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The l iquid drop model of nuclear f iss ion was suggested (1) th i r ty  f ive 
years ago. The model has been very useful for the U n d e r s w g  of nuclear 
f iss ion data and has recently been found to be an important element in  w h a t  
has oonm to be known i n  nuclear physics as the  Strutinsky method by which the 
pzedictions on the masses and s t ab i l i t y  of the yet-undiscovered superheavy 
nuclei are made (2). 

There are trao aspects of the modal. The more d i f f i cu l t  and less cer ta in  
is the  dynamical study of the  l iquid arOp model. This involves assumptiow 
regarding the f lu id  flow patterns, the viscosity and o t h e  progetties t o  be 
a s s d  for  the nucleus. 
variety of shapas, making the calculation very involved. 
years, various attempts (3) have been made to tackle this problem and I 
believe.that these have onZy been par t ia l ly  successful aad there is still the  
basic question whether a nucleus is (dynamically) l i k e  a liquid drop a t  all. 
On the other hand, the other aspect of the model, the statics, has been f a i r ly  
w e l l  established (4) and has demonstrated its value in  nuclear fission i n  
many ways. One studies basically the balancing o f  two forces present in the 
deformable liquid drop, the  Coulomb and surface tension forces. 
worka (5) include also the centrifugal "force." No other properties of the 
liquid drop such as short range correlations and flow patterns need t o  be 
assumed in such a study. Indeed, it can be demonstrated (6 )  that the theory 
represents a m e  general system i n  which a liquid drop is a special example. 
This is w h a t  we call the leptodermus system, that is, a system w i t h  a th in  
surface region and a nzzUma region of uniform density. In a l l  these studies, 
the objective is to find the saapes of equilibrirrm of the system and their 
energies. These can be either a stable equilibria point (a ntinimm 1 or an 
unstable equilibrium point (a saddle o r  a mountain top) in  a multi-dhensional 
space with co-ordinates representing various deformation parameters. By look- 
ing a t  these equilibrium points a l o t  can be said about the system: whether 
the system tends to remain a sphere or undergo fission, whether the system 

Arrthermore, the l iquid drop may undertake a great 
In  the last ten 

s0me . 
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prefers to divide into t w o ,  three, or four droplets, and, with some 
generalization of the model, whether two droplets can coalesce into one. 

With all that has been developed in the nuclear fission problem, it 
would be interesting to apply it to actual macroscopic rain drops which are 
electrically conducting and consider their shapes of equLlibrium. This has 
the great advantage over the nuclear case that direct measurements in 
the laboratory on a drop can be made. 
its own merit, a parallel theoretical and experimntal study of the conducting 
drop may also t h r o w  light on the nuclear drop. Of course properties of the 
charged conducting drop is not a new area of study. In 1882, &rd Rayleigh (7) 
published a paper on the stability of a charged conducting drop under s m a l l  
oscillations. Other studies are made more recently ( 8 ) .  Howavat, in the 
present work' we shall make a close comparative study of the nuclear drop and 
the rain drop using methods developed in the liquid drop theory of nuclear 
fission. 

Besides studying the rain drops-on 

In the next section, some basic concepts of nuclear fission theoay (9) 
w i l l  be described, before discussing, in the following section, simple 
similarities and differences between volume-charged and charged conducting 
drops. 
equilibrium shapes of the conducting drop and the results will be compared 
to those of a volume charged drop. 

SoHe -IC CONCEPTS IN FISSION TELEORY 

After that a method will be described to calculate the syranetric 

Por an incompressible volume charged drop,. two forces are acting: a 
CoulolaJ3 force which tends to break up the drop and a surface tension which 
tends to keep it together. 
Coulomb energy and the surface energy. 
fissility parameter, x ,  as 

A quantity of importance is then the ratio of the 
One may define what is called the 

where % ( O )  and ES(O) are Coulomb and surface energies of a sphere with charge 
Q, radius R, aad volume V. For x < I, the spherical drop is stable with 
respect to deformations and for x > I, it turns out that the forces are such 
that the drop is in unstable equilibtium. 
drop over the original sphrical drop may be written as 

The energy excess of a.deformed 

I 

'This work was done in collaboration w i t h  W. J. Swiatecki. 
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where E, ami & are the surface and Coulomb energies of the drop and the super- 
script (0) implies that thet quantity is evaluated for  a spheres - 8s- 
E Q / ~  (0) and B~ = E J E C ( O ) .  If E is tha energy excesa i n  units of %(oJ then 

In  Fig. I, we sketch the behavior of 5 as a function of deformation 
fo r  a par t icular  value of x < 1. 
a spherer is a potential  energy minimum. 
deforms the dmp u n t i l  a point is reached w h e r e  the  disruptive Coulomb force 
is just balanced by the s tabi l iz ing surface tension. This point is called a 
saddle point. 
f iss ion (but is stable w i t h  respect to other deformtions) 
curve will be different  for different  values of charge on the drop, i.e.. 
different values of x [see Fig. 2). Thus fax x > 1, the sphere is at  a 
potential  maximrmo. 

the f i n a l  fra&ents a t  inf in i ty  in  units of E 
equal spheres which is i l lus t ra ted  i n  Figure 2, 5~ = 0 a t  x = 0.351. 
x > 0.351, tR < 0.  and for  x < 0.351. CR > 0. 
into n equal spheres, a general formula (4) may be written for  6 ~ .  The charge 
on each sphere is Q/n and its radius is (R3/n)1/3 = R n-li3, so that the 
Coulomb energy of the n spheres is n multiplied by the Coulomb energy of each sphere: 

The configuration at  zero deformation, i.e., 
The energy is increased as one 

It is unstable with respect to the deformatj,on leading tq 
Obvieusly the 

L e t  5 denote the difference in energy between the i n i t i a l  sphere and 
For division in to  two 

For 
In  the general case o f  division 

3 ta/n)’ 
R n  -u3 E c = n -  

thus 
-2/3 Bc = n 
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Total surface energy of the n sphere is 

2 1/3 = y n. 4n(R n-1'3)2 I: 4nR yn Es 

thus 

Hence the energy excess over the  sphere in units of ESlo) is 

For each value of n, th is  equation gives a s t ra ight  l ine  relat ion between & 
and x. 
the following can be deduced. 
For 0.35 C x C 0.61, the division into rW0 spheres gives the lowest energy. 
0.61 C x C 0.87, the division in to  three equal spheres gives the lowest energy. 
Finally; for  0.87 < x c 1.12, the division in to  four equal spheres gives the 
lowest energy. 

By studying the system of s t ra ight  lines for  various values of n, 
For x C 0.35, the sphere has the lowest energy. 

For 

In Fig. 3, we present the shapes of equilibrium of a volume charged 
drop as a function of the x values (101, so that we can compare t h e m  with the 
results w e  are going to obtain for  a surface charged drop. 
the f i s s i l i t y  parameter x from 0 to  1. The ordinate gives &N/R and RMAX/R as 
a measure of the shape, where for  an asymetric shape radius kN is the 
minimum radius of the neck of the  drop and the two maximum radii 
distances from the center of the neck (at its minimum radius) to the  two 
ends of the drop. For a symmetric shape the two maxium radii are  equal. 

for 'a l l  x c 1. 
symmetric equilibrium shapes and a family of reflection asymmetric equili- 
brium shapes. 
are schematically indicated i n  the figure. A point to notice is tha t  along 
the symmetric family there is a f a i r ly  rapid change in the trend of %/% 
a t  x values around 0.7. It is found below that for  a conducting drop a 
similar change occurs a t  a larger value of x. The notation (1) and (2) in 
the figure indicates whether the  eguilibrium shape is a t  (respectively) a 
saddle {unstable i n  only one direction) or a mountain top (unstable i n  t w o  
different directions). 

COMPARISON OF A VOLUM3 CHARGED DROP AND A CHARGED CONDUCTING DROP 

The abscissa gives 

are the 

Along Rm/R = 1 is the sphere which is a t  a potential  energy minimum 
 he re s t  of the curves represent a family of reflection 

The two families cross each other a t  x * 0 396. Their shapes 

It is straightforward t o  apply the methods described in  the last section 
to a charged Conducting drop. Thus the f i s s i l i t y  parameter x can be defined 
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similarly a s  the r a t io  of the surface energy. 

w i l l  be the  same as for the  volume charged drop case. O f  course, the Coulomb 
energ&es w i l l  now be evaluated on the assumption that the drop is conducting, 

The equation (1) for the drop 

Three simpla s imi la r i t i es  may be pointed out. 

(a) For x = 0, there is no charge on the drop so that the equilibrium 
shapes are the  same whether the drop is conducting or not. 
turns out nontrivially that as i n  the case of  a volume charged &op (111, x = 1 
represents the t ransi t ion point whera the spherical drop is stable for x < 1 
and is unstable for  x > 1. 

Also, it 

(b) A second similarity is apparent i f  w e  look a t  the energy difference vrom the i n i t i a l  t o  the f ina l  s t a t e  when the drop i s  divided into equal 
sp eres. 
reference to Eq. ( 2 ) .  When we make a similar study for a conducting drop, w e  
get  a completely identical  equation and the corresponding discussions are 
applicable. 
in i t ia l  and final states, and the Coulomb energy of a volume charged sphere 
(which is $ Q2/U and that of a conducting sphere (which i s  5 Q2/R) d i f f e r  by 
only a numerical factor,  6 /5 ,  that  is the same for  both states.  Hence B, and 
Bc a m  the  same for both cases and the  same energy a. (2) holds good, 

We have describedthis i n  de t a i l  for a volume charged drop in  

The reason is that  only spherical shapes are involved i n  both the 

(c) It also turns out that the Coulomb energy of a volume charged 
ellipsoia and that of a conducting el l ipsoid d i f f e r  also by the same 
numrical factor. 
given by (12r 

Thus, the Coulomb energy of a conducting ell ipsoid i s  

1 

so that 

where a, b, and c are the  lengths of the axes of an ellipsoid. 
may be carried out analytically i n  the case of a sphariod where two of the 
axes are equal. Bc for a volume charged case is given (13) by exactly the 
same formula. 
then any conclusions about the statics of the volume charged drop w i l l  be 
t rue  for  the conducting dzop. 

This integral  

Hence, if w e  W e  the drop to take on only el l ipsoidal  shapes, 
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The f5rst difference between the  volume charged drop and a 
drop can be found i f  w e  consider the division of the  drop in to  
spheras at  an infinite distance apart, one with volume @I and 
volume (1 - B)v. In pis. 4 is plotted the energy change 6, between 
and final states (14) as a function of 8 for various values of the f i s s i l i t y  
parameter x. = 1 w e  get a sphere with volume V which is j u s t  
the initial state.. For 8 = 0.5, w e  get two equal spheres. The energy change 
is zero a t  x = 0.35 for  8 = 0.5, as was pointed out akwe i n  connection with 
Fig. 2. For a conducting drop Fig. 5 is found (141. We note that here again 
the energy is zero a t  x = 0.35 for  8 = 0.5. 
a t  8 = 0, 0.5, and 1.0 the curves i n  the two figures are very different. 
potential  minimum for  a volume charged drop occurs at 8 = 0-5 for  x > 0.2, 
but a potential  maxiDtum for  a conducting drop occurs at B - 0.5 for  a l l  x 
values less than one. In the latter case mihima occur a t  points where the 
fragments are unequal. 

For B = 0 and 

However, except fo r  the points 
A 

' 

The major reason for  the above differences is that the charge to mass 
r a t i o  for  a volume charged drop is a constant, but for  a conducting drop it 
is not required t o  be a constant. 
second difference that appears when w e  try to find the configuration with the 
absolute lowest energy for  a drop with a given f i s s i l i t y  parameter x .  
cha rge~- -d rop~h i s  configuration is n equal droplets at  inf in i ty  (4) and the  
number n depends on the x values of the drop. [Eq. (2) 1. 
expect that the same conclusion might hold for a conducting drop. 
w e  sha l l  show, for  a conducting drop, the configuration a t  the lowest energy 
is one with a l l  the charges Q on the drop taken off and distributed among 
many infinitesimal droplets a t  infinity.  
may be made t o  vanish +d only the surface energy of the original drop is 
l e f t .  The possibil i ty of such .a configuration is shown as follows. 
of the o r i g h l  drop of radius R be taken off carrying all the charge Q. 
This is then divided into m equal spheres, each with a charge Q/m. 
each sphere the sum of the Coulomb and surface energy is 

This is also the underlying cause for the  

For a volume 

One would a t  f i r s t  
But, as 

The t o t a l  energy of the dzoplets 

Let 1 n 
Thus f o r  

Hence the to t a l  energy of the small  spheres is m times t h i s  quantity: 

2 
4m2y r n ( n m ~ - ~ ' ~  + 1 4 2 R  

i. 4m2y ,1/3 n-2/3 + 1 p n 1 / 3  m-2/3 

(ma) 'I3 mm2. m 

2 
2 R  
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S NOW let us choose m a n .) The energy of the droplets 

2 A - 3  2 - + s  
2 3 3 + x 2  *3 3 

2 R  4RR y n ? 

_- - 

which is zero when n goes to inf in i ty  provided 

is tmw equal to 

1 +2 > s  > + -  2 

and the proposed configuration ik obained. 
the Coulomb energy of the  given drop zero by dispersing the charge onto an 
in f in i t e  number of infinitesimal droplets without increasing the surface 
energy by a f i n i t e  amount. 

P-ZATICN OF A CBARGED CONDVCTIEJG DRDP 

In other words, w e  have made 

In this part of the work w e  shall t r y  to determine the equilibrium 
shapes of a cbarged conducting arOp to be compared w i t h  those fo r  a volume- 
chazged drop (Fig* 3) * 

The calculation of the Coulomb energy of a conducting drop w i t h  an 
. arbi t rary shape is i n  general a d i f f i cu l t  problem. However, it can be side- 

stepped by requiring thedrop- to assums a prescribed family of shapesVw 
i n  fact ,  making the calculation of its Coulomb energy i s  a t r i v i a l  matter. 
is well-known frcrm the  theory of e lectrostat ics  that the e lec t r ic  potential  
due to a system of charges ( to ta l  charge Q) a t  any point outside a given 
equipotential, is the same as that  due to a charged conductor w i t h  the 
shape of this equipotential having a charge Q. Hence. i f  we require the 
drop to assume the shape of an equipotential of potential  a, its Coulomb 
energy is just .?j aQ. 
volume as the drop and possesses the same dmDunt of charge, its Coulomb 
energy is I QVR. 

It 

If R is the radius  of a sphere that has the same . 
m e  w e  get  

2 

The surface energy relat ive t o  that of the sphere? B,, can Simply be found 
by calculating its area numerically. Hence for a given f i s s i l i t y  x the 

*This i s  a common practiced procedure in  the  liquid drop model of fission. 
The true equilibrium points can be determined by looking a t  the convergence as 
one enlarges the- family of shapes. An independent condition on equilibrium 
may also be used as i l lus t ra ted  below. 
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energy of the drop is calculated [Eq- 11 , and equilibrium shapes, whose 
energies arb stationary, are  then determined. 

For i - k b s t r a t i ~ e - s h a p e s  of equipotentials that enclose two 
equal points charges a re  shown i n  Fig. 6 ,  where the volumes of the shapes 
have been normalized to t& same value. 
the symmetric N = 2 family, since they are generated with two point charges 
and are reflection symmetric. 
of shapes. 
equipotentials of a larger nrmber of point charges, which may be placed on 
a s t ra ight  l ine  so that the shapes are axial ly  symmetric. 
symmetric N = 3 family is generated with two equal charges si tuated a t  equal 
distances on opposite sides of a third pint charge. The shapes a re  shown 
i n  Fig. 7 .  They include the synnnetric N - 2 family. Similarily, we can go 
on t o  N = 4, 5 ,  ... family of shapes. 

W e  shall refer  t o  these shapes as 

This figure displays a very restr ic ted series 
However, it is easy to increase the  possible shapes by generating 

The reflection 

In general, the N-family of axially symmetric shapes may be-specified 
by giving the magnitudes of the N point charges and the i r  positions as w e l l  
as  the value of the potential  on the equipotential we are  looking at. 
are 2N + 1 numbers. However, not a l l  these numbers are required to specify a 
shape. Three numbers may be arbitrary: (1) The center of mass of a l l  the 
point charges may be a t  any point i n  space: ( 2 )  The t o t a l  charge may be fixed 
beforehand: (3) We can also present a scale by which the distances between 
the  point charges are  measured. Thus, w e  are left with 2N - 2 parameters. 
(For reflection synanetric shapes, the distribution of point charges and their 
magnitudes are reflection symetric with respect to the. origin and we have 
only 8 - 1 parameters). 

However, the  shapes generated even by a large number ,of point charges 

These 

are not general enough to represent an arbitrary shape. 
shape cannot’be found in  our scheme. 
equilibrium shapes we have determined are indeed t rue  equilibrium configura- 
t ions when the drop is free t o  take on any arbr i t rary shape. To answer t h i s  
question a cr i ter ion can be developed t o  test a given shape for  equilirbium. 
(A similar cr i ter ion exists for  a. volume charged drop (11) .) 

without affecting its local charge, 6, the Coulomb energy change is (12) 

Thus, an oblate 
This raises the question whether the 

If the surface element dS is displaced normally by a small smcunt, bn, 

where is the e lec t r ic  f i e ld  a t  ds. The change i n  surface energy is 

6Es = I/r 6n dS 
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. 
where y is the surface teamion coefficient, and K is the cupatuIc at 86. 
The total energy change is 

Subtracting 6ndS times a Lagrange multiplier k to ens=% conservation of 
volume and equating the integrand to zero (for equilibrium shapes 6E = 0 
hoar any 6n) gives 

By Gauss’ Theorem, 

where K is the curvature on a sphere w i t h  the same volume as the drop and 
go is ?he electric field on the sphere. 

Since 

1 6: (0) 

X I -  31 -- 
(0) . w0 a t  

=S 

Thus 
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Thus for  an equilibrium shape, any point on its surface should sa t i s fy  
A = 0, where A is given by 

0 
A =  - 1  

Bs - -c 
As a measure of the  deviation frcm equilibrium w e  can define a rootmean- 
square value of A over the surface of the drop: 

I f  RMS << I, the drop is close to equilibrium. 
f a r  from equilibrium. 
,the shapes w e  obtain are to the t rue  equilibrium. 

SYMMETRIC EQUILIBRIUM.SIiAPES OE' A CHARGED CONDUCTING DROP 

I f  RMS > 1, the shape is 
This quantity can be used as  a measure of how close 

Instead of going in to  mathematical de ta i l s  (6) we shall present 
here the resul ts  based on a family of shapes generated by two, three up 
to six point charges shown in Fig. 8 .  The figure should be compared to  
Fig. 3 for a volume charged drop. The series of curves with different  N 
values are  jus t  successive orders of approximation of true equilibrium 
shapes. 
would be very close t o  the t rue  ones, so tha t  an even higher order w i l l  change 
the resul ts  very little. 
imprwe by a factor of two. 
close t o  1 and x C: 0.8, but RMS % 0.1 for  x % 0.9. This'indicates that for  
x < 0.8 and x % 1.0, the shapes w e  obtain are close t o  t rue equilibrium 
shapes, but for  x % 0.9, there are more uncertainties. By studying the 
change of RMS values a t  x 
values are found t o  decrease very slowly, much less than factors of two. 
indicates that our model of a conducting drop using the equipotential sur- 
faces of point charges is probably not good enough in t h i s  region. A more 
general or  more appropriate family of shapes appears to be i n  demand here. 
Hence, one should regard the  calculated resul ts  i n  t h i s  region with great 
reservations. 

One hopes that for  a high enough order of approximation, the results 

Typically, for successive orders the RMS values 
For N = 6 parameterization, RMS % 0.01 for  x 

0.9 for  successive approximations, the  RMS 
This 

Let us take the N = 6 curve a t  its face value and examine its main 
features. 
equilibrium shape elongates from a sphere, i.e., W R  increases with 

As the value of x g o e s . W e  
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decreasing x i n  the region near x = 1. 
small x values (x $ 0.7) whe 
values of x. 
ball. 
them is a rapid change of shape, 
case. Actually the curve 
a t  x = 0.906. 
unreliable and the double turn might be spurious (see Refs. 15 and 4 for  a 
similar uncertainty which once exlsted in  the volume charged case). 

The shapes i n  
Similar t o  the  volume c 

ewever, it 

The natuze of these equilibrium shapes may be found by looking at 
the signs of the second derivatiwes of their energy w i t h  respect to all the  
parameters. The following resul ts  are found when the shapes are res t r ic ted  
t o  only the degrees of freedom that allow reflection symmetric shapes. For 
1 > x > 0.887 the energy of the drop is a maximum i n  one degree of freedom, 
but a minimum in  the other symmetric degrees of freedom. 
for 0.887 < x C 0.906, the energy is a minimum, 
than 0.906, it is again a maximum in one degree of.freedcm* 
to the degrees of freedom that describe reflection asymmetric deformation, the 
energy of &e drop is a minimum from x - 1 to x = 0,891. 
x-= 0.68, it is a maximum in one degree of freedom. Below x = 0.68 it appears 
to be a maximum i n  two degrees of freedom. 
a saddle frap x 1 to x = 0.892, Prom x = 0.892 t o  x = 0.887 it is a 
mounl%in top (unstable i n  more than one direction).  
x = 0.887 and x = 0.906 it is again a saddle. 
turns out to be a mountain top also. 
close t o  x 0 1 is fa i r ly  w e l l  determined, but a t  the bends the results are 
not reliable.  

- 
Between the bends, 

With respect 

From x = 0.892 to 

H e n c e ,  the  equilibrium point is 

For values o f  x smaller 

Between the bands at 
For x smaller than 0.906, it 

As d;lscmsed before the shapes 

SUMMARY AND CONCLUSIONS 

The static properties of a charged conducting drop are compared 
with those of a volume charged drop. 
differences are discussed. 
drop are determined w i t h  reasonable confidence for  values of the f i s s i l i t y  
parameter x not in the neighbrhood of 0.9. . 
general or more appropriate shape parameterisation than employed in this 
work has to be found so that equilibrium shapes a t  these values of x can be 
determined w i t h  greater re l iab i l i ty .  This is importan+ because it is i n  this 
region that w e  find possibilities of interesting s t ab i l i t y  features, such as 
the  occurrence of a bend in the family of equili l?rium shapes and of points a t  
which there is a change i n  the number of degzees of freedom with respect to 
which the  shape has a maximum energy. 

Similari t ies as w e l l  as some of the 
The synunetric equilibrium shapes of a conducting 

For x close t o  0,9 a more 

It is interest ing to note that even some ninety years after fard 
Rayleigh's study of a chaxged conducting drop, the w h o l e  problem is still a 
very open subject. 
saddle p i n t s  of a charged conducting drop for  values of x from 0.892 t o  1 
where they are reflection symnretric. 
still very ignorant of the saddle point shapes and energies of a charged 
conducting drop. 

The present calculations have been able to determine the 

But for the region up to 0.892. one is 
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Fig. 1. Energy excess of a volume-charged liquid drop as a function of deformation. 
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F i g .  2. Energy excess of a volume-charged liquid drop deformation for different 
values of the fissility parameter x. 
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Fig. 3. The maximum and midmum radii  of saddle point shapes of a volume- 
charged drop as a function of the f i s s i l i t y  parameter %. 
f o r  the symmetrical saddle point shapes are given by the so l id  curves, 
and the results for the asymmetric saddle point shapes by the dashed 
curves. (Data taken from R e f .  10). 
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Fig .  4. The energy change in the division of a volume-charged drop into two 
spheres for various values of x. 
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Fig. 5. Same as Fig. 4 for the case of a charged conducting drop. 
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Fig. 8. The maximum and minimum radii of the symmetric saddle point shapes 
of a charged conducting drop as  a function of the f i s s i l i t y  parameter x. 
Different curves correspond to the restriction to different families 
of shapes indicated by the values of N. 


