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Abstract

An implicit finite-difference algorithm is developeA for the num-

erical solution of the incompressible three-dimensional Navier-Stokes

equations in the non-conservative primitive-variable formulation. The

algorithms is second-order-space-time accurate, iterative and employs

a point SOR method for solution.

The flow field about an airfoil spanning a wind-tunnel is computed.

The coordinate system is generated by an extension of the two-dimension-

al body-fitted coordinate generation techniques of Thompson, as well as

that of Sorenson, into three dimensions. Two-dimensional grids are

stacked along a spanwise coordinate defined by a simple analytical

function.

A Poisson pressure equation for advancing the pressure in time is

arrived at by performing a divergence operation on the momentum equa-

tions. The pressure at each time-step is calculated on the assumption

that continuity be unconditionally satisfied. An eddy viscosity coeff-

icient, computed according to the algebraic turbulence formulation of

Baldwin and Lomax, simulates the effects of turbulence.
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Computational Results are presented for the NACA 0012 and NACA 	 77A

66018 airfoils in simulated wind-tunnel tests.	 Computations were
3 AS

performed for a Reynolds number of 1000 for the NACA 0012 airfoil at

angles of incidence of 0 and 12 degrees.	 They Reynolds number was
'A

increased to 10,000 for computations with the NACA 66 3
 018 airfoil as

the profile under investigation. 	 Pressure plots and velocity profiles

are presented for the various cases.	 Comparison with wind-tunnel data

for the NACA 663
 018 airfoil indicates qualitative agreement with typ-

ical pressure distributions. 	 Quantitative replication of experimental

data was beyond the scope of this dissertation, what with scant data

points in the discrete mesh system and the consequent inability to

perform computations at high Reynolds numbers. 	 The size of the grids

and the total computation time were restricted by considerations of

affordability. The feasibility of an implicit solution of the complete

three-dimensional Navier-Stokes equations is established and sufficient

encouragement for future computations at realistically high Reynolds

numbers is derived.
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NOMENCLATURE
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A	 Angle of Attack
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E,	 n,	 { Curvilinear Coordinates

a,.S,	 Y,	 6,	 a,	 r, Coordinate Transformation Parameters,
Appendix A.
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Chapter I

Introduction and Literature Review.

The importance of and the necessity for computer solutions of

the complete three-dimensional Navier-Stokes equations as a reliable

alternative to experimental fluid-dynamic studies cannot be over empha-

sized. It was, therefore, not the lack of intellectual motivation and

initiative but rather that of sufficient advances in computer technology

that limited the researchers' involvement in this field since the

beginning of the computational fluid dynamic era in the early 1960's.

Graves [1) has given a comprehensive overview of the evolution of the

CFD discipline. Until the advent of the supercomputers the CPU time

as well as storage requirements associated with three-dimensional

Navier - Stokes solutions were truly prohibitive. These difficulties

have been partially overcome by recent computers with radically changed

architectures permitting enormously increased speed and storage capacity,

particularly the CDC 200 series and the CRAY 1 machines.

The two chief tasks comprising fluid dynamic computations, namely

effective grid generation and developing accurate algorithms for solving

the governing equations play complementary roles to each other. Con-

sequently, advances in the techniques in these two fields have gone

hand in hand. The concept of boundary-fitted coordinate systems developed

by Thompson, et. al. [2], has established itself as particularly suit-

able for effective grid generation for arbitrary sha T ied bodies.

Sorenson , et. al. [31, offer a different version of the body-fitted

grid generation technique. Both these techniques are extensible into

three dimensions for bodies with simple geometries without necessitating

fi
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any rigorous mathematics. Boundary-fitted coordinate systems permit

computation in a rectangular grid with straight boundaries in the trans-

formed plane, thus making the implementation of boundary conditions

much simpler than in the physical plane with arbitrarily shaped

boundaries.

A primitive variable formulation of the complete Navier-Stokes

equations is advantageous for three-dimr— ional flow computations.

Various methods, each with its own area of applicability, have been

formulated and successfully executed by researchers in flow situations

of different characteristics. These methods can be broadly categorized

into explicit and implicit algorithms; their relative advantages being

less computer storage requirements and greater speed respectively.

Explicit techniques are restricted by time-step size limitations

dictated by stability considerations. Among implicit techniques the

Approximate Factorization technique, formulated by Beam and warning [41,

has been successfully used in computation of compressible flow, but

is not readily applicable to incompressible flow. However, modified

versions of AF techniques have been used by Steger and Kutler [51 and

Bernard [6] for attempting incompressible flow computations. Given

the above considerations and the task of solving the complete three-

dimensional Navier-Stokes equations, a fully implicit scheme employing

successive over-relaxation (SOR) emerged as the logical alternative.

Available information on numerical solution of three-dimensional

incompressible turbulent flow is scarce. East and Pierce [7j,

provide one of the very few publications in this field.

The three-dimensional coordinate systems for the problem at hand

^l
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are generated by means of extensions of the 2-D boundary-fitted grid

generation techniques of Thompson (8] and Sorenson (3]. The spanwiae

extent of the coordinate system is achieved by stacking a number of 	 j

2-D C-type grids along the span of the wing. Coordinate lines are	 1
t

made to concentrate in the boundary layers on body surfaces, i.e., the

wind tunnel walls as well as the airfoil. Computations for the veloci-

ties and the pressure are performed in the transformed plane.

The governing equations are the incompressible Navier-Stokes

equations written in their non-conservative forms in terms of the

primitive variables. A Poisson equation for pressure is obtained by

taking the divergence of the momentum equations. The eddy viscosity

in the Reynolds-averaged momentum equations is derived from a two-layer

algebraic turbulence model as proposed by Baldwin and Lomax (9).

Boundary conditions imposed on the walls of the wind tunnel and the

airfoil are obtained employing no-slip conditions for velocities and

the normal derivative of pressure from the momentum equations evaluated

on the boundaries. Constant free-stream conditions are imposed on the

upstream boundary. The flow is initiated by using a cosine body force

to gradually accelerate the airfoil together with its attached coordi-

nate system from rest to the free-stream velocity over a period of time.

A fully implicit algorithm is obtained by representing the non-

dimensional Navier-Stokes equations by second-order backward-time and

central-space finite difference approximations in the transformed

coordinate plane. The resulting coupled system of nonlinear algebraic

equations is solved by means of a point successive over-relaxation

(SOR) iterative method with locally optimum acceleration parameters

3
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The development of the algorithm was along the lines followed by

Thomspon (13] in two-dimensional computations.

The succeeding chapters of this dissertatian deal in further

detail with the coordinate generation techniques, the formulation of

the governing equations and the implementation of the numerical tech-

niques in that order. It was the desire of the author to present the

essence of the elements involved without burdening the reader with

cumbersome repetitions. Solving the complete three-dimensional Navier-

Stokes equations should be tantamount to generating and analyzing all

the flow phenomena arising out of a given fluid-body configuration.

It is the hope of progress towards achieving this cherished goal of

researchers in computational fluid dynamics that motivated this research.

4
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Chapter II

The Coordinate System.

2.1 The boundary-fitted concept.

A proper coordinate system can be a quite unforgiving prerequisite

for the ease and accuracy of solution of a physical problem. The pro-

priety consists mainly of freedom as to the shape of the body being

investigated. Realistic aerodynamic problems rarely involve body sur-

faces amenable to analytical representation and often include sharp

corners implying discontinuous slopes. A Cartesian coordinate system

under such circumstances would be limited in efficacy by the need for

interpolation near the boundary surfaces.

The boundary-fitted coordinate system of Thompson, et. al.[8],

provides a set of curvilinear coordinates with one line of each family

coincident with a boundary in the physical domain. This eliminates

the need for interpolation and results in a complete freedom regarding

the shape of the bodies involved. It has the added capability for

concentrating coordinate lines in regions where large gradients in the

physical.quantities are expected to arise.

2.2 Theoretical Formulation

Computational grid generation in its essence consists of a mapping

between real and computational spaces. The physical space defined by

Cartesian coordinates x and y is mapped onto the computational space

through the mapping functions

t - t (x, Y)
	

(2.1)

and	 n - n (x, Y)

5
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One-to-one correspondence is ensured by subjecting C and n to the suff-

icient, though not necessary, conditions of satisfying the extremism

principle and of monotonic variation in Crain < < 	 and %in I" 
<

nom . The extremum principle precludes occurrence of extreme in & and

TI within the field and is complied with by making the inner and the outer

boundaries coincide with the n - %in and the n - rm. lines respective-

ly, while 
&min 

and 
&max 

occur on the outflow boundary.

The topological correspondence in a C-type grid about a 2-D air-

foil may be better understood with the help of Figure 1. The boundary

max is mapped onto the inner boundary r  - r  - r6 containing the

branch cuts and the airfoil. E - Cmin and E - &max correspond to the

downstream sections 
r 7 

and 
r 
7 respectively, E increasing clockwise

around the airfoil. The n - constant family of lines form open curves

resembling the letter C. The n - 
nmax boundary is mapped onto the

outer boundary r2 - r4 - r3 comprised of the wind tunnal walls and the

inflow section r4.

With the afore-mentioned desired characteristics of & and n in

mind, it is natural to envision them as solutions of elliptic partial

differential equations with Dirichlet boundary conditions. Elliptic

equations permit any desired distribution of & and n on the boundaries.

Moreover, the inherent smoothness of solutions of elliptic systems is

well recognized. The choice of elliptic systems is further reinforced

by the ability of the inhomogenous terms in Poisson's equations to

control coordinate line spacing with respect to curve or a point with-

in the field. The generating system of Poisson's equations has the

following form:

6
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a

^x+ ^YY --
s P(E,n)

J
C

Y
nxY + 

nYY J2 R(^,n)
	 (2.2)

c

A judicious choice of the distributions of P and Q makes it possible

to concentrate lines in any desired region. Section 2.3 deals with

actual forms of P and Q in further detail. An interchange of dependent

and independent variables enables one to perform all computations in the

transformed field. The generating system in the transformed field be-

comes:

acx - 
2*cx^n + Y

cxnn = -(acxJ(&,n) + YcxnQ(E,n) )

acY^E - 2^cy
^n + Ycynn = -(acy^P(E,n) + Y cYnQ(E,n) ) (2.3)

the boundary conditions being specified for x and y by the known shape

of the body surfaces. The coefficients in the system 2.3 have forms

given below:

ac = xn + yn	 (2.4)

*c = xExn + yEyn 	(2.5)

Yc=x 
+y	 (2.6)

Jc = xVn - x&yn	 (2.7)

The increased complexity of the transformed equations (2.3) compared

with equations (2.2) is far overshadowed by the ease of implementing

boundary conditions on straight boundaries in the transformed plane.

A great deal of simplification in computation results if integer

values are assigned to & and n. To this end, increments A^ and An are

7
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chosen to be unity by construction. This gives rise to uniform spacing

in the transformed plane where the values of A& and An , rather than

those of ^ and n are relevant to the finite difference expressions.

The generating system of equations (2.3) is represented by second-order

finite difference approximations in the transformed plane. The quanti-

ties 64 and An disappear by cancellation in all difference equations.

The resulting system of non-linear difference equations is solved by

means of a point SOR iterative scheme.

2.3 Coordinate Line Concentration

It is imperative to concentrate coordinate lines in regions with

large gradients in flow variables, e.g., near body surfaces. Thompson

et. ai. [10], and Sorenson achieve this effect in two different ways.

2.3.i Thompson et. al. approach

Thompson's approach consists of finding a correspondence between

n values and the radii of concentric circles distributed between two

circles with radii r 1 and r 2 , one circumscribing the airfoil and the

other tangential to the outer boundary respectively. Applying the

coordinate generating equations (2.3) to the radii r 1 and r2 , while

noting that n = 1 on the airfoil and n = J on the outer boundary,

results in the following expression for Q:

of	 a

Q(t,n) _ - (rf - r)	 (2.8)

r

where	 r(n)	 r + G(n) - 1 (1 - r1)b	 (2.9)
2	 G(n) + 1	 r2

b + r	 (n-
 

J)

and	 G(n) _ ( b - r2) J - 1	 (2.10)
2

8
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The Affect of Q, thus defined, is to place a line corresponding to

n = K at a distance proportional to r  - r  from the body surface.

In order to ensure proper resolution of the boundary layer the first

line away from the boundary is placed at ar. approximate distance of

one percent of the Blasius flat-plate boundary layer thickness from

the body, i.e.,

r(n 
= 2)	

r  = 0.01( 5 )	 (2.11)

e

2.3.2 Sorenson's Approach

Sorenson [31 determines the control functions P and Q iteratively

to produce specified spacing S of the first n-line from the boundary

and a specified angle of intersection A of E-lines with the boundary

(fig. 2) .

P and Q are defined as:

P(E, n) - p(E)e-an + r(E)e-c(nmax - n) 	
(2.11a)

Q(E, n) - q(;)e-bn + s(E)e-d(nMAX - n)
	 (2.11b)

where a, b, c and d are positive constants. The coefficients of r

and s become vanishingly small at the body (n - 0), so that

M, 0) = P(E)

Q(E, 0) = q(E)	 (2.12)

Similarly at the outer boundary (n - n max )

P(E, nmax)	 r(E)

Q(E, nm)	 s(E)	 (2.13)

1

9



Combining equations 2.12 with the generating system of equations 2.3

we get
YnRi - XnR2	-YER1 + XCR2

P(E)	 [	 Jc	 In	 1	 q ( E )	 [	 Jc	 ^n - 1 (2.14)

where,

R1	

-(a	
in

X - 2SX + OX nn )	 -(aY - 28Y + Y )
)EE	 )	 ^^ 	

(2,15)
Jc2	

n 1 R	 En	 nn)1c2	 n 

Similar expressions for r(Q and s(t) are obtained from equations 2.13
and 2.3.

s
s

The steps involved in the iterative method for generating the

grid can be summarized as follows:

1. The four geometric constraints of specified spacing &.d angle of

intersection at the inner and outer boundaries translate into equations

which can be solved for all the derivatives occurring in equations 2.14

except Xnn and Y nn on the boundaries.

2. Assumed initial values of p, q, r and s are used to determine P

and Q in the field.

3. The elliptic generating system, (2.3), is solved for X and Y in

the field.

4. Xnn and Ynn are computed on the boundaries.

5. p, q, r, s and subsequently P and Q are determined from equations

2.14 and 2.15.

Steps 3 to 5 are iterated to convergence.

10



2.4 The 3-D extension.

So far the generation of 2-D grids has been diacussod. The body

under investigation is a 2-D wing spanning a wind tunnel and therefore,

an extension of the 2-D grid into three dimensions is necessary. This

has been achieved in a straight forward way by placing 2-D grids at

different stations along the span as illustrated in figure 3. Since

no change in airfoil geometry occurs along the span, it is sufficient

to perform flow calculations on only one side of the mid-span section.

An extra grid has been placed beyond the mid-span section for storing

variables in order to facilitate finite differencing.

The 2-D grids are identical to each other so that X and Y are

independent of Z, the Cartesian coordinate along the span. Consequently,

Z is a simple analytical function of L,

Z - F(^)

;, being the third mapping function introduced by the 3-D extension.

F can be chosen to be an exponential function in order to effect

a desired distribution of the grids along the span.

WON
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Chapter III

The Governing Equations

3.1 The Navier-Stokes equations

The Navier-Stokes equations, derived from Newton's law of conserv-

ation of momentum and Stokes' law regarding relationships between stress

and strain, in a material fluid volume, remain to date the most versatile

descriptor of fluid motion. The governing equations in this study are

the time-dependent, incompressible, Reynolds averaged Navier-Stokes

equations in three dimensions formulated in terms of the primitive

variables.

In their unabridged form the Navier-Stokes equations are as they

appear below:

a(Pu )	 a(pu u )	 aE

at  +	 ax i • _ aap + ax + pgi
	(3.1)

j	 i	 j

a (Pu )
M- + --	 0	 (3.2)

The index i denotes the Cartesian directions x l , x2 and x3 ; 
and j is

subject to the Einstein summation convention. The quantities represent-

ed in these equations are

p - density

u i - velocity component

P - Pressure

	

au i	 au	 2 au
E - shear stress tensor - u(ax + Lu)- TW kax 6i	 i

	

j	 i	 k	 j

g i - body force per unit mass

12
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(3.1) represents the momentum equations governing fluid flow while

(3.2) is the equation of continuity. These equations are direct diff-

erential descendants of their integral forms in terms of conserved

quantities. In this "conservative" form the equations are particularly

effective in flow regions containing discontinuities. Since the flow

under investigation in this research contains no such discontinuities,

a further simplification can be effected by incorporating the continuity

equation (3.2) into the momentum equation (3.1) in the following manner.

Expansion of all the derivatives in equation (3.1) and rearrange-

ment of the quantities while noting that the density p is a constant in

incompressible flow reduce the equations to

au i	aui	 au	
1 aP	 1	 a 	

an

at + uj ax + ui a-x - - p ax i + p Iu °2u i + u ax (ax )

au	 au

+ sa (axi + 
a;)J + gi	(3.3)

j	 j	 i

and,
a

ax	
o	 (3.4)

3

The third terms on both sides of the sign of equality in equation (3.3)

vanish by virtue of equation (3.4), implying that continuity is assumed

to be unconditionally preserved in the flow. The products of this

manipulation are the following "non-conservative" governing equations:

au

at + uj ax - p ax + p [u72u i + ax ( ax i + a)I + gi	(3.5)
i	 j	 i

au
l

- 0	
(3.6)

ax 
j

13



Additional cogency is lent to the arguments for choosing the non-

conservative form of the governing equations by the fact that nullity

of the divergence of velocities, i.e., continuity, is a requirement

essential to the scheme for advancing the pressure in time as will be

demonstrated in a latter section in this chapter.

Finally, the governing equations are rid of dimensions by substi-

tuting the flow variables with the following non-dimensional quantities:

u i = ui/U	 (3.7)

x i = x i/t	 (3.8)

t	 tU /.2	 (3.9)

(3.10)

P (P - P.MPU?)	 (3.11)

gi g1t
/U2 	 (3.12)

where the characteristic quantities are the free -stream velocity UW,

the airfoil chord length t, and the free-stream viscosity U..

The resulting nou-dimensionalized Navier-Stokes equations governing

incompressible flow are:

au + u aui - a
p + 1 (u02u + 8u (ai + a--)] + g	 (3.13)

at	 axe	 apt i	 Re	 i	 ax3 axe	ax

and

DU.
0	 (3.14)

ax.
7
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pU
=	 Re denotes the ReynoldsRe	

um
number.

The remainder of this dissertation deals exclusively with non-dimensional

quantities and therefore the diereses (") will not appear henceforth.

In usual Cartesian notation the governing equations (3.13) and

(3.14) translate to,

ut + uux + vuy + wuZ = - Px + R [ uo2u + 2v xux + uy (uy + vx)Re

+ uZ (wx + uZ)] + g1	(3.15)

	

vt + uvx + vvy + wvZ - Py + R	 y[472v + 2u 	 + p (v + w

	

e	 y	
Z	 y)

+ ux (uy + vx)] + 92	(3.16)

wt + uwx + vwy + wwZ - PZ + R [ u2w + 
2uZwZ + ux(wx + uZ)

e

+uy (wy + vZ )] + g3	(3.17)

and,

ux + v  + w  = 0	 (3.18)

3.2 Turbulence modelling.

The effects of turbulence are simulated by appending an eddy vis-

cosity coefficient PT to the molecular coefficient of viscosity V . The

scheme for determining 
P  

is patterned after that of Baldwin and

Lomax [9], who devised a two-layer algebraic turbulence model for sep-

arated flo-a The non-dimensional viscosity coefficient in equations

(3.15) - (3.17) is replaced by
W - 1 + e	 (3.18)

15



where a is the ratio of PT to the molecular coefficient of viscosity.

A few salient features of the turbulence model are:

1)The need for finding the edge of the boundary layer is obviated by

using the distribution of vorticity to determine length scales.

2)An intermittency factor is employed in order to modify the eddy

viscosity coefficient in transitional regions.

3)Transition is assumed to occur at the points of minimum pressure

on the upper and the lower surfaces of the airfoil.

3.3 The pressure equation.

A direct temporal discretization of pressure is not possible be-

cause of the absence of a time-derivative of pressure in the governing

equations (3.15) - (3.17). Advancement of pressure in time, unlike that

of the velocities, is therefore not a straightforward task. The

difficulty can, however, be circumvented by a stratagem of determining

the instantaneous pressure subject to the constraint of satisfying

continuity throughout the flow field. In other words, the pressure

adjusts itself in order to force the divergence of the velocity vector

to zero, implying a strict conservation of mass.

To achieve this purpose a divergence operation is performed on the

momentum equat! ,)ns (3.15) - (3.17) to arrive at the following Poisson

equation for pressure.

Dt + v2P - - (uX + v2 + wi + 2vxu + 2 wxuz + 2w v z) + R [uxv2u + u v2v
y	y	 y	 y

`+ uzv2w + uxx ux + P yy y	 y yv + uzzwz 
+ ux (u + v x ) + uzx(wx+ uz)

+ u zy ( v z + wy)]
	

(3.19)

i
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where D is the divergence, ux + vy + wz , of the velocity vector.

Several variations on this theme have been presented by Hodge [111

2	 3 18	 edand Shanks [1 J. In the non-conservative equation ( . ) D
t 

is expect

to retain an appreciable value even though D is assumed to be analyti-

cally zero. From a computational point of view D  serves as a correct-

ive term that adjusts the pressure in an effort to enforce the contin-

uity constraint.

3.4 Coordinate transformation.

The governing equations must be transposed to the computational

grid before performing the finite difference approximations on the

derivatives. The spatial derivatives must be transformed by the in-

clusion of terms, relating the discrete mesh to the physical grid, in

order to remove the physical coordinate system from the problem.

The derivatives, ux, u
xx

, etc. in equations (3.15) - (3.17) are

therefore substituted by their values computed according to the express-

ions for the derivatives in the transformed plane listed in appendix A.

1
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Chapter IV

The Boundary Conditions.

The solution of the Navier-Stokes equations is a quintessential

boundary value problem. Extreme care must be exercised in specif ing

the boundary conditions, since the validity of the solution is depen-

dent on the accuracy of the boundary values. Presented below are the

velocity and pressure conditions applied on the various boundaries

occurring in the flow.

4.1 Free-stream boundary conditions and initial values.

The inflow section r4 in Figure 1, is identified with a free-stream

boundary on the assumption that it is far enough removed from the bodies

in the flow so that the incident uniform flow conditions here are

unperturbed by the presence of the bodies. Since the free-stream in

}
this study is considered to be a uniform parallel flow, constant values

for velocities and the pressure are always specified on this boundary.

However, the presence of the accelerating body force g i in equations

(3.15) - (3.17) imply that the incident velocities change with time;

starting from a zero value until they reach their ultimate prescribed

non-dimensional values. The boundary conditions on r 4 are therefore,

t(

U00
	 191 dt, so that (0 < u m < 1) c (0 < t < 1)

0

v,, = 0	 9 2	0

wm = 0	 g3 = 0	 (4.1)

P = 0cc

18



On the outflow boundaries (T , r ), the gradients of the flow vari-
7u 71

abler are specified. Denoting the normal to the outflow boundary by

n, the outflow conditions can be written as

n0u 0

VP - 0	 (4.2)

4.2 Boundary conditions on body surfaces.

The flow region is bounded by a number of body surfaces of

different families, consisting of the containing walls of the wind

tunnel and the wing spanning it. The airfoil and the top and the

bottom walls of the wind tunnel, sections r l , T2 and t3 coincide with

n - constant surfaces. The end wall, k - 1 in figure 3, represents

the C - 1 surface. The wall corresponding to ^ - 'max need not be

considered because the flow is assumed to be symmetrical about the

centre-span section at k - 4. In the absence of transpiration at these

material surfaces the velocity boundary conditions belong to the genre

known as no -slip boundary conditions for viscous flow. A complete

absence of relative motion, 'slip', between the solid surfaces and the

adjoining fluid layers is assumed and the velocity boundary conditions

are defined by

u - 0

v - 0
	

(4.3)

w - 0

Boundary values for pressure on body surfaces are calculated

by designing a momentum equation that is satisfied by the component

of the pressure gradient normal to the body surface. An expression

for the normal pressure gradient, which leads to a Neumann type

19



boundary condition, is obtained making use of the relations for the

directional derivative n normal to a surface of constant n and constant

{ (Appendix A) as,

n - VP = n • (g + R 72u)	 (4.4)

e

A further simplification results from neglecting the viscous terms in

the boundary layer and equation (4.4) reduces to

n • VP a n . g	 (4.5)

The top and the bottom walls of the wind tunnel (T 2 and t3), are

coincident with parts of the n = 
nmax 

boundary, while the airfoil (Pl)

farms a part of the n = n  surface. These boundaries are therefore

referred to as n-surfaces. The component of the momentum equation

normal to a constant n-surface, obtained by replacing n by n (n) in

equation (4.5) is,

-PxY^ + PyX4 	Y^g l + X^g2 	(4.6)

The expression for n (n) , the normal to constant n-surfaces, is given in

Appendix A. Using the coordinate transformations for P  and P  and

rearranging the terms in equation (4.6) the n-derivative of pressure

on the boundary is obtained as,

P n = a [ P ^sc + Jc (- y^gl + x^g 2 ) l	 (4.7)
c

The surface pressure is evaluated from a one sided finite difference

approximation for Pn.

An expression similar . to equation (4.7) is obtained for ^-surfaces

employing n (;) , the normal to a ;-surface, in equation (4.5). The

resulting Neumann pressure boundary condition for the k = 1 wall

(figure 3), is given by
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P

F_̂T 
g3	 (4.8)

where,
F'(4) is defined as,

F'(:) - ZC^	 (4.9)

The Dirichlet velocity boundary conditions (4.:) together with the

Neumann pressure boundary conditons (4.7) or (4.8) describe the bound-

ary values on all material surfaces.

4.3 Conditions on the re-entrant sections.

The re-entrant sections, r5 and t6 in figure 1, are not boundaries

in the physical plane but represent points within the flow field.

These sections originate from the branch cut from the trailing edge

of the airfoil to the outflow boundary, made in a C-type grid in order

to eliminate discontinuity in the geometry of the inner boundary.

Application of boundary conditions, in the strictest sense, on these

sections is therefore redundant and not allowed. Maintaining contin-

uity in the flow variables and their gradients across the cut is

de rigueur. Values of velocity and pressure on these sections should

therefore emerge as a part of the field solution. However, since the

re-entrant sections form parts if the n - 1 boundary in the computation-

al plane, they may be considered subject to a periodic set of boundary

conditions.

4.4 Conditions at the trailing edge.

The trailing edge is often a sharp point in the physical plane.

Though the inner boundary, n - 1, is a continuous amine in the compu-

tational plane, the surface-normal vector to the n-surface, n (n) is

1
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1

PITU 3 (4PITU-1 - PITU - 2)
(4.11)

still discontinuous at the trailing edge. The surface pressures at

the top and the bottom trailing edge points, computed according to

equation (4.7) are therefore apt to disagree with each other. The

unequal trailing edge pressures would violate the assumption of absence

of any unbalanced forces as implied in the no-slip conditions.

It was deemed advantageous to determine the pressure at the trail-

ing edge point by means of an average of extrapolates. The extrapolates

PTL 
and PTU were calculated from expressions arrived at by representing

P^ with a three-point one-sided finite difference approximation. Tht

extrapolates are given by,

PITL 3 (4PITL + 1 - PITL + 2)	
(4.10)

and

ITL and ITU denote the indices in the 4-direction corresponding to the

lower and the upper trailing edge points respectively.

4.5 Plane of symmetry conditions.

As mentioned earlier, computations are performed only on one side

of the plane of symmetry situated at the mid -span section of the wing.

In the computational context the second boundary in the z -direction

needs to be a grid placed beyond the mid-span section so that values

of the flow variables can be carried over from the grid stationed

immediately before the mid -span in order to ensu=e symmetry of the

flow. Denoting the k-index of the centre -span grid by kc, the following

substitutions are made prior to each SOR iteration.

ukc + 1 w ukc - 1	
(4.12)
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"rkc + 1 °kc - 1	 (4.13)
t

wkc + 1 - wkc - 1	 (4.14)
4

Pkc + 1 Pkc - 1	 (4.15)
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CHAPTER V

Formulation and implementation of the Numerical Algorithm

5.1 Objectives and requirements. 	
t

A concise review of the assumptions and objectives is perhaps in

order before embarking upon the development of the algorithm. The

governing equations are the Navier-Stokes equations in their non-

conservative forms. The Poisson pressure equation derives from con-

siderations of strict conservation of mass; the unconditional satisfac-

tion of continuity, in effect, furnishing a causal connection linking

the pressure to the velocities at each temporal state.

A fully implicit algorithm for solving for the flow variables is

obtained by means of Backward-Time-Central-Space (BTCS) finite differ-

encing of derivatives in the transformed plane, thus replacing the

stability criteria with the less stringent convergence criteria. All

difference equations apply at the point denoted by the space subscripts

(i,j,k) and the time superscript (n). These subscripts and superscripts

are occasionally omitted for reasons of convenience on the stipulation

that they are understood to be present in all difference equations.

The final set of simultaneous algebraic equations is solved by

a point SOR matrix iterative technique. Special numerical consider&-

ions and computational adjustments will be discussed in their proper

conte:;ts.

5.2 Coordinate transformations and finite difference approximations.

The spatial derivatives in the governing equations (3.15 - 3.17),

in the physical plane are now to be transformed in order to yield the
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transformed equations valid on a rectangular field with square grid

in the computational plane. For the sake of conciseness of the equa-

tions, terms such as ux , vy , etc. will continue to appear in the text

but are to be implicitly assumed to have been evaluated according to

the relations and definitions given in Appendix A, an well as approxi-

mated by appropriate finite-difference expressions. The 72 ( ) terms

in the momentum and pressure equations are, however, expanded into

their transformed expressions for a specific purpose to be explained

in due course. The transformed u-momentum has the following form:

U
t	 x	 y	 z	 x
+ uu + vu + wu	 - P + 11 

J2	 nn
(au + Ou + Yu

x	 EE	 EE
e

+ 6utn +ou&+*run +mud)

+ R [2yxux + yy (uy + v x ) + vz(wx + uz ) l	 (5.1)
e

Similar expressions result for the v, w - momentum equations and the

Poisson pressure equation.

Space and time derivatives in the transformed Navier-Stokes and

pressure equaticns must be approximated by appropriate finite difference

quotients on the discrete mesh system. For example, the following

three-point second-order-accurate central difference approximations Are

used for subsequent numerical computations:

of	 s f i+l.j.k - fi-l.j.k 
+ 0(AC2 )	 (5.2)

a&li,j,k	
2L&

a22	
f i+l ,j ,k - 

2fi, 
j .k + f i-1,j .k + 00E2 )	 (5.3)

g 
i , j , k	AE
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with analogous formulae for the n and & derivatives. It is to be noted

that At appearing In equations (5.2) and (553) is chosen to be unity

by construction. Forward and backward three-point finite difference

expressions were employed to approximate n-derivatives on the n ` 1 and

n r^ax boundaries respectively while three-point forward expressions

were used on the 4 1 wall. These expressions, a3 well as those for

the cross-derivatives, are second-order-accurate expressions in wide

and common use and will not be further elaborated upon.

The time derivatives are represented by first-order-accurate two-

point backward finite difference approximations at the first step in

time after starting from rest and a second-order, three-point backward

approximation thereafter.' The difference expressions are given below.

First-order backwards:

f t n . 
(-fn-1 + fn)/At	 (5.4)

Second-order backwards:

ft ` (fn-2 - 4fn-1 + 3f n)/2at	 (5.5)

5.3 The Navier-Stokes equations in difference form.

A procedure unique to the primitive-variable formulation was used

to augment the implicit algorithm resulting from the BTCS method of

finite differencing. The transformed 0 2 ( ) terms in the momentum equa-

tions were expanded into their finite difference forms and the diagonal

terms, (those with i,j,k as the spatial subscripts) were separated from

their off-diagonal counterparts. The diagonal terms were then combined

with a time-derivative term to form the diagonal elements of the matrix

representation of the simultaneous algebraic equations. The procedure

26
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is best illustrated by pexforming the manipulation on equation (5.1).

The first term in parentheses on the right hand side of equation (5.1)

represents V 
2 
u multiplied by a coefficient. Expansion of the deriva-

tives u 	 u 	 u;; into their finite difference forms result in

the following expression for V2u:

v2u - J2 
(au&& +Bunn + n,;; + 6U &n + au, + Tun + mu{)

J2 ^a(ui+l , j.k - 2ui.j,k + ui-l,j.k)

+ O(ui,j+l, k - 
2ui

, j,k + ui,j-1,k)

+ Y(ui,j,k+l - 2ui,j.k + ui,j,k-1)

+butn +aut + Tu n +Ou;j

2 -[2a + 20 + 2y)u
J	 i,j,k^

Diagonal

+ J2 [a (ui+l.j,k + u i-l. j,k) +8(u i, j+l , k + ui,j-1,k)
Off - diagonal

+ Y(u i,j,k+l + ui.j,k-1)

+Nn +au t +TU 11 +mu ; J 	(5.E)

The time-derivative on the left hand side yields one term involving

u  on the left hand side and after some rearrangement of terms the

desired form of the u-momentum equation is obtained as

un[ t + P2	 x	 y	 Z	 x(2a + 25 + 2y)] - -(uu + vu + wu) - P + ^' 2 	
,j

Wu
i+1 ,k

	

R J	 R J 

	

e	 e

M:
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A= 1
for first-order backwards time -d iff erencing.

n - 1
B 1 = u A

t 	(5.8)

and

A= 23
for second-order backwards time-differencing

Bi	 2^t (4un - 1 - 
un - 2)	

(5.9)

v and w-momentum equations, developed after a similar fashion, are:

vn [
At 
+ u 2 (2a + 2S + 2Y)] _ -(uvX + vvy + wvZ)

R J
e

+ P  +R J2 [a(vi+l,j,k + vi-l,j,k) + B(vi,j+l , k + vi,j-1,k)
e

+ Y("i, j , y+i + °i, j ,k-1) 
+ N n + Qv; + Tvn + ^v^]

+R [2uyvy + P (vZ + wy) + P (uy + vX)] + B2	 (5.10)
e

and,

wn( t + - 2	 x(2a + 2S + 2Y)] _ -(uw + vw + wwZ ) - Pz
ReJ	 y

+ R J2 (a(wi+l,j,k + wi-l,j,k) + s(wi,j+l , k + wi,j-1,k)
e
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+ Y(wi, j ,k+l + wi, j ,k-l' + dw, n + "C + Twn + #w C)

+ S [2uzwz + ux (wx + uz ) + uy ( W + vz)] + B3
e

(5.11)

B2 and B3 are obtained by substituting u with v and w respectively in

definitions (5.8) and (5.9).

5.4 The pressure equation.

The difference form of the Poisson pressure equations is obtained

by performing the operation described in article 5.3 on the V 2 
P term

in equation (3.19). The term D  represents the time -derivative of the

divergence of the velocity vector. Using a two-point backward differ-

ence approximation for D  and noting that D n = 0 as dictated by the

requirement for preservation of continuity, the Poisson pressure equa-

tion is rewritten as,

1 (2a + 28 + 2;)Pi^j^k = ux2 + vy2 + wzc + 2vxuy + 2w^uz 	 y+ 2wvz

+ J2 [a(Pi+l,j.k + Pi-l,j,k) + S(P i,j+l,k + Pi,j-1,k)

+ Y(P i,j,k+l + Pi,j,k-1 ) + 6P &n + aP t + TPn + CPC]

- R [Ux7-u + uyV2v + V V 
2 
w + uxxux + u v + ^'zzwze	 yy y

Dn-1
+ uxy (uy + vx) + uzX (wx + uz ) + uzy (vz + w y A - At	

15.12)

-	 5.5 Difference equations for boundary conditions.

Pressure values on impermeable surfaces in the flow are determined

by extrapolation from the field subject to the Neumann boundary condi-

tions delineated in article 4.2. Pn or P^ in equations (4.7 - 4.8) are

29
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evaluated on the surfaces by three-point backward or forward difference

approximations as the case may be., depending on the location of the

surface with respect to the coordinate system.

The n - 1 boundary is congruent in part with the airfoil; there-

fore derivatives on the airfoil are of necessity to be approximated

by forward differences. Along a similar line of reasoning, the top

and the bottom walls (n - n.), are seen to require backward n-

differencing while the end-wall (4 = 1) requires forward ^-differencing.

The resulting expressions for boundary pressure on the various

solid boundaries are:

On the airfoil,

_ - 1	 4	 2 1
Pi,l,k	 3i,3,k + 3 i,2,k 3 

Yc 
[PESc

+ Jc (g2xt - gly^)]	 (5.13)

On the top and the bottom walls,

Pi,JMAX,k
_ _ 1

3 i,JMAX-2,k
4

+ 3 i,JMAX-1,k + 3
Y c

[PESc

+ Jc ( g2xt - gly^)]	 (5.14)

On the end-wall	 1) ,

P 
i lil l 3 i 3 + 3 i 2 F

, ")g3
	(5.15)

5.6 Special consideritions and computational adjustments.

5.6.1 Finite differencing on the reentrant sections.

The procedure for the application of finite difference approxima-

tions on the cut extending from the trailing edge of the airfoil to

the outflow section in a C-type grid is rather extraordinary and
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deserves special attention. The two reentrant sections, 
r5 

and t6

(fig. 1), resulting from the cut are one and the same line in the phy-

sical plane, albeit ostensibly separated from each other in the trans-

formed computational plane. Any point on the segment t 5 is congruent	 1

with a corresponding point on t 6 , eg., the points designated by the

indices (IMAX-1, 1) and(ITV + 1, 1) are indistinguishable in the phy-

sical plane from the points at (2,1) and (ITL - 1, 1) respectively with

similar correspondence existing between all other points distributed

between the trailing edge and the outflow boundary. These correspond-

ing points, therefore, have the same x and y coordinate values inspite

of the differences in their associated t-values. Evaluation of deriv-

atives and flow calculations are necessary along only one of these

reentrant sections since they carry the same values of the flow vari-

ables.

At a casual glance, the evaluation of derivatives on either of

these sections by means of central-difference approximations may seem

rendered impossible by the absence of a J - 1 line, since the reentrant

sections correspond to the n = 1 line. A closer view of the physical

geometry involved reveals, however, that the J = 2 line reemerging

behind the trailing edge after circumscribing the airfoil, serves as

a surrogate J - 1 line thus making central-differencing possible while

ensuring satisfaction of the strict requirement for continuous deriva-

tives across the cut. The resulting central-difference expressions

for the derivatives across the cut at the points corresponding to

I = I1 and 1 = 12 (figure 1) are given below.

(f n ) I1,1	 (f n )I2,1 u (f 11,2 - f
12,2 )/2	 (5.16)
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(fnn) Il,l - (fnn) 12,1 - f11,2 - 2f 11 9 1 + f12,2
	

(5.17)

(fC,n ) il,l = (f&n ) 12,1 = (fil-1,2 - fl1+1,2 + f12+1,2

- f I2-1 9 2)/4	 (5.18)
	

l

where,

12 - IMAX - (I1 - 1)

The k-index has been omitted for reasons for simplicity.

5.6.2 Artif ical viscosity.

Extraneous oscillations contaminating the solution, eg., those

arising out of inaccuracies introduced by finite differencing, may

lead to instability and ultimately divergence of the solution particu-

larly at high Reynolds numbers. An artificial viscosity, judiciously

used, can diffuse these nonphysical instabilities and save the solution

from being overcome by violent oscillations.

Since the preservation of continuity is an underlying stipulation

in the solution scheme, an unusually high magnitude of the divergence

0 - u of the velocity vector should be symptomatic of spurious oscill-

ations in the dependent variables. Based on this reasoning an artifi-

cial viscosity coefficient, [14], designed to be proportional to the magni-

tude of o - u, is appended to the viscosity coefficient in the momentum

equations (3.15 - 3.17). The coefficient u is therefore composed of

three parts as shown below,

µ- l+e+d	 (5.19)

where,

c accounts for the turbulent eddy viscosity
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and

8 represents the artificial viscosity being discussed here-

8 is being defined as

8 - AReJIV - ul	 (5.20)

where a > 0 and J is the Jacobian of the coordinate transformation.

The artificial viscosity 6 can be perceived to have the dual

sough'.-after attributes of coming into play only where V • u is un-

desirably high and of being proportional to the magnitude IV • ul at

the same time. Suitably chosen values of X can limit the effects of

the art if icial viscosity.

5.7 A brief outline of computational sequences.

The wing, the wind-tunnel and the associated coordinate system are

started from rest and accelerated to the ultimate free-stream velocity.

The free-stream velocities are distributed in time along a cosine curve

of the following form,

UW 2[1 + cosn (t + 1) ] 0 < t < 1
(5.21)

U -1 for t>1
CD

At each time-step the boundary values of pressure and the veloci-

ties are applied to the various boundaries occurring in the flow prior

to each iteration. One iteration of the SOR iterative method is then

performed. Appropriate optimum acceleration parameters w, are calcu-

lated as described in Appendix B, and used to update the succ.:ssive

iterates according to the following formula.

f (s + 1) - wf (s + 1)+ (1 -w)f
(s)	(5.22)

where f represents any one of the three dependent variables u, v and
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w, while the superscript (s) denotes the iterations counter. The

pressure solution is not accelerated. The unaccelerated Gauss-Seidel

I
iterate is represented by f.

The Navier-Stokes and the pressure equations are solved simultan-

eously in the field to maintain the implicit characteristic of the

algorithm. Iteration and evaluation of boundary conditions are alter-

nated until a desired degree of convergence is achieved at the current

time level. The free-stream is then accelerated to the next step in

time, the boundary 3slues are calculated snd a new set of iterations

commence. This procedure is continued until a steady state solution

results.
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CHAPTER VI

Computational Results

6.1 Coordinate Systems
	

^l

Coordinate grids were generated for symmetric NACA airfoils for

a range of Reynolds numbers by means of the boundary-fitted schemes

of Thompson [2] and Sorenson [3]. The airfoils used were the NACA

0012 and NACA 663018 sections. Field sizes of the computational grids

varied with variations in the Reynolds number and the shape of the

airfoil used.

In the Reynolds number range of 1000-10,000, each two-dimensional

grid contained 49 x 22 points describing the field geometry, with five

such grids placed along the span at stations including the side-wall

and the post-midspan section. In other words, there were 49 constant-

C lines and 22 constant-n lines defining each discrete two dimensional

mesh.

For Re = 40,000, the two dimensional field size was increased to

55 x 31 to accommodate the intensified requirements for resolution of

the boundary layers. The number of spanwise stations was increased to

20 keeping in view a proposed project involving the resolution of the

boundary layer near the side-wall at high Reynolds numbers.

Coordinate lines were concentrated in the boundary layers, the

first line away from the surface being located at a distance of one

percent of the calculated thickness of the boundary layer on a flat

plate.

The computational results presented in this dissertaion were ob-

tained from computations performed on grids generated by Sorenson`s
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'GRAPE' code, although grid generation techniques of both Thompson and

Sorenson were Mcparlsented with. lo+es 4 — 7 present the coordinate

systems for the particular flow situations investigated. In all these

coordinate grids the chord of the airfoil lies midway between the top

and the bottom walls of the wind tunnel along the y - 0 line with the

leading edge at x - 0, and the trailing edge at x - 1. The top and

the bottom walls correspond to y - 2, and y - -2 lines and have their

leading and trailing edges at x - -1 • 0, and x - 4 • 0 respectively.

The span extends from z - 0 to z - 2, so that the side-wall corresponds

to the z - 0 plane while the midspan section is situated at z - 1.

6.2 Results for NACA 0012 Airfoil

6.2.1 Results for Re - 1000 and A - 0'

Relevant flow conditons governing this part of the computations

are:

Re - 1000

A - 0°

8	 0; a-0

E : Computed

The turbulent eddy viscosi *_y E, though inappreciably small in

magnitude at this low Reynolds number, was included in these computa-

tions but was quiescent as might be expected. The use of the artificial

viscosity 8 was neither warranted nor necessary since no instability

was encountered in the solution. 8 was set equal to zero by using a

zero value for the coefficient A.

Distributions of Cp , the pressure coefficient are presented at

two time levels - t - 1.0 and t - 2.0. The transient states of the
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solutions, though unimportant from the point of view of practical

utility, are presented to demonstrate the time-dapendenca of the sol-

ution. Figures 8-11 show the C  distributions at t - 1 . 0, i.e., after

the solution has advanced through 100 time steps, each . 01 in magni-

tude. C  distributions in figures 12-15 are those at t - 2.0. A

distinct change in the pressure profiles is noticed particularly near

the leading and the trailing edges. The differences between the

pressure values on the upper and the lower surfaces are seen to have

considerably lessened. These discrepancies arise out of inadequate

resolution of the flow quantities at regions containing large gradients

and are attributable in part to an insufficient number of points in

the discrete mesh.

Velocity profiles around the airfoil are represented in figures

16-19, while figures 20-23 show the distribution of velocities along

constant-^ lines bridging the gap between the airfoil and the top wall

of the wind tunnel. Well developed boundary layers are noticed at both

surfaces.

Resolution of the boundary layer adjacent to the side-wall (C - 1)

was not attempted, the number of spanwise grids being limited by con-

siderations of affordability of computer storage. However, pressure

profiles do vary along the span as is evident upon examination of the

C distributions at different values of the index k. Little or no
p

change was noticed in the pressure distributions on the top and the

bottom walls with change in the value of k, and the C 
p 
-distributions

at k - 4 are presented in figures 24 and 25.

The solution reached a reasonable degree of convergence and was

considered to have demonstrated a proper qualitative trend at t - 2.0
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where the calculations were terminated.

6.2.2 Results for Re - 1000 and A - 12°

The coordinate system shown in Figure 5 was used in this part of

the computations. The relevant flow parameters were,	 \

Re - 1000

A - 12°

8 -0; a-0

e : computed

A great deal of computation-time was saved in this case by starting

the solution from the steady-state solution obtained in the case of

zero-angle-of-attack described in the previous section.

Velocity profiles at the midspan section (k - 4) are presented

in Figures 26 and 27 at 5 and 60 time-steps after restart respectively.

The beginnings of a vortex, arising out of the sudden rotation of the

airfoil, is discernible at the trailing edge; nevertheless, the sols-

tion scheme demonstrates remarkable adaptability and the flow soon

settles down. The velocities follow the contours properly and a stable

solution is obtained as shown in Figure 27.

Pressure coefficient distributions along the span are presented

in Figures 28-31 and generally agreeable qualitative trends are observed.

6.3 Results for NACA 663018 airfoil section.

6.3.1 Results for R. = 10,000 and A - 00

The governing parameters are:

Re = 10,000

A	 0
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A-1.0

e	 computed

This phase of the computation was performed on the mesh shown in

Figure 6. The solution was restarted using the steady state solution

obtained with the NACA 0012 airfoil described in section 6.2.1, as

an inital guess.

As the solution progressed in time the pressure went through

phases of development and finally settled to a steady profile after

90 time steps. Figures 32-34 present the temporal evolution of the

pressure distribution on the airfoil at the k - 4, station, as the

flow strived to c,nform to the suddenly imposed changes in geometry

and Reynolds number. Comparing the results with those obtained in

the case of the NACA 0012 airfoil at A - 12% the change in the

Reynolds number seemed to be the harder obstacle to overcome. The

artificial viscosity was brought into effect by setting A- 1. C  -

distributions at various spanwise stations on the airfoil are presented

in figures 35-38.

Experimental results obtained by Mueller [15], from wind-tunnel

tests of the NACA 66 3018 airfoil at a Reynolds number of 40,000 are

plotted along with the computational results for Re a 10,000, in Figure

39. Since the Reynolds numbers of the results being compared are

different, no degree of quantitative exactitude of replicability was

sought. The comparison was performed in the hope of establishing that

the computed pressures do duplicate the general qualitative trends 6f

the experimental results and this assertion seems to have been borne

out by the plotted comparison.
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The lack of a substantial degree of steepness in the pressure

profile at the leading edge is attributable in part to insufficiency

of the number of grid points available in this region of sharp grad-

ients in flow variables. The trailing edge pressure, however, drops

with time and indicates a promise of following the trend set by the

experimental results.

The velocity profiles on the surface of the airfoil at the mid-

span section are presented in Figure 40. The boundary layer is seen

to be well devaloped. The apparent penetration of the nose of the

airfoil by the fluid resulted from the abrupt changes in geometry and

Reynolds number compounded with altered grid spacing in the boundary

layer as well as the inadequacy of the number of n-lines available

near the surface in properly resolving the boundary Layer. Continued

advance in time did not get rid of this abnormality.
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CHAPTER VII

Discussions and Conclusions.

The implicit algorithm employed in this research to compute the

flow about an airfoil spanning a wind tunnel does live up to most of

the researcher's expectations although the absence of quantitative

comparison of results leave some things to be desired.

.A scrutiny of the presented computational results indicates that

an algorithm with substantially stable characteristics is at work. T1

stability, expected of a fully implicit algoriths:, asserts itself,

particularly in the case of the NACA 0012 airfoil ac an angle of attacu

of 12 degrees. Despite restarting the solution from the steady state

obtained with zero angle of attack, the flow soon attains conformity

with the changed geometric configuration. The front stagnation point

moves away from the leading edge to the adjacent point on the lower

surface of the airfoil, the streamlines follow the contours and the

pressure builds up on the upper surface while dropping on the lower

surface. The flow demonstrates similar, if not as spectacular, adapt-

ability in the case of the NACA 66 3018 airfoil with Re a 10,000. The

results, therefore, are encouraging enough to warrant planning the use

of the algorithm in future computations at higher Reynolds numberb.

Proper resolution of a flow field is directly dependent on the

number of grid points available in the field. It was in this crucial

area that the research was constrained by the limits of affordability

of computer storage and hence the number of discrete mesh points. The

storage requirements and the computation time for a complete three

dimensional solution are truly overwhelming ind consequently it was
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deemed prudent to limit the field size to one just large enough to make

it possible to ascertain the qualitative characteristics of the solu-

tion.

Some of the relevant computational parameters should be made note

of here. The number of iterations for each time-step was limited to a

maximum of 20. Further iterations did not seem to significantly en-

hance convergence. Typical error norms after 20 iterations were of the

order of 10-4 . With a total of 49 x 22 x 5 points in the three-dimen-

sional computational space, an average of 50.0 seconds of computer time

per time-step was expended on the CDC CYBER 175 machine. The storage

requirements amounted to an approximate total of 3 x 10 6 locations.

With a limit of 100K for the machine used, there was not sufficient

frae space left to enable an increase of the number of data points.

Among the forecasts for the future is a project already in progress,

involving computations at realistically high Reynolds numbers, on a

grid many times bigger and denser than the ones used in this research.

The CDC CYBER 203 offers virtually unlimited storage capability and is

the machine chosen for these future computations.
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Figure 1. C-Type Coordinate System
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Figure 2. Coordinate Line Attraction Parameters
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Figure 4. Coordinate System for NACA 0012 Airfoil -
Re = 1000, A = 00
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Figure 5. Coordinate System for NACA 0012 Airfoil -
Re = 1000, A = 12°
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Figure 6. Coordinate System for NACA 66 3 018 Airfoil -
R e = 10,000, A = 0'

48



Figure 7. Coordinate System for NACA 663 018 Airfoil -

Re - 40,000, A - 0°

49



.o

-.e

ORIGINAL pAGE 
jS

OF POOR QUALITY

A	 _.s
'i

x

Figure 8. Pressure Distribution (NACA 0012) -
Re = 1000, P. = 0°, t - 1.0, k = 1 (wall)
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Figure 9. Pressure Distribution (NACA 0012) -
R = 1000, A = 0 0 , t - 1.0, k = 2
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Figure 11. Pressure Distribution (NACA 0012) -
R e = 1000, A = 0°, t - 1.0, k = 4 (midspan)
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Figure 12. Pressure Distribution (NACA 0012) -
Re = 1000, A - 0% t - 2.0, k = 1 (wall)

x

Figure 13. Pressure Distribittion (NACA 0012) -
Re = 1000, A - 0 0 , t - 2.0, k s 2
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Figure 14. Pressure Distribution (NACA 0012) -
Re - 1000, A - 0°, t - 2.0, k - 3
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Figure 15. Pressure Distribution (NACA 0012) -
Re - 1000, A - 0 0 , t - 2.0, k = 4 (midspan)
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Figure 16. Velocity Profiles Around Airfoil (NACA 0012) -
Re - 1000, A - 0 0 , t - 2.0, k - 2
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Figure 17. Velocity Profilles Around Airfoil (NACA 0012) -

Re - 1000, A - 0°, t - 2.0, k - 3
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Figure 18. Velocity Profiles Around Airfoil (NACA 0012) -
Re - 1000, A - 0% t - 2.0, k - 4 (midspan)

Figure 19. Velocity Profiles Around Airfoil (NACA 0012) -
Re - 1000, A - 0 0 , t - 2.0, k - 5
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Figure 20. Velocity Distribution in Wind Tunnel (NACA 0012) -
Re = 1000, A = 0 0 , t = 2.0, k = 2
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Figure 21. Velocity Distribution in Wind Tunnel (NACA 0012) -
Re = 1000, A = 0 0 , t = 2.0, k = 3

56



ORIGINAL PAGE IS
OF POOR QUALITY

1

1 J

Figure 22. Velocity Distribution in Wind Tunnel (NACA 0012) -
Re	1000, A	 0°, t	 2.0, k= 4 (midspan)
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Figure 23. Velocity Distribution in Wind Tunnel (NACA 0021) -
Re = 1000, A = 0 0 , t = 2.0, k = 5
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Figure 24. Pressure Distribution On The Top Wall -
R = 1000
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Figure 25. Pressure Distribution On The Bottom Wall -

R = 1000
e
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Figure 26. Velocity Profiles Around Airfuil (NACA 0012) -
Re = 1000, A = 12 0 , t = 2.05, k = 4 (midspan)
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Figure 27. Velocity Profiles Around Airfoil (NACA 0012) -
Re = 1000, A = 12°, t - 2.6, k = 4 (midspan)
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Figure 28. Pressure Distribution (NACA 0012) -

R = 1000, A = 12 0 , t = 2.05, k = 4 (midspan)
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Figure 29. Pressure Distribution (NACA 0012) -
Re = 1000, A = 12 0 t = 2.1, k = 4 (midspan)
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Figure 30. Pressure Distribution (NACA 0012) -
Re = 1000, A = 12°, t = 2.5 , k = 4 (midspan)
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Figure 31. Pressure Distribution (NACA 0012) -
Re = 1000, A = 12 0 , t = 2.6, k - 4 (midspan)
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Figure 32. Pressure Distribution
(NACA 663018)
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Figure 33. Pressure Distribution
(NACA 663018)
Re 	10,000, A - 0°
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Figure 34. Pressure Distribution
(NACA 66 3 018) -
Re = 10,000, A = 0°

t = 2.3 , k = 4
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Figure 35. Pressure Distribution (NACA 663018)
Re = 10,000, A = 0 0 , t = 2.9, k - 1 (wall)
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Figure 36. Pressure Distribution (NACA 663 018) -
Re - 10,000, A - 0 0 , t = 2.9,	 k - 2
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Figure 38. Pressure Distribution (NACA 66 3 018) -
Re - 10 , 000, A - 0 0 , t - 2.9, k m 4 (midspan)
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Figure 40. Velocity Profiles (IiACA 66 3 018) -
Re - 10,000, A - 0°, t - 2.9, k - 4 (midspan)
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APPENDIX A

i
Relations and definitions in the transformed plane.

a

1

Contained herein are the pertinent relationships defining the	 !
1

transformations of tea spatial derivatives, appearing in the governing

equations, from the physical to the computational space. All the

transformations are given in their fully non-conservative forms. The

following notations for scalar and vector functions are valid through-

out all the expressions.

f(x )y,z,t) - A scalar funciton with at least two continuous

derivatives.

F(x,y,z) = iFl (x,y,z) + j F2 (x,y,z) + k(x,y,z) - A continuously

differentiable vector-valued function. i, j, and

k denote the Cartesian unit vectors.

Definitions of the transf ormations in 2-D grid generation.

ac
 = xn2 + yn2	

(A.1)

We x xn + y y n 	(A.2)

yc = x^2 + y E2 	(A.3)

j  = x^yn - x ny F 	(A.4)

Transformations in the three-dimensional space.

z = F(;)	 (A.5)

a = acF12 (^)

	
(A.6)
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=

,2

YnF 	( ^) (A.7)

Y = Jc2
(A.8)

f2
d = -2(xcxn + y&yn) F	 ( ;) (A.9)

a
F^W

J	 (x
nDy - y nDx) (A.10)

t
F, 

J	
(y^Dx - x^Dy) (A.11)

= F J^)	
(x y 	 xny^) (A.12)

J = z c (x yn - y^xn) = F (^)_` (A.13)

Dx om	 + 
ax 
nn + dxnc (A.14)

Dy = ay Cc + ay nn
+ aync (A.15)

Derivative transformations

fx = (af/3x) y2z,t = (ynf^ - YCfn)/Jc (A.16)

f 
= (af/ay)x,z,t = (x^fn - xnf^) /Jc (A.17)

f z ,= ( 3f/ az) 
x,y,t 

_- f W /F W (A.18)

fxx (a2f/ax2 ) y,z$t = (yn2f^^ -	 2 yEynf En + yE2fnn) /12

+ (yn2y^E- 2ycy nyEn + y^ ynn)(xn f ^ - XEfn)Jc

+ 
(yn2xCC 2ycynxEn + y^2xnn)(Ytfn -

ynfs)/Jn 3	(A.19)
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fyy - (a2f/ay2)x,z,t = (xn2f^^ - 2x
Exnf Cn + xt2f nn)/Jc2

• (xri2y^^ - 2xeny^n + x&2YEn) (xnf & x
tf n) Jc3

• (xn2x - 2xExnx^n+ xE2xnnMY 
f n - ynf E)/Jc3 (A.20)

fzZ = (a2f/az2 ) x 	 t - [f ^C - f 4F" (0 /F'(^))/F!2(C) 	 (A.21)
PYp

f xY [xEyn 
+ 

xny^) f En - x^yEf nn - x E y & f nn Vic 2

+ [xnynxCE (x &yn + 
xnyE )xEn + xVExnn

]
 (Yn

f
E - yEf 

n) Jc3

+ [x nyny ^^ - (x Y n + x ny E )yEn + xEycy nn]

(x f n - 
x 

n f ) /Jc3

f yz	 (f n^x^ - f ^Exn) /J

fxz = (f Uyn

The Laplacian Operator.

v 2 f = (af + 
Sf 

nn + yf + df^ n + af t + Tfn

+ g )/1 2

Unit Normal Vectors.

Normal to 9-surface:

n(n) _ vn/ Iv n l = (-iy 
+ jx^ )/,^Y____

Normal to &-surface:

n (F,)	 v^/ I v^ I = ( iyn - J xn ) /Y

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)
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Directional Derivatives.

of /an(n) n(n)	 Vf - (Ycf n - acf ^) /JcAT
	

(A.28)

8f /3n (s)
	 n(^)	

Vf - (acf - gcfn)/Jc -
	

(A.29)	
1

of/an(c)
	

n ( ^ )	 Vf = f^/F , (^)
	

(A.30)
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APPENDIX B

Optimum acceleration parameters.

The Navier-Stokes equations in non-conservative primitive varia-

ble formulation fit the description of the following general partial

differential equation in the transformed plane.

Alf^ E + 
A2 f nr1 + A3f ;^ 

+ B 
1 

f C + B 
2 
f n + B 

3 
f ^ + Cf + D - 0 (B.1)

f identifies itself with u, v or w in the x, y or z-momentum equation.

The spectral radius p  for Jacobi iteraion of a set of IMAX x JMAX

x KMAX simulataneous difference equations with constant coefficients [14]

is given by,

P , =	 1	 [V 2	 n
J	 C - 2(Al + A2 + A3)T	 14A1 - '31 Cos(I	 + 1)

+ r
I4A22

 - B221 
COS(

JMAX + 1) 
+ (4A32 - B 3 

21Cos(	
n	

)^

KMAX + 1

(B.2)

The optimum acceleration parameters w, for SOR iteration are easily

obtained utilizing pi in the following expression,

2

m	 2	 if 4Al2 > B12 , 4A22 > B22 and 4A3 2 > B3	(B.3)

P.
1 +

J

and,

w =	 2	 otherwise.
	 (B.4)

1 + 1 2
J

The coefficients in equations (B.1) are listed on the following page.
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Coefficients in the x-momentum equation:

Al R1

A2 R2

A_ a R

B1 T1 + R J (2uxYn - uyxn)
e c

=
B2 T2 + R 

1 
J (- 

2uxY^
+ uyx)

e c

B3 = T3 + 
RZ ,1
e F (^)

C - T
At

Coefficients in the y-momentum equation:

Al = R1

A2 R2

A3 a R3

B1 ° T1 + R 
1
1

(- 2uyxn + uxyTj)

B2 T2 + R J ( 2uyx, - uxY^)
e c

B3 T3 
+ RZ

1
e	 F ' (4)

C = - T

(B.12)

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)
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A2 	R2 (B.20)

A 3	 R 3
(B.21)

B1	 T1 + R J	 ( 11 yn - uyxn) (B.22) 1

e c

B2	 T2 + R J	 (- 
OXY^ + u

yx^) (B.23)
e c

uz
B	 T3 + R 1
3

(B.24)
e	 F (4)

C	 _ T (B.25)
At

The repeated terms in the above expressions are:

R,	 u 2 
a

R J
(B.26)

e

R2	 u 2
R J

(B.27)

e

=	 u	 y
R3	

ReJ2

(B.28) -

T1 = J (- uy n - vxnj +	 u 2 a (B.29)
c	 R Je

T2 = J (uy^ - vx^) + -	 T
R Jc

(B.3o)

e

T=	 , W	 +	 u3
(B.31)

F (^)	 ReJ2

T	 1	 for first-order time differencing (B.32)

T = 2
	

for second-order time differencing (B.33)
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