0 1.086 1,082 1.081
1.5 1.172 1.162 1.158
2,0 1.252 1.244
3.0 1,418

Table 20. Stress intensity factor ratios ktm for a spheri-
cal shell with a meyridional crack.

Ao a/h=1 a/h=2 a/h=3 a/h=4
0.0 0.00Q 0.000 . 0.000 0.000
0.25 ~0.009 -0.004 -0.,002 -0.001
0.50 -0.021 -0.005 0.003 0.008
0.75 -0.030 -0.001 0.016 0.025
1.0 0.011 0.037 0.052
1.5 0.056 0.105 0.136
2.0 0.205 0.254
3.0 0.581
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Table 21. Stress intensity factor ratios ksm for a spheri-
cal shell with a meridional crack.

Ag a/h=1 a/h=2 a/h=3 a/b=4
0.0 0.000 0.000 0.000Q 0.000
0.25 0.014 0.010 0.009 0.008
0.50 0.077 0.053 0.045 0.040
0.75 0.169 0.115 0.096 0.086
1.0 - 0.200 0.166 0.149
1.5 0.436 0.361 0.322
2,0 0.626 Q.558
3.0 3..209

Table 22. Stress intensity factor ratios kpt for a spheri-
cal shell with a meridional crack.

Ao a/h=1 a/h=2 a/h=3 a/h=4
e.0Q 0.000 0.000 0.000 0.000
0.25 -0.003 -0.002 -0.001 -G.001
0.50 -0.008 -0.004 -0,003 ~-0.002
0.75 -0.012 -0.007 -0.005 -0.004
1.0 ~0.010 ~0.007 -0.005
1.5 -0,014 ~0.010 -0.008
2.0 -0.012 -0.009
3.0 -0.012
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Table 23. Stress intensity factor ratios k¢t for a spheri-
cal shell with a meridional crack.

Ao a/h=1 a/h=2 a/h=3 a/h=4
0.0 0.523 0.354 0.274 0.228
0.25 0,523 0.354 0.274 0.227
0.50 0.521 0.353 0.274 0.227]
0.75 0.519 0.352 0.273 0.227
1.0 0.351 0.273 0.227
1.5 0.350 0.272 0.226
2.0 0.271 0.226
3.0 0.226

Table 24. Stress intensity factor ratios kgt for a spheri-
cal shell with a meridional crack.

Ao a/h=1 a/h=2 a/h=3 a/hr4
0.0 -0.070 ~0.092 ~-0,094 -0.091
0.25 -0.070Q -0.092 -0.094 ~0.091
0.50 -0.070 -0,091 -0.094 ~0.091
0.75 -0.069 -0.091 -0.093 -0,091
1.0 -0.091 ~-0.093 -0.091
1.5 -0.090 -0.093 -0.091
2.0 -0.092 -0.090
3.0 -0.090
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Table 25. Stress intensity factor ratios kps for a spheri-
cal shell with a meridional crack.
Ap a/h=1 a/h=2 a/h=3 a/h=4
0.0 0.000 0.000 0.000 0,000
0.25 -0.023 -0,022 -0,025 ~-0.029
0.50 ~0.085 -0.083 -0,094 -0.108
0.75 -0.173 -0.175 -0.199 -0.230
1.0 -0.282 -0.325 ~0.379
1.5 -0.465 -0.563 -0.669
2.0 -0.691 ~-0.844
3.0 ~0.843
Table 26. Stress intensity factor ratios kys for a spheri-
cal shell with a meridional crack.
Ao a/h=1 a/h=2 a/h=3 a/h=4
0.0 0.47 1.26 2.12 3,03
0.25 0.46 1.26 2.12 3.03
0.50 0.45 1.25 2.11 3.00
0.75 0.42 1.20 2.05 2.94
1.0 1.12 1.95 2.81
1.5 0.86 1.58 2,35
2.0 1.15 1.76
3.0 0.84
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Table 27. Stress intensity factor ratios kgg for a spheri-
cal shell with a meridional crack.

Ao a/h=1 a/h=2 a/h=3 a/h=4
0.0 1.68 2,34 2,98 3.62
0.25 1.67 2.34 2.98 3.62
0.50 1.64 2.32 2.96 3.60
0.75 1.55 2,25 2.90 3.53
1.0 2,12 : 2.77 - 3,39
1.5 1.70 2,32 2,90
2.0 1.75 2,25
3.0 1.17

Table 28. The stress intensity factor ratios for the crack
configuration shown in figure (2.a). Toroidal
isotropic shell, with v=0.3.

a/h=1 . a/h=2 a/h=3 a/h=4

A1=0.575 A1=1.150 A1=1.725 A1=2.300

220,257 A2=0.514 A2=0.771 A2=1.028
kmm 1.019 1.063 1.116 1.170
ktm -0.017 ~0.001 0.047 0.117
ksm 0.040 0.103 0.180 0.266
kmt -0.006 ~0.007 -0.007 -0.007
ktt 0.521 0.352 0.273 0.227
kst -0.069 -0.090 -0.092 -0,089
kms -0.044 -0.156 -0.345 -0.596
kts 0.46 1.21 1.93 2.54
kss 1.67 2,28 2.79 3.18

-44-




. PLGE 1
GaCIIAL P
O pooR QUALITY

Table 29. The stress intensity factor ratios for the crack
configuration shown in figure (2.b). Toroidatl
isotropic shell, with v=0.3.

a/h=1 a/h=2 a/bh=3 a/h=4
A1=0,257 A150,514 A150,771 21=1.028
A2=0.575 A2=1,150 Ap=1.725 152,300
knm 1.021 1.073 1,146 1.231
Kem -0.019 0.011 0.107 0.269
Kem 0.079 0.208 0.384 0.604
knt -0.007 -0.009 ~ -0.010 -0.010
kit 0.521 0.352 0.272 0.225
kst =0.070 -0.091 =0.093 -0.091
kns -~0.087 -0,291 -0.561 -0,802
keg 0.45 1.09 1.47 1.53
Kgg 1.63 2.06 2.14 1.95
Table 30. The stress intensity factor ratios for the crack
configuration shown in figure (2.c). Toroidal
isotropic shell, with v=0.3.
a/h=1 a/h=2 a/h=3 a/h=4
A1=0.575 A1=1.150 A1=1.725 A1=2.300
A2=0.332 A2=0.664 12=0,996 Ap=1.328
kpm 1.012 1.039 1.071 1.105
kim 0.008 0.006 0.003 0.007
kem -0.001 -0.000 0.011 0.032
Kmt 0.003 0.003 0.002 0.001
| 0.522 0.352 0.274 0.228
Ko -0.069 ~-0.090 -0.091 -0.088
ks =0.001 ~0.006 -0.029 -0.084
Keg 046 1.22 1.95 2.55
Kog 1767 2.29 Z2.81 3.17
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Table 31. The stress intensity factor ratios for the crack
configuration shown in figure (2.d). Toroidal
isotropic shell, with v=0.3.

a/h=1 a/h=2 a/h=3 a/h=4

A1=0.332 A1=0.664 A1=0.996 A1=1,328

A2=0.575 A2=1.150 Ap=1.725 Ap=2,300
kypm 1.014 1.049 1,100 1.164
Kem 0.012 -0,011 -0.084 ~-0,207
Ton =0.065 =0.170 0,312 =0, 488
- 0. 004 0.06 0.007 3,008
ket 0.522 0.352 0.273 0.227
kst ~0.070 -0,091 -0.093 -0,090
kg 0.073 0.247 0.485 3,700
kg 0.45 1.11 1.50 1.57
kgg 1.64 2,08 2.18 1.99

Table 32. The stress intensity factor ratios for the crack
configuration shown in figure (2.e). Toroidal

isotropic shell, with v=0.3.
silindirik
kabuk
R1/Rp= 1/5 R1/Ryp= 1/12 R1/Rp= 1/20 R1/Rp= 0
A2=0.514 A2=0,332 A2=0.257 Ao=0
Kym 1.063 1.056 1.054 1,051
Kem -0.001 -0.003 -0.003 -0.004
kem 0.103 0.081 0.074 0.065
knt -0.007 ~0.007 ~0.006 -0.006
ket 0.352 0.352 0.352 0.352
kgt -0.090 -0.090 -0.090 -0.090
Kns -0.156 -0.122 -0.112 -0.097
Keg 1.21 1.22 1.23 1.23
kgg 2.28 2,30 2.31 2.31
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Fig. 1. Geometry of the cracked shell
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