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THE ROLES OF ELECTROHYDRODYNAMIC PHENOMENA 
I N  THE MOTION OF DROPS AND BUBBLES 
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P r ince ton  U n i v e r s i t y ,  P r ince ton ,  New J e r s e y  08540 

ABSTRACT 

The dynamics of small drops  and bubbles  are i n v e s t i g a t e d  wi th  
r e g a r d  t o  t h e  e f f e c t s  o f  an e x t e r n a l  e l e c t r i c  f i e l d  and an elec- 
t r i c a l l y  charged l a y e r  s i t u a t e d  on t h e i r  i n t e r f a c e s .  S p e c i f i c a l l y ,  
s t r e s s e s  engendered due t o  t h e  convec t ion  o f  s u r f a c e  charge  a l t e r  
both t h e  motion and shape of s i n g l e  d r o p l e t s  and t h e  bulk p rope r -  
t i e s  of suspens ions .  

INTRODUCTION 

Motions produced i n s i d e  and o u t s i d e  a n e u t r a l l y  buoyant drop 
immersed i n  a v i scous  f l u i d  when an e l e c t r i c  f i e l d  is  p r e s e n t  a r e  
due t o  t h e  i n t e r a c t i o n  o f  induced charge  wi th  t h e  f i e l d ,  an i n t e r -  
a c t i o n  which produces t a n g e n t i a l  s h e a r  stresses a t  t h e  i n t e r f a c e .  
A t h e o r y  developed by G . I .  TaylorC1) d e s c r i b e s  how t h e  s e n s e  o f  
t h e  motion and t h e  deformat ion  depend on t h e  v a r i o u s  parameters  
when both f l u i d s  a r e  poor conductors .  He showed t h a t ,  t o  l e a d i n g  
o r d e r ,  t h e  deformat ion  and speed  o f  c i r c u l a t i o n  are p r o p o r t i o n a l  t o  
aEEo2/y., Here a denotes  t h e  r a d i u s ,  E t h e  d i e l e c t r i c  c o n s t a n t  o f  
t h e  o u t e r  f l u i d ,  Eo t h e  f i e l d  s t r e n g t h  and y t h e  i n t e r f a c i a l  t e n -  
s i o n .  This  d imens ionless  group i s ,  i n  e s sence ,  a comparision be- 
tween t h e  e l e c t r i c a l  s t r e s s  te l lding t o  deform t h e  drop and t h e  r e -  
s t o r i n g  f o r c e  o f  i n t e r f a c i a l  t e n s i o n .  E l e c t r i c a l  and p h y s i c a l  
p r o p e r t i e s  a lone  de te rmine  whether t h e  deformed s p h e r o i d  i s  o b l a t e  
or p r o l a t e .  

I n  Tay lo r ' s  t h e o r y  t h e  d i s t r i b u t i o n  o f  induced charge,  which 
depends on t h e  e l e c t r i c a l  r e l a x a t i o n  times f o r  t h e  two f l u i d s ,  
p l a y s  a c e n t r a l  r o l e .  The d i s t r i b u t i o n  i s  an t i symmetr ic  w i th  re- 
s p e c t  t o  t h e  e q u i t o r i a l  p l a n e  normal t o  t h e  f i e l d .  . I f  t h e  charge  
r e l a x a t i o n  time, E/Q,  (cr deno tes  c o n d u c t i v i t y )  o f  t h e  i n n e r  f l u i d  
exceeds t h a t  of  t h e  o u t e r  f l u i d  then  flow is  from t h e  p o l e s  t o -  
wards t h e  equa to r .  When t h e  r a t i o  o f  r e l a x a t i o n  t imes i s  less 
t h a n  u n i t y  t h e  charge d i s t r i b u t i o n  and flow a r e  r eve r sed .  That 
t h e o r y ,  moreover i s  i n  s u b s t a n t i a l  agreement wi th  exper iments  by 
Al lan  and Mason(2) and Torza,  Cox and Mason,(3) who s t u d i e d  t h e  
deformat ion  and b u r s t  o f  n e u t r a l l y  buoyant drops  o f  v a r i o u s  f l u i d s .  

f i e l d s  by Torza,  Cox and Mason(3) and S O Z U ( ~ )  i g n o r e ,  q u i t e  p rope r -  
l y ,  t h e  charge convec t ion  p r o c e s s  which t a k e s  p l a c e  a t  t h e  i n t e r -  
f a c e .  Bulk free charge is  t aken  t o  be i d e n t i c a l l y  ze ro  and t h e  i n -  
duced s u r f a c e  charge  is  convected by a motion which i s  O(aeEo2/y). 
Thus, t h e  a l t e r a t i o n  o f  stress due t o  convec t ion  o f  charge  i s  
0 (acEO2/y)?  and t h e r e f o r e  small. 

T a y l o r ' s  t h e o r y  and i t s  e x t e n s i o n s  t o  o s c i l l a t o r y  e l e c t r i c  

If t h e  drop undergoes t r a n s l a t i o n ,  however, as i s  f r e q u e n t l y  
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t h e  case i f  t h e  d e n s i t i e s  a re  unmatched or t h e  drop carr ies  a 
charge,  t h e n  charge convec t ion  induces  e l e c t r i c a l  stresses which 
are O(qU/y*aaEo2/y). 
shape. The purpose o f  t h i s  paper  i s  t o  d e s c r i b e  t h e  i n f l u e n c e s  of 
charge  convec t ion  both  because o f  i t s  i n t r i n s i c  i n t e r e s t  and i t s  
r e l e v a n c e  t o  drop breakup and coa lescence .  

t h a t  found by  T a y l o r  s ince  s t r e s s e s  r e s u l t i n g  from charge  convec- 
t i o n  due t o  s t reaming w i l l  be asymmetric.  Thus, i n s t e a d  o f  a 
symmetr ical  deformat ion  p r o p o r t i o n a l  t o  Pz(cos e) * t h e  deforma- 
t i o n  w i l l  be  r e p r e s e n t e d  i n  terms o f  Pz(cos 6) and P ~ ( C O S  e ) .  Ex- 
p e r i m e n t a l  ev idence  for t h i s  s o r t  o f  shape a r i s i n g  i n  t h e  f a s h i o n  
proposed is s p a r s e  s i n c e  a l l  o f  t h e  p u b l i s h e d  work re la tes  t o  
n e u t r a l l y  buoyant drops.  However, one p r e s c i e n t  sequence o f  photo- 
graphs  by Torza,  Cox and Mason does show t h e  expec ted  asymmetry , 
[F igure  10 ,  p l a t e  7 o f  t h e i r  paper ] .  I t  shows a drop f l a t t e n e d  
i n t o  an o b l a t e  s p h e r o i d ,  as would be expected from T a y l o r ' s  t h e o r y .  
Then, perhaps due t o  t h e  accumulat ion o f  charge ,  it begins  t o  
m i g r a t e  and l o s e s  its symmetr ical  form. Although t h e  amount of 
deformat ion  i s  g r e a t e r  than  t h a t  which could  be r i g o r o u s l y  modelled 
by a l i n e a r i z e d  t h e o r y  t h e  shape is  c l e a r l y  o f  t h e  form expected 
from t h e  consequences o f  charge  convec t ion .  

Asymmetric deformation could  a l s o  r e s u l t  from movement o f  t h e  
surface of a charged drop. Such a charge  might be i n  t h e  form o f  a 
monolayer o r  doubl 1 er.  Extant  t h e o r i e s  o f  t h e  motion o f  drops  
w i t h  doub 1 e- 1 aye rs ?i*gf a l low f o r  t h e  convec t ion  o f  charge  t o  some 
e x t e n t  b u t  t h e  deformation i s  i d e n t i c a l l y  zero due t o  t h e  extremely 
s imple  forms of t h e  v e l o c i t y  and p o t e n t i a l  when charge  r e l a x a t i o n  
i s  r a p i d ,  A more comprehensive t h e o r y  i s  p r e s e n t e d  h e r e  which is 
a p p l i c a b l e  a s  well t o  c a s e s  where charge  r e l a x a t i o n  i s  slow enough 
Tor convect ion  t o  be  impor tan t .  

The development proceeds  a l o n g  f a m i l i a r  l i n e s  wi th  e l e c t r i c a l  

These a l t e r  t h e  t r a n s l a t i o n a l  speed and t h e  

_.__-_ 

I t  i s  r e a d i l y  s e e n  t h a t  t h e  shape a l t e r a t i o n  w i l l  d i f f e r  from 

e f f e c t s  d e s c r i b e d  by t h e  electrohydrodynamic-simpLifications o f  
Maxwell's e q u a t i o n s  and motion i n s i d e  and o u t s i d e  t h e  g lobule  de- 
s c r i b e d  by s o l u t i o n s  of t h e  l i n e a r i z e d  Navier-Stokes equat ions .  A 
key f e a t u r e  i s  t h e  p r o p e r  account ing  f o r  convect ion o f  s u r f a c e  
charge ,  The system under  s t u d y  i s  d e p i c t e d  i n  F i g u r e  1. A f l u i d  
s p h e r e  of r a d i u s  a i s  immersed i n  a n o t h e r  immiscible  f l u i d .  Both 
are Newtonian and i n c o m p r e s s i b l e  w i t h  i n t e r f a c i a l  t e n s i o n  y. Den- 
s i t y  and v i s c o s i t y  a re  denoted by p and V ,  t h e  s h e a r  v i s c o s i t y  by 
q. Carets are used t o  d i s t i n g u i s h  t h e  v a r i a b l e s  p e r t a i n i n g  t o  t h e  
g lobule .  Three s i t u a t i o n s  w i l l  be d i s c u s s e d :  

( a )  An uncharged g l o b u l e  i n  t h e  presence  o f  a uniform e l e c t r i c  

(b) A charged g l o b u l e  i n  a v i s c o u s  non-conductor ( t h e  mono- 

(c) A charged g l o b u l e  i n  a v i s c o u s  conductor  w i t h  a p e r f e c t l y  

f i e l d ,  bo th  f l u i d s  be ing  ohmic conductors .  

l a y e r  problem). 

p o l a r i z e d  i n t e r f a c e  ( t h e  double  l a y e r  problem). 

* Pn(cos e) is  a Legendre polynomial o f  o r d e r  n ,  0 i s  measured from 
t h e  rear s t a g n a t i o n  p o i n t .  
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I t  w i l l  be assumed i n  t h e  formal a n a l y s i s  t h a t  e l e c t r i c a l  
s t r e s s e s  are small  compared t o  i n t e r f a c i a l  t ens ion ,  v i z . ,  
aEEo2/ycl. 

d e a l i n g  with t h e  f o r m a l  a s p e c t s  of e l e c t r i c  f i e l d s ,  f o r c e s  and 
boundary cond i t ions ;  f l u i d  motion; then r e s u l t s  f o r  t h e  uncharged 
drop, o r  drop with a mono-layer, and a drop with a double- layer .  
Before concluding, t h e  e f f e c t  of  charge convection on t h e  e l e c t r i c a l  
conduc t iv i ty  of a suspension of  f l u i d  drops i s . d i s c u s s e d  b r i e f l y .  

The remainder o f  t h e  p r e s e n t a t i o n  i s  divided i n t o  s e c t i o n s  

ELECTRIC FIELDS, FORCES AND BOUNDARY COND*ITIONS 

Maxwell's equat ions i n  t h e  form a p p r o p r i a t e  t o  e lectrohydro-  
dynamic phenomena read 

(1) a VxE = 0 ,  V * D  = 4nq, and at q * V * J  = 0 .  - " .., 

-. E, E, q,  and 2 s t a n d  f o r  t h e  e l e c t r i c  f i e l d  s t r e n g t h ,  d i e l e c t r i c  
displacement,  bulk f r e e  charge d e n s i t y ,  and c u r r e n t ,  r e s p e c t i v e l y .  
The c o n s t i t u t i v e  r e l a t i o n s  a r e  

D = EE, J = o,E + qv . - .., ." 
In t h e  s i t u a t i o n  under i n v e s t i g a t i o n  f r e e  charge i s  i n i t i a l l y  con- 
c e n t r a t e d  a t  t h e  i n t e r f a c e  e i t h e r  as a mono- or a double- layer  and 
remains t h e r e .  I t  fol lows then t h a t  e l e c t r i c a l  phenomena can be 
descr ibed by means of  p o t e n t i a l  f u n c t i o n s  which a r e  

- 

i n s i d e  and 

ou t s ide .  Here $d(r)  denotes t h e  double- layer  p o t e n t i a l  i n  t h e  
absence of  convection. I ts  p r e c i s e  form i s  unimportant h e r e  s i n c e  
we are dea l ing  with t h i n  l a y e r s  and a l l  t h a t  is  r equ i r ed  i s  t h e  
g r a d i e n t  a t  t h e  i n t e r f a c e .  + d ( r )  is  suppressed i n  t h e  absence of  
a double- layer ;  when t h e  e x t e r n a l  f i e l d  i s  absent  t h e  term -rP1(p) 
i s  omit ted.  

The phys ica l  phenomena a r e  determined by boundary cond i t ions  

A. Uncharged g lobu le  i n  t h e  presence of  an e x t e r n a l  f i e l d .  

and they a r e  s e t  f o r t h  next .  

Here both f l u i d s  a r e  presumed t o  be ohmic conductors and a t  t he  
i n t e r f a c e  t h e  t a n g e n t i a l  components of  t h e  f i e l d  a r e  t o  be cont in-  
uous , 

A 

Et = Et (53  
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The o t h e r  c o n d i t i o n  a r i s e s  from t h e  c o n s e r v a t i o n  o f  induced  
cha rge ,  Q, a t  t h e  i n t e r f a c e .  Q i s  d e f i n e d  by t h e  jump i n  €En, v i z . ,  
<&En> = Q, where <€Ef l>  s t a n d s  f o r  €En - €fin. 
t o  and from t h e  i n t e r f ace  a g a i n s t  convec t ion  l e a d s  t o  t h e  e x p r e s s i o n  

Balanc ing  conduct ion  

<rrEn> + Vs.(Qy) = 0 . (6) 

V s *  deno tes  t h e  s u r f a c e  d ive rgence ,  v t h e  v e l o c i t y .  .. 

B. Charged g l o b u l e  i n  a v i s c o u s  non-conductor  (charge  mono- 
l a y e r ) .  Here t h e  boundary c o n d i t i o n s  a re  t h e  same as b e f o r e  a l -  
though t h e  absence  of c o n d u c t i v i t y  i n  t h e  o u t e r  f l u i d ,  which serves 
t o  keep t h e  g l o b u l e  charged ,  does s i m p l i f y  Equat ion  6 somewhat. 

C.  Charged g l o b u l e  i n  a v i s c o u s  conduc to r  w i t h  t h e  i n t e r f a c e  
p e r f e c t l y  p o l a r i z e d  (charge  d o u b l e - l a y e r ) .  In  t h i s  s i t u a t i o n  a 
t h i n  doub le - l aye r  approximat ion  i s  employed wherein t h a t  p a r t  o f  
t h e  d o u b l e - l a y e r  r e s i d i n g  i n  t h e  o u t e r  f l u i d  i s  c o l l e c t e d  i n t o  a 
s p h e r i c a l  s h e a t h  o f  charge .  Charge i s  t r a n s p o r t e d  t o  and from t h i s  
s h e a t h  by conduc t ion  and i n  it by convec t ion ;  no cha rge  c r o s s e s  t h e  
interface.  The balance e x p r e s s i o n  reads 

UEn + Vs ' (Q~)  - 0 
Processes  which a r e  ignored  are t a n g e n t i a l  c u r r e n t s  due t o  conduc- 
t i o n ,  which a r e  v a n i s h i n g l y  small s i n c e  t h e  l a y e r  i s  t h i n ,  and 
r a d i a l  cha rge  convec t ion ,  which v a n i s h e s  sinc'e t h e  r a d i a l  v e l o c i t y  
i s  z e r o  a t  t h e  i n t e r f a c e .  The n e t  cha rge  on t h e  o u t e r  s h e a t h  
r e l a t e d  t o  t h e  g r a d i e n t  o f  t h e  p o t e n t i a l  i n  t h e  u s u a l  manner, 
v i z . ,  

($3 

Here and e l sewhere  t h e  p o t e n t i a l s  have been made d imens ion le s s  wi th  
t h e  scale aEo.  The scale f o r  l e n g t h  i s  a ,  Qo is t h e  ave rage  cha rge  
p e r  u n i t  a r e a ,  and Eg i s  t h e  (uniform) f i e l d  s t r e n g t h  f a r  from t h e  
drop,  C o e f f i c i e n t s  i n  Equat ion  3 are e v a l u a t e d  by r e q u i r i n g  t h e  
t a n g e n t i a l  components of t h e  f i e l d  t o  be  cont inuous .  

F L U r D  MOTIONS 

S ince  t h e  f l u i d s  b e i n g  c o n s i d e r e d  a r e  i s o t h e r m a l ,  i ncompress ib l e  
and Newto i n and i n e r t i a l  effects n e g l e c t e d  t h e  well-known simpxi-  
f i c a t i o n s T 8 ? o f  t h e  e q u a t i o n s  of motion can b e  made. S o l u t i o n s  t o  
t h e  l i n e a r i z e d  e q u a t i o n s  can t h e n  b e  expres sed  i n  terms o f  stream 
f u n c t i o n s  f o r  t h e  motion i n s i d e  t h e  d rop ,  



and .outside, 

+ 'E [Anr-("-')+ Bnr -n ]Qn(sl) . 
1 J 

These expressions are in dimensionless form with U denoting the 
streaming speed far from the object, K = q/n and 

A + .  

The set of coefficients denoted as An, Bn, An! and Bn are 
evaluated from boundary conditions applied at the interface. 
These are: ti) continuity of the various components of velocity 
and (ii) continuity of the tangential components of the stress. 
The former reveals that 

Continuity of the stress is expressed as 
_ -  

with the lectrical stresses, Tie', evaluated from Maxwells stress 
tensor, (9P 

--_ 

.in dimensionless form. The balance of normal stresses fixes the 
shape. 

BEHAVIOR OF AN UNCHARGED GLOBULE 

Explicit analytical solutions are obtained from simultaneous 
solution of the equations resulting from enforcing the boundary 
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c o n d i t i o n s .  The c a l c u l a t i o n s  a r e  s t r a i g h t  forward and s o  t e d i o u s  
d e t a i l s  a r e  omi t t ed .  Complete e x p r e s s i o n s  can be d e r i v e d  from 
t h o s e  g iven  i n  Reference  10. 

duce t h e  problem t o  t h e  e v a l u a t i o n  o f  two s e t s  o$ co f f i c i e n t s ,  Bn 
and Cn,  say .  Then an expans ion  scheme wi th  aeEo /y  3 6 t r e a t e d  as 
a small pa rame te r  is employed. From e x p r e s s i o n s  o f  t h e  form 

C o n t i n u i t y  of e l e c t r i c a l  s t r e s s  and v e l o c i t y  enab le  one t o  re- 

Bn 5 Bn(')+ Bn (1) + ... 

cn = cn ( 0  1 + cn ('1 + ... 
n =  1, 2 ,  ... 

n =  1, 2 ,  ... 
we f i n d  

The o r d e r s  of t h e  c o e f f i c i e n t s  t h a t  s u r v i v e  are:  

C1 : O(1) ; Czcl) : O(qU/y) ; B2(0) ,C2(') , C 3 ( 1 1  : 0 ( 6 ) ;  and 

B1('),B3('): O(GqU/y). 

smaller o r d e r  and t h e r e f o r e  n e g l e c t e d .  The formulas  f o r '  C and 
Bz(0) cor respond t o  t h o s e  g iven  by Tay lo r .  (1)  
C3(1) a r e  a s s o c i a t e d  wi th  convec t ion  of induced  charge  by t h e  

' e l e c t r i c a l l y  induced  f i e l d  and C 2 ( 1 )  from t h e  s t r eaming .  The 
v e l o c i t y  f i e l d  c o n s i s t s  o f  terms r e p r e s e n t i n g  flow due t o  u n i -  
forming  s t r e a m i n g  and e l e c t r i c a l  s tress a r i s i n g  from t h e  induced  
charged  whose d i s t r i b u t i o n  i s  a l t e r e d ,  i n  t u r n ,  by t h e  s t r eaming .  

The o t h e r  c o e f f i c i e n t s  are of an even 

C1(1), C z t z )  and -- 

For t h e  s e t t l i n g  v e l o c i t y  we f i n d  

when the d i r e c t i o n  o f  t h e  uniform electr ic  f i e l d  i s  o p p o s i t e  t o  
t h e  g r a v i t a t i o n a l  f i e l d .  Here USt  = 2a2g( l -8 /p ) /9v  and 

A n 

' 6  I R 2  [3(1+R -1  ) - >][l - F] ** . 
f (RJSJK)  * (1+K;)2 T3 +2R) ( 2 + R )  2' r r 

A 

. R  s t a n d s  f o r  a/o and T~ f o r  t h e  r a t i o  of an e l e c t r i c a l  r e l a x a t i o n  
t i m e ,  E/U, t o  t h e  t i m e  s c a l e  f o r  f l u i d  motion, aq /y ,  based  on t h e  
o u t e r  f l u i d .  Note t h a t  = 1/RS. 

or d e c r e a s e  t h e  r a t e  of t r a n s l a t i o n  o f  thft g l o b u l e ,  depending upon 
I t  i s  e a s y  t o  show t h a t  t h e  e l e c t r i c  f i e l d  can e i t h e r  i n c r e a s e  
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t h e  e l e c t r i c a l  p r o p e r t i e s  o f  t h e  f l u i d s  under  d i s c u s s i o n .  The 
p a r t i c u l a r  c o n d i t i o n  under  which t h e  speed w i l l  i n c r e a s e  i s  
1 T ~ / ' c ~  3(l+R- ' ) .  If t h i s  r e s t r i c t i o n  i s  n o t  met t h e  motion 
o f  t h e  d r o p l e t  w i l l  be  r e t a r d e d .  F igu re  2 i l l u s t r a t e s  t h e  magni- 
t u d e  o f  t h e  e f f e c t  f o r  t y p i c a l  v a l u e s  o f  t h e  parameters .  

For an e x p l a n a t i o n  o f  t h e s e  r e s u l t s  we examined t h e  manner 
i n  which t h e  s t r eaming  motion a l t e r s  t h e  induced charge  and t h e  
t a n g e n t i a l  stresses ( s e e  F igu re  3 ) .  In  t h e  case o f  a n e u t r a l l y  
buoyant  drop  both  t h e  p o l a r i z a t i o n  and d i r e c t i o n  o f  f l u i d  c i r c u -  
l a t i o n  a r e  determined by t h e  r a t i o  o f  e l e c t r i c a l  r e l a x a t i o n  
times i n  t h e  d r o p l e t  and medium i n  t h e  manner d e p i c t e d .  When t h e  
r a t i o  o f  e l e c t r i c a l  r e l a x a t i o n  times i s  u n i t y  t h e  drop  remains 
u n p o l a r i z e d  and t h e  e l e c t r i c a l  s h e a r i n g  stresses vanish .  

When t h e  e l e c t r i c a l  r e l a x a t i o n  time o f  t h e  d r o p l e t  exceeds  
t h a t  o f  t h e  su r round ing  f l u i d ,  t h e  s t r e a m i n g  motion a l t e r s  t h e  
d i s t r i b u t i o n  as shown i n  F igu re  3. In a manner analogous t o  
t h a t  f o r  t h e  n e u t r a l l y  buoyant c a s e ,  i n t e r a c t i o n  o f  t h e  a l t e r e d  
charge d i s t r i b u t i o n  wi th  t h e  t a n g e n t i a l  component o f  t h e  e l e c t r i c  
f i e l d  r e s u l t s  i n  t h e  s h e a r  s t r e s s  d i s t r i b u t i o n  i n d i c a t e d .  These 
s h e a r i n g  stresses induce  motions which enhance t h e  s t r eaming  
motion of t h e  d r o p l e t .  Compression o f  t h e  n e g a t i v e  charge  toward 
t h e  rear o f  t h e  d r o p l e t  r e s u l t s  i n  e l e c t r i c a l  s h e a r i n g  stresses 
which r e t a r d  motion. The s e t t l i n g  speed o f  t h e  d r o p l e t  w i l l  be  
a l t e r e d ,  t h e n ,  depending upon t h e  r e l a t ive  magnitudes o f  t h e s e  
two opposing phenomena. 

of t h e  a l t e r e d  charge  d i s t r i b u t i o n  wi th  t h e  t a n g e n t i a l  component 
o f  t h e  e l e c t r i c  f i e l d  always t e n d s  t o  r e t a r d  t h e  motion o f  t h e  
d r o p l e t  when Tr!TF 
p r e s s i o n  o f  p o s i t i v e  charge  toward t h e  rear  o f  t h e  g lobu le .  

Deformation o f  t h e  g l o b u l e  i s  due t o  e l e c t r i c a l  e f f e c t s  
s i n c e  uniform s t r eamin  
e f f e c t s  a r e  absen t .  (11 f %he deformat ion  from t h e  s p h e r i c a l  form 
i-. r e p r e s e n t e d  a s  

A similar a n a l y s i s  f o r  case (b)  shows t h a t  t h e  i n t e r a c t i o n  

1. Notion i s  f u r t h e r  r e t a r d e d  due t o  com- 

e r  se causes  no deformat ion  if i n e r t i a l  

S O  t h a t  t h e  c e n t e r  of mass i s  f i x e d  and t h e  g l o b u l e  i s  incom- 
p r e s s i b l e .  The s u r v i v i n g  c o e f f i c i e n t s ,  t o  O ( S ) ,  are  $2 and es. 
Normal stresses which g i v e  r ise  t o  B Z  a r e  due t o  e l ec t r i ca l  
phenomena p r e s e n t  i n  t h e  absence  o f  s t r e a m i n g  as found by Taylor  
wh i l e  deformat ion  due t o  charge  convec t ion  i s  d e s c r i b e d  by e,. 

F igu re  4 d e p i c t s  t h e  manner i n  which a f a l l i n g  f l u i d  s p h e r e  
deforms when s u b j e c t  t o  a uniform e l e c t r i c  f i e l d .  The l a c k  of '  
f o r e  t o  a f t  symmetry of t h e  d r o p l e t  can b e  unders tood  i n  terms o f  
t h e  normal stresses engendered by t h e  l a c k  o f  symmetry o f  t h e  
charge  d i s t r i b u t i o n  w i t h  r e s p e c t  t o  t h e  a q u i t o r i a l  p l a n e  of t h e  
d r o p l e t .  This  may be  c o n t r a s t e d  w i t h  t h e  o b l a t e  s p h e r o i d  which 
develops  when charge  convec t ion  i s  n o t  t a k e n  i n t o  account  (F igu re  
5)  8 
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The shape shown i n  F i g u r e  4 is q e similar t o  t h e  form de-  
p i c t e d  by Torza ,  Cox and Mason t o  whi e a r l i e r  r e f e r e n c e  was made. 
C a l c u l a t i o n s  made u s i n g  t h e  pa rame te r s  g iven  i n  t h e i r  pape r  a r e  
q u a l i t a t i v e l y  t h e  same a l though  a d i r e c t  comparison i s  n o t  p o s s i b l e  
due t o  t h e  l a c k  o f  i n f o r m a t i o n  on t h e  r a t e  o f  t r a n s l a t i o n .  

BEHAVIOR OF A CHARGED GLOBULE IN A VISCOUS NON-CONDUCTOR 

R e s u l t s  f o r  t h i s  s i t u a t i o n ,  o b t a i n e d  i n  a f a s h i o n  s i m i l a r  t o  
t h a t  employed e a r l i e r ,  show t h a t  de fo rma t ion  t e n d s  t o  b e  p r o l a t e  
s i n c e  t h e  c o n d u c t i v i t y  r a t i o  is e f f e c t i v e l y  i n f i n i t e .  Charge con- 
v e c t i o n  a l t e r s  t h e  symmetry, however. The t r a n s l a t i o n a l  v e l o c i t y  
i s  a l t e r e d  by convec t ion  of bo th  t h e  induced  cha rge  and t h e  n e t  
s u r f a c e  cha rge ,  v i z .  , 

€EO) 2 2 1 4aQo2 2 + 3 ~  9 ( 

'+' ' ( 1 + ~ ) ' 4 r  q$ 

u = -  
+ 3 - m r  - +  

f o r  a charged ,  n e u t r a l l y  buoyant  drop  i n  a v i scous  d i e l e c t r i c .  I t  
i s  worth n o t i n g  h e r e  t h a t  convec t ion  o f  charge  always produces 
s h e a r i n g  s t resses  w h i c h r e t a r d  motion. T h i s  i s  c o n s i s t e n t  w i t h  t h e  
b e h a v i o r  i d e n t i f i e d  w i t h  t h e  uncharged g l o b u l e  where i t  was shown 
t h a t  i f  t h r  r a t i o  of e l e c t r i c a l  r e l a x a t i o n  times i s  less t h a n  u n i t y  
t h e n  motion is  impeded. 

BEHAVIOR OF A CHARGED GLOBULE WITH A PERFECTLY P O L A R I Z E D  INTERFACE 

A t y p i c a l  shape  is  hown a s  F i g u r e  6.  The asymmetry due t o  
charge  convec t ion  i s  e v i d e n t  and, i n  c o n t r a s t  t o  t h e  s i t u a t i o n  
shown i n  F igu re  4 ,  t h e  f r o n t  p a r t  of t h e  drop  i s  e longa ted  due t o  
t h e  c h o i c e  o f  p h y s i c a l  p r o p e r t i e s .  Neve r the l e s s  i t  shou ld  be 
no ted  t h a t  t h e  deformat ion  i s  O ( . r r )  and when t h e  r e l a x a t i o n  i s  
r a p i d  as it would be  w i t h ,  s a y ,  a mercury drop  i n  an i o n i c  s o l u -  
t i o n ,  t h e  de fo rma t ion  w i l l  b e  q u i t e  small. 

The 

where 

g p  

t r a n s l a t i o n a l  v e l o c i t y  i s  

Th i s  shows, a g a i n ,  how cha rge  convec t ion  impedes t h e  r a t e  o f  
t r a n s l a t i o n .  If  i n t e r n a l  e l e c t r i c  stresses a r e  ignored  by t a k i n g  
c = 0 (S = 0 )  t h e n  Equat ion  (19) r educes  t h e  c l a s s i c a l  r e s u l t  due 
t o  Levich. (5 ,6 )  

h 
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CHARGE CONVECTION AND THE CONDUCTIVrTY OF SUSPENSIONS 

Processes o f  t h e  s o r t  j u s t  s t u d i e d  i n  connection with t h e  
behavior  of s i n g l e  drops ought t o  manifest  themselves i n  t h e i r  
e f f e c t s  on t h e  p r o p e r t i e s  of suspensions and drops.  Two o f  t h e  
more obvious p r o p e r t i e s  are e l e c t r i c a l  c o n d u c t i v i t y  and v i s c o s i t y .  
Indeed, j u s t  as it  is p o s s i b l e  t o  a l t e r  t h e  p r o p e r t i e s  of  SUI en- 
s i o n s  o f  s o l i d ,  o r i e n t a t i b l e  p a r t i c l e s  u s ing  e x t e r n a l  
i t  w i l l  l i kewise  be p o s s i b l e  t o  a l t e r  ma t t e r s  i n  suspensions o f  
f l u i d  p a r t i c l e s  by, f o r  example, c o n t r o l l i n g  charge convection. 
Here w e  focus a t t e n t i o n  on t h e  e l e c t r i c a l  conduc t iv i ty  o f  an 
otherwise motionless  suspension of  f l u z d  p a r t i c l e s .  

The p o t e n t i a l s  i n s i d e  and o u t s i d e  a s i n g l e  drop exposed t o  a 
uniform f i e l d  a r e  

Here n 

and 

J 

From Equation 20 we f i n d  t h a t  charge convection always acts so as 
t o  decrease t h e  p o t e n t i a l  drop ac ross  a s i n g l e  p a r t i c l e ,  l ead ing  
us t o  expect t h a t  t h e  e f f e c t i v e  conduc t iv i ty  of a d i l u t e  suspension 
w i l l  be below t h a t  given i n  Maxwell’s t heo ry  (see Reference 1 2 ) .  
This t u r n  t t o  be t h e  case and, using an adapt ion o f  Batchelor’s  
fornalismqlqyso as  t o  account f o r  charge convection, t h e  e f f e c t i v e  
e l e c t r i c a l  conduc t iv i ty  u* i s  found t o  be 

- 

(21) a* P 1 + [3 - R -  1 - (ZR+l)Cl(l)]C u R + 2  . 

Here c denotes t h e  volume f r a c t i o n  of  f l u i d  p a r t i c l e s .  Since C1 (1) , 
which i s  always p o s i t i v e ,  depends on t h e  f i e l d  s t r e n g t h  t h e  
conduc t iv i ty  i s  f ifif dependent. 
been i n v e s t i g a t e d  and r e s u l t s  w i l l  be r epor t ed  s h o r t l y .  

Several  o t h e r  s i t u a t i o n s  have 



CONCLUDING REMARKS 

A t t e n t i o n  was focused  on two o f  t h e  ways whereby t h e  e l e c t r o -  
hydrodynamic e f f ec t s  o f  cha,rge convec t ion  a l t e r  t h e  behav io r  o f  
s i n g l e  f l u i d  d rops ,  s p e c i f i c a l l y  t h e i r  shape  and rate o f  transla- 
t i o n .  I n  a d d i t i o n  i t  was shown how t h e  bulk  c o n d u c t i v i t y  o f  a 
suspens ion  of drops  can be a l t e r ed  by t h e  same p r o c e s s .  
p r i n c i p a l  l i m i t a t i o n s  on t h e  r e s u l t s  a r i s e  from t h e  r e s t r i c t i o n  
t o  small de fo rma t ions ,  on t h e  one hand, and t h e  s i m p l i f i e d  models 
o f  i n t e r f ac i a l  b e h a v i o r  on t h e  o t h e r .  

The 
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Definit ion S k e f  ch 
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i I I 
- .  

Parameter : f (R,S,  K )  
K = O  

4.6 

0 0.4 0.2 0.3 0.4 

Translation of  a Droplet in an 
External Field 

F 1 G.2 
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(a) N El  (b) 

NEUTRALLY BUOYANT CASE 

(a) 

DROPLET SETTLING DUE TO GRAVITY 
F I G 3  

Qualitative Picture of Effect of External 
Efectric Field on Settling Velocity 
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480 

Shape of Droplet (with charge convection) 
K=O.! S ~ 0 . 2 5  Rz.1.0 TRzi.0 8~0.2 
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F I G .  4 
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Shape of Droplet ( no charge convection) 
--- 

K+.i i.0 TR'1.0 8=0.2- 

F I G .  5 
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I80 

shape OP Droplet I w i t h  charge convection 1 
~ 3 0 . 1  Sa0 .5  R30.0 %=LO 64.2 
9" = 0.5 - e% = 1.0 

F I G .  6 


