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ABSTRACT

Herein, we discuss a generalization of the semiclassical
cubic spline known in the literature as the exponential spline.
In actuality, the exponential spline represents a continuum of
interpolants ranging from the cubic spline to the iinear spline.
A particular member of this family is uniquely specified by
the choice of certain "tension" parameters.

We first outline the theoretical underpinnings of the
exponential spline. This development roughly parallels the
existing theory for cubic splines. The primary extension lies
in the ability of the exponential spline to preserve convexity
and monotonicity present in the data.

We next discuss the numerical computation of the exponen-
tial spline. A variety of numerical devices are employed to
produce a stable and robust algorithm. An algorithm for the
selection of tension parameters that will produce a shape
preserving approximant is developed. A sequence of selected
curve~fitting examples are presented which clearly demonstrate
the advantages of exponential splines over cubic splines.

We conclude with a consideration of the broad spectrum
of possible uses of exponential splines in the applications.
Our primar- emphasis is on computational fluid dynamics
although the imaginative reader will recognize the wider

generality of the techniques developed.
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Preface

A preoccupation with problems of interpolation and
approximation may be traced back to the dawn of mathematical
enterprise. The primary impetus for these investigations
was the desire to determine the motions of the heavenly
bodies. 1Indeed, the historical record [PPl] contains many
practical computations performed by the Babylonian scribes.
As an example, one such calculation employs linear interpola-
tion in a table to predict the risings and settings of
Mercury. Furthermore, other orbital calculations made during
this period reveal that higher order polynomial interponlation
was also in use.

An early example of an approximation method that did
not reduce to straightforward interpolation was Archimedes'
estimation of m™ [P2]. His technique utilized the approxima-
tion of a circle by a sequence of inscribed and circumscribed
polygons. Moreover, he provided error bounds for this
procedure, which may very well be a "first" in approximation
theory. 1In modern parlance, we would dub this approximation
by linear splines (see below).

The piecewise-linear approximation scheme reappeared in
Euler's work [P3] on the numerical solution of ordinary
differential equations (ODE's). This in turn was a key

ingredient of the Cauchy-Peano existence theorem for ODE's [P4].
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The eighteenth century also witnessed the full hklossoming
of polynomial interpolation [P5,P6] culminating in the
Newton and Lagrange forms for the interpolating polynomial.

In spite of its theoretical appeal, polynomial
interpolation suffers from several serious drawbacks.

First of all, since polynomials are analytic functions,

any local modification to the data entails a global effect
on the interpolant. Also, since N+l points require an NEE
degree polynomial interpolant, very frequently the result
is a curve with undesired undulations. A problem of a much
more serious nature is the Runge phenomenon [P7]. Runge's
example illustrates the disturbing fact that as the mesh
width vanishes, the pulynomial interpolant does not neces-
sarily converge to the function being approximated.

One solution to these problems is to use a polynomial
of degree m (m small) for the first m+l data points, another
pdlynomial for the next m+l data points, and so on.
Unfortunately, this procedure, called piecewise-polynomial
interpolation, produces an interpolant that belongs only to
0% %) 1 Xy 1

Such was the state of affairs until Schoenberg
introduced polynomial spline functions [P3] in the mid-1940's.
His idea can be condensed as follows. Locally, i.e.
between two consecutive data points, the interpolant is to

be a polynomial of degree n while the global interpolant is

viii



only required to belong to cn"l[xl,x This results

ISR
in N(n+l) - (n-1) conditions for the determination of

N(n+l) polynomial coefficients. That is to say, we have

an (n-1)-dimensional space of polynomial spline interpolants
to the data. Extra constraints are typically provided in
terms of end conditions., Note that for n = 1 we obtain the
previously alluded to linear splines.

A popular choice is the case n = 3, i.e. cubic spline
interpolation. The use of such low degree polynomials
reduces the risk of wiggles, while second derivative conti-
nuity is sufficient in many applications. An additional
attraction of the cubic spline is that it possesses a direct
analogue in beam theory. This is the draftsman's spline,.
whence comes the name of this mode of approximation.

Since their introduction, splines have been studied
intensively. Convergence of interpolatory splines has been
established, as well as convergence of higher derivatives
provided the function being approximated is sufficiently
smooth. In general, the rate of convergence depends on
the degree of smoothness of this underlying function.

The practical utility of cubic splines is quite
evident from their widespread use as finite element basis
functions, in collocation approximations to differential
equations, and in geometric and data-fitting applications.

At first glance it would seem that many issues in practical

ix



'7

problems of interpolation and approximation have been

rezsolved by their introduction.

This is true to a limited extent. However, cubic

splines can and do produce spurious oscillations in the

interpolani.. In some cases this is merely a nuisance but

in others it can prove to be detrimental. For example,

in combustion calculations it could produce an unrealistic

detonation, or in computational aerodynamics it could

result in the generation of a nonphysical shock wave.

Spath [47] first proposed the exponential spline as

a remedy to these difficulties. We arrive at the exponential

spline by returning to beam theory. We add a tensile force

’

which has the effect of pulling the beam taut between the

support points. The resulting interpolant includes expon=-

entials in place of higher order monomials. Pruess

[35,37]

has rigorously established that for sufficiently great tensile

forces the exponential spline so produced mimics both

convexity and monotonicity properties present in the data.

The work at hand gathers together the principal existing

results related to exponential s.~line interpolation and intro-

duces a number of new contributions to the state-of-the-art in

the theory and computation of exponential splines. Some

novel applications are then considered, in particular the

treatment of compressible fluid flows, where it is shown

that exponential splines permit the simulation of shock waves

with negligible overshoots in the computed solution.



In the development of the theory of exponential splines,
we first detail %he boundary value problem for the spline
under tension [42] followed by its explicit solution in
terms of second derivatives [35]. The translation of this
second derivativg formulation into the corresponding first
derivative formulation is then developed. The exponential
spline is then placed within the more general framework of
piecewise L~splines. This leads us to define higher order
tension splines. The possibility of Hermite interpolation
by exponential splines is then considered. Next we derive
certain extremal properties of exponential splines. Conver-
gence properties of exponential splines originally obtained
by Pruess [35] are established via a modified procedure.

In addition, these results are extended to include third
derivatives. Next, a review of Pruess' [35] results on shape
preservation properties of exponential spline interpolation
is given. The cardinal spline basis on finite knot sets is
introduced, various properties are established by extending
the arguments of Birkhoff and de Boor [7], and further
properties are obtained by a new procedure. Finally, the
B-spline basis is derived together with certain ancillary
considerations.

The consideration of computational matters begins with
the direct solution of the spline equations [2]. Bounds for

the condition number of the tridiagonal matrix are derived.
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For the second derivative formulation this was supplied by
Pruess [35] while for the first derivative formulation this ig
new. There follows an analysis of the iterative solution of the
spline equations,including a discussion of the optimum relaxa-
tion factor. Next is a treatment of spline end condi-
tions. Both the techniques used and the results obtained
are unavalilable elsewhere. An alternative power series
representation, as suggested by Pruess [35], is derived
for small hyperbolic function arguments. New parameter
selection algorithms are given which produce co-convex
and/or co-monotone interpolants. This complements the
non-constructive existence proofs previously noted. The
periodic exponential spline is then detailed. A variety of
numerical topics i3 next considered. Finally, we present a
sequence of examples illustrating the inherent superiority
of exponential splines to cubic splines.

The subject of the application of exponential splines
has largely been neglected in the literature [17,39,45].
We commence with a broad spectrum of geometric applications
in computational fluid dynamics. We then take up the approxi-
mate solution of the Laplace, heat, and wave equations using
exponential splines. After this we embark on an investiga-
tion of the possibility of using the properties of expon-
ential splines to inhibit the appearance of wiggles and over-

shoots in the numerical simulation of flows with shock waves,

xii



while retaining a high order of accuracy. We commence with
the numerical solution of a one dimensional model problem
and conclude with the simulation of two dimensional inviscid
fluid flow in a channel. We develop a scheme which uses
exponential splines to approximate spatial derivatives,
while employing a fourth order Runge~Kutta time stepping
procedure. Along the way, we generalize to our scheme a
result of Lax and Wendroff [28] concerning the computation
of weak solutions of nonlinear hyperbolic conservation laws.
There follows a discussion of the stability and accuracy

of the proposed scheme and a number of alternative schemes.
BArtificial viscosity is included via the coupling of Flux
Vector Splitting [50] with the upwinding of derivatives {[24].
We note that our treatment of Flux Vector Splitting contains
a new result concerning the nature of the split Jacobians.
Boundary conditions are enforced in a consistent fashion by
ﬁerforming a local analysis of the characteristic variables
[19,22]. The significant achievement here is that the
proposed scheme yields a numerical solution that is third
order accurate (fourth order accurate on a uniform mesh)

in smooth regions of the flow, while accurately capturing
any discontinuities that arise without significant

overshoots/undershoots.
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Part I: Theory of Exponential 8plines

I.1l. Overview

In this first part we discuss exponential splines
from a theoretical viewpoint. Starting from the analogy
of a cubic spline to a beam we add a tension term to the
governing differential equation thus giving rise to the
exponential spline. The solution to this boundary value
problem expresses the exponential spline in terms of its
second derivatives at the knots. This is the form we
prefer since it leads to simpler expressions than a repre-
sentation in terms of the first derivatives. However,
since it will be useful to us later, we next derive this
other system of equations. The exponential spline is then
inspected in the context of generalized splines. This leads
us to consider higher order tension splines and higher
degree interpolation. Certain extremal properties are
then derived. Convergence of the approximating spline is
next studied through the proximity of the interpolating
cubic and exponential splines with the same end conditions.
The shape preservation capabilities of exponential splines
are then reviewed. Finally, we add to the number of possible
representations by introducing the cardinal spline and

B-spline bases.

s,
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I.2. Derivation of Exponential Spline Equations in Terms

of Second Derivatives

The cubic spline is well known to have the following
analogue in beam theory [2]. Consider a simply supported
beam with supports {(xi,fiJ}EZi. Then s(x), the deflection

of the beam, is a solution to
[E-I-D2]s = M

between successive supports. Here

E = Young's modulus
I = cross sectional momznt of inertia
M = bending moment.

Under the assumption of weightlessness, M is a piecewise
linear continuous function with break points at the supports.
Thus, differentiating the above twice we arrive at the two-

point boundary value problem on [xi’xi+l] (i=1,...,N):

s =0, sx) = £, slx) =f

i 1+1) i+l !

s“(xi) = s; . s"(xi+1) = s{+1 p

where s; and S;+l are cposen to ensure s € C2[a,b] when
s'(a) and s'(b) are giv%n. Note that [D4]s = 0 on [x;,x;,41=s
is a cubic there. |

The cubic spline 30 defined has a tendency to exhibit

unwanted undulations. Correspondingly, the above analogy

suggests that the application of uniform tension between
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supports might remedy the problem [42,43].* The beam

equation on [Xi’xi+l] then becomes

[E-I-D? - t,Ils = M .

Letting pi = (ti/E-I) leads us to define the

exponential spline [47,48,49] as the solution to the

boundary value problem on [xi,xi+1] (i =1,...,N):

4 2.2 _ _ _
[D “piD Jt =0, T(xi) = fi ’ T(xi+l) = fi+1 ’
) = TR Ty ) = Ty
with T{ (i =1,...,N+1) as yet undetermined.
Let us pause to note that
(i) p; 0 = [D4]T =0, i.e. the cubic spline,
(ii) pi—)-oo=>[_];§D4_D2]T_—_0=>[D2]’[=0'
P
i

.i.e. the polygonal

("broken line") interpolant.

We now solve this boundary value problem (BVP) for
the exponential spline. Let t(x) = T"(x), then t(x) is

a solution to the BVP

th-pyt =0, tlxy) = T8, t(xy4) = Ti,

Therefore

In the following paragraphs and throughout the thesis,
s(x) will represent the cubic spline and T(x) the exponential
spline.



t(x) = —éf {T; sinh p. (xl+1 x)i-T;+1 sinh pi(x—xi)}.
i

Hence t(x) satisfies the BVP

1 — __l__ " 1 - }
™(x) = si {T. sinh Py (xJ+1 x)4-11+1 sinh pi(x xi)
Txg) = £ 0 Tl ) = £541-
Therefore
= 1 " " i -
T(x) ZS {T_ sinh p, (xHl x)+Ti+1 ginh pi(x xi)}
P;®;
" -x ™ X - X.
_ i ¥i+1 1+l 1
tiEgmm) TRt B 7)) T
P; 1 Pl 1
Pix _pix
(= Ai + Bix + Cie + Di e )

The requirements of first derivative continuity at
the points of interpolation yield expressicns for the
determination of T; (i=1,...,N+1). Specifically, for

i=2,...,N we have

'r "'T"
vzt = 24 -T'C " } L - i i+l
T x;) = B8, { TiCit TSt o, {fi+1 o }

i
" 1]
T, =T,
- 1 1 1 i-1 i
TV (%3) = ———— { Ty _p+TiIC, + {f.-f._ + }.
i Pi-15i-1 i-1 -1/ 7T Ry i-1 p2
i-1
Also
n [1}
T, -T
1 1 1l 2
T! (x ) = e {—T"C +T"} + == {f -f. 4+ ——
1 pysy U 1T,f T Rp Rt T
A )
= 1 _ 1 N N+l
T (X41) = pySe { N+TN+1 N} + h, {fN+l —Eyt 02 }'
‘ N
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T

Hence, T{ (i=1,...,N+1) are the solution of the tri-

diagonal system

lei + elTS = bl ,
©31Ti-y + (@ 1+d)TY + g8, = by, (i=2,...,N),
e, .T™" 4+ 4.1" = b

N N N N+1 N+1 '’

. C.
S Py 2 - i _ 1 2 .
where e, = [HI §;]/pi ' di = [pi §I HI]/pi with
Si = sinh(pihi) ’ Ci = cosh (pihi). T is uniquely

defined once T; (L=1,...,N+1) are determined.



I.3. Derivation of Exponential Spline Equations in Terms

of First Derivatives.

Recall that on [x P X the exponential spline is

1+1]
the solution to the boundary value problem

(*) [DQ"PiDle(x) = 0 subject to

Tlrg) = £5 0 Tlxgn) = Ej4 ¢ TR =T TG ) =T g

The general solution of (*) is

_ oy P.(x=-x.) . g
(%) {T(x) =xfte Pl et e kP gt -

P; (x5 ,.4-%) p(xx)
T'(x) = -p, K{l) LT P, Kél) 3

The determination of K}i) (j = 1,2,3,4) then consists of
substituting into (**) and enforcing the boundary condi-
tions.

However, the solution of the resulting 4%x4 system of
equations becomes quite tedious thus making an alternative
route desirable. We instead use previously obtained results

to derive the desired tridiagonal system.

Recall that on [xi,xi+1] (i=1,...,N)

T'(x) = p]é {—T; cosh pi(x. -x) + T;+1 cosh pi(x-xi)}
v -T"
1 i+l i
* Ry {‘f1+1 -£5) - ) }"’
Pj
T' = - " + fi-fi"'l
i-1 i-1'i-1 7 €i-17i i-1
£f.-£,
' " i ~i-1
Ty i-1%-1 F 4t Y TR

R L o v gttg. v dr sl



! = "w " l+l - R
Ti diT' elTl+l + i
£. -
1 = " " i+l
Tieg = €Tf + 43T i ¢ h,

= T l'l
1

and

]

1

Equating these results yields

e I O R v R 22|t |z tia
i-1"%i-1 i-17j-1  9i-ey 17

_ [ 1 ],[fi—fi-l‘-l . [ 1 J.[fi+l-fi]
d;_17€5-1 hi 1 d;-ey hy

This of course must be modified at the boundaries.

The special case P; = Py hi = h VYi yields

d- e. S, fu-f-
i-1 . i-1 _ oi-1 Jod
Lz" ) 1:] {Ti - P £ Ei. D" 1:‘ [:T_"
i_l—ei_ 1= 1= 1

(1} di [ e' e. f- 1 )
T4 | ¢ ATY 4 T - 1 4 op]e|-tht 2
i [eg _ di] i d, i+l a; hy

- £ -f .
e - + d T+ e T _ i+l i-1
2(d+e) | i-1 d+e |'i 2 (d+e) | i+l 2h °
e —
Note that l:2d+e):l + d+e] [2(d+e):‘ =1,

Furthermore, if p; = 0 VYi then we have e i==hi/6 and

di==hi/3. Consequently, the above relations reduce to

the familiar cubic spline equations.



If we wish to specify Ti = f£"(a) and/or T§+l = £"(b)

we may use the relations

) i £, ~f

dl _IT' + el T! = 1 .1. 2 l] - f"(a)
dz—ezJ 17 jaZ-e?| 2 dy-e; by |
-1 "1 -1 T1- - 4k
[ e ] T od. ] [~ T [£,,.4-f ]

N N _ 1 ICN+l TN
di_eirlzl * LdZ_ei TNHL T dN'eNJ hy | + £1(b) .
NN N Nt - -

+ 3 ' '
If we want the weights in front of Ti-l ’ Ti' Ti+l

to sum to unity we may multiply the iEE equation by

(d;_y-e;.1) (d;-e;)

(dj_j-ejq)+(d;-ey)

producing

€i-1(di-ey) s

- i-1
(A5 1%ej ) [(d;_y-e;_4)+(d;-ey)]
. { . dj-3(d5-ey)
(dj_1tejg) [(d;_g-e; 1)+(d;-ey)]
. djtdj_1-8i) }oT,
(di+ei)[(di_l-ei_l)+(di-ei)] i
. e;(d; 1-e59) Cor
i+l
(dj+e;) [(d;_y-e;_y) (dj-e;)]
di =& £i-fia1 di-17%51 fiv1-

i

+

(dj_y-e;_p)+(d;=ey) hyjo1 o (G p7e;_g)+(d;-e;) B



N+1

N+1 !
= k" k=1

We may now use our relations between‘{Tﬂ}k_l and {T

to establish

T(x) = F.°» =X 4 f, . . i, )

. [%1nh p; (x-x;) = sinh pix, ,-x) xi+l—2x+xi:]
2
P;{S; p:h
. f d, [51nh pi(xi+l—x) ) xi_l_l—x]
2

2 2
[ei di pisi p.h,

e; [%1nh p; (x-x,) %Xy :} }
2 .2 2 2
e;~d; P;S; Pihy

2 2
P;iS; Pihy

) d, [%inh P, (x-x,) _ x—xi:]}
2 .2 2 2 *
ei-di piSi p-hc

11

\ { e [%i“h Pj (X;4717%) xi+l_x:}
+ 1 5 -




T.4. Generalized Splines

In deriving the equation for the exponential spline

we used the factorization D4-p§D2 = (D2 - piI)Dz. The

symmetric factorization D4-p§:D2 = (D2+piD)(D2—piD),
however, permits an interpretation in a generalized
spline context [2,3,4,21,33,34,40,41,51]}.

In general, let L be a linear differential operator

of order m:,

L = po(x)Dm + pl(x)Dm"l + ... F pm_l(x)D + pm(x)

with pk(x) € Cm[a,b]; k=20,1,...,m. Let L* be the

formal adjoint of L:

t* = (-1™ p"py) + (1™ D™ (p)) +...- D(B__1) + P

A generalized (interpolatory) spline, s, associated

2m-2 2m
[alb] ; s € C (xi'xi"‘l)

where it satisfies L*Ls = 0,i=1,...,N; and s(xi) = fi '

with L is defined as s € C

i=1,...,N+1. (Also known as L-~splines.)

We note the following special cases:

*
(1) m=2pI5 = D2 = ¥ = D2 ;s thus L L = D4, i.e.

cubic spline interpolation.

(ii) m=2, L = D2 - pb = L* = D2+pD; thus

4 2.2

L*L = p* - p"D”, i.e. hyperbolic spline

interpolation [6,42,43].

10



We may instead insist that s satisfy LfL.s = 0 on

(xi'xi+l)' Such splines are called plecew1se L-splines
[33]. If we let Ly = D2 - Pi D then L = D2 + p.D \
= LiL = D4 - p2D , i.e. exponential spline 1nterpolat10n.

The principal a&vantage of this :ramewuhy is that

N i+l
the functional } f (Lif) dx is mlnlmlzed by the
i=l'x

piecewise L-spline * fulfilling the end conditions
L, 0 * P =0 (k= 1,...m-1) at x; and (T T =0
at L In a subsequent section we specialize this

result to the exponential spline and use it to produce

B

further extremal properties.

11
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I.5. Higher Order Tension Splines

In this section we generalize the exponential spline.
The starting point fox this discussion is the characteri-
zation of the exponential spline as being in the null
space of E = D4 - p;?‘_D2 between knots. One possible

extension would be to consider piecewise solutions of

3

4, . _ 22 _

This has the desirable feature of reducing to [D4]t = 0
for P; = 0 and [Dz]t = 0 for p; = «. However this operator
does not permit a factorization as L*L since a # 0
implies a differential operator that is not self-adjoint.
As such it does not produce piecewise L-gplines. In fact
the most general fourth order homogeneous differential
operator with real constant coefficients (lead coefficient
= 1) that permits such a decomposition is precisely the
exponential spline operator E.

Hence if we want a generalizatim using constant coeffi-
cients that produce L-splines we must increase the order

of the operator. Thus, consider the sixth order ODE

i0® + ap® + gp* + yp3 + D21t (x) = 0
Let L = D3 + uD2 + nD = L* = - D3 + uDz - nD . Thus
L*L = - D6 + (u2—2n)D4 - n2D2 . So that multiplying

the ODE by -1 we have

12



[L*L]t(x) = 0

where ¢ = Y = 0 (by self-adjointness of the differential

8 2 2

operator) , =n", B=2n-u". I.e.

6

il
o

0 + (2n-u?)p? + n2p?1t(x)
or

[D? (D% +uD+nI) (D2-uD+nI) 1 £ (x)

|
o

The characteristic roots will then determine the basis
functions for the null space. The double root of zero

admits 1 and x. The other roots are

-u 4 /pdedn w o+ /uPean

€
A 2 ’ 2 ¢
I£ n% = 0 we admit x2, x3, ¥, X 1e u2i4n = 0 we
admit e-ux, xe—ux, eUX, xe"®*. otherwise we have four

distinct A's and the corresponding basis functions. Note

that for uz

u2 < 4n we obtain trigonometric functions.

> 4n we obtain hyperbolic functions while if

All this leads us to the following definition of

tension splines of order 2m (degree 2m-1l). Let

2m 2m-2 4 2

T = DT + o0, oD + ... 4+ @,D° + 0,D
have the factorization T = (—1)mL*L where
_ m-1 2
L=D + B ;D + ... + ByD° + B,D =
* m_m _1ym-1 m-1 2 _
L= (-1)"D + (-1) Bm_lD + c.. + BZD _BlD.

13



Then t(x) is a tension spline if it is a piecewise solution

of
(71t = ((-1)™L*Llt = 0 .
Therefore
p? (0™ L+ Bm_le'2+. . +B,D+B, 1 (™t Bm_lnm'2+. .ot
m-2 m-1 _
+ (=1) BZD + (=1) Bl]t = 0 .

Again the double root admits 1 and x as basis functions
for N(L*L). The other basis functions are determined
by the remaining roots of the charac “nristic equation.
This generalization allows us to pursue one of two
routes. First we could require a greater degree of
smoothness at the knots. The sixth order operator
discussed above would produce a quintic tension spline
in this context. On the other hand we could require
higher order interpolation at the knots. Our previous
example then amounts to a quintic Hermite interpolant
under tension matching functioﬁ values together with

first and second derivatives.

14



I.6. Hermite Interpolants

The spline fit by its very nature is a global scheme
as it requires the solution of a tridiagonal system. On
the other hand osculatory, or Hermite, interpolation
provides a local means of interpolation [15]. For this
reason Hermite interpolation is many times preferred over
spline interpolation.

Hermite interpolation requires the specification of
a certain number of consecutive derivatives at each knot.
The particular number may vary from knot to knot.

The local nature of this approximation comes
to us at the expense of smoothness. For example if we
specify first derivatives we have a cubic Hermite
interpolant which is only Cl as opposed to the 02 smooth-
ness provided By the cubic spline. Moreover, the required
derivatives are typically not available and must themselves
be approximated.

With these provisos duly noted, we now proceed to
discuss Hermite interpolation by exponential splines. As
pointed out in another section a higher degree of contact
may be achieved by resorting to higher order tension
splines.

For ease of presentation, we restrict x € [0?1] with

i

£(0) = fo » £(1) = fl’ £'(0) = fé, £'(1) = fi given.
In this setting exponential Hermite interpolation is effected

by

15



h(x) = £405(x) + £6; (x) + £23 (x) + £18, (x)

whers ¢ 50, 51 are the cardinal functions. These

ol ¢ll
functions are defined as follows.

o(x) = agtboxtegeP +d e PX: 0 (0)=1, ¢,(1)=¢)(0)=¢4(1)=0

$1(x) = ay+bix+c;eP4d ™, 6, (=1, ¢, (0)=0] (0)=0] (1)=1

Fo(x) = ag+hyx+ceP +d e PX; Fp(0)=1, §,(0)=F,(1)=F(1)=0

F,(x) = a;+b,x+5,eP%+d e ™PX; §(1)=1, §,(0)=F, (1)=F, (0)=0.

This leads to

¢0(x) = {(2 -~ 2 cosh p + 2p sinh p) + (-2 p sinh p)x
+ (1L - e P)eP* 4+ (l-ep)e_px}/{4—4 cosh p + 2p sinh p}
¢, (x) = {(2p sinh p)x + (1 - e®)eP* + (1 - e‘P)e*PX}
/{4 - 4 cosh p + 2p sinh p}
$o(x) = {p(Z - 2coshp)x + (-1 - p + eP)ePX4 (l—p—e-p)e—px}
/ {p(4 - 4 cosh p + 2p sinh p)}
¢, (x) = {(z sinh p - 2p) + p(2 - 2 cosh p)x

+ (_1+p+e‘P)epx+(1+p_ep)e-PX} / {p(4 - 4 cosh p+2psiﬂ1§ﬂ}.

Notice that
¢l(x) = q)o(l-x)
ao(l—X) .

©
—
~
]

16



Note that all four basis functions involve eP* and
e PX,  The computational complexity may be reduced by the
following construction [30].
Let
h(x) = £,07 (x) + £,0, (x) + AV, (x) + B3 (x)
where

Wl(x) 1-x

n

ﬁl(X)

wz(x) a2+b2x+c2epx; Wz(d)=0, ¢2(1)=0, Wé(0)=u

]

+b.,x+cC

V3 (x) 3+byxtc;

a e™P¥; ¥,(0)=0, ¥,(1)=0, ¥5(0)=8

and A,B are as yet undetermined.

This produces

-l+(l—ep)x+epx

bo(x) =0 -
2 1+p-eP
_ —a"P —PX
w3(x) - B 1+ (l-e _)x+e .
l-p-e P
Therefore
-aP p
bi(1) = vy(0) - IT=EES
1l +p ~ eP
' o P_a"P —_aP
b3(1) = py(o) - EmeTRe - Ze AEP_. yi(0)
l-p-e P l—ep+pe
- &P p
> Y0 = 2 F By,
l+p - eP
P p
Letting g = 1-e tpe we have
l+p-ep

17



V(1) = g9, (0)

w;<0) = qe¥5(1)

Now fo¢1 + flwl has a slope of m = f,~f,. Hence

we require that

AV, (0) + BY,(0) = £5 - m
and

sz(l) + Bw3(1) = fl - m
I.e.,

AV, (0) + Bay,(1) = fé - m
and

Aqw;(O) + BYI(1) = £ - m
or

[ w;O) @gu)] [A]==[f&mJ
a¥, (0) V(1) B £,-m

R [A] _ 1 [ ¥3(1) -qvy(1) 7] [f&m].
B (1-q )Y, (0)¥3 (1) [~a¥, (0) wg(O)_J £,-m

Now let

__p
¥, (0) = pp= = Lpe
9 2(1-eP)+p(1+eP)
and
' 1 1+p-eP
p(l-p)
1 =q
A — — flem
=qg__ 1 " _
B T+q v fl m

R AW T, L



P

Ry

Equally as simple would be to let

¥o(0) = ¥3(1) =1

— f£1-m
) l~q2 l—q2 0
-q__ 1 -
3 3 £)-m
l-g ~-q

What is important here is not so much the result as

the technique.

Specifically, suppose we are provided

with two new functions
X
1, x, eP

at x =0,1.

-PX
, e P

ox
e

-0
and e *.

construct the six new basis functions

¢0(X)

6, (x)

$ o(x)

il

a0+b0x+cOepx+d0e_px+e0e0x+fOe—ox;
$(0) = 1, $5(1) = 00(0) = (1)

3 g+B g3 e 4 g PR ag e X+ E 07X,
5,000 =1, $,(0) = (1) = Fo(L)

ERREJR I I
Fg(0) = 1, §,(0) = 35(1) = §4(0)

$0(1‘X) .

19
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Together with

we are now required to match £, f£', f£"

The cardinal spline approach would have us

$8(0) = p(1) =0

745(0)

F4(1)

= §g(1) =0



K
On the other hand our alternate technique would have

us calculate h"(0) and h"(l). We would then define

Y, (x) = a, + byx + c4epx + d4e-px + e4eUx ;
' v [} —
0,000 = ¥, (1) = ¥,(0) = ¥, (1) = 0, ¥3(0) = @
Ye(x) = ag + bgx + csepx + dse—px + ese-cx ;

¥g(0) = ¥ (L) = ¥L(0) = ¥i(1) =0 , ¥g(0) = B.
Finally, we would set

H(x) = h(x) + AV, (x) + Bws(x)
where

AVJ(0) + BUL(0) = £3 - h"(0)

It

and

]
rh
=

AYS (1) + BYR(1) = £] - h"(1) .

20



I.7. Extremal Properties

Results in the literature on piecewise L-splines [33]
provide certain extremal properties associated with either
of the functionals f (E" + pf’)2 dx. In this section we
derive a third functional, fb [(f")2 + pz(f')z] dx, and
then establish the associat:d extremal properties.

We begin with the following

Lemma. B

B
[ {v(u" + pu') - u(v" ¥ pv')} dx = {u'v—uv'j:puv}'
o

0

Proof:
g B
f'{...}dx = f {vu"ipvu'—uv"ipuv'} dx
o o
B
= f {vu"—1nﬂ'i p(uv)'} dax
o
g B g B
= vu' - f v'u' dx - uv' + f u'v' dx
o o
a o
B
+ puv
o
B
= {u'v - uv' + puv} Q.E.D.
a
Now let p(x) be a step function sp(x) = p; on

[xi,xi+l]; i=1,...,N. In addition let f have an
absolutely continuous first derivative and a square

integrable second derivative. Then notice that

21



b
f (£" + p£") 2 ax = f [£" - T4 p(£'-1')]1% ax
a a

b
+ f (T"ipT')z dx
a

b
+ 2 [ [f"-T"j-_p(f'-T')]'(T"j-_pT') dx.
a

Inspect this last term,
b
f [£" - T" + p(£'=T")] » (t"+ pT') dax ;
a
by letting u = £-T and v = ©" + pT' in our lemma. This
yields
N *i+1
Lo | raptoreetrapietat ) - (eor) (oY) 4 pron
i=1 X - -
i

+ p(T"+ pt")] dx

N Xi+1
= ) {(f'-T')(T"iPT') = (£=T) (T""+pT") + P(f-T)(T"iPT')} N
i=]1 X,
i
Letting T interpolate to f at'{xi}gii produces
N Xi+l
z (T"‘_"_pT') [f"-T"ip(f'-T')]
i=1 X
i
N Xi+1
= I {(f'-r')(T" + pT')}
i=]1 X;

(£'(b) - T'(b))'(T"(b)j;pT'(b))-(f'(a)-T'(a))(T"(a)ipT'(a)).



N

Therefore
b b b
[ terapenax = [ enernapieretiZax + [ (erapr) 2ax
i a a

+ 2{(f'(b)-T'(b))'(T"(b) +pT' (b)) - (£'(a) - T'(a))'(T"(a)i-_pT'(a))}.

Adding these two relations then leads to an extension of

Holladay's theorem:

Theoremn.

-~U

2

b
f [(£)2+p? (£1)?%] ax = AR p2(£'-11?] ax
a

a

b
; f [(t") 24p2 (') %ax + 2{<f'<b>-r'<b>)-T"(b)—(f'<a>-T'(a>)
a

).

This leads us to define [32] the inner product

b b
(£,9) = f £"g" dx + p2 f f'g' dx together with the
a a
induced pseudonorm
? 2. 2,2, . \1/?
tel = { f [(E")°+ p“(£")7] dx .
e /
a

This allows us to restate our previous result as
2 2 2 ' " "
IIfHe= Hf—THefHTHé+ 2{(f (b)-T'(b))+Tt"(b)-(f'(a)-T'(a)) T (a)} .

So that if t"(a) =1"(b) =0, or t'(a)=£f"(a), T'(b) =£"'(b)

we have Hfﬂi = Hf-TH% + ﬂtﬂg. We thus have arrived at the

23



following

Theorem (Minimum Norm Property). Let g € czra,b]
and interpolate to f at'{xi}gil . Then Igl_ is a minimum

when g=T 5 1tT"(a) = T"(b) = 0. If we restrict g'(a)=£"'(a)
and g'(b) = £'(b) then lgle is a minimum when
g=T>sT1'(a) = £'(a), T'(b) = £'(b). 1In both cases this

T is unique.

Proof (of uniqueness): Suppose there is also a T(x)

v

with the minimum property. Then

=02 _ 7o a2 2
HTﬂe = It Tne + ﬂTﬂe
and likewise
2 _ 2 =, 2
IT!!e = I’r~-TIe + ITIe .
Therefcore
= 02 _ =2 2
HT-Tle = ITIIe ITeI >0
and
-2 _ 2 _ =02
HT-THe = ITIe ITIe >0 =
b
IT—THZ = I [(T"—'T'")2 + pz(T'-?')Z] dx = 0
a
= T"—%“:O#T—;E'—'AX"'B-
But (T-T)(a) = (T=-T)(b) = 0 > A = B = 0 . Therefore T = T,

This leads us to the
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Theorem (Best Approximation Property).

Let £ have an

absolutely continuous first derivative and a square

integrable second derivative. Let T be the interpolatory

exponential spline with T'(a) = f£'(a) and T'(b) = £'(b).

Let T be any exponential spline with knots at’ {x, 1V

and tension p(x).

+1
i‘i=1

Under these conditions T is the best

approximation by these exponential splines. I.e.

Hf—rne > "f—T"e.

Proof: Let g = £-T and T = 1-T, Hence T is an
exponential spline »T(x;) = r(xi)-?(xi) = f(xi)-?(xi) = g(x,)
and T'(a) = T'(a)-T'(a) = £'(a)-T'(a) = g'(a) and

T'(b) = T'(b)=T'(b) = £'(b)-T'(b) = g'(b). Our

Extended Holladay'

s Theorem =

2 _ g 802 a2
Igh? = Hg-T1Z + 17012

= | £-T) 2
e

or

I £-712
e

Note that we have

ft=71% = 0 » ™ =
e

= T' = T'4+A = A =

constant.

= =2 =y 2
l£-T T+Tﬂe + It T"e

FE BN LS Fa Q.E.D.

strict inequality unless
:[." and T' = -'E' = :E = T+4+AX+B

0, i.e. T is unique up to an additive

25



I.8. Convergence Results

In this section we establish rates of convergence
for the exponential spline in the limit of vanishing mesh
width. Convergence rates for higher derivatives are also
given for functions possessing a certain degree of smooth-~
ness.

We begin by studying the proximity of cubic and
exponential splines with identical end conditions. In
what follows !+l is the max-norm for continuous functions,

h = max hi ;, and Ppax = Mmax p;

i i
The following result has been obtained by Pruess [35].
Theorem 1.

Ipt(s-1)1 < (26/3) p2__ n%~%

rax max Isgl (i=0,1,2),

J

where, as before, s and T are the cubic and exponential
splines, respectively.

We present a companion result.

Theorem 2,

2

4-i
Prax

1ot (s-1)1 < (26/3) n™d max 1y]  (i=0,1,2).

J

Proof: Define § = s-T. We treat the case of

specified end slopes. We then have
3d 3e ]
1 | LI 1 — n _.__l ...]_'. N
G +3z93-= [hl lJTl“’ !:h 2_JT.'2

26
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hy g

h.
60 o o+ 8r 4 = 8y

2(h3~1+hi)

-1

h

i=1 " i T 2(h;_ ) Cidl

i (d;_1*d;) i

il

[%ei
2(h, _

+ 6o

N

o

Now let ei

%]
1+h;)

N+1

T +
i-1

6e,-h
- 1fTr+ T

{?
hi_l-l-hi
(i=2,o. (] 'N‘)

3d
1 N
% +[j§'3JHh1-

Power series expansions then verify

T"
N

= pihi.

the identities

(1)

(2)

(3)

(4)

(5)

(6)

(7)

Next let A

@
N

D
“hhm'ﬁw-

> 3>

1

v

2
6e.=h,

1 1.
2(h;_ #h)
68178y
3Th,_;*h;)
3(d;_;+d,)
T, +h,

1

v

|v
|v

|v

i-1

N

. <
i’ i —
e. +e.
i-17%i

d. l+di

<

N =

= Then we have

" LU T
(83, ..., 60,17,

(I+E)A r

with the straightforward definitions. We thus have

1El, = >

However, us

and IIrII°°

max (| r max |r.|,|r )
l ll'lEiENl ll'l N+1I

ing the above bounds, we have

27



2

73] < pRayh® max |7
h R
2 2
er+1' Prax" mgx 'Tgl T
2 2
lr.‘l.l 2 Pmaxh mzx IT"I J
2 2 '
Ixl 2 pmaxh mixlT' ! =
1Al < B(z+m) "0 Bel_ < Mrl_/(1-1El_) < 4 p2 h? max [Tr]
0 o © © — L] o’/ . max i !°

We can now use this to attain our goal. Specifically,
8(x) € c?{a,b] and the conditions §(x;) = 8(x,,;) = 0
(i=1,...,N) together with the Mean Value Theorem

> 3L € (x;,%;,,) D 8°(E;) = 0% 8(x) = 8(x)-8(x;)

X X
= [ ot at ana 8160 = S -ereEy) - fa s"(t) at .
X

i i
However, '
X=X, X, ,1~X
" — [ Tt - " 1 ' i+l
6" (x) = s"(x)=T"(x) = sy, —F— + 8] —F—
i i
. _ . . _
e snﬂlpi(x xi) S sinh P; (X4 417X )
i+l . i )
sinh pihi sinh pihi
_ en X=X; Y o fii%:f_ . oo x-xi__51nh p; (x-x;)
: -
. [?i+1'x _ sinh p; (x54,7% )
i h. . .
i sinh pihi B

Each of the bracketed terms can be expanded to reveal that

they are bounded by pihg,/3 . Hence

2.2 2,2
*he p:h.
n " ' 11 " 11
l6m(x) ] < [88 ] + 18] + |ti ==+ It} =
2 2
. P
< 2'4'p1f1axhz m?xiTgi4'2°m?x‘T£|'—m%§m" - %g'piaxhz
i i
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so that

" __2 6 2 2
16" (x)1 < 5% p  h max fey] =
26 2 3
et () < 3 PpaxP m?x IT;' 7
26 2 4 "
hé (x)I < 3= p D mix [Tyl Q.E.D.

Note that max|Ty| is bounded as shown by the following
argument. Diiide both sides of each equation in the
tridiagonal system by the diagonal term. The resulting
system may be written as (I+E)T" = 5» with the obvious
definitions. Hence lT"l_ < Ibl,/ (1-IEl_). Now (6) and
(7) above imply that IEl_ < 1/2 and thus that

btl, < 20bl, . 2Ibl, is bounded as p;h; + 0 and

in fact + 30£"l. These theorems may be used to
obtain results for HDi(f—T)H from known bounds

for IDY (f~s)l. E.g.

Corollary 1. If f € C4[a,b] then 4 k(pmax,HszH,"D4f“)
4-i

independent of h 2 ID" (£~T)I < kh (i = 0,1,2).

We now take up the convergence of the third derivative.

We have on [xi,xi+l]

6;+1'6£ 1 i
"' (x) = ——— = 4 TV o - cosh p. (x-x.)
h. i+l hi S. i 1

i i
nio L4 1 -
+ Ti[: g * 5 cosh p; (x5,.47% {]

1 1
P;Cs
= 8" (x)]| < é@ han_ + [:;.1 - ﬁi]. 2 m?x ltyl.
1 h i
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However,

2
PiCi I Phax"i
Si hi - 3 *
Therefore
2
l’
jem )| <8 priax ET max|T{] + 5 piaxhl' max|Ty| =
1 i
26 2 h
[§™(x)] < %> p5_ . hmax |t¥| - .
- 3 *max i i hmin

Known results for the cubic spline now establish the 0(h)

convergence of the third derivative.
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I.9. sShape Preserving Interpolation

In this section we review the results of Pruess
[35,37] concerning the behavior of exponential splines
in the limit of infinite tension. Our main interest here
is in the shape preservation properties of exponential
spline interpolation. In what follows we assume a fixed

set of data and uniformly bounded tension ratios,

pmax/pmin < P
Let A(x) denote the linear spline of interpolation.

Then we have

Theorem 1. Given a sequence of exponential splines
5p; * ® for some i; then in any closed subinterval of
(Xi’xi+l)’ ™(x) - 0 and T'(x) » A'(x) uniformly while

T(x) »~ A(x) uniformly in [x;,%5,9]-

This theorem gives us hope that we can produce co-
convex and co-monotone interpolants using exponential
splines with sufficiently high tension. The fulfillment of

this expectation is the subject of

Theorem 2. If bi,bi+l are positive (negative),
then for Pi_17 Pyr Piyg sufficiently larce T"(x) is
positive (negative) in [xi’xi+l]' If A'(x) is positive
(negative) in (xi-l’xi+2)’ then for Pi_1r Pjr Piy1

sufficiently large T1'(x) is positive (negative) in [xi'xi+l]'
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We note that at the knots we have

f»-fn f. -fo
TV (x:) L -1 "a-1 , i+l i
i 2 h; 4 h;

i o
;e v mn(pg Py

T" (xi) -5 l :
1= h R

The cubic spline many times exhibits unwanted
oscillations due to the emergence of overshoots and/or
extraneous inflection points. The above results
assure us that the exponential spline can remedy Ehis
situation for appropriately chosen tension parameters.
We subsequently construct such shape preserving inter-

polants.
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I.10. cardinal Spline Basis

The form of the Lagrange interpolating polynomial
suggests the following basis for the exponential splines.

with given knots and tensions [6,7,14,34].

' - - s ! =
CO(Xl) = lr Co(xj) = 0 (J—ll"'lN+1)l CO(XN'l'l) =0

]
Ii

(o i (xq) 0, Ci(xj) 5lj(j=l yeos N¥1), C. (XN+1) = 0;

i = 1'.0.’N+1;

1] — — 3 — . =
Chsn (%7) = 0, CN+2(Xj) =0 (j=1,...,N+1), CN+'.\(XN+1) 1.

These conditions uniquely define the cardinal spline basis
{C.(x)}§+2. Clearly
i i=0
N+1

OO = £feColn) 4 T £t Cilx) o+ fr Ol

In what follows we restrict ourselves to uniform mesh and

tension.

We begin by generalizing the arguments of Birkhoff

and de Boor {7]. Let t(x) be the function on [xl, xN+l] of
the form

t(x) = a+ bx+ ceP¥+ ge P¥
satisfying

Elxy)=E(xp) s £l ) =g, 1)y 7 (k) =F" (%), &' (kg ) =E (2, ) -
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Then given the exponential spline fit to g(x) = £(x) - t(x)
with zero slope end conditions, we can simply add t(x) to it
to obtain the fit for f. Hence, WLOG we consider

only functions 3 f(x;) = £(xg,,) = £'(x;) = £'(xy,,) = 0.

Hence we need only consider

N
T(x) = i£2 fi- C; (x) .

Lemma 1. Any function of the form e(x) = a+bx+cePX+de P¥

which satisfies e(0) = 0 and e(h) = 0 also satisfies
' phc-s 2(1l-c)+phs '
— 2 .
\ p~hs phc-s '
e” (h) ph-s ph-s e (0)
Proof:

e e"(l-c)-e!(ps) |
+x,[o 0

sk =-2 BTEh-s)
ea(c-l)+p2he6ﬂ eg
+ sinh px- 5 + cosh px-° —5
p° (ph -~ s) P
Q.E.D.

Corocllary 1. For i # j+1, j, c; (x) satisfies

phC-s  2(1-c)+phs
Ci (%541 ph-5 p(ph-8) Ci (x5)
= 2 .
n p_hS hC-S
€i(*%541) ph-5 “ohs Ci(xy)
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Proof: Ci(x) with i so restricted satisfies the

hypotheses of th-~ lemma. Q.E.D.

Note. All the above matrix elements are
< 0, with, in particular,

_ 5 < Phe-
2 S.. ph.—

n

< 0.

un

Corollary 2, For i = 2,...,N, Ci(x) satisfies

) . N
Ci(xj)Cg(xj) >0, for j<i
' n . .
Ci(xj)ci(xj) <0, for j>i.
Proof: For j = 0 we have Ci(xj) =0; for 3 =1,...,1i-1
the result is a consequence of the negativity of the

above matrix; for j > i changing x to -x reverses the sign

of Ci(x)c;(x). Q.E.D.

Corollary 3. For i = 2,...,N, Ci(x) satisfies

lCi(xj)l <3z lci'(xj+l)l ;o< i-1
ICi(xj+1>| < % 'Ci(xj)l y 3> 1
Proof: For j < i-1 the inequality follows from
Corollaries 1 and 2 with strict inequality the consequence
of C{(xl) # 0 (otherwise Ci(x) = 0) which implies that

Cz(xj) # 0 for j < i; for j > i we appeal to symmetry

about Xi' Q.E.D.

Note. This implies an exponential decay of Ici(x)]

away from X .
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The following results can be established by arguments
nearly identical to those in [7]. Hence their proofs are

omitted.

Lemma 2. Let T(x) be any exponential spline with

knots {xi}EZi (uniform mesh and tension), which satisfies
= = = ' ° ? . "
Tim1 T M1 S0 Ty V0, Ty 90T 20, Tyt T g 20,
Then
" A ]
Ti <0, Ti-l >0, Ti+l <0, and T(x) > 0 on [xi-l’xi+1]’
Lemma 3. Let T(xf be such that
Tiel T T T T T 0 T 20 Ty 20
Then T(x) > 0 in [xi—l’xi]'
Corollary For i =1,...,n-1 we have

(a) |c;(x)] < lci(xj)[-h on [xgexy4]1 + 3 >4

(b) [c;(x)| 2 ICi(xj)l-h on [xs_y,x41 » 3§ < i-l.
Let us now consider the "natural" cardinal splines

defined by the conditions

IJi (Xj) = Gij (J = l’-.o'N+l) ’
Ng(xl) = N:'i'.(xN"'l) = O' i = l,a.u'N+la
-~ - ! _—
Let N(x) be any exponential spline with Nl = §+1 = 0.

Then the femaining'{ﬁi}§=2 are determined from
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a

1

NN

S

or

Here a = 2d/e.

Ol =
1 Ng
<:::> 1 a 1

1 a N

— ==y

4 7N

—

Now A can be factored as

where
Py
\,
1
o \\\\\\\
with
It is evident that
2d _ _
T T as=Pfy> e3>

A = LU

7 U =
PN_
02 = a
1
p., = a -

t i1
ee > P > P
_d

= s iY/E
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In particular, letting N(x) = Nj(x) we have (after

some lengthy computations)

-t 1 - . .
B T T FE R YE 22
1
-} l - " 2
N' = - R N'- ; i = j+ ’ll.,N
* Pr+1-i 171 1
_h 1 1 -
e ok B
-1 Pi-q Lhe
- 1 l -t .
Nj+l_ B_I\;-.__... s - Nj__l . r j #1,2,N,N+1,
1
SO W Kl v W
"3 he |, _1 _ _1
pj_l pN"'J )

We then have the following

]

Theorem. For N(x) Ny(x) ; § = 3,...,N-1 and either
X € [x;,%;,417 j+1 < i <N or x € [xg_q0%x31 5 2 242 3§-1

we have

5 1 2
N(x) < (1 ——=J » h™ « |[NY]|.

Proof: We take the case x € [x  ,x;1; 2 < i < j-1.
_l ] -

Then N, ., = N. and
i-1 Piqg 1
-n R .
Sy = Ny { sinh ?(x~xi_l) 1 51nh.p(xi x)
p2 sinh ph pi-l sinh ph
_ X-Xi_l _ l Xi"x }
h p 1 h
= IR ] <021 - L)
V3
Similar considerations apply to the other case. Q.E.D.
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Corollary. For the above case we have
- =i
Ife] <22 (3-1)(- 3

with a similar result for the other case.

-t 3
Proof: Our recurrence relations for {Nk}kgz =

2 -(2-—./3’)j_i Q.E.D
/3 he

<

The cardinal splimeformulation is not useful for
calculations because of the need to calculate and store
a basis function for each data point. It does however
provide great insight into many numerical aspects of splines.
For example, the above considerations allow us to determine
the effect of a change in some data value, say fi > fi-kei.
We simply add the term Ei-ci(x) to the spline. Similarly,
a study of Co(x) and CN+2(x) allows one to discuss the

global effect of the end conditions.
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I.11l. B-Spline Basis

We now construct another basis for the space of
exponential splines with given tensions. This basis will
be constructed so as to have minimal support [5,9,34,36].

We have the following

Lemma. Any exponential spline, B(x), with a support
of fewer than four intervals is identically zero (assuming
that there are at least five knots).

Proof: At the end points of the support of B(x) we
must have B = B' = B" = 0 since B(x) € c%. These six
conditions and the spline continuity constraints allow us
to explicitly calculate B(x) for the cases of support of
one, two and three intervals. In all cases, a direct
calculation reveals that B(x) = 0. If we assume uniqueness
of the splines so defined we can obtain this result in the
following more elegant fashion. (Just show that the required
matrices are invertible for uniqueness.) For the case
of one interval we have four undetermined
coefficients and six end conditions, hence only the zero
function satisfies these constraints. For two intervals we
have eight coefficients, six end conditions and three
continuity conditions and again the zero function is the
solution. For three intervals we have 12 coefficients, six

end conditions and six continuity conditions. Once again

we lack the extra coefficient by which to specify a nonzero
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function value. Finally, with four intervals we have sixtee:
coefficients, six end conditions and nine continuity
constrainics. We may use the extra degree of freedom to

specify B{x) # 0 at some point. Q.E.D.

We now proceed to define such a "B-spline". To
simplify the computations we restrict our attention to
uniform mesh and tension. Given five points'{x0+ih}g=_2 we

require that

B(x,-2h) = B'(x4~2h) = B"(x4-2h) = B(xgy+2h) = B'(xo+2h)
= B"(xy+2h) = 0.

We normalize so that B(xo) = 1. Taking our cue from the
cubic B-spline we set B'(xo) = 0, i.e. we take into account
the symmetry inherent in the definition of B(x). This allows
us to solve for B(x) on [xo,x0+2h] and then reflect this

about the line x = x

0.
We set
p(x-x) -P (x-x,)
a;*b, (x-x,) +c, e +dje ' Xg<x<xy+h
B(x) = p(x—xo-2h) —p(x—xO—Zh)
' Xgth<ix<x,+2h
= p(x-x) -p (x-x)
b,+pc,e -pd;e ’ Xq<x<xgth
B'(x) = -
p(x—x0—2h) —p(x—xo-Zh)
b,tpc,e -pd,e ' xgth<x<x,+2h
px-x,) -p(x-x,)
P'zcle 0 +p2dle o, Xg<x<xy+h
B" (x) = 2 p(x-x0—2h) 9 -p(x—xo—zh)
pTc,e +prd,e ’ Xg+h<x<x,+2h.
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The end conditions and continuity conditions =

B(x)

B' (x)

B" (x)

ilenice,

il

a2 + cy + d2 = 0

b2 + pcy - pd2 = 0
cy + d2 = 0
ay + cy + dl = 1

b1 + pcy - pd1 = 0

- b.h + c.e PN 4 g PP

ph -ph _
ph _ -ph_ ~-ph_ ph
b1 + pcje pdle = b2+pcze pdze
ph -ph  _ -ph ph

c,e + dle = cye + d2e
a, = 0, c, = - b2/2p, d2 = b2/2p ’ b2 = p/2(phc-s) ,
a. = _phc b. = B . c(c-1) + 52

1 phc-s ' 1 2 (phc-s) (1-c) !

c. = L e_ph(l—c)+s(e_ph—l) g. = 1 eph(c-l)+s(eph—l) -
1 4 (phc-s) (1-c) s | 4| (phc-s) (1-c)
p(x—xo) -p(x-xo)
{ a;+b; (x-x4)+c e +d,e r Xp $ X < xpth
b,[(x-xy-2h) - & sinh p(x-xg=2h)1,  xXg+h < x < xo+2h
p(x-x4) -p (x-x)
J b,+pc,e -pd, e ' Xg £ x 2 x4th
1 b2[l—cosh p(x—xO-Zh)] ‘ x0+h <x < x0+2h
plx-x45) o  -p(x-x;,)
{ pzcle 0 +p dle 0 ’ Xg £ x 2 x0+h
-bzp sinh p(x—x0—2h) ' x0+h <x < x0+2h.
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1
[é
N
0
+
P
w
)
(0]

B" (xq) phe-s h2 p >0
B(xy+h) = %' ;-cEs - % as p=+ 0
B'(x0+h)= g- %ﬁ%:g + - %K as p~+ 0
BY (xg+h) = 2(gii-s) i 232 as p >0

which are the correct cubic spline limits.
Now add the points X_ogr X_q10 Xgr Xgaor Xy aqv Xyt4 to
our set of knots in the obvious fashion. Denote by Bj (x)
the B~spline centered at Xy (L = 0,...,N+2). All the Bi
are simply translates of one another. We now show in a
N+2

constructive fashion that {Bi(x)}i=0 forms a basis for

the exponential splines on this mesh with tension p.

Let
N+2
T(x) = izo a; Bi(x) '
then
N+2
= _ s-ph s-ph
T(xj)—'-go ai Bi(xj) = 3(phc-s) 2j-1% 35 3(phc-s) 341
jo=1,...,N+1.,
Also
N+2
] o— 1 ]
T'(x) = 'EO ai Bi(x) =
T'(x )==N§2 a; Bl(x;) = —ELLZELT a + _§192ll_ a
3 =g L 173 2 (phc-s) “3-1 * 2(phc-s) “j+1°
Finally,
N+2 "
" .
T"(X) = '-Z=0 a, B;(x) =
N+2 2 2
" —_ " - S - s )
T (xj)—-ig0 ay Bi(xj) = 3Tehe=sT 2§-1 EEE:E ay
2

s
+ 2 (phc-s) aj+1'
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o e e

Let's first take slope end conditions. We then have

(1-c)
2 (phc~s)

(c-1) _ e
Z(pho-s) 22 = 1

S-ph s-ph e s
2 (phc=~s) aj—l + aj + WEE;%ST aj+l fj i ] l,...,N+1

p(l-c) (c-1) = £
2 (pho-s) 2N * 2(phc-s) ®n+2 = fn+1

or, in matrix form,

a, +

0

pll-c) _ (c-1) I R,
k (phc-5) 0 7 {pho-sT 2 | |f1
s-ph____ -
T s-ph \\\\\\\\\1 \\\‘s-gh . =1
<:::> 2 (phc-s) 2 (phc=s) anil frel
p(l-c) 0 (c-1) '
- 2 (phc-s) 2%phc—si_J_?N+gJ _fN+{j

This system is diagonally dominant and hence T(x) is uniquely
expressible in this form.

Note that we can reduce this system to tridiagonal form.

Multiply the first equation by %%E%TT and add it to the
second; multiply the last equation by 5%%§%T and add it to

the equation above it.
Now take the case of second derivative end conditions.

We then have

2 2
..___le_g_.._. a - _.E_s_. a + S a = £
2(phc-s) "0 phc-s “1 ° 2(phc-s) “2 1
—S-ph __ s-ph _ L oal
2 2

p~s - E s pP°s o gn
2 (phc-s) aN phc-s A+l F 2 (phc-s) aN+2 fN+1 ’
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or, in matrix form,
- 2 2 — —
p’s _ _p’s s Q| en |
2 (phc=-s) phc-s 2 (phc-s) 0 1
s-ph s=ph f
2 (phc-s) 1 2 (phc-8) a4 1
\\\\\\\\\ N - .
(phe-5) T T(phc-5) | |3N+1 N+1
pzs -pzs pzs a ft'\1+l
B 2 (phc-s) phc-s 2(phc-s) | |“N+2 ]

Again diagonal dominance implies a unique representation of
this form for T(x).

We can also reduce this sytem to tridiagonal form.
ph-s

PZS

Multiply the first equation by and add it to the second;

multiply the last equation by E%%E and add it to the
equation above it.

Note that in either case no more than four basis
functions contribute to the value of T(x) at any point.

In addition to the value of the B-spline representation
as a theoretical tool and a computational device, it is also
of much utility to interactive computer graphics. This
utility stems from the local nature of the basis. A spline
created as a linear combination of B-splines can be
displayed with the user then being able to alter'{ai}gig}

As each change affects only four intervals the user can

experiment and design a pleasing curve.
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There is even a more subtle aspect of such interactive

design. Recall that
_ s-ph s—-ph . Sl

If we now change Ty to Tk+6 while simultaneously changing

s-ph s-ph
Tx-1 ' Tx_1 * T(pRe-sy © and Ty, to Tk+1+'2"'("ph'E'_c-s‘5' 8

then this simply amounts to redefining a, -+ ak+6.

k
Hence, we can move groups of points without having to
compute a new spline!

It is anticipated that many other aspects of cubic

B-spline theory can be extended to this more general

context.
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Part II: Computation of Exponential Splines

IT.1l. Overview

In this second part we concern ourselves with matters
related to the computation of exponential splines. First
we detail the direct solution of the spline equations
including a discussion of matrix condition numbers. The
iterative solution of the spline equations is then
considered. Next is a thorough discussion of spline end
conditions. We then produce a power series representation
that avoids the possible loss of accuracy in the evaluation
of the hyperbolic functions for small arguments. This is
followed by the development of tension parameter selection
algorithms that produce the shape preserving interpolants

previously shown to exist. The periodic exponential spline

is thenintroduced and its computational aspects are surveyed.

A variety of numerical considerations next occupy our
attention. Finally, a sequence of examples is presented
which demonstrates the inherent superiority of exponential

splines to cubic splines.
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IT.2. Direct Solution of the Spline Eguations

As we have seen, the formulation of the spline equa-
tions in terms of either first or second derivatives leads
to a (symmetric) tridiagonal system. These equations share
the property with their cubic spline counterparts that
they can be solved in O(N) arithmetic operations.

The following algorithm [2] may be used to solve

for T; or T (i =1,...,N+41): let

i
PKl = DIAG:L
U, = Bl/PK1
then set
Q; = -Ei/PKi (i=2,...,N+1)
Us = (B3-Ej_3°U;_1)/PKy
and finally
TN+l = Unet
Ti =Qi.Ti+l+Ui r (i=N,n..,l).
In the above, DIAGi (i=1,...,N+1l) are the diagonal elements,
Ei (i=1,...,N) are the off-diagonal elements, EN+1= 0, and Bi

are the elements of the right hand side vector.

A quahtity of interest in the present context is
the condition number of the spline matrix [35]. Let us first
take the first derivative formulétion. Gerschgorin's

theorem reveals that the largest eigenvalue of A will be
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less than or equal to

s A SR o N |
22 22t 2 2.2
i-1"%i-1 i7€i i-1"%i-1 i7€i
2 2
_ Pi-15;-1059 . Pis;hy
Pi 1M 1C3-17281%P; B3 P3BiC;m28 tpihy

and that the smallest eigenvalue of A will be greater

than or equal to

di-p . % i1 G _PicaSio1 PiSy
2 2 2 2 2 2 2 2 c. .-1 c.-1
di_q=ej_1  djmey di_y-eiy  dj-el i-1 i
Hence, 2
p:s.h.
Ial, < 2 max 113
2 =" 74" pyhjcy-2s;+pshy
and
c.~1
-1 1
la ~lIl,< = max .

For the second derivative formulation the same line of

reasoning yields

ci—l
Al < 2 max -
2 - i PiSi
and 2
- pys.h,
1274, < L max 113 .

Power series expansions establish

Si:l. < E._
Pi{NiS; . 6
pjhjc;-2s;+psh; — hy
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We thus have the following situation:

(i) first derivative formulation -
IAI2 < %2
min
-1 h
A I2 < i

(ii) second derivative formulation -

tal, < h
-1 3
1A, <

min

Hence in both cases we have the matrix condition number

x(a) = fabna~Lly, < 3b
2 2 S hH..
min
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II.3. Iterative Solution of the Spline Equations

The spline equations in terms of second derivatives

with slope end conditions are

d e &) by
el \\fiiff\;::éé:gzz:::\\\\\\\\\ Tg b2
ey-1 9dy-1tdy " ey TN by
5 oy 9 | | "w+1] | Pwel
or AT" = b with the obvious definitions.

Let A = D + O where D is diagonal and O;5 = 0 Vi.

Then (D+ 0)T" = b which implies that T" = —D-l

1

oT" 4+ D “b.

Define R = D Y0 and r = D 'b. Therefore,

TV = - RT" + r,

In any iterative scheme [20] derived from this relation
due consideration must be given to the eigenvalues of R.

Explicitly

0 el/d1

el/(dl+d2) 0 ez/(dl+d2)
R = \ \

eN/dN 0

Note that, although R is not symmetric, we do have

53
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eN_l/(dN_l+dN) 0 eN/(dN_l+dN)




pl/2q p=1/2 o p1/24 p=1/2

which is symmetric. Hence, R is similax to a symmetric
matrix thus implying that its eigenvalues are real.

Moreover,

Rx = Ax =

RX = =AX

where x is obtained from x by altering the sign of every
other element.

Gerschgorin's theorem then allows us to conclude that
all of R's eigenvalues satisfy

e e, ,+e, e
1 i-1""1 N =
HEE e e R T

| =

Young's theory then allows us to use simultaneous over-

relaxation

[T"] (n+1) = w[r - R[T"] (n)] - (w=1)[T"] (n)

and the optimum relaxation factor will be given by

* 2

1 + v1-A2
max

As an estimate of Aﬁax we use U. To see that this is

a reasonable choice, consider the case of uniform mesh

width and tension. In this case

e
W =-3
e . ~ T _
and #®x = ux with x = [1,——,1]1 . I.e. i Amax and
this produces an exact value of w¥ 1 1In this instance,
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. et e

the special case of the cubic spline yields u = 1/2 and
wx = 4(2 - V3).
A possible starting point for the iterative process

would be

2b.
[T"] (0) _ 1

hl 1+h
The spline equations in terms of first derivatives

with second derivative end conditions are

i D T W DR T S O . Y | R
1 21 2 |4 -e h
di-e d -ey 1 71 1
- — ~
®i-1 ., it A N P U
42 o2 i-1 a2 o2 | g2zl1 g2-g2| i+l
Ti-1 Ti-l D A T i i
-
_ 1 £i-fi 1 £y _
- * h. + d,—e_ i h 1 1—2’.0-,N
d; 17€i1 i-1 i i i L
_e.I_\]_ T' + dN T? - T" + ___!-_____ fN+1 fN
a2-c2| N q2-o2| N+l N+1 dyey hyo
N N N N N
or AT' = b with the obvious definitions.

The iterative treatment of this system proceeds along

precisely the same lines as before. However, now

2
ey ejpdf-ed) +e, (dl -17%i-1) ey | _ 1
M < max gl T 7 ora, [ FMig-
l(dl )'*" dl(di_l"'ei_l) N
Once again, U 1is used as our estimate of kmax with the

familiar justification.
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ITI.4. End Conditions

In our previous discussions we have always assigned
one boundary condition at each end of the interval of
interpolation, i.e. a boundary value problem. It occurs
to us however that we could rightfully assign both end
conditions at one end, i.e. an initial value problem. This
would allow us to concatenate sequentially defined splines
in a C2 fashion. To facilitate clarity we will restrict
ourselves to uniform mesh and tension.

If we choose to specify T! = ¢' and Tf = ¢" then we

1
can write the resulting equations as

— i~ - [~ ] —
1 17 71 ¢
a e O Ty (£,£4)/hy=¢"
€ Zd\e\\ Tg = b2
e 24 e Tﬁ+l bN
Now let
8T; BTI
al = W ’ A]_ = W =
_ - _1
a; =0 a = -3
= = _4
B = 1 ’ Ay = e

il
(=]

ea; ,+2da, ;tea,

eA,

j-pt2dA, _jt+eA, = 0 .

Thus we consider the difference equation
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.

zk_l + 2uzk + Zpp] = 0 : Zg ¢ 23 given,

with p = d/e. Assuming a solution of the form

z, = oq® = L2ugrq? = 0 = q, = -u=/u-1 < -1,
q, = -M + /hz—l < 1. We introduce the basis sequences
defined by
Xeoqg * 20K + X, =05 Xo=1, X =0
Ye_p t2MY + Y, =0 Y,=0, Y, =1 =
% = 2 on_ %1 on
n =9y 1 979 72
1 n 1
Y = - + .
n Ty 1T g,y 2
Hence,
Zn = ZO'Xn + Zl'Yn
and therefore
- -1
ah < e ‘n-1
_ _a
Ay = %h-1 T @ Y1 v

We now see why such a specification is not suitable. As
la;| > 1 we have the effect of a perturbation in the initial
conditions increasing exponentially. In this sense these
end conditions are ill-conditioned.

Let us use this technique to study the specification
of second derivatives at the two ends. The system of

equations is
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[—1 ] F‘T{ 7 ’-¢lv—1
e 24 e T; bz

O
0
5
= 0
c:
<5

i L Twe Bal
aT"Y atTY
Letting a, 5$% v By = % we have
a; = l, anel ~ 0, Al = 0, AN+1 = 1 and
a;_q *2uay +a, =0
A; g + 2R, + A, = 0.
Therefore
_ n-1 n-1
a4 T 69t C9
_ n-1 n-1

We demonstrate the determination of the coefficients for an.

The boundary conditions give us

N
cyg tcy=1 } @y a3
= C = e [o] =
N N _ 1 NN ' ©2 N_N
C19; + 6,9, = 0 a3 -9, q; -9,
= n-1 N N n-1
I T TS
n N N ¢
ql - qz
Similarly
N+1l-n N N N+l-n
T 9 dq; * 4;9;
An - .

N N
q; T 9

Note that since q,d, = 1 these may be rewritten as
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N-n+1l N-n+l

q -q
a = 1 2
ql'qz
l -
a - 1
An N
q1 )

which are clearly well behaved.

Now consider the specification of first derivatives

at both ends. The system of equations is

() = 1 E
Letting ai = W ’ Ai W,—

dal+ea2 -1, eaN+daN+l

= ua1+ a, -1/e, aN+uaN+l

a;_1 + 2uai
A

Once again,

_ n-1
ah T 17

_ n-1
A, = qul

59

i-1 + 2uAi + A,

] ' [ - -
h (f2 fl)/hl ¢
’[‘ll b2
TN bN
[ 1] | -
] L nN+L bw fN+1” N)/h'N_
we have
0 , uA+ Ay = 0, BgtuAg,
taj T
i+l T ¢
n-1
+ Cody
n-1
+ k2q2 .

= 1/e



Therefore

al = Cl + Cz }
a, = €191 * €59,

together with na,+a, = -1l/e =

Cl(u+ql) + 02(U+q2) = = 1/e .
Also
N-1 N-1
ay = 619 * c%
_ N N
agy = ©191 t 9

together with aN+uaN+1 =0

N-1_ N N-1,, N
cq (@ “HHqy) + cyldy +ug,) = 0 .
Hence,
N-1 N
1 dp ~ * M9
C = —_—
17 &7 Turay) (@) Seugh) + (way) (@) uap)]
N-1 N
1 @ *f¥q
€ =7 e’ N-1 .

[(u+ql)(q2 +Uq§)4-(u+q2)(q§—i+Uq§)]

In a similar fashion we obtain

1 LR
ky=-%g° N-1.. N N-1. N
[(u+ql)(q2 +uq2)— (u+q2)(ql +uq1)]
u+ q
_ 1 1
ky= 3

[ray) (@) T+ual) = (whay) (@) +uay)]

These formulae are of great utility in the following
application. Suppose that we spline fit a collection of
data and then decide that the end conditions that were

used were inappropriate. Rather than computing a new spline
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we may use the above to update {Tz}?:i.

For example, consider the case of second derivatives

specified at both ends. The old spline equations are
AT" = b

and the new spline equations are

A(T"+6T") = b+ 6b
where 6b = [6¢" 0 ... O Sw"]T. So we may solve
A+S8T" = b and add the result to T". Here 6T" is simply

a linear combination of the previously derived quantities.
Specifically (GT")i = 6¢"~ai4-6w"-Ai.

Similar comments apply to the case of first derivatives
specified. Moreover, all the preceding analysis may be
extended in a straightforward fashion to the case of mixed
end conditions.,

It is interesting to note that if we are confronted

with a spline code that only accepts either Ti = = 0

[}
TN+l

or Ti = T = 0 as end conditions we can use the following

L1}
N+1

auxiliary functions [5].

2 2
a0 =0 - 3 [ e - LR e |
— f( - 1 (X-a)3 £" (b (b""X)3 f"(
RBp(x) = £x) = 7 | Tpmg — FB) F g (&) .

We then calculate A, at the knots, spline fit these

values using the appropriate end conditions ard then set
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2 2 -

£x) % T(x) + & [1ZA popy - (BIKIT gy
or
3 3 -
) = T(x) 4 £ [ ey g DI gy

depending on which end conditions were used.

We conclude this section with a treatment of the
important practical probiem‘of supplying end conditions
when only data points themselves are available. We choose
to consider f£(x) € C4[a,b] as our paradigm.

f(4)‘

4 . =
Let £ € C [x;,xg,;] with M = sup] . A theorem

of Pruess [35] states that

2
max

4-1i

ID* (s-T)8 < (26/3) p_ h""" max |sf] & i=0,1,2.

J

A result of Kershaw [25] states that

ID% (£=5)1 < e, ~h® " (h®M+ 8 max |£2-s2115 i=0,1,2.
]

Hence, we may conclude that

i 2 4-1i ' 4-i
Ip™(t-£)1 < (26/3) p, b m§x [sj|+ c;h™ M
2-i " . (-
+ c;h * 8 max ]fj—sjl ; i=0,1,2.
]

Thus, in order to maintain uniform O(h4_i) accuracy, we
need only ensure that max Ifg-sgl = 0(h?). This is well
known to be the case when exact slope end conditions are
specified. We now investigate the effect of using
approximate rather than exact slope end conditions thus
extending known results [44] for the cubic spline to the

exponéntial spline. Recall that
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As" = 6b
where
Y i W
1 2
h
1
_ (o) Ey -t g B
bk - h h ; }\"'2,--.’N
k-1"k
- - ]
b - _ N e Vi T
N+1 h2
N
h
k-1
o. : k=2,...,N
k hk_1+hk ! ’
and

We then have

ﬂ% A-Il = % (since the sup vector-norm induces the
max row sum matrix-norm)
=127 = 20 AT < (1/2) /1111 a-Ti) = 1.

Now consider

[T -

A s = 6b

where b is obtained from b by replacing f1 and f§+1 by

. L2 T
their estimated values fl and fN+1'

This results in
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A(s" - 8") = 6(b-bhb)
»g"-5" = 62" 1(b-5b)

» 18" -5"1 < 60a"1relb-Bl

< 6+1b- Dbl
= 6 max{lbl"bll ‘ |bN+1"bN+1'}
~F1 ~F'
. { [£1-E11  1Ehy~Fger ] }
- max h ’ h .
1 N
If we have
F.o=£! +0(h3) ana F... = £1.. + o(md)
1l 1 N+1 N+1
then
max [£.-5.] < max |£7-s"| + max |si-8%] = o(n?)
i J 7' - 3 J 3 3 J ]

as desired.

So we see that we need only supply a third order
accurate approximation to £'(a) and f£'(b) in order to
iratain the interior error bounds. This can be achieved by
using the slope predicted by the four-point one-sided
difference formula derived from Lagrange interpolation.

This gives us the following end conditions.

Left~hand end:

£f! = clfl + czf2 + c3f3 + c4f4

= -

with
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i‘ e

[(hl+h2)(hl+h2+h3)+-(hl)(h1+h2+h3)+-(hl)(hl+h2)]

LT (hy) (hy+hy) (hy+h,+h,)
c, = (hl+h2)(hl+h2+h3)
(hy) (hy) (hy+h,)
c, = (hl)(hl+h2+h3)
(hy+hy) (hy) (hg)
o, - (hy) (hy+h,) .
(hy+h,+hg) (hy+hy) (hy)
Note that
cp = = (cgy + c3 + ¢,)
Right-hand end:
el = - dgfy-z = d3fyoy ~ dpfy - dyfyyy
with
a - [(hythy_ o) (hgthye s +hye o) + hy(hothy G+hye o) +he (hothy 1) ]
(hy) (hythy y) (hythy_q+hy o)
8, = (hythy_p) (hythy g +hy )
(hy) (hy_p) (hy g+ o)
a, = (hy) (hygthy_g+hy_p)
(hN+hN—l)(hN—l)(hN-2)
a, = (hy) (hythye o)

(hythy_p+hy_p) (hy_y+hy_p) (hy )
Note that

dl = - (d2 + d3 + d4)

We have the following error estimate for the left hand

end condition
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oL £ (h,) (h.+h.) (h,+h.+h Ee
1 = = =g (hy) (hy+hy) (hy+hy+hy) [x)rx41.

f1~ £

The corresponding estimate for the right hand end

condition is

(4)
' £ — (E)
N1~ Epar = T (hy) (hygthy ) (hygthy o +hy o)

- s E€ [xy_prxyy!-
We establish the result for fi. Let £ € C [xl,x4] and
define the linear functional L[f] = f'(xl)- (clf1+czf2+c3f3+c4f4L
Now L annihilates all polynomials of degree 3 and hence

Peano's theorem guarantees that

X4
LI£] = f £4) (¢) x(r) at
pe
where 1
K(t) = %T L[(x-t)i] (considered as a function of x)
and (x-t)3 . x>t
3 _ .
(x-t), = 0 , X<t
Now

L [x-£)31 = 3(x-0)2 = [og (xy-t)} + o, (x,-t)]
+ c3(x3-t)i + c4(x4—t)i]

= 6°-K(t) .
Therefore
m o (xa-t) 3+ oo (xa=t) 3+ c, (x,-£) 31 x,<t<x
272 3'"3 474 P2
— - oy 3 oy 3 .
6-K(t)= [eg(xy=t) "+ ¢, (x,-t) 7] P X,St<xg

3
"'[C4 (x4-t) ] H X3itf_x4.
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T

A tedious calculation verifies that
K(t) £ 0 ; t € [X1,x4]-

A strong form of Peano's theorem then allows us to conclude

that
(4)
nie) = S8 ppty ;g e txgx,l

An equally arduous computation then shows that

Lix?1 = =h, (hy+hy) (hy+h,+h,)
Therefore
£(4) ()
LIf] = - =37~ (hy) (hy+h,) (hy+h,+hy)
l.e.
£1(x.)-F' (%) = - AN h.+h.) (h.+h.+h.) ,E € [ ]
X)=£7 (%9) = = =—5y= (hy) (hy+hy) (hy+hy+hy) Xy e%4].

On a uniform mesh with constant tension there is an
increase in the order of approximation. Hence, in this
instance we should provide higher order estimates of the

end conditions. We simply use

: = 1 [- 50f. + 96f. - 72£. + 32f
Ih

1

R

2 3 g~ 6f5]

'
1

N

1

~
!

£ = 577 [6 £

N1 T - 32f_, + T2£y_; - 96£ + 50f

N+l]

N

N-3 2

which derive from a quartic Lagrange interpolation [1].

The error estimates are

g-fr = e, e xg, xg]
and ' at i 4 (5)
fner Ener =50 ETTE), BE Ixg gexgy] -
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The above considerations for first derivative
end conditions with second derivatives as unknowns are
easily extendable to second derivative end conditions.
Furthermore, both of these cases may also be applied

to the equations with first derivatives as unknowns with

similar results.
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IT.5. Alternative Power Series Representation

The next problem to be treated is the loss of

significance when evaluating sinh (pihi) for small

X -X
veiues of (pihi). Specifically, since sinh x = §__§E_,
for |x| << 1 we have e® = ¢™®* = 1, an invitation to

"catastrophic cancellation." Such small arguments would

arise naturally but the scaling suggested below makes

these considerations even more critical. Hence, for small
values of (pihi) (say < 0.07), we would like to resort to

a power series representation of the hyperbolic functions.

We note that such measures are unnecessary on IBM hardware.
However, their inclusion enhances software portability.
Moreover, the resulting formulae allow the use of p; = 0 Vi;
thus the cubic spline may be used as the zeroth iterate.

We proceed as follows:

h, 0
by 7 2.2, 31 _4.4 6,7
°i = % [1 - %o °ihi * 3530 PiPy] * O(pihy)
h,
by 1 2.2 2 4.4 6,7
a; = 3 (1 - d5 oB? + gFe pind) + otefn]) .

Note that Py = 0 Yi =

h.
e = 1
i 6 !
hy
dij = =3 v

which are seen to produce the system of linear algebraic
equations for the cubic spline with specified derivative

end conditions {2]. That is,
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1

£,- £

h
1 _.n 1 _ 2 1 - =
3 1t E 2 T oxmx—-f'@ =b,
2 1
h, . +h. h,
i-1 i-1 i i = —
T;{_l + _—_T_ 'T; + _6"' T;_"‘l - bi ’ (1—21"'IN)'

h h f e
___1:1_ _N_ " = ' - _I\l:';]_'_—N =

6 Tﬁ + 3 TN+1 £'(b) X X bN+1 :

N+l T N

We have the following expansion for T(x):

X -X X=X.
i+l i
fi['_‘—‘h. ] + fi+l{—h_'. J

T (x)
1 1

h,
i _ . 7 2.2 31 4.4
-5 (X5417%) T'i[l 60 Pili * 3579 Pihy
1 .2 2 1 2
o Pilxjmx)T - nZ (% 417%)
T2 4
7 4.2 2 Pi 4, Pi 4
= 195 Pihy (¥%5,,-%) 7 (X17%) T o5 (K54q7%)
20h{
-h—i(xx)’f" 1 - = p?n? 4 31 44
6 i +1 60 Pi"i T 2520 Pifi
1 2 . 42_1 , 2 7 42, _ .2
t & P (x-xy) 2 (x7%3)7- 155 Pjhj (x-x;)
i
2 4
P P;
- 12 (x-xi)4 + —5% (x-xi)4).
20hi

Note that, when p; = 0 Vi, we have

2
X: 17X X=X, (%, ,-%)
- i+l i 1 _ wlq_ i+l
T =g ["—hJ——J ¥ fi+1[ By J 6 M ¥ ™ Ti[l _'_“hT’_]
i

(x—xi)z]

2.

1 " _
- § by (x-x%;) T'+1[l "
i

1

which is the equation for the cubic spline on the 1ER
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interval [2]. Hence, a convenient choice for initial tension
parameter values is p; = 0 Vvi.

Many applications require the derivatives of the
interpolant. For completeness, we include the formulae for
T'(x), T"(x), T"'(x), in terms of both hyperbolic functions
and the alternative power series representation. Hyperbolic

function representation:

1
T'(x) = (T cosh p, (x-x.) - T" cosh p, (x,,,-%))
. i+l i i i i1+l
pi51nh(pihi)
1 1 '
g (Ey-fp) + 5 (8-T)).
i P;

sinh p., (x-x.) sinh p. (x,,,-%)

T = TH SRR T L T eIE (iR
tnoip;ny 1 inh P04
osh p. (x-x. osh p. ) 4
T () = p.T'.' . Ccos .P}(X Xl) _ p.'['.' C . pl(x1+l )
‘ i i+l 51nh(pihi) ii 51nh(pihi)

Power series representation:

T (x) = é: (£,,,-5;) - clhi-{T£+l(Tl+3'T2'x§-F5°T3°xg)
- r;(Tl+ 3'T2'xi+ 5-T3'xi)}.
™" (x) = clhi-{T;-xl(6-T24-20'T3'xi)
—r;+l-x2<6-T24-20-T3-x§)}
T (x) = —clhi°{6-T;(T24-lO'T3xi)4—60T£+1(T24-10°T3-x§)}
where
Ty = 1 + cy - pihi + ¢, - pihi
Ty = (cg - ﬁ? + g+ p) * B
1



Note that in the presence of scaling these formulae must be

modified accordingly.



II.6. Parameter Selection Algorithm for Co-Convex Interpclation

In this and the following section we take up the task
of tension parameter sel.ection. This is the key problem
which needs to be solved if exponential splines are to be
useful in practice. A satisfactory treatment is not avail-
able in the literature.

A previous section assures us that for large enough
tension parameters the exponential spline interpolant
is free from extraneous inflection points. The question
now arises as to how to choose P; (i=1,...,N) which
are sufficiently put not excessively. large, .
Excessively large estimates will produce an interpolant

which is kinky in appearance since T; r T + ®© asg

l'l
i+l
Py @ (k=i-1,i,i+1).In this section we present a tension

parameter selection scheme that answers this question in

both a theoretical and practical sense. (Note: Assume that
bi?‘fO; i=l,-¢.,N+lo)
Assuming T; # 0 (i=1,...,N+1) then Tgbi >0 (i=1,...,N+1)

is a necessary and sufficient condition for no extraneous
inflection points. Hence, we will iteratively alter Py
(i =1,...,N) so as to enforce T;bi >0 (i=1,...,N+1).
Before proceeding we need the following easily established
facts:

(a) P > 0 = di >0

(b) ab > 0 iff |a-b| < max (]al,|b]) .



For purposes of illustration, assume that for some

choice, p{n) (i=1,...,N), we have TR k < 0 for some k
between 2 and N (a similar analysis will subsequently

be given for the end intervals). We then have

[ 1] L} "
leg_1Tx-1 * SxTkerl = I = (@ +a) T .

Now
b T, > 0 iff Ibk-(dk_l+dk)T£[ < max(lbkl' (@) _y+ay) el )
since )

di > 0 for p; > 0 (i =1,...,N) .

We therefore define Pr-1 ¢ §k so that ék-l ' ék produce

lek-1Tk-1 * Sk Tian | < maxllpg |y (e _+ap ITgl )

i.e., after freezing the T"'s, we vary the p's so that
all these inequalities are satisfied.

Letting
N max ([b, |, (d, _{+d&, ) |T"])
g, < k! O 179%/ 1 k! . 1= k-l, k
2 max ([t [y It

produces the desired result.

Define

5 max(|by |, (d_y+d ) |Tr])

2 max (5 4|5y D

Now, since

1
e. [=— -
i hi

i 2
sIAR(p;hyy 1/ Pi -
we seek to satisfy the inequality

GIZ[ (x) <0, (i = k-1, k) ]

where
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R X 2 _ 7 e
gi (x) = [hi W] /x Ay, (l-—k l,k) .
These considerations lead directly to

P.

1 _ i
hi smnh(pihi) -
7 <A
Pi
1 Py 2
= - - q - p.x < 0 ’
hi 51nh(pihi) i
. 2 Py

1
- - p-x < -y
hi i 31nh(pihi)

This is certainly the case if

1 XZ
- p,:O,
hi i
i.e.
~1/2
p; = (Ahy) .
Consequently, we define
~ Ty y—L/2 \ Y Ty~ L1/2 M) yy, sop-
pi-(khi) (or perhaps pi—-max((khi) r P§ )); i=k-1,k

(i.e. we always increase the p's).

However, the new tension parameters (ﬁ's) will alter
the T™"'s thus requiring an iterative procedure. The ‘
suggested procedure is

p(n+l) - p(n; + w(ﬁ-p

(n))

It was previously assumed fthat TE # 0 (i=l,...,N+1).
It can be shown [42,43] that if T; = 0 for any 2 < i < N

n " . ) ) s s
then T/ .7/, 2 0 is necessary and sufficient for the
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prior analysis to hold. Now we have

v o_ - " - n
(dj-1%93)7T; =By =€ 3T51 = T4 v

and, since we still assume bk # 0 Yk, we cannot have
Tieg = Ti4p = 0 (i.e. either e; ; or e, are actually present
: : " ' "
in the equation). So to make Ti # 0 when Ti-lTi+1 <0,
we perturb e;.1 and e; by incrementing p;_.; and P; by
some small amount, €.

It remains to remove the assumption bk #0 VYk.
If b; = 0 then the points (xi—l'yi-l)’ (xi,yi) and
(xi+1’yi+l) should be joined by a straight line (with a
similar statement true in the end intervals). The two
remaining portions should then be fit separately using
+
i+l
of the straight line segment. This may be accomplished

slope end conditions at x;_l and x derived from the slope
implicitly by the following alteration of the coefficient
}

matrix, A. Set as many of the set {A.

i-1,i®y 7By

i,4+1P541,17P4,4-1
as exist equal to zero and then proceed as usual. This
produces the desired Tﬂ (k=1,...,i-1,i+l,...,N+1). The
interval [x; ,,X;,,] is then fit separately with a linear
function. The points (x; ;,¥;_;) and (%5017 Yi4) are
now to be treated as the right and left hand endpoints,
respectively, of two distinct exponential splines.

In summary, we note that the tension parameter selec-
tion problem is inherently nonlinear (by virtue of the non-

linear occurrence of Py in the interpolant). It is then hardly

surprising that an iterative procedure should suggest itself.



We now return to the problem of parameter selection

for the end intervals. The relevant equations are

[1] n
lel + esz = bl
" " —-
ex™w * InTw+1 T Pl -
" . "y o_ _ "
Tiby < 0t JeyTy| = |by - a1

Now byTy > 0 iff |bj-dyty] < max( |by|, 4 |ty]).

-
Therefore define 51 5 él produces Iéngl < max(lb |, a IT"I)

Letting él < max(lb |, a IT 1)/ IT | produces the desired

result. Hence, define X = max(lbll, dl[T 1} / rfl

" . "o ‘_ "
Tne1Pyer € 08 leyTol = by - dyTu, -

n
N+1TN+1 N+l Iy w1l ne1l) -
Therefore define py ey Produces [é T"I < max (|byg, gl dgl T )

Now b > 0 iff |b < max(|b dylT

Letting ey < max(|bg, ],

the desired result. Hence, defin~ A = max ([by, g [rdy|Tr D/ 1Ty

Al Ther 1) 7 |t produces
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II.7. Parameter Selection Algorithm for Co-Monotoné Interpolation

In this section we develop a tension parameter selec-
tion algorithm that preserves any monotonicity present in
the data [23]. Specifically, if the polygonal interpolant
has slope of constant sign in three successive intervals
then we select the tension parameters in these intervals
so that T'(x) has this same sign in the middle interval.
Similar considerations apply at the end intervals.

We begin by rewriting the exponential spline as

pix “PiX
T(x) = A; + B.x + C;e + D;e on [xi,xi+1]
where
"L‘" 'L'"
=1 R _ i+l
A T hy {xi+1[fi 21~ ¥l - 75 }
pi Pi
— " T
SO 10 it | N I ¥ Nl
i hy 2y
Pify
= 1 L PXin “Pi¥;
Cl £ 5 —11 + T;+l e
2p;sy
-p:X _
_ e i J_ e lhl 4 T
ngsi i i+l
 pax, PiX
D. = 1 - i%i+1 o e 11
i 2 i i+l
Zpisi |
Pixy [ h.
= e Tt ™" epl i ™" ]
2 i i+l) °
2pisi |
Hence,
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pP. X -p.: X

T'(x) =By + p;C; e - p.D;e -
P;x -P.X
™ (x) = pi[ci e ¥+ D, e 1
PsX “P.X
T" (%) = Pilci e b - Di e * ] on (xi,xi+1) .

Assume that T!T, . > 0 with both having the "correct" sign.

Therefore, any extremum of T'(x) interior to [xi,xi+1]
is characterized by ™ (x*) =0 =
]
Zpix Di
e = - = -
i

Now if D;/C, > 0 there is no interior extremum and this

spline segment is monotonicity-preserving. If

p;x*
J * = - . . - .
T'(x*) Bi4-pi¢ C;D; [sgn(ci) sgn(Dl)]
= Bi+-2 sgn (Ci) P; v’—CiDi
Also
3
1 — - -
T (x*) = p; v-C;D; [sgn(C;) - sgn(D;)]
— [] 3 — = - 3 - ¥ .
= 2 sgn(ci) P; 4 C;D; 2 sgn(D;) pJ v c;py .
Therefore

(1) Ci> 0, Di< 0=T"' (x*) > 0= T'(x*) is a (local) minimum;

(ii) Ci< 0, Di> 0=T" (x*) < 0= T'(x*) is a (local) maximum.
If T'(x*) has the correct sign then T(x) is locally
monotonicity preserving. If T'(x*) is of the "wrong" sign

we must do something about it if x* € [xi,x 1. Since

i+l
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P.
T'.' —T'.. 1l 1
1 1 e

x* = xi + 5—:;-— in 1 -p-h.
s " — ] 1
Lo fieam e
we thus have two cases:
o " pihi " * 3 "
(a) 4if TY < ; ) Ti4y then x* € [x,,x, ] iff T¥,,>0
] i i .
(b) if TY>e T Tty ., then x* € [x;,x;,4] iff Ty . <0.

We now come to the case in which T'(x*) has the wrong
sign. In this event we iteratively modify the tension para-
meter, p;s SO as to enforce the requirement that T7'(x*) should
have the correct sign.

Consequently, consider once again our special cases,

with ,
fie17Ey
S e = B, ) c.) - /=C.D. s
i hi and Y 3‘+ P; sgn (cl) ClD:L
(i) C:.L > 0, Di < 0= T'(x*) is a minimum

(a) if m; < 0 then do not alter p,

(b) Aif m, > 0 then, since we want Y > 0, set

pj(-n+l) = - Bi/ ZV‘CiDi + 8

(ii) C; < 0, D,

i > 0= T'(x*) is a maximum

(a) if m; > 0 then do not alter p,

(b) if m, < 0 then, since we want Y < 0, set

p£n+l)

= B, / 2/~C;D; + 6.
The only remaining issue is if the computed Ti should
: ; ' o
be of the wrong sign i.e. Timi—l < 0 and Timi < 0.

We proceed as follows.
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T'(xI) = ——%——- [}piT; cosh(p h;) +p, Tl+£]
PiS;
Tll T
1 i+l i
Yothy Fiatfy) - "‘““E‘“‘]
i P
- — l - "
Py = [:Pi—lTi—l*‘Pi-lTi COSh(pi-lhi-I{]
Pi-15i-1
=TV
1 i i-1
SN AR = Ly
* Pi-1

As we know, subtracting these relations yields the
tridiagonal system for TE (i =1,...,N+1).

However, we choose to average them which produces

1 1

We choose to enforce

ey pt 1 Ti |+ @yt [t ey o [TE ] < [my_gtmy .
Now,
g1 1T g+ (a  y+ag) -y lvey [Ty |
< (ey_y +dy 1 +e; +d;) max(| el |Tl+1|).
We need the following «
1
Lemma. (a) e, <
uemma i3
pPihy
i
1
. <
(b) 4, < By
Proof: (a) e, = —];;—-s—l-/p <-T—-smceweknowe >0

pll
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(o
iff - 1<

1
(b) d. < =
P 83 pihi

m

but g%g%—% - % < 1 since f(x)

which follows from £(0) = 0 and

f'(x) = cosh x + x(cosh x - sinh x) > 0 for x > 0.

—

Q.E.D.
We are thus led to enforcing
g o —— + | max (Jry_ ], ITg) )Ty, 1)
P;.1 h. P; i+l
pi—lhi-l . Pifi
< |ml-l * mll

or, alternatively

v m. + m, h

L1 Imy eyl

2 - : ~ = = "
Pi_1hy Pi-1 2 max (| T8_q /)75, ]} +l')

together with

1,1 Im; _; + m
pihi Pi 2 max (IT"_llllT [ o] +1|)

This ultimately leads to

(in+l) _ L+p;h, . 2 max (lT"-l‘ ]T I, T'+l|)

i Piby [m; _y + my |
and
o(nt1) | D*PiaPyog 2 max Uegglelmglolrig )
i-1 Pi-1Pi Im;_; + m; |

i-1
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II.8. Periodic Exponential Spline

If one wishes to parametrically fit a closed body
in a smooth fashion, then periodic end conditions must be
imposed. The necessary modifications to the preceding

analysis are presented herein.

Matrix Structure

The equation for stricitly interior points remains

unchanged:

ej1Tiog * (4,1 +d)T] 4 ey Ty = by (= 2,...,8-1).

i+l 1
We now have the periodic end conditions

f

N+1 fl !

el = 71

In addition, we imagine an additional point at Xg 3

hy = hy
£, = £y
b= TR

This effectively identifies the two endpoints. We now

write down the equations for i = 1 and N:

£.~-f £ - £
\ w - _2 1 TN+l N
(Atd) Ty + e)T5 + eyTy = By L2
n " " —_
eNTl + eN—lTN-l + (dN+l+dN)TN = bN .
We therefore redefine
. fz-fl ) fN+1--fN
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Note that the matrix is no longer tridiagonal. Instead it

has the structure,

o) )
DIAG, E, w | [ T [ b,
0 \\ EN- L] L]
Ey DIAG g J by J
\ \ \

Matrix Solution

The following algorithm [2] may be used to solve for

'Tz (i=1,...,N); let

PK) = DIAG,
Q = - E/PK)
Ul = BI/PKl
§) = - Ey/PK,
then set
- . 3
Q. = -E./PK.
1 o r(i=2,...,N-1)
U = ‘Bi"Ei-l' Uj-1) / PRy
Si = -1 Sl -1 /PKi J

g4



let

then set
(i=N-1' LI ’1)

and finally

TN = By~ By Vy=EBy_g V1) / (By* Ty +Eg_y * Ty_y + DIAGY)

" e Y - ] ] =P -
Ti Q-+ 1§ +5, 1 +U; (i=N-1,...,1).

+1 N

Parameter Selection Procedure

We treat the periodic case as follows:
N
(1) All points {(xi’fi)}i=1 are treated as
interior points.

(2) When lel < 0, we modify Py and e

The previous scheme is otherwise unaltered.
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ITI.9. Numerical Considerations

In this section we detail the necessary modifications
and extensions to the above analysis which practical

implementation mandates [10,11,38].

Scaling

The first problem to be treated is that of the
inherent number range restriction. In IBM FORTRAN this
results in the restricticn that the magnitude of expon-
ential arguments be less than 175.366. Since the
exponential spline definition requires the computation of
quantities such as sinh(pihi), the data must be scaled so

that max '{pihi} < 175.366.

1<i<N
However, . it should first be shown
that a scaling of the abscissae leaves the sign of

T{bi (i=1,...,N+1l) invariant. This is required since the
necessary and sufficient condition for no extraneous inflec-
tion points which is the basis for our algorithm is a function
of the algebraic signs of these quantities. We proceed

as follows:

T;bi = T (xy) fie17Fs - fi_fi_l ; .t. X = x/0 =
¥iv17%1 *i7%ia1
T;bi - a-ZE"(-i) fi+l fi fi—fi-l a-3?351'
Oxg,q ~%;) OIx;-x. 4)
where T(x) = T(ax)
so that
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o >0 =

1] " O
Tibi and Tibi have the same sign.

In addition,

so that
" "

T.
i-1%i41

- .
and T, ,T.,, have the same sign.

We may now freely scale x by an arbitrary positive

factor. We choose to proceed as follows:

Define
¥ = max {p.h,}
1<isn
and
0 = 150.;
then - u
X, = xi/a with o > =
= 1 N TR T
c Py Ta Pl Sy g = O

and we consequently remain within the desired number range.
Whenever the p's are updated, a scaling should be done if
M > 0. Note that when scaling is done then f'(a) and
f'(b) should be multiplied by c.

in practice, an additional source of scaling is the
need for a unique interpolant when a change of physical

units is made. We now take up this matter.

87



Invariance Under Linear Transformations

As presently proposed, the exponential spline interpolant is not
invariant under change of physical units. To ensure such
invariance some sort of normalization must be performed on

the input data.

Ordinates

- — R - 07 - "
Let fi = klfi-l-k2 . then bi = klbi which = Ti = klri'

Therefore ?(x)=k1T(x)+k2, as it should be. Hence, scaling of

the ordinates is unnecessary.
Abscissae

Let x = k;x+k,. 1In this case, k, is impotent since

only differencesg of aiicissae appear in the exponential
spline formulation. However, kl has a nonlinear effect on
the interpolant. Hence, scaling of the abscissae is required.

Setting k, = 2/(x and using this as a scale factor

1 N+1"¥1)

suffices.

Parametric Exponential Spline

In many applications f is not a single-valued function
of x for the entire range of the data. Hence, it becomes
desirable to fit both x and f versus some parameter, e.g.
chordal length or arc length. We prefer the arc length
formulation.

We proceed as follows:

(1) Determine the chordal length, s.

(2) Fit x and f versus s, producing exponential splines
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NI

x(s) and f(s), respectively.
(3) Determine modified arc lengths from
v 1/2
L = f {txren? + 127112} as

Q

This integral can be evaluated numerically,
say by a compound Simpson's rule.

(4) If arc lengths have changed appreciably then
go to (2); otherwise the current x and f are

the sought after parametric fits.
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II.10. Examples

We next present a sequence of carefully selected
examples. They are chosen to illustrate both the effi-
ciency of the new parameter selection algorithm and the
inherent superiority to cubic spline interpolation.

The first test case is taken from Spath's original
paper [47]. The cubic spline interpolant, Figure II.1l0.la,
exhibits extraneous inflection points in the first,
third, fourth and eighth intervals. The converged exponential
spline interpolant, Figure II.10.1d, is seen to be free of
such a&errations. The general behavior of our paraneter
selection scheme is amply portrayed in this example:

The first iteration, Figure II.10.1lb, captures the gross
features while subsequent iterations, Figures II.10.lc-4d,
essentially "fine-tune" the first. We note that the scheme
proposed by Spath required twelve iterations as opposed to
our three iterations with no visible difference in the
final interpolants.

The second test case is a unit impulse function. Note
the "wiggles" present in the cubic spline interpolant,
Figure II.10.2a. This example demonstrates the insensitivity
to "outliers" that the exponential spline interpolant,
Figure II.10.2b, possesses.

The third test case is a semicircle joined to two
straight line segments in such a way as to produce disconti-

nuities in the first derivative. This example begins to
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implicate the cubic spline interpolant, Figure II.10.3a,
as being deficient as a means of geometric representation.
The exponential spline, Figure II.10.3b, on the other hand,
performs ideally in this instance. Such a geometry would
arise as the computational domain for flow past a cylinder.

The fourth test case is a quarter circle joined by a
straight line segment with a discontinuous second derivative
at their junction. Once again the cubic spline interpolant,
Figure II.10.4a, falls far short of geometric requirements
while the exponential spline, Figure II.10.4b, does not
falter. If we were to try and calculate supersonic flow past
this projectile, the cubic spline inflection point would
likely induce a shock wave.

The fifth test case displays the critical sensitivity
of the cubic spline interpolant, Figure II.1l0.5a, to the
end conditions imposed. It is an additional advantage of
the exponential spline interpolant, Figure II.10.5b, that
it automatically compensates for poor end conditions thus
restricting them to local influence. If this geometry were
axisymmetric the cubic spline would surely replace the
blunt body by a pointed one.

Furthermore, we note that preliminary tests have revealed
wildly oscillating cubic spline interpolants in the presence
of nonuniform knot placement. This defect appears to be

absent from the exponential spline interpolant.
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An additional comment deserves to be made at this
point. That is, in the applications where cubic splines
are typically used, a great deal of effort is generally
expended in the smoothing ("fudging") of geometric data
and in the preoccupation with end conditions. Both of
these difficulties are peculiar to the cubic spline.

In general, exponential spline interpolation obviates

the need for such diversions.
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Part III: Application of Exponential Splines

ITI.1l. Overview

In this third part we take up the application of our
preceding work on exponential splines. We begin by survey-
ing the utility of such splines in some geometric and
data fitting problems occurring in computational fluid
dynamics. The discussion here is somewhat general with
the exception of a detailed boundary layer calculation.

The numerical solution of the Laplace, heat, and wave
equations 1s then addressed. Our aim in the final parts

of the chapter is to provide a treatment of nonlinear systems
of hyperbolic conservation laws and in particular to

simulate shock waves without introducing wiggles. We first
take up a linear model problem. In this context we analyze
the stability and accuracy of a variety of numerical schemes.
Nonlinear problems are introduced via the inviscid Burger's
equation. At this juncture we generalize the Lax-Wendroff
theorem concerning convergence of approximations to weak
solutions to the case of our spline scheme. The classical
Riemann problem for an infinite shock tube is then approached
using this scheme. Finally, the scheme is extended to
multi-dimensions and applied to the two-dimensional Euler
equations. Specifically, we provide numerical simulation of

transonic flow in a channel.
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ITII.2. Geometric Applications in Computational Fluid Dynamics

As if the attendant mathematical difficulties were
not inherently severe enough, the calculation of f£luid
flow fields invariably requires, at one stage or another,
the construction of smooth curves from a prescribed set
of tabulated data points. Examples that immediately come
to mind are the definition of body geometry, the numerical
enforcement of boundary conditions and the generation of a
computational mesh. Hence, reliable interpolation procedures
must be developed. iIn what follows, we restrict our atten-
tion to the two dimensional case for ease of exposition.
The techniques developed have no such intrinsic limitation.

The remainder of this section presents a wide variety
of applications of exponential splines in computational
fluid dynamics. The emphasis throughout is on areas of
application where the use of cubic splines would result in
a significant degradation if not an utter breakdown of the
computation.

The utility of exponential splines as a means of
geometiic representation has already been intimated. The
resulting loss of accuracy in the numerical prescription
of initial and/or boundary conditions could distort the
solution throughout the entire flow field. 1In a boundary
conforming computational mesh, any abnormalities along the

boundary will oropagate into the grid. Smith and Wiegel [45]
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and Eiseman and Smith [16] have advocated the use of
hyperbolic splines in this context. This approach requires
that uniform tension be applied, thus resulting in
unnecessarily kinky curves.

Along these same lines, conformal mapping techniques
often require ex post facto stretchings to concentrate grid
points in regions of high gradients. Such C2 shearings
may be conveniently constructed and controlled by employing
exponential splines. Figure III.2.1 displays such a
stretching function while Figure III.2.2 illustrates its
application to a channel-with-bump geometry.

In a slightly more general vein, we recall that strict
adherence to convexity constraints is required by many
existence [8] and uniqueness [18] results in the theory of
plane subsonic fluid flow. It is also well known that in
supersonic flows, there is an inherent difference between
concave and convex geometries [12]. These considerations
imply that convexity must be preserved in the discrete
analogues to these problems, e.g., through the use of
exponential splines.

We now present the application of our exponential spline
code to provide smooth input data for the integration of
the boundary layer equations and to prevent failures of
the integration scheme due to oscillations in the input.
Specifically, we consider the transcnic £flow (peak Mach

number Q 1.2) over a compressor cascade with 10 degrees of
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flow turning as supplied by Korn [26] (see Figure III.2.3).
The computed velocity distribution along the upper surface
(obtained from a hodograph method) is shown in Figure III.2.4.
Fifteen points were selected and fit with both cubic and
exponential splines (see Figure III.2.5). The cubic spline
oscillates wildly in the vicinities of the supersonic
zone and the trailing edge.

The resulting velocity distributions were then input
to the STAN5 finite difference boundary layer code [13].
The anomalies present in the cubic spline interpolant cause
the boundary layer to separate at the leading edye overspeed
thus halting the calculation. On the other hand, the
well-behaved nature of the exponential spline interpolant
allows the calculation of a fully attached flow.

In order to obtain a more substantial comparison we
include 4 additional points on the velocity schedule (see
Figures III.2.6 and III.".7). These are then used as input
to STAN5 (see Figures III.2.8 and III.2.9). The output,
displayed in Figures III.2.10 and III.2.1l1l, clearly
indicates that the cubic spline can produce nonphysical
features in the computed flow field.

In contrast, the exponential spline, because of its
stricter adherence to the features of the data, is seen
to be more reliable. One can well imagine the additional
complications which the presence of a shock wave would

entail.
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Obviously, the use of an extremely fine mesh would
rectify the situation. However, a high cost could be
incurred in the form of vastly increased computation time.
This is especially true when the boundary layer calculation
is not being performed a posteriori but rather as part
of an inviscid-viscous iteration. Furthermore, the use
of the exponential spline would allow the specification of
less data than the cubic spline in an inverse design
procedure.

We note that the role of exponential splines in the
direct numerical solution of singular perturbation problems
has recently been investigated by Flaherty and Mathon [17].

In summary, the examples considered indicate that
the cubic spline may cause difficulties in a broad spectrum
of practical applications. In the past, the lack of a
satisfactory scheme for tension parameter selection has
hindered the widespread use of the exponential spline as a
viable alternative. However, our exponential spline tension
parameter selection algorithm has removed this impediment,
thus paving the way for it to become an important tool of

the computational fluid dynamicist.
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III.3. Approximation of Classical Partial Differential Equations

In this section we present explicit approximate
techniques for the numerical solution of second order
linear partial differential equations. Basically, spatial
derivatives are replaced by the derivatives at nodes of
interpolatory splines. The cases of elliptic, parabolic and
hyperbolic equations [18] are considered in turn. Note
that these schemes have straightforward implicit counterparts.
Our aim here is to lay the ground work for more ambitious

applications to nonlinear problems.

Laplace's Equation

To illustrate the use of splines in the solution of
elliptic boundary value problems we treat the Laplace
equation

U, + uyy =0
in the unit squre R = [0,1]2 with Dirichlet boundary

conditions

u = f on 9dR.

We perform our calculation on a rectangular mesh

of dimensions (AX,AY). First define
F(X,Y) = £(X,0) (1-Y) + £(X,1)Y + £(0,Y) (1-X) + £(1,Y)X

- £(0,0) (1-X) (1-Y) - £(0,1) (1-X)Y~- £(1,0)X(1-Y)-£(1,1)XY,

i.e. F is the bilinear blend of the boundary data.
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Now use F(X,Y) as Cauchy data for the heat eguation

Wy = lex + uyy

on S = [0,1]2 X [0,T]. At each time step we enforce u = £
on 9S. When the solution has reached a steady state we
will have our desired solution to Au = 0.

The solution of the heat equation now becomes the

focus of attention.

Heat Equation

Consider the heat equation (parabolic) in one spatial

dimension

u, =u,. on (= ,®) X [0,)

together with the initial data
u(x,0) = £(x) , X €EIR .

A conventional approach to this problem is to use a
forward difference in time coupled with a central difference

in space. This results in the explicit scheme

n+l _ n _ At n _,n, n
i R S (v g = 205 +uy ).
Letting A = %Ef and performing a von Neumann
b

stability analysis we arrive at the following expression

for the amplification factor:
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u? = otPX | u?+l =gePX | £ =prx =

g=14+ 2X (cos § - 1) .

Since we want |g| < 1 for all Fourier modes we must

require that
1
>\<—2'0

Alternatively, we could approximate Uy at the ni:-—lrl

time level using an exponential spline (with uniform
tension).

We then have

- 1 -
e(uxx)i--l + 2d(uxx)i + e(u‘xx)i+l T Ax (ui+l 2ui4'ui-l)
and now
n+l _ . n n i1 s s
W = Uy + At(uxx)k ; k=i-1,i,i+l
n+l n+l ntl _ _n n, n At, n _, n _n
= e ui_l-r-Zdu:.L +eui+l = eui_l+2dui+eui+l+ Ax(ui+l 2ui+ui_l)

Ax (cos & - 1)
=>g'=1+>\

e cos £ + 4

= A < Q:E.

Ax
For the cubic spline this yields

1
A< =,
6

However, as the tension increases we have

d—_e—+01

Ax
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i.e. an increasingly stringent stability restriction. Hence,
large tension is not recommended for this problem. Note that
the cubic spline and central difference both provide an
O(sz) accurate approximation to L - while the latter has

the more favorable stability characteristics.
It is shown in Appendix I that the average of the
cubic spline and central difference approximations to U
is fourth order accurate on a uniform mesh. The remaining
guestions concern the stability of such a scheme.
Correspondingly, let
u, 1—2ui+u

1 ] 1-
(uxx)i v [s; + A
X

i+l
5 ]

where S(x) denotes the cubic spline. I.e.

" _2_ " 1 " = 1

1 - -
6§5-1 735 * 557 3 (.1 -28;+85;41) -
n n n
u -2u,.+u
un+l = u! + At [s" + k-1 k k+1 ] ; k=i-1,i,i+l
k k 2 A 2
X
1 n+l 2 n+l 1 n+l 1 n n 1
Tl tIW Oty Tttt i
At n
2Ax
At 1l n 1 n 1l n 1 o
(g U T Uy uy it3 Ui tg Yigo)
2Ax
A
= g=1+ 5605 £52) [8 cos £ - 9 + cos 2&]
1
= }\<Z-_
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Hence we have achieved higher order accuracy together

with a reasonable stability restriction.

Wave Equation

Consider the wave equation (hyperbolic) in one spatial
dimension

utt = uXX on (-oo’oo) X [0,°°)

together with the initial conditions
u(x,0) = £(x) , ut(x,O) = h(x) , x €ER .

One straightforward technique for treating this
problem is to use central differences in both time and space.

This produces the explicit scheme

n+1l n n-1 At, 2

n _,n n
i 1 2ui+-ui_1)

i+
where the calculation initially uses ug = h to produce

the required two previous time levels.
Letting A = %ﬁ we once again perform a von Neumann
stability analysis.

ug—l = IPX | o g oTPE a2 o= 2_ipx

1 -u + vu(u-2) where Az(l - cos &)

4
Q
i
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If instead we approximate U using an exponential

spline (with uniform tension) we have

e 2d e - 1 -
Ax (Ugy)i-1 * Ax (uxx)i * A (uxx)i+l - A2 (U1 2ui+ui-—l)'
Now
n+l n n-1 _ ,.2 ] _ s_q i a
u - 2uk + up = At (uxx)k ; k= 1i-1,4i,i+1

e n+l 2d _n+l e n+1 n n, e n
T g -1 Y EX 9t ax Yisn) T 208 Wio1 Ay Uit Ax Wier)

e n-1 2d n-1 e n=1l, _ At,2, n __,n, n
Flag Uil tax W foax Wisd) = R T (ugyg - 2wy tugg)
= (g2 - 29 + 1) [% cosAi + ?] = gkz (cos & - 1).
A2 (1 - cos £) Ax
Letting p = 5 (e cos £ 1 d) we have

g® - 29+ 1+ 2ug=0=g= (1-u) + A=2Y

which once again requires

4(e cos £ + 4)
Ax (I - cos &)

- }\2 < 2(d;e) > ) < /2(2;e) .

For the cubic spline this yields

< 2= A2 <

A< 1
V3

However, as for the heat equation,

d;e+0'
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with increasing tension. This stability restriction again
discourages the use of large tension for this problem.

The cubic spline and central difference are comparable

in accuracy.

We next study the use of the average of the cubic
spline and central difference approximations which is fourth
order accurate on a uniform mesh (see Appendix I). Let
Ui-17293% 4 :

sz

‘ 1 "
xx)i V7 I8+

where S(x) denotes the cubic spline. I.e.,

l " 2 l " _ 'L _
6 %-1F 35 541 T 57 (5517285 8;4)
. n n, n
2 u -2u; +u
un+1_2un+un 1 _ At [s" + k+1 k' k-1 ] ; ke=i-1,i,i+l
k k 7k 2 i A 2
X
1 n+1 2 n+l 1 n+l 1 n 2 n,1 n
R T - e s IR S F I R Y
+ [J; n-1 + 2 un--l + 1 n-l] _ At2 (un PRI )
6 Yi-1 3 i & Yi+l! T :Z;f i-1 i i+l
+ Atz [i_ n +!‘. n - n.g.l. n +.];un ]
2 6 Yi-2TF U1 7Y T3 U417 Uiso
2Ax%
2 cos € + 2 gkz 8 1
= (g“-2g+1) o= [ cos & + 5 cos 2& - 3]
3 2 3 3
Letting
Az 2
u = [0~ 8 cos & - 2 cos“E]
4(cos £ + 2)
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we arrive again at

gz-Zg+1+2ug =0

which we know requires

H < 2
- 22 < 8(cos & + 2) .
10 - 8 cos & - 2 cos“g
= )\2<.]2;=> }\<_..];_.
V2

Hence this scheme provides higher order accuracy while

maintaining stability.
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ITII.4. Model Problem

In subsequent sections we will apply spline approxi-
mations to the numerical solution of nonlinear systems of .
hyperbolic conservation laws. The stability of such a
scheme can most easily be studied by considering model
equations with constant coefficients.

Therefore, in this section we investigate the

prototypical equation

u, + cu, = 0 on (~x,®) %X [0,)

with u(x,0) = f(x) V x €R. All calculations are to be
performed on a mesh with uniform Ax and At.
We begin by considering forward differences in both

time and space. This results in

ntl _ n _cAt ,n _ n
uytt o= uy - gy (agyy -ouy) o

A von Neumann stability analysis reveals an amplification

factor
g=14+ X - A eig

where A = céi: . We thus require that -1 < A < 0.

Alternatively, use of a backward spatial difference

ntl _ n _ n _ . n
u, T o= us A(uy uj—l)

] J
yields
g=1=-X4+2A eig.

We thus restrict 0 < A < 1 in this case.
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These results are not surprising since they simply
restate the C-F~-L condition that the numerical domain of
dependence should contain the true domain of dependence.
However, these one-sided differences are only first order
accurate. It would seem that second order accuracy could
be achieved by using a central difference since that
would fulfill the C-F-L requirement for arbitrary c.

Such a scheme takes the form

p+l — 0 A ( n n

Uy =7 B4y 7 9yp)

45 j

with an amplification factor
g=1-) sin £i .

This is seen to be unconditionally unstable. Hence care
must be taken in choosing a time marching scheme.

The above deficiency can be remedied by approximating

ul,  +ul
(u)® » ot j+1 T3+1
t’j j 2

thus producing the Lax scheme

ntl _ 1 . n n _ A, n _ n

uytt =g (g tuyg) -y (g - uyg)
= g =cos & - iX sin §
= [A] < 1.

We can increase spatial accuracy by using a fourth

order central difference

130



. ~ 1 1 2
(uy 3 ® ax 97 Wi-2 - 5 94

This yields the scheme

ntl _ 1 . n n _y(l on _ 2 n 2. .n _ 1
uy "t =g (ugyy Fugo) AT u T 3 Ut T U7 T3 Ui
= g =cos & - Ai sin & é_;_g%g_%]
= ‘,\I ¢« 3
4 - cos §
= [A] < % .

When boundaries are present such a scheme would require modificatians.

It 1is shown in Appendix I that a
scheme which doeg not suffer +his drawback, vyet
maintains fourth order accuracy on a uniform mesh, can be
constructed using spline approximations to u, . In this

scheme we have

. -1
e L a e _ 3+l Ti-1
ey (U i-1 t dre W)yt rarey (W41t T 2mx ¢
n+1l 1 n n A _ A |
uy -5 (uk+l+'uk—l) + cbt D oy = 0 ; k=j-1,3,]
then yields
e n+l _ 1 d n+l _ 1
Tlarer (9541 = 7 (W5t ] + ghg [T - 3 (guptugog)]
e n+l 1 cAt n _ . n —
+ grarey 5.1 77 (S ug_p) ]+ S (W -ujy) =0
- - . d+e
= g = cos & A sin ¢ s Gos T 7 é]
d-e
= l)\l < a:é- .
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For the cubic spline we have d = h/3, e = h/6
= |A] < 1/3

while for the linear spline we recover

l-e/d
M < TREE -

Now that we have achieved a high order of spatial
accuracy let us turn our attention to obtaining higher order
temporal accuracy. This will ensure more accurate unsteady
calculations while allowing us to take larger time steps
when attempting to march to a steady state.

The time integration schemes considered thus far have
been first order accurate. We attempt to extend this
accuracy by employing classical Runge-Kutta techniques.

Hence, consider the second order Runge-~Kutta scheme

a0 o o

u(l) = u(o) - cAt D, u(o)

(0, (1)
u® = W@ _oae Dx[u__.;ﬂ__]
un+1 = u(2) .

Here Dx is the two point central difference operator. The
first step yields an amplification factor

g = 1-2 sin £Ei = 1-20i

where 0 E-JLE%E-S— .

The second step produces an amplification factor

2

n

g{®) =1 - 201 - 20% =g .
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Hence,

2 2

(1-20%)2 4+ 4p% = (1-2)2 + 4y

|a]

1+ 4p% 51

where py = pz. Thus this scheme is unconditionally unstable.
Similar results obtain for the fourth order central differ-
ence and the splire scheme. We will not dwell on deriving
a stable scheme that is second order accurate in time since
even higher order accuracy is our ultimate design.

Instead consider the Runge-Kutta scheme of third

order
al0) -
Q) - (0 _ebe  (0)
af2) = w0 = cae p (20 a0
203 2 (0 et () (1) (2,
AL (3)

For definiteness let D, be the two point central
difference operator. Letting P = A_E%E_é this

successively yields the amplification factors

g(l) = 1 - ip

g(?) =1 - 21p - 40?

g3 =1 - 208 - 20% 4 % ied = (1-20%) + 219(% p?-1) = g
> Jgl? = -20H% + ap?(E P21 =1 - Fu? e P03
where ¥ = We hence restrict U < % = |p| <~/%

p2.
- |x]<z/§=/§.
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Hence this scheme is stable as well as accurate. Similar
calculations can be done for the other D, under considera-
tion. We refrain from doing this as the next scheme is
the one of primary interest to us.

Consider the Runge-~Kutta scheme of fourth order

u(o) = "
al) = (0 | cht g ,(0)
a(2) o L0 _ cht (1)
2 °x
(3) _ al0 chAt Dxu(2)

w4 = (0 E%E Dx(u<0)+2u(l)+2u(2)+u(3))

WL (4

Initially, let Dx be the two point central difference

operator. Then

g(l) =1 - Pi
g(z) =1 - pi - 02
g3 =1 - 201 - 20% 4+ 2193
g =1 - 200 - 202+ 203+ 20t =g
A
where ¢ = 5 sin €
» o = (1-20%+ 2 0% 24 40?2 02 1)2
=a-2u+ v dyu-?
where Uy = 02.
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We hence restrict u < 2 = |p| < /2

|A] < 2v/2 = 2.828427125,
Now 1f we let D, be the fourth order central differ-
ence operator we obtain the same expression for g(4) with
P redefined as

L sin 2&) = A sin & (4 ~ cos &)

A L4,
7 l3sint - = 3

©
1l

We again require |p| < v2 which now yields

-1
|A] < 6[: max |sin £|(4 - cos E{] V2
E€[0,2m]

6v2 (0.2429150227)

224

24

2.061202317

If we instead use the spline approximation to DX we

once again obtain the same expression for g(4) however
with P now defined as

o = A sin & (d+e)

2(e cos £ +4d)
|p] < V2 = |X] < 2v2 - )/a-;g-J

Hence, for the cubic spline we have, since % = % '

<2 J%- % 1.632993162
while for the linear spline we have, since g =0,

|A] < 2v2 .
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Because of the accuracy and stability of this scheme
it is used in our subsequent calculations. In addition, no
modifications are needed at the boundaries and no loss of
accuracy results.

Figures II.4.la-c show a comparison of the computed
solution to the exact solution for our model problem using
the exponential spline with fourth order Runge-Kutta scheme.
The calculation was done on three successively finer
meshes and shows visually the effect of mesh refinement

on accuracy.
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ITI.5. Inviscid Burger's Equation

In this section we begin our treatment of nonlinear
hyperbclic couservation laws using splines. The subject of
discussion is a nonlinear analogue of our model problem,

namely the inviscid Burger's equation [39]

u, + uu, = 0 on (x,t) € (-»,») x [0,») .

This equation which is in quasilinear form can be put
into the conservation, or divergence, form
2
ug + (5, = 0.
Before proceeding further with this eguation, we
digress for a general discussion of the single conservation

law [29]

=
It

t fx(u)

or

U, =au, w/ a = df/du

subject to the initial condition
u(x,0) = ¢(x) .

Since f(u) is in general nonlinear we cannot guarantee the
existence of a smooth solution for all time. Instead we seek
weak solutions satisfying

|

(wtu—wxf) dx dt + f w(x,0) ¢(x) dx = 0 ,

88
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for all smooth test functions, w, which vanish for |x|+t
large enough.

One must consider whether a numerical solution
technique has the capability of capturing such a weak
solution. We now present the following convergence result
which is a generalization of a theorem of Lax and Wendroff
[28]. First recall that the exponential spline, T(x),
can be defined in terms of its first derivatives at the
knots. These values are determined by the tridiagonal

system of linear algebraic equations

£, . -f £,-f,
' ' ' _ ., A+l Ti N T !
BiTiog ¥ Bi%y *CiTi =% T h A TR
i i-1
where
A - (e;_1) (dy —ey)
.=
(dj_gtes ) a5 g8y g)+(d;3=e )]
(d,_q)(d;-e,)  (d,)(d,_q-e;_q)
Bi _ i-1 i 717 i i i-1 / [(di—l_ei-l)+(di—ei)]
(d; _j+e; ;) (a; + e;)
. - (e3)(dj_y7€5y)
L=
(dy+e;) Q5 g€y g)*(dy-ey)]
R o s B _ 1
i - - d-—e-
dj-17®3-1%d57e L
i-17%1-1
i d -e +d. -e )
i-17i-1%d478;

What is of key importance to us here is that

A. + B. +C. =0da. + B. =1 .
1 1 1 1 1
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Theorem. If we approximate u, = fx by

Av _
it - x

(where T(x) is the exponential spline interpolant) and as

At and h = max hi tend tc zero v converges boundedly almost
i

everywhere to some function u(x,t) then u(x,t) is a

weak solution.

Proof: We have by assumption

IHLlyD
L 1 l=(T)r.1‘ V0=¢
At x'i' i i
and hence that
n+l n n+l__n n+l__n
AR | vi-1 Vi—l‘ s phloi Vil on|Vitd Vil
i At J i At i t
n n n .n
_on . SirTh L oan | BiRig
i h, i h; 4

Multiplying both sides by W?Atkﬁ_and summing over all grid

points yields

(o] o]

i n, n+l__n n,_n+l_n n,n+l_ n
n n n_.n
(o] oo f. _f. f'—f.
- nio iE_m W?[ai R *+ By _"HI:I"]At h,

or LHS = RHS for convenience.
j+l _ _j
i gi)

n n n, n n n
X "Z h.[W?A. Avi_li-W?BiAvi + W?Ci Avi+1].

(let Ag? =g
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A e

Lemma (summation by parts)

5 oAyt = - uOVO - 3 Aun-vn+l

n=0 n=0

= 1HS = - J§ ] i-1 -

® @ DAl it Al vt
At hy e
n=0 i=-

n.n,_n+l
A(Wici)vi+1:]

* At
5 0,0..0 0,00 0.0.0
= I o (wiagvy g+ WiBjvy o+ WGV,

f W u dx dt - f W(x,0) ¢(x) dx .

o0
. .LHS +» -~ f
0

Now
RHS =
S s n.n fll:"- n.n fII: Wn n fl;.l
nEO ii_w At hy W o h, - At h, wiog HI + At hy iBi T
fn
i-1
- At h, WO &
. i "iT1 hi—l .
- I T ae wt o o L - At h,whal £y
T 20 im—w i-1%i-17i-1 h; 4 i"i7i hy
£2 £,
n,n ~i n i
+ At h; WiBi R - At hy i+1Bi+1 h.
i~1 i
= E ; At WP Lo L - wPa® 4 by whe? - Byl R
- . i|"i-1"1~1 i’i h. iti h. i+l 7i+l
n=0 ji=-c i-1 i
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e} o0 R h R
= ¥ T At f?{w“ oyl 2 W?(l-a?) -

A« A
n=0 i="°° l"‘l .l_l 1l 1 hi_l
h. .
i+l .n n
hi_ Wi+1(l"ai+l)}
S 5 nj.n n.n hi hi+l W n
= 1 ) At f-{W. GQ_ - W.a, + - Y (1-ath
n=0 ji=—wm i{"i-1"i-1 ii hi—l hy ™2 i
+ Eiil wo(1-a) - w2 _(1-a® )] }
N i i i+l i+l
E § nf_n n n.n hi+l n.n hi+l n n
= At f.{w._ oy 4 = W.ai - W.0, + —m— W. .0,
n=0 is==cw 1i~-1"i-1 i1 hi i1 hi i+l i+l
h. h, h.
i+l n n i i+l{.n n \
+ (W, = W, .1 + - ]W.(l-u.)
hy i i+l [;i_l Ry |'d i’f
Now let
h.
i+1
hi - 1 + di
then

l h, h, I
i i+1| _ - — (1 - -
h'—l B hi = Gi-l) (1 6i) - di 6i—l

[t - qew o+ 8 (@) - (146) (n )46, W(1-0) ] ax at

so that to recover a weak solution we require
(i) (OLW)Xx bounded; (ii) 5[(a—l)W]x+-5X[W(l—d)]= 0.

The restrictions P; > Py hi* h Vi together with the assumed

smoothness of W(x,t) allow us to conclude



fo dx dt .

g§¥——38

o
RHS =+ = f
0

Hencew o
f f (Weu-w _£) dx dt + f W(x,0) ¢(x) dx = 0
0 = — Q.E.D.
Note that the requirement of an asymptotically uniform
mesh appears unavoidable. Meanwhile, the assumption of
asymptotically uniform tension may be relaxed to p + a step
function. Furthermore, p(x) a step function is sufficiently
general to avoid having to employ uniform tension while
allowing for the fitting of local phenomena such as shocks
and other discontinuities. Hence, it is not overly restric-
tive.
We now return to our discussion of Burger's equation.

This equation admits both compression waves and expansion

waves as solutions [29]. We consider two examples.

Compression Wave

1 , x <0
¢(x) = ¢ 1-x, 0<x<1
0 , 1< x
This wave front steepens until at + = 1 a discontinuity
develops. I.e., for t < 1,
1, x <t
u(x,t) = %E%, t<x <1
0 r L < x

while for t > 1,
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1, < Lt
u(x,t) = Lt 2
0, =5=<x
Expansion Wave
0, x<0
¢(x) =
1, 0<x

This problem has the two solutions

- 0, x < t/2
u(x,t) ={
1, t/2 < x
and 0, <
u(x,t) =4 F,0<x< .
1, t

The physically relevant solution is the one satisfying the
so called entropy condition (inequality) which requires
that the characteristics issuing from either side of the
discontinuity curve in the direction of increasing t
should intersect the line of discontinuity. This excludes
the discontinuous solution u(x,t).

The task before aus is now clear. We must devise a
numerical scheme that will capture discontinuities as well
as select the physically relevant solution from the,
generally infinite, collection of weak solutions to an
initial wvalue problem.

This is accomplished by adding a suitable artificial
viscosity term [24] to the exponential spline -~ Runge-Kutta

scheme as applied to the model problem in the previous
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section. This effectively shifts the derivative calcula-
tion upstream thus modeling the correct domain of
dependence while prohibiting expansion shocks.

The switching function will be dependent on |u, |

since we know this to be large for the high tension values

anticipated in the neighborhood of a shock. Specifically

+ €,

Delf(ug)l = (T =S40/ T iv1z2 ¥ Cim1/2%) i-1/2

where

e = min (n’-]£ [, 1/2).

Hence, when high tension is present, the point of evalua-
tion of fx is shifted to the mid-point of the appropriate

adjoining interval since

D, [£(u;)] = (T,),

x'i” h[(erx)x]i = [Tx - h(ETx)x]i'

which, with € = 1/2, becomes
h

[Ty = 7 Tyxli

If u < 0 then the approximation is

Dy lE(ug) 1= (T) s+ Ci01/2 (T iv1/2 ™ Cim1/2 (T i-1/2

124

(T, )g + hI(ET) 15 = [T +h(ET) 15 .

Note that these artificial viscosity terms are themselves
in divergence form thus preserving the overall conserva-

tion form necessary for convergence to a weak solution in
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the limit of vanishing mesh width.

Note also that the above choice for € produces an
O(h3) artificial viscosity term away from the shock.
This is consistent with the spatial discretization error
on a nonuniform mesh. For a uniform mesh we may alter

this term as follows

€ = min(h3-

fxxl,1/2) .

The corresponding artificial viscosity term is now O(h4).
We now calculate solutions to our two previous
examples. In Figures III.5.3a-f the expansion wave is
seen to be accurately portrayed with any inadequacies being
the result of the curve fit for the discontinuous initial
data. The compression wave calculation displayed in
Figures III.5.4a-k likewise reflects a high degree of
accuracy. Most notable are the predicted location of the
shock for large t, the sharp shock resolution, and the

conspicuous lack of overshoots and undershoots at the shock.
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III.6. Riemann Problem

We now take up a much more formidable problem from
the physical, mathematical and computational points of view.
We refer to the classical shock tube problem of Riemann.
At t = 0 we have a tube of infinite extent containing a gas
in two distinct states separated by a diaphragm. The
diaphragm is then instantaneously removed the result
being a shock wave moving in one direction followed by a
contact discontinuity, these in addition to a rarefaction
wave travelling in the opposite direction. This situation
is illustrated diaqrammatically in Figure III.6.1.

The explicit solution to this problem can be provided,
e.g. 9ee Liepmann and Roshko [31]. Specifically all of
the state variables change on passing from one side of the
centered expansion wave to the other (i.e. p4# P3s 94# 03 p
u, # u3). This transition occurs in a continuous fashion
although derivatives of fluid flow quantities may have a
jump. At the contact discontinuity, which is the locus
of the fluid initially at x = 0, the density is discontinuous
(i.e. Py = Py 02# P3 v u2==u3). All flow quantities generally
experience a jump at the shock (i.e., pzyfpl, pz# Py u274ul).
Here p is pressure, P is density, and u is velocity.

The important parameters can be obtained as follows.
The shock strength, pz/pl, is implicitly related to the
diaphragm pressure ratio, p4/pl, by the basic shock tube

equation
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Py _ P2 |, . (v=1) (a;/a,) (py/p;~-1) ~2Y/(v-1)

Py Py

VY2 +2Y (Y+1) (p,/p,-1)

where a; = (Ypi/Pi)l/z. Thus we can use Newton's method

with an initial guess of (l+p4/pl)/2 to iteratively
calculate pz/p1 and hence Py- We already know that P3= Py
We thus have Py rPyrP3sP,- We can then determine Py from
the Rankine-Hugoniot relation
]_+.Yi_];.?£
92 Y-1 Py

| o
<+
|

Since we assume a perfect gas we have the isentropic relation

Py | Pa MY
Py Py

for the determination of 03. Now we also have Pl,PZ,D3,D4.

The shock speed, Cqr is determined by

o

The head of the rarefaction wave travels at the local speed
of sound, Ay through the undisturbed fluid. The tail of

the rarefaction wave travels at the speed

Y+1 ..
cy = a, -~ lupl
where lupl = u, = u, is the speed of propagation of the

contact discontinuity which may be calculated from either
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2/Y 1/2

= a (22 - 1)
Y2 T 4 Py ! [(Y+1)p-2/p1+(Y-l)
2a pPa. (Y=1)/2Y
u3 = ?:‘% l:l - Eg') ]o
4

These quantities furnish a complete solution to the problem

or

with the exception of the variations within the expansion
wave. Thus we have at our disposal the means for an exact
comparison on a problem of substance.

The one dimensional Euler equations may be written

in the conservation law form [46]

Pt + (Pu)x = 0

2
m _
(m)t+ (——-~p + p)x"" 0

(e) + (Fle+p)) =0

where m = Pu is momentum and e= D€+%-pu2 is the total energy

per unit volume with € the internal energy per unit mass.

For a polytropic gas € = p/(Y-1)P. Hence we have

1 2 m2
p = (Y-1)pe = (¥-1) (e - 5 Pu”) = (Y-1) (e = 5 5~

N

We may write the above in the vector form

> > >
U, + FX(U) = 0

with the state vector 0

U = m

e
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and the flux vector

-~
2

FO) = | B+ p | .
Lr'pﬂ (e+p)

This may also be written in the quasilinear form

> > >

Ut + A(U)Ux =0
where

0 1 0

oF 2
— = | (Y=3)u“/2 (3=Y)u (Y-1)
U 2

(Y-1)u3-veu/p %‘?—-3”—1) % vu

with eigenvalues Al = u, A2 = u+tc, X3 = u-c. Here c 1is
the local speed of sound and is determined from

2

2 _Yp _ Y (v_ _1lm
C—T—E(Yl) [e f'p—']'

At this point we note that many subsequent relations
are merely one dimensional specializations of two dimensional
results derived in the next section. Hence, we omit detaiied
derivations in this instance so as to avoid redundancy.

In what follows we would like to produce a Q >

Q—lA Q0 = A (diagonal).

However, computing the eigenvalues and eigenvectors of A
is quite formidable due to the complexity of the Jacobian
matrix. Therefore, we take the following circuitous route

[53].
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The one dimensional Euler equations may be written as

—z ~ :«*
Ut + A Ux = 0
where - P
U= [p u pl
and
u P 0
A=1]o0 u  1/P
0 pc2 u
Here A = M *AM where
1 0 0
M= u p 0 =
2

1 0 0
ML= -up 1/p 0
(Y-1)u%/2  (1-Y)u (Y-1)

~

A is more easily diagonalized as

5-13 0 =A = diag [u u+tc u-c]
with
1 p/(VZc) o/ (/2 c) 1 0 ~1/c?
0= lo 1/vZ -1/V2 gl = 10 1/VZ  1/(/2 pc)
0 pc/VY2 pPc/V2 0 -1/v2 1/(¥2 pc) |
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Hence Q = MQ = ot = g"In~L,

Now consider our original equations
-+ -+
v, +AU =0 =
t X
> -1
Ut+QAQ u,=0.
>
Now freeze U, i.e. perform a local linearization of the

-
system of equations. Also let U = 0‘16. Then we have

which is nothing more than our model problem in triplicate.
However, since for subsonic flow we have u+ c and u~c of
opposite sign we need to shift spatial derivatives in
conflicting directions.

We could circumvent this difficulty if we could split
our flux vector, E, into pieces with univalent eigenvalues.
This is precisely the motivation for the Flux Vector Split-
ting technique of Steger and Warming [50] which we now adapt
to our purposes.

Observe that ﬁ(ﬁ) is a homogeneous function of degree
one, i.e. F(aﬁ) = Ciﬁ(ﬁ). Euler's theorem on homogeneous

functions then implies that F=2aA0U. Thus

Fo=al = org™0 = (At + A7) 07T

orto I + oa” Q7T = BT o4 BT

where At has nonnegative elements and A~ has nonpositive

elements. We prefer the following split:
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+_ u+ [uj -__u-|u

A o= 3 M 7] '
+_ gt - -

=T v e . Ny = Al ,
At o=t AT = AT - ¢ )

3 1 d 3 1
Note that this splitting yields homogeneous gt and ¥ .

In general, if

A £ diag [Al Az l3]

then
B 2(7-1)i1+i2+i3 ]
F oz 2(Y-1) Au+h (u+0)+x {u-c) = QR gty
2Y A 2, 3V % '
2 A oA
(Y—l)Xlu2+ T% (u+c)2+ j% (u-c)£+w
.1 (BHhge?

where W o= .

2(7-1)

We now generalize our scheme to this setting. Once
again a fourth order Runge-Kutta integration is used in time
while fx(ﬁ) is approximated by ng = D;§+ + Diﬁ_ where,
letting F* and F~ be the generic components of F*t ana ¥

respectively,

-t + +
D F (U3) = (T)y = &ia1/20 4172 7 Cim1/2(T) 5172
TET(DL) = (T + € (Tt - € ()
DF (U5) = (T)y + &50020T ) 44172 ~ Si-1/2(%%) i-1/2
Here
o 2|t
e = min (h Fxxl’ 1/2)
- . 2 jo-
e” = min (h%+|F__|, 1/2) .
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w—rt

We now present some computational results obtained
using this technique. The items of interest are the predic-
tion of correct quantity levels, the location of the shock,
contact discontinuity and rarefaction wave, the degree of
resolution of the discontinuities and the suppression of
oscillations, overshoots and undershoots in regions of rapid
variation.

The first example is taken from Sod's survey pape. [46].
The pressure ratio has a value of 10 with the diaphragm loca-
tion at x = 0.5. The calculation was performed on both a
coarse, Figs. III.6.2a-e, and a fine mesh, Figures III.6.3a-e.

The second example is from Steger and Warming's
Flux Vector Splitting report [50]. The pressure ratio
has a value of 5 with the diaphragm location at x = 3.

This calculation was also performed on both a coarse,
Figures III.6.4a-e, and a fine mesh, Figures III.6.5a-e.

It is clear that the method performs very well by all
the above criteria. Of particular note are the invariance
of shock smearing (in units of mesh widths) to mesh size
and the resolution of the contact discontinuity for large t.
These results are competitive with those displayed in the

referencecd works.
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III.7. Transonic Channel Problem

This section takes up the generalization of our
approach to multidimensional problems. The problem that
we consider, transonic flow in a channel, presents the
additional complication of requiring the treatment of
boundaries [19,22,27,52].

We first discuss the two dimensional Fuler equations.
This is followed by the extension of Flux Vector Splitting
to two dimensions in an arbitrary coordinate system. As
promised earlier we take this occasion to supply full
details. With this background material available to us,
we next describe the problem of transonic flow over a
bump in a channel. We then detail our numerical approach,
the discussion of the consistent enforcement of boundary
conditions occupying a central position. We conclude with

the results of some numerical calculations.

2D Euler Equations

The two-dimensional Euler equations may be written as

the system of hyperbolic conservation laws

T Ty~ 0
where [P [ pu T ~ pv 7]
m pu2+p Puv
U = , F = , G = 2
n puv pPve+p
e | ~u(e+p) | | v(e+p) |
and m = Pu, n = Pv.
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Here P is the density, u and v are the Cartesian
velocity‘components in the x and y directions respectively,
and e is the total energy per unit volume. Note that e is
related to €, the internal energy per unit mass, by

P

e = pe + £ (% v%) = pe + (m%+ n?)/20.

In general, the equation of state is

p = p(P,€)
which for a perfect gas becomes

p = (Y=1)pe

> p= (-1 le - (m®+n)/2p] = e = Br + BA0

where Y is the ratio of specific heats.

The above system of equations may also be written in

the quasilinear form

QQ

U U ou

_‘E+A—8—X—+B_8_§=O
. OF . 0 . .
where A = 3G B = 3g ¢ are the Jacobian matrices.

Let P= klA + sz ; kl,k2 € IR. The system is hyperbolic at
the point (x,y,t,u) if 30 gaQ_lP 0 = A (diagonal) with
Ai real Yi and the norms of Q and Q_l uniformly bounded.

We next explicitly calculate the elements of A and B.
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in

_ 2 0 .
B+ (Y-1) [e~ (m?+n?) /20]
F = » OF
- 6
P
| B (e+ (r-1) [e-(m+n?) /201)
— 0 -1 0 0
-?1-;-1 u?+ ————1;Y v2 (Y=-3)u (y=)v 1-Y
uv -V -u 0
Yeu, 1-myu@?w? -1+ L Gale?) (-luwv -
_ i -
mn
)
0G
G = 2 = =
B+ (T-1) [e-(m%+n?) /2P] 0
n 2, 2
p (e+(Y-1) [e~(m"+n")/2P])
[~ 0 0 -1 0
uv -V -u 0
Y 2l v (v-bu (Y-3)v 1-Y
Yev, 1-vidv?)  (-luv -1+ TP u?) -vy
= B.

Because of the complexity of these Jacobian matrices,
the calculation of A, Q,.Q_l is quite cumbersome. Hence we
recast the equations in the nonconservative or primitive

variable form
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3~ U, T o0 _
W-{-A?}-{-'O-B Ty - 0
where
o7 a0 0]
~ u . 0 u 0 1/e
U = ’ A = [4
\'4 0 0 u 0
2
| p | | 0 pc 0 u
v 0 P 0
o 0 v 0 0 2
B = where ¢“= Yp/P =
0 0 v 1/p
| 0 0 pc2 v = Y(y-1) [ (m2+n2) ]
p 2P
is the local speed of sound.
We obtain this result as follows:
oU U U _
-s—t--i-A-a—;{-'l‘ B-g-y—-— 0
U 87  au 5U 30 . dU 53U AU U
:___.-—._.___.‘.A.__:_o___o___.“'.B-_.'_v_- ) =0
s 90 3t 5y U 9x 5 U dy
=>—8-E'—J. . -a—ttl-{-Ao —a—g---a—Q-f-Bog.g- -g—-t.J. = 0
au sy ¥ sy Y
oU [36 au] 5U [aﬁ au] 3U
= e -A--—-: ° + oBo.—.: e = 0
U , % 80 L & AU _
=’-—_E+A X+B v = 0
with A=M2IaM, B=mM1BM where m=3U =>M—1=—g—g-.
aU
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Now, U = [P,m,n,e]T and U = [P,u,v,p]T =

B 1 0 0 0
3y u P 0 e
U v p 0 0
2.2
u v 1
| T2 Pu Py =T |
and
B 1 0 0 0 ]
m 1
N - = 0 0
5. i "
v -8 0 1 0
5 P
2, .2
{r-1) “‘:2 1-ng  a-np -1
gso that
B 1 0 0 0o ]
u P 0 0
M =
v P 0 0
2. 2
| (u+vT) /2 Pu Pv 1/(v-1) |
and
B 1 0 0 0 ]
-1 -u/P 1/p 0 0
M =
-v/p 0 1/ 0
| (v-1) (wv?) /2 1-vu (1) (v-1) |
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We thus have

a=mMtanMm, B=wulamM
so that if we have
P = kli + kzﬁ
and
o1 § = i
then
Po=k,M 1AM + kMU M= M l(kA + kB M =Ml M.

This first of all implies that A=A since P and P are now

seen to be similar. In addition, we now have

5 Imlpmo = =
0=M0 and ot = tm?

It remains to diagonalize P = k,A + k2B .

—
k1u+k2v klp k2p 0
§»= 0 klu+k2 kl/P
0 0 klu+k 2/9
2 2
= 0 klpc kzpc klu+k2
so that
det (P-AI) =0 =
= = . 1/2 2,1/2
Al-kz-k1u+k2v, 13-k +c(k +k ) 4 c(kl+k2, .

The corresponding eigenvectors are obtained as follows.
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(i) A= klu+k2v >

= -1 —
0 klp kzp 0 Xy
0 0 0 k,/p X
l/ 2 = 6 L
0 0 0 kz/P X3
2 2
0 k,pc k,Pc 0 | x4 ]
kl
Xy = o, Xy = - E-z- X, -
. let L —
1 -0
0 k
~ ~ 2
Q, = ' Q, =
1 2 ~
0 -k:I~
|0 ] . 0
~ 2 ~
where ky = k;/ (K +k3) M2, &, = ky/ 022 1/2,
. _ 2,,2,1/2
(ii) A = k1u+k2v + c(kl+k2) =
e (211.2y1/2 A0«
[ - (k]+k3) kyp kyp 0 Xy
Cp2a.2,1/2
0 c(kl+k2) 0 kl/p X,
(12412 1/2
0 0 . C(k1+k2) k2/p X3
2 2 2,.2,1/2
B 0 kq Pc k,pc —e(ky+k5) I L x, |
k
= = 1+
.. let i P/(V2 ©)
- k,/V2
Q= ~
3 k,/VZ
| Pc/VZ a
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Do _ rw2..2,1/2
(iii) A = klu+k2v c(k1+k2) -
- .2,.2.1/2 =
c (k] +k3) ky P ) k,P 0 7]
2,,2.1/2
0 c (ky+k3) 0 ky/P
2,,2,1/2
0 0 c (k]+k7) ko/P
i 0 k, Pc? kpec?  e(kZex2) /2] |
- kq
= 0 = x2 = - E X4 .
. let P/ (VZ )
~ "izl/‘/5
Q, = .
4 ~k,/VZ
| pc/V2
Hence
1 0 P/(VZ ) P/ (YZ c)
5 0 k, kl//i —kl//i
0 -k kz//i -kz//i
| 0 0 Pc/V2 Pc/VZ
and
M1 0 0 ~1/c2
1 0 k., ~ky 0
0 kl//i kz//i 1/(V2 pc)
0 ~k,/V2Z ~k,/YZ  1/(VZ pc)
Note that
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e

0 0 0 7

u
el on 0 u ckz//f ckz//f
QA Q= . .
0 ckz/ 2 u+ckl 0
| 0 . ciz//i 0 u-cﬁl
and
v 0 0 0 ]
e 0 v ~ck,/V2  -ck,/V3
513 5 = i 1~ 1
0 -ckl//i vick, 0
| o ~ck,/v2 0 v-ck, _|

so that this particular choice of Q not only diagonalizes P

but also simultaneously symmetrizes A and B.

2D Flux Vector Splitting

3U . OF , 3G _
ﬁ+§—£+a—y-—0

ou ou G oF ~ 9G

-§E-+A'-§§+B'F§=0:A 3T ¢ B=’§E.

The crucial observation is to note that both F(U) and G(U)

are homogeneous functions of degree one. I.e.
F(au) = QaF(U) ; G(aUu) = aG(Uu) .

Euler's theorem on homogeneous functions then allows us to
conclude that

F = AU , G = BU .

We have noted before that (Q = Q(kl,kz) etc.)
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. ¢ O
Q0 ~(1,0) A Q(1,0) = A(1,0) = u+c

and -

01(0,1) B 0(0,1)

]

A(O,1)

A= 0(1,0) A1,0) 971(1,0)
and
B = Q(0,1) A0,1) 0~1(0,1)
hence
¢ = Q(1,0) A(1,0) 071 (1,00 U
and

= 0(0,1) A(0,1) 0" Y(0, 1) u.

(]
l

Now decompose

A(L,0) = AT (1,00 + AT(1,0)

A(0,1) = AY(0,1) + AT(n,1)

m
'—O
<
-+
Q

where At and A~ have positive and negative eigenvalues,

respectively. This now leads to the following splitting

of the flux vectors F and G.

L.

Q1,0 (AT (1,00 +47(1,001 o t1,0 U

0(0,1) [AT(0,1) + A"(0,1)] 0" 1(0,1) U

206

[o(1,0) A*(1,0) o"l1,0 +01,0 A7(1,0 07t@,01U

(7 =

J =t +a0)u

| 6 = 1o(0,1) A*(0,1) 971(0,1) +0(0,1) A7(0,1) o t(0, 11U
L = 3" +8)uU



WOy e

atu + a"u

1
o
+
#

m
@

F
¢=ptu+BU=z=c"4+¢c.
Note that, in general,
+ - + -
+ OF - oF + 9G - _ 0G
Ay A Fgg e B Aygs B Tggoe
as has been observed by Steger and Warming [50]. However,

we do have the following result which has eluded the

attention of earlier authors.

Theorem. If the A splitting is chosen so as to produce

+
a homogeneous " then at = %%— .
+ -+ . 8F+
Prcof: We have F' = A (U)U. Define A+(U) = 35 -
Since F+ is homogeneous we have F+ = A+(U)U and hence

af(u =a (muvu e®3. Thus T(U):U = 0 ¥ U where

]Z P = J be the Jordan canonical form

and hence £ = PJP 1. This results in J0 = 0 V § € ®R3

where U = P lu. Therefore, all the eigenvalues of I are

5 = A+—A+. Let P~

zero and J has no ones along its super-diagonal. Hence

£ =0, i.e. AT = A,. 0.E.D.
Note that similar results obtain for A, B+, and B .

With these considerations aside, we solve the problem

+ - + -
Ut + Fx + FX + Gy + GY = 0
by upwinding F' and ¢* while downwinding F~ and G.

As we have seen above

Ft = 01,0 4*@1,0 o7t,0) v
F~ = 0(1,0) A(1,0) 9 1 (1,00 U
¢" = a(0,1) a*0,1) o7ty
6™ = 0(0,1) A7(0,1) ¢" o, nu .
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In order to facilitate

the computation of these
flux vector splittings we present the general form for

o = Q(kl,kz)A(kl,kz)Q"l(kl,kz)u. Recalling that Q = M Q

and 0~} = g"IM™! and upon performing the required
multiplications we arrive at
- 2(Y=1)A;+hg + A, -
2(v-l)X1u+X3(u+ck1)+X4(u-ckl)
o = . 2(Y—1)llv+l3(v+c§2)+x4(v-ck2)
2Y | (=) R, (P vd)+ 23 [ (utck.) 24 (vack) 2]
NN 2 1 2
A
4 ~ 2 ~ 24,0
; + 5 [(u—ckl) +(v-ck2) ]+w i
where

~
w

and, once again, kl =

A A 2
(3-Y) (Ag3+A,)c

2(Y-1)

2.2 1/2 ~
kl/(k1+k2) ’ k2

_ 2,,2,1/2
= kz/(k1+k2) .

We use the homogeneous splitting

+ - - ~ul
a,o=ga,0= 2l ara0aga,0= v
A"{(0:l>=1§(0,1)= Yiézl , A1(0,1)=A5(0,1)= YZ%XL

A;(1,0)=AI(1,0)+C
+ +
A3(0,1)=A7(0,1) +c
x;<1,0>=x1(1,o>

AZ(O,I):AI(O,I)

, A3(1,0)=1](1,0)
r >‘3(011)=)‘1(011)

» A4 (0,1)=A;(0,1)-c
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These results can be generalized to an arbitrary
coordinate system as follows. Consider the transformation

of coordinates (x,y) -+ (X,Y) and its effect on

U
e b

S
<+~
23
]
o

= (JU)t + (yYF = XyG), + (xxG - ny)Y =0

(where J = XyYy = nyx) which by the homogeneity of F and G
Yy Xy xx Yx
= (JU)t + (-J— F (JU) e G(JU))X+ (-3—- G(JU) - TJ l“(JU))Y = 0.

Letting U = JU we arrive at
3w . o Y ~ X n 5 X A Y n
set owr [ F(0) - =+ @)1+ 55 2 G0- ST Py =0

while letting

n X
br s e - T aos
A Y Xy
G(-) =~ 5 * F() + 5 * G()

produces
2+ B (D) + g GO .
Hence, conservation form 1is preserved under such
a transformation as is homogeneity of the flux vectors.
We are thus led to splitting F(0) and &(ﬁ). The following
observation simplifies matters considerably.
In order to split, e.g.,

Xy

J

Yy

F(O) = -+ F(0) - F - 6(0) =y F(U) - xy-G(U) = F(V)

we simply split

G(U) = k,F + k.G

F(u) = Yy * F(U) - x 1 2

Y .
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with k

using

|
i

which are

Yy and k2 = ~Xy.

+ -1

= Q(kyky) AT (kg k) Q71 (ky,ky) U

given in general form by o, Note that

p—

We use the splitting

Flow Over

klu+k2v
klu+k2v

2,2
klu+k2v+c(kl+k2)

= (k,ut+k,v+|koutk.v]) /2, AF = atie

1 2 1 2 73 1"~

= (k1u+k2v-|klu+k2v|)/2, A; = K; ,
split is used for G(8) = G(U) with k

Xy

a Bump

This is conveniently done

1/2
k1u+k2v—c(ki+k
AZ = xI ,
AZ = kI—c.
1 - ¥x

Consider a channel whose upper wall is straight and

whese lower wall is likewise straight

and parallel with

the exception of a protrusion or "bump". We consider the

calculati

on of inviscid rotational flow in this geometry.

In our calculations this bump will be a B-spline, S(x).
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4

!

R T

We assume that the flow is uniform and subsonic at
upstream infinity. With a normalization this becomes

P =1, u

<o

w =1, Vv, = 0. At downstream infinity, which is
also assumed subsonic, we specify p = p,. The flow tangency
condition is invoked along the channel walls.

We will attempt to march from an initial flow field
to a steady state continually enforcing the above boundary

conditions. The required initial conditions are generated

as follows.

ey = €, = ———QL——i + %
Y(Y-1)M,

To obtain an initial velocity field we generate u and v
along the walls such that we have flow tangency there.

The resulting distributions are then linearly blended.

WX,y =1 vixey, ) = 0.
2
Along y = 0, u2+v” = 1 together with v = u-8'(x) =
)
a(x,0) = 1 , vix,0) = —S (x) ;
Y1+18" ()12 Y1+1s" (x)12
(x,9) = — ( ) + (1 Y ) - u(x,0)
u(x,y) = * ulx,y -+ - —) * uf(Xx, H
’ Ymax "“max Ymax
Y Y
v(ix,y) = * vix,y ) + (1 - ——) * v(x,0) .
ymax max Ymax

For calculational purposes, we will need a mapping
of the above geometry to a rectangle. To obtain a boundary
conforming grid we induce a shearing of the y-coordinate.

In order to cluster grid points over the bump we invoke
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a stretching of the x~coordinate.

We are thus led to consider the transformation

£="7, x=E(X), y=Y+ S(x(X)) [l -~ —L—7 =
ymax

Y, = 8'(x) *x [l - —%—] , =1~ —S(x)

X X Ynax Yy Ymax

This sends the conservation law

> > -+
to
-+ -+ > + -
(JU)t + (yYf--ng)X + (xxg - yxf)Y = 0
where J = Xy¥y = KyVy - Letting T = J0 , this becomes
> Yy » » Xy » Yy » » X > >
ry + [—= f(r)--ﬁr g(r)]X + [- & f(r)4-fr g(r)]Y = 0

by the assumed homogeneity of f and 3. Figure III.7.1

displays the resulting mesh.

Numerical Solution of the Channel Problem

We now generalize our Runge-Kutta spline scheme to two
dimensions. It will be clear that the corresponding generali-
zations to even higher dimensions are straightforward. The
enforcement of boundary conditions is not considered in
this section but is deferred to the following section.

We saw in the previous section that our problem reduces

to solving
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- > »>
. + Fx(r) + GY(r) = 0

on a rectangular domain. Here ; S J[P m n e]T and

-+ YY <> xY >
FElgy-£f-5 -4l
o _ YX -> xx >
S A

where ¥ and 3 are the flux vectors in the 2D Euler
equations. Note that we have preserved conservation form!
A quick calculation shows that in this context the

fourth order Runge-Kutta scheme becomes

> = =(n)
Uo = 0
= - S At -+ o g
- _ Y _ éE > > -+ =
U2 = U0 53 [Dx¢(U1) + DYF(Ul)]
> _ > _ At -5 S >
Uy = Uy - 5 (D% (U,) + DT (U,) ]
> > At »> > »+ > + > >
U4 = U0 - €7 [Dx(¢(Uo)+-2¢(Ul)4-2¢(Uz)4-¢(U3))
F -+ F - F -+ F >
+ Dy (T (Ug) + 2T (U;) + 2T (U,) + T (U52)]
= ﬁ(n+1)
where
> 4 > > > > >
JEO =y £(U) - x,6(0) = (V)
3 &0 = -y F@) + xyzj(ﬁ) = T(0) .

-+ -+
Now, DX¢ and DYP are defined as in the one dimensional
> ->
case. First & and T are split as previously described

producing
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L=
Ii

...+ +...
Dx Dx¢ + DX¢
¥ =t + o=
DYP = DYP + DYP .
Letting ¢+, o, F+, I'" denote the generic components of

+4 O T
¢, ,7",T respectively we define

_++ _ _+ +
Dy (U;) = ()i = ®i41/2T%) 14172 + Cic1/2("%) i1/
+ _ - ——
Dyt (U3) = (T)y *+ €500/ i01/2 = Ci-1/2("%) i-1/2
where
et = min(ax? o}, |,1/2)
and _ 2 _
€ = min(AX“- ¢xx|,1/2).
Correspondingly
- o+ +
Dyl (U3 = (Ty)s = Ci41/2(")s41/2 * Cic1/2(Tw) i1 /2
+_->- _ S e
DyT (Uy) = (Ty)y + €5 19,2 ) iv1/2 = Cim1/2(Ty) i1 /2
where et = min(AY2-|Piy|,1/2)
and e” = min(av® [T, |,1/2) .

Boundary Condition Treatment

For the discussion of boundary conditions alone, we
qunsider the two-dimensional (2D) Euler equations in
ﬁénconservation form. All required notation is defined in
the previous section on the 2D Euler equations. Hence, in

terms of the primitive variables (P,u,v,p), we have

Ut + AUx + BUy =0 .
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Letting k1 =1, k

and hence

Note that

Letting k

ancl hence

2

u+c
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(=]

S e Sy [+

L
cv/2
-1
V2
0
pc
V2
:_1;—.
c2
0
1l
PcvZ
1
Pcv2 |
v 0
0 v
0o =S
V2
0o =€
- V2

P P
cv2 173

0 0

1 -1
V2 V2
Pc Pc

vz vz

< ;ﬂlé o

o

0 in the definition of 6 yields

c:EHIA o

<




- -1
1 0 0 == ]
o2
0 1 0 0
-1
™= =
0 o X 1
Y2  pcv2
0 o =L 1
3 V2 pPcv2 _
Note that
a0 0 07]. v 0 0 0 7]
0 u < £ 0 v 0 0
1% p o= o vZ V2 , 7 R op o=
o — u 0 0 0 v+c O
3
0 £ 0 0 0 0 v-c
L s | _

Henceforth, we identify a frozen quantity by a bar.
Now, along the channel inlet and outlet the number

and type of boundary conditions are determined by the
equation
Ut+AUx=G

We now perform a local linearization via frozen wvalues of

the elements of A. Recall that

s7ii s = A, = diag [u,u,utc,u-c]
A=s5 A st
. U+ 8 Aus"l'ﬁX =0
= S—lﬁt + AuS_lﬁX =0 .
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—

WSS

Making the substitution

W= sty

we have, as a consequence of the linearization,

Wt + Aqu =0

which is a system of uncoupled scalar equations. Since
the inlet is assvumed subsonic we have three positive
eigenvalues and one negative eigenvalue. We hence specify
three conditions at the inlet being careful not to deter-

mine the characteristic variable, W, , associated with

4
u-c. At the outlet we have the opposite situation and

hence specify one condition being careful not to determine

&1’ %2 or %3. We thus l.tve
I~ . - -
W [ o - R
1 -2
c
~ _ . - _ -1~
V2 Pc
W, L of-ur By
s 1L /2 pc |

Along the upper channel wall the relevant equation is

Ut+BUY?0.

Recall thAt

T-lBtP = Av = diag [v,v,v+c,v-c]
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v
= U, + T A TLg. =0
t+ v Y
= oL U+ A L ﬁY =0 .

Making the substitution

v =g
together with freezing the elements of B at their current
values yields

Vt + AVVY =0 ,

which is once again an uncoupled system of scalar equations.
Since the upper wall is straight the flow tangency condi-
tion rxequires that v = 0 along it. We hence have one
positive eigenvalue and one negative eigenvalue. Therefore,
along the upper channel wall we stipulate one condition
being careful not to fully specify Gl’ Gz or 63.

We thus have

v, p =
V2 u
~ _ ~ _ _ _l‘V
v = v, | Tl weRy | ETTO.
2 pPc
v, L vt By
B | | /2 Pc

Since the lower channel wall is not flat we must perform a
local totation (and translation) of coordinate system.

For this discussion, define
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RN R T T

o0 = tan-l(%i)

where we use the principal value (-T/2 < a < 7/2) and dy/dx '
is the slope at the generic point (xo,yo) along the lower

wall. We have

e

e
]
o

Ut+AUX+ v

Invoke the transformation

X

(x—xo) cos o + (Y-Yo) sin a

Y

-(X-Xo)sin o + (Y—Yo) cos O,

The above equation becomes

Ut + A Ui + B U§ = 0
with
AZcosQ «A+sina « B
EE-sina-K+cosa-§.

The relevant equation for the boundary conditions
along the lower channel wall is therefore
U_+BU_=0.

t Y
Hence, we are interested in diagonalizing B. Using the
formulae of Beam and Warming with k1 = =gin 0 and

= cos O ylelds (kl = k1 ’ k2 = k2)

k2 n3
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with Al = Az = - sin a4 * u + cos 0 * v, A3 = Al + c,

A4 = Al - ¢ (note that Al = Xz = normal component of

the flow) and *
[y 0 P P
cv2 cv2
0 cos o ~sin O sin O
R = /Z /2 ,
1
0 sin o cos @ -cos O
V2 V2
0 0 Pe ke
_ T o
. 1 —_
1 0 0 —5
c
0 cos O s5in o 0
Rk
0 -sin @ cos o 1
V2 V2 pcvZ
0 sin O -cos QO 1
/Z V2 Pcv2
B=RAR T
> U, + RARTO_ =0
Y
> R0, + A R = 0
Y
Now make the substitution
7=r10

while freezing the elements of B which results in the uncoupled
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scalar equations

7z, + A% =0 .

t Y
We thus have A3 >0, A4 < 0 which implies that we should
specify one condition along the lower channel wall taking

~

care not to determine 21 ‘ 22 or 24. We obtain

K 5
Ez cos @ * u 4+ sin & ° v
A d -1~
7 = o (: R U).
~ - ' al a
23 sin cu + coSs c v o+ _-?
i V2 V2 Pc V2
~ in o
Z4 sin .y - Sos — -_?
- ®J L V2 V2 pc /2 -

We now treat the boundary conditions along the inlet,

outlet, upper wall, and lower wall. In what follows, once

ﬁ(n+l) = [P(n+1) u(n+l) v(n+l) p(n+l)]T is determined
we find U(n+l) [p(n+l) m(n+1) n(n+l) e(n+l)]'1' by using
the appropriate relationships.
Inlet

We specify p(n+l) = P u(n+l) oo’ v(n+1) = v,

while discarding the equations for %1 ’ ﬁz ’ §3 . We allow

w, to be determined by the differential equation. This

produces
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OQutlet

(n+1)

We specify p = p, and allow ﬁl ,=ﬁé ’ ﬁ3 to be

determined by the differential equation. This produces

p(M*) = 5 4(p_-p)/c2
WMD) 54 (B-p ) /PG
vl 5 .

Upper Wall

We specify v = 0 in lieu of the relation for 64»

Vl’ 62, 63 are then determined by the differential equa-

tion. This produces

pntl) _ 5 | 55/c
u(n-l-l) 3
pM*l) - 54555 .

Lower Wall

We wish to have the normal component of the wvelocity

vanish. Hence we require

- sino <« u+cosad e+ v=20

dy

{i.e. = tan o = ix .

=] 1

We replace the relation for 23 with this requirement

~ ~ ~

and then allow Zl ' Z2 ’ Z4 to be determined by the

differential equation. This produces
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p(n+l) p - g (- sin o « 4 + cos o « V)
u(n+l)- = cosza +u+sina - cosa v
v(n+l) sin & * cos & + u + sinza - v
P(n+l) = p-pc (-sin o + G4 + cos & *» v) .

Numerical Results

The preceding analysis was implemented and tested on
a subsonic problem and a transonic problem. The results of
the calculations are displayed in Figures III.7.2-III.7.3.
The subsonic results reveal the anticipated symmetry. The
transonic results produce the expected asymmetry together
with a pressure loss upon passing through the shock along
the lower wall. The successful treatment of upstream and
downstream boundary conditions 1is evident in both cases.

However, it should be noted that these two dimensional
calculations require long execution times. The source of
this difficulty is the multitude of required exponential
function evaluations. Future work will focus on replacing
the exponential basis functions by rational functions

with the aim of rectifying this situation.
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Appendix I: Formal Expansion of Exponential Spline Derivatives

In this appendix we formally derive some expansions
for the derivatives of the exponential spline at a node in
terms of the derivatives at the node of the function being
approximated. The primary tool is the calculus of finite
difference operators [14,39]. Consequently, the results so
obtained are not rigorous thus requiring supplementary
proofs. However, this technique is useful for suggesting
candidates for such relationships. These results are referred
to in Sections III.3 and III.A4.

First Derivative

As we know, the exponential spline satisfies

e, d. d. e,
i-1 . i-1 i ' i '
e R I E5 R b el e I S b ) B €5
i-1 Ti-1 i-1 Ti-1 i~i i ~i
_ 1 £i-%i1 1 £iv17fy
- h. I e h,
at interior nodes. This may be rewritten as
e. d. d. e.—]
i-1 - i-1 i i +1..,
d2 ~e? =t [;2 -e a d2--e2 B d —e2 T
i-17%i-1 [¢i-17%i-1 i7%i 1781
= { 1 (I-7) + — L (EJ’—I)}fiL
(@373 b5 (dj-e3)by

where I is the identity operator, Ifi = f(xi), E' is the
forward shift operator, E+fi = f(xi+1), and E is the

backward shift operator, E £, = f(x;_ ).
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Proceeding symbolically, we have

-1
e'_ — dh- d' e
o= ]| E Sa- e SURG R Y igt
az_.-e? | as_,-e? a2-e? a2-e2
i-1 Fi-1 i-1 “i-1 i 7i 171
. -1 E + L - L I
(45 17e5_1)h; (dj-1-¢3-1)hy_;  (d;-e)hy
+ 1 EVPE, .
! -
(d;-e;)h;
Here
+ o (h, D)2
E =e = I+ (hDH ——+ ...
- _ hiaP (hy_y0)*
E = e = - (hi_lD)+ 5 + ce. ®

Before proceeding further we require some power series

expansions for the spline coefficients:

(i) e=g 01 - J pZh? +éf%%? p?h? + 0(p%h)]
(1i) a =31 - & p?n2 4 525 o h? + 0(p%n);
(iii) gz = £ [6 + & p?n? - o5 p'h? + 0(p®n)]
(iv) E%E = % [2 +z p?n? - ?ﬁhr p*h? + o(p®nb);
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V) mraeeT = iﬁ [6 + 1 p°h? -j:%ﬁﬁ p?h? + 0(pn%)1
(vi) 53%?;7 - i§ 2z + & p?n? - 1o pn? 4 0%
(vii) ;ft?;f = 4 12 - & p?n? 4 %50 P h+o(p®h%)]
(viii)ai:--nég7 = & 14+ & p?n? - e355 Pht+ 0(p%h))

We may now proceed by inserting the appropriate
expansions into the relation between Ti and fi' This yields
2 3 4 5

1

2 3 4 5
{ch + czD + c3D + c4D + cSD + ...}fi

where D is the differentiation operator, Dfi = f'(xi).

In the above

1
i-1

1 1, 2 2 1 4 .3 43
+ HI’ * 10 (Pi-1bj-1*+Pihy) - 7505 (Py-phj_ppihy)

ag = 6 (g

+ ...m

_1 .2 .2 22 13 4 .4 _ 4.4 .
31 = 3g (Pi-1hi_17Pihi) - 137500 (Pi-1bi-1~ Pihy) + ...
= -~ 1 .2 .3 2,3 13 4 .5 4,5
a, = (h;_;+h;) g6 (Pj.phij_p+pih;) + 35,300 (pi—lhi—l+pihi)
+ e e o m
= - L (h2 _-p2 1 2 .4 _ 24
a3 = = 3 (hj_3-h3) + 355 (Pj_yhy_-Pjh;)

- A3 4 46 _ 4.6 o
75,600 (Pi-1hj_17Pihy) + ...
2 5 . ok 13 4 .7
(Pi_1h7_; + PiPD)+ 355,200 (Pi-1hiat
4

+ pih) 4., w

3

1 3, 1
ay = 13 (hy_;+hj) - 5355

720
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Now

1 .4 .4
g0 (hj1~hy)

- i3
1,512,000

a9

1,2 .2
30 (Pi-1hi-1

1
(hj_1%hy) + &5

1

4
* 33,600 (Pi-1

3

L
i-1

20 (B

]

3
+hi) +

1

1,4
168,000 (Pi-

2
{aOI + alD + azD

= bOI + b,D +

1

1

* 378600

2
(Pi1h

8

4 4,8
(Py_1hi-1-pihy) +

2.2 1
p;hi) + 5505

2 3

2,3
(Pj_1h;_1*+P;h}

1,2 .4
720 (Pi-1Pj-1

6 4

4.6
hi—l p.h;) + ...

11

—i
1,200

2 .5
(Pj_1hj-

7

1P

3 4
+ a3D + a4D

b.D% + b.Dp3

2 3 + b

+ pihl) + .

6 _ 26
i-1"Pihy)

e o e oo

4 .4
(Pj_1hi

S
8,400
2
_pihg)

2,5

. le

+ a5D5 +

4

4.4
-pihi) + cee X
4 5 4.5
(Pj_1hj_1+P;h;)
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Hence,
o 2 . 3
Tl = {(bocl)D + (blcl+b0c2)D + (bzclfblcz+b0c3)D
4
+ (b3cl+b2c2+blc3+boc4)n

5
+ (b4cl+ b3c2+ b203+ blc4+ bOCS)D + ...} fi .

Note that boc1 = 1],

When pihi

ph Yi we have

boc2 + blc1 = 0

bac « O(h4)

03 + b,cC

172

+
o
Q
]|

b,c

31 + b,c

2C» + b

0Cq4 = O

while all succeeding terms are O(h4). That is for uniform
tension and mesh width the spline first derivative is a

fourth order accurate approximation to the first derivative

of the approximated function (at the nodes).

Second Derivative

As we know, the exponential spline satisfies

£, .-f, f£,-f,
" " " _ i+l 1 _ 1 1=
®i-1%i-1 ¥ (da*d) T Y esTig T TR T TR

1

at interior nodes.

With the necessary operators being defined as in
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the previous section, this may be rewritten as

- + _J1 -+ _t1 . 1 R
{ei~lE + (di-l+di)1 + e,E }T; = {HT E [;i Uy ;]I + g E

1

Proceeding symbolically, we have

-1
_ Ll . + ./.l— +— —1—- 1
i {ei-lE +(d; 1435 T+ e4E } \hy * [;‘ " E :]I

|

Utilizing our by now standard expansions for the spline

coefficients yields

-1
"o o= 2 3 4 5 }
Ti {aoI+-alD+-a2D 4-a3D 4—a4D 4-a5D + eee ®

of 2 ] 3 ] 4 ] 5 ] o
\CZD + C3D + D + ¢c.D 4+ ..o fi.

In the above,

1 1,2 .3 2.3 1,4 .5
ag = 3 (hy_y+hg) = 57 (py ;b5 _1+pihi) + 575 (Pi_qhi g
+
1 ,.2.,2 .7 ,24 2 .4 31 4.6 4
a; = 7 (hi-hy_4)- 350 (Pibi-Pi 10 )+ 15, 130(PihiP;
+
1,3 .3 _ 7 ,2 .5 ,25 31 4 .7
ay = 15 (hj_3+h3)= 555 (Py_1hj_1+Pihi)+ 55570 (Pi-1Di-
+
1 4.4 7 2.6 2 .6
ay = 3¢ (hj-hy_1)- 5710 (Pihj-Pj iP5 1)
31 4.8 4 .8
* 909,720 (PiPi"Pi_ihj-1) *+ --
1 .5 .5 _ 17 2 .7 2.7
a, = 755Mi-1*0i) - gego (Pi-1hi-1teihy) +
31 4 .9 4.9
+ 362 880 (Pi-1Pi-1tPihj) + -
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1 6.6  _ 7 2.8 2 .8
ag = 530 (hi~hi1) - 737300 (PiPi-Pi-1hi_1)

31 4.10_4 10
* 118131400 (pihi pi"lhi—l) + hee @
_ 1 122
cy = 5 (hy+hy 1) cy = 7 (hi-hi ;) ,
4 = 37 (Bi*hiy) o cs = p3phi-hi_y) -

With the b's as defined in the previous section we have

" 2 3 4 5
T, = {bo+le + sz + b3D + b4D + bSD + e w}

. 2 3 4 5 .
{czD + c3D + c4D + cSD + e w} fi

2 3 4
[(bocz)D + (blcz+boc3)D + (b,c,+b,c +boc4)D + ... @] f..

272 7173

For p.h, = ph Yi we have

ivi
= (f )+ B (), - & (5 ).n 4 o( Y
i xx’ i 12 xx’ 1 12 xxxx’ i *

We see that the uniformity conditions do not yield the
increase in accuracy encountered in our analysis of first
derivative approximation.

In spite of this, the above expansion can be exploited

in the following fashion. An expansion of f reveals

£,

141725+

2

2
) E_,+ 0(h4)

= (£ i 12

i * (fXQxx
h 48,

Combining this with our previous expansion produces

£., .-2f.+F. 2
" i+l i "i-1 _ (ph) 4
it h2 = 208,05 13 (fgg)g + 0C D7)
2
_ 24+ (ph) 4
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12
z (75 +

24+ (ph)

_ 4

= (fxx)l o( h7)
i.e. a fourth order accurate approximation. Note
that for the cubic spline (p = 0) this reduces to
the arithmetic mean.

Recasting the spline equations as

fo -2f-+f-
e ., 2d e ..v _ i+l i “i-1
FRUH-1*® "L tE i T 2
we can rewrite the above as
12 e " " e 4
(£ ), = ———5 [ T, .+ (1+ ——)T =t .l +0( h") .
xx’ i 24+(ph)z h i-1 h i+l
Hence
Lzt (ph) ® (£ i = L2+ (ph) (St o+ (14 82 )rre 8 T8, 1+0( h?)
12 xx' i 24+ (ph) h "i-1 " /iT h i+l
2
12+ (Eh) _ w o 12+( h) " ___
= 12 (fxx i T 24+(ph)§ [ h Ti- l+ (1+

--‘i‘—‘—(ﬂfi’——) "+ 210 1 +0( nh
12+(ph) i h i+l

n
However, our original expansion for T,

2
_ 12 ;12 + (ph)
(fxxxx)i - h2 [ 12 (fxx)i

" 4
- Ti] + O0(h™)
This gives us the added bonus of a second order accurate
approximation to the fourth derivative

2 2
s 12 {12+(ph) [e_ o4 (14 24 _ 244D,

), = .
xxxx'1 2 g4 (pmy? Bo27L 12+(ph)2 %

e 2
+ B Ti+£] + o(h®) .
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Note that in the case of the cubic spline (p = 0, e = h/6,

= h/3) this reduces to

TV - 2TV 4 TV
_ i-1 i i+l 2
(fxxxx)i - h2 + 0(h%)

i.e. a central differencing of t™"(x) at x = X, .

The uniform mesh expansions lead to expressions for

third derivative approximations.

e = Bty -ty
T xl) = Bo(etl_e g e ol
(1) 5 [T a1 = oy, -ty
- £ h_ {7 - p?e") + ot
(1) [T - Tl = By, - o2eety e i)

T " (XI) —-Tm (XI)

_oeliv) 2" 2
3 "
w FUES SRR
+ -
: T, (x;) - 1™ (%)
= félv) _ pZT; 4 & i . i + O(hz)

- P o[ty . - pgett
PUTy 5 [Tl - 20T + T 1 + o(n?)

=B [tv o+ (ps - 2c) Ty + TY_q1 + o(h )

So that we have yet another second order accurate approxima-

tion to the fourth derivative.
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Appendix II: Spline Routines

anw DRIVER FOR PARAMETRIC EXPONENTIAL SPLINE PACKAGE:
wew B, J, MCCARTIN 10/80

"he
LN

10
20

30

40

50
60

70

ODIMCHSION XP(100),YP(100),S(100),8X(100),8Y(100),TAUDRPX(100),
LTAUDPT(100),PX(100),PY(100),HX(100),HY(100)

CALL ERRESET(207,256,-1,1,0)

CALL ERRGET(C08.256,-1,1,0)

CALL TKINIT

READ(15,10
FORHAY(I3)

) NPL

WRITE(16,20) HPL

FORMAT(LX,

'HR1 = *,I3)

WRITE(16,30)

FORHAT( !

00 60 I=1,HPL

READ( 15,40

FORMAT(2ELS,.7)

WRITE( 16,5
FORMAT(1X,
CONTINUE

REAO( 15,70
FORMAT( SEL
WRITE(16,8

xXp YP')
} APLX),YP(I)
0) XP(I),YP(I)

2EL15.7)

} XENOL,YENOL,XENDR,YENDR,EPS
5.7)
0) XENDL,YENOL,XENOR, YENDR,EPS

80 FORMAT(1X,'XENDL = ',E15.7,' YENOL = ',E15.7,' XENDR = ',El15.7,

"
1L
oot
"ot bt
"

' YENOR =
CALL PAREX
1TAUDPX, TAUI
RETURN

END

PAREXP: B,

Y2EYS.7,' EPS = ',E\5.7)
P(XP,YP,NPL,NENOL, YENDOL ) XENOR, YENOR,£PS,3,8X,BY,
DPY ,PX» PY  HX, HY)

J. MCCARTIN 1lo0/80

wa FUNCTION: COMSTRUCTS THE PARAMETRIC EXPONENTIAL SPLINE

L 124
L 1.1 ]
L 22
1]

INTERPOLANT TQ A SET OF POINTS IN THE PLANE
USING SPECIFIED DERIVATIVE ENO CONDITIONS
HOTE: ARC LENGTH IS USED AS THE PARAMETER

uas REZFERENCE: 8. J. MCCARTIN, HUMERICAL COMPUYATION OF

w s o
LR 2
LY ]
L 1]
~ "
LT
et
LA 4]
LY
L]
LA 8 4
kN

DESCRIPTIO
%P
Ye
HPL
XEHOL
TEHOL
~ENOR
1EHOR
EPS

ENPONENTIAL SPLINES, COURANT MATHEMATICS
AHD COMPUTING LABORATORY, OCTOBER 1980

N OF CALLING ARGUMENTS:

ABSCISSAE

ORDIHATES

HUNEER OF OROERED TRIPLETS OF DATA

LEFT HAND OFf /IVATIVE ENO CONDITION FOR X(S)
LLFT HARD D “I'VATIVE END CONDITION FOR Y(S)
RICHT HAND DERIVATIVE END CONDITION FOR X(3)
RIGHT HAND DELRIVATIVE END CONDITIOH FOR Y(S)
fOLERANLE FON STOFPING CRITERIA IN
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anoooO aon

nen ARC LERGTH LTERATION
X1 ) 5 ARC LLNGTH
naw BX = IGHT HAND SIDE OF SPLINE EQUATIONS FUR X(S)
nrw 1} = RPICUT HAND SIOE OF SPLINE EGUATICHS FOR YI(S)
“rw TAUDPX = SOLUTION GF SPLINE CAYATIONS FOR X(S)
LY TAUDRY = UOLUTION OF SPLLINE ENUATLCIS FOR Y(S)
(L) PA = EVFONENTIAL SPLINE TENLIOM PARAMETERS FOR X(S)
LLL pY S ENPOMECHTIAL SPLINE TENSION PARANETERS FOR Y(S)
LLY HN = UCLTA 3 FOR X(S)
anw HY = DELTA S FOR Yi9)
L1}
SUCRCUTINE PARENPIXP,YP,HPI ,NENDL, YEHOL ) XEMDR, YEHDR, EPS,S,BX,BY,
ITAUCRA TALDEY , PR PY  HX  HY)
BIMENSICH XFCL), Y001 ),S011,0X01),8Y(L1), TAUDPX(!),TAUDPY(1),
IPACL)PYCT ) ) HXU L) HY (L), St4t100)
LX) .
#an COIPUTE CHORD LENGTH
LLE ]
s(i)=0,
00 10 I=2,NP1
10 S(IISSEI=-F VeSAQRT(OUXPLL)=~XP(I=1))un2s(YP(L)=YP(I=]1))nn2)
15 CONTINUE
X
new FIT X VS, ARC LENGTH
[ 21X ]
CALL EZFGPL‘SUKFAXENDL)XENDRrNFioﬁXoTﬁUﬂFXpr}HxviLFHﬁXi
"R
wuw FIT Y VS, ARC LEHGTH
o
CALL EXPSPL(S,YP,Y7ENOL,YENOR ,NP1,BY, TAUDPY,PY HY)ALPHAY)
LY ]
snn PLOT ¥ VS, X
"ot
CALL PLTFIT(S,XP,YP,NPL,BX,BY, TAUDPX, TAUDPY ,PX,PY jH¥,HY,
LALPHAXALPHAY )
(2.1
sk RECALCULATE ARC LENGTH
o N
CALL ARCLEN(S,NPI,BX,BY)TAUDPX, TAUDPY ,PX,PY s HX,HY ; ALPHAX  ALPHAY ,
LSH,XP,YP)
2.2 4
wus OETERMINE SIGHFICANCE OF RELATIVE CHANGE IN ARC LENGTH
1.1
DO 30 I=2),NP} ,
IFCABSE(SHIII-S(I))/(S(X)-S5(X~1))).GE.EPS) GO TO 31
30 CONTIHNUE
GO TO 35
31 DO 32 I=2,NPL
32 S(I)=SH(I)
GO TO 15
35 CONTINUE
RETURN
EHD
9 %% .
(11
nuw ARCLEN: B. J. MCCARTIN 10/80
o it
"hw
rar FUNCTION: APPROXIMATE ARC LENGTH INTEGRAL USING
"o CUMPQUNU SIMPSOM'S RULE
LA X 4
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it anaoe

C waw DESCRIPTION CF CALLING ARGUVENHTS:

C hwet S = INPUT ARC LERGTA

C den HPL = MUHMLLR OF CROERED TRIFLETS OF DATA

C nan BX = RICHT HAND SIDE OF SPLINE EQUATIONS FOR W(S)

C nun 8y = RICHT HAND SIOE OF SPLINE EQUATIONS FOR Y(S)

C man TAUDPX = SOLUTICH OF UPLINE EQUATIONS FCR XtS)

| C #wew TALDRY = SQLUTION GF CFLINE EQUATIONS FOR Y(S)

C wmw PX = EAPOHENTIAL SPLINE TENSION PARAMETERS FOR X(S)

( wan PY S EVPOUENTIAL SPLINE TENSION PARAMETERS FOR Y(S)

C nwna Hx = DELTA S X{S)

C wma HY = ELTA S FUR v(S)

C annm ALPHAX = SCALING PARANETLR FNOR X(S)

C waw ALFHAY = SCALING PARAMETER FOR r(S)

C won SH = QUTPUT ARC LENHGTH

C nen xp = ABSCIS3AE

C onnn Yp = ORDINATES

C munm
SUBROUTINE ARCLEN{(S,NR1,B8%,BY,TAUOPX  TAUDRY,PX,PY,HX HY,
LALPHAX  ALPHAY , SH, KP, YP)
DIMENSION S(1),BX(1),B8Y(1),TAUDPX( 1), TAUDPY{1),PX(1),PY(L),
LKL HY L), SHUL D, FULE D XPOL)HYP(L)

C #nw

C #«## CALCULATE ARC LENGTH

C #wn

SH(11=0,

D0 10 K=2,NP1

D5=S(K)-S(K-1)

H=0S/10.

00 5 L=1,11

S1z(L-1)%H 4 SCK-1)

CALL ESEVAL(IS,XP,NP1L,BX,TAUDPX,PX,HX,S1,X1,DERIVX,ALPHAX)

CALL ESEVALIS,YP,HPL,BY,TAUDPY,PY,HY,51,Y1,DERIVY,ALPHAY)
5 F{L)=SGRT({DERLIVXHr24DERIVYN#2)
10 SHIKIZSHIK =13+ (F(1144. 2(F(2)+F(4)4F(6)+F(BI¢FL10))

142, (FUS)+F(5)eF(7)eF(9) ) eF(11))%H/3,

RETURH
€MD
C wen
C ®mun
C nv»x PLYFIT: B. J. MCCARTIN 10/80
C #nnm
C wan
C #uw FUNCTION: PLOTS THE PARAMETRIC EXPONENTIAL SPLINE
C nnn
C »=# DESCRIPTION OF CALLING ARGUMENTS:
C suws ) = ARC LEMGTH
C #nx XP = ABSCISSAE
C ®ux YP = ORDINATES
C wnn HPL = HUMNBER OF ORDERED TRIPLETS OF DATA
C owns B 3 RIGHT HAND SIDE OF SPLINE EQUATIONS FOR X(S)
C sms BY = RIGHT HAND SIDE OF SPLINE EQUATIONS FOR Y(S)
C ann TAUDPX = SOLUTION OF SPLIME EQUATIONS FOR X(S)
C wuw TAUDPY = SOLUTION OF SPLINE EQUATIONS FOR Y(S)
C nus PX z EXPONENTIAL SPLINE TENSION PARAMETERS FOR X(S)
C nwst PY s EXPONEHTIAL SPLINE TENSION PARAMETERS FOR Y(S)
C #nw HA = DELTA S FOR X(9)
C naw HY = DELTA S FOR Y(S)
C wun ALPHAX = SCALING PARAMETER FOR X(S)
C naAn ALPHAY = SCALING PARAMETER FOR Y(3)
C LA 4
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OO000000N00N0O0

SUBROUTIHE PLTFITIS,¥P, P, NPL,0X,0Y,TAUDPX, TAUDPY  PX  PY (HX HY,

LALFHAX  ALFLIAY)

GIMCHSICH SEL MPCLY, TREL),EXL),BY(L), TALDRKEL ), TAUDRYLLY,

FPMEL D PYCL ) HRE L) HY (L) WPLTELL000 ), VPLTIL1C00 T,
AIPSTRYCZ), IFNUCQ ), UPSIMI2 ), IPIHCRIZ), TITLEIGD),
INLELES ), TLBLIS ), IPLINC(2),2Z12)

10

25
20

30

* 5
i
LR X ]
L2 2 ]
(2.2 .]
* xR
L2
L2 4
LR X}
LA
rew
nw®
LN ]

DATA XLOL/Ew! '/

NATA YLBL/G=! '

DATA BLANK/Y s

DATA TLTLE/a? ", PARA','METR*,'IC E')'XPOH"', 'ENTL',
LAl S PPLIN' ,'E LT-LA '/

211 )17BLANK

Z{L)IEBLANK

L=l

INSTRTLL)=]

INSIRTI2):HPL4)

IPHUNE L) =hPL

IPRU 2)=(HPL=-1 #1001

YPLINE(L)==-1

IPLINEL 2124

IPSM{1=1
IFSYML2)=0
IPIHCR(L )=
IPINCRI2)=
to 10 I=
APLTII)=
YRPLT(X)=
CONTINUE
M=EHPE ¢ L
HR:HPL-1
DO 20 K=1,NP

DS=S(K+l)}=S(K)
H<0S8/100,
0o 25 L=1,100

S1=StK)+tL-]1)nH

CALL ESEVAL(S,XP,NPL,BX,TAUDPX,PX,HX)31,XPLT(H),0ERIVX,ALPHAX)
CALL ESEVAL(5)YPINP1tBYDTAUDPYDFYDHYISl'7PLT(")IDERIVY!ALPHAY’
Mzi1el

COMTIHUE

XPLTM)=XPINPL)

fPLT(M)I=YP(NPL)

DO 30 I=L,M

COMTINUE

CALL PLTEK(XPLT,YPLT,Z,NZ,IPSTRT,IPNUM,IPLINE,

11P3YM, IPINCR, TITLE,XLBL,YLBL,DUM)
RETURHN
£no

'
Il

4]

1)

)
)
i
X
YPLID

1
l
HPL
{
{

EAPSPL: B. J. MCCARTIN 10/80

FUNCTION: CONSTRUCTS THE INTERPOLATORY EXPONENTIAL SPLINE
TO A SET OF POINTS IN THE PLAHE WITH MONOTONICALLY
INCREASING ABSCISSAE USING SPECIFIED DERIVATIVE
END CONOITIONS

REFERENCE: B. J. MCCARTIN, HUMERICAL COMPUTATION OF

EXPCHENTIAL SPLINES, COURANT MATHEMATICS
AHD COMPUTING LABORATCRY, OCTOBER 1930
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nn4 DESCRIPTION
s X

"o F CI'DINANIES

LCL ’ FPA LEFT MHAYND DERIVATIVE END CCHDITY

OF CALLING ARGUMENTS:
nan fry 5 RIGHT HAKND OLRIVATIVE E£HD CCHDIVION

ALSCLISUNE

naw HPL NUREEP OF CROERLO PALRS OF DATA

naw 8 RICHT HAI'D CIDE OF SPLINE EGQUATIONS
waw TAUDR. SOLUTIOM OF GPLINE EQUATIONS

oo (o ENFONENTIAL SPLINE TENSION FARAMETERS
DELTA X

SCALING PARAMETER

naw H

“nw ALFHA

LEY] '
SUNROUTIHE EXPSPLIX,F,FPA,FPB,HPL,B, TAUDP,P,H)ALFHA)
DINMENSION XLV, F13,B01), TAUDPUL },PUL),HIL)
DINCHSION E(100),0IAG(100),ILIML(100),ILINUC100),Q(100),U(Ll00)
REAL LANCAR

o n

nee INITIALIZATION

L]

oo nNnOonOn

(o aNsel

10UT=1

1PLOT:0

COHST1=1./6.

CCNsT2=1./3.

CONLT3I==-7,/60.

COtSres31./0520.

COHST5=-1./15,

consre=e,/31s.

H=hPL-1

EPS=1.E-6

ONEGA=1.

ETA=.,07

SIGMA=100.

ALPHA=L,

ITHAX=S

SCALE=2,/(X(NPL1)-X(1))

IFIIOUT.NE.0) HRITE(16,2) ITHAX
2 FORUAT(/,' ITHAX = ',I5)

IFITOUT.HE.0) KRITE(1643) EPS,OMEGA,ETA,SIGHA

3 FORMATL/,' EPS = ',E15.7,5X, 'OMEGA = ',E15.7,58%,'ETA = ',E15.7,5%,
1'SIGMA = ',EL15.7)
Icounr=g
D0 4 I=1,N
HET)IZA (T )-XIT)
4 H(Y)=SCALEXH(T)
DA 5 I=1,N
5 P(I})=0.
IF(IOUT.NE.Q) WRITE(16,6)
6 FOPMATL/,! 1 H')
IFIIQUT.HE.0) WRXTE(16,7) (I,H(I),I=1,N)
7 FORMAT(1X,I5,E15.7)
C noe
C =#s# DEFINE B'S
C whn
BU1I=(F(2}-F(1))/H(L)-FPA/SCALE
IF(11.EQ.1}) GO TO 11
00 10 I=2,N
10 BULISIF(X+L)=FODNIZHET I =(F(LY=F(I=1))/HLI-1)
1l 8IKPLIZFPB/SCALE-(FINPLI-FIN) I HIN)
IFCIUUT . HE.Q) WRITE(16,12)
12 FOPNATL/,! I 8')
IFLIOUT . HE.O) HRITE(16,13) (X,B(1),I=1,NPI)
13 FORUATIL1X,15,E158.7)
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[ 2 2]
[ 12 ]
LN
LA 2.
mew
LR}
LR X ]
dww

onoOo0oOonn

14

15
16
20
29

30

31

32
33
C #xi
C #nn

C snn
34

36

37
38

C %ndt

ODETERMINE MHICH INTERVALS SHCULD BE FIT WITH
LIME SEGHENTS AND WMICH INTERVALS SHOULD BE
FIT HLIH EXPOUENTIAL SPLIMES

K
LLINLCI)
ILIMICT)

K=0

IL=t
CONTINUE

00 20 I=IL,N

HUNZER OF ENFOMENTIAL SPLINE INTERVALS
LEFT HAKD ENNPOINT OF ITH SPLINE INTERVAL
RIGHT HAHD EMOFOINT OF ITH SPLINE INTERVAL

TENP=B(I)»B(1¢1)
IF(TENP.EQ.0.) GO TO 20

KzKel
ILINLIK)ST
Ul 16 J=LN

TEHP:=B(JInB(Je]1)
IF(TENP,.KE.0.) GO TO 15

ILINUIKI=D
G0 TO 29

IF(J.NE.N) GO TO 16

ILINUCK)=HeL
GO 10 30
COMTINUE
CONTINUE

GO TO 30
IL=J

GO TO 14
CONTINUE

IFC(I0UT NE.O) WRITE(16,31) K
FORMAT(/,* K = *,13)
IF(K.EQ.0) GO TO S5k
IF(IOUT.HE.0) WRITE(16,32)

FORHMAT(IX,!

I ILIML ILINMU')

IFUIOUT.NE.O) WRITE(16,33) (XI,ILIHLII),ILIMU(I),I=},K)
FURMATUIS I5,1X,15)

SET UP SPLINE EQUATIOHNS

pinl=g0.

ICOUNTSICOUNT+L

IFIIOUT.NE.O) WRITE(16,1000)
IF(IOUT.HE.O0) WRITE(16,36) ICOUNT
FORMATELX, *ICOUNT = ', I5)
IFIIOUT.NRE. Q) WRITE(16,37)

FORHAT( /'

b4 P H')

IF(I0OUT.NE.O) WRITE(16,38) (I,P(T),H(I),I31,N)
FURMAT(1X,15,E15.7,E15.7)

00 40 I=1,N
PLI=P(1)
HIZHII)
PLHI=PIMHI
PI2=PI#PI

IF(PINI.GT.ETA) GO TO 39

USE POUER SERIES REPRESENTATION
FICHI2=PIOwHINHI

PI4HI4=PIZHIZ2¥PIZHIZ
E{I)=01,+CONSTI4PIZHI2+4CONST4#PISGHIG )¥HI*CONST]
DL=11,+CONSTEXPICHIZ+CONSTORPIGHIG )#HINCONST2
DIAGIT1=01N1+DI

GO 10 40
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W g

C emn

39

0

42
43

44
C wnk
C anwm
C suw

“5
46

47

48
C #nx
C wne
C nuw

49

51
52

53
ane
*ie
L 12

5%

a0o0n

L1
LR ]
wem

OO0

Ust ipLsCoLIC FUNCTIONS
Crivenlst, Nt
SL:SUMPINDY

CL-CO NEPINIY
PIOYCL:=HL/S]

eI -tCHUYHI-PIDYSE ) /PIQ
OL=¢PLArSI-CI-0HBIHTII/PL2
DIAGEL)=0INL0I

o :ng

DIAGIHKYIZDX

ELnpPLI=o,

[FITQUT.ME.O) WRITE(16,491)
FORPMATC/, ! 1 E')

IFtIOUT.MHE. Q) WRITE(16,42) (I,E(X),1=1,N)
FCRMAT(LX, 15,E15.7)

IFCICUT . HE.0) WPITE(L16,43)

FORNAY(/ ! 1 DIAG')

LF(LCUT HNE.O0) RRITE(16,4%) (L,0IAG(X),X=1,NP1)
FORMAT(1X,I5,EL15.7)

ALTER SPLIME EQUATIONS

IF(B(1).EQ.0.) E(1)=0.
IF(H.EQ. 1) GO TO 46

00 45 I=2,N

IFIB(I).NE.Q0.) GO TO 45
E(I-1)=0,

EtI)=0.

CONT IHUE

[F{EINP1).EQ.0.) EIN)I=0,
IF{IOUT.NE.O) HRITE(16,47)
FORMAT(/,! I E*)
IF(IUUT.MHE.O0) WRITE(16,48) (X,E(I),I=1,N)

FORNMAT(1X,15,E15.7)
SOLVE SPLIME EQUATIONS (SEE AHLBERG, MILSOM AND WALSH!
PK=0LAGIL)

QU 11=-E(L1)/PK

Ut 1)-=811)1/PK

00 <9 KK=2,NP]

PRKEE(AK =] 1nGIKK=-1)+DIAGIKK )
QUEK)=-E(KK I/FK

U(KR 12 BIKK I-E(KK~]1 }#U{KK~-1))/PK
TAUDPLHPL ) =U(HRL )

00 51 L=1.N

KK=HPL -L

TAUDPUKK )SQEKK }»TAUDP({KK#1 ) +U(KK)
IFCIOUT.NE.O) WRITE(16,52)

FORMAT(/, " I TAUDP 8')
LFCLOUT . NE. G} RRITE(16,53) (I,TAUDPC(X),B(L),I31,NP1)
FORMAT(IX,15,E.5.7,E15.7)

PLOT EXPONENTIAL SPLINE
TFUIPLOT.NE.O) CALL ESPLOT(X,F,NP1,B,TAUOP,P,i{isALPHA)

IFIK.EQ.01 GO TO 99
LIF( {COUNT.GE.ITHAX) GO TO 2000

UPDATE P'S
IFLAG=0
00 uf I=1,K

IL=ILInLe )

IUSILINUCT)
TEMP=TAUDPCILI#BLIL)
LF(IENP.GE.O0.) GO TO 64
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C wt® B TALLPCO AT LEFT HAND ENOPULNTY
IFLAG2Y
LALBARZAMAXLIADS(B(IL)),DIAGIIL)#ABS{TAUDP(IL)))IZABS(TAUDP(IL1))
PrILDASL./SGRT(LAMEARYHITIL))
PTILOASAMANL(PTILDAP(IL))
PLILISPOIL)+QNEGA~(RTILDA-PLIL))

o4 ILPL=ILel
L= Iy-1
LIt LT, ILPL) GO TO 70
pu €9 JsILPLILL
[FITAUCPIJ) . HRE,O.) GO TO 66

C %= TAUCP=0 AT ANl INTERIOR POINT
IFLAG=L
PlJ-1)=P(J-1)+EPS
PIJISPLIIGEPS
G0 0 o8

66 TENMH=TAUDP(J)I=B(J)
IFCTENP.GT.0,) GO TO 68

C #wn ReTAUDP<O AT AN INTERIOR POINT
IFLAG=1
LANSAR=AMAXLI(ABS(B(J)),DIAG( J)#ABSITAUDP(J)))
1202, = AMAXECABSITAUOR(J-1)),ADS(TAUDP(J¢1))))
HTILDA=L1./SCRT(LAIRARYH{J-1))
PTILOA=AMAKI(PTILDA,P(J-1))
PtJ=1)=P(J=~11+CHEGARI PTILOA-P(J=1))
PTILDA=]./SQRTILANBARYH(J))
PTILDASAMAXLI(PTILDA,P(J))
PEJI=PLJ I +QUHEGAR( PTILDA-P(J) )

68 CUHTINUE
70 TEMP=TAUOP(IU)=B(IU)
IF(TEMP.GE,.0.) GG TO &0
C wa% B4TAUDP<O AT RIGHT HAND ENDPOINY
IFLAG=}
LAMGAR =AMAX1{ABS(B(IU)),DIAG( IU)*ABS(TAUDR(IU)})/ZABS( TAUDP(IUML))
PTILDA=L./SCGRT(LAMBARH(IUML))
PTILDAZAHAXLI(PTILDA,P(IUML))
PCIUML =PCIUML J+OMEGA ( PTILDA-P(IUMY))
80 CONVINUE

1Y)

sust CHECK FOR EXTRANEQUS INFLECTION POINTS

1L

noa

IF(IFLAG.EQ,0) 60 TO 99
i

#nw SCALE ABSCISSAE
LR34

0o00n

XHU=0.
D0 93 I=1,N
93 AMU-AMAXLIAMU,P(L)#H(I))
ALPHAC=AMAX](XMU/SIGHA,L.)
ALPHA=ALPHA®ALPHAC
DO 94 I=L,N
HOI)=HIT)/ALPHAC
94 B(I)=0(I)#ALPHAC
BIHPL)=BINPL I#ALPHAC
IFLIOUT HE.O) WRITE(16,95) XMU,ALPHAC,ALPHA
95 FORMAT(/,'AlY = ',EL5.7,5X, 'ALFHAC = ',E15.7,5X,'ALPHA = *,E15.7)
IFCIQUT.HE.O) HRITE(16,96)
96 FURNMAT(/,! I H B')
IFCIOUT HE.G) KWRITE(16,97) (I,H(I),B(I),I=1,N)
97 FOPHATIIR,I5,2€15.7)
IFCIQUT.HE.O0) LIRITE(16,98) NPL,E(NPL)
98 FORiATI X, 15,18:,E15.7)
G0 10 34
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s o
[ s

G ane
C wha 1,0 EATRANEOUS INFLECTION POINTS
C wan
99 IF(ICUT.HE.OQ) WRITE(16,1000)
IF(TOUT.HE.0) WRLVE(16,100) ICCUNT

100 FORNMATL(® NO EXTRAHEQUS INFLECTION POINTS: ICOUNT = ',I3)
1000 FOMMAT(///) ' mmmmmmeinmccnacccnnrmnnnnncnsusaracsnannnsenns! , ///)
CO Tu 000
C une
C wna MANTHUN NUMBER COF ITERATIONS EXCEEDED
C nnm
2000 IF(IOUT.MNE.O) KRITE(16,1000)
IF{ICUT.NE.O0) LIRITEI16,2001)
2001 FORMAT(' MAXIMUI HUIBER OF ITERATIONS EXCEEDED')
3000 RETURN
EtD
*wd
nwot
ama ESPLOT: B. J. MCCARTIN 10/80
i
nen
wst FUNCTIOM: PLOTS THE EXPONENTIAL SPLIME
[ 3.2 ]
e DESCRIPTION OF CALLING ARGUMENTS:
LA X ABSCISSAE
AL F ORDIMATES
nwn tiPL NUMBER OF ORDERED PAIRS OF DATA
wel 8 RIGHT HAND SIODE OF SPLINE EQUATIONS
LLL TAUDP SOLUTION OF SPLINE EQUATIONS
sn P EXPOHENTIAL SPLINE TENSION PARAMETERS
L1 H DELTA X

"ot ALPHA SCALING PARAMETER
nan

o huuuaaa

ooOonaoooOaoconOnOOOnNO0

SUBROUTINE ESPLOT(X,F,NP1,B,TAUDP,F H,ALPHA)

DIMENSION X(1),F(1),B(1),TAUDPEL) PLL),HILY

DIMENSION XP(100001,FP(10000),Z(2),IPNUM(2),IPLINE(2),IPSYM(2),

LIPINCRI2),XTITLE(60),XLBL(5),YLBL(S),IRSTAT(2)

DATA BLANK/® v/

DATA XLBL/5#* v

DATA YLBL/5#' v ,

DATA ITITLE/S® '3 'EXPO', 'NENT','TAL *,*SPLY")'NE *,50%' '/
"R

saw INITIALIZATION
wan

onnO

10UT=0

N=HPL -1

Do 1 m=1,2

ZIMI=BLANK
SCALE=2./(XINPL)=X(1))

—

wue SET UP ARRAYS
nee

OO0

K=g
IF(IOUT.NE.O) WRITE(16,38)
38 FONMMAT(/,1X,"* K XBAR TAUBAR TAUBD' )
00 45 I=1,N
OX=ALFHARH( Y )/99.
DX=DX/SCALE
AX=R11)-0X
D0 40 J=1,100
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OO0OO0OO0OOO0OO0OCOO0O0O0N00ON0 oon

a0 0

39
40
45

"o
R
Wn

PR
[ 3.2
LT1]
1 3.2
(2]
"t
(3.2
1 22 ]
"t
LE2]
ot
otk ot
"o
it
* M
1]
o x
Mook %
4 ot b
5% W

ot ok

"ot
o %%

K=K+1

XPUK 1=XX+0X

IFCXPUK) LT, X(X ) XPIK)I=X(])

IF(XP(K)I.GT.N(IeL)) XPUIK)SX(I¢])

NREXP(R)

CALL ESEVALIX,F,HPL,8,TAUOP,P,H,XP{K) ,FP(K) ,TAUBP,ALPHA)
IFLIOUT.NE.O) LIRITE(10,39) K,AR(K),FP(K),TAUBP

FCRMAT(1X,15,3E15.7)
CONTIHUE
CONTINUE
00 59 I=[,NPL
J=Kel
XP(JI=X(Y)
FRUJISFLT)
HZ=2
IFSTRT(])=]
IFSTRT(21:=Kel)
IPHUICL ) =K
IACHE2 ) sHPL
IPLINE(L )=
IPLIME(2)=~]
IPSYMILL)=0
IPSa 2=
IPIHCRI1)=]
IPINCR(2)=1
pLor
CALL PLTEK(XP,FP,Z,NZ,IPSTRT,IPHNUM, IPLINE,IPSYM, IRINCR,ITITLE,
IXLBL,YLBL,0UH)
RETURH
€HD
ESEVAL: B, J. MCCARTIN 10/80
FUNCTION: EVALUATES THE EXPONENTIAL SPLING
DESCRIPTION OF CALLIMNG ARGUMENTS:
X = ABSCISSAE
F = ORDINATES
HP) = NUNBER OF ORDERED PAIRS OF DATA
B = RIGHT HAND SIDE OF SPLINE EQUATIONS
TAUDP = SOLUTICH OF SPLINE EQUATIONS
P = EXPOHENTIAL SPLINE TENSION PARAMETERS
H = DELTA X
¥BAR = ABSCISSA OF EVALUATION
TAUBAR = CROIMATE OF EVALUATION
TAUBP = DERIVATIVE OF EVALUATION
ALPHA = SCALING PARAMETER

SUEROUTIHE ESEVAL(X,F,NP1,B,TAUDP,P,H,XBAR,TAUBAR, TAUBP,ALPHA)
DIMENSIOH X(1)WF(1),B(1), TAUDP(1),P(L),H(1)

INITIALIZATION

CansTLI=1./6.
€OHSTR2=1./3.
CONST3=-7./60.
CONSTe=31./2520.,
CCH3T8=-1./15.
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CONGTes2./7815,
CUNGTT73-7.7195.,
CClI5T83~,05
coNsre=1./120.
HzHPL-1
ETA=,07
SCSALE=D,./Z(XIHNPL)=X(1))
L X2} .
wn# DETERMINE INTERVAL
*uw
00 10 J=1,N
1=J
IF(XBAR,LT.X(Js1)) GO TO 11
10 COMTINUE
(X} ]
new DETERMINE TYPE OF FIT
LEY S
LU OVERP=B(IInB(I+1)
IF(TENP,NE.N,) GO TO 20
C #ww FIT HITH LINEAR FUHCTION
TAUBARS(F(L)M(X{I+1)=XBAR)+F( T4 1 )M(XBAR=X{ L }))/(H(I)#ALPHA)
TAUBAR=SCALE+TAUBAR
TAUDBP=(F(I+1)=-F(I))}/(H(I)®ALPHA)
TAUCRP=SCALE#»TAUBP
GO TO 30
C #ww FIT WITH EXPOMENTIAL SPLINE
20 X1=SCALE#{X(I+1)~XBAR)/ALPHA
X2SSCALE®{ XBAR-X{ 1) )/ZALPHA
PI2=P(T14P(I)
PIHI=P(I}nH(I)
IF(PINI.GT.ETA) GO TO 25
C mun USE PONER SENIES REPRESENTATION
PICHI2=PIHI#PIHT
PIGHIG=PIZHIZ"PICHIZ
X12=X1wX1
X22=A2nX2
Yia=X12#X12
K24=K22nx22
OHEHI2=1./(H(L)®H(I))
TCRMI=1, +CONSTIUPIZHI2+CONST4NPIGHISG
TERI2=CONSTI#PLI2-0HBHIZ2 +CONST7#PI2#PT2HI2
TERNI=(CONSTB»CNBHTI2+CONSTIPIZ ) #PI2
TAUBARS(FLIInXLAF{Te1)1#X2)/H(T}-CONSTInH(T I
LUXLRTAUDP(L )t TERISL+TERMZ2wX12 ¢ TERHI#X14) ¢
242#TAUDP( I+ 1 )#( TERML ¢ TERNZ ¥ X22 ¢ TERM3INX24) )
TAUBRSLF (Il 1=F(I))/HII)-CONSTINH(I )
LOTAUDPU L+ )% TERML+3 . »TERM2#X22+5 . # TERMINXI4 )~
2TAUDP(LIS(TERM. ¢ 3 wTERM2uX12 ¢S5 . #TERMINX19) )
TAUBP=SCALE»TAUBP/ALPHA
GO 19 30
C #ns USE HYPERBOLIC FUMCTIONS
25 OEHOM=PI2#SIMIH(P(I)#H(I))
TALEARS(TAUDPL I I#SIHH( PO )#X1 )+ TAUDP(Z 41 InSINHIP( I ) #X2) ) /DENOM
1+ (F{T)-TAUDBP(I )/PX2 1%KL+ (F(X+1)-TAUDP(X+1 )/PI2)uX2)/H(L}
TAUBP=( TAUDP{ X+1 )#COSH{ PLX)#X2 )-TAUDP( T )#COSH(P( T )#X1) )#P(I)/DENOM
Lo (FCIel)~FIL)+(TAUDP(I)-TAUDP(I+1))/PI2)/H(Y)
FAUDP=SCALE~TAUBP/ZALFHA
30 CONTINUE
RETUIN
EHO

onon

o000
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DRIVER FOR PERIODIC PARAHETRIC EXPOMENTIAL SPLINE PACKAGE:
B, J. HCCARTIN l0/80

OIMENSION XP(}00),YP(100),5(100),BX(100),BY(100),TAUDPX(100),

1TAUDPY{100),PX(100),PY(100),HX(100),HY(100)

CALL ERRSET(207,25%6,~1,1,0)
CALL ERRSETI208,256,-1,1,0)
CALL TKIMNIT

READU15,10) NP1

FORMAT(I3)

HRITE(16,20) NP}

FORHAT(IX, 'NPL = *,13)
WRITEL L16,30)

FORNATL(! xXp YPY)
NO 60 I=1,HP1

READULS,40) XP(I),YP(I)
FORMAT(ZELS,.7)

WRITE(16,50) XP(I),YP(I)
FORMAT{ 1X,R2EL15,7)

CONTIHUE

READ(15,70) EPS
FORMAT(ELS.7)

HRITE(16,80) EPS

FORHAT(1X, 'EPS = ',EL1S5.7)
CALL PEREXP{XP,YP,NP1,EPS,3,8X,BY, TAUDPX, TAUDPY ,PX,PY  HX)HY)
RETURN

END

PEREXP: B. J. MCCARTIN 10/60

FUNCTION: CONSTRUCTS THE PARAMETRIC EXPONENTIAL SPLINE
INTERPOLANT TO A SET OF POINTS IN THE PLANE
USING PERIODIC END CCNDITIONS
NOTE: ARC LEHGTH IS USED AS THE PARAMETER

REFERENCE: B. J. MCCARTIN, NUMERICAL COMPUTATION OF
EXPOHENTIAL SPLINES, COURANT MATHEMATICS
AND COMPUTING LABORATORY, QCTOBER 1940

DESCRIPTION QF CALLING ARGUMEMTS:

Xe ¢ ABSCISSAE
YP = OROINATES
NP1 = HUMBER OF ORDERED TRIPLETS OF DATA .,
EPS s TOLERANCE FOR STOPPING CRITERIA IN

ARC LENGTH ITERATION
] = ARC LENGTH
BX = RIGHT HAND SIDE OF SPLINE EQUATIONS FOR X(3)
ay S RIGHT HAND SIDE OF SPLINE EQUATIONS FOR Y(S)
TALJPK = SOLUTION OF SPLINE EQUATIONS FOR X(S)
YAUDPY = SOLUTION OF SPLINE EQUATIONS FOR Y{S)
Y = EXPOHENTIAL SPLINE TENSION PARANETERS FOR X(S)
RY = ENPONENTIAL SPLINE TENSION PARAMETERS FOR Y(S)
HX = DELTA S FOR X(3)
HY = DELTA § FOR v(S)
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c

SUSROUTINE PEREAFLAP.YP,HPL,LFS,5,8X)BY, TAUDRX, TAUDRPY , PXPY \HK HY )
DIMENSINN WPELI,YRCL),SE1),0N01),8YCL ), TAUDPA( L), TAUDPY( L),

IPRUL ), PYCL ) HXEL Y hivt 1), 8001000

€ »sen COAPUTE CHORO LEHGIN

~

[z NeNy] onon o0an

onon

aoaon

RN e N N s N s N e N e N e N e N e Ny N N a e R N e X X Nz X N o]

10
15
whd
L
L XX}

how
(XX ]
LN

LR ]
noew
anw

wrA
LY )
ntw

LR ]
nnw
LR ]

30

3l
32

35

L2
LT
" nn
[ X 1]
(X2}
L2 2 3
L2 ]
ann
waw
anw
LI
(2.1 ]
LY ]
LE2.}
(L1}
- N
wo
» e
waw
LN
LK
LX)
LR
LA X 4

e

$11)=0,

0N 1o L=2,NPIL

SIXI2SIX=L)4SARTEIXPII)~APLI~1) )nu2e(YP({I)=YPLI-1))nnu)
COMTINUE

FIT X VS. ARC LENGTH

CALL EXPSPLISXP HPL,BXTAUDPX ,PX,HX)ALPHAX)

FIT ¥ VS, ARC LENGTH

CALL EXPSPLIS.YP,HPL,BY,TAUDPY,RY,HY,ALPHAY)

PLOT Y VS, X

CALL PLTYFIT(S,XP,YP,NP1,BX,BY,TAUDPX, TAUDPY,PX,PY HX HY,

LALEHAN JALPHAY )

RECALCULATE ARC LENGTH
CALL ARCLEN(S,MHP1,BX,BY,TAUDPX, TAUDPY,PX),PY  HX,HY , ALPHAX , ALPHAY ,

1SH AP YP)

DETCRMINE SIGHFICAHCE OF RELATIVE CHANGE IN ARC LENGTH

0O 30 I=2,HPI

IFLABSU(SNIX)-S(X) }/(S(X)-S(I~1))).GE.EPS) GO TO 31
CONTINUE

GO TO 35

09 32 I=2,NPlL

S{IN=SH )

GO YO IS

CONTIHUE

RETURN

END

ARCLEN: B. J. MCCARTIN 10/80

FUHCTIGH: APPROXIMATE ARC LENGTH INTEGRAL USING
COMPOUND SIMPSON'S RULE

DESCRIPTION OF CALLING ARGUNMENTS:
S z INPUT ARC LENGTH

HPL = NUHBER OF ORDERED TRIPLEYS OF DATA

84 = RIGHT HAND SIDE OF SPLINE EQUATIONS FOR X(3)
BY = RIGHT HAND SIDE OF SPLINE EQUATIONS FOR Y(S)
TAUDPX = SQLUTION OF SPLINE EQUATIONS FOR X(S)

TAUDPY = SOLUTION OF SPLINE EQUATIONS FOR Y(S)

PX 3 EXFCHEHTIAL SPLINE TENSION PARAMETERS FOR X(S)
PY = EAF2UENTTIAL SPLINE TEHSION PARAMETERS FOR Y(S)
HX = DELTA S X(S)

HY = DELTA S FUR Y(S)

ALPHAX = SCAIINLG PARAMETER FOR X(S)

ALFHAY = SCALING PARALETER FCR Y(S)

€H = QUTPUT ARC LENGTH

N = ABULCISSAE

P = ORUINATES
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C awn

SUCROUTIHE ARCLEHI S, MPL,BX,BY,TAUDPX, TAUDPY \PX,PY HX HY,
TALPHAN JALFHAY , SH WPy YP)

OINENSTON SUL),6%01),8Y(1),TAUDPXI 1) s TAUDPY( L ) PALL ), PYLL),
UECCL L HYCL )W SHEL Y FERR) o XPEL) ) YR(L)

C wwe CALCULATE ARC LENGTH

C mmn

sHi1)=0,

DO 10 K=2,HPI

DS=S{K1-SiK=-1)

Hz05.'10,

00 5 L=1,1)

SlatL-1 It ¢ w-1)

CALL ESEVALIS, XM, HPL,B8X, TAUDPX,PX,HX,S1 X1 ) DERIVX,ALPHAX)
CALL ESEVAL{S)YP,NPL,BY,TAUDRY,PY,HY,SL,Y1,DERIVY,ALPHAY)

5 FILI=SCHTIDERIVY#«2+DERIVY#NZ)
10 SHIK)ZBHIK-1)0lF(L)+a . m{FI2)4F(4)+F(6)1F(BI+F(10))

12wl FUSIAF(SIeF(TIVF(9))¢FILL))InH/T,

RETURN
ENHD

C won
C nna
C wme PLTFIT: B, J. HMCCARTIN 9/80
C win
C nnn
C =#w FUNICTION: PLOTS THE PARIMETRIC EXPONENTIAL SPLINE
C nuth
C #»rw DESCRIPTION OF CALLING ARGUMENTS:
C #ns S = ARC LEMGTH
C wnnt Xp S ABSCISSAE
C vnw YP % ORDIMATES
C wak NP1 = NHUNDER OF ORDERED TRIPLETS OF DATA
C wen BX = RIGHT HAND SIDE OF SPLINE EQUATIONS FOR X(S)
C nnut 8y 2 RIGHT HAND SIDE OF SPLINE EQUATIONS FOR Y(S)
C wwe TAUDPX = SOLUTION OF SPLINE EQUATIONS FOR X($8)
£ wne TAUDPY = SOLUTION OF SPLINE EQUATIGNS FOR Y(8)
C ann PX 3 EXPONENTIAL SPLINE TENSION PARAHETERS FOR X(S)
C wns PY = EXPCHENTYAL SPLINE TENSION PARAMETERS FOR Y(S)
C nwn HX = DELTA § FOR X(S)
C woan HY = DELTA S rOR Y(S) »
C muw ALPHAX 3 SCALING PARAMETER FOR X($S)
g LA ALPHAY = SCALING PARAMETER FOR Y(S)

wwik

SUBROUTIME PLTFIT(S,XP, YP.NPI»BX.BY.TAUDPX TAUDPY , PX ) PY HX HY
LALPHAX (ALPHAY )

DIMENSION S(l);XP(l).YP(ll.BX(l’.BY(l)oTAUUPX(l)oTAUDPY(l):
LPACL)yPYCL) HX(L ) HY UL ) XPLT{11000),YPLT(11000),
ZIPSTRT(2),IPNUM(2), IPSYM(2),IPINCR(2),TITLE(6Q),
3XLBLIS),YLBL(5),IPLINE(2),2(2)

DATA XLBL/5#! '/

DATA YLBL/SH' '/

OATA BLANK/' '

DATA TITLE/4Gu! '+ 'PARA*, '"HETR','IC E','XPON', 'ENTI’,
1'AL S','PLIN',‘E LTI '/

Z(1)=BLANK
Z(2)=BLANK
HZ=2
IPSTRT(1)=1
IPSTRT(2)=NPL+1
IPHUMI 1)=NPL
IFRUIN2)=(HP1-1)n100+1

IPLIHNEVL )=~
IPLINE(2)=4
IPSYII( 1=l
IAS(t2)=0
IPINCRtL)=]
IHINCR(2)=1
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aooconoconNnnoooconNnnNnacaonN0OnNo0n

noan

Lo 10 1-1.,n0P1

SPLT{T s, 71 )

LTIV
10 CONTINUE

MNPt el

KPP -1

00 20 R:1.,1IP

DS:S(F+1)-SIK)

H=0S/100.

D0 25 L=1,100

S13SIKIetL-1)nld

CALL ESEVALIS,XPHPL,DBX,TAUDPX,PX,HX,S1 XPLT(M) ,DERIVX,ALPHAX)

CALL ESEVAL(S,YP,HPL,BY,TAUDPY,PY,HY,SL,7TPLTIM),DERIVY)ALPHAY)
25 Nh-id .
20 CONTINVE

RPLT(MI=APR(NPL)

YPLTULMIZYR(INSL)

00 30 I=1)M
30 COHTTHUE

CALL PLYER(XPLT,YPLY,Z/HZ)IPSTRT, IPNUM, IPLINE,

LIPS1M, LPINCR, TITLE,XLBL, YLBL,0UN)

RCTURN
€140
LT}
LLL]
#w EXPSPL; B. J, NCCARTIN 10/80
L]
[ 2.1
Avk FUNCTION: CONSTRUCTS THE INTERPOLATORY EXPONENTIAL SPLINE
L TO A SET OF POINTS IN THE PLANE WITH MOHQTONICALLY
LLL] INCREASING ABSCISSAE USING PERIODIC END CONDITIONS
"ww
wwe REFERENCE: B. J. MCCARTIN, NUHERICAL COHPUTATION OF
" EXPONEMTIAL SPLINES, COURANT MATHEMATICS
LLL] AND COMPUTING LABORATQRY, OCTOBER 1980
"o
#xw DESCRIPTION OF CALLING ARGUMENTS:
e X = ABSCISSAE
et F = ORDINATES
LLE] HP1L = HUNGBER GF CRDERED PAIRS OF DATA
e 8 = RIGHT HAND SIDE OF SPLINE EQUATIONS
LLLs TAUDP = SOLUTION OF SPLINE EQUATIONS
LAL P = EXFONENHTIAL SPLINE TENSION PARAMETERS
LLE * H = DELTA X
L1 L] ALPHA s SCALING PARAMETER

(213
SUBRQUTINE CXPSPLIX,F,NPl,B,TAUDP,P ) H,ALPHA)
DIMEHSION X(1),F(1),B(.),TAUBP(L1),P(1),H(1)
DIMENSION E(100},DIAG(100),ILIML(200),ILIMUCL00),
1Q(100),51100),T(100),U(100),V(100)
REAL LAIBAR
N
¥wa INITIALIZATION
weid
Iour=}
IPLQT=9
COtisTi=1./6.
censre=1./3.
COISFS==~7./60.
CQlidTa=31.,2320.
COHSTS=-1.,/15,
CCHSTL=2, /315,
=Pt -1
tert -1
KPSzt E-0
COLGNEL,
kfA=.07
$I0GYA=100.
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3 POTHATIZ Y EPS

~

ANw
LR Y
LA}

oo

10

.._
ra

13
LAY
"an
LEL]
"
oW
LAE
LY ]
»uw

anonooaon

14

15
16
20
29
30

31

33
C n~e

C rarm

ALPHA=L,
ITH e

SCALE=N,ZIX(NPLI-N(1))

IFCLCUT,RE,0) WRITEI1e,2) ITHAK

FOUNATE/Zy ' LTHAY = ' I5)

IFITUUT.HE,0) HRITE(16,3) EPS,CIILGA)ETA,SIGHA

= ' E15.7,5%)'0NLGA = 'E15,7,5Xy'ETA = 'E15,7,54,

1'SICHA = 'EL5.7)

conir=a
0U & 131N

HEL)sStIel)=XUT)

HIL)
60 6 I=1,H
FtI)=0,

SCALE=H(I)

LFLIOUT.NE,0) HRITE(16,6)

FORMATL/ !

I H")

IF{IQUT,HE . 0) WRITE(16,7) (I, HIL)I=L1)N)
FOPNATE1C, 154EL15.7)

DEFIMNE B'S

BOL)S(FIZ)-FOL)I/AHELI=(FUNPL)=F(N) IZH(N)
IFIH.EQ.1) GQ TO 11

00 10 I=2,N

BRI L)-FCD))/HID)-(F(T)=F(I-1))I/HII-1)

8(HP1)=B(L)

IF(IQUT.HE.0) WRITE(16,12)

FLONaT(/,!

1 8'l

IF{IQUT.NE,0) HRITE(16413) (I,B(I),I=1,NPL}
FORMAT(1X,15,E15.7)

DETERMINE WHICH INTERVALS SHOULD BE FIT WITH
LINE SEGHENTS AMD WHICH INTERVALS SHOULD BE
FIT WITH EXPOHENTIAL SPLINES

K
ILINLLT)
ILINUCT)

K=0

IL=1
CONTTINUE

00 20 I=IL,N

HULIELR OF EXPONENTIAL SPLINE IYNTERVALS
LEFT HAND ENDFOINT OF ITH SPLINE INTERVAL
RIGHT HAHU EHDPOINT QF ITH SPLINE INTERVAL

TEMP=B(L1#B(I¢l)
IF{TEMP.EQ,0.) GO YO 20

K=K+l
ILIMLIK)=I
DO 16 J=I\N

TEMP=B(J)%B(J+1)
IF(TEMP,NE.CG,) GO TO 15

ILIMUIK)=S
GO 70 29

IF(J.ME.N) GO TO 16

ILINUGK)=N
Gg 70 30
CCHTINUE
CCHTINUE
G3 TO 30
IL=J

GO 70 14
CONTINHUE

IF(ICUT.ME.O) WKRITE(16,31) K

FOMAT(/ K =

*I3)

IF(K,€EQ.,0) GO TO 54
IF(ICUr.NE.OQ) WRITE(16,32)

FOHMATELX,

I ILIML ILINU')

IFCICUT,NE.O) LRITE(16,33) (L, TLIMLLL),ILIMULI),I=1,K)
FORMATITS,15,1X,15)

SET UP SPLINE EGUATIOHS
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e

C nran
I5 0IMl=0.
ICCUNT=ICOUNT ¢
IFCIOUT,NE,0) WIITE(16,1C00)
IFCLCUT.NE,0) KRITE(LD, 30 ) ICOUNT

36 FORDATLLA, "TCOUNT = ', I5)
TFOIOUT HE.O) RRITECLG, 3T
37 FLANATLZ ! I P H*)

IF(EQUTN . HE,0) BRLITE(16,33) (I,P(T),H(X),I=1,N)
50 LOMIZTIIX,IB,EL5.7,EL15,7)
DO 40 I-<1,H
PLPLT)
HEI=HLL)
PIHL=PINHI
PIL-PI-PI
IF{PIHT.GT.ETA) GO TO 39
C a=% ULE FOMNER SERILS REFRESCHTAYION
PYodI2=pPIEmiIvHI
PL4HI4=PICHICUPIZHIR
E{I)=01, +CONSTINPICHI2+COMSTA%PIGHIY )#HIHCONSTL
DI=(L,+CONSTS~PI2HI2+CONSTONPIAHIG )MHIRCONST2
DIAGIL)=DIML DL
€O TO 40
C s#=» USE HIPESBOLIC FUNCTIONS
39 0rYHEI=1, /HE
SLSSIHN(PLIHE )
CL:COSHIPINI)
PIBYSI=ZPL,/SI
€1 X121 0NBYHI-PIBYSI)/PI2
DI=(PIBYSIACI-ONBYHI)/PX2
OTAG(I)=DIMI+0I
40 DI=DY
DIAG(11=DYAG(L )DL
YFOIOUT.NE.O) WRITE(16,41)
4l FORMAT(/,! I E*')
IFCIOUT.HE.O) WRITE(16,42) (X,E(X),I21,N)
42 FCRHAY{(14,15,E15.7)
IFCIUUT . ME.O) KRITE(16,43)
43 FORNATL/,! I DIAG')
IF{IOUT.NE.O) WRITE(14,49) (I,DIAG(I),I=1,N)
44 FORDAT(1X,15,E15.7)
C dan
C wnm ALTER SPLIME EQUAYTIONS
C nn
IFtB(1).EQ.0.) E(1)=0,
IFIBI1).EQ.0.) E(N}I=0,
IFIN.EQ.1) GO TO %6
00 45 I=2,N
IF(BITI).HE.0.) GO TO 45
E(I-11=0.
E(I)=0,
45 CONTINUE
46 COMTIHUE
IF(IOUT.NE.0) WRITE(16,47)
w7 FORMAT(/,!* I E*)
IF(TOUT.ME.O) WRITE(16,48) (L,E(I),I=1,N)
48 FORMAT(1X,15,E15.7)
C Mnnm
C »#» SOLVE SPLINE EQUATIONS (SEE AHLBERG, NILSON AND WALSH)
C #»a

261



FneOLAGHEL)
JULs-E0 L/PK
Uttt eK
SULi=-«-ECH) PK
00 49 Kk -0 ,0MI
B sEihn=t ImdihbK=1)¢DIAGIKK)
UPRNIS-ELRR)/PK
UILFR IS IBIRK Y -EIKK=1)aUtEK-1})/PK
W9 SIFK )IZ<EIRN-L 14SIKR=11/PK
Tint-1, .
YiH=0,
DO 50 L=1,NML
ME=H-L
TIRK):QURK )®T(KK+ 1) ¢S(KK)
50 VIRKI=QERK )#V(KK#+1 }+UIKK)
TAUDHCHD S IBIH) =ELHI#VE L) “EIN=L IVIN=-1) ) ZCECNINT(L ) 4E(N-1)HTIN~1}
1eBIAGIH)
DO 51 L=1,Nm
hMREH=L
51 TAUNPIKK)ZQIKK ) »TAUDP(KK+1 J¢S(KK ) »TAUDP(H)+U(KK)
TAUDPIHPL=TAUDPL L)
IF{I0UT.HE. Q) WRITE(16,52)
52 FORHAT(/Z)? I TAUDP B')
[F{IOUT,HE,Q) WRITE(16,53) (XI,TAUDP(I),B(X),I=1,NP1)
53 FORNMAY(IX,I5,EL5.7,EL15.7)

C nman
C nrn PLOT EXPOMEMTIAL SPLIME
C naw [
54 LFLYPLOT,HE.0) CALL ESPLOT(X,F,HP1,8,TAUDP,P)H,ALPHA)
IF(K,EQ.0) GO TO 99
LF(ICOUNT,GE, XTMAX) GO TOQ 2000
C nem
C mew UPDATE P'S
C naxn
IFLAG:0
0C 806 I=1,K

IL=TLIMLLI)
IUSILIMJCT)
TENPTAUURCIL)I®B(IL)
TFITENP.GT.0.) GO TO 64
IFt TAUDP(IL),.EQ.O, . AHD.IL.NE.1) GO YO 64
IFErAUDPILL)Y . HELO.) GO TO 60
C #me [AUDP=Q AT LEFT HAND ENUPOINT (FIRST POINT)
[FLAG:Y
PIN)zPINI+EPS
PLLIZPCL)IEPS
GO TO 64
60 LFIIL.HE. L) GO TO 62
C #ww BrlAUOP<O AT LEFT HAND ENDPOINT (FIRST POINT)
TFLAGE)
LAIBAR=AMAX1(ABS(B(1)),0IAG( 1 )*ABSI TAUDR(L)))
1702, »ANAXLEADSETAUDP(N) ) 4 ABSETAUDP(2))))
PTILOA=L, /500 YL LANMBARYHIND)
PTLLDA=AMAXL(PTILDA,PIN))
PIH)2PEH) YONEGA#( PTILDA-PIN))
PrILDA=L. /SURT(LAMBAR®H{ 1))
PIILDAANAKLIPTILDA,P(L))
PULI2PEL) tONEGA%(PTILDA-P(1))
G TO 64
C owms tya] AUDP<0 AT LEFT HAND ENOPOINT (OTHER THAN FIRST POINT)
62 I[FLAG=]
LAMUARAHAXL{ ABS(B(IL)},DIAGIIL)=ABS( TAUDP(IL)))/ZABSITAUDP(IL+1))
PTLLDAZL, /SURTILANBAR®HILIL))
PIILOA-AMAXLIPTILOA,PLIL))
FOLL)-POIL) +OHEGAS(PTILDA-PIIL))



c

c

c

aooo [N zKse]

64

(2.1

(1.

“ie

68
70

"

.

ILPLI=IL+L

UMl =lu-1

IFLIUMLLLY.ILPL) GO TO 70

00 o8 J=ILPI,IUML

IF{TAUDPLY)  HE.OD.) GO TQ 66

TAUOP=0 AT AN IHNTERIOR POINT

IFLAG=I

PtJ=1)sP(J=-1)*EPS

PLJ)I=PLJ)EPS

GO TO ©8

TEMR=TLUNPLIINSLY)

I+ L TEMP.GT,0.) GO TO €8

B TAUIPSO AT AN INTERIOR POINT

IFLAG=]
LAIBLR=AMAXI( ABSIB( J)),DIAG( J)I#ABS{TAUDP(J}))
1702, #5HAXTUABS( TAUDPC J~1) ), ABS(TAUOP(J+1))))
PrILOA=1./SQRTILAUSAR®H(J-1))
PIILOAZAMAXI(PTILDA,P(J-1))
P{J=113P(J-1)+QMEGA%(PTILDA-P(J~1]))
PTYILDA=L./SCRT({LAMEAR®H(J))
PTILOA=AMAXI(PTILDA,P(J))
PLJ)=PEJ)IONEGA*L PTILOA-P( YY)

CONTINUE

TENP=TAUDPI IUI#B( IU)

IFLTENPR.GT.0.) GO YO 80
IF(TAUDP(IVU).EQ.0,.AND.IU.NE.N) GO TO 80
IFETAUDP(IV).NE.O.) GO TO 75

TAUDP=0 AT RIGHT HAHOD ENOPOINT (LAST POINT)
IFLAG=]

PIN-1)=P(N=-1)+EPS

PHI=PIHI+EPS

GO TO 890

75 IPCIU.NE.H) GO TQ 76
C ### B TAUDP<Q AT RIGHY HAND ENDPOINT (LAST POINT)

IFLAG=Y

LAMBAR=AMAXLI{ ABS(B(N)),DIAGININABSITAUNP(N) })
1701 »AHAXL(ABSI TAUDP(N-1)),ABSITAUDR(2)) 1))
PTILDA=L./SURT( LAMBAR®HIN=-1))
PTILOA=AHAXY(PTILDA,P(N-1))
PEH-112P(N~]1)+OMEGAn( PTILDA~P(N=-1))
PTILDASL./SUNT( LAMBANSHING )
PTILOASAHAXI(PTILDA,P(N))

PIN)=P{H) +OHEGA#(PTILDA-P(N)}

GU TO &0

76 IFLAG=]

a0
oo n

LAMBAR=AMAX1(ABS{B(IU)),DIAG( IU)#ABS( TAUDR({ IU) ) )/ABS( TAUDP( IUHL ) )

PTILDA=1,/SQRT(LAMBAR®H(IUMI))
PTILOA=AMAXI(PTILOA,RP(IUML))

PUIUIIL )P IUML ) +ONEGA(PTILDA~P(IUML ) )
CONTIMNUE

#m* CHECK FOR EXTRAMEQUS INFLECTION POINTS

L1

L nn
~oh ot
*no

93

9%

IF(IFLAG.EQ.0) GO TO 99
SCALE ABSCISSAE

xHu=q,

00 93 I=1,N

XMUZAAXLEXHUY, PIT)#H(T))
ALPHAC=AHAXT(XMU/SIGHA, L. )
ALFHAZALPHA#ALPHAC

DO 94 I=1,H

HED) = 1) /7ALPHAC
B(I)-=B(I)eAiLPHAC
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c
c
c

c
c
c

a0 oo0

aoo

aon

95
96
97
93

(X
LN ]
ann

59

100
looo

LY
LEX
LK ]

2000

2001

ig00

(3 X2
L 1]
LY 1]
2.2 4
LN}
L2 ]
L2 2 ]
LA R 1
L]
LEY ]
ot ok
GRe
LEE ]
o %o
LA
" nw
L2 2 4

L2 2 2
(£ X ]
L2 X

[ X 2]
L]
- w

38

BULHEL 158(MNFL)WALPHAC
IF(INUT,NE,O0) WRITE(16,95) XHU,ALFHAC,ALPHA

FOFUIATE/Z, 'XHU = ' L,ELS,7,5%, 'ALPHAC = *,EL5.7,5X,'ALPHA = ' ,E15.7)
IF(ICUT.HE.O) WRITEL16,96)
FCRMATL/, ! L H 8')

IF(ICUT, HE.O) WRITE(16,971 (X,HLI),BIT),I=1,N)
FOPHAT(1R,15,2E156.7)

IFLIOUT.HE.O) HRITE(16,98) HPL,BINPL)
FORMATE LA 154 16X,ELS5.7)

GO 10 3%

ND EXTRANEOUS INFLECTION POINTS

IF(IQUT.KE.O) KRITE(16,1000)

IF(IOUT.NE.0) KRITE(16,100) ICOUNT

FORMAT(® 1O EXTRANEOU3 INFLECTION POINTS: ICOUNT = *,I3)
FORMAT(/// ) mmmmmeme e cmc e e e R D bbb bbbt “2l17)
G0 70 3000

MAXIMUM NUMBER CF ITERATIONS EXCEEDED
IF(IQUT.HE.O) WRITE(16,1000)

IF(IOUT.HE.D3) WRITE(16,2001)

FORMAT{* MAXIMUM NUMCER OF ITERATIONS EXCEEDED')

RETURN
EHD

ESPLOT: 8. &. MCCARTIN 10/80

FUHCTION: PLOTS THE EXPONENTIAL SPLINE

OESCRIPTION OF CALLING ARGUMENTS:

X = ABSCISSAE

F = ORDINATES

NP1 = NUMBER OF ORDERED PAIRS OF DATA

B = RIGHT HAHD SIDE OF SPLINE EGQUATIONS
TAUDP = SOLUYTION OF SPLINE EQUATIONS

P 3 EXPOMEHTIAL SPLINE TENSION PARAMETERS
H = DELTA X

ALPHA 3 SCALING PARAMETER

SUBROUTINE ESPLOT(X.F,NP1,B,TAUDP,P)H,ALPHA}

CIMENSION X(1),F(1),B(1),TAUDR(1),P(1),H(1)

DINENSION XP(10000),FP(10000),Z(2},IPNUMI2), IPLINE(2),IPSYN(2),
1IPINCR(Z2),ITITLE(60),XLBL(5),YLBLIS),IPSTRT(2)

DATA BLAMK/® '/

OATA XLBL/5#! '/

DATA YLBL/S#! t/

DATA ITITLE/5%* ‘2 'EXPQ’, 'NENT', 'TAL ', 'SPLI','NE ',50%' */

INITIALIZATION

10UT=0

N=HPL-1

DO 1 M=1,2

Z(M)=BLANK
SCALE=2./1X{NP1)=X(11})

SET UP ARRAYS

K=0
1FCICUT.ME.Q) WRITE(16,38)
FOMATI/, 11X, ! K XDAR TAUBAR TAUBP" }
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. 00 b I=1,H
DAEALPHAIL L )/99,
0,20 $/SCALE
wnEat L) -0X
00 -0 J=1,100
b3kl
APOE 1 ERDX
IFCWAIKILLT. X(T)) XP{K)I=X(T)
IFENPIRDLGT. NEI#L)) NPUKISX(IeL)
W PIK D
CALL ESEVALIX,F,HPLB,TAUDP, P, H NPIK ) FPLK ) TAUBP,ALPHA)
LFIICUT . HE,0) KRITE(10,39) K, XFIK),FPIK),TAUBR
39 FUPMAT(1Y,15,3E15.7)
69 CONTIHIVE
45 COMTLINLE
00 L3 I+1,HP1L

J-R¢l

IR EYNS &'
50 FPR{JISF(I)

HZ=2

IPSTRT1)=1
IPSTRY{C)=Kel

It =K
IFtURE 2 ) =HPL
IPLINELL =4
IPLINE(C)==-]
I251n01)=0
A LTS
IPIRCROL)Y=]
IPLNCR(2)=1
C winw
C ren PLOT
C wne
CALL PLTEKIXP,FP,Z,NZ,IPSTRT,IPHUM, IPLINE,IPSYM, IPINCR,ITITLE,
lALBL, 7LBL,OUR)
RETURM
El0
C nne
C ann
C nww ESEVAL: B, J. MCCARTIN 10/80 °
C Han
C wnnt
C danw FUNCTION: EVALUATES THE EXPOMENTIAL SPLINE
C #an
C awm DESCRIPTION OF CALLING ARGUMENTS:
C #nm X = ABSCISSAE
C sne F = QRDINATES
C non HPL = HUMBER OF ORDERED PAIRS OF DATA
C wnw B = RIGHT HAND SIDE OF SPLINE EQUATIONS
C mnn TAUORP = SOLUTION OF SPLIME EQUATIOMS
C naw [ = EXPONENTIAL SPLINE TENSION PARAMETERS
C awn H = DELYA X .
C wat XBAR = ABSCYXSSA OF EVALUATION
C sam TAUBAR = QROIMATE OF EVALUATICM
C muw TAUEP = DERIVATIVE OF EVALUATIOMN
C nan ALPHA = SCALING PARAMETER
C ann
SULROUTINE ESEVALIX,F,HP1,B8,TAUDR,P,H,XBAR, TAUBAR, TAUBP,ALFHA)
CIMENSION X(1),F{1),B01),TAULPIL),P(1),H(1)
C nne
C =ase INITTALIZATION
C wanm

cCOlsTL=1. /6.
CONGT2=1./3.
co\oT3=-7,,4¢0.
COYST4:31./2520.
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CuNLrss-1./18,
CCHS16=C,/1315,
CQNGTT=-7,7195,
CoNsTys~-,05
consr9=1,,/120.
HaHPL-1
ETA=,07
SCALE=T./(XINPL)=X(1))
ana
2% DETERMINE INTERVAL
an
00 10 J=1,N
I=J
IFIKBAR.LT.X(J¢1}) GO TG 11
10 CCHTIHUE
"o
ok DETERMINE TYPE OF FIT
enw
Il TEMP=BLI)"B(I+])
IF(TENP.HE.G.) GO TO 20
C mea FIT WITH LINEAR FUNCTIOM
TAUBARS(F(I)m{X(I#+L)I-XBAR)+F(I+1 }(XBAR=-X(T)))/(H(TI)WALPHA)
TAUBAR=SCALE#TAUBAR
TAUCP={F(I+1)=-F{I))/(H(X)*ALPHA)
TAUBP=SCALE~TAUBR
60 TO 30
C #ww FIT WITH EXPONENTIAL SPLINE
20 A1=SCALEw(A(X+1)=-XBAR)I/ALPHA
ACZSCALE#(XBAR~-X(I))}/ZALPHA
PIZzP(I)}#PI])
PIHISPCI)*H(])
IF(PIHI.GT.ETA) GO TO 25
C #n% USE POHER SERIES REPRESENTATION
PIZHIZ2=PIHI*PIHI
PIGHLG=PIRHIZHPI2HIZ
X123X1#X1
“22=K2=K2
AlGaX12=X12
X24=1202#22
OUBRIZ=L./(H(XI)I%H(X))
TERMLI=1. +CONSTI*PI2HI2+CONST4#PI4HIG
TERM2=CONSTI#PY2-0HLBHI2+CONST7RPI2HPI2HI2
TERMI=(CONSTE»ONBHI2 +CONSTO#PI2 ) #PI2
TAUBARS(F(L)INXI+F( I+l )aX2)/H{I}-CONSTI#H(T )%
LIXI#TAUDP( I ) #( TERML+TERMR2X12+TERH3I#X14 )¢
2N2nTAUDPII+L )#{TERML+TERMR2#X22 ¢ TERM3I#X24))
TAUBP=(F(I+1)-FLI))/HUL)-CONSTLI#H(I )N
TOTAUDP(I+] )R{TERMI+3, RTERM2NKX22+¢5, #TERMINX24 )~
2TAUDPUL}#( TERMI+3. #TERM2KX12¢5 . #TERMI®X14 1))
TAUBP=SCALE=TAUBP/ALPHA
GO 70 30
C ®wx USE HYPERBOLIC FUNCTIONS
25 OENOM=PI2#SINHIP(IINH(Y))
TAUSAR=( TAUUPI I ImSINH(P( I )nX1 )+ TAUDP( I+ )#SINH(P(I)%X2))/BENOM
Le( (FLI)=-TAUDP(X)/PIZ)#XL+(F(I+1)=-TAUDP(I+1)/P12)%X2)/H(I}
TAUBP={ TAUDP( I ¢! )nCOSH(P(I)InX2)-TAUDP(I)#COSH(P(I)*#X1))*P(I}/DENOM
LeCFIIv1)-FOL)e(TAUDPIL)~-TAUDP(I 1) )/PX2)/H(I)
TAUBP=SCALE*TAULP/ALPHA
30 CONTINUE
RETUNNH
EHD

aonG

coOon
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Appendix III: FEuler Solver

PRAGN A MAINCINPUTUUTPUT» TAPELIS=INPUT» (APELO=JUTPUTTAPELV,
1TaPELL)

FEF
ok Xk
2% EULErED? e Jeo MCCaRTIN 2721
£% 5
X%y ' '

REAL JACTAN(+usla), MNTM(4C,14) 5 iNTI(40514),MN(40,14)NN(40514),
IMHINFsNACH(40y14) 50500 ‘

LIMenSIO DEET(Lus La)sEn<GY(40014)sL0(4usla)sEE(40514))
LEAVED (40516),SAvENilalsLa)ySAVEN(GUs L) SAVEE(4Ir14),
2x(40514)sY (8091 a)sXP{al)sYP(Ll4)s5(40)sS5P(4C),
3o(ald), TaULP(42)sP(4T)sH(450)
GASURX(AC»14) s rs2Y(40yLa)sYSUBXRN(AU»14)YSLEBY(40,14),
SFP1(aGs149)sF22(65514)0FP5(40914)sFPa(4Colb)s
BFYL(60 02)sF Y2060 208 )7 i3(40s14))FMa(4Cr14),
TCP L1640 s0F 2014550 )55P3014,40)6P4(L4540),
BOML(L149s60) s GM2(14s90)s 52 (14540) 64 (14s4C)
QFLX(6osLa)srlXx(ausla)srin(avsle)sFax(4Crla),
XGLY(wisladsG2Y(40s.0)s53Y(40s14)95G4Y(40r14)

CUMMUMN CONSTLsCONSTEaCINST39CONSTEsCONSTSCUNSTOSCUNST7sCUNSTB,CON
18Te C

DATA VAR/JGC/

ARITE(LDy» 1)
1 FURMATY(LALS /711110 1011170010171710101111717550X%s

LZ25HEULRRZL BY 3¢ Ja MCCARTIN)

CAalL PLOTSSL (60U aHbe Je MCCANTIN)

CCHSTLl=1le/0Ce

CONST2=1e/ 3

CCN3T3==74/0)0

CGNSf“=310/25200

CONSTS=~1./135. ‘ .

CL\STJ-_O/3;D- -

CONST7==74/145, L

CONSTa==-43U5

CLUNST9=14/120,

CALL INPUT{GANNA»DT TA TpnPLDT’PbTEPb:NPl;NPl MINF)

CALL COZAC HPLIMNPLyXPoYPoXoYrSsSPsYMAXSDELTAXSDELTAYS

IXSUSX s XSUSY»YSUzXsYSL3YsJdACOLN)

CALL INITFRLOOENSTOMMNTMHoHANTHIENRGY» SoSPr Y MAXIYPONPISsMPYsMINF
1GAMML)

NETS=NPlsMPL

DG 1C J=1,MPl

00 1C I=1i»NPl

TERM=MMNTH (s JIFFIHNMNTM I d Y% 2
MS 3 D'*%)(TER JCGARNAR(GAMMA=L ) ¥ (DENST(I,J)*ENRGY(IsJ)=e2*TERM)))
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10

15

20

25

30

NaCallsd)=5GRT(MSGU)

CunTInNue

0 L0 KelsliSTEPS

Cu 15 J=1,14P1

Uu 15 I=1,nPl

SAVED(IsJ)=0ENST(I,d

SAVt (L’J)=H4NT0(I’J

NANTM(D,
’d

MN(IsJd) =
EE(Isd)=5k
CCNT INUE
CLLL DEFINE(OS» M pnis EESXPIYPMNPLyi1PL)
1YMAKs ob 4 nAsFP Lok PZoFrsFPasFir Lo FM2sFMN3sF A4 XSUBYSYSUBY)
CALL DEFLLG(I0s VM aNivsushPsYP NP Ly 1P Ly
1Y A CAAMASIGP LoGrR ;5P 39 mrP sl LyuM2y 0390644, XS5U3X3YSUBX)
CaLll COMPFPUXPy it FloliPLyFPLIFFPEsFP3sFP4sFMLaF N2y FN3aFitay
Lb,TAbJP)P Asr 1Y s FZXyF3XsraXs LELTAX)

CALL COAPGPIYP Pl AP LlouP LaGP2s6P3sGP4sCM1s0M2r Gi13sGM4y
1o TAUOP» Pt 31Y 3 G2Ys0L3Y,C4YsLELTAY)

CC 2¢ J=1l,rPl

Ju 2C 1I=1s.°1

DELTASDELTAT/JIACCE N (1sy)

DENST I d)=0ZnST(lsu)=(le/Ge )% DELTAX(FLIX(I,J)+GLY(I
MMNTP (Lo )=t ANTr (1o d)=(1a/ra )*OELTAX(F2zA(I, ) 462V (1
TR (D d ) s NTM (Lo d ) =(1le /0 Y XLELTAF(F3IX(Ipd)+03Y (]
ENROY (I o) =ERGY (I d)=(le/ o) ¥LELTA*(FaX(Isd)+54Y(1
CUNTINJE

DO 25 J=1y,MP1

00 25 I=1s0P1

DELTA=DELTAT/JIACSEN(IS])
DU(Isd)=SAVEIN(Isd )= SxDELTA¥(FIX(IsJ)+CLY(Isd)
MMl Isd)=SAaVEM(Isd)=oS*OELTAR(FZX{IsJ)+G2Y(10d)
NnCIpd)=sSAVE (T sd )= o0 ELTAR(F3R I )+G3Y (s J)
EECI»J)=SAVEE(IsU)=o8%0bELTAR(FAX(IsJ)+GY (1)
CONTINUE

CALL DCFINF(LDsMMstiNsEESsXPIYPINPLY AP 1)
1YMARD CANMASFPLIFP2sFPasFP4srmLlsFH2oFM3,FHi4yXSUBY, YSU3Y)
CALL OeFIMEG(ODsMIMaNsECsXPsYELIPLly Py

lY“AXPuAﬁ Ap G2 LlyGP2sCPIsGP4GMLy12,6M35614yxSLEX,YSUBX)
CALL COAPFP(XPsNPLls*PLlsFrLlsFP2sFP3sFP4sFY1oFM2s FM39FM4y
185 TAUDP S Py HsF L Xor2asFl3Asrbexs Ll TAX)

CALL COAPGPUYPIP Ly P LsOFLsdPZsuP3,5P4s06%1y3M2s6113sGM4y
15sTALOPs PotHs 31Y s GaYsG3Yy04YsLELTAY)

U 30 Jd=1,4P1

00 3C I=1,ixFl

CELTAL=DELTAT/JACCH(1,d)
DERSTUIsJ)=DENST(Isd)=(la/3 ) *LELTAX(FIX(I»J)+GLlY (I,
MMNTP (I d)=mWNT (Lo u)=(1e/3)RCELTAR(FZA(LIsJ)+G2YLI,

’
’

- % e ‘e

)
)
)
)

NENTR (Lo d ) =NANTS AL sd ) =(1 e/ 3)HNELTAR{FEIA(I,J)+53Y (]
EMRGY(IpJ)=ENROY(TIo ) =(1e/3)*TELTAX(F4X(IyJ)+GoY (1
CONTINUE

03 35 J=1,P1

‘00 35 I=1lyNPL

J))
J))
J))
J))

268



35

45

60

[ELTA=0cbLTAT/a2 0L u{lrv)

Dullsd)=3aYES(1sg)=ev# JELTARCEIX(I ) +CLY (1))
MALTIp )= lAvE (I d)=e SROELTAX(FZX(Tsd)+c2Y 1 1,d))
B CLsd)=3AVE ((Ipd)=s ¥ UELTA%(F3X (L) +G3Y(IrJ))
EECLIpd)=oaVES(Lyud=a® L TAR(FGX(Id)+LaY(Isd))

Cu~TI\H—

CALL CEFITFUODs MMt s AP YP L PLsMP Ly
LYYAL) LAY iAsF2), FJ SFE30FPasFALIFY29F3sFMas XSUBYsYSUBY)
CALL C2FInGlodsr sz X ?sYF s PlyiPly

LY AR A ANA GO Lyl r"’vur’ 395rP e nils G2 5Ky GMG,, XSUBXSYSURX)
CALL CTH PFP(xE, Ly Pl FEL FFPZoFP3sFFIsFMlaFM2yFM3sFMby
s TAULCP Py HpFLlasFlUyF3xsbkbhsLEalTALX)

CalL »:”bﬁr((av 51y frialFiLlalrZrUP3r»uP4»GMlsGA2G6155GM4)
SaTALU2, 2y Glrsu2YyudrsCGay,lELTAY)

JO 40 d=i,MPlL

':"u 4o I l’;'Pl

LbelTa=2CLTAT/uCle Insd)

DE ST pd )=l 25T Ipd )= La/ 2 )L ELTARCFLIXILpd)43LY(I,d))

““WT“(I:J)“ NT‘(I:J)—(1.13.)*TELTA*(FZX\I)J)+BZY(I:J))
STY (T d )= o 0T Isd ) ={le /3 ) LELTAF(FIX(IJd)+33Y(1sd))

E RPOY (Lo )=t ~Y(I)J)-(l J2G)RLELTAR (Fax(l,J)+54Y(1,4))

CCNTInue

CuU 4 J=1lyMPL

U0 42 lI=1,.°1

CELTA=28LTATZILCuEn(15d)

(Lo ) =0 mv (i) =00 LTAF(FLIX (I d)+G1Y(Isd))

P CIsd)sSAVEINLTsd) =Lt TAR(F2X(Isd)+62Y(Isd))

bl ladd=navde (L d ) =LeLTa%(F3X(Lsd)+0G3Y(1sd))

EElTsd)=aVIS (I d)~0ELTA¥(FGA(I I} +GaY(Lsd))

Cu ITINUE

CALL SEFIAF(ODsn A iisEs XPsYPOMP1IsMPL
LY AR CAMMASFP Lo Frr2sFrP 2o FP4yFMLsFM2sFM3,rMa, XSUBYsYSUBY)
Cabll CeCRING{ICosmgtinsctsXPoYPsbFlsnPly

LY AN, GAMMAS P LGP 2sGP3sGrupBitlsGN2sGM356GA4,, XSUBXYSUBX)
CALL CLAPFP X Pyl PLoYPlyFPLlyFresFP3sFPasFMIsFM2sF135FN4s
18 TAULD? 9P ary S LlXsF2XsF3XsFaAs LELTAX) '
CALL CIuiPuP (YR, isMPLyGFLIGPZICP3,sGF4,GM1GMN2y 636Gy
13, TALDPO) Pera s Ys»B2Y»03YsG4YsCELTAY)

Do 3;‘ J=l,."‘nPl

TG 50 I=lyrirl
UELT2A=0ELTAT/dACIEnw(Isu)

DENSTUIsd) =200 TlIsd)=(1le/0)*LELTA®(FIX(I, J)+blY(I J))
MENTE (Do) =T lIsd)=(le/0e ) *LELTA®(FEX(1Jd)+G2Y(Isd))
HARTH (Lo d )= iNT L)~ (Lo /€0 ) *DELTAX(FIX{I5J)4G3Y(1,J))
ERRGY(IsJd)=F i2eY (1o d)=(le/ce) *CELTA*(F4xX(IsJ)+G4Y(154))
CunTlivue

TInz=x*)cLTaT
MElK/NPLIT)IENPLUT =K

pSuUP=9

DJu a0 y=lynPl

Pd DG I=lsNPl

TERM=VENTM(I o JIRRIENFNTM(1sd) %22

MSQO=AZS(TER/(GaViAx(GAMAA=L o )% (DENST(IeJ)*ENRGY(IsJ)=eH*TERM)))

H&CH(i)J)=5~«T(ﬁbw“)
IF'("IZCH(I)J)NOEQJ..) ")UP=NSUP+1
CONTINUE
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71

72

73

70

78

74

75

76

77

SENRGY=~=1,

L4DZMAT=0.

AMMANTN=0,

ANANT#=20 .

AENRGY=0,

GO TC J=1,%4P1

DL 78 I=1lsnP1

DELT2D=A35(C22 33T(IsJ)=54VvEU(]s

CELTAM=AZI (/I NTY (Lo d)=SavEN(IsY

L}ELTr‘cc= e3{riNT (IsJd)=oavatillsd
J

))
))
))
D:LTLE=L&E(:¢9L{(I:J)—)’\ct( 240

'AOENST‘4CCJJT+J:LTAU

1 T\"‘A '1"‘;!11. l+.1LLT A
ku MaTms 8o NTA+0ELT A0
NRCY=AZ R GY+ T LTAE
IF(SCEWST.GE.JELTAD) 53 73 71
SUENST=DELTAL ‘o
I3D=1
JSD=4d
IF(SYINTMeGESDELTAY) ST TO 77
SEMNTY=0ELTAM
ISN"’I
JS+=4
IFCSNANTMGCE W OFLTANY 30 10 73
SHhMHTM=DELT AN
ISN=1
JSN=u
IF(SENRGYGELIELTAE) od 10 7¢C
SENRGY=D:zLTAE
ISE=1
JSE=U
CONTINUE
ACDENST=ADENST/PTS
AT = AMANT VNPT S
ANMNTH=ANINTY /L PTS
AENRGY=AENRGY /NPT
AarRITE(LEs72) <sN3ULP
FORMAT(SH K = 512538y 7THNSUP = ,1I5)
AR ITE(Los74) SCENSTs1590sJSCstDENST
FORAAT(LIXsC1l2a7512512,815.7)
WRITEL10s73) SUMGTASLISAsUSMyAMMNTM
FURMAT(LIX»El0e7s 139 15s212.7)
A ITE(Llor7c) St MuT y ISwadSNsANVNTH
FORMAT(LIXIELIS 72139 15sEL5.7)
whITE(L0s77) SENRGY»locsdSESAENRGY
FORTAT(L1X»CE15e70I25155810.7)
REWAIND 10
wRITE(LD) K

sk ITE(10) ((OERST(IsJd) s MUNTHCOIHJ) s HNMNTIM (T J) s ENRGY(Isd)sI=isNPL)>
1J=1,%P1)

IF(MentsC) G2 TO 98
CALL CHERPTYIVAR)
Ak ITE(iDyrl)

270



W e M

81 FURMAT(HH INLET) ’ 4
arITellbscl) (JpUlieSTULod)oliNTHM(L,J)) NMVTM(I J)SENRGY(L1sd)y
HACH( Lo Jd ) d=1ly"PL)

B2 FLRY“AT(LA»ISr5Eu547)
wrkITE(15y03)

B3 FURMAT(7H CUTLET)

ARITE(LSSEL) (JaDRUST(iPLaJd) g PMNTHINPL, ) s NMNTM(MPLJ) sENKGY(NPLy J
1), HACH(HPLd) sd=L1rAPL)
wreIlTE(Lnoey)

84 FORMAT(LLF UPPEFE WALL) . )

peITE(1EsC2) (TsuEnCTULnPL) s MANTMCL pHPL) sIsiNTMCIsMPL) »ENRGY (I MP1
1), 12CH(I»MPYL)Y»T=1,",P1)
rSITE{LByzE)

B5 FO<MATOLLIF L3wew aALL)

W3 LTellere2) (I OEMSTOLI)1) s MMNTM(Is L) sNMNTM (IS 1) »ENRGY(ISL) )
IMaCHUIsL)sI=2anPL)

SCALX=437%

SCaLY=4,.

CALL FRAME

iFrE'=3

0C 37 I=1)NPl

Cacl PLOTULCALX¥(X(TI»L)+L54)sSCALN®YACK(IS1)sIPEN)

E7 1FE'|=2
CLLL FRAME
IFEM=3
LC 29 I=1,0P1 . ,

CatLl PLJT(\CALX*(R(I,IPL)+1D.);SCALW MACHCI»MPL)»IPEN)
BG IPEW=2
QU CaLL cnORYC(NPLs APLIFIAF)GAMNASDENST s MMNTHM s NANTMH» ENRGY,»SP)
100 CONTINUE '
CALL FPAME
CALL PLIT(Der»042597)
160G ST2IP
END

SUBRCUTING InPUT(GAMYM &) DLLTATSMPLUTINSTEPSIN®Ly NP1y MINF)
C *x¥% INITIALIZE PARANMETERS
Al HINF
GL%VA=10‘0
MINFz.275
LELTAT=,.05
HPl=40
Mrl=1l4
HSTEPS=T75¢
NFLOT=50
rRITE(16,10)
10 FORMAT(AHLIINAUT)
WRITE(1os1l)
11 FUORMAT(Llw s 7asbrilA ““A)lJXyQH.IhF,luX,6FDELTAT;le)3HNPl)12X:JHMDI)
LIOXsoHAnNPLETsl0XpoHNSTERS)
nRITollos12) GAMMASNINFILCLTATINPLIMPLsNPLOTINSTEERS
12 FOURMLT(LIR »3E15.T7,5115)

271



rETUFN
£h

SUBRUUTINE CIURL(NPLLIMPLIXPs»YPaXsYsSsSPy

IXLU3XeX3UnY,YSuaeXsYiLAdYsJACOEL)
C #%% GEMNEFATE SHEANED CJIOFOIMATES

FEAL JAGSEN(4,14)

YIAXs DELTAX2OELTAY,

DIMelisIun aP(aC), YPU1a) s X3(14)pYS(ud)srn(164)yTAUDPS(L14) PS¢

IAs(la)ro(al)e 8P (<L

Yox(40s14)sY(40sL%)s

RASUBR(4D,14), X503 Y (40,1
LIMELSTION AT(3)sYT(2))
Ki*AX=15,

K:\]I”:“ljn
Y.'~-‘«.‘(=‘u.
DelTAax=2.%XMax/{("Pl=1)
DELTAY=sYMAX/(HPL-1)
DL 10 I=l,nP]

1C xp(I)=x
Ua 20 J=lyrPl

20 yP(J)=(J~- l)*JLLTHY

) YIUBX(AUs14)sYSUDY(40s14%)
T3 TAUUPT(I) s FT(3),AdT(3)

ATRAH(TI=1)%CELT AX

Xb'“-\"':=5.

WT=3

AT(1)=0.

YT 2)2AB AR+ 5% XAX=X3AR)
AT(3)=K0AN

Yi(l)=0.

YT(2)=432%

YT(3)=xaan

FPA=YT(2)/XxT(2)=415
FPB=AYT(3)=YT(2))/(xT(
CALL cXPSPLAXToYTsrFA,
CS 22 I=1s0pl

3)=-AT(2))+.1
FPesNTsuTsTAUOPT»PTsHTs ALPHAT)

IF(AP({I)aCGEals)
IF{XP(I)alloeila)

XEVAL=xP ()

XeVAL

==AP(1)

IF(XEVALLLTAT(L))
TFOXEVALWGT AT T))

AEVAL=XT(1)
KEVAL=XT(IT)

1g),

Call ESCvLL(XT)YT:NTJ5T)TAULPT)PT:HT)XEVAL)X(I;l))XSUBX(I)l)J

1ouMM Y s 2UNRY s ALPHAT)
IFCXP(I) oLl Tale) x(1I
25 COMTINuE
HS=7
X5(1)=Xx41N
AS(2)==5,
rAS(3)==2,5

s1)==a(Isl)
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¥3(5)=,1
Ys(s)=C,
¥Y3(7)=su, .
CALL EXPSPLIASIYS»UesdesliSsBS)TAUDPSSPSsHS»ALPHAS)
Lu 3C I=1ly,NiP1l
XEVAL=X(I»1)
IF(XEVAL LT, XS(l)) XeVAL=XA5(1)
IF(XEvALWGT3(S)) XxEVAL=X3(1S)
CaLlL £3¢Eva L(V:,Yb;’:;JJ’TAUUPS:PS:HS;XEVAL!S(I’JSP(I)r
ICUMAY» DUXNYs aLPEAS)
30 CINTLINJE
GL 40 J=1,nPl
ou 4C 1=1,nPL
X{Isd)=X{1s1)
Y(IoJd)=YPlJU)+SUIIF(Le=YP(J)/YMAX)
60 COnTlnle
wkITE(LE,41l)
41 FURIAT(IHIGEIARTAY)
wrkITel(lorqz)
he FORAAT(OLH 54 I,5h JrTAs1lbXs14Xr»1HY)
wkITE(l6s43) ((l)u:X(l,J))Y(I:J);I=19NF1);J=1:MP1)
43 FOGRYWAT(LH scIB8y22L15.7)
Lu 5C J=1sMPL
Du 50 I=1,npPL
X3Juor(l,d)= ’aUFX(I»l)
XS'J::"Y(I)J)‘-.”
Y3U3X{Ipy)=5P
YSU3IY(Isyd)=1,
JACTAN(Ird)=R
50 CUNTINCE
whITc(16,51) .
51 FLRHAAT(L11A 1 JrOXs SHXSUEX s LOXy SEXSUBY»LOXs SHYSUBX 910X
150YSUL3Y,1CXeH5HJACOBN)
WRITE(Lns22) CUIaJdaXSUSX(Tad)sXSUBY(Ipd)aYSUBX(Iou)sYSUBY(Isd))
1JACI~ NI )sl=2sinPl)sd=1sMPl)
52 FLRUAT(LIR ,215%»5El5.7)
FETUFN
END

(D)% (L o=YP (U )/YHAX)IEXSUBX(Isd)
~S(I)/Yr Ak
SULX(1pd)®YSUBY(IsJ)=XSUBY(1sJ)*YSUBX(IsJ)

LI ol %2

SUBRCUTINE INITFLCODENSTsMMNTMoNNNTHs ENRGYs Sy SPy YMAXsYPINPLsMP1,
l'»llu"’.‘.«;-.p\) .
C *=% CALCLLATE INITIAL FLOA FIELD
rEAL MINFooMTHA (0o 1a) s MoNTH (405 10)
CIMENSION ODENST(40»14) )ENRGY(40514)5S(40),SP(40)sYP(14)
DU 1C J=1,MP1
DU 1C¢ I=1,NP1
DENST(I»J)=1.
ENRGY(I5J)=ed+1 4/ (GANHAF(GAMMA=L o )¥*MINFXMINF)
16 CCNTINUE
DL 20 I=1,NPl
MENTE (I NP1 Y=L,
M‘.-\lTP‘(I,Hr’l)—u.
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MUMTY(Is1)=le /3CRT(Le+3P(IIXSP(L))
WMNTM (I L)=SP (I )#MUNTH(IN L) '
20 CONTINJE
MaMPl~-1
DG 30 J=2,M
00 30 I=1,NPl
MUNTRCId)=(YPCJ)ZYHAKL) 2MANTMCI O MPL)Y + (L a=YP(J)/YMAX ) EMMNTM(I, 1)
NUNT (T2 d)=(YP () ZYMAR)ENIANTMCI o MPI )+ (1 a=YP (J)/YMAX)RNMNTM(I» 1)
30 CONTINUE
wxITE(L16,31)
31 FORAAT(LI9RLIINITIAL FLUN FIELD)
wRITEZ(1hs32)
32 FCORYMAT(IH »12+H 1 J o osOXsSHDENS T LI Xe oHMMHNTA» LOX s SHAMN T
110Xy 5HENRGY)
WF ITECLO»33) ((1aJdsDENSTCL,d)pM¥HTH(TI ) s hMNTM(LsJ)sENRGY(LsJ))
1I=1shPLl)sd=1,nPl)
33 FC2MAT(iH »2I5954kL5.7)
RETURN
END

SUBRUUTINE DEFINF(ODIMYsisNobE S XPsYPIMPLyMFLy
1Y AX»CAMMAIFO Ly FP2sFP3sFPasFLls FME)FN39sF 4y XSUSYL,YSUBY)
C ==x% [CGEFINE FLUY VECTUR SPLAITTING IM X=DIFECTION

REAL MS{4001a)sh 0 (4Co1l4)sLLYPL, LAMPI,LAMPSG,
LLAMML LAY 3 LA 4,8.Tok1lTsK2T

DIMENSION DUO(40s14)see(40s1a)sXxP(40)sYF(L4))
IFPL(aDslua)sF22(4usla)sFP3(40s14)sFra(aCyla),
2FM1(405,14)sF12(40214)sFM3(40514)s74%4(4Cy1la),
3XSUBY(40s14)sYSLoY(4UsL4)

D0 100 J=1,MP1

DO 100 I=1,MP1

UsMi1(Isd)/0D0(I54)

V=idN(I,J)/70D(TI,4J)
CSAO=ABS((EE(LIsd)=e Bk (AMCI»J)FMMUIoJ)I+ANCISJIENN(INI)I)/DO(L0Y) )%
1GAMALx(GAMAA=Le)/0U(L,d))

C=5S2a2T(CSuD)

CONSTi=Y3UBY(Isd)xd=x3u3Y(1sd)*V
KAT=SQARTIYSU3IY( (I, J)®%2+XSUBY(IsJ)%%2)
COMST2=C#«KT

LAMP1=0.

LAMM1=0,.

IF{CONST1eGE«De ! LAMPL1=CUNSTL

IF(CONSTLeLEeDe) LAMML=CONSTL
LAMP3=LANMPL1+C0NST2 -
LaMPa=LAMP]

LAMM3=LANMM]

LAMMSG =L aMM1=C0ONST2

K1T=yYSU3Y(IsJd)/KRT

KeT==XSJd3Y(1sJ) /KT

CONST3=00(I,J)7(2%5ANNA)

W {3s=GCAMMA)X(LAMPI+LAMPY)*CXC I/ (2ex{CAMMA=~L,))
FPLELIsJ)=CONST3* (2% (GAMMA~L)*LAMPLI+LAMPI+LAMPS)
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FP2CIsJd)sClN3TIs(2ex(ualiiA=1o)¥LAMPL®USL AP 3%
T(L+CFKIT)4LA Pus(L=C®XLT))

FPB(I:J)=C?¢3T’*(2.¥(:~1|A Le)%LAMPL*V+LANPI*
Y(veCHA2T )+ LA P QA LN-C2T))

FPA(Isd)=Con3Ta((5AY a=ae)fLAMPLE(URUIVEV ) +,5%LAMP 3%
TO(U+C#RLIT )54 (v lsK2T)x32 )+ 5L AP A ({U~C2KLT) 4%2
2HIV=( 22T )*¥%2)4a)

RE({Se=08m™MAYR(LAMAZ+LAMQ )RR )/ (2% (GAA=]104))

FrlCIod)z=CutildTar(2e¥(udtinA=Le ) ®LaMitl+LAMM3I+LAMYS)

Fr20Isd) =000 STa%n(ze¥(oaliA=la ) LAMILFU+LAMMN3R
LU+ #RIT)+Le s m(u=CrR1T))

Frid3CIlod)=CuinsT32 (2% (SANMA=1 ) LAMMLIFV+LAMNNZS
Jlvel4+02T )40 A Maxm(V=(3<sT))

Frel{leyd)=sC i T2 (e ia=le ) oL AN ML (URUHVAEV ) +.5%LAMNM 3
L{(UFCFalT I/ 4 (V4CRL2TI*F2) 40 5% LANMAGR({U=C2K1T)#%2
2H(V=C3R2T 1 %%2 ) +n)

IFCASIFRPI(I U )alTolei=i0) FP1I(I»J)=0,

Ir(a~S(rPells»d))elTelec=12) FPe(lsd)=0e

FFCARS{F22(1lod)) elTelen=ul) FF3(1sd)=2.

IFCARSIFPa(Isd))elTelar=10) FP&(I»J)=0.

IFCAZSIE LIy d))elTala=20) Fini(Isd)=0.

IFCAZSIFMZ(Isd))elTelet=10) Fhel(lsd)=J.

IFCaeS(FI301sd))elTade=10) FN3(Isd)=0.

if'(AU)(F~""(I J))oLTuAOC-lU) Ff""(l’\j):Oo

C CunTIMUE

*cTUrN
EnD

SLARBCUTINE DCFING(OD» sl N EEsXPIYPIRNPLIMPL)
IYMAXSGAMNIL»GP Ly CPLpuPJ;GP%-b“))bdd»oMJ}GM#yX)UWX;YSUBX)

C *%¢ [eFINE FLUX VECTak SPLITTIMG IN Y-DIRECTIGN

REAL MMUalsla)snn(alyia)yLANPL,LAMAPISLAMPS,
TLAMMYI LAMNMI LAY 49X TsL1TyKeT

DIMENSION DBh(alslad)rce(buslb)asxiP(ad)sYP(14))
16P1(0149340)9CGrz(1la,4C)s 323014540 )siP4{)4y4%0))
2GMNLU1Gs0l) 9512014940 )s 2M5(1a94C)yGita(lbyal)y
IxSURX(43p14)s YSLUIX(eLy1la)

DI 1C3o d=1,NP1

03 100 I=1s)N21

U=sMM{IsJ)/708(1s4)

VXN (I»d)/00(1s4)

CSA=ASS((CECLod )= S (AM (I d)FEMOI I IENNLTHJIENN(LISJ)I)/DC(Ipu) )%
1GaANYAX(GAMIA -l.)/Lu(l’J))

C=353~T{C5LT)
CONSTl==yYSuUaX(Isd)ru+XobsX(Isd)®y
KRT=5S8T(YSUSX(Isd)®x2+XoUX(Isd)*x2)
COLNST2=C#kKT

LAMP1=D,

LA.‘!H1=U .

IFCCLNSTLaGERVUW) LANMPLI=CUNSTL
IF(CCNSTLeLEaCa) LAMNLI=CANSTL
LaM23=sLAMPL+CONSTE
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LAaMPa=L A"

LAMYIsLaiM]

LAASemsanmil-CNnsT2

K1T==YSUsSX(I»J)/1««Y

K2Tax5u3X0Epd)/naT

COMITA=DL(Lod )/ (2 xGAMMA)
WE(3e=GAFMAYR(LAMPRSLANPL)I¥C*C) /(242 (CAMMA=L1,))
GPIGU»I)=CUNST2x (2o (0artiA=Le)¥LAMPL+LAAP3+LANPY)
GP2( U I)=C 3t oT3x(ce®loaNnt=1e ) LAMPLYXU+LANMPIX
Tlu+Cs<1T)+L A 04 {U=-C%KiT))
GP3(urI)=CiSTa¥(ce¥(aM i A=1le)*LAMPLeV+LAMP3®
L(V+C K 2T I4LAMPAx (V=(%K2T 1))
Gra(Jdel)=sCl 3T (o A= ) %L NPLIR(UFUIVFV )+ a5 AMP3X
TUUeCH<LT) #5244 (V40K ZT) %2 ) v EXLAMPY* ((U-L¥K1IT) ¥%x¢
2+ (V=C*K2T)*%x2)+,)

az((2e=3am™e)¥(Llar a+larite)=CxC) /{2 % (GAMMA=1,))
GM1l(Js I)-C:nST3F(*.*(awIGA Lo )¥LAMAL+LAMM3+LAMYG)

G 2(Jo )= lndla3s(2e%(uaivA ) FLAMSLRULL AN 13 %
T(L+CsR1TI4+La VA (U=C"iT))

GM3I(JIsI) =0T (2% (32 NA= e JRXLAMAYITVHLANMMIY
L(velFL2T )+ LA 1s3 (V=CxK2T))

GGl )=CoNoTam((Gamra=l )R LARELF(JIRUL VRV )+ 49 FLAMMIR
I(Cu+THFR LT ) 25+ (V+Ix« 2T )22 )+ o%LAvinex ((U=C2KLT) %2
2H (V=L 5K2T)5%2)+04)
IFCACS(GPLI(Ur» 1)) el Tele==1)) GPYI(Jsi)
IFCa2SSPEldr i) el Tele==30) GEZLUNI)
IFCAZSEOPZ U I))elT el ec=10) GP3(Js 1)
IFCASS S e ldsI))alTonec=i0) GPLLIs))
Ir{azS{oMLl{uU» IN) el TaleZ=1u) CLIUINI)
IFCASS(G"2(Jdel)) el Talee=La) Greldrl)
IFCAZS(Giatds ) ) el Talec=10) GM3(JsI)
IFCACSEGNeldrsI)) el T elez=10) Wha(dsl)
100 CCNTINUE
RETUCN
END

coccoccoeecaco
e ® o a © © a =

0 oo nonon

SUBRCUTINE CONMPFP(XPyNPLyMPLsFPLlyFPEsFFP3sFPayFNLsFM20FN3sFl4,
1835 TALDP» P HyFLlXsFZYXsF3nsFaeXyLELTAX)
C *%% COMPUTE DERIVITIVE: I K=DJ1IRECTIUM

DIMENSIS XPU4C )y c(6l) s TAUDP(AL )P (4CGYoH(4C)
IFF1(a0,14)sr 22(60,24),rP3(40s16)5FP4(4lsl4),
2ERLI0CTylua)sF e el 10),rM3(a0s16)sF*3(2Cy10),
3r¢¥(1UJl*))F:((QJ’lQ)’r3\(4J:l*):rﬂX(#C,lQ)

DC 1C0 J=1,v21 )

CALL SPLEXPIXPsFPL(1,J)sFPAhsFPLsNPlsSsTAUUPSIPaHs ALPHA)

IFLAG=1

CALL EVALFCOXP s FFl(1lod)sNPLsEsTALOP,P»yA ) ALPHASFIXsDELTAX) [FLAGHJ)
CALL SPLEXP(XPsiML(ioJ)sFPAYFPULINPLI s TAUUPSPsHy ALPHA)

IFLAGS=?

CALL EVALF(XPoFMI(1sJd)oNPL1sBryTAUOP)PIHs ALPHAPFLXsDELTAXYIFLAGSJ)
CALL SPLEXP(CP)FP2(LlsJ)sFPAsFFBINPLIBsTAUDPSPoH Y ALPHA)

IFLAG=1
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R e

Call 2JALF(1-2sFPe!(

Cale SPLZxPltlPyt.e

IrLAL=2

CALL EVALF (AP sF 2 (2r0)shPLladsTAUSPIPsHs ALPHAP F2XPUELTAXSIFLALSJ)

CALL 5PLE»P(krPorr3liod)orPhyFroylNiPlobsTAUCPIPstHg ALPRA)

iFLAG=]

Call c/ALFP(RP»FR2{1)0) s PLoEs TAUOP» P H) ALPHAYF3ASDELTALYIFLAG)J)

CALL SPLEAPUnPyrY3(Lsd)sFPRsFFEsNPLebsTAULPIPIHS ALPHA)

lrLac=2

CALL EYALF LA pFM2(Ypd)sdiPlonsTLUOPIP H) ALFHASFIX)DUELTAXSIFLAG,J)

CALL SPLEMPP(AP)FPLlLlrJ)aFPLIFPLINPLsLsTAJDPIPIHY ALPHA)

IFLAG=

Chll EVALFOX2orrs o d)s 1Pl asTulLUPsPoHI ALPHAS FuXsLELTAXS IFLALSJ)

CALL LoLen2la yF~4q0ladlsr nsFPlisiPLlsBsTAUDPSP yHy ALPHA)

IFLAGS:

CALL EVALF(APsF 4 (lsd)s PlabipTALUPIP HIALFHASFAX DELTAXASIFLAGYJ)
100 CoNTINJUE

reTu-'y

thD

PlynsTAUIPIPsHy ALPHAS F2XHLELTAXS LFLAGS )

12d ),
(Lod)prPasFPLalPLIBsTAJDKFIPsAs ALPHA)

SLARCUTIMNE CoMPOr(YPo i ?lotPLlaGPLlyGP2vGP3»EP4»GiilyGM2,6M39GMYy
19, TALDPIP s alYsuitrualrsuYsitlTAY)
C =%% L M2LT8 CewldaTiveS 30 Y=DIeCTIGH

CIMENSION YP(La)s 2 (&aC)yTador(4C)yP(4C)on(40G),
LOPLUELSp@0)y 2=2(sv9e3)raP3(1lastal)soPa{laral)y
2L {laydC) 012010 eai)sn”3(1lqsbu)sGlhiallasat)y
3C1Y(ulala)syGavlalsla)risv(aLyia)sGaYialsls)

DO 1o I=1,%21

CALL SPLEXPUYPHLPI(LlsI)sGPASCPEIMNPLI ) TAUDP)PsHy ALPHA)

IFLaov=1

CALL EVALGUY2HCGPY(1oI)oMPLlocdsTAUDPSPsHsALPHAPGLY»UELTAY»1IFLAGSY)
CALL S2LeXPUY?5,06" i (lrl)sGrPAsuPos™PlrobsTAUDP»PsHy ALPHA)

LFLaGs=s2

CALL EVALGIYP, 3 X (151)eMPLyus TAUDPsPyH)ALPHASGLIYSDELTAY,IFLAGHI)
Cobll SPLEXP(YP,EP2(2s]l)sGPAYGPFaMPLesTAULPSPsHS ALPHA)

Irtacsl

Calli EVALGLYP3CPZ2(191)rilPlyB8sTAUDPYP»H) ALPHAYGZ2YH»UELTAYSIFLAG,I)
CALL 3PLEXPULYPLRZLLsI)sGPAIGPEI MNPl s TAUDPsPsHy ALPHA)

IsLAG=2

Call EVALGUYPou2(io ) oMk lot)TaUSPIPsHs ALPHA»G2YSUELTAY»IFLAGHI)
CALL DDLtXD(YDJu:S( s 1) s0PALGPBIMPLY s TAULP P Hs ALPHA)

xFLu\~l

Call Svare(Y29Cra(laol)s Pl sTAUUPIPsHIALPHASGIYSDELTAYSIFLAGSI)
CALL SPLEXP(YPrGM2(ls)sGPASGFEIMPLsds TAUCP»PsH ALPHA)

IFLaAG=2

CALL EVALGUYF»CHolleyi)sriPlsds TALLPSP»Hy ALPHA» G3Y DELTAYSIFLAG,I)
CALL SPLEXO{rPICPa(LlsI)sCoPAsCPDINMPLIESTAULP,PIrHs ALPHA)

IFrLAG=])

Calb EVALG{YPeGF49)o 1) P Ll s TALDPsPsHy ALPHASGuY»DELTAY» 1FLAGSI)
CALL SPLEXPIY250 4 1s0)sGPACPESMPLs Sy TAUDP,PsHs ALPHA)

1FLAC‘“

oLl EV u(Y-ofo(lyl)-erﬁh)TﬁUD? PyHy ALPHA»G4Y yDELTAY»IFLAGYI)
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(]

(9]

lud

Fx%

1C
LR

20

cohTlhwe
reTJde
END

SU3« UTIhe 20NDRYC (Bl P Lo M INF o GANMAS OENSTHMMNTM
EnFIrCE cOUNIAYY CLALITEUNS
rEAL “INF, A T a0y L) s i T (a0 14)
uI”E’SIJH DESTUAUs14) s ENROY (4L 14),5P(40)
|“=.\?;
n-—wpi 1

PLI=le/ (OA" Azt INFRnIF)

EINFaB4) o/ (02028 (GAYA=1, IEMINFEININF)
INLET
vl 10 J=1l,"P1
RAJ=UE ST d)
UsMiIrNTN(1,d)/ 200

vaiean Ty (1lyJd)/ rC

P=(SLitMA=1a)%(ELPOY (Lo d) =i (L ¥4y %V )¥EHJ)
CRA0=A23(GANA%P /¥ 1))

C=32-T(C3ul)

FROP=le+t (@ DFAHI/C)®(La=u) (L /CEQD)¥(P=-PINF)
*rioP=l,.

Pz elFF (Letl )4 (aS/(-rLsl))(PINF=P)

LP=1;

VE=1,

PP=e 334 xC%(le=J) 45 (P1 NF+P)
Pi=PYIAuTCH(L=L)

EhQGY(lJJ)=PJ/(GLﬂﬁA-lo)+-D*(UF*UP+VP*VP)*RHJP
CunNTInNUE N
LUTLET
U 2u J=1, P11
RHO=CENST(NPL1sJ)
UsMARTA(NP LY )7 eHD
VNI \TM (Pl d) /e HD
Pa{GA2Ma=T1e)®(r: ARG (nPLlad)=ob¥(URU+VEV)Enrd)
CSaas= AIS(CGAMYARP2EHT)
C=S2rT(CST)
RHIP=AHI+ (oS5 3mC/C) 3 (U=1e )+ (e 5/CSQUIR(PINF=P)
RndP=<49J+(PL.F=P)/7C32D
uP=.5=(d+lc)*(-:/(9Hu*C))*(D-PINF)

U+ {P=PINFY/ (FriL%C)

ppz.s#aﬂ:*c*(u—l.)+.5*(P+Plﬁr)
CENST(%P1pd)=naP

MONTM(NPLYJ Y= 2RI P%UF
NMNTM(WPlod )= PR VP

EN\uY( PLpd)=2P/ (GANNA=Le ) 4o (UPRUP +VPHVP )% 2HOP

GNT Itz
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oo ? fo
%% C *#% yUP2Ex aAlL

Cu 30 I=2yn

FHO=LENRST(L, 1P1)

UaMANTM (L, M® L) /midl

VatiaTA(lsviv1 ) /F 0l
Pe(GAMMA=Le)# (! AGY (1 1PL)=o ¥ (L*U+VEV ) *RKD)
CQ0=A5S(6GAYYa3F/“HY)

C=54-T(C54D)

FhUP=r0+(xHI/C) PV

C RedP=e0
LF =y
VP=0.
PrepPesda¥Cky
C Pe=p

DENAT(Iy»YPL)=RHLP
MusTrllgnPl)samUuF )P
BNTH AL mPLl)=thir®yeP
ENPOY (I MPLl)=Pi/(SA ma=1a) toe ¥ (UPKUPHVFHVP ) *RHOP
3C CCnTInJE
C *%x%¥ (Udec* wall
ul 4l I=2,HN
rREJ=LENST(I,L)
=NMMTA(Is 1)/ 2nL
VaNMANTA (Il )/<HC
PalormiA=Le )+ (EWNESY(IpL)=obF(LFUVHY )REHD)
C3Q0=A53(GAN i A*¥P/SRHT)
C=3%<T(CsaC)
ALPHA=ATAL(SA (D))
RROP=PHI=UFHI/C)* (=311l ALPHA)*U+COS(ALPHA) V)
¢ kirdP e HJ
UP=CUSCALPHA) #=Z5U+31d(ALPRA)XCLSIALPHA)RY
VP=SITHW(ALPHA) *CLA(ALFHA) FJ+STIH(ALPRA) RE2%Y
PP2P=RA2%(={=3Tii(ALPHA)¥U+CLS(ALPiHA)I®V)
C PP=P
DENST(Is1)=43P
FMNTM (LIl )=pA0P¥LP
NMNTE (I 1) =Rk-43P%yP
EMRIY (Lo )=PR/(CAMMA=Le )+ o¥(LP*UP+VPH*VP)*KHDP
40 CO i i 4UE
NANTH(NPLa L)

-
I.A

NANTNM (iNPloMP1l)=(,
KETURN
END
C %%
C *xx=
C *x% ExpPSPLE Be Jo MCCARTIN 10/80
C %%
T *%x :
C *x% FUNCTIONS CONSTFUCTS THe INTERPUGLATOKY EXFONENTIAL SPLINE
C *xx¥ T3 & SET JF POINTS IN THE PLANE oITH MONOTONICALLY
S INCREASING ASSCISSAE USING SPLCIFIED DERIVATIVE
C ¥ EnD CONDITLJIANS .
C *%x
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OO ADOONO

[z Nala)

'Y
sex
T
Y
£k
T
wE%
k%
'Y
%%k
'Tr
ey
K%
11
T3
Y

&%
k¥
xx*¥

FRE
xx%
*% ¥

1C
i1
#h¥

FEFEVENTES

Be

Jo MCCAxTIMNy NUMERICAL COMPUTATION OF

EAPCNENTIAL SPLINES, COURANT MATHEMATICS
AND CCAPUTING LAUCKATORY, JCTORER 1980

UDESCRIPTION OF CALLING ARGUMLLTSS

X

F

FPA
FP3
Pl

B
TAUDP
P

~
ALPAA

Su3dRCuline

REAL LAM34R

InITIALIZATICH

13UT=0
IPLIT=¢
CuNSTl=lie/h
CONST2=1./3

COUNBT3==T¢/cue

H 0N o N U NN

ABSCISSAE

kU1, ATES

LEFT Hewy UERIVATIVE EnO COMOITION
RIGHT hALO DERIVATIVE ENC CONDITION
KLMbES Ur u0Ertkl PAIR> GF CATA

P16HT Ha D SIDE NF SrLINE ECUATIONS
SLLUTICN OF SPLINE enudaTIINS
EXPONELTIAL SPLINE ToNOILH PARAMETCEFRS
CELTA 2 '

SCALLIING PAKAMETEF

: EAPSPLIXSFIFPASFPR)LPLIus» TALDP, PrHs ALPHA)
DIAELSTISY £V or () sali) s TabLECL) P (L)sn (L)
DIMERSION E(L100)» 1AL ) JLIML(LLD)»ILINUCLIOU)»Q(100)U(L0L)

CONST4=2147252C,

CLN3T3==14/15.
CullsTo=2.7315.

N=NPl=-1
EPS=1lsk=h
OMEGA=1.
ETA=,{7
SisMNe=193.
ALPHA=1.,
ITMAX=5

SCALL=2./7{X(IP1)-X(1))

IC3unT=)
D3 ¢ I=1,N

H(I)=x(I+1)=-X(1)
HOI)=53CaLexHl])

CO 5 I=1sN
P(1)=0.

UEFINE 39S

S(L)=(F(2)=F(1))/H4(1)=rPA/SCALE

IFLA.EQL])
GO 10 I=2sN

BCI)=(FOI+)=FLD))/BCL)=(F(I)~-
BINPI)=FP2/SCALE-(F(NPL)=F(

~
(t38]

TG 11
)=t CI=-1))/E(I=1)
N))/HIND

280



OGO

OO

(g

v [ETErMINE AHIOH ITEFVALS SHUULULD BE FIT AITH

xew L Il%e S234cT2 ahl ~mlCa [NTErVALS SHOJLOD BE

#%% FAT o ITA caAPSHENTRAL SPLENLS

axy < 2 it JF e XPulMELTIAL SPLINE INTERVALS

rx I ) =3 LEFRT pmA5) EAUPIINT Ur ITh SPLINE INTERVAL
L] H ) 3 RISHT haiD ENDPOINT ufF ITH SPLINE INTERVAL
T ]

LivL (2
L14J(l
Ks0
iLsl
14 CueTivLt
Ul 2o I=1L %
TemP=3(1)=xu(l+l)
IF(TE9PEC o) HBo T2 20
=o' 4] ’
[LIsL(K)=1
Lo le Jd=lyl
Te4P=3(Jd )% (J+1)
iF(TeP e Eele) GO TU LD
ILIMv(<)=y
¢C TL 29
15 IFrddenice™) G T0 15
it (<)=n+l
Gu T2 30
16 CuNTINUR
20 CuNTINUE
Gu TN 30
29 ItL=J
Ga TJ 14
30 CCHTINUC
IF(ReEUeT) GO TC 54
%
%% SET UP SPLINE EQUATIONS
*¥F
34 DIM1=zQ,.
ICOUNT=ICOUNT+]L -
PG 4C I=1sN
Pl=pP(1)
Hi=+4(I)
FI4I=PIxd]
Pi2=rl%pl
IF(Pirl 6T ETA) 50 TJ 39
x4 UNE PLAER SERISS RePRESENTATIUONM
Pl12412=PI2%n] %A1}
Pla4la=Picnl2sPlzall
ECI)=(la 4l T3P I2HIAH+CUNSTO*¥PI4HIG)*HI®CUNSTL
DIs{letConoTo#PICHIZHCONSTERXFLGRIS)XHIXCINST
G1aG(l)=0iM1+D1 -
60 TU 40 ‘
%2 (32 RYOPEREILLIC FUMNCTIONS
39 ON3Y=I=le/Y]
SI=SIntrPInI)
CI=Ca3H(PIinD)
PloYSI=P1/31I
e(I)=(3"3YHI-PlavSI)/PI2
C1=s{PIZYSI*CI-0OhaYHI)/IP 12
CIAG(I)=0]111+D1
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(e N e Ry

OO0

o

(e XKl

40

Ty
$v e
T

45
45
LA R ]
AR
B¥x

49

51
% %%

ey
xE ¥
54

¥k
xx%
R

X

vidl=0ol
vIAG(tPL)=D]
E(nPLl)=su,

ALTSF SPLINE EBeLATIONS

IFCL(L)YeEWeDe) E(1)=Co
IF(ietael) GI TL 4o

vl &3 I=2,%
IFEBtI)eveele) 50 Tu 40
e(lI=-1)=u,

E(I)=0e

Co T
[FC4(PLl)sEWaUs) Efli)=a

Selve SPLINGZ ENLATLIND (LEE AhLobeRouy

Pr=

£

-

—
~—~ e ()
u ouo
iar § 1s
o~ {13 G
P o~
’

~
O
P

CO 4G KL=zyN2”1
PR (AL=1)%n(A4=1)+31A0(nK)
LK )==E(r<)/Px
UK )= (3 (KL )=z (r=1)=Jd(X<=1))/¢K
TLJOP(NPLY=ULPL)
Lo 51 L=lsN
=P 1-L
TaUdP ()= ()2 TAUDF (Kk+L)+llnK)

FLIT EXPIheiTIAL SPLLAIE

CONTINUE ,
IF(LVEQWD) G TG 939
IFCICCUiT«GECITHAX) GI TO 2330

LPIATE P13

IFLAG=C

CC 80 I=1,K

IL=ILIML(I)

IL=1LINU(L)
TeMP=TAuSP(IL)*R(IL)
LFATEiPeGEeDs) ¢2 TS 04
sFTACLP<y AT LIFT Haho LHDPOINT
iFLas=1

Laltdaxsimarl(easS(3CiL))role b(lL)*Aua(TLU)P(IL)))/AES'TAUDP(1L+1))

PTILL A= o2 SORTUILAY naR®4(1IL))
PTILL A=A l(PTiLlarP(iL))
FOIL)=PCiL)+aveCex(PTLlLDA=-P(LL))
ILPl=IL+1

Ivdl=Iu-1

IFCIUMYGLTLILPY) GO T2 70

Tl o8 J=ItPi,ILnl
IFLTALD?P(J)eiEul ) GC TJ 50
Taddr=d AT AN INTESILK POINT
IFLAG=1
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s

C

asNaEe]

.

(e N e el

OcC,O

&6

1T

Xk %

8GC
k%
% %
e

%% %
L2 ¥
* &%

93

4

LR
RRE
Tk

99

3 ¥
k¥
R
¢u00
30090

PUJ=1)aP(u—-1)+cPS

PCIY=P (J)+EPS

6L TL o3

TEMP=TAUDP(J)*R(J)
IF(TEYPeaTale) GO To 63
g*TaLiP<h AT ain IhTexllIRr POINT
IFLAG=Y'
LAYdAS=a4LX] (o(J))»DIAG(J)*AJG(TAUCP(J)))
1/7(2.%27ax) (A AP (I=1) )2 AR S(TAUOP (J+1))))
PTILLA=44/30 ‘mAr*1(J -1))
PTILLA=4442 L PTIL AP (U=1))
POI=1)=P(u=1)45,cGAR(PTILDA=F(J=1))
FTILZ22) /30~ TULE 2hr%4(4))
PTILOA=ASAALIPTILDASP(J))
PUI)SPlI)+CAZEARIPTILDA=P(Y))
C.J(Tl.t\.'

Tete=Taulr(li)=i (1)

AF(TE’.HP.\J-O\J-) G.. Tu - 3

sy TALLO2<C0 AT FlEeT HAND ENDPCINT

IrLacgs=l

LAk AMAKLARS LR CTL) ) TAGLTIL ) *AES(TAUDP (TU)) ) /ABS(TAUDP(IUML))

PTILCA=1o/S el (LinNtanx4(IUN]))
PTILLE=amaxI(oTILDAF(TUrL))
PCLu™1)=p (L oL YU MEGA+(PTILDA=P (IUNL))

CuNTINVE
Crelr FIn CATEANECUS T «RLECTION POINTS
IFCIFLAG.EQ:C) GO TO 93

SCALE A3SCISSAE

AKriU=0,
DL 93 I=1,N

XUz AnaX1(xNdsPUI)=ACI))
ALPHAC=AMAXKYI(ANLISI oA L)
ALPHR_zALPHA®LLPHAC
DO 4 I=l,%
dll)=q(l)saLiArC
e(I)=8(1)*aLP: 4C
6(NPZ)=U(API)fALPQAC
GO TU 234

NO EXTRANECUS INFLECTIIN PCINTS

. l‘-
3

N

[ o
cCC
-f o=
C'v [
O m

MAXINMUM NUMBER OF ITERATIONS EXCEEUED
ConTINUE

L TU=N
EnD
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OO0

OO

(o]

¥R
ks
*xu gSEVALS 3. J
*xw

o WCCAFTIN 10/80

*%% FUNCTIONG EVALUATES THE EXPONENTIAL SPLINE

L 2R ]

k&

*%x DeSCrIPTION
*% K X

%% F

L2 2 WP

*x & B

%% TAJ2P
LR R 4

o H

wEE AK3Ak
FHA TAUTAR
k5 ¥ Tab P
XS ALPH.
EE¥

SU3RCUTING ESEVAL(2sFsiPlyns TALUP»PaH) XSARS TAUBAR)TAUBP, TAULBPP, T3P

1PPsalpra)
CI%ensSladh X(

¥¥
*¥% INITIALIZATI

% X

i 4+ 3%

CONMSTL=1e/00
CLST2=14/3,

OF CALLING AKGUMENTSS

L35CI88AE

GroINATEDS

MUMEER JF JRDRPED PALRS CF [ATA
#lardy Hat) SIDE CF oPLINE ECUATIONS
SOLUTIowy wF oPLIML EVUATIJNS
ExPu! € TIAL YPLINE TEASLLN PARAMETERS
DELTA X

AndSCISSA GF CVALUAYI.IN

SEVInATE JF EVALLATIuN

Lo~ iV ATIVE wF EvaloalIun

SCaLInNG PARAMETLF

F U N U U U Y R B LN R

L)sF (i) (L o TAULPLL)»P{L1)soH(L)

a4

CCNSTs==74/03s
eIN3T4=3).72520.
CONITH==L,/10.
CONSTe=2,/315,
CCNST7==-74/19>,

CONSTE==405

CONSTS=1./7120.

R=MP1l=1
ETA=.C7

SCALE=2Z4/(Xx(i21)=X(1))

* %%

*%¥% DETERMIMNE INTERVAL

T

10
L1

AeLTex(J+1)) GC TO 11

*¥x%k DETERMINE TY2Z UF FIT

Ty

11 TEMP=3(I)*3(]+1)
IF(TEVPeNb o) GT TOL €9
*¥¥ FIT wITA LINZAQY FUNCTION

TAUBAR=(FLIDI* (XL i+ )=20ar)+F (IrL)*{XBAR=X(I)))/(H{I)*ALPHA)

TAUSAR=SCALE*TAL AR
TAUEP=(F(I+1)=F(I))/(=(1)*ALFHA)
TAU3P=SCALE*TAURP
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C »#»~
20

C *xx

C #x%
25

30

C =*x
C #%=%

TLIAPP= U,

T=PPP={

oo TG 39 .

FIT »wlTA ExPduch TIAL 3PLINE

XLxSCALEZ#(ACI+)L)=snLB)/ALPHA

AcemoCalex(adaw=x(I))/ALPHA

Pi2=2(1)*pP ()

PIALI=P(L)*n(])

IF(PinlGT.ETA) 56T TO 25

Lir Foaen 3e2led FRPRedSENTATION

PleHl2=pirl®21ri

pisdia=rlernl2%PI¢HIC

xl2=rl=xx]

£ee=r2x42

Aib=rle+ a2

1eas122%822

en3Al2s1./ (200 FA(T))

TE2'a=1etCu ST3%rlorictCunNSTO#P [4ril4
TERA2=LoNSTL#PLz= 5 vhI24 NS T7HPTIPI2RI2

TR 1as(ConSTa® i dIg+ConoTI®PII P12

TAUgtR= (b (I)eal4r(i+1)#K2) /(D) =ClimSTL*A(I)*
TAALRTALIOFCI)*(TETAL+TE e wXle+TerMax 1)+
2ALET U201 41 )% (Tor 24T ta 2% X+ TERYZRX24))

Teae=(F I+l )=F0L )M/ i) =20 STIeHL ) *
ICTASCPCI+L)#(TEr I 420 ATEFMZRRZZ4I % TEXII*R24) -
2TAJIP LTI )5 (TER71424%T R22%K124+5*¥TERAZ¥X14))
Tevor=SCalesTan P /ALRna

Tadier=(SCALI/0 L*ﬂ-)wr’*cj43T1¢H(1)*(TuUDH(I)*\l*(o.*TER14+2J *TER
142% 1) =Truo2 (4o bencn{newTo- 420 % TEFMILX22)
ToPer==(3CALlZ/4 LFv;)4*J*uuW511*H(I)*(é.*TAUDP(I)*(TERM2+
L1LCe®TESASEXL2) 4L e ¥TAVLIPLI+LI®(TERME+LO04*TERMIXKL2))

Ga TC 34 )

USE rYPERTALIC FURCTISNS

DEWJMfPIZ*SI6&(?(1)*H(1))
TAUSLRS(TAULC2(I)SSIMHR(PCL)I*X1Y+TAUIP(I4L)%SINH(P(L)*X2))/OENDOM
14C(F(L) =T O (I)/PI2)%X1+(F(I+1)=TAQLP(I+1)/P12)%X2)/H(I)

AUSFE(TALDPCI+L)HLISA(PIINI®NZ)=TAuIP(I)4LLSH(P(I)*X1))*P (L) /DENON

A+(FCi+1)=r (L4 (TR =TALLP(IS1))/FIC)/HLT)
TAU3P=SCalesTAUSP/ALFE1] ,
TAUZPP=(SCALZ®r (1) 24LPAA)*%Z2/CENIM* (TALDOPCI+1)*SINH(P(I)®*X2)+TAUDP
1CI)#s31AtP (I *x]1l)) .
ToPP = (S5CALE*P (L) /aLPAL)*+3/0ENUNMNR(TAUCP(I+1L)*COSHIP(I)*X2)
1-TAULP (I )Y®eCO3-(2(1Y%Xx1))

CutiTINJIE

ReTun

END

-

SU3R_UTINE EVALF(Xs Fan?Lls3sTALLPIP»Hs ALPHASFPSDELTASIFLAGSL)
OIAENSITON X(L)Yor (1) sl ) TALDK (1) PLL)sHIL)FP(4uUslt)

Co44iN ConSTLICUNSTesCUNSTIsCUNSTY4CONSTSCINSTESCONST7sCUONSTB5CON
1579

INITIALIZATION
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e g Xg] OO

(]

(@]

[ XSRS

xR x

L 28
¥ X3
X% &

%
RR%
¥ R¥

11

FEY

Ex X
20

FI¥F
25

30

31

=
F¥

¥
kX

2TeJoF(i)*

haNpPl=-1

ETA=.GT
SCALE=24/ (20 Pl)=x(1))
CC 100 K=lyphiPl
AK3ArR=X(K)

JeTEFMINE INTERVAL

I=<
IF(L.GEJNFL/2) TI=]1~-1]
IF(LEQeHPL) =%

SETE~MINE TYPE CF FIT

Tedr=3(1)*3(1+1)

IF(TEAP aticeve) G TZ 20

FIT nITH LInian FULCTION

TadoP=(F 1+ )= 1)) /(i CL)RALPHA)

TAYSr=SCALE*TALEP

GL Ty 22

FIT nlTH exe)nen TIAL 5PLIHE

M1=SCALEFR(A(I+1)=antv)/alPrs

Xe=SCaLE*®tauAr=Y (1)) /ALPAA

Pi2=P(1)xpP (I

PIAI=PC1)*H([)

IF(PImI«3TLETA) wd TL 20

UDE PUAER SE<ILY <uPreosenTATICH

PI2HIZ=RrImixP ]

Plaglu=plédl2=PI2HIZ

xX12=X1%x1

X22=22% 2

Xl4=x12xx12

X2a=nxg2¥yeed

CNIHIZ=la/7 (A(I)%H(1))
PIS%

)
[
T

TeRl=144CON3T 2%
Te4es= CJNLTI#PIJ

£+ConSTexF T4HT A
11&+\,._,Fv.,T7%’F’I
TERAZ=(CC . 5T 3% 41¢+CHH3T7*PI()*rIZ

TaUﬂR—(t(1+l)~r(l))/h(')*'bnSTivH(L)*

TeU3P=ICALZXTAUSF/ALPHA
GUY Tu 30

USE prYPE<i2LIC FUNCTLISNS
Ced2%=2I25%5) v (F (I xR(1))

Tasar=(TavoP(l+) 3 oA (PUI)#yY2)=T2UD
L+(FUI+1)=F (DI +(Tae P (L) =TALUF(TI+L)) /¢

TAU3P=SCALE®TAUZP/ALPA
CONT1INUE
Iir{IFrlLAG.Ew,.l
IF(IFLAG.ER,2
Gad TC 10¢
IF(.‘\.EQ.l.JP«"’..E\:.:)pl) BU Td 1u0
XoAr=x{<)+e5%0cLTA :

Friksl)=TAUeP

LETERMINE INTEFVAL

286

)
) FPIKsL)=FP(KyL)+TAUGBP

P
P

*PI2rl2

(1)+C
I12)/H

as
(1

L(TAUDP(I+L)H(TIR 143 *TERACRXN2E+D¥TERNI¥X24) =
(TE 1143 FTERG2¥XL2+ 24 #TENMS%A149))

A(PCI)=XL))¥P (L) /DENDN
)



(8]

OH YOy

[l o &)

L2

*x¢ DeTEYMI e TYPE UF FIT

- ¥EE

111 Te%e=5(1)=3(I+1)
IF(TEYPaNcale) G TO 120
*kx FIT W ITH LINWFAY FUNCTI G
TAUEP=s(r(L+Ll)=F(2))/(nlI)%ALPHL)
TaJapr=SCALE®TALBY
TAU3FPP=U,
GU T4 130
k5%  E1T nITH €xP2lvenh TIaL SPLINE
le wl=30aLa2x (A 41 )= v )/ ALPHA
Ae=STALEF(XBAR=X (1)) /4LPhA
Pi2=r(1)=r ()
PiHI=P(L) (1)
IF(PIHI,QT.ETA) QO TL 125
=rg Jaf  PLaZR IEAILY FREFecCOE
Pl2Aild=PItI%e ]I
Plunle=212=212%Plznle
Xi2=r1=¢}
X22=K2*%X¢
Ai4=x12%xlc
Ae4=422%x¢z2
ol 2=l s/ (HEDIFHALY)
TER41=1 e 40 IN3TA%F L nla+CaMsTexPI4HIG
Termes J"\Tl*?lé—' ohI2+C0NoT7xPI2%PI2HI2

TERM2={TONIT3®, sl et CundTo¥P Iz ) %P2
TAde~=(F(1+1)—F(1))/~(x)-”“:sTl*n(l)

LUTAGCPCI+L )R (TED 143 %1 Erie®%%22+5.%TERNM3I®X24 )~

TAUTPLLI )R AT eI AL 45T rnmt 28X 2+ e*TERASIR®X1G))
TaU3F=53CaL=*Tavur/ALiHa
TAUIPP=(SCALZ/ALPHA ) %% a%CONSTI®H(II*(TAUDP (L) *X1*(6*TERM2+204*TER

142 *xlc)nTALDO(1+1)~;¢*(b.*Tc~hc+20 *TERM3I%*X22))

od T3 13
%% USE hYPEQ--LIC FUNCTIJNS
122 DeiSr=Pl23INHIF(T)*R(I))
Tauzps (T~UJP(1+1)*C"Sn(P(I)de)-TAUDH(I)*CUSH(P(I)*Xl))*P(I)/DENUH
1+ (R (I ) =t (L) +(TAIPUL)=TACORCI+L))/PIZYIIHT)
Tedar=SCalz®xTAaCr F/ALFrA
TaUszP=(50A
1CI) =S (P(
130 CoeNTInusE

ErS=CElLTAa®JBELTL*L223(TAJBPP)
IF(=P5¢3Teed) EPS=0b
TRCIrLasesdan) rP(LoL)=rP (XL )-LPSHTAUEP
IFr(IrLtasecwaz) Frlnsl)=FP{KyL)+EPOI*TAUBP
XoAR=X (L )=e2F3ct TA

xxF

s4% DETSAVINE INTEFVAL

¥k
I=K-1

F¥%k

2% GETe«AINe TYPE OF FIT

211 Tew?=o(1)%3(1+1)
I7UTF2PeNE«DW) GO TS 240
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C **% FIT ,ITH LINEAx FUNCTION
TAUnP=(F(I+1)=F (L)) /7 {ACL)®ALPHA)
TAJap=SCALE*TALE?
TAUBPP=D,. :
Gu T 230

C **%%» FIT ~ITH EXPSHENTIAL SPLINE

220 R1sSCALEX(A(I+1)=AcrAK)/ALPHA

Xz=S5CALE® (X2ad=y (1)) /ALPHA
PL12=F(I)*P (1)
PIAI=P(I)®Y(L)
IF(PI=I«GTCETS) ¢O Tu 225

C *%*% USE POweR SERIES REPRESENTATIOM
vi24l12=PIkl%2[H1
Plyle=PI2nl2=FlzHI2
X12=K1%X1
Xee=rexKe
Kib=xlz¥Kl2
Kh=xzzxx22
Gh3Hil2=1l./(H(I)*~(1))
TeRM1I=1e+IUCNST3%212H124CUNST4*PI4HIG
TERMZ=CONSTLI#PLle=LHBHIZ+CONST?HPI2*P12RI2
TERMI=(CUMSTA*Lr 8rlc+C s ydTG*pPIz)*v]2
TadsP=(F{Ll+1)=F(I)) /(L) =CIiuST1#H(I) *

ICTAULPCI+1)®(ICr 142 FTERMe*vce+9 . #TERFI®XZ4 )~
2TAUDP LI )*(TERMI4Z 4% TeR42%ALc+5.%TERM3*X14))
TAaUdP=SCALExT aUcP/LLFHA
TAUSPP=(SCALS/ALPHA I %% 25COnNSTI*h(I)*(TAUDF (L) *XLF(6*TERM2+20*TER
1m3%412)=TAUDP (141 ) ¥ e (Ha®TEFMZ+20*TERM3I%¥R22))
Gy TL 234
C *%% U3IE HYPERcCLLIT FunNCTIanS
225 DeNIM=2[2%SINA(F (L) (L))
TAUIP=(TAUDP(LI+1)#COSHIP(I)I®re)~TAGPL{I)*COSH(P(I1)xXL))*P (1) /DENGHM
LH(F(I+1)=FLI)+(TALCPOL)=-TAULLP(I+1))/PIZ)/HLT)
TAUBF=SCALEXTALLF/ALFAA
TAUSPP=(SCALESF(I)/ALPHAA)Y®H2/O0ENSHR(TALOP(I+L)*SINH(P (L)Y XX2)+TAUDYP
LODI#SINAGF (D) *41))
230 CONTINUE
EPS=DELTA*®DELTA*AEI(TAIRPP)
IF(EPSeOTeed) £PSE=43
IFCLFLAGLEQedl) FP(nsL)=FP(RsL)I+EPS*TAURP
IF(IFLAGoEDe2) FPIKsL)=FP(KsL)—-EPSXTAUBP
100 COCNTIMNUE
RETURN
eND

SUBRCUTINE EVALG(Xsro P lsB3sTALGF Py ALPHASFPIDELTASIFLAGyL)
DIMENSION X(L)aF(1)p2 (L) TAUDP(L1)sP(1l)stH(L)sFP(4Us14%)
COMAGN CONSTLsCONSTEeaCINST3oCUNSTA)CUNSTO» CINSTOHICUNSTT7,CUNSTESCON
15719 '

C #*%x

C *x%% INITIALIZATICH

C *%%
K=Npl‘1
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}
i

ety g
LA AP AT GA B

L

a , ETA=,.07
SCALE=2,/7(X(iPL)=-x(1))
L3 1uG K=l,hP1l

XBav=4(K)
C *%%
C *x% DETEr AINE INRTERVAL
C *x%#%
I=x .
IFLIWGEHPL1/2) I=1-1
IF(I«EGeNPLl) I=N
C #%% :
C #%xx JETex<"Ihz TY?E CF FIT
L *x%
1L TEXP=4(I1)*3(I+1)
IF(TL“P hrodo) 73 Tg 2;
C #=x% FIT wlTH LINZAR FUNCTI N

TAUBr-(r(1+l)-r(l))/(ﬂ(l)*ALPHA)
TAJ3F=SCALE*TAUBF
od T3 30
C *¥*¥x FIT AITH oxPONESTIAL S>°LINE
20 Xxi1=35{x Lrv(X(I+’)-' Var Y/ ALPHA
A2=5C AL (ABAR=X(I))/ALPPA
Piz2=F(1)+P(I)
PIHI=P(I)+~(1)
IF(PINTl«BTLETA) 54U TL 235
C *%x% USE Plniwr ScocxItS FEPrZSENTATIOY
PI2HI2=PIrI*P 1]
Pigrla=prleHdI2»pPlZnl2
x1l2=x1%x1
KZ2=X2*kX2
Xlae=Xx12%X12
X24=x22%K22
OivBAI2=Lle/ (H{TI)*=(1)})
TERMLI=1 o +CONST2HPICHIZHCLNST4xF JaHI Y
TERMNE=CINSTLI*PIe=~2nadn[24CInST 7P I2%pP[2HI2
TEM3=(CINSTA*INIMIZ+ 0 3NSTO®P L2 )%P]I2
TAUBP=(FlI+1L)=F(I))/BCL)=C0nSTL1*d(I)*
JUTAUSPUI+L)F(TRA 1424 FTERMZFX22+5.,¥xTERMI*X24)~
2TAUOPLIIF(TERYL4Za#TEXM2¥A124D%TERMZ%X14))
TAUZP=SCALERTAUCP/AblPAA
G2 TC 33

’

C #¥xx LSE nyYPEREDLIC FURCTISNS
25 LENOM=PIZ2FSINA(P(I)*r(1))

Taudr=(TaLc2(I+1)2CO5n(P(I)#x2)~TAUDPCI)*COSH(PLINI*X1))*P{1)/DENDM
I4(F(I+)=Fr (D) + (T2 cP(I)=TAUCPLI+1))/PI2)/IH(I)

. TAau3dFr=SCALE*TALeP/ALPHA

.30 CANTINJE
IF(IFLAGeEC.]L)
IF(IFLASEZ2)

C G2 TC 199

31 Ir(K.Eu.l JQ.ﬁ qu‘Pl) GD 10 100

X3A=X(K)+.5%2ELTA

Ip

PlLsn)=TAUBP
D

FP(
FRULyn)=FP(LsR)+TAULP

XX
Txx O
LR

TErMINE INTEFVAL

OO
m

I=«
C #%%
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[N g N g OO0

¥ TerMINE TYPE OF FIT
k%
111 TEAP=B(1)*#5(1+1)
IF(TEHP-NE .OC ) C:l TE 120
k% FIT wITH LIicAr FUIKCTIIN
TAU3P=(F(L+L)-F(I))/ (dlL)*xaLPHA)
TAUSF=SCALE*XT AUBP
TaU3pPP=0,
GO TC 130
x*%% FIT ~1TH zxPINENTIAL 5PLILNE
120 X1=5C2LE®(x(I+1)=x3Lr)/ALPHA
X2=SCALE®*(X28n=X{1))/ALPrHA
PI2=r(1)=P (1)
PIHI=P(I)*~(]I)
IF(PIHILGTLETA) GO T 2%
*¥*¥x USE PUWNER SExIcS REPRESENTATICH
PI2A4Iz=PIrI*pPLlH]
Plé-la=Pi2HIZ2Z=PlcHI2
X12=x1%x1
X22=x2% %2
Xl4=1r12%%x12
X24=Xxz2ewx22
CNBAIZ2=1e/(n(I)®H(]I))
TERM1=) e+ DinST3%PL2HTIc+Con2Ta*PI4HIY
TeRMZ=CONSTLI#P =0 iHI24C 3T T PI27P12K12
TERA3=(CSt STAFGImIc+CONSTY=pP [ ) %P ]2
TAUSP=(F(L+1)=Fr (i) /n(Q)=CCNhSTLixd(I) =
1(TAJEP(I+1)*(TE%nl+3.*TER&&*)Z¢+5.*TERV3*X24)—
CTAUDFPUI)RATE S L+2 4% Tcb 2% X12+5%¥TERND¥X14))
TAURP=SCALE*TACEP /A ern
TAUIPP=(SCALF/ALPHA)*%2%CuUNSTL*Rr(I)*(TAUDP(L)*X1*(b. *TtRM2+20 *TER
1M3%X12)=TALDP(l+1)®xc*(0e*TEFM2+20*TERM3¥X22))
G0 TO 120
¥%% USE HYPERSCLIC FUNCTIGNS
125 DENDYM=PI2%SINH(F(I)*(1))
TAU3P= (TAUbP(A*l)TLLD‘(P(I)ﬂXL)‘TAUJP(1)*CUSH(9(I)*X1))*P(l)/DE\DM
L+(FCI+1)=FL{ D) +(TAUOF (D) =-TALDPUI+1I))I/PLEY/H(T)
TAU3BP=SCALExTAURP/ALFHS
TAUSPP=(SCALEFF (L) /ALPH4A)**2/DENDOH=(TALDP(I+1)*SINH(P(I)*X2)+TAUDP
ICLY*SINH(P(I)=®Xx1))
130 CONTINwUE -
EPS=CELTA*DELTA*A35(TAJBPP)
IF(EPSQGTOQB) EP)=.5
IFCIFLAGL.EQL) FP(Lyn)=FP(LyK)-EPS*TAUEP
IFCIFLAG«CcCe2) FPLILsR)=FP(LIr)+EPS*TAUEP
REAF=X(K)=o5% JELTR

#%% DETERMINE INTEX\VAL
I=K~-1
t*= DETERMINE TYPE OF FIT
211 TEYP=3(I1)%8(1+1)
IF(TENPeNE«De) G0 TG 220

#=¥% FIT wITA LINZAR FUNCTION
TAUSP=(F(I+1)=F(I))/(ACI)=ALFHA)
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C x*=
220

C ==*=x

%%

C *
225

230

1GC

L *=x=
C **%
C #*%%

D S

Tel3r=SCALE*T AP

TesPp=),

Ge T 239

FIT nwITH EXPS =t TIAL SPLINE
Al=5CaLEx(x(L+1)=RA5)/ALPHA
’Z‘SCALE#(}QAZ'X(I)),ALPHA
Pi2=P(1)*P ()

PIAI=P(I)=®H(])
Ir(PI-IGTLETA) G0 TE 225

x12=x1%(1

£22=X2% K2

Kléa=x12z¥ K12

Xew=¥22%R22

CrnaHdl2=l./(A00)=n (1))

TERML1=1le #0053 T3%P L2124 CONSTE%PIGHIG
TERMZ2=CuUnSTL#Ple~0 nr [24CONSTT*¥FI2*P12H]2
TERMZI=(CZHSTI#ThrH I+l JHSTG*PI2) %P2
TaUoP=(Ff(l+l)=rFr (L)) /R (1)=CUnoTixn(I)*
T(TAUCPlL+L)FUTEX 1434 #TERMe A +D e TERNI¥X24H)~
2TAUDP(L)*(TER A1+ 5T R 42% X124 3. %TERM3*X14))
TAUzP=SCaLexTaLir/abrda
TAUBPP=(SCALI/ALP-=AY*+2%COnSTLI*R (D) #(TAUDP (L) *XL* (€ XTERMNZ+20.*TER
iNM3®a12)=TacP( i+l )= (o¥TErre+e0.%TERM3I*AZ2))

od TJd 239

USs BYPELzCLIC FUWCTIZNS

SENI =P 12751 3H (P (I)*F(L))

TAUZP=(TALSPCI41L)%COSAP (L) #Xx ) =TALDP (1) *CLSA(PLIN*X1) ) *P (L) /DENIM
I+(FCL+l)=rlI)+(TLuor (L) =TAULLP(I+L))/PI2)/HLY)
TAUBF=SCALE®TALP/ALPAHA

TavaPP=(SCALZ#F ( () /72LPHAY*%2/DElOM*(TALOP (I+ L)X SINH(P(I)*Xx2)+TAUDP
LD =3Ind(P (L) *x1))

CUNTINUE

EP3=CELTA*DELTA®*AeI(TAUSPP)

IF(EPSeabTeed) EPS=LY

IFCIFLAGEESL) FPULsK)=FP(LyK)I+EPS*TAUEP

IFCIFLAGWEQ2) FF(LsK)=FP(Lsr¥)-EPS®TAUEP

CUNMTINUE

<ETURN

END

SUSRIUTINE SPLEXP(XaAF»rPAyFPE,,inPlyos TALOPsPsHyALPHA)

DIMENSION X(2)sF(a)p2(i)s ToUuP(1)eP(1)seA(L)

DIMENSICN ECi20)sDIaGOLOU)sILINLILUd)»ILIMULLO00)»Q(180),U(LOU)
COMMUN CONSTI ol ST s INSTEsCUNSTL,CUNSTSsCONSTESCONST75CUNSTEyCON
15753

kEAL LAMIAX

INITIALIZATICON

Hr=le/(B6e% (X(2)=2 (1))
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OO0

OOOOOOO0

¥ Rx
Wtk
w% &

10
11
Tk
FTY
w5 %
kA
*xk
%
ok
LTy

14

15

le
20

AG®==11.%HH

Al=zlE¥rH

ﬁZ’-V.'Nd

A3=2 . ¥HA -

rPA-AC F(1)+a1*F(2)*#2*F(7)+A$*F(4)

FPB3==(A3%F (NPLl=3)+22%F(NPL=2)+AL¥F(NPL=1)+A0*F(NP1))
IFCAZS(FPA)eLTale~1C) FPA=C,

IF(A25(FP2) el TaleE~LL) FP3=U.

ts:Npl-l

EPS=1.E~5

ETh=.07
SI614=100.,
LLPHA=L,

I1TMAX=5
SCALE=Z2+/(x(iPY)=x(1))
ICJuiT=0

Du o« I=1sn
H(I)=x(I+1)=x (1)
H{I)=SCAaLE*r( 1)
Lo 3 I=1sie
P(l)=uC.

UeFINE BYS

BlLl)=(F(2)=F(1))/d(L)=FPA/SCALF

1#(\029:1) Gl TO 11

D0 1C I=2,N
BUI)=(F(I+1)=F () )/ (D) =(F(I)=F(I=-1))/h(I=-1)
EANPL)=FPE/SCALE-(FLPL)=F (N} ) /RN

DETESMINE oRICH INTERVALS SHCULL 8E FIT «ITH

LINE SEGHMENTS AND «HICA INTEFVALS SHUULD BE

FIT aITH EXPINENTIAL SPLINES
K = NUMZEP GF EXPCHENRTIAL SPLINE INTERVALS
ILIMLIT)

ILIAUCL) RIGHT HAD EMDPOINT UF ITH SPLINE INTERVAL
K=0
iL=1
CONTINUE
00 20 I=ILsN
TEMP=:(I)v5(I+l)
n=<+l
ItInL(Ky=1

vl 1¢ Jd=IsN
TeAP=8(J)*3(J+1)
IF(TESPeNCE D) G2 T3 15
ILIMU(K)=Y

eu TJ 29

IF(JeinceN) GI TC 16
ILIMu(K) =N+l

Ge TC 39

CONTINUE

COMNTINUE

63 TS 30
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1
N RGN e
i -

¢y iL=y
GL TL 14
30 CoxT1.3UE
5% %
%% SET UP SPLINZ ECUATILNS
%% % ‘
36 DIM1=0."
ICQUNT=ICCLNT+]
Ju &C =]k
PI=P(1)
HI=zH(])
PlAl=PI*HI
Pl2xrixpP]
IF(PI-TeuToETA) T TC 39
C #=%% UBE POWZF SE~IFES =zPrESERTATIUK
Pla2dlzsPlz#~lx®r]
Plad4l4=P[2MI2%pPlznIg :
SUIY= (L e+ CONATRRFIZALICHCCUNSTASPIqHIG) ¥ [#CONSTL
OI=(1e+C0nSTH*PI2HIZ+LINSTAHRPIGHIG)*HI®CIONST2
UIAG(L)=011+01
GO TC 490
C =% UJSE RYPEXISLIC FunCTISIS
39 On3YWI=le/Hd1
SI=51nH(PINI)
CI=CCSA(PIH])
PISY51=PI/SI
c(l)=(3NsYRI-PIEYSI)/PI2
DI=s(FI3YSI=CI-Cn3YHI)/PIZ
DIAGUI)=0lmi+D]
40 LiMl=DI
DIAG(IPL)=D
E(f"r,l)=00

GO

C ¥X¥
C %% ALTe=x SPLINE EQUATICHS
C *%x
IF(3(1)eEVvele) €(1)=C,
IF(.\.EQ..}., GJ T: 40
LY 45 1=2, 4
IF(R3(I)aNEeDa) Eu TS 45
t(I-1)=0.
ECI)=C,
45 CCNTINUE
46 IF(3CiPl)eEcels) E4NY=D,
o o%%x »
C %#% SCLVE SPLINE SQUATICHS (SEk AHLAERGs NILSUN AND WALSH)
C *=

Pk=DTAG(1)
C(lY=—-z(1)/PxK
Uu(l)=3(1)7°X
DC 45 KK=g2shPl
PR=2 (<=1 )% J{Km=1)}+D1iAG(KK)
QK )==E (KK )}/ Pn
4G U(X<)=(3(AR)—E(KL=1 ) %U(KK=1))/PK
TAUDPINPL)Y=U(NPL)
Ou 31 L=1sN
Ka=hPl=-L
51 TAUOP(KK)=Q(&K)*TAUDP(NKtl)*U(KK)
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564

oy
*xx
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i

ba

5%

66

T

638
70

X 3

80
xxx
STy
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F¥¥

PLOT EXPLHENTIAL SPLINE
CONTINUE .

Ir(Ket3.0) 63 TL 300
IFCICOUNT6Es ITNAX) 63 TO

()
<
<
o

UFDATE P

IFLAG=Y

0Jd 8y I=1,K
IL=ILI"L(I)
Iu=ItI1J(l)

TeMP=Tadur(IL)®c(1IL)
IF(TENPebESUL) CL TS 64
d¥TaltP<d AT LIFT Haho EWIPOINT

IFLAG=1
LAYBAZ=AMAXLI(AAS(ELILI) 90T AGUIL)*AUS(TAUDP(IL)))/ZABSITAVLPCIL+L1))
PTILDA=L /S0~ TILAMEANKRI(IL))
PTILCA=AXAXI(PTLLCAST(LIL))
POIL)Y=P(IL)+34206a%(PTlLua=P(IL) ]

ILPl=IL+1

IUML=1U-1

IFLILMLLLTLILPYLY) &3 19 7¢

SU 65 J=ILPlslunl

IF(T2ZUBP(Jd) e vZeda) CL TU 65

TAUDP=0 AT A INTE«ILF POINT

IFLAG=1

PLJ=1)=PlJd=1)+2P3

P(J)=P(J)I+EPS

Gu TU 48

TEMP=TAUDP(J)*3(J)

IF(TENP BT W0s) oo TL 53

B¥TALDPSL AT 2N INTEVIJR POINT

IFLAG=1
LAMBAR=AMAYI(AeS((J))»0IAc(II=ARS(TAULPIJ)))
17024 %AMARLEASS(TACNR(I=1)) o A35(TAUZP(J+1))))
PTILDA=L/SARTALAY Y AR*A(J-1))
PTILCA=AMAXKI(PTILSAIFII=1))
PUI=1)=P(J=1) 4 02625 (PTILIA=P(d—=1))
PTILOA=Ye/SaxTILANEARRA(J))
PTILCA=AMAXI(PTILIAYP(Y))

P J)=P(J)+CMEGa%(PTILIA=P (J))

COnTINUE

TEMP=TAUGF (T ))=x(IU)

IF(TEPeGEWla) G2 T2 30

3xTAavdP<y AT RIonT HANY ENDPCOINT

IFLAG=1
LAMBAR=ANAXI{ASS(3CIL)) s CTAGCIL)*ALS(TAUDP(IUW)) ) /ZABS{TAUDP(IUML))
PTILOA=L o« /SoRT(LAMAARR4(IUML))
PTILLA=ANAXI(PTILIASF(IuUM1))
PLIGHL)=P(IUL)+CHEGAR(PTILDA=F(IUML))
CGNTINUE

JUus INFLECTIUN POINTS

§

CHeCn FIR EXTRAN

IFCIFLASSES.0) GJ TG 3000
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C #%«=x
~C #*% ScALe ABSCISSAE
C 3 X
XWY=g o
Lo 93 I=1,4
Q3 2xAUEEZMAXLI{AN P (1)%H (L))
ALPHAC=ANAXL(X Y /STGiMar»ls)
ALPHAzALYaxALPHAC
DO 94 I=lsN
H(I)=n(1)/74LLrALC
94 E(I)==(I)*aLPAAC
gANPL)=(rl)EALPHAL
ou TL 34
%%
%% oy EXTRANEDOUS INFLECTIOGN PCINTS
FEE
*xXx
BEF SLx oM NUM3ER ur ITERATIONS ExCECUED
%%
3000 FETURN
EnD

OO0

295
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This report was prepared as an account of
Government sponsored work. Neither the
United States, nor the Department, nor any
person acting on behalf of the Department:

A. Makes any warranty or representation,
expressed or implied, with respect to the
accuracy, completeness, or usefulness of
the information contained in this report,
or that the use of any information,
apparatus, method, or process disclosed
in this report may not infringe privately
owned rights; or

B. Assumes any liabilities with respect to
the use of, or for damages resulting from
the use of any information, apparatus
method, or process disclosed in this
report.

As used in the above, "person acting on behalf
of the Department" includes any employee or
contractor of the Department, or employee of
such contractor, to the extent that such
employee or contractor of the Department, or
employee of such contractor prepares, dissemi-
nates, or provides access to, any information
pursuant to his employment or contract with the
Department, or his employment with such
contractor.
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