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ABSTRACT

This thesis contains an exhaustive analytical and numerical inves-
tigation of stability and robustness properties of a wide class of /
adaptive control algorithms in the presence of unmodeled dynamics
and output. disturbances. The class of adaptive algorithms considered
are those “ommonly referred to as model reference adaptive control
algorithms, self-tuning controllers, and dead beat adaptive controllers;
they have been developed for both continuous-time systems and discrete-
time systems. The existing adaptive control algorithms have been
proven to be globally asymptotically stable under certain assumptions,
the key ones being (a) that the number of poles and zeroes of the
unknown plant are known, and (b) that the primary performance cri-
terion is related to good command following. These theoretical as-
sumptions are too restrictive from an engineering point of view.
Real plants always contain unmodeled high-frequency dynamics and
small delays, and hence no upper bound on the number of the plant
poles and zeroes exists. Also r¢al plants are always subject to
unmeasurable output additive disturbances, although these may be
small. Hence, it is important to critically examine the stability
robustness properties of the existing adaptive algorithms when some
of the theoretical assumptions are removed, in particular, their
stability and performance properties in the presence of unmodeled
dyrniamics and output disturbances.

!
A unified analytical approach has been developed that can be used to
examine the class of existing adaptive algorithms. It was discovered
that all existing algorithms contain an infinite-gain operator in the
dyramic system that defines command reference errors and parameter
errors; it is argued that such an infinite gain operator appears to
be generic to all adaptive algorithms, whether they exhibit explicit
or implicit parameter identification. The practical engineering
consequences of the existence of the infinite-gain operator are
disasterous. Analytical and simulation results demconstrate that
sinusoidal reference inputs at specific frequencies and/or sinusoidal
output disturbances at any frequency including d.c. cause the loop
gain of the adaptive control system to increase without bound, thereby
exciting the (unmodeled) plant dynamics, and yielding an unstable
control system. Hence, it is concluded that none of the adaptive
algorithms considered can be used with confidence in a practical
control system design, because instability will set in with a high
probability.

Thesis Co-Supervisor: Dr. Michael Athans
Title: Professor of Systems Science and Engineering

Thesis Co-Supervisor: Dr. Lena Valavani 4
Title: Research Scientist, Laboratory for Information
and Decision Systems
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CHAPTER 1

INTRODUCTION

1.1 Introduction

The development of a systematic design methodology for the
synthesis of practical self-adjusting control systems which can maintain

first stability and second performance improvement, in tvhe presence of

rapid and large variations in the open-loop dynamics, represents a very
important generic goal in control systems engineering, in view of its
wide applicability to industrial and defense applications. The so-
called "adaptive control préblem” has received attention by theoreticians
and practitioners alike for the past 25 years. About a dozen books and
hundreds of articles have been devoted to the subject; different
philosophies have been developed (model reference adaptive control, self-
tuning regulators, dual~control methods, multiple-model adaptive
control, etc.) and a variety of (mostly academic) examples have been
simulated. |

I1f classes of practical adaptive control algorithms were available,
then numerous application areas would benefit in both the military and

commexcial sectors. Advances in microprocessor technology allow the

engineer to implement in real-time the nonlinear, time-varying algorithms

necessary to implement the adaptive dynamic compensator necessary to
stabilize and improve the performance of a plant with poorly understood

characteristics.
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We present below a typical, but non-exhaustive, list of problems
of practical importance that will benefit from the development of
practical adaptive control algorithms. It should be noted that in
these typical application areas the common characteristic is that
the physical system to be controlled is characterized by rapidly
changing dynamics; also, the application requires a consistent improve-

ment in performance.

(a) Design of stability augmentation systems of highly
maneuverable aircraft. In this class of problems
rapid changes in dynamic pressure and operation in
high angle of attack and high sideslip environments
result in very variable effectiveness of aerodynamic
surfaces; the aircraft stability augmentation system
must rapidly adapt to such dynamic pressure variations.

(b) High performance surface-to-air and air-to-air missiles.
Similar problems as in (a) arise in the design of the
autopilot of highly maneuverable interceptor missiles
capable of noh—nuclear kill (NNK) of highly maneu-
verable and evasive targets; rapid changes in the
aétodynamic characteristics can be expected in the

| eﬁd—game portion of the engagement as the target
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undergoes last-ditch evasive mancuvers. The
missile autopilot must maintain a high bandwidth
to cope with the rapid changes in the commanded
signals, and to compensate for changes in the

low frequency missile dynamics.

We remark that the issues presented in (a) and (b) above are also
present in problems involving the control of submarines and of
torpedos. High speed submarine maneuvers can stress the scability
of a fixed (non-adaptive) control system . Highly maneuverable
torpedos present similar problems as missiles.

Different adaptive control problems are present in the process
control area. It is widely recognized that more sophisticated control
systems than the traditional Proportional-Integral-Derivative (PID)
controller can increase the productivity and improve the energy
efficiency of many processes. The stumbling block is that even
reasonable finite dimensional dynamic models for such processes are
extremely difficult to obtain, due to the ccmplexity of the thermo-
dynamic relations and the inevitable transport delay phenomena.

The above examples are representative and they are not meant to
be exhaustive. For most control systems, some need for adaptation
exists; the design of high-energy laser systems, active control

flexible structures (space structures, towed arrays etc.), the
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control of advanced turbofan engines, and emergency control of power

systems represent additional major prospects for good adaptive

control. ’ !

By the end of the 1970's considerable progress had been made
in the theory of adaptive control systems. Specifically, model
reference adaptive control algorithms were proposed in the
literature which, under certain assumptions, achieved
global asymptotic stability} that is, no matter what initial values
and reference inpﬁts were used the output of the controlled plant
would asymptotically match the output of»the reference model
[3-12)}. In addition, unification work was performed to enable
other algorithms, such as certain types of self-tuning regulator
designs to be viewed as special cases of model reference adaptive
control [13,14]. |

Unfortunately, the stability proofs of all these algorithms
have -in common a very restrictive assumptién. For continuous-
time implementations this aSsumption is that the relative degree

of the plant, i.e., its number of poles minus its number of

zeroes, is known. This implies that the phase of the system is
known for high frequencies. On the other hand, it is a well known
fact that models of physical systems become very inaccurate in

describing high frequency phase cha:acteristics, Indeed,




s
'

-25=

relative degree is not even a well-defined quantity for infinite
dimensioﬁal systems. Finally, for practical reasons, most
controller designs need to be based on models which do not contain
all of the plant's dynamics in order to keep the complexity of
the compensator within goundSa Consequently, it is imperative to
explore the behavior of adaptive control algorithms when the
unrealistic, from an engineering viewpoint, relative degree as-
sumption is violated.

The counterpart of the relative degree assumption for discrete-
time adaptive control algorithms is that the pure delay in the plant
is exactly an integer number of sampling periods and that this
intecer is known. In addition, it is assumed that the degree of
the modelvof the plant is at least equal to the degree of the plant
itself. Again, these are mathematical assumptions that are violated
in any practical control design. The delay of a plant is rarely
known precisely and is often a.variable quantity. Even more
importantly the actual order of a system is often prohibitively high
or even infinite.

Another problem with the published algcrithmsis that there
has been no statement as to how the algorithms will react when

presented with general disturbances, especially additive output
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disturbances. Indeed only one algorithm includes any disturbance
consideration at all and that consistss of a disturbance of a very
particular sgtructure. [12].

This thesis deals with a problem that, until the initiation of
the research reported upon hére, had not been dealt with in the
adaptive control 1iterature.. A simple statement of the problem
is as follows:

How will the published adaptive control algorithms behave
if they are designed assuming that the nominal system has a certain
order and are implemented on a system consisting of the assumed
nominal system in series with another system? The second system

will represent thé unmodeled dynamics of the plant. Such unmodeled

dynamics will be thoughtof as affecting only the high-frequency
behavior of the system.

It will be seen in the sequel that in order‘CO design an
adaptive control system which behaves well, even in the disturbance
free case, in the presence of such high-frequency Qnmodeled dynamics

requires great care and insight.

— . ‘ _— A , ,
In 1976 a visiting postdoctoral fellow at MIT, Dr. Martin-Sanchez, under

the supervision of Professor Athans, conducted some (unpublished) simula- -

iions of the Model Reference Adaptive Control algorithm for the F-8
Aircraft longitudinal dynamics. In the absence of any sensor noise sim-
ulations of the adaptive algorithm performed extremely well over a very
wide range of operating conditions. However, even in the presence of
very small additive sensor noise, the algorithm performed very poorly
even in the absence of unmodeled dynamics.

T R—
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However, it will also be seen that even caxefully designed
systoms ancountexr grava instability problems if, in addition to the
high fraquency unmodeled dynamics, they encounter even small

sinusoidal output disturbancas at any frequarncy. Since the delsgnex

cannot. control the diastuxbance environment in which a control system

operates, and since physical systems always have unmodelied dynamics
at sufficiently high freguencies, one cannot useé any of the adaptive
control algoxithms examined in this thesis with confidence in

engineaxing applications, bstausa they will load to unstable systams

with high probability.

1.2 A Survey of the Mors Recent Adaptive Control Literature

The adaptive control algorithms studied in this dissertation have
theixr roots in the solutions to the “adaptive observer" problem. An
“adaptive obﬁérvar" is a systom which aimultaneously ostimates the
states and 9axametﬁrsybf an unknown linear systom.

The "adaptive observexr" problem for single-input single-output
linear time-invariant systems was wall understood by the mid 1970's.
Many diffexent versions of globally asymptotically stable adaptive
observers = of wminimal and nonminimal oxders - appeared in the

literature [15-22] and their stability and convergence propertias

woere analysed [23-25]. Tho xosults réported in [15-25) were obtained with

the additional assumptions of exact proceas modéllinq and tha absence

of procosz and/or messurement nolae.




§
i
i
b
i
i

s S

.

S B oy i il

-28=

At about the samé time; attention was then shifted to what
could be considered the logical continuation of the adaptive .
obsarver problem; namaely, the design of an adaptive controller tor
the szame class of systems ané under the nama.asaumptions mentioned
above. However, contrary to the expectations of rasearch vorkers,
itg solution did not follow directly from the solutions obtained
for the adaptive obserxver, except in the case where tha entire
state vector of the plant was assumad accessible [18].

The complications arose in the tontrol problem, on the one hand,

- when it wag attempted to design a controller for an unknown plant

uging its input-output data alone and with no accessibility to any
othexr point; on the other hand, due to noist conaiderations, expliecit
use of differentiators was to be excluded. The difficulty was
enhanced further by the feedback configuration used in the case of
control, whieh gave rise to nonlinear time-vaxying differential
equations for the adaptive loop unlike the linear dynamics which
poertained in the open-loop adaptive observer problem. |

An important contribution in the design of an adaptiive con-
troller was made by Monopoli [26) who suggested an ingenious scheme
for control that removed the need for differentiators by usge of an
augmented exror signal.

in 1973. motivated by Ncﬂapoli‘s idea of using an augmanteﬂiﬁrrar

signal two advances came about. Feuax and Morse [4) created an

RN o st a e gy £
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adaptive control algorithm which‘alao claimed asymptotic stability
of the adaptive loop, although it was clearly too complex to be of
any practical value except in very simple cases. Narendza and
Valavani (3] succeeded in designing a simple controller structure
whose stability was proven for the cases whon the relative degree
of the plant (the number of poles minus the number of zeroes) was
less than three. The stability of the algorithm was conjectured for
the cases of relative degree greater than three. This conjecture
remains unresolved. We note that all the above algorithms were
designed for continuous-time systems.

Based upon this framework, tho stable adiptive control problem
broke open by 1980. At the same time, papers were published in
which Narendra, Lin, and Valavani [5] proved s modified version of
the original conjecture of [3], Morse [6) simplified his algorithm,
while Narendra and Lin [7] had érOVQd asymptotic stability for the
discrete-time version of the algorithm of (5] and Goodwin, Ramadge,
and Caines [10] had develcoped a sexries of their own globally
asymptotically stable discrete-time adaptive contxol algorithms,
which weve motivated from entirely different considerations than the
algorithms menticoned so far. sShortly thereafter, Landau [9] ex-
tended a stability theorem of Landau and Silveira (8] which, when

applied to the formulation of [7], created anothar algorithm,
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Elliott [27] has recently created a hybrid algorithm. Egardt
[11,12] has created algorithms for both continuous-time and
discrete-time.

The algorithms mentioned in thie foregoing have been proven
globally asymptotically stable under appropriate assumptions on the
controlled plant. The required assumptions are that the plant be a
minimum phase SISO linear time-invariant system, whose relative
degree and the sign of the?high frequency gain are known, aiong
with an upper bound on the plant order and on the magnitude of the
high frequency gain. Under the above assumptions, these algorithms
produce systems whose output asymptotically matches the output of a
given reference mcdel when presented with the same reference input.
In addition, the parameter errors and state variables of these
systems remain bounded. All of the algorithms mentioned above,
except for one of the three algorithms presented in [10], are of the
direct control type. Furthermore, the results obtained hold only
in the purely deterministic case and their stability analysis does
not account for the effects of'unmodeied dynamics at high frequencies.

At the same time, or even earlier, progress was being made in
the arita of indirect adaptive control. 1In this approach,an adaptive
observer is used to identify the plant parameters and estimate the

plant state. This information is then used to synthesize an appropriate

AT o e B
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control signal. ggtram and his co-workers [28-31], Kreisselmeier
[32-33], and Elliott and Wolovich [34] have created indirect

algorithms which, while requiring fewer assumptions on the plant, do
require instead "sufficiently rich" signals (in the adaptive loop)

for general stability. In [33], Kreisselmeir also proves stability
under zero‘reference input without any "richness" assumptions. The

work of Egardt did much to increase the understanding of the similarities
in the various approaches to adaptive control by creating new general
algorithms [11,12] which contained algorithms such as those of [5]-

[10] and [28-31] as special cases as shown in [13,14].

Another trend during the 1970's was the examination of sto-
chastic adaptive control problems including process and measurement
noise. The adaptive control problem was posed as a stochastic
optimal control problem and several algorithms - mostly iterative
in nature - were:developed by approximating the dynamic programming

solution. This led to the development of the so-called dual control

methdology, surveyed by Athans and Varaiya [35] and in a more recent
paper by Bar-Shalom in [36].

As mentioned earlier, after the first designs of adaptive
observers appeared in the literature, considerable research effort
was directed in the more detailed analysis of the (uniform) asymptotic
stability properties of these newly designed alggrithms. Such studies

were carried out by Anderson [23], Yuan and Wonham [25], and Morgan and
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Narendra [24), who obtained sufficient conditions for astptotic
stability in terms of different aspects of a "persistently spanning"
property for the combined state and input vector of the adaptive
proces;. The problem of accurately estimating plant parameters was
also addreésed from an optimization point of view, in terms of an
optimal choice of inputs, by many researchers, among whom are Aoki and
Staley [37), Goodwin, et.al. [38], Reid [39], Nahi and Napjus [40],
Keviczky [41], Lopez-Toledo and Athans [42], Chen [43), and Mehra
[44]). Unfortunately, the "persistent excitation" requirement which
is invariably present, in some form or another in the literature
cited above, cannot be guaranteed to hold globally in a ¢losed loop
system, although Kreisselmeier showed that it can be preserved
locally [32].

The presence of observation noise, in the earlier literature,
was dealt with by adopting time-decreasing adaptation gains [45], in
the already existing algorithms, along the lines suggested by sto-

chastic approximation methods, and without any formal proofs.

The most significant research in the rigorous study of such adaptive -

systems was carried out by Ljung [46,47] who ‘introduced his ordinary-
differential equations (ODE) approach, to study the convergence
properties ofrdiscrete-time stochastic adaptive algorithms in terms
of the properties of an ordinary 'differential equation associated

with each one of them.

el
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The approach is asymptotic and the results valid only locally,
in certain domains in parameter space, within which the "adjusted"
system is stable. The developed theory, howevex, cannot define in
a precise manner what these domains are, or guarantee that the
adaptive system is actually evolving within one of them. More re-
cently, Goodwin, et.al., [48,49) obtained mean-square boundedness
of the output error for the stochastic adaptive algorithm which
was a modified version of [10], in which positive realness of ithe
noise transfexr function was required. Again, all the above results
were obtained under the assumption of perfect modeling.

Due to the fact that little theoretical work has been done to
analyze the behavior of adaptive control algorithms under conditions
which are anything less than ideal, there is a limited experience
regarding their use in practical applications. The collection [50]
provides a reasonable sampling of the present practical applications
of adaptiws gontrol theory.

Only very recently some progress has been made in theoretical
studies of adaptive algorithms, based on more practically realistic
and relaxed assumptions. Preliminaxy results of the research presented
in this dissertation have appeared in the literature. In Rohrs, et.al.,
[1), simulation studies which displayed the dangercus effects of
unmodeled dynamics on one adaptive control algorithm were reported.

In Rohrs, et.al. [2], the effects seen in [1] were displayed analytically




S NN S SIS S AT Y UEL %

for first order systems and a number of algorithms. Chapter 3 and !

Section 5.1 of this thesis are expansions of the work reported in [2].

Ioannou and Kokotovic [51] used singular perturbation methods to
study the properties of adaptive observers in the presence of unmodeled
dynamics. Although this paper does not deal with closed loop adaptive

control, the results demonstrate that significant errors can occur when

sirmEire an s ¥ -

the high.frééﬁency dynamics get excited. Furthermore, they showed that
the parameter errors can remain bounded and that their bound becomes

tighter as the unmodeled dynamics become faster and the input used

ST

becomes smoother. Ioannou [52] and Ioannou and Kokotovic [53] have
recentiy extended their singular perturbation approach to include the
adaptive control algorithm of [3]. They show that this algorithm will
remain locally stable in the presence of very high frequency unmodeled
dynamics and zero reference input. They also show that a modified

version of the algorithm will remain 1dca11; stable in the presenc: of
very high frequency unmodeled dynamics with low freguency reference inputs.
There is no study of the effects ~f disturbances in these papers.

Anderson ‘and Johnson [54-55] and Anderson and Johnstone [56] have
shown that, with a "sufficient excitation" condition, discrete-time
adaptive observers and the adaptive control scheme of [10] become not only ;
asymptotically stable but also exponentially stable and thus should retain
stability in the presence of disturbances. ISince exact parameter

convergence, however, was a key factor in obtaining the above results,
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they cannot apply in the control scheme of e.g. [5], when unmodeled

dynamics are present; it is not clear in such a case what parameter

- convergence to the "true” values really means. Notwithstanding, it

is shown in Section 5.1.1 of this thesis that the algorithm of [10] is
of a particular form that, despite relatively good performance
under exact modeling asssumptions, is extremely sensitive to unmodeled
dynamics and is therefore of limited practical use. Despite their
theoretical importance, the results in [54-56] do not provide an es-
timate of the order of the exponential stability; hence the amount of
modeling error that can be tolerated is not predictable even under the
assumptions of perfect modeling. Besides, one should also be cautious
of the adverse effects that such "sufficient excitations" can have on
the stability properties of the overall system under imperfect -
modeling.

Finally, Narendra and Peterson (57] and Kreisselmeier and
Narendra [58] produced some ad hoc and highly restrictive modifications
of known algorithms to insure bounded errors in the presence of

A3

disturbances.




-36-

1.3 Contributions of this Thesis

In this thesis, th: behavior of adaptive control algorithms
is analyzed when such algorithms are implemented on systems which
contain dynamics that are not modeled as part of the adaptive
" control design process. Such dynamics will be referred to as un-
modeled dynamics. The behavior of adaptive control algorithms
operated in the presence of constant and sinusoidal output distur-
bances is also examined.

The contributions to the th2ory of adaptive control are as

follows:

e the demonstration of an analysis method for evaluating
the behavior of adapiive control algorithms when such
algorithms are implenented in the presence of unmodeled |
dynamics and used with constant inputs in a disturbance-
free environment. Tlte analysis method proves to be
ipsightful and constructive despite the fact that it is

applicable under rather restrictive assumptions.
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® The isolation of an infinite gain operator inherently
present in the design of adaptive control
algorithms and the demonstration that in the
presence of unmodeled dynamics such infinite gain
operators lead to unstable responses to certain
classes of reference inputs.

e The demonstration of two mechanisms by which
adaptive control algorithms react pcorly to any
sinusoidal or constant disturbance which, in
turn, leadsto unstable behavior,if unmddeled

dynamics are also priesent.

In the process of developing the above points, it is shown that,
if the assumption: on the degree or relat:.ve degree of the plant
is violated, the asymptotic stability properties of the adaptive
control algorithms are lost.

The first mechanism of instability involves the so-called erroxr
system loop. If the gain of this loop is too large, the loop
bandwidth will also be large so that any unmodeled dynamics
which are present will become excited, thus causing instability.

The high‘loop gain may be attributed to thé fact that, unless
intentionally normalized, the error loop gain will be proportional
to ﬁhe square of the size of the signals in the nominal control

system. Even when a normalization of the adaptation gains is used

R et M — . - er
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to crcate an error system whose gain is independent of the size
of the signals in the nominal control system, these gains must
still be carefully chosen in order to limit the bandwidth of the
error loop and not to excite unmodeled dynamics.

A high gain error system may also result from the fact that

- for certain sinusoidal input signi.ls, the gain of the error system

itself increases with time. This is a nonlinear effect and causes
instability for high frequency sinusoidal inputs in the presence
of high frequency unmodeled dynamics.

The second mechanism for instability involves the primary
control loop. A detemministic additive output disturbance at
any frequency, including constant disturbances, which is not
measured will create | situation in which the output error can not
be driven to zero. The parameters in the control system will
drift in certain direcﬁions, resulting in a large gain, high band-
width nominal control system. Such a controller will excite
unmodeled dynamics in the plant causing instability. This second
mechanism can aiso occur if the algorithm cannot attain zero error
for reasons other than disturbances. It is conceivable for example,
that the controller does not provide enough flexibility for the
controlled plant complete with unmodeled dynamics to match
the reference model fgr the inputs given. This will also cause a
steady non-zero error driving the nominal controller to high bandwidth

and eventual instability.

ot R e i o




To summarize, in this dissertation, adapt.ve control in the
presence of unmodeled dynamics is examined and grave stability
problems are found. Some of these problems can be alleviated by
the use of tools developed in this thesis tha’; enable the
designer to choose the parameters of the adapt .ve control system
and the reference inputs wisely. However, the.'e still remains
the debilitating problem demonstrated in this dissertation that,if
an adaptive controller is implemented in the presence of unmodeled
dynamics and a persistent unmeasurable output disturbance,the

system is likely to become unstable.

1.4 Outline of the Thesis

Chapter 2 contains a few mathematical pxeliminaries and in-
troduces seven adaptive algorithms which will be studied, using
a ccrmmon notation. Section 2.1 provides the neceséary notation
while Section 2.1.1 provides a primer on positive real systems and
their role in stability proofs of feedback systems. Positive
realness is an important concept in the stability proofs of adaptive
control algorithms and its introduction allows outlines of the
stability proofs associated with some of the algorithms. From
these stability proof outlines it becomes apparent that the as-

sumptions made on the relative degree are very fundamental to the

global stability proof. This argument is presented in Section 2.2.1.5

i e
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for the algorithm of Narendra and Valavani [3] and Feuer and
Morse [4), referred t& as CAl. The remarks concerning the

proof of CAL are directly applicable to the stability proofs of
the other algorithms studied, namely the algorithm of Narendra,
Lin, and Valavani [5] and the first algorithm of Morse [6], both
referred to as CA2, the second algorithm of Morse [6], referred
to as CA3, the algorithm of Egardt [11]) referred to as CA4, the
algorithm of Narendra and Lin [7), referred to as DAl, the
algorithm Of Goodwin, Ramadge, and Caines[l0], referred to as DA2,
and the algorithm of Egardt [12], referred to as DA3.

In Section 2.2 the continuous-time algorithms, CAl to CA4,
are introduced and in Section 2.3 the discrete-~time algorithms DAl
to DA3 are introduced. The algorithms are presented with a common,
consistent notation and the error system for each algorithm is
developed. The equations for each algorithm are summarized in
tabular form within each subsection.

In Chapter 3, the analysis technique is developed for continuous-
time algorithms with constant inputs and no disturbances. The
technique involves linearizing the error system around a nominal
control system. The resulting analysis proves useful in guiding
the selection of certain importani parameters that impact the‘

desiign of adaptive control svstems for a variety of conditions.
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In Section 3.2 the concepts of the linearization analysis
that is used throughout Chapter 3 and Section 5.1 are introduced
and discussed.

In Section 3.3 it is shown that the gain of the error system
of CAl, the simplest adaptive system, is proportional to the

square of the magnitude of the signals preseni: in the controller.

In Subsection 3.3.2 it is shown that too large a reference input

signal will produce a high frequency control signal even when the
assumptions on the plant degree are correct. In Subsection 3.3.4 it is
shown that in the presence of unmodeled dynamics, high frequency
control signals will excite the unmodeled dynamics and cause ins-
tability. The analysis provides a measure as to how large an input
is necessary to produce instability given a certain configuration

of the real plant with unmodelea dynamics. In addition, it is shown
in Subsection 3.3.5 that,at values of the error loop gain which are
considerably lower than those which ultimately cause instability

the system parameters will be forced to move away from the values
that provide good model matching in order to maintain stability.

The analysis in Section 3.3 suggests that the stability problem ex-
posed in Section 3.3.4 can be remedied by normalizing the gain of the
adaptation equations, making this gain inversely proportional to the

sqﬁare of the signals in the 1dop. The gain of the erroxr system can

then be designed independently of the size of the input.
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This normalization is an integrallpart of algorithms‘CA3
and CA4. The analysis for these algorithms is contained in
Section 3.5 and 3.6. The importance of the proper selection of
the adaptation gains is reiterated during the analysis. Section
3.4 deals with the algorithms CA2 which limits the gain of the
error loop not by a direct normalization but by adding an inner
loop to the exrror .system. The function of this inner feedback is
to place zeroes in the error transfer function and therefore to
limit the bandwidth of the error loop.

The analysis of all the continuous-time algorithms is demons-
trated throughout Chapter 3 by use of a numerical example where
the adaptive control system is designed using a first order model
but the actual plant consists of an‘unmodeled pole pair in series
with the nominal first order system. ‘Digital computer simulations
of the non-linear adaptive control system provide verification of
the analysis.

The message of the analysis of Chapter 3 can be summarized.

as follows:

e Keep the gains of the adaptation mechanism low so
that the bandwidth of the error system will remain

small.
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' The method of analysis developed in Chapter 3 provides for
a given plant with unmodeled dynamics,a way to determine what
gain will allow satisfactory response to constant inputs in the
absence of disturbances.

Chapter 4 provides insight into the response of the continuous-
time algorithmsin situations not covered by the analysis of Chapter 3.
Particular attention is paid to the response to sinusoidal inputs
and constant or sinusoidal disturbances.

In Section 4.2, it is shown that pr:sent in each of the
algorithms studied is an operator with unbounded gain. . Such an
operator will produce unbounded output signals in response to certain
bounded input signals. Indeed, when the operator is presented with
a sinusoidal input of constant amplitude, a component of the output
will be a sinusoid of the same frequency whose amplitude linearly
increases with time. |

It is also argued in Section 4.2 that not only is this infinite
gain operator present in all seven algorithms considered in this

work, but that such an operator is generic to all approaches to the

adaptive control problem involving explicit or implicit identification.

In Section 4.3 a heuristic argument is presented that the

infinite gain operator can cause instability by two mechanisms.

e tpomsonia . sromrt . sl
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The first wmechanism of instatility is connecte¢d to the fact
that, since the infinite gain operator is in a feedback loop, the
increasing amplitude sinusoid at the output can be fed back to
the input,thus compounding the problem. The result is a
sinusoidal error signal which increases slowly in amplitude until
the gain of the error system loop is increased beyond unity,at
which point gross instabiliny develops.

The first mechanism will cause instability,only if a sinu-
soidal signal develops at a frequency where tre phase charac-
teristics of the feedback loop defining the output and parameter
@rrors cause reinforcement of the sinusoide at the input to
the infinite gain operator.

The second mechanism for instability is associated with a
nonzero steady-state output corroxr. A steady-state output exror
at any frequency, including vonstant errors, will, through the
action of the infinite gain operator,cause the parameters to
increase without bound. The parameters will eventually reach values
for which the overall system with unmodeléd dynamics is unstable.

In Section 4.4, the following statement, conjectured to be
true by the analytical argument of Section 4.3 is demonstrated to

be true by digital simulations:

R e SR
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® In the presence of ﬁnmodeled dynamics, certain
frequency reference inputs will cause the

adaptive algorithms CAl-CA4 to become unstable.

In Section 4.5, it is shown that the instability problems explained
in Section 4.3 cannot be eliminated by such "fixes" as filters
on the plant output or output error.
In Section 4.6 the following statement, also conjectured
to be true in Section 4.3, is verified as true by digital

simulation:

e A sinusoidal output disturbance at any frequency
or a constant output disturbance will cause the
adaptive systems CAl-CA4 to become unstable in

the presence of unmodeled dynamics.

Chapter 5 provides the same analysis for discrete-time algorithms,
DAl to DA3, as Chapters3 and 4 provide for continuous-time algorithms.
Indced, the analysis is an exact parallel with all the principles
learned in.the continuous-time case carrying over to the discrete-time
case.

Section 5.1 provides the analysis of discrete-time algorithms

under the conditions of constant reference input and no disturbances.
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The analysis proceeds as in'the continuous-time case and proves
just as insightful for design purpose;. Indeed, two more
design "rules of thumb" become aparent in the analysis of
Section 5.1.

The analysis of Section 5.1.2 shows that the structure of the
algorithm DA2 requires that there be a high feedback gain in the
nominal control system. This 1eavgs the algorithm unable to match
the model and maintain stability in the presence of unmodeled
dynamics. The algorithm DA3 is similar to DA2 except that it
provides for extra filtering which makes it possible for the algo-
rithm to match the model with feedback gains of any size.
Therefore, this a;gorithm has ability to matgh the model in the
presence of unmodeled dynamics.

One must realize that situations such as those described in the
preceding paragraph arise because all of the algorithm considered
are designed on the basis of satisfying a single criterion, namely,
to follow asymptotically a specified response to a reference input.
It is up to the designer tc assure that, if the algorithm converges,
the nominal control system will be an adequate one with respect to
rejecting disturbances and sensor noise and»being able to fﬁnction
in the presence of unmodeled dynanics. Thus, the analysis has

pointed out the following design rule:

o
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e design a good nominal control loop.

Finally, the analysis of Section 5.1.2.3 shows that many of
the problems connected with unmodeled dynamics are alleviated when
the system is sampled slowly enough so t'at the poles and zeroes
of the unmodeled dynamics essentially carcel. Of coursé, it is
well known that sampling systems too slowly results in jerky
step response and poor disturbahce rejection. Thus, the last rule of
thumb shown by the analysis on constant inpat systems is particular
to discrete~time algorithms:

® For good response in the presence of unmodeled
dynamics, sample the system as slowly as other

considerations will allow.

Section 5.2 demcnstrates that there is a discrete-time equivalent %o
the infinitegain operator of continuous-time systems. That the
operator leads to instabilities with certain high frequency inputs
is demonstrated with simulations in Section 5.2.4. It is also shown,
in Section 5.3, that this is another problem intimately connected
with unmodeled dynamics and can be greatly alleviated by slow sampling.
~However, it is shown in Section 5.3 that a problem not alle-

viated by slow sampling is the instability caused by a sinusq§da1

output disturbances. The residual error still drives the parametexs

to such a high bandwidth nominal control system, that any modeling
errors will cause instability. This is shown in the analysis and si-
milations of Scction 5.2.5.

Chapter 6 provides the conclusions and possible direction for

future research in the area.




CHAPTER 2

INTRODUCTION TO ADAPTIVE CONTRO!: ALGORITHMS

2.1 Introduction

The purpose of this chapter is to provide an exposition of a number
of algorithms which represent the state of the art in adaptive control
and to set up the machinery necessary to analyze the performance of
these algorithms in the presoence of unmodeled dynamics. All of the
algorithms considered have been pi'oven to be globally asymptotically
stable when the proper assumption: are realized. Each algorithm that is
presented has been chosen because it displays particular characteristics
when certain assumptions are relaxed. The various algorithms will be
compared and contrasted in the sequel. The introduction of the algorithms
will be divided into two parts; the first will deal with continuous-time
algorithms and the second will deal with discrete-time algorithms.

The following notation will be used:

Capital letters will represent system polynomials and lower case

letters will represent time functions or constant gains. In particular,

kB
y(t) = j;‘IX(t)]

will be used to indicate that y(t) is the output of a linear time-invariant

kB(-)
AC) where .

A and B are polynomials in the Laplace transform variable s or the backward

system whose input is x(t) and whose transfer function is

shift operator qfl. An underlined lower case letter will represent a

vector of time functions or gains and an underlined capital letter will

represent a matyix.
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A superscript in parenthesis will be used to indicate the degree
of ¢ polynomial, e.q., A(n) indicates that the polynomial A(s) has
degree n. This notation will be used only when knowledge of the
degree is important for the understanding of the point being made.

_ (m)
The relative degree of the transfer function o is the number
A

of poles minus the number of zeroes, in this case, n-m. The relative
degree will usually be denoted as n*.

Discrete-~timé linear time-invariant systems will be represented
in terms of the backwards shift operator q-l, e.g.,

-4 _(m

y(t) = 5‘3-—(;5‘-’- x(t))
A

(m) _ -1 -2 -m
where B = 1+blq + bzq +oo.t bmq

(n) _, -1 -2 -n

ond d is the deiay of the system.

2.1.1 A Positive Real Pri_mer

Due to the importance of positive real systems in the adaptive
control literatute,this section summarizes pertinent results. The results

for continuous-time systems are paralleled by the results for discrete-

time systems.
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Definition 1-1 [ 59] A linear time-invariant system with transfer

function H(s) is positive real, if H(s) has no poles with positive
real parts, the poles of H(s) with zero real parts are simple and have

positive real residues and Re[b(jmjz 0 holds for allw. The system is

strictly positive real, if H(s-€) represents a positive real system for

some real scalar €>0,.
A less formal statement of this definition c¢an be given as

follows:

a positive real system is a stable system whose Nyquist

diagram lies in the closed right half plane.

The relative simplicity of maintaining stability in a feedback con-
figuration, such as that shown in Figure 2-1, withk a positive real

system in the forwardpath and a linear time-invariant system in the

feedback path is seen by considering the Nyquist criterion. The Nyquist

criterion shows that such a feedback connection will be stable ir the

feedback path is itself positive real. ‘Such a system would be stabilized

by its phase properties independent of the size of the gain of the

system,

Note also that in order for 3 continuous system to be positive re¢l

it must necessarily be of relativ. degree 0, 1, or -1.

The phase properties of posi:ive real systems can be exploited

further when the feedback system is time-varying by use of the following

two lemmas.
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Figure 2-1. Feedback configuration with a positivé real system
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Lemma 1.1: Popov's llyperstability Condition [60]

T e 4oy

The negative feedback interconnection, such as that of Figure 2-1,
of a strictly positive real linear time-invariant system and a system
whose input is y(t) and output is z(t) is asymptotically stable if

y(t) and z(t) satisfy, for all t,

t
[ y(tz(mdr > - 22

where £ is a constant independent of t. Such feedback cperators are
called positive or passive.
Note again that thexe is no upper bound limitation for the gain of

the feedback operator if the passivity requirement is satisfied.

Lemma 1.2: Kalman-Yacubovich Lemma [61 ]
If [A,b,c] is a minimal realization of a strictly positive real
transfer function, i.e., §jt)v= Ax(t) + bu(t), y(t) =._?_(t),

. : T
then there exist matrices P=P > 0, g;g?>_g such that

1>
{ro

+PA=-0 (2-1)

and
(2-2)

)
|o

I
o]

Lemma 1.2 is used to obtain Lyapunov functions for feedback
configurations involving positive real operators. There is a generaliza-
tion of this lemma to include positive real systems with relative degree

zero but this generalization will 0t be needed in the sequel. [61 ]

R
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The corresponding lemmas for discrete-time systems are exact

parallels of the results for continuous time systems but are not

needed in the sequel [ 62].

Note, however, that,in order for a discrete-time system

-1 L %™t

a™ ™l

to be positive real,it must be stable and its

discrete Nyquist plot, i.e., the image o! H(q_l), q;eje, 0<o<2m,
must remain in the closed right half plane. Since the magnitude of
this plot does not go to zero except at z:roes of B(z-l), H(z_l) must
; have the same number of poles as zeroes. This implies that the delay
d must be zero.

The above definitions and lemmas play vital roles in the published
stability proofs of adaptive contreol algorithms. They will be used in
Section 2.2.1.5 to providg a sketch of one such stability proof. This
sketch will demonstrate the importance of the assumption that the relative

degree of the plant is known in the stability proof.
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2.2 Continuous Time Algorithms

In this section, four continuous-time algorithms for adaptive
control are introduced. The assumptions which are sufficient to
prove global asymptotic stability are presented. The error system for
each of the algorithms is developed. Tha error system provides a point
of departure for the analysis of the various algorithms.

In subsections 2.2.1.5 and 2.2.24 sketches of the key stepsin the
stability proofs of two of the algorithms are presented. These sketches
serve the purpose of establishing the importance of the positive real
condition in the stability proof. Since the satisfaction of a positive
real condition is brought about by the assumption that the relative
degree of the plant is known, a relaxation of the known relative Jjegree

assumption must make the retention of global asymptotic stability suspect.

2.2.1 Continuous-Time Algorithm No.l (CAl)

2.2.1.1 Introduction

The first algorithm, CAl, is the prototype model reference adaptive
control algorithm. 1Its origins go back at least to Monopoli [ 26].
This algoritnm has been proven asymptotically stable only for the case
when the relative degree of the plant is unity. Hence, the algorithi
will be considered only when a uni:y reiative degree plant is nominally
assumed. The algorithms published by Narendra and valavani [ 3 ] and

Feuer and Morse [ 4 ] reduce toc CAl for the pertinent case.

e rebgaRg & coeen izt i e <t e aeiee s e
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2.2.1.2 Assumptions

Assume the plant is linear and time-invariant and is described

by:

g B(m)
(n)

yp(t) = fu(t)] (2-3)

A

wvhere A and B are unknown polynomials which satisfy the following

assumptions:

Al) Gain Sign Assumption:

The sign of gp is known and, without loss of generality, is
assumed positive.

A2) Minimum Phase Assumption:

B is monic and Hurwitz, i.e. its leading coefficient is
unity and all zeroes of B(s) have negative real parts.

A3) Relative Degree Assumption:

(m)

A(n) is of degree n and B is of degree m so that the

relative degree n*=n-m is known.

Assumption A3 can be relaxed to an assumption that an uppexr bound
on the degree of A is known and that the relative degree of the plant is
known exactly. However, in the present work, Assumption A3 will be
used as is since the fundamental problems connected with the known
_ relative degree assumption remain basically unaltered while the develop-

ment is simplexr with the morxe restrictive form of the assumption. We

et gt
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also remark that much of the material of this dissertation is concerned

with the behavior of adaptive control systemswhich are designed assuming

e WA

that Assumption A3 holds when, in the presence of unmodeled dynamics,

it does not.

2.2.1.3 Controller Structure

The structure for the adaptive controller CAl appears.in
?igure 2~2. The controller generates auxiliary signals Eﬁt) from
u(t) and !y(t) from y(t) in the following manner: the ith component

of the vector w is
-

i-1
= ——-—s H i= - -
wui(t) P(n_l) [u(t)]; i=1l,2,...n-1 (2-4)
(n-1) , th . . .
where P (s) is an (n-1) deqgi ee monic Hurwitz polynomial and s

is the Laplace transform variable. Similarly,

i-1 E
S . _ i
in (t) = (n"l) [Y(t)]: 1"1,210-- ' (2 5)

P

The input to the plant, u(t), is
(t) = k_(t)x(t) + kT(t)w (t) + kT(t)w (t) | (2-6)
u T T TR Ry =1y

where kr(t) is a time-varying gain, Eu(t) is an (n-1l) vector of
time-varying gains, Ey(t) is an n vector of time-varying gains, and

r(t) is the scalar reference input.

e
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Figure 2-2. Controller structure for CA1
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The object of the adaptive control algorithm i: to adjust the time-
varying control gains in such a manner as to make tle actual plant
output, y(t), match the output, yp(t), of a model driven by the

reierence input, ri(t).

q p ™

. MM
Yy (¥ Aén) (x(t)] (2-7)
where B&m) is an mth order monic Hurwsitz polynomial A;n) is an nth

order monic Hurwitz polynomial, and g, is a constant gain.
P ¥

Furthermore, a joint requirement on Bém) and Iﬁn‘l) has to be
satisfied, i.e., that
B:“) divides p "V (2-8)
In the unity relative degree case, m=n-1 and, therefore,

BM =P | (2-9)

The reference model is chosen by the designer. It should be
chosen in such a manner so that, if the controlled plant matches the
model, the resulting controller has a large lcop gain at low frequencies
and a reasonable bandwidth., The choice of the model is a main element
in the design of a control system which performs well at least

asymptotically.

- Y"r
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™wo composite vectors are now definad,

kr(t)
w(t) = k(t) = )_gu(t)
t
5y( )
In this notation
ult) = kT (B)wlt)
g.B
S0, y(e) = 2 ewe)

(2-10)

(2-11)

The description of the algorithm is completed by specifying the

control gain adjustment mechanism.

k(t) = -I wit)e(t)

where

I =1 >0 is called the adaptation gain matrix, and

e(t) = y(t) - yM(t)

is the output error.

2.2.1.4 Error Equations

(2-12)

(2-13)

It is often desirable to analyze the behavior of an algorithm with

respect to a particular set of constant gains.

In this subsaection

equations will be developed which relate the output crror of eqn. (2-13)
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to the difference between the actual parameters and a nominal set of

parameters. Let

k(t) = k* + k(t) (2-14)
where k* is a constant n vector. Substituting eqn. (2-14) in

eqn. (2-11), we obtain

g B g B g B

* ~T _ ~ v
y(®) = £ [ Twe)k (ue) 1= £ T e1+ £ k" (0)u(e)]
(2-15)
From the definitions of k and w, it follows that
k"Talt) = k¥ r(t) + k Tw (6) + k w (t) (2-16)
- = r “u vy —y
with the obvious correspondences.
Define the polynomials
*(n-2) _L¥ n-2 v n-3 *
K (s) = ku(n—l)s + kh(n_z)s +ooat kul (2-17)
* .th *
where k . is the i component of k , and
ui -u
*(n-1) * p-l1 % n-2 * '
= k ‘ Tewe -
Ky (s) yns + ky(n-l)s S S kyl (2-18)
: her k* is the ith component of k*
where vi P k.-

&
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Then, from egn. (2-4) and eqn. (2-17)

*
K (s)
KT wit) =

k' w o lee) (2-19)

and from eqn. (2-5) and egn. (2-18)

(s)

=X -
gy w (t) () [y(t)] (2-20)

Equation (2-15) can now be written as

* *
% ot % X %p° ;T
y(t) = 2= k] rit)+ 2 ue) + -y + 2= K (Dule)]
or
K* g BK"
y(t) = (y(e)] + S ty(o)1 + —f-’— [k r(t) + K (B)w(t)]
ox
B
%"
y(t) = *A . [k; r(t) + &T(t)y_(t)]
K g_BK*
=75 - Tap
ox
. * ~T
krngP k™ (t)w(t)
Y{£) = 3p-ak*-g BK r(t) +—3 (2-21)
u°p VY kr
~T
K (t)w(t)
- i) [r(t)+ . ] (2-22)
k
A b o

where B* and A* are defined to be coprime with B* monic.
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Remark 1: g*h* is the closed-loop transfer function that would

A¥

result if k were identically zero, i.e., if a constant controi law

k = k* were used.

— e

Remark 2: If the Assumpfion A3 holds and‘BM divides P (eqn. 2-8),

then k* can be chosen, i.e., k3o E;. E; can be chosen, so that

* _(n)_ (n-1)
A* ( (n-1) *(n-2)) (n) *(n-1)_(m)
P - A - K B
X gP Y
gFp(n«-l) g B(m)
- 1 = MM (2-23)
(n-1)\ (n)
P a0 Ay
B(m) M
M
Equation (2-23) is derived using the facts that, given the freedom
- *(n-
of choice in Ef, (p(n 1 - xu(n 2)) is an arbitrary monic (n—l)th
. . *(n-1) . . , th .
order polynomial, x& is an arbitrary (n-1) order polynomial,
* - * -
A(n) and B(m) are coprime so that xy(n‘l) and K (n-2) provide 2n-1

degrees of freedom and hence the denominator is an arbitrary (2n—12th

(m) (my _p \")
polynomial. By setting the rlenominator equal to B AM E~~
' M

(remember, BM divides P), eqn. (2-23) follows.
Remark 3: If the Relative Degree Assumption (A3) is violated,
g*B* 9Py
can only get as close to as the feedback structure of

1\*

the controller allows.

o bR AT e

it
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The system error equations can now e derived in a particularly

coavenient form. Subtracting eqn. (2-7) irom ‘eqi'x. (2-22) yields:

- :
*nr 9B age | KT (E)W(t)
=v-'=9.2___u_[]98‘—- -
e(t) = y(t) - y*(t) ( A AM r(t |+ A o (2-24)
r
Combining egn. (2-12) with eqn. (2-14) gives
k(t) = k* + K(t) = E(t) = -T w(tre(t) {2-25)
In operator notation, one can write
-~ l N .
k(t) = = I-I' wit)e(t)] (2-28)
where i-g‘ denotes a diagonal transfer finction matrix with each

diagonal element equal to %-.
The error system defined by eqns. (2-24) and (2-26) is represented
in Figure 2-3.

Table 2-1 summarizes the equations for CAl.

2.2.1.5 Stability Analysis

The feedback system of Figure 2-3 will be the object of much
attention. Due to the dependence of w(t) on e(t), it is, in essence,
a non-linear system. However, it can and will be viewed more simply

as a linear time-varying feedback system is represented in Figure 2-3.

S 0 T

O U e
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A*(s)  Apgls)

Figure 2-3. Error system for CA1l
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TABLE 2-1

EQUATIONS FOR CAl

g B )
y(t) = £ ey (2-3)
i-1
W, (8) =2 [u(t)}; i=1,2,...,n-1 (2-4)
si-l
wyi(t) =5 [y(t)); i=1,2,...,n (2-5)
r(t) kr(t)
k,
Ey(t) Ey(t)
g.B
_ MM
yM(t) = A {r(t)] (2-7)
M
T
u(t) = k (t)w(t) (2-10)
e(t) = y(t) - yM(t) (2-13)
k(t) = -T w(t)e(t) (2-12)
T k*g B P . .
SKE— = -r—P—T——T— (2-22) -

AP-AK"~-g BK
up y

I K (£)wit)
—:,: MM *px ) = w
* (2-24)

M

s e st e
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If the plant order is properly modeled, i.e., assumption A3
holds, and k* is chosen so that egn. (2-23) holds, the following
simplification occurs in Fig. 2-3: the driving term, ed(t) in Figure
2-3, is removed and the operator in the forward path becoimes
Iy |
i‘T— .

r

When the relative degree is unity (m=n-1), this simplification can
be exploited to produce a stability proof, if the new forward path
operator (equivalently, the model) is chosen to be strictly positive
real.

The resulting, simplified system is shown in Figure 2-4. This
system can be proven stable hy hypersﬁability>(Lemma 1.1) because the
feedback operator is positiyu [e0]. lNote, however, that
hyperstability arguments offer no "degree of stability" information and
are not useful even if the Nrquist diagram forwanl path crosses into
the left half plane only a snall distance at very high frequencies.

To further demonstrate -‘he fragility of the proofs of stability
with respect to the positive realness of the forwam operator, the
proof of stability of CAl is presented next using the Kalman-Yakubovich
Lemma (Lemma 1.2). Proofs o: this type for adaptive control systems
were first provided by Parks [ 63], This is the method also used by
Monopoli {26 ], Narendra and Valavani [ 3 ], and Feuer and Morse

[ 4 1 for this algorithm.
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Figure 2-4, Error system of CA1 when Assumption 3 holds.
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Let (A,b,c) be a minimal state space representation of the
g, B

*®
krAM

x and output e. Let P, Q be as in Lemma 1.2 for this system. Then

strictly positive real transfer function with input u, statn

VLB = xPx+ BT K (2-27)
is a Lyapunov function with
V(x,E) = x (AB4R A)x + 2x'P E K'w - 2K'w e (2-28)
= -xQx+ e Kku-2Kwe (2-29)
T
=-x0x<0 (2-30)

where the second equality makes use of egns. (2-1) and (2-2) and -
the third equality uses E?i = e. This Lyapunov analysis proves that
e and k are bounded. With some additional analysis in this case it

has been shown that lim e(t)=0.
) : o0

The point to note here is thét egn. (1-2) is used to exactly
cancel two terms of unknown size ¢nd sign in the Lyapunov function
derivative. Therefore, no notion of "almost" positive real such as

if eqn. (2-1) were replaced by

Pb=c+Eg | (2-31)

where € is small would be of any ise. Such use of a property with
such dubious physical realizability as positive realness must at

least make one suspect the practicality of the results.
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In Chapter 3, the propexties of CAl and other algorithms, when

assumptionA3 and, therefore, positive realness of the error equation

are violated, will be investigated more directly.

2.2.2 Continuous-Time Algorithm No.2 (Cr2)

2.2.2.1 Intrnduction

The algorithm CA2 maintains the same basic structure as CAl but
uses a different adjustment mechanism in order to prove stability
when thu relative degree of the plant is greater than one. This
algorithm was published concurrently by Narendra, Lin, and Valavani
[ 5] and Morse [ 6]. In [ 6 ] this algorithm represents the first
of the two algorithms considered. The second algorithm in [ 6 ] will .

be analyzed as CA3.

There are two differences between CAl and CA2. Firit, in order
to achieve a positive real error operator when the relative degree of
the plant is greatzr than one, auxiliary signals are added to the error
signal used in the adjustment mechanism. Second, aﬁother term is
added to the error signal in all cases. At first glance, the purpose
of this term appears to be the satisfaction of a technical condition for
proof of stability; however, it will be shown in section 3.4 that this

term does actually improve stability characteristics.

4
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2.2.2.2 Controller Structure

The structure for the controller in CA2 is shown in Fiqgure 2-E.
Much of the structure is inherited from CAl. 1In particular; egns.
(2-2)-(2-24) apply with the exception of eqn. (2-12) which defines
the adjustment mechanism. Assumptions Al-A3 of Section 2.2.1.2 are
also needed for the stability proof of CA2.

In order to achieve a positive real operator in the error system
when the relative degreé of the plant is greater than unity, auxiliary
filters not present in CAl must be defined.

Assume that the plant has relative degree

*

n" =n-m>1 (2-32)
Then there exists integer p and polynomials M(p) and
N
L (PH*1) o hat
L(P‘m*"l) g B(m)
M (2-33)
M(p) (w?

P

is a desired positive real transfer function. In Morse [ 6 ], the
desired function is chosen as ;%x . Note that the degrees of the

and the entire

polynomials are such that % is not proper but %

transfer function (2-33) are.

PRSI



-71-

ORIGINAL PAGE IS

OF POOR QUALITY
Q ~ nweference

Model
gp Bmls) ypit)

Am(s)

Plant

9p B(s)
A(s)

T w,, (1)
ky(1) y

M(s)
L(s) L

v!y(') + €(t)

+

G BylsIL(s)
Ap(sIM(s) [*a!

X
P vl

Figure 2-5. Controller structure for CA2.
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To the equations (2-2)-(2-11) and (2-13)-(2-24) held over fron

CAl the following are appended.

v &

Bx

I [w(t)]

where

B 2 <4

as in egn. (2-26). Also define

>

2(t) = 2 [k (£)u(t)]

e

vy 2z - KTwvie)

Lg B |
g (0) & 1M [—h(;)w(c)- v ()T !(t)e(t)]

M

where e(t) = elt) + ya(t)

I denotes a diagonal matrix of transfer functions ¥

(2-34)

L

(2-35)

(2-36)

(2-37)

(2-38)

h(t) is a time-varying gain and p is a fixed positive sonstant.

The adjustment law now is

k(t) = -T v(t)e(t)

h(t) = YW(t)e(t)

where Y is a fixed positive constint.

2.2.2.3 Error Equations

The error system for this alyorithm is now developed.

before, v '
k(t) = k* + k(t) (2-14)

(2-39)

(2-40)

Use, as

B
-

RES R
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with eqns. (2-34) to (2-38) to get

vie) = o ll_c_’”(tmt) - kT (8) T Ilw(e))

Mj, *7 M
L‘!& y.(t)] + 3

-y

lg"(t)_w_(t) - K0 T Ilwe)

=z

- i‘. [gT(t)_vg_(t) - K5 () vt (2-41)
o
The block diagram for the error system is given in Figure 2-6
where the forward operator is taken from egn. (2-24) and the
adjustment rule for h is omitted.
Let
h(t) = h* + h(t) (2-42)

then

Loyt

e(t) = y (&) + e(t) = [—h*w(t)-ﬁ(t)w(t)-pf(t)g y_(t)ett)]

*p* .1 fg*s*  I°um
+ %:{; [13_ (t)g_(t)] + (g—r - T [!‘(t)]

Substituting eqn. (2-41) for Y in the first term yields

L wpk ¥ B - h*g B L
e(t) = (31—:7 - -——M) [_lgT(t)y_(t)] s —2M [f(t)y,(t)]‘
r ;

By AM
g B L ~ *Bi g B !
+ -—-’;‘A;;i,—- [—h(t)‘#(t)-P!T(t)_l_‘!(t)e(t)]+(9A¢ - ’;“" )[rm]

(2-43)
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r(t)

¢
g"B"(s) gyBy(s)
At(s) AM(S)

o eyt
n L(,T(t)u(t) g* BY(s) .(gf. e(t)
& O

Kiw(t)
oL/ [NE] Ve~ 9y By (SIL(S) |y
)Ll (5) )] — +
4 n | Am(sIM(s)
v (1)
- ) 6")“ !
-k(1) 1‘1 2 pVT(1)Tu(t)
$= A e(t)
Pv(t)

Figure 2-6. Er -or system for CA2.
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A diagram for this way of representing the error equations is

shown in Figure 2-7. Again the “?quation for adjusting 5 is
"I'-t g,,’“\ ..

[}

omitted as is also the generation of w

The equations for CA2 are summarized in Table 2.2.

2.2.2.4 stability Analysis

Clearly the error system of Figure 2-7 is still a very complex
system. Some simpiifying assumptions will be made in order to
better understand how the system is behaving. Consider first the
sitﬁation where the plant is modelcd coxrectly, i.e. assumption A3

of Section 2.2..2 is satisfied. Pick k* so that eqn. (2-23) is

satisfied and pick h* = so that the first term and the last term

k*
r

in eqn. (2-43) vanish. Then

. T
h*g B L ~ pv (£)T v(t)e(t) -
_ MM |T _hR)y(e) T = -
e(t) = N [E (t)v(t) B —— (2-44)
h*gMBML

Since —W—_ is strictly positive real, the Kalman-Yakubovich

Lemma can again be used in a Lyapunov analysis. Let (A,b,c) be a

minimal realization of

*
h gMBML with state variable x and let

A M

F and Q be as in Lemma 1.2. Then, using eqns. (2-39) and (2-40C)

-2
Vix,K) = x'P x + 5'-"3'1g + ‘\‘-E; (2-45)
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¥ (1)
I S o) BN
h | By, (S)L(s
i) + _.LQM m(SIL(s)
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" ) -‘
- | PV Ty(t)
k() [ -
s1 X y—

7fl‘ vit)

Figure 2-7. Alternate representation of the error systeni of CA2.
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TABLE 2-2

EQUATIONS FOR CA2

g B

ylt) = RE‘ [u(t)] (2-3)
s.i-l

wui(t) =P [ult)): i=1,2,...,n-1 (2-4)
si—l

wyi(t) =5 [y(t)); i=1,2,...n (2-5)

r(t) k()

wit) = Jw () k(t) | k (&)
M
L

v_vy(t) ky(t)
v(t) = Ilw(t)] (2-34)
z(t) =% [ (e)k(t)] (2-35)
Pit) = z(t) - K (t)y(t) (2-36)
vy (t) = % [r(t)) (2-7)
ul(t) =} (tw(t) (2-10)

e(t) = y(t) - yM(t) (2-13)

PR PR TR RS L e
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TABLE 2-2 CONT.
Augmented e(t) = e(t) + y (t) (2-38)
Exrror a
ngMBH T
Y, (t) = T"u_— [-hit)P(t)-pv  (t)T wit)e(t)) (2-37)
Parameter _):c_(t) = ~T v(t)e(t) (2-39)
Adjustment Law .
h(t) = yp(t)e(t) (2-40)
. k*s B P
Nouinal Control- g*B* _ Tr’p (2-22)
led Plant A* AP-AK*-g BK*
u-°'p y
*
xgx hg B -
Error elt) =(§.§. - “) K" (Bu(t)]
Equation r AM
h*g LB g B L
M M T MM by T
+ ———— [k (t)v(t) 1+ ——— [-h(t)Y(t)-pv (t)T v(t)e(t)]
M% AMM
g*B* ) gMBM
+ (—‘i\"_ ——-—AM )[r(t)] (2-43)

< st
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is a Lyapunov function with

V(x,k) =x (Ag+gz_a_)_:g xT :_T -fiye_- pl'-z-"—?-
| R TR
)
. o .
i ~-€k'v + €h
4 R 2

= 1‘.9_?3-1, e vryvs (2-46)
which proves that k(t) and €(t) are bounded. Note, however, that

now €(t) being bounded does not itself ensure that y(t) is bounded.

P T Tt

The proof that y is bounded is very involved and is performed in

[ 5] and [ 6 ], where it is also proved that 1lim e(t)=0.
t-ro0

2.2.2.5 A Special Case (n*=1)
When the relative degree of the plant, n*, equals one the
algorithm CA2 simplifies greatly. In this case, let

k B
MM be positive real and let L be the identity operator, which

AM M
results in w=y and Y=0. Then eqn. (2-43) becomes
\

*_* . g.B
e(t) = Lo [B_T(t)g_(t)] - ‘XM“ [pw (&) w(t)e(t)]

r

P 9 B

g*s* _um -
+( '\l AM )[r(t)] (2 47)

This error system for the case n*=1 is shown in Figure 2-8.
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r(t)

!

g'B(s) gyBys)
A*(s) Am(s)

Kt A*(s)

w(t) rwit)

| ed(t)'
+
AN

9,4B3(5)

g X 9 -
-

pW (1T ult)

Figure 2-8. Error system for CA2 when n*=1. '
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It can be seen from Figure 2-8 that the only difference
between the error systems for CAl (see Figure 2-3) and CA2 is the
added inner feedback loop in CR2. Although this loop was added for
technical reasons regarding the stabiiity proof it will be seen in
Section 3.4 that the added loop does in general improve stability
properties.

The equations for CA2 in the case where the relative degree of

the plant is unity are summarized in Table 2.3.

2.2.3 Continuous-Time Algorithm No. 3 (CA3)

Algorithm CA3 is very similar to algorithm CA2. The major dif-
L I
ference is that, in CA3, - is picked so that ———— 1is a
M AMM
memoryless system and % has unity d.c. gain. If M is of order p,
L must now be of order p+n* instead of p+n*-1 as it vas in CA2. This

change causes other small changes. The term pg?!_g € is no longer an

input to the equations generating y, so eqn. (2-37) is replaced by

gMBML ; K
ya(t) = —A'—M'—'" [-h(t)lp(t)-l = - goh(t)w(t) (2-48)

where go is the dc gain of the model.
The quadratic expression does, however, appear as a normalizing
term in the parameter adjustment equations. Specifically, egs. (2-39)

and (2-40) become
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TABLE 2-3

EQUATIONS FOR CA2 WITH n*=l and 1-M

g B
Plant y(t) = £— [u(t)) (2-3)
i-1
Auxiliary w . (t) = [u(t)]; i=1,2,...,n-1 (2-4)
. ui P
Variables
i-1
Wyi(t) = P [y(t)]; i=1,2,...,n (2-5)
r(t) | k_(£)
wit) =fw (£)] i kit) |k (t)
- —u - ~u
w (t) k (t)
=Y 4
0 = 2 (2-7)
Model y. (t) = r(t 2-
M Ay
Input u(t) = gT(t)_'vi(t) (2-10)
output Error ' e(t) = y(t) - yM(t) (2-13)
Augmented e(t) = e(t) + ya(t) (2~28)
Error
Iy T
ya(t) i [-pw” (£)T w(t)e(t)] (2-37)
M .
Parameter

Adjustment Law

k(t) = -T w(t)e(t)

(2-39)

e e et
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9 u ®" & D b 1
A N (2-22)
Wi W n < B ™
ate) = e K ()0 v CORCLETBLE
x
)
+ (91‘31 | TR (2-47)
A My
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-T v(t)e(t)
(t) = T ; (2-49)
A+ v (eI v(t)

[t

+yp(t)e(t)
At y_T(t)L'g(t)

e

(2-50)

where Ao is a positive constant.

The proof of stability for this algorithm is given by Morse
*
[6 ]. The effect on the error system of the changes made by
Morse is shown in Figure 2-9 which is the parallel of Figure 2-7 for

CR2. Note that no simplification occurs for the case n*=1 because,

in CA3, % must still have relative dugree one when the plant
does.

It will be seen in Section 3.5 that the normalization of the
error in the parameter adjustment mechanism results in an important
improvement of the system's response to constant inputs in the presence
of unmodeled dynamics.

The egquations for CA3 are summarized in Table 2.4.

= ,
In [ 6 ], Morse proves stability of this algorithm with I=I''. The
version with both T and I'' positive definite matrices allows more
flexibility while Morse's proof holds mutatis mutandis.

o

SR U
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g"BY(s) g,,By,(s)
A* (s Am(s)
A
. g"B(s) h*gyBy(s) |-

edh)

ki A%s)  Ay(s)

go'l‘\'(t)W(l)

Ly(t) )
A +VT(1) T'v(1) |

Figure 2-9. Error system for CA3.
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TABLE 2-4

- EQUATIONS FOR CA3

g B
Plant o y(t) = E— ru) (2-3)
i-1
Auxiliary wui(t) = P [u(t)}; i=1,2,...,n-1 (2-4)
Variables
i-1
wyi(t) = [v(t)]l; i=1,2,...,n (2-5)
x(t) jcr(t)
wit) = v (0] k() k (t)
. ‘ w (t) k _(t)
7 4
M
v(t) = 7 Llw(t)] (2-34)
z(t) = T Iw' (B)k(t)] (2-35)
T ,
PlE) = 2(t) - k' (t)v(e) (2-36)
g B
Model | v, (t) = 22 [r(t)] (2-7)
Input ult) =k (t)wlt) (2-10)
Output Error e(ti = y(t) - yM(t) ' (2-13)
; Augmented Error e(t) = elt) +y_(t) (2-38)
;2 ¥, (t) = -g_h(t)(t) (2-48)
§ Inm

g = e——

° AMI s=0




PO LRI S oy B CR S T e 5 s it o 60

Parameter
Adjustment Law

Nominal Controiled
Plant

Error Equation

k(t

h(t

-87-

) =

) =

;

e(t

) =

ORIGINAL PAGE 1S
OF POOR QUALITY
TABLE 2=-4 CONT. |
=T v(t)e(t) (2-49)
A +vT(£)T v(t)
S (B v
vo(trety (2-50)
A 4T (6)T v(t)
(o] —
k:_g BP
AP;§K*-9 BK* (2-22)
up oy
- h*g B
(%;%—- ———“——’1) K (t)w(t)]
r Py

-h* [k (B)y ()] - h(E)Y(L)

*B*

It

s

A*

Pm

) [x(t)]

(2-51)

e, e b
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2.2.4 Continuous-Time Algprithn No. 4 (CAd)

2.2.4.1 Introduction

The algorithm that will be referred to as CA4 is representative
of the class of algorithms develop:d by Egardt [1lLl]. It differs
from the preceding algorithms in that it prefiiters the reference
input and then uses extra filtering in the control loop to convert
the controlled plant into a memoryless system. The system is shown
in Figure 2-10.

This algorithm is of interest because it provides a continuous
time analogy to many popular discrete-time adaptive control algorithms.
Also, this algorithm provides the designer with a simple yet flexible

controller structure with which to work.

2.2.4.2 Controller Structure

The plant is the same as in the other algorithms and nominally
has relative degree n*=n-m. As before,
9 B(m)

. SO [n(t)] (2-52)

y(t) = -
A(n)

The auxiliary signals.'gjﬁ), are generated by a method similar to
the method used in the other algorithms except that the signals y(t)
and u(t) are first filtered before entering the auxiliary signal
generators and the reference input is filtered by the reference model

before being used.

sty
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Reference
Model
- Y EM(S) YM(')
Am(s)
+¥ elt)
Plant -
gy B (s) ult) |gp B(s)| y(1)
Ap(s) T A
| .
{ 1
L‘;S) L‘g)

Figure 2-10. Controller structure for CA4.
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The equations corresponding to egns. (2-4) and (2-5) are:

»

i-1
S
wlli (t) W’ [\l (t)] i=1,2,....,n-1

sl—l
w . (t) = m) [y(t)] =1,2,...,0

(m)

9Py

wr(t) = YM(t) = —-*TET—'[?(t)

The input, u(t), to the plant is formed by:

ate) = L(n*) [E?(t)ﬂftﬂ

where k is the vector of time-vary'ng gains and w is the vector of

auxiliary signals formed from Wer Wor and gy as was done in the

(2-52)

(2-54)

(2-55)

(2-50)

other algorithms. In CA4 the gaini, k, are not adjusted directly but

are generated from other_adjustablévparameters, £, by

)
o

k(t) = ——X?;;:IT

I [£(t)]

where A(s) is an (n*-l)th order polynomial in s and £° is chosen so

(2-57)

that fg has unity d.c. gain. The parameters f are adjusted by :he

A

equation
w(t)e(t)

£(t) = =
At (E)u(t)

(2-58)

b g s




-9]=
where
€(t) = e(t) + ya(t) - (2=59)

and Ao is a positive constant. The auxiliary output in this

algorithm is simply

v, (t) = h(t)(lc_T(t)-_f_T(t)> wlt) = h(t) (KT (£)-ET (£))w(t) (2-60)

where h(t) is a time-varying gain which is adjusted according to

the following mechanism

. kT (&) -£7 (£))u(t)e(t)

At (£ (t)

2.2.4.3 Realization Issues

A few words must be said about the realizability of eqn. (2-56).
This equation cannot be realized directly since it requires n*
differentiations. Note, however, that an indirect realization is
possible since one has available n* derivatives of w(t) through
its generation (egns. (2-53)-(2-55)) and n* derivatives of k(t) through
its generation (egns. (2-57) and (2-58)). 1In fact, this realizability

constraint is the raison d'etre for eqn. (2~57) and the generation of

ya(t).
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2.2.4.4 Error Equations

By following the same procedure as in Section 2.2.1.4, K;
and 1(; are again defined as in eqgns. (2-17) and (2-18) and the
following equations corresponding to eqns. (2-21) and (2-22) are

hence developed:

k g BLP B N
y(t) =< 3 p* — - g’;}ﬂ")[r(t)] + %;- f(t)_g(t) (2-62)
P-K -
( “)A ngKy r
g*8*  I°u 1 T '
= o Ul AM [!:(t)] + X K (tywlt) (2-63)
- T

®

: . . . *D
For this algorithm, the objective is to make LA-‘—  the nominal

closed loop system equal to a constant gain rather than equal to
B
MM

A
M

|

It can be seen from the pclynomial orders in eqn. (2-62)

repeated below

* {m)_(n-m)_(n-1)
krgp B 'L P
(P(n-l).x: (n-2) ), (6)_ g(m)*(n-1)

P Y

that the extra filtering of L(s) makes this possible. When the system

is properly modeled the error equations can be represented as:

1

= K (Bt (2-64)

e(t) = r
o
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The stability analysis uses the same assumptions as the other
algorithms (Al-A3) from Section 2.2.1.2 &nd'the proof of global

asymptotic stability follows from the use of the Lyapunov function

Te + v (2-65)

V(£,h) = £
The analysis required,aftér the initial Lyapunov analysis establishes
bounded feedback gains,is more involved than the cther algorithms
but the proof outline follows some more intuitive concepts.
In [ 11], Egardt shows that a large output error leads to large inputs
which improves identification. With improved ;dentificétion, the
controlled plant will converge to the desired reference model.

The error system when the Relative Degree Assumption (A3) is
violated is displayed in Figure 2-11.

Notice that when n*=1 and A=£°, the error system reduces
to that of Figure 2-12. The equations for CA4 are summarized in

Table 2-5, and, for the case where the relative degree of the plant is

unity, in Table 2-6.

2.2.4.5 Comments on Problém Formulation

The controller structure of CA4 graphically demonstrates possible
shortcoming of all the algorithms of adaptive control theory which aim

only at achieving certain closed-loop response characteristics for

st
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TABLE 2-5

EQUATIONS FOR Ca4

g B
= 32~ [u(t)]

Plant y(t)
si-l
Auxiliary w .(t) = [u(t)); i=1,2,...,n-1
Variables ut PL
i-1
Wyi(t) = PL [y(t)]l; i=1,2,...,n
g B
w_(t) = ’;M“ [x(t)]
w (8)] k_(t)
wit) =lw (t) | k(t) |k (t)
t
gy( ) Lgy(t)
g
Model v, (t) = ';:“ [x(t)]
Input u(t) = LIK (B)w(t)]
Output Error e(t) = y(t) - yM(t)
Augmented Error
e(t) = e(t) + ya(t)
y, () = h(e) (k" (£)-£" (£))u(t)

n(t) (K (£)-E" (£))w(t)

¢

(2-3)

(2-53)

(2-54)

(2-55)

(2-7)

(2-56)

(2-13)

(2-59)

(2-60)
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Parameter
Adjustment Law

Nominal Controlled
Plant

Error Equations

TABLE 2-5 CONT.

. wit)e(t)
() = —F— (2-58)
A +w (tiw(t)
St (thw
L
k(t) = —— IIE(E)]: L = Als) (2-57)
k It o )
s=0
) (F0)-£7 (1)) wierece)
h(t) = T (2-61)
A 4w (E)w(t)
St (B)w
g*B* k;g BLP ( N
vl = —— ok 2-63
A (x Ku)A gpux
ek
et) = L2220 KT ()w(t) 1+hie) KT (6)-E" (£))u(e)
r

[ 1", ]
+ (9—3- -1) Ly, (&)1 (2-66)

A
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TABLE 2-6

Hryhd:

EQUATIONS FOR CAd with n*wl

g B
¢(t) = -2~ [uit))

8&»1

wul(h) - [ult)); d=l;...,n=1

i~

Wy (8) % S Iy(e) )]s d=1,2,0000m

L

g.B
wo(e) w2 e (e))
) |

w. (&) k, (t)
wit) = Jw (8) ] kit k, ()
3&(e) Ey(t)

e,

o tt) = M )
M AM

ult) = Lk te)we))
al{t) = y(t) - yM(t)

. ~w(t)e(t)

] mA \
J\;_‘s‘. (t)wlv)

"N -
krgpnnp

‘A‘

4

ko ( *p* ) |
i"fﬁ k" tewte] + (L= 1) ty, (8

(2~3)

(2-53)

(2-54)

(2-55)

(2-7)

(2-56)

(2-13)

(2-57), (2-58)

(2~83)

{2-67)
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trasking reference inputs. Input tracking is a problem which can be
solved witiout feedback 1f the plant is known. By filtering the
reference input with the desired closed-loop tranafer function, the
controller may ba able to achieve model matching with very small
feedback gain. Indeed if 1L of egnx. (2-53), (2-54) and {2-56) can be
chosen as the inverse of the plant, the nominal control gains k% will
be zero. While a low gain controller may be desirable in an adaptive
setting due to its stability robugtnows, it is clearly not a “good“
controller in that it will not pexform wall tha fundamental feedback
contrel function of disturbance rejeetion. Sinee the resulis on
adaptive control come mainly from a problem formulation involvinag only
tracking propexrtias much “engineering judgement" must be applied when
attompting to uge these systoms for the usual jobs of feedback contxol
such as disturbance and sensoxr noise xajection. 'The results of this
theais provide insight to form the basis of this engineering judgement

for adaptive control syscems,
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2.3 Discrete-Time Algorithms

2.3.1 Introduction

In this section, three algorithms which perform adaptive control
for discrete-time systems are introduced. All of the algorithms
considered have been proven in the published litexature to be
globally asymptotically stable when the assumptions of the following
subsaction are satisfied. These assumptions are axactly analogous

to the assumptions used in the continuous-time algorithms.

2.3.1.1 Model and Assumg§§png

Assume the plant is described by

gq? p™
n(“)
where
B™ b gt bk b g™ (2-68)
lq ‘s e e m(l s ’ ’
(n) -1 -n : i
A " l*ﬂlq *owah &“q (2 69)

and qml is the backward shift operator. i.e., q-l[u(t)] = u(t-1).
The assumptions used in the stability proofs of the adaptive

control algorithms are:

Al) Xnown Sign of Gain Assumption
The sign of gP is known and, without loss of generiility,

positive.

A AR N
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A2) Nomminimum Phase Assumption

All the zZexoes of B have magnitude less than one.

A3) Known Pole-~Zero Numbers :

The delay, d, in eqn. (2-67) is known as are the degreces

of B and A, m and n respectively.

The assumption on knowing m and n can be relaxed to knowing an

upper bound for m and n, but the delay, 4, must be known exactly.
Knowing the delay is equivalent to knowing the relative degree of
the discrete-time transfer function since the delay is equal to the
number of poles minus the number of zeroes of the transfer function.

Assumption A3 will be used as is in the sequel since, in order to

take advantage of the relaxed version of the assumption, the adaptive
system must be built as if m and n were equal to their upper bounds.
The ~<onceptual idea of using a positive real condition to obtain
Lyapunov stability proofs of these algorithms is the same as in the
continuous-time algorithms and will not be treated here.
What will be treated in Chapter 5, however, is the behavior of the

algorithms when Assumptions A3 and A2 are violated.

2.3.2 Discrete-Time Algorithm No. 1 (DAl)

The algorithm DAl is the discrete-time counterpart of the continuous-

time algorithm CA2. It was introduced by Narendra and Lin (7].
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2.3.2.1 Controller Structure

The structure of the controller is exactly analogous to the
structure of CA2 given in Figure 2-5. The plant is described by
eqn. (2-67). The system will be designed assuming d>1 and n are

known and m=n~-d. The model .is given by

-d _(n-d)
g .4d B
yM(t) = M (n? [e(t)]

Py

as shown in Figure 2-13. Th: auxiliary variables are generated by

-(i+1)
Wui(t) = (n“l) u(t); 1=001'-o-‘n"2
P
at
wyi(t) = (n“l) y(t) H i=o, 1' eee=1
P
where B:"d) divides p" 1)

The scalar control input to the plant is:

ult) = k' (£)w(t)

where k(t) is a vector of adjustable gains. The definitions of

(2-68)

(2-69)

(2-70)

(2-71)

(2-72)

k(t) and w(t) are as usual throughout this work, repeated in eqn. (2-73).

kr(t) r(t)
k(t) ={k (t) wit) =fw (t)
gy(t) gy(t)

(2-73)

e S
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< 1 . Reference
AGE B
8?'?3'6% SUALW: Model
qu-dqd(q-') yM(')
- |
AM\(Q-')
r(t + e(f‘)
Pl:nt +
gpq” PB(g™ ")y
' @ © A(q~)
q-dM(q™")
l"l’“) P(g™" Plq h
um ﬂym
q-dMig~") q"dM(g-1)
Lig~ " Liq™h

Kt aImigh |2

U_gy(t)

+

_Lig™h ‘- .-.p(i)
}—‘.%?-» , =3
Ktv(t) + @ -

ImBma L™

AmaHM(q™

€(t)

e 3K RSN A4 S i 5

X .
pvT()Ty(t)

Figure 2-13. Controller structure for DA1.
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The output error is

e(t) = y(t) - y,(t)
As in CA2, auxiliary signals are fed back into the model. These
signals are generatedusing the filter

4y (k)
L(k+d)

which is chosen so that

(n-d)
L(k+d)BM

(x) _(n)
AH

M

is strictly positive real anl that %- has unity d.c. gain. The

auxiliary signalsare generat:d by:

q—d ()

vit) = =
L(k+d)

Ilw(t)]

=d (k)
q M T
z(t) = ~;?E:ET' [5 (thw(t)]

P(E) = z(t) - kT (E)v(t)

_o(n-d) {(k+d)

g B
yute) = MM L [-h(E)P(t)-y" (B)Tv(t)elt)]
AM M

where h(t) is a time varying gain.

(2-74)

(2-75)

(2-76)

(2-77)

(2-78)

(2-79)

(2-80)
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The parameter adjustment is performed by letting

€(t) = e(t) + ya(t) (2-81)
r
k() =k - -7 L v(v)e(t)) (2-82)
1-q
-1
h(t) = b + —3—— [ry(t)e(t)] (2-83)
l-q

where ' and vy are the constant adaptation gains.

2.3.2.2 Error Equations

As was done with CA2 the system will be analyzed with respect

to a nominal parameter set (k*,h*) with

k(t) = k* + E(t) (2-84)

]

h(t) = h* + h{t) (2-85)

The error equation is derived to be:

-d
: P -4 _(n-4d)
. g*q B* P99 By -
e =\m - @ £ (e)w(e)
r
Ay
hvg B tin-d) LId
* [& (t)g(t)]
A:in)m(k)
gMBén—d)L(k-O-d) ) ]
+ (n)__ (k) ~h(t)P(t)-pv (t)Lg(t)e(t)]
a, M
-4 -d _(n-d
gtq Pt 9 ™Y -
+ A% - (n) ‘ [x(t)] {2~-86)

Ay

B men———
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where the nominal controlled plant is now:

-d n-
* P B* k;ggg P B P(n'l)
A D) latme2). . ¥ . (ni) (2-87)
A(P -q K )-g_& BK*' ¢
: u P b4
In the preceeding equations the following notation was adopted:
dp is the actual delay of the plant (2-88)
-1 -(n-1) ‘
* = k* 4+ x* +eoot k* -89
Ky ™ Fyo T Fnf k¢ (n-1) (2-89)
K _ L ® - x =1 PR -({n-2)
Ky~ Ko * K2@ — +eeot kan-2)9 (2-90)
A sufficient number of degrees of freedom have been left so
that, if the plant'is modeled correctly, the parameters can be.
chosen so that
-dp _ -d B
g*q ¥ B* Wl "m - (2-91)
A* By

i.e., there exists a set of constant feedback parameters for which
the controlled plant matches the model ékactly.

The stability proof procceds using the discrete-time version of
the Kalman-Yakubovich Lemma (see [7,62})). Whether the plant is ‘

properly modeled or not the error system loop is closed by the adaptation

mechanism:
k(t) = k- —3—--1—¥ [rviv)yeen (2-91)
—_— -0 l-q-l —
. i = ‘ :
h(t) = h_ - 7 [wwew) (2-92)

1-q

2 pssis ot © W a a ,

i e S g 2 4 e
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A diagram of the error system is shpyq'i? Figure 2-14. It is an
I3 S

exact counterpart of Figure 2-7. Tﬂﬁ;iqnﬂtléﬁiC£oerAl are summarized

in Table 2-7.

2.3.3 Discrete-Time Algorithm No. 2 (DA2)

The algorithm introduced here as DA2 is the algorithm developed
by Goodwin, Ramadge and Caines [ 10]. It is the simplest of all the

algorithms both in structure and in the proof of stability.

2.3.3.1 Controller Structure

The structure of the controller for DA2 is given in Figure 2-15.

The actual plant is represented by the equation:

-d
ga s

N S
y(t) A [u(t)]
and the reference model is given by:

-d _(m)
99d B

_ M ' -
yM(t) = TV [x(t)]) (2-93)

Py

The system is designed assuming dp=d and the degrees of B and A
are m and n respectively.
Auxiliary variables are generated simply by delayed versions

of the input and output variables, as follows:

.

£5 ST rit s s T

s
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r(t)
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g*a”%BYq™") guquBla~")
A'(g ) A(q-')
|graTe Ba) _ hawa9Bula ] et
k* A" (q7) Am(a™")
1)

| % Mgy Byla™L(q™)

Ay(a~M(g™"

~ N (-1
hV()__ +~ 'QBWQ)UQ)

+ -~ [Anta Mg~

e
- PVINTy(1)
-q .

-1 I;——?‘
1-q
Hrw(t)

Figure 2-14. Error system for DAT.
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TABLE 2-7

SR S S——_

EQUATIONS FOR DAL

-d
sa *,
y(t) = Ee2e fuie))

={i+d)

ORIGINAL PAGE [5
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w“i(t) L 3—-’{;‘—"‘ tu(%’]‘v 1!0.1,.....1\'-2

-4
Wy (B) = T Ty (0] 40,200l imed

r(t)

K, (1)

wie) =lw (6] o k(t) =]k (&)

_\gy(t:)
-dM
w(t) = == zryie)
P T
ait) = =" (t)w(e))

V() = m(e) = X (E)y(t)

-d
9.9 B
...’.‘;..,.A_....._..i‘ (x (&)
M

yM(t) =
u(t) = kK {e)w(e)

a(t) = y(t) = yu(t)

Ey(@)

(2~67)

(2-69)

(2-70)

(2-173)

(2-77)

(2-78)

(2-79)

(2-68)

(2=72)

(2-74)

NN
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TABLE 2-7 CONT.

Auxiliary Error e(t) = e(t) + ya(t) (2-81)
9B .
ya(t) = A:MJ' [-h(t)W(t)-py_T(t)I_ v(t)e(t)] (2-80)
-1 '
Parameter k(t) =k - S__:l (L vit)e(t)]) (2-82)
Adjustment Law 1-q
-1
ht) = n_+ d— [ypwew) (2-83)
1-q
-3 . "dp
Nominal Controlled % P k’g g
plznt 3:9K1-B*= rp BP (2-87)

-1« "dp *
P- K ) A~-¢ KB
(P-q ~ a1 .qu v

_d _d
Error Equation a*q | h*qu Blfln-d) .
| elt) = KVA% K (t)w(t)]
r (n)
Ay
h*g B(n—d)L(k+d)
+ —22 KT (tyv(t)]
A}:n)M(k) - hA
gMBrin-d)_b(kw) i )
+ [=h(£)Y(t)-pv" (£)Tw(t)€(t)]
(n) (k)
AM M
i R q'd 5 (n-a)
P —E. M Jirn) .
A (o) (2-86)

Py
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Wy () = iy i0,1,5.. el (2-94)
W (t) = a9 ae)) i=0,1,...,n-2 : (2-95)
. guBk:m)
w () = = [r(6)) (2-96)
Ay

The scalar control input to the plant is:

u(t) = ko (£)w(t) (2-97)

with k(t) being a vector of time-varying gains and the usual

definitions for k(t) and w(t) pertaining.

k_(t) w_(t)
k(e) = |k (t) wit)=| w (t) (2-98) i
w (t :

‘l_cy(t) | yy( )J

The specification of the algorithm is completed by the addition

of the parameter adjustment mechanism:

~ ¥ _\g'd(t)e(t) ‘ \2-99)
kle) = ]—‘-o - -d T :
l-g l+!d(t)!d(t)
where
e(t) = y(t) ~ yM(t) (2-100)
wylt) = aYwie)] (2-101)

and ygb chosen so that ng< 2 (2-102) 1"'f

ST IR N e e
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2:3.3.2 Brror ‘muat:ionu . : »

.
Since x(t) ia prefiltered by -—— , tho goal of the control

loop is to bacome a dead beat controller, i.e., hava the cloged

.~
pt
loop tranafer function 2,.‘,5%..,_?., shown in the box in Rigure 2«13,

ba a pure delay of d ateps with a unity gain. From Figure 2-15,

we obtain

SEE LI s O R T SR e B a2

-a . “dg
ke P kg q :
9;:“1 R Mi@::'-'lk-' (“?'2))a-q q-aéu w (n=1) (2-03)

If the plant wmodel is an oxact representation of the plant

thexe is enough freadom te achieve

LN -
M W (2-104)

and the plant output will imtch the modael output. Xt will be

shown by an example in Saction 5.1.2.2 that becausa this algorithm
must creata a aaadhga:-;\_t; cor trol loop to match the reference model, it
requires a much highexr gain in the contxol loop than other algorithms.
It is also demonstrated in Section 5.1.2.2 that such high gains

cause problema in the presenca of uumodeled c\yi\mi,aa. The advantago
of t:i\a deadbeat sotup is that the stability proof for such a

systam iz somewhat simpler than for other algorithma. lowever,
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|
apBpa~hq™
Am(q-i)
v
g* B*(q~")q(dp-0)
aq™) ]
PP PRI e (1)
'9 B(q. g P *yd olt)
ke Alq™Y) * |
Y
t-q“‘k_'?'
w(t) [ wy(t)
l+wd7(t)wd(t)

Figure 2-16. Error system for DA2.
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the simplicity of the stability proof is no tradeoff for poor
performance, and the problems of the DA2 algorithm will be
demonstrated in Section 5,2.2.2,

The error equation for DA2 is given below:

-d

*
ety = LA~ [E"(t)g_(t)] +,§

r

g.B g -(d ~-d)
. SiB*q p _l [r(t)]

Ay A

(2-10%)

When the plant model is an exact representation of the plant
the removal of any dynamics except a pure delay in the error
equation results in a stability proof which is simpler than the
stability proofs of those algorithms which must account for
dynamics in the error equations. The error system for the general
case is represented in Figure 2-16. The equations for DA2 are
summarized in Table 2-8.

It should be mentioned here that there is a version of DA2
in which certain kirds of stochastic disturbances are taken into
account in the prcblem formulation [ 4gl. Thevmodifications are
very similar to those that are used in the stochastic version of
DA3 and, since DA3 is a more general algorithm, the effects of

such modifications will be investigated in the context of DA3.

e A ARk
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TABLE 2-8

EQUATIONS FOR DA2

(2-74)

-d
. g9.q »PB
Plant y(e) = B2 u(t)]
Auxiliary w . (t) = g ty(e)] i=0,1,...,n-1
Variables y ,
w .({t) = q-(1+l)[u(t)] i=0,1,...,n-2
ui
g 3
w (t) = 2B 1re))
r A
M
T
Input u(t) = k (t)w(t)
- gq?
Hodel v, (8 = - Me ()]
M
output Error e(t) = y(t) - yM(t)
w_(t)e(t)
Parameter o ki) =k - L _d[_d T ]
Adjustment Law A l-q | 1+gd(t)gd(t)
-d
-d * o)
Nominal Controlled g*q ;? B*_ krgpq B
Plant A - -1 % =dp _«
: 1- K )A- KB
(1-q a gpq Ky
_dp
*
Error System . ce(t) = g—E}KT—B' [ET(t)E(t)]
b o
-(a_-qd)
%% -a (g*B’q |
+ Ay d a*

-1) [x(t)]

(2-67)

(2-94)
(2-95)

(2-96)
(2-97)

(2-68)

(2-99)

(2-103)

(2-105)
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2.3.4 Discrete-Time Algorithm No. 3 (DA3)

2.3.4.1 Introduction

The algorithm DA3 is representative of the algorithms proved
asymptotically stable by Egardt [12 ]. Its structure is fairly
general and it includes many algorithms as special cases[ 14].

The algorithm is especially important because one of the
algorithms included is a version of the Self-Tuning Regulator of
gstram et.al. [28-31]. The Self-Tuning Regulator is a heuristic
scheme of combining on-line identification and control to regulate
a system. Algorithm DA3 extends this concept to what may be
called a Self-Tuning Controller which has the same structure as
a Self-Tuning Regulator but can also follow reference inputs.
Egardt's work not only enabled the unification of the Se1f~Tuhing

and the Model Reference viewpoint of adaptive control, but also

provides the first global asymptotic stability proof of a Self-

Tuning Algorithm,

Although the stability proofs of DA3 hold only when there are
no disturbances present, the algorithm DA3 also represents an
early attempt of a Model Reference scheme to handle any kind of
disturbance. The disturbances coﬁsidered are a very restrictive

class of stochastic disturbances.

-
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2.3.4.2 Plant and Disturbance Models

The plant and disturbance model for the algorithm DA3 is

given in eqn. (2-106).

-d
ga Fg c
y(t) = Eee— uit)] + F tv(t)] (2-1)6)
where v{t) is a white noise sequence and the degree of C is
n < n.
c—. -

The second term in eqn. (2-106) represents a restrictive
class of disturbances consisting only of those stochastic
disturbances formed by white noise passing through a system
with the same pole structure as the plant. Thus, if there is
a frequency with considerable energy present in the disturbance

due to a pole in the disturbance dynamics, the control loop will

have a large gain at this frequency due to the corresponding plant

pole. Thus, the control loop need only adjust to minimize the

effects of {the zeroes of C(s) in the noise dynamics. Indeed, if
C(s) were equal to a constant, co, then the algorithm would be
the same as it would if there were no disturbance at all.

The class of disturbances represented by the second term of
eqn. (2-106) does not include such important and common disturbances
as a constant output disturbance or a deterministic sinusoidal
disturbance. Such deterministic disturbances may arise directly

from the environment such as a disturbance at 60HZ caused by power

e
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lines, or a disturbance caused by anoscillatory mode in an adjacent
subsystem. Deterministic disturbances may also be used to capture
the effects of modeling errors such as outjut load changes.

Since the model for DA3 does not include constant or sinusoidal
disturbances, there is no reason to believe that this algorithm will
behave any better than any other algorithm in the presence of such
disturbance. Indeed, in Section 5.2.5.3, it is shown that such
disturbances will drive the 5andwidth of the nominal controller

of the DA3 algorithm to the point where the presence of unmodeled

dynamics will cause instability.

2.3.4.3 Controller Structure

With the plant given in eqn. (2-106), the controller structure

is given in Figure 2-17. The auxiliary variables are generated by

q-(i+1)
Wui(t) = P(n"l)L(d) [u(t)] J.=0,l,...,m+d-2 (2"107)
-1
= ——1-—-—-—-— i =| - -
wyi(t) p(n-l)L(d) [y(t)] i Q,l,...,n+nc 1 (2-108)
q’igMB:;“) .
wri(t) N T [r(t)] 1=D.1,...,nc§ n (2-109)

The usual definitions are made as follows:




ORIGINAL PAGE IS

£ O s SR bR S e o 360, o AL e R

*€VQ@ 40} 34NIPNAIS 43)|0IU0) L] -7 34nbi4

= e e e e e e
.Aw.. i I" - (1-P) v
|
m “ " :..thm uﬂIU*O
S (,-b)1(,_b)d b
I _
i |
g _ | !
T ¢ | ,:lcvl_:ugn_ = |
(W4 |“ M _ > :-Sﬁx b “
f v | I — /[0y
‘. “ vl_uao AT. )7 A_.l v*v_ ‘“J :lchMEO mY
_..I.I-qﬂul.llulﬂlL.lnll..lllllnl.l.lln.l.l...l —— e e =

ﬁ (R ()X
A



e L -121~
Yitdoaay @ oW ORIGINAL PAGE IS
OF FOOR QUALITY

k
L
| k
k(t) =| =u (2-110)
k
2y
Notice that the dimension of w _(t) and k (t)is n_, the
- 9 c
same as the order of C(s), the zero polynomial of the disturbance
dynamics. These variables are added to handle the colored noise

disturbance.

The scalar control input to the plant is:

L(d)

u(t) = [k (t)w(t)] (2-111)

An auxiliary error signal is created by

e(t) = e(t) + ya(t) (2-112)

e(t) = y(t)-y,(t) (2-113)

v, (6) = h(t) (q Tik()] - q LD wy(t) (2-114)

with walt) = g rwe)] | | , (2-1151%

and h(t) a time-varying gain.

R
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The adjustment mechanism is given by

T w. (t)e(t)
K(t) =k, + =y I — ] (2-116)
1-q Aty (thw, (t)
1 @ ‘rik(t)1-q % Ik(e)1) wy (t)€se)
hit) = h + o1 T ‘ (2-117)
1-q A+ v_vd(t)!d(t)

2,3.4.4 Errér Equations

The system will again be analyzed around nominal parameters
k* with

k(t) = k* + k(t) (2-84)

The nominal control system is shown by the outer box in

Figure 2-17. It is given by:

-a
g*qdp n 9, P KE<L)B P(n l)Lfd) st
A* (p (B"l)_q‘lxa(m'ﬁd-Z))A_gpq"dp BK;(n-bnc-l)
The error equation is:
-a ‘ -dp sdp
*. P ow gBg'q “B* ggq ° B
e(t) = 9‘;{3‘@"‘5@1‘(1‘-)1@'(—“—5—? - “)[r(tn
Av
r M
-1 -d T B, ¢
hitl{a "=q HIkD) " w,(t) + = = [v(t)] (2-119)

Av A

R e S TIRET S a‘
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rq x‘ “
= )
(p~q x"n-q a Poax!

. ** (2=120)

JlE

The exxor aystem is completed by tha addition of the
paramater adjustment mechanimm given by eqna. (2-116) and (2-117).
The exror system is represented in Figure 2-18, The

equations for DA) are summaviged in 'Table =9,

2:3.4.5 Special Cases
with certain cholcea of f£iltera the algoxrithm DA3 can be

made to be equivalent to other well known algorithma as shown

by Egaxdt [14 ).

2.3.4.5.1 Reduction to DA2

If the plant to be contxelled is modeled as having unlty
velat.ve degree, the uerxo polynomial of tha diaturbance dynamioes
is modelaed as a conatant, the DAJ algoxithm my ba made ldentical
to the DA2 algorithm by removing the additional filtering capability
provided in DAJ by the input iilter L and by choosing as awxiliary

varianles lagged versions of the input and output. 'That ia, if

Psl=l; N Qal; Qed (a=121)
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1v(t)

[ Buafa) (g* a% 8%(q"1) ) [c@Bya ]
e A () A DAy @)

g* q~%g*%q"

+ : elt)
? —.ﬁ krﬁ,A'(q") .
' QT(t)

™ (™)

Figure 2-18. Error system for DA3.
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TABLE 2-9

EQUATIONS F(R DA3

-d
" p
9 q B
= J ! - t ) Q
y(t) -y [urt)] + A [v(t))
= (i+l)

wui(t) = Siir———-[\(t)]: i=0,1,...,n+d-2

-i
wyi(t) = _gf_ (y(t)]); i=0.1,...,n+nc—l
-i
q gb
MM .
"zi(t) = T [»{(t)]; 1—0.1.---.nc§n
y_r(t) .‘E,(t)
wit) = | %O ko [A®
!
Lgy( ) Ey(t)

u(t) = LIK (t)w(t)]

e(t) = y(t) - yM(t)

€(t) = e(t) + ya(t) .

¢ (&) = -h(t) (g 2- ‘°)1(x1>T w.(t)
Y, 9 -q )Lkl w,

-d
walt) =q "Ilw(t)]

(2-106)

(2-107)

(2-108)

(2-109)

(2-110)

(2-111)

(2-112)

(2-113)

(2-114)

(2-115)

W
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TABLE 2-9 CONT.

1 (t)e(t)
k(t) =k + —— 1| = - (2-116)
1l-q A +w (t)w (t)
R )nmm wy(t)elt)
h(t) = h_ +—=— (2-117)
1-q , Ao -d(t)!d(t)
-d
q xt PLB
—3-1—3— "2 (2-118)

(P-d K*)A-gpq a; x;s

-d
*_. P

, __d, |
%, P o g.B ‘-
e(t) = 9—%},7-—-‘2 [f(t)g((t)]+ 2 (1-9-1——” -q a) [r(t)]

A

P

- h(t) (g - -d)I[fé(;:)])T © + X ()]
A ¥a A, (2-120)
B ﬁ-q-lkf
K! = _17‘: = —_— (2-121)
v (P-q xu)a-qpq P KyB
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DA2 and DA3 are identical. If more general disturbances dynamics are
allowed through more general C(sj, DA3 is iQentical to a stochastic
version of DA2 given in [48]. The two algorithms differ in the adjustment
mechanisms when the relative degree of the plant is greater than unity.
It will be shown in Section 5.1.3, that the added input filter
L, which is present in DA3,allows the designer an important degree of
freedom not available in DA2. With the proper choice of L, the DA3
system can match the reference model with much lower loop gains than the
DA2 system. It is shown in Section 5.1.3 that the added flexibility
created by the filtering of L allows the designer to create a system
which is better able to match the reference model and maintain stability

in the presence of unmodeled dynamics.

2.3.4.5.2 A Self-Tuning Controller

The algorithm of DA3 can also be made equivalent to what is referred
to as a Self-Tuning Controller. A Self-Tuning Controller which can follow
reference ihputs can be created from a standard Self-Tuning Regulator by
feeding the reference input through the reference model to the output as
suggested by istram, et al., [28]. 1If the filtering of L is removed and -
shifted versions of the input and outéut are used as auxiliary variables}
i.e., if

L=pP=1 (2-122)
in DA3, the DA3 algorithm reduces to a minimum variance Self-Tuning

Controller with extended identification [28,30].

s
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2.3.4.6 Analysis
If the model of eqn. (2-106) represents the plant and disturb-

ances exactly} tha nominal control system of eqn. (2-118) can be

turned into a pure delay, i.e.

o, P .
T4 - q d (2-123)

A choice of parameters which make egn. (2-123) true will

produce perfect model matching if there is no disturbance.

oemsmzer R k- g e S

The effect of a disturbance will be minimized if the para- i
metéra, gr(t). can be adjusted so the nominal feedforward operator
of the reference input

-n

-1 ¢

Ly ok » , * -
kr(q ) 5r° + krlq +o0ot krn q (2-124)

(o]

as seen in Figure 2-17 can be made to match cla™l) of eqn.

(2-106) . This will cause the identical denominator of eqn. (2-118)
and eqn. {2-120) to include C(s) as a factor. The inclusion of C(s)
as a factor in Av eliminates the effect of C(s) in the disturbance
dynamics and minimizesthe effect of the last texrm representing the
disturbance in eqn. (2-119) on thu: error. It has been shown by ﬂstram
and Wittenmark (28] that, if this version of algorithm DA3 with the
filters L(q'l) and P(qul) chosen a3 in eqn. (1-122) converges at all,
it will converye to a system which minimizes the variance of the

auxiliary error, €, bf’eqn. (2-119) .

P TR TR 0
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2.3.5 Normalizing Factors in the Adaptation Mechanism

In egn. (2-99) of DA2 and egqns. (2-116) and (2-117) of DA3
there is a normalizing factor, Ao + gg(t)yd(t). ih,the parameter
adjustment mechanism. As will be seen in Section 5.1.2
and Section 5.1.3, this normalizing factor is important if
the algorithm is to maintain stability in response to constant
reference inputs in the presence of unmodeled dynamics. The
normalizing factor allows an upper boind on the gain of the
error system lcop to be set independent of the size of the
reference input,if the reference input is constant. An upper
bound on the gain of the error system limits the bandwidth of the
error system and avoids the excitation af unmodeled dynamics and
the resulting unstable behavior.

There are versions of DA2 given in [10 ] and DA3 given in
(12 ] in which a stochastic approximation or a least squares
identification technique 3s used for parameter adaptation. These
techniques accumulate the normalizing factor over time so that the
cains in the adaptation mechanism are time-decrecasing and go to
zero asymptotically.

Clearly, an algorithm whose adaptive gains go to zero can no
longer satisfactorily adapt to changing parameters in the plant,

if the changes in the parameters occur after the adaptation gains

58 g, s Sy b S 55
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have gotten very small. This problem is dealt with in practice

T it Vi

by discounting old values of the normalizing factor so that
if the signals in the system are constant, the adaptation gain
will be a steady state value. An example of the use of such a

"forgetting factor" follows:

Suppose eqn. (2-99) of DA2, repeated below

v (t)elt)
k(t) =k, - —L= d I (2-99)
. 1-q A°+!d(t)gd(t)

were :
| Y vgltre()
with
. | ;
g(t) = Ag(t-1) + w:(t)wd(t):' g (0)=0 | (2-125) §

e ab

The paraméter A is the forgetting factor. Setting A%o reduces
eqns. (2-124) and (2-125) back to eqn. (2-99). Setting A
equal to one would produce a time decreasing adaptation gain.
Algorithms with time decreésing dains will hot be considered
in the sequel since we are interested in asymptotic properties
of adaptive algorithm and such algorithm areé &symptotically

not adaptive at all.
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Algorithms with forgetting factors, 0<A<l, will not be
considered separately as these algorithms will react very much
like those algorithms with A=0 for the situations considered
in the sequel. Indeed, if !a(t) is constanﬁ as it is taken to be

throughout Section 5.1, we have

I S ;
g(t) = -5 !a(t)!d(t) (2-126)

and the effects of g can be subsumed in the parameters Y
and Ao of eqn. (2-99).

In addition, the detailed behavior of g(t) is not important
to the heuristic arguments made in Section 5.2. Therefore, only
the algorithms as presented throughout Section 2.3 will be

considered in the sequel.

o s TSN T AT
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CHAPTER 3

CONTINDOUS TIME ADAPTIVE SYSTEMS WITH UNMODELED
DYNAMICS AND CONSTANT INPUTS

3.1 Introduction

In this chapter the behavior of the continuous-time adaptive
control algorithms which were introduced in Section 2.2 is examined
for the case where the plant contains unmodeled dynamics, the
reference input is constant, and there are no external disturbances.

Until the present research, little was reported in the
literature dealing with the important problem of how adaptive
control algorithms would behave,if they were implemented on a plant
whose actual order is larger than the order assumed for the plant
in the adaptive design process, i.e., if they were implemented on
a plant with unmodeled dynamics.

Anderson and Johnson [52,53] and Anderson and Johstone [ 54]
have obtained some results indirectly by showing that, with a
"sufficient excitation" condition, the discrete-time algorxithm DA2
is exponentially stable,implying that the system should be able to
retain stability in the presence of some unmodeled dynamics or
disturbances. There is, however, no estimate of the precise
nature of unmodeled dynamics that are acceptable for the retention of
stability. 1In fact, it is shown in Section 5.1.2.2 and Section 5.2.4 that
the algorithm DA2 will haveserious stability problems in the presence

of a large class 'of unmodeled dynamics.

b v an e e
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A direct examination of the effects of unmodeled dynamics in
the adaptive observer problem has been published by Ioannou and
K kotovic [51,53]. Their research using singuiar pexrturbation
theory displayed that high frequency unmodeled dynamics can cause
significant errors even in the open-loop adaptive observer problem.

Ioannou [52 1 in his Ph.D. thesis* has extended the singular
perturbation analysis for adaptive control algorithm CAl. For
some of the situations where the plant contains very high frequency
unmodeled dynamics, Ioannou has shown that, if the system is
started within a certain region of initial conditions, then the output
error will approach zero asymptotically in the absence of reference
inputs. Thus, Iocannou has deduced the fact that the iinearized erxor
system is asymtotically stable, a fact that agrees with
the analysis of this chapter; he also has derived an estimate of
region of attraction of the linearized error system. However,
Ioannou can obtain results for the standard CAl algorithm for a much
smaller class of unmodeled dynamics than the analysis of:this chapter.
In addition,his results do not predict when instability can occur as
the results of this chapter do. His results were obtained only for
the case of zero reference input.

Ioannou has also analyzed a modified version of CAl; his modifica-
tion will be discussed in Chapter 4. Finally, Ioannou did not examine
the behavior of the CAl algorithm in the presence of disturbances as

we have in Chapter 4.

*
Ioannou's thesis became available to the author during the
preparation of the final draft of his dissertation.
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Preliminary results of the research preiented in this
dissertation have also appeared in the literature. In Rohrs,
et.al., [ 1], simulation studies which displayed the dangerous
effects of unmodeled dynamics on one adaptive control algorithm
were reported. 1In Rohrs, et.al. [ 2 ], the effects seen in [ 1 ]
were displayed analytically for first order systems and a number
of algorithms. The present chapter of this dissertation is an
expansion of the work reported in [2].

Thus, the contents of this chapter represent the first an-
alytical results of the effects of unmodeled dynamics upon a wide

class of adaptive control systems, using an analytical technique
which is shown to be useful both in analyzing the effects of
unmodeled dynamics upon a system with a constant reference inpiit
and no disturbances andg, also, in providing a guide for adjusting
the structure of the gains for adaptive systems to ﬁinimize the
effects of unmodeled dynamics.

From this analysis, backed by simulation resulis, the

following conclusions are made:

e The algorithm CAlL cannot be made to be stable
for all reference inputs unless the forward operator
in the error system of Figure 2-3 can be made to
be positive real. This means that CAl will not be

even locally stable for all constant inputs in the

S g A, W Vi S AT
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presence of a large class of unmodeled dynamics
including all unmodeled dynamics with a pole
excess of two or greater.

¢ With some prior information about the nature of
the unmodeled dynamics, the parameters of the
algorithms CA2, CA3, and CA4 may be picked, using
the analysis technique of this chapter as a guide,
so that these algorithms retain local stability for
all constant reference inputs and no disturbances.*
By local stability, we mean that the system will
remain stable,if the numerical values of the para-
meters that describe the adaptive algorithms are
close, at the initial time, to some nominal set of

parametexis,

The contents of the remainder of the charter are as
follows:

Section 3.2 contains a description of the analysis technique
used throughout the chapter. Sectioms 3.3 to 3.6 contain, respec-
tively, the analysis of algorithms CAl to CA4 for constant reference
inputs with and without unmodeled dynamics. Section 3.7 contains

the conclusions of the chapter.

-
The stability behavior of these algorithms in the presence of
unmodeled dynamics with more general inputs and disturbances
is not encouraging as shown in Chapter 4.

R
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3.2 Explanation of the Analysis Technique Used foxr Adaptive
Systems with Unmodeled Dynamics and Constant Inputs

The adaptive control systems presented in Section 2.2 are non-
linear, time-varying systems. In order to perform some analysis,
in addition to the original Lyapunov-based stability analysis and

to be able to analyze even local stability properties in the presence

of unmodeled dynamics, a linearization technique is used. The

immediate consequence is a linear, time-varying system. By assuming
further that the reference input and, therefore, the model output,
are constant,the system is transformed into a linear time-invariant
(LTI) system. At this point, then, the well known analysis tech-
niques for LTI systems, such as root-locus, Nyquist, Routh-Hurwitz,
etc., can be brought to bear on the aslaptive systems,

The assumptions used in the linearization technique correspond

ta the following situations:

(1) It may be assumed that, at the start of the analysis,
the state and parameters of the adaptive controller
are close to some desired values. Such a situation
could develop when the asymptotically stable adaptive
controller has already been operating for a long
period of time with sufficiently rich inputs and is

therefore close to final convergence.

b AT T M 485 b 5
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(2) It could algo arise when the plant parametors are
fairly well known a priori and the adaptation is
omployed as a fine-tuning mechaniam.

Clearly, any poor behavior under these relatively benign
;ircumstances must be cause for alarm concerning the overall
yehavier of these algorithms,

Ag with any analysis based upon linearization,there is a
finite subset of parameters and signals for which the linearization
will give accurate predictions of the system behavior. There is,
as yet, no ustimate of how large that subset is for the linear-
izations carried out in this dissertation. At various points
throughout this dissertation, the reader will encounter situations
where either the parameters or the signals of the systom move away
from the subset of parameters and signals for which the particular
linearization considered would give an accurate prediction of the
system behavior.

That the linearization analysis is valid only locally, is a fact
of life that one must accept. This shortcoming can be dealt with, as
is done in Section 3.3.5, by performing a set of linearizations around
different operating values to gain moxe global, albeit limihéd, insight.
Many of the properties which have been discovered about adaptive cdntrol

systems operated in the presence of unmodeled dynamics can even be

e e
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displayed with plants that are nominaily first order, More
specifically, systems will be studied and digital simulations

will be presented where the plant is a first order system with
some additional high frequency unmodeled dynamics and the adaptive

controller is designed assuming that the plant is first order.

All of the analysis in this chapter assumes that the
unmodcled dynamics of the plant are known exactly by the analyst.
If only certain characteristics of the unmodeled dynamics are
known (as is always the case), tlie analyst must use engineering
judgement to analyze the adaptive system with scts of specific
unmodeled dynamics which will capture the behavior of the entire
class of unmodeled dynamics which may occur.

The simulations presented in this and the next chapter are

accomplished by converting the continuous system into an equivalent

discrete-time system using a sampling intexval of T=.00l. This
sampling freguency is nearly one hundred times faster than the
fastest signal present,leaving little doubt as to the closeness of
the approximation of the simulation results to the actual continuous
system; in other wordst the instability of the closed-)oop adaptive
control confirmed by computer simulatiors is not due to poor
numerical approximation of a continuous-time system by a discrete-

time systom.

st
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3.3 Analysis of CAL

1.3.1 Introduction

In this section, we present the analysis of algorithm CAl
presented in Saction 2.2.1. It is shown that the linearized
analysis introduced in Section 3.2 is a useful tool for the
study of this algoxrithm.

Based upon the linearized analysis and supported with
computer simulations, our conclusions regarding the CAl

algorithii: are as follows:

® Even in the aYsence of unmodeled dynamics the

algorithm can generate high frequency control

inputs to the plant for sufficiently large cons-

tant reference inputs.
® In the presence of unmodeled dynamics, the adap-
tive system will bacome unstable for sufficiently

large constant reference inputs.

The analysis begins in Section 3.3.2 where a first order systom
with no unmodeled dynamics is studied, followed in Section 3.3.3
with a numerical example of such a system. In Section 3.3.4,

the behavior of the CAl algorithm is analyzed when an adaptive

N TR e R (e
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controller designed for a first order system is implemented on

a plant that, in addition to the nominal first order dynamics,
has an unmodeled high frequency pole pair. A numerical example
of the type of system analyzed in Section 3.3.4 is provided in
Section 3.3.5 and much insight about the behavior of the CAl
algorithm is gained in examining this example. Section 3.3.6
provides a discussion of the analysis technique for higher order
systems. Section 3.3.7 demonstrates the flexibility of the
technique by analyzing a numerical example where the unmodeled
dynamics are non-minimum phase, Finally,'Section 3.3.8 states

our conclusions concerning algorithm CAl.

3.3.2 A First Order System with No Unmodeled Dynamics

Assume initially that the plant is actually first order with

no zeroes, i.e.

9
- B . ~
(8 = SE— el g > o0 (3-1)

Assume also that the adaptive controller is designed using CAl
and assuming properly that n=1 and m=0. The equations from
Table 2-1 become:

[x(t) k (&)

r
v | 2L e (3-2)

w(t) =

s 8 5 1R S en e
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Iy

yM(t) = 7a [xr(t)]
M

Iy 20
u{t) = kr(t)r(t) + ky(t)Y(t)
e(t) = y(t)—yM(t)
k (t) = k L () = -yr(t)e(t)
ky(t) = ky(t) = -Yy(t)e(t)

where I has been chosen as

and

Then

and

r=vyz

~
il
'otﬂ Izta

a-a

L3
»
0

e(t) = M [ﬁr(t)r(tniy(t)y(tn

(3-3)

(3-4)

(3-5)

(3-6)

(3-7)

(3-8)

(3-9)

(3-10)

(3-11)

(3-12)
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Using eqn. (3-3), eqn. (3-12) can be written in differential form as:
e(t) = -ae(t) + gp[kr(t)r(t)+ky(t)y(t)] . (3-13)

The entire erxor system now can be derived from eqns. (3-6),

(3-7) and (3-13) as follows:

e(t) -ay gpy(t) gp:(t) e(t)
da fx @] _l-vyyt&v)y o 0 k_(t) (3-14)
ac | Y - Y

k_(t) yrlt) 0 0O k_(t)

r : ) X

Note that this system (3-14) is non-linear due to the fact

.that
y(€) = y,(t) + elt) (3-15)

so that there are e2 terms on the right-hand side of egn. (3-14).
This type of system has been shown to be stable by Lyapunov analysis

g
as explained in Section 2.2.1.5. Note that ;:E— is strictly positive
M

real. Further analysis has shown that 1lim e(t)=0. [ 3 ].
o

Furthermore, if the signal r(t) is "sufficiently rich" the
whole error system is globally asymptotically stable with a gero

equilibrium point [ 20].
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In order to achieve some insight into the dynamic behavior
of the error system (3-14),a local, as opposed to global view,
will be taken. Assume that the output and parameter errors
ire small and linearize the system aruund zero error. The only
change that occurs in eqn. (3-14) is that y is replaced by

y'-yM. The linearized system is

e(t) aM gpy gpr e(t)

d—. x =] = * k -

i ky(t) Yy 0 0 ky(t) (3-15)
kr(t) -Yr Q 0 kr(t)

If, in addition, it is assumad that xr and hence y* are cons-
tant, eqn. (3-15) represents a linear time-invariant system.

The characteristic equation for the system (3-15) is:

S(sz+ams%gpyd*)-0 (3-16)
where 7
d =y “+rx (3-17)
One pole of the error system (3-15) remains fixed at the
origin while the other two can be thought of as being determined by
a root locus pattern associated only with the (sz+aM§+ngd*) part

of eqn. (3-16) using 4" as the gain parameter; this is illustrated

S T AT A e ) py b 848 a
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in Figure 3-1. The diagram of Figure 3-1 will be referred to

as the d"-root-locus of eqn. (3-16).

From Figure 3-1 and eqn. (3-17) it is seen that for large
constant reference inputs, r, the algorithm produces high

frequency oscillations in some subspace of (e,il.iz) and

through eqn. (3-4), namely

u(t) = k (E)r(t) +k (£)y(t) | (3-4)
in the plant input u(t) as well. Thus, high frequency controls

will be present for large reference input values even when this
input is constant, the plant is first order, and the adaptation

process is in the final approach to convergence.

The pole that is fixed at the origin is associated with the

cigenvector .
0

r

Thus, a constant input is not sufficiently rich to produce
parameter convergence. Instead of approaching zero, the

parameter errors approach a linear subspace defined by

K ' (3-18)

e=0; iy = - v

<
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Figure 3-1. d*—root locus of eqn.(3—16).
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On this subspace, the output error remains zero so that

there is no further adaptation taking place.

3.3.3 A Numerical Example of a First Order System with
No Unmodeled Dynamics '

An example, which will be carried throughout this and the next
chapter, is presented to verify the oscillatory characteristics
of the CAl algorithm,

Assume that the plant is accurately described by the first

order system

v = % e (3-19)

Suppose that the desired model behavioxr is given by:

0 = 3 -
vy (8) = 533 Ix(e)] (3-20)

Figure 3-2 shows the plant and model ouytpyts for a digital
compuﬁer simulation of the non-linear adaptive system CAl. The
simulation was started with ku=ky=ynyM=0, an adaptive gain y=1.0
and a constant reference input of r=2.5. The plant output, y(t),
tracks the model output well after 4 seconds. Note in Figure 3-2
that there is an oscillation in the output error at a frequency

approximately equal to the frequency of w=4,75 rad/sec which is

predicted by the d"-root locus of Figure 3-5. Figure 3-4 shows
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Figure 3-2. Outputs from simulation of CAl with r=2.5.
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O poles when r=5.0

O poles when r=2.5

Figure 3-3. d -root locus of numerical examplé of Section 3.3.:.
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the parameters for this simuldtion:* ‘'The desired parameters which

would maka the controiled plant match the refererice model

exactly for this example are:

* *
= 1.5 k® = -1.0
k Yy

The parameters as seen in Figure 2-4 oscillate at the
frequency of W=4.75 rad/sec. as predicted by the previous

analysis and then converge not to their desired values but to

k_=0.94 k = -0.44 .
r 4

Subtracting the desired parameters from the final values of the

parameters yields the final values of the parametui errors

-kr = 0.56 = ky

since, for this example, y*=r, the parameter errors have
indeed converged to thevsubspace given by egn. (3-18).

ﬁinally, Figure 3-5 shows the outputs for the simulation
carried out with a larger reference input r=5.0. The oscillation
is now twice as fast as before. This is once more predicted by
the d*-root locus. Note from eqn. (3-16) that the frequency of
oscillation of the error system would also double if the adaptation

gain, Y, or the unknown plant gaih, gp, were quadrupled.
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Figure 3-6 shows the time variation of the parameters when

r=5.0. Notice that they now convarggfto «

kz = 1,21 ky = =0.71 ,

a set of values different from those to which they converged
when the simulation was run with r=2.5 but still on the predicted
subspace of egn. (3-18).

Thus we have seen in Section 3.3.2 and Section 3.3.3 that even

when the CAl algorithm is implemented on a first order system with
no unmodeled dynamics and no disturbances,and is presented with
only constant inputs, high frequency parameter oscillations which o ?
give rise to high fregiuency contrnl activity will result for
sufficiently large constant reference inputs.

It will be seen in the iext two sections that such high

frequency control activity will lead to instability in the :

presence of even high frequency unmodeled dynamics.

3.3.4 A Pirst Order Nominal System with Unmodeled Dynamics

Now the effects of unmodeled dynamics will be considered. In
the sequel it will be assumed that an adaptive controller ia
designed assuming that the plant and reference model are both first

order. The behavior of the system will then be analyzed around a

A S DI AT
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desired set of prrrameters for the case where the plant's order
and relative degree are different from what was assumed when the
controller was designed: The immediate discussion will consider
the case where the plant consists of a nominal first order system
plus a high frequency pole pair which is unmodeled in the sense
that its presence is not taken into account in the adaptive
contzoller design. These results will be expanded in Section 3.3.6
to include more general unmodeled dynamics.

Assume that the reference model as given by egn. (3-3) as

in Section 3.3.2 but that now the actual plant is represented

by:
9 a .a
Y . °) ul u2 , _
y(€) (s+a (s+a ) (s+a ) [“(t)] (3-21)
ul u2
where a a _, are either real numbers or complex conjugates

ul’ “u2

with [au1l>|aM| and [au2|>|aM[. The adaptive system is-
designed using éAl with the assumption that the plant is first‘
order with no zero so it is described by eqns. (3-2) to (3-8).

The error equation can be deduced from Table 2-1 and is as follows:

B T :
g*s* MM g*s* [k" (£ w(t)
e(t) = ("‘AT— - —K'M—') [r(t)] + —?— [-——__E;_!—- . (2-24)

where, in view of egn. (2-22)

*
gt _ kggpaulauz _ (3-22)
AY (s+a) '(a+au1) (s+au2)-gpau1au2ky

S — T
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The analysis that follows is valid for any choice of k; and

k;. The motivating choice, however, one that is consistent with

the idea of k; and k; being the desired values, is to pick k; and

. g*B* g,B
kr so that “—g— matches

A% AM'

range as possible. This approach will be demonstrated later in

over as large a low-frequency

an example.

Assume that k; and k; have been choscn and represent

o
L2 .

*p* *
T T (3-23)
S +a28 +3154‘ao
Let
R ¥ 9. B v
ey(t) = (gAf - ;’MM ) [r(t)] (3-24)

be the driving term of the error equation. Note that if r(t)

% %
consists mostly of low frequencies and 335— is chosen to match

the model over low frequencies, the signal ed(t) will correspond
to a small perturbation term. The error system can now be derived

from eqns. (2-24), (2-12), and (3-23) and is as follows:

Dy
k3
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e(t) 0 1 0 0 0 ] Fe(t) 1
a e(t) 0 0 1 0 0 e(t) 0
a—g = . + e.(t)
" ot b et v Lol d
e(t) ao al a2 kr Y k; r(t)|]e(t) ‘0
k (t - 0 0 X
ky( ) vy (t) 0 0 }cy(t) 0
kr(t) -yr{t) O 0 0 0 ﬁr(t) 0
b - e d b -— by ™

(3-25)

Equation (3-25) can be linearized around the zero error
condition as was done in egn. (3-14), which agzin simply replaces y
with y*=yM . Assuming tlat r and,consequently,y* are constant,

renders the system linear and time-invariant. The resulting charac-

teristic equation is:

*

2
;s +aIs+a;) + %1- ya*)=0 (3~-26)
r

S(s(53+a

*
with d* Q r2+y 2 (3.17) as before.

Again, there is a pole of the system (3-25) fixed at the origin
associated with a subspace in the parameter space where no further
adaptation occurs. Now, however, the d*-root locus of egn. (3-26)

contains a third-order pattern so that, for 4" large enough, the
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error system will not only be oscillatory but will also become unstable.

This is true even when r and y* are constant and the system starts

near the desired parameter set.

3.3.5 Numerical Example of a First Order Nominal System
with Unmodeled Dynamics

For this example, we add an unmodeled pole pair at S--lS:?j
to the plant considered earlier in Section 3.3.3. The plant is

then described by:

2 229
ylt) = ( )( ) [u(t)] (3-27)
s+l J\ s24308+229

Let the model be as before:

=3
yM(t) —(s+3) (x(t)]

3.3.5.] Linearizing about a Desired System

One reasonable way to pick the point in parametexr space about
which to analyze the system is to choose k; so that 2;%: has
one pole which matches the model pole at s=—3)and to let the high
frequency poles go as they may (zusuming, as is the case, that they
will remain well within the stable region and at a higher frequency

than the poles of the model).
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Substituting the values of eqn. (3-27) into eqn. (3-22)

vield the equation of the nominal system for this example

¥

w
*p* kr 458
s +31s +2595+229-459k;

The root locus on k; for the poles of eqn. (3-28) is shown
in Figure 3-7. At a value of k; = -O.Gs‘the dominant pole of the
nominally controlled plant will match the model pole. Substituting
the value k; = -0.65 into eqn. (3-28), the poles of the nowinally

controlled plant are found to be located at

Two poles have remained at relatively high frequencies so with
the proper choice of k;. the naminally controlled plant,matches the
model closely over a broad range of low frequencies. A value of
k; = 1,14 will »roduce the desired unity d.c. gain, and the nominal

controlled plant then becomes:

LI
gB_ . 525

¥ 3 2 .
§ +31s"+25954525

(3-29)

Using this as the desired system, the characteristic equation

of the error system bacomes, according to eqn. (3-26)

sis 318 2505245255 +458ya% ) =0 (3-30)
A value of y=] will be used in the sequel. The a*-root locus of

egn. (3-30) is given in Figure 3-8.
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The linearization about this particular choice of k;, k;

predicts instability when a*> 8.95 which will occur when the
reference input, r, is such that r >2.11. Figure 3-9 shows the out-
puts and the parameters of a simulation run with r=2.5. The initial
conditions of the simulation were ky=-0.6, kr=l.0, Y=1.0, and the
plant and model states had zero initial conditions. The linear-
ization with the desired system given by eqn. (3-29) predicts error
system poles at 0.34 +j4.7 and -15.8+j2.7. The simulation results
of Figure 3-9 indicate a stable system with an oscillation at the
frequency of around w=f rad/sec. The results also indicate that
the parameters have converged to the values k; = =1.,57 and
k; = 2.08. Thus the linearization around the initial set of para-
meters, k; = =0.65 and k; = 1.14, does not give an accurate prediction
of the system behavior when the parameters have moved to the values
k; = -1.57 and ky = 2.08.

Note that with the system converging to k; = -1.57 and k; = 2.08
the poles of the nominal control system as defined by eqgn. (3-28)
have moved to

=-20.7; s=-5.15% j4.4; s=-5.15-34.4

so that the nominal control loop no longer matches the reference model

but is of a higher bandwidth.




s.6
~d

2.7

SuTPUT
1.8

~162~

ORIGINAL PAGE 18
OF POOR QUALITY

0
l.'n
.

i.1 1.0 2.§
J

1

PRAAMETERS
.u
1

2 "N 5.0 ) 10.8 e 1ee 1.8 ™0

ae

L |
)

-3.0

3.2

2.0 Y 8.0 ) . 1Ze ) 158 19.0

Figure 3-9. Simulation of CA1 with unmodeled dynamics and r=2.5.

0

N R T T



oo pmmg e e

-163-

Thus the analysis of this subsection show that although the
control may remain stable for constant reference inputs that are
larger than r=2.1l1, it cannot be expected to match the reference
model for inputs of this size. If a reference input larger than
r=2.11 is used, the linearization around the set of parameters which
wili produce good hodel matching is unstable, so the system must

necessarily move away from this set of parameters.

3.3.5.2 Linearizing about the New Parameters

By linearizing the plant around the parameters
k; = -1.57; k} = 2.08 (3-31)
to which the simulation of Section 3.3.5.1 ewventually converged
the asymptotic behavior of this simulation can be explained.
With the parameters of egn. {(3-31), the nominal controlled plant
of egn. (3-28) is

L2°F )
g8 950 (3-32)

A s3+3152+2595+950

‘Substituting the proper values for the nominal controlled plant
and d%*=12.5, corresponding to r=2.5, into eqn. (3-26) yields the
characteristic egquation for the error system linearized around the
parameters of egn. (3-31) with r=2.5

s(s4+3ls3#25932+9505+5725)=O
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This equaiidn has a dominant pole pair at s=-0.3+35.2 which

corresponds well to the results of the simulation.

3.3.5.3 Using Linearization to Predict Instability

As was mentioned in Section 3.2, a 1inearization technique is,
in its essence, a local technique. If a linearization about a specific
set éf parameters is unstable, then it shows conly that the adaptive system
will not converge to that set of parameters. If a reference input
can be found so that the linearization around any set of parameters
is unstable, then it follows that the adaptive system will not
converge to any constant set of parameters. It is possible that the
algorithm may maintain stability by moving among parameters sets.
However, it is the experience of the author, attained through
simulations, that this pitenomenon does not occur. Thus, the derivation
of the numerical value of a constant reference input,for which no set
of parameters which produce a stable linearization,can be found,will
be taken as a prediction of instability. Such a prediction must be
verified by simulation.

For the example of this section (Section 3.3.5), a reference
input (equivalently, a value of d*),far which there is no set of
pinameters which produce a stable 1inearization,can be found analytically

by applying the Routh-Hurwitz test for stability to the following equation

S4+3ls3+25982+(229-458k;)8 + 458a%=0 (3-33)

B T
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This equation (3-33) is derived from eqn. (3-26) for this example.

Its roots are the poles of the error system linearized around

ki

Y

The Routh-Hurwitz test leads to three stability conditions,

all of which must be satisfied.

229—458k; >0

(259)(31)-(229-458k;)> 0

.2
- (229-458k*)
31

+ 259(229—458k;)3,(31) assa*

From eqns. (3-33) and (3-34), one finds
-17.03 < k; < 0.5

The left hand side of ineq. (3-35) is maximized for

k; = -8.26 which in turn implies

*
d <36.62

(3-34)

(3-35)

(3-36)

(3-37)

Equations (3-36) and (3-37) must be satisfied simultaneously

in order for the error system to have a stable linearization.

When k; > 0.5 the nominal system is unstable and the d*-root

locus of the error system cannot return the poles to the left-hand

plane{

—
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Figure 3-10b shows that when k; is negative and small in magnitude,
the d*-root locus moves the poles arising from the modeled portion of
the plant and the adaptation mechanism into the right-half plane. When
k; gets too large and negative, either the d*-root locus moves the
“unmodeled” poles over the jw-axis as shown in Figure 3-10c, or, k; is

large enough to have already created unstable poles out of the "unmodeled"

poles.

The marginally stable condition of d*=36.62 corresponds to a
constant reference input r=4.28. The marginally stable oscillation
will occur at w=11l.4 rad/sec.

The nominal system for this most stable configuration is

obtained from egn. (3-28)

g's" 3996
A% | (s+27) (s+2+312) (s+2-312) (3-38)

Thus, the nominal system has moved to a high bandwidth system in
order to maintain stability in the error system.

Figure 3~11 shows the output and parameters of a simulation
with the same initial conditions as the simulation of Section 3,3.5.1
but with r=4.1, which should lead to a stable system. Note the
characteristic frequency of about 1l rad/sec in the plant output and
the convergence of the parameters to ky=—8 and kr=8. This is as
predicted as k; is within the small range of values satisfying

eqn. (3-35) for the value of d* used.
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jw

20

>0

-20

*
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Figure 3-10c. 'S’ iarge and negative.
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Figure 3-10. d -root loci of eqn.(3-33) for different ky conditions.
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Figure 3-11. Simulation of CA1 with unmodeled dyn‘amlés and r=4. 1,
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Figure 3-12 shows the outéut_qﬁﬁa giyﬁlg}ion with a constant reference
input r=4.3 for which the Routh-Hurwite test predicts that there is no
nominal system for which the error system is stable. The oscillations in
the output decrease in the carlier stage, as the parametersmove to a more
stable configuration but, since all configurations are unstable, the error
system eventually becomes unstable. Only the onset of instability is
shown in Figure 3-12 but a continuation of the simulation shows that all

signals "blow up" quite rapidly.

3.3.5.4 Summary of Results

Through the use of an example, for CAlL, we have demonstrated that
the linearization technigue of Section 3.3.4 is a powerful tool in the
study of adaptive control algorithms with constant inpuhs and no dis-
turbances. The following use of the linearization tachnigque has been
demonstrated in this example:

¢ The linearization technique can be used to astablish
if anadaptive system can possibly converge to a
particular set of parameters as was done in
Section 3.3.5.1.

e The linearization technique can be used to prediect
the asymptotic hehavioxr of the plant output and
parameters as the parameters approach constant

limits as was done in Section 3.3.5.2.
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Figure 3-12. Simulation of CA1 with unmodeled dynamics and r=4. 3,
(System eventually becomes unstable.)
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¢ The linearization technique can be used to predict
possible systém instabilities for certain constant

reference inputs as was done in Section 3.3.5.3.

Instability is predicted by finding reference inputs such that
there is no set of parameters which produce a stable linearization.
Such a reference input may or may not exist depending upon the actual
dvnamics of the plant, the design of the controller and the reference
model. If such a reference input does exist, it may be found by the

following method:

1. Find the characteristic polynomial of the error system in
terms of the adaptive system parameters and the reference
input as was done in egn. (3-33) in Section 3.3.5.3
(where the equations is in term of d*=2r2).

2. Find conditions on the parameters and reference input
that are necessary so that the characteristic equation
of the error system has only left-half plane zeroes,
using the Routh-Hurwitz test.

3. PFind the values of reference input for which the

conditions found in Step 2 tannot be satisfied.

This method mavy require a great deal of computational effort for
higher order systems, but will always produce all the values of

reference input for which no set of parameters which produce stable
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lincarizations exiat. Other mothods,such as that used in Section 5.1.2,2,1

may be used to demonstrate that a particular value of reference input
will not be able to produce a stable linearization,

In addition to the demonstration of the use of the linearization
technique, the example of this sectiorn demonstrated certain problems
with the algorithm CAl. These are summarized as follows:

® In the presence of high frequency unmodeled dynamics,
the algorithm CAl may become unstable when a cons-
tant reference input,which is too large,is used.

¢ In the presence of high frequency unmodeled dynamics,
there may be a class of reference inputs which are
not large enough to cause instability but which are
large enough so that the algorithm CAl will be unable
to match the reference model, (thus defeating the

entire philosophy of model reference adaptive control).

3.3.6 Analysis of Higher Order Systems Using CAl

The linearizatioh technique which was used on nomirally first order
systems is now extended to high order systems. The adaptive controller
is designed assuming that the plant has n poles and m=n-1 zeroes, so
that the relative degree of the system is assumed to be n*=l,allowing
the use of CAl. The system is then analyzed using the actual plant,

9P

! which contains unmodeled dynamics as well as the nominal system.

o pag et

"



173-  ORIGINAL PAGE (3
OF POOR QUALITY
The error system is shown in Figure 2-3 and the relevant equations
appear in Table 2-1.
As in the first-order case of Sections 3.3.2 and 3.3.4 the
analysis consists of first linearizing the adaptive system around
some nominal set of parameters and signals.

Assume that

y(t) = y*(t) + Sy(¢t) (3-39)
whe: ¢ P

y* (&) = L= [r (o)) (3-40)
so that y*(t) = yu(t) ‘ (3-41)
Then A (t) = g;(t) + sSg_y (t) (3-42)

* si-l
B e— * -

where wyi(t) L@D) [y"(t)] (3-43)
Also assume that

u(t) = u*(t) + Su(t) (3-44)

where u*(t) is such that

gB
y*(t) = -%- fu* ()] (3-45)

“Then
= wk -
wk (t) w*{t) + Sw (t) ' (3-46)

[ —
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Linearizing the error system of Figure 2-2 around gf(t), Ef(t)
simply replaces (t) with gf(t). Further assuming that the
reference input,r, is constant,so that y* is constant and w* is
constant allows the error system to be manipulated into the form of

Figure 3-13. Remembering that the magnitude of the scalax

Ya* = W' T w* >0 (3-47)

—

is controlled by the magnitude of r and, therefore, that ya»

can assume any value, one is led to the following theorem.

Theorem 3.1: The algorithm of CAl is globally asymptotically

*p*
stable only if there exists a k* such that 232— is positive real.

Proof: For the nonlinear error system to be globally asymptotically

stable ,the linearized error system of Figure 3-13 must be asymptotically
stable for all values of d* =»ng T w*. Note first that if A* has
unstable poles, there exists a d* small encugh so that the system of
Figure 3-12 is unstable. If A* is stable, the Nyquist Criterion shows
that, in order for the system to be stable for all d*, the Nyquist plot

*gx
of E%KEE must never cross the negative real axis; for this to be
¥ g*B*
true,the Nyquist plot of X must never cross into the left-half

*p*
plane so that SK%_ must necessarily be positive real.
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Figure 3-13. Linearized error system of CA1 with w constant
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Remark 1l: There are many proofs, e.g. [3-6 1, of the sufficiency

of a positive real condition foriglobih*isyggtbtic stability of
yTigat AUUS A
adaptive control algorithms. This is the first proof of the

necessity of this condition.
Remark 2: From egn. (2-22) it is seen that the relative degree of

323: is equal to the relative degree of the plant. Thus the plant
must have relativg degree equal to 0,1, or -1 in order to have
global asymptotic stability. This will not occur for physically
realizable plants since physically realizable plants must be of
‘at least relative degree two to sahtisfy the Horowitz criteri; [64].
é‘ ' Besides showing that ?here are some inputs for which global
asymptotic stability is lost, the analysis leading to Figure 3-13 also
can be used for a local aﬁalysis of the behavior of the adaptive system
with constant inputs as did the specific analysis, performed earlier in
this section,for a first order plant. 1In fact, Figure 3-13 provides
the basis for the generalization of the d*-root locus analysis con-
sidered earlier. This analysis will include the CAl adaptive system
where the design is carried out as if the plant has relative degree

equal to one, while, in actuality,the real plant consists of a relative

degree one system in series with a set of stable unmodeled dynamics.
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It can be seen from Figure 3-13, eqn. (3-47) and the definition
of w from Table 2-1 that the gain of the error system loop of CAl
is roughly proportional to the square of the magnitude of the reference
input. It is when the gain of the error loop becomes large that the
bandwidth of the error system becomas large,and the unmodeled dynamics of the
nominally controlled system can become excited,causing instability.
The gain of the error system loop could be set independently of the
size of the reference input,if the adaptation gain matrix of eqn.

(3-47) were made to contain a normalig%ggﬁfactor, such as

I = —YL—15 o
w (t)w(t)

Such a normalizing factor would allow the prudent system designer,
with some knowledge about the unmodeled dynamics present in the plant,
to design a linearized error loop gain which would maintain stability
for all constant reference inputs,if there were no disturbances.*
Unfortunately, the stability proof of CAl does not allow for such
time-varying adaptation gain matrices. Algorithms CA3 and CA4 do include
such a normalizing factor and have much improved stability properties
for constant reference inputs and no disturbances,as will be seen in

in Section 3.5 and Section 3.6.

®

The case where more general reference inputs and disturbances are
allowed does not allow for such a simple modification to improve
stability properties,as will be seen in Chapter 4.
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3.3.7 Numerical Example with Nonminimum Phase High Frequency
Unmodeled Dynamics

The following example illustrates the use of this analysis when
the unmodeled dynamics are non-minimum phase. This is of interest
since such unmodeled dynamics may represent time delays. It is also
of interest since now Assumption A2 of Sectioun 2.2.1, as well as
Assumption A3, is violated by the unmocdeled dynamics.

Consider the same first order system considered in Section 3.3.3,
given by eqn. (3-19) but let the plant include unmodeled dynamics
represented as:

®y = eiio) (-4

The system (3-48) happens to be a fi¥st order Pade approximation
of a 0.2 second time delay, but it will be considered here for its
own sake as a non-minimum phase system. (Time delays can be handled
directly from Figure 3-13 by use of Nyquist concepts or direct
transfer function calculations).

The actual plant is then described by

9%° _ _-2(s-10)

(s+1) (8+10) (3-49)

di

" s

Y A T St
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while the model is given by: - "+
g B
MM _ 3 3
Am (s+3) (3-50)

With the degrees of freedom that we have, the relative.degree

n*=1 assumption allows us to define the nominal controlled plant.

- * -
gk 2k} (s-10)
gxw— = 3 (3-51)
s +lls+10+2k;(s-10)

The k*-root locus for the desired system appear in Figure 3-14.
The d*-root locus is shown in Figuxe 3-15 starting with the "desired"
poles represented by boxes on Figure 3-14.

As was the case in the example of Section 3.3.5,the nominal
system which is "desired" to closely match the model may. lead to an
unstable error system whereas another nominal system may have stable
arror dynamics. In order to predict instability, one must find a
value ¢ £ d* for which no nominal system is stable. The poles of the
linearized error system shown in Figure 3-13 are derived from that

figure using eqgn. {3-51):

s34 (11+2k;)52 + (10-20k*-2d%)s + 204*=0 (3-52)

Performing the Routh-Hurwitz test on eqn. (3-52) shows tnat
all linearizations will be unstable independent of k; and k: if

a* > 11.7 | (3-53)

-
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*
Figure 3-14. ky-root locus of eqn. (3-51).
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The value of d* given in egn. (3-53) can be translated into the
value of reference input ;‘Qgé‘which‘éhere will be no values of
k; and k; which can produce a stable lineariz;tion. The. eqn. (3-47)
aﬁd the condition y=l, shows that the value of r corcesponding to

eqn. (3-53) is

r >2.4
If the value, a*=11.7 1is used, eqn. (3-52) showsthat a stable

linearization is produced only if

ky = -3.1

Figure 3-16 shows the results of a simulation run with r=1.0.
The parameters converge to k; = =-,3, k; = .8 and the error system
shows a characteristics frequency of Ww=2.1 rad/sec. as predicted by
eqn. (3-50) with the above value for k; and d*=2.

Figure 3-17 shows the results of a simulation with r=2.,0. This
value of r is getting close to one for which there is no stable
linearization. Note how after the initial non-minimum phase behavior
the parametersrapidly settle to levels which will maintain stability.
The parameter k; cannot converge to the value k; = =0.54 which
would make the controlled plant match the model because for this
large a reference input the 1 nearization around k; = -0,54 is
unstable. Naturally the oscillation frequency of the error system is

much higher in this case as the linearization predicts.

i AN ST
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Figufe 3-16. Simulation of CA1 with non-minimum phase
unmodeled dynamics and r=1.0.
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In attempting to simulate the system close to the stability
limit of r=2.4,it was found that the system went unstable during
the large overshoot in the transient phase not covered by the linear-
ization. When the initial parameterswere picked to be closer to
what must be their final values if the system is to converge, the
linearization technique predicted the behavior well. Figure 3-18
shows the results of a simulation with r=2.3 and the initial values
of the parameters, kg = -2.0 and kr = 2.5, The simulation shows
that there is indeed a stable linearization possible with r=2.3.

Thig experience with the simulation converging for some initial
values of parameters but not for other values of the barameters reminds

us that the analysis used here is a local analysis. By the existence

of anunstable linearization we may conclude that the system cannot

converge to the parameter and signal values around which the linear-

ization was made; however, by the existence of a stable linearization we

may not conclude that the system will indeed converge to the parameter
and signal values around which the linearization was made, because the
system may never enter the subset of parameter and signal space around
which the linearization is valid. Thus the linearization analysis of

this chapter may be used to determine possible situations of poorx

behavior but it cannot ensure good behavior for the non-linear adaptive

system.
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From the exampie of this subsection, we have seen that the
linearization-based analysis can be extended to include cases where
the unmodeled dynamics of the plant include non-minimum phase
characteristics and the results in this case are very similar to

the results when the unmodeled dynamics are minimum phase.

-

3.3.8 Summary of Section 3.3 on CAal

In Section 3.3, we have shown that the linearization technique
introduced in Section 3.2 is a valuable tool in the study of algo-
rithm CAl when the reference input is constant and there are no
disturbances. The linearization analysis, verified by simulation

leads us to the following conclusion about CAl:

® Everi when the plant model upon which the adaptive
design is based is a perfect description of the
plant dynamics, large constant reference inputs
may cause high frequency control activity.

® When there are unmodeled dynamics present in the
plant, large constant reference inputs may cause
the algorithm CAl to be unable to perform its main
task of following a change in reference input in the
same manner that a reference model does. As the
reference input further increases,instability may

result.

S

Sy s
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® The two properties mentioned above are caused by
the fact that the error loop ¢ain and thus the
bandwidth of the error loop increases with in-
creasing reference input. It is not allowable
within the constraints of the CAl algorithm to
counteract the increasing érror loop gain by
including a normalizing factor in the adaptation

gain matrix.
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3.4 Analysis of Ca2

3.4.1 Introduction

In this section, the linearization analysis which was introduced
in Section 3.2 and applied to algorithm CAl in Section 3.3, will be
used to investigate algorithm CA2. The major difference in the
stability analysis between algorithms CAl and CA2 is due to the
added feedback loop in CA2 as shown in Figure 2-~7. ‘This inner loop

feeds the auxiliary error signal, €(t), back through a gain,
T
py (BT v(t),

where p is a positive constant chosen by the designer, and then back

to €(t) through the positive real system,

g B
Iyt

Byt

The additional loop was included in CA2 in order that the first
derivative of the adjustable parameter be square integrable,
satisfying a technical condition in the stability proof [5]. From the
analysis of this section, we will be able to make the following
conclusions about CA2:
® The inner error loop provides the designer with a
parameter, P, with which he can tradeoff improved
stability properties in the presence of unmodeled

dynamics against the speed of adaptation.
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¢ The algorithm CA2 can, for a specific set of
unmodeled dynamics, be made to have a stable
linearized error system for all values of constant
reference inputs.

e By selecting the value of p conservatively, the
algorithm CA2 can be made to have stable linear-
ized error systems for all constant reference
inputs in the presence of a wide range of unmodeled
dynamics. However, a conservative choice of p
will cause the adaptive system to adapt very

slowly.

It is important to remember that the existence of stable linear-
ized error systems for all constant reference inputs does not

guarantee that the non-linear error system will be stable for cons-

tant references inputs. Instabilities may still result if the

initial values of the parameters and signals in the system are too

far from the values about which the linearization is performed.

e

e
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3.4.2 Unity Relative Degree Analysis

We consider the special case of CA2 where the adaptive controller
is designed assuming that the relative degree of the plant is unity,‘
i.e., n"=l. It can be seen from Figure 2-7 and the equations of
Table 2-3 that in this case CA2 differs from CAl only in the additions

of an inner feedback loop in the error system.

3.4.2.1 The Linearized Error System

Using the same technique of 1ir;earizat,ion with constant input as
in Section 3.3, the error system is reduced to that of Figure 3-19%a.
In Figure 3-19b, the system is redrawn, incorporating the usual

definition

ya* = w © I w?* (3-54)

and showing that, for constant inputs, the effect of the additional

fn %
feedback loop is to replace ;%3%;- from CAl, with
r
*B*a +pg k*B A*s
s - g, Db T AP (3-55)
E krA s AM krA AMs

in the linearized error feedback loop.

3.4.2.2 Discussion of the Inner Loop

There are two important properties of the inner loop of

Figure 3-19a,which give rise to the second term in egh. (3-55).

1) There is no integrator in the inner loop.

R B T AT I I AT I £ L%

N
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Even in the case where there are no unmodeled dynamics, the
outer loop of Figure 3-18a which CA2 has in common with CAl must
have a loop transfer function with a pole excess of at least two-
one from the nominal conirolled plant and one from the integrator.
The proportional feedback term of the inner loop will give rise
to a zero in the error system which was not present in the solely

integral loop of CAl.

2. The inner loop does not feedback through the
nominal controlled plant which contains un-

modeled dynamics but it feeds back through the model.

éince the model is chosen to have relative degree of unity, the
systen, SE of egn. (3-55) and Figure 3-19b will have rela#iVe degree
of unity. Therefore, the system will not become unstable due to a
large gain.

Indeed, the model is chosen to be positive real. For any given

*ok
nominal control system, g;—;— ¢+ P can be chosen. large enough so that

k”A
r
the second term of egn. (3-55) will dominate the first term to the

point that the jystem of Figure 3-19b will be stable for any constant

a*. 1In practice, this means that, by choosing p large enough, the

linearized error system can be made stable for a large class of

unmodeled dynamics and a large class of constant reference inputs.

< -3

e

s i
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It is important to notice; however, that the increased ability to maintain
stability in the presence of unmodeled dynamics attained by increasing
p is not attained without a tradeoff. As p increases,the size of the
error becomes smaller for any nominal control system due to the larger

inner loop gain. From Figure 3-19a we can derive that

elt) = ——-é.—;;;;;- [e' (e)] )

1P
Pw

The signal €'(t) reflects how well the plant is matching the
model. The above equation shows that as p increases the signal
€(t) which drives the adaptation mechanism becomes small even if the
actual error represented by €'(t) is large. Thus,large values of

p will cause slow adaptation.

3.4.3 A First Order System with No Unmodeled‘ﬁynqgécs

3.4.3.1 Analysis

Examine first the case where the plant is really first order

so that Assumption A3 is satisfied and the model is

9B g
M. ' (3-56)
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Then <— can be made equal t6TEhALIAN < Linearizing about

this nominal system yields.

1 It
S, ={—=%—+p)l— (3-57)
E (krs ) A,

The characteristic equation of the error system is:

2 + ya* (g ps+ i (3-58)
g +aMS Y QMP ;;;'

The da*-root locus now contains a zero, whose location can be
controlled by P, using some a priori knowledge of gp. The zero

is located at

-1 _gp
*
kP g

(3-59)

n

A typical d*-root locus of egn. (2?-+3%) is shown in Figure 3-20.

Note that as p is increased, the wizg controlled by p moves toward
the origin and the problem of high frequency oscillations in the
error system and the plant input is alleviated. However, as p is
increased, it begins to limit the speed of response of the error
system, because, as the zero moves close to the origin, a pole of the
error system will then be trapped near the origin producing an
extremely sluggish adaptation mechanism. It is important to stress

that the zero controlled by p is not a transmission zero of the error

s

tamampts o= i s
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Figure 3-20. d -root locus for numerical example of Section 3.4.2.2.
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system which can cancel an errcr system pole. Rather, it‘is a
zero only in the context of determining the d*-root locus of

eqn. (3-58).

3.4.2.2. Numerical Example with No Unmodeled Dynamics

The example of Section 3.3.3 was simulated using the algorithm
CA2 with p=.13. For this example, it:his value of p places the
d*-root locus zero at about s=-5,so that the locus is as in
Figure 3-20. The result where r=2.5 is shown in Figure 3-21.

Compared with Figures 3-2 and 3-3 the system oscilates more
slowly and is better damped as expected from the analysis. Figure
3-22 shows that when the input is turned up to r=5.0,the system
behaves better rather than worse,particularly in contrast to what
it did in Figure 3-4 as explained from the position of the poles in

the error system in the d*-root locus of Figure 3-20.

3.4.4 A First Order System with Unmodeled Dynamics

3.4.4.1 Analysis
Wher. there are unmodeled dynamics in the plant,the poles of the
linearized error system are determined by the characteristic

equiition upon which a d*-root locus can be performed

- g . ;
A*AMs + Yd*DgM (BMA*S PR Bf‘au) =0 - (3-60)

Pay
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The zeroes of the first term of eqn. (3-60) are the poles of
the d*-root locus. The zerces of the d*-root locus are found by

finding the solutions of P

g ,
® —P_ B*a a -
BMA s + pgu B A&’o (3-61)

The effects of the choice of p upon the zeroes of the d*-root
locus can be investigated by performing a root locus on eqn. (3-61)
using p (or, equivalently, 1/p) as & parameter.

Through these root locus techniques the designer is guided
how to choose the parameter p in order to maintain stability in the
presence of a specific set of unmodeled dynamics provided that the
system is in the neighborhood of a specific linearization point.

The designer must use engineering judgement in applying the root

locus techniques to a number of different sets of unmodeled dynamics
and to analyze each around a number of linearization points so that
the behavior of the algorithm is understood for all possible sets of

unmodeled dynamics and operating points.
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3.4.4.2 Numerical Example with Unmodeled Dynamics

The example with unmodeled poles from Section 3.3.5 is now

repeated using CA2. First p is picked to give favorable zero

S

positions in the d*-root locus. The l/p-root locus of eqn. (3-61)

is shown in Figure 3-23. Note that there will be zeroes in the
right-half plane if %- is too large (p too small). Using Figure 3-23
p is picked to be

p = .5

which places the zeroes of the d*-root locus at

=_3-67' S=-4.57, S=-20; ="2-7l

Note that a designer would not know exactly where the unmodgled
poles lie and would thus have to estimate a reasonable value for p.

The d%-root locus is then given in Figure 3-24.

The error system should be stable for all values of a* ana
should be dominated by the pole‘which lies between zero and =-2.71.
Figure 3-25 shows the output of a simulation with x=5.0. Remember
that such an input drove the CAl algorithm unstable. Here the system
is not only stable but well behaved. Similar results.were achieved
with r=50.0.

Thus, we have seen that by including an additional feedback loop
in the error system, the algorithm CA2 can, if its parameters are chosen
correctly, remain stable and well behaved for all constant inputs even

in the presence of some unmodeled dynamics.

PRSI
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Figure 3-23, %-root locus for numerical example of Section 3.4. 4,2,
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Figure 3-24. d -root locus for example of Section 3.4.4.2 with p=0.5.
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3.4.5 Analysis of CA2 for Highgr Order Systems

The analysis of CA2 will now completed for the case where the
control system is designed for a plant with relative degree
greater than unity (n*>1). Linearization is still the tool used
and the reference input again will be assumed constant. The
equations of Table 2-2 and Figure 2-6 then apply.

The linearization proceeds as in the n*=1 case. Let

wit) = w* + dw(t) (3-63)
vit) = v* + Sv(t) (3-64)

with w* defined as it was in egns. (3-39)-(3-46) of Section 3.3.6

an? v* the output of eqn. (2-34) using w* as an input. Also assume

¥himic
k(t) = k* + k(t) (3-65)
h(t) = h* + h(t) (3-66)

and that all errors and perturbations are small. Recall

eqr.. (2-41) repeated below:

V(t) = % E_T(t)y_(t)] - Er(t)!(t) (2-41)

which, when linearized becomes

i) = %Lim(t)y_*] - Kyt (3-67)

B

o e 2R e
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This shows that Y is small whén g.is sm2ll so that the
h{ term in Figure 2-6 is of second order and hence, does. not
appear in the linearization. The rest of Figure 2-6 survives the
linearization intact with w* and v* replacing w and v.

Assume further, without loss of generality, that % has unity

d.c. gain. Then, from eqn. (2-34),if w* is constant

v =y (3-68)

Also using the assumption that gf is constant and setting
I' = YI for simplicity, Figure 2-6 is reduced to Figure 3-26.

Notice that again the d*-root locus will have one less zero than

g, B 1L
pole since —EE;E-— is chosen to have relative degree equal to
B
It

unity. Also, since is chosen to be positive real, the

AMM
parameter o can, as in the n*=l case, be chosen large enough so that
the positive real term will dominate the error loop and the loop will
be stable for all values of constant reference input. Again, as in the
n*=1 case, too large a choice of p will cause the error tc be small

and insensitive to parameter changes so that the adaptation will be

slow.
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3.4.6 Conclusion

We have demonstrated analytically thaéZthe aigoriéﬁh'bhz con-
tains a parameter, p, by which the designer of the adaptive system
can trade off improved stability properties in the presence of
unmodeled dynamics against the speed of adaptation achieved.

The analysis method presented aids the designer in establishing
how large p must be for the linearized error system to be stable
for a specific set of unmodeled dynamics, a specific point of
linearization and a range of constant reference inputs. It also

provides information on how fast the adaptation mechanism will react

under such specific conditions by displaying the poles of the

‘linearized error system. The designer must couple this tool with

engineering judgement,if he is to create a system which will perform

satisfactorily in the presence of any possible unmodeled'dynamics,

at allwpossible operating points and for all constant reference inputs.
We stress here that norie of the linearized analysis in this

section can ensure stability. Also, all the analysis was performed

assuming constant reference inputs and no disturbances. More general

reference inputs and arbitrary disturbances can cause instabilities

as will be seen in Chapter 4.

~
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3.5 The Analysis of CA3

3;5.1 Introduction

As was mentioned in the discussion of Section 3.3.6, it is

desirable to have a time-varying adaptation gain of the form

gar(t) = —‘:,L;—_ (3-62) *
Ao+y a”(t)

where d*(t)‘= ng(t)gf(tJ,to enable the designer to approximately
place the poles of the linearized error system independently of
the size of the signals in the system. Such a gain is not allowed
in CAl or CA2 due to the nature of the asscciated stability proofs.

Luckily, normalizing gains of the type given by egn. (3-62) in
the adaptation process are suggested by various identification
schemes such as least squares and stochastic approximation [65 ],
As a result, adaptive control algorithms have been developed using
such a normalizing factor and it can be seen from eqgn. (2-49) that
CA3 is such an algorithm. The normalizing factor of egn. (3-62)
provides control of how far along the d*-root locus the poles of the
error system can travel. This establishes the region in which the
poles of the linearized error system can lie, again under the assump-

tion that only constant inputs are applied.

*Mhe parameters Y and yY' control the nominal sxze of the gain while
- the parameter Ao is present to avoid possible division by zero.




RPN RIS CRISRTIRI LA T L e e

ORIGINAL PAQE IS
=-210- OF POOR QUALITY

In order to incoxrporate the normalization factor of eqn.

(3-62) into a stability proof for CA3, two changes are made in the

CA2 algorithm. The inner loop of the error system shown in Fig. 2-7

is removed and the auxiliary filter with transfer function 3 is

chosen so that ﬁ‘ has unity d.c. gain and so that
B L

9
:M: » is a constant memoryless system. With this realization, the

auxiliary signal loop is present even when n*=1 and, furthermore, it
takes the place of the inner loop of CA2 shownin Figure 2-7 in

placing zeroes of the d”-root locus.

3.5.2 hAnalysis

Proceeding with the exact same linearization-constant input
analysis as in Section 3.2, Figure 2-8 is reduced to Figure 3-27

where

ya* = W' T wt , (3-63)
and
yrar = Wt I e (3-64)
The new parameter matrix, I'', is a weighting matrix providing extra
flexibility over the normalization factor of eqn. (3-62).
The lineariaed‘analysis,proceeds as usual except that, for this

algorithm, the gain of the d*-root locus is:

*
—yd__ (3-65)

Aow'd
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When the reference input is large so that vy'a* > Ao the gain of
the d"-root locus given by eqn. (3-65) will not itself become

large but will saturate at the value %7 « The quantity %7
is picked by the designer so that he can control how far along the

d*-root locus the poles of the linearized error system can travel, in

a mannexr independent of the magnitude of the constant reference input.

The example of Section 3.3.5 with an unmodeled pole pair is

considered here for CA3. The plant is given by

2 229
y(t) = ) [u(t)] (3-27)
s+l ( s2+30s+229 )

with the usual model described by:
(&) =3 [xe)] (3-28)
M s+3

When the linearization is performed around

k* = 1.14 ¥* = -0.65 h* = .88
X Y

. *ok
a point in the parameter space where the 233— of eqn. (2-118)

system nearly matches the model, the system d*-root locus

is obtained from Figure 3-27 with

" T ———T part, WS
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_ :88(s+20.8) (s+3.6+j3.5) (s+3.6-33.5)
E (s+18.6) (s+9.4)(s¥d)s .

A
A

YTUAGS Sy

h*g B xpt
* MM B
(9 h" - + g.‘__;)

shere

]
[
YT

Py r

The d*-root locus for this system is shown in Figure 3-28.
The normalized adaptation gain of eqn. (3-62) is not actually needed
here for stability although it could be used to keep the linearized
error system from becoming oscillatory.

Figure 3-29 shows the results of a simulation with r=10.0
and % = 1.0 Figure 3-30 shows the results of a simulation with

r=10.0 and :Y[' = 0.3 . We notice from Figure 3-30 that the lower

gain in the d*-root locus slows down the system and increases its
damping. The same results occurred with r=50.0 in both cases. This
is not surprising, since the d*-root locus gain remains at

approximately %, .

When simulations were tried with r=100.0,both systems became
unstable during the initial transient period. This reinforces the
fact that the linearized analysis used throughout this chapter is a

local analysis. If either the parameters or the signals in w(t) are

too far from the values around which the linearization is performed,

(3-66)

o
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Figure 3-28. d -root locus for numerical example of Section 3.5.3.
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the results of the linearization analysis may not be valid. Thus,

all the results of this chapter based upon the linearization

technique must be validated by simulation.

3.5.4 Conclusions

It has been shown in Section 3.5 with the use of linearization
techniques that with the normalization of the adaptation gain as
given in egn. (3-62) and the proper setting of the parameters in
this gain, the algorithm CA3 can be designed so that the linearized
crror system is stable for all constant reference inputs in the
rresence of a specific set of unmodeled dynamics. In addition, the
poles of the linearized error system can be positioned at
a point along the @*-root locus for a large range of constant
reference inputs.

Although the linearized analysis is a local analysis which can-
not guarantee global stability, simulations indicate that there
is a reasonably large range of values for which the linearized
analysis provides an accurate prediction of the adaptive system

behavior.

R S
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3.6 The Analysis of CA4

3.6.1 Introduction and Develgpment of the Linearized Error System

The final continuous-time algorithm analyzed in this dissertation
is the CA4 algorithm of Egardt [ 11]. As was mentioned in Section
2.2.4,) this algorithm uses extra filtering in the control loop

(see Figure 2-10).

the algorithm about a nominal set of parameters and constant signals
!f produced by a constant reference input. Linearizing the error
system of Figure 2-1l produces the system of Figure 3-31, 1In the
special case when n*=1)the error system of Figure 2-12 applies and
the linearization of this system produces the system of Figure 3-32.
Notice that the algorithm CA4 does include a normalizing factor
in the gain as given by eqn. (2-58). This produces the a*-root
locus gain which is the same as in CA3, given by eqn. (3-62)
as shown in Figures 3~31 and 3-32. Such a gain allows the designer
to contiol the placement of the poles of the linearized error

system over a wide range of constant reference inputs. The

situation is similar to that discuésed in Section 3.5.2. .

'~
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vt | 9"B%(s)
# 2s)

, * »
Figure 3-32. Linearized error system for CAl with constant w and n =1.
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3.6.2 ‘'The Cama n*=)

First, examine the algorithm for the came n"=l. Note that in
this case the innex loop of Figure 2-11 is not used,so there is no
way to place zeroas of the d*-root locus. The algorithm of CAd
ls an improvement over CAL both in the noxmalisming factor limiting
the gain of tha d%-root locus and in the fact that,wit) the added
tilearing. the nominal controlled plant, 3%91‘ of egqn, (2=63)
will have a ralativa degree that is one leas than the relative

degraea of the coxresponding nominal controlled plant of CAL given

in egn. (2=23). Here, from egn. (2-64), it can be seen that

P
L3~ can be made to be a memoryless aystem. The d*-root locus will

A
have a pole éxcess of one and thus no oselllatoxry high freguency
grror signals can result.
o

When there ave unwodeled dynamies, gxgw» will have the same pole
excess ag the wwmodeled dynamics. I this pola excess is greatex
than one, the a“-root locus af the linearviszed error system will
exhibit a Butterworth pattexrn of oxdex throe or greatur causing the
linearizaed error system to ba unstable,if the d*-xoot locus gain im
allewad to bacoma toolarga. This aituation is worse than the
zituation of CA3 whexe the pole excass of the d™-root locus is one,

independent of the unmodeled dynamics.
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3.6,3 The Case n*>1

When the adaptive control system CA4 is designed for a plaht
with n*>1, the inner locp of Figuce 2~11 is now present and the
error loop of the d*-root iocua given in Figure 3-31 will have a
single pole excess independent of cho‘ralative degrae of tha
unmodalad dynamics. f'his is similar to the situation of CA3.
whether or not the ®eroes of the d"-root locus will ba such thzt the
linearizad erroxr gystem remains stable for all values of the
a"-root locus gain is something that must be determined by analyzing
cach case individually. If necesisary; the normalization of the gain
of eqgn. (3-62) can limit the distance that the polas travel aleng the

a*~root locus.

3.6.4 A Numexical Example with Unmodeled Dynamics

The usual example of Section 3.3.5 with an unmodeled pole pair

is carried out for CA4A. The filter used was

$ e (3-67)

Mhe dA%-root locus gain was allowed to saturate at unity ( -I3 =)
in the notation of Section 3.3). TMgure 3-33 shows the resulty
when r=5.0. Curves of tha oxact same shape were obtained for x=10.0,

since in both casathe d“-root locus gain was noar one.
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Figure 3-33. Simulation of CA#4 with unmodeled dynamics and r=5.0.
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When the system was simulated with r=50.0, we observed a bad
transient similar to the one which caused instability in CA3 Qhen
too large a reference input was used in that adaptive systemn.

The results are shown in Figure 3-34. The system is driven by the
overshoot tc a point in the parameter space far beyond what could

be a reasonable desired parameter set. (Here, the desired parameter

- which would let the nominal controlled plant of egn. (2-63) match

the model as closely as possible is k; = =0.65). Fortunately, for
CA4, in this case, the parameters manage to stay in a region where
the linearized error system still remairs stable. 1In the simulation
of Figure 3-34 the parameters converge to k; =-7.4 , k; = 2.6

which result in a d*-rooit locus system of

g*B* } _ 458
A¥ 5(5+27.4) (s+1.84j11.3) (s+l.8-j11.3)

(3-68)

The normalized d*-root locus gain kept the error system
stable even at these high signal leVeis so that the system could
converge after the transient had died down. If the reference input
used is increased to r=100, the transient drives the parameter into -
a region where even the linearized system with normalized gains is

unstable. Recovery -is then hopeless.

s 1
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In this subsection, it has been shown in the context of CAd
that oven when the error ﬁyééem is sg;Sl; for all values of
refexrencge input when linearized around a set of desired parameters,
normalized adaptation gains are still useful in enhancing its

robustness when the system is driven into an undesirable region

by the transient phase.

3.7 COnélusions

It has boon shown in this chapter that linearization techniques
arc useful for the study of the behavior of continuous-time adaptive
control algorithms when such algorithms are implemented in the
presence of unmodeled dynamics under constant reference inputs with
no disturbances.

Using this technique various general properties i the algorithms

CAL to CAd have been displayed.

e In Section 3.3.6 it was shown that the gain and
bandwidth of the error system loop of CAl depend
upon the magnitude of the reference inputs. 1In
the presence of unmodeled dynamics, a large
bandwidth can cause instability.

¢ A modification in CA2 provides for an inner loop in
the error system. As described in Section 3.4.2.2,

‘a gain parameter, P, in the inner loop allows the

v
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designer of the adaptive system to create a situation
where the linearized error system of CA2 is stable

for a wide range of unmodeled dynamics and a wide

range of values of constant reference inputs. The
increased stability in the presence of unmodeled dynamics
is attained at the expense of slowing down the
adaptation mechanism.

e In algorithms CA3 and CA4,the adaptation gain is
normalized as in eqn. (3-62). This enables the
designer of the adaptive system to achieve the
increased stability in the presence of unmodeled
dynamics versus a speed of adaptation tradeoff by
controlling the placement of poles of the linearized

error system on the a*-root locus.

Although the linearization technique provides valuable insights
inéo the behavior of the adaptive systems, it does have the following

limitations:

¢ As a linearization technique, the method can produce
only local stability results, as discussed in
Section 3.2. Results from the analysis are valid

only for values of parameters and signals near those

'
RN v —
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used for the linearization. Results of the linearized
analysis must be verified by simulation. An example
demonstrating the limits of the linearization is
discussed in Section 3.6.4.

e The technique of this chapter provides a method for
analyzing a system implemented in the presence
of a specific set of unmodeled dynamics. Engineering
judgement must be exercised to use this analysis for a
number of sets of unmodeled dynamics and, thus, create
a system that will perform acceptably in the presence

of any possible unmodeled dynamics.

Finally, we iterate that the analysis of the chapter is concerned

only with constant reference inputs and no disturbances. It will be seei
in Chapter 4 that even a system designed to maintain stability for
constant reference inputs will be unstable in the presence of

unmodeled dynamics,when excited with certain sinusoidal reference

inputs or with constant or sinusoidal disturbances.

pron




-229-

CHAPTER 4

THE RESPONSE OF CONTINUOUS-TIME ADAPTIVE CONTROL SYSTEMS
TO SINUSOIDAL REFERENCE INPUTS AND DISTURBANCES

4.1 Introduction

In the last chapter, it was shown that, with a proper choice of
the design parameters, the continuous~time adaptive algorithms CA2-
CA4 could be made to be locally stable in the presence of a large

class of unmodeled dynamics provided that the reference inputs are

kept constant and no disturbances are allowed.

In this chapter we analyze the response of the algorithms CAl-
CA4 to sinusoidal reference inputs and to deterministic disturbances
in the presence of unmodeled dynamics. The following conclusionscan

be drawn from the contents of this chapter:

¢ All of the algorithms CAl-CA4 contain an infinite

gain operator in their error system. This

infinite gain operator gives rise to two mechanisms
of possible instability when sinusoidal reference
inputs and disturbances are present along with
unmodeled dynamics.

e In the presence of unmodeled dynamics, the adaptive
systems CAl-CA4 do become unstable if sinuscidal

reference inputs at certain frequencies are introduced.
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® In the presence of unmodeled dynamics, the adap-
tive systems CAl-CA4 become unstable in the
presence of even a small sinusoidal disturbance of

any frequency.

The results of the chapter are developed as follows:

Saection 4.2 describes the infinite gain operators present in the
error loops of the algorithms. In Section 4.2.4, it is argued that
these infinite gain operators are generic to the adaptive contzrol
problem, Such infinite gairs are usually handled in stability proofs
by assuming the high frequency phase properties of the plant are
known. These phase properties can then be used to stabilize the
error system. However, it is the high frequency phase properties of
a plant that are most affected by unmodeled dynamics. Section 4,3
shows two mechanisms for instability of the adaptive control system in
the presence of unmodeled dynamics.

In Section 4.3.2 the first mechanism for instability in the adap-
tive algorithms is given. This mechanism uses the combination of
the infinite gain operator and the phase shift intrcduced by the
unmodeled dynamics to produce instability.

In Section 4.3.3, the second instability mechanism is explained.

This mechanism occurs when there is a steady output error due to
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either a disturbance or a controlled plaht-model'mismatch at some
frequency. Such instabilities are usually ruled out in the pub-
lished stability proofs by assuming that the controlled plant has
no unmodeled dynamics and that it can match the model perfectly;
it is furthermore assumed that no disturbances are present.

Sectior 4.4 shows, through digital simulations, that the
adaptive systems (CAl-CA4) do indeed become unstable when faced
with certain combinatiors of sinusoidal reference inputs and
unirodeled dynamics. The instabilities arise in the manner predic-
ted by the analysis of Section 4.3.

Section 4.5 shows that, even though the stability problems
of Section 4.4 are caused by the presence of a high frequency
output error signal, the use of additional filters on the plant
output or output error do not alleviate the problem. The filters,
themselves, lower the frequency of the output error which is
necess;ry to produce instability.

Section 4.6 presents the most damaging of all evidence for the adap-
tive control algoxithms CAl-CA4. In Section 4.6 it is verified
by digital simulation that, for a large class of unmodeled dynamics,
the adaptive COntrolle:s CAl-CA4 will become unstable in the presence
of a small amplitude sinusoidal disturbance of any frequency. While

a designer can control the reference inputs that will be introduced

bt A €t
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into hii gystem, he has no control over what disturbances are

present. Since sinusoidal disturbances are common in many

applications, e.g. 60 Hz noise, these algorithms will lead to

unstable systems,

Section 4.7 summarizes the conclusions of this chapter.

4.2 The Infinite Gain Operator

4.2.1 Quantitative Proof of Infinite Gain for the Operator of CAl

The simplest adaptive contrcl error system, that of CAl,
appears in Figure 2-3 and is repeated here as Figure 4-1. It
consists of a forwand linear time-invariant operator representing the
nominal controlled plant comp;ete with unmodeled dynamics, %;%; ¢

o
and a time-varying feedback operator. It is this feedback
operator which is o¥ immediate interest. The operator, reproduced

in Figure.4-2 for the case where w is a scalar and P=l; is para-

meterized by the function w(t) and can be represented mathematically

as:
t
u(t) = Gw(t) [e(t)] = u(o) + w(t) f w(t)e(T)dT (4-1)
1]
In order to make the notion of the gain of the operator
Gw(t)[-] precise, the following operator theoretic conceptsare

introduced. ¥For further development see [ 66].
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Figure 4-1. Error system for CA1l.
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gure 4-2. infinite gain operator of CA1
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Definition 4.1: A function £(t), from [0,») to R is said to be in

L if it is integrable and

2
2 1/2
llf(t)”L 9(/ fg('r)d'r) < (4=2)
2
0

The quantity l[-IIL is called the noxm of the function.
2

Definition 4.2: A function £(t) from [0,) to R is said to be

in L,  if the truncated norm
2e

e nf T, 1/2
Hﬂmlu 9(j'fwum) (4-3)

2 0

is finite for all finite T.

Definition 4-3: The gain of anoperator G{f(t)], which takes functions

in Lza into functions in L, is defined as

2@

r
llsteten ||,
2

ll|| =  sup
swer,  |lew||”
1€[0,w) L,

(4-4)

If thexe is no finite number satisfying eqn. (4-4), then G is said

to have infinite gain.
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wit) = b+ ¢ nlnmoh
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(4-85)

for any positive constants b,c, W the operator, of eqn. (4.1),

Gw’ has infinite gain.

Proof: The proof conaists of constructing a signal, e(t), such

that "
lle, teten| l,:,2

Lim T
o e ||
2

is unbounded.

Let elt) = a sinmct
with a an arbitrary positive constant and
as in egqn. (4.5).

These signaly produce:

mo the game constant

wlt)alt) = ab ss;txnmot: h l ac ~ %ae con Rmot (4-7)

2

A 4
K(b) = K+ _[ wit) o lt)art

» 1l ab ab
akniaamt *w © comot

(2] ©

ac

Y sin?u)ot (4-8)

4w
(o]

e
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t
u(t) = Gw(t) [e(t)] = u, + wit) '{‘ witle(T)Ar =

2

1 ab 1 2 abw: .
+ o— —— — —— s o
uo, 2abct+ +(2 ac t + ) s;mwot,

m0 Q

2 . 2
+ ac_ _ ab cosw. t - 3abc sin2w t + ac cos3w t (4-9)
0 4u% o 8“5 [+

x®
Now, using standard norm inequalities, we obtain

T 1 12 . T
Hu(t:)“h2 2 ||5 abe £ + S act smwotllhz-
T ab?||T abc T
Mgty - 112" - (122 sinas] | -
o L2 wo L2 u& (] L.,

o’y

| 2 2 T T
- ac_ _ ab “ _ I 3abc . “ -
I I B o ) coswot a0 sxn2w°t L
o o L o 2

2
|2 1
- -éz)— COS3(D°t (4-10)
(o}
_ 1/2
> 1 abc t + P 3 aczt sinw t T K'T) (4-11)
2 2 o) 1
L .
2
with
2 2 2
2 ( : ) ( ) { : 2} { }
' ab abc ac ab Jabc ac
K. = u +l=— ] +{=—) +§5s=-=—=—p + {5 + <w
1 o mo W, ewo mo 4mo Bwo
(4-12)
*
Specifically ‘ IA-B' l 2 | ‘A| |-| |B| I

and Haes] 2 flali-11u]]
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Now
2 .
. T
1 1l 2 .
|15 abe t + 5 ac®t 51,“‘”0‘:”1,2
T
2 2 2 -2 4 2 3
= fabc 22+ 2C ¢2 in%h b+ 2P 2t Jae=
0 4 4 e} 2 o
(4.13)
: T 3 )2 T
) azbzcz t3 . a2c4 (wot)_ w,ot ) 1 2w £ - t coszwot
12 wl Lew [ T8 o a +
0 > o () o 0
2 3 ) ) T
+ 2—%9— (-2-—- - 2) cos2w t + 2t sinw t (4-14)
2w W, o o o
) 0
2 4
2.2 2 ac
abec -3 2 .2
> + - - - -
__( 13 o )'r K,T KT K, (4-15)
where

(a2c4 )2 (a’.zbc:3 )2
. K, =\ + — J < ® v , (4-16)
2 166> 2w
0 .
224Y (23 Y |
K, = o)« c_ ) <o (4-17)
\ 16w w

2
o (o]
24 2 apa3 2
K, -=(—-——-3- + I )< © . : (4-18)
32w w -
o 2 ‘

combining ineqgs. (4-11) and (4-15) we arrive at:

T 222 24 )
(I»Iu(t) l le)_>_( 5t 53— |7 - KT - KT - K (4-16)

i
|

i
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2 T
T . .
(l Ie(t) ' ‘ )= a® [ sin2w t < az'x‘ (4-17)
L ; ° ,
2
Therefore, A
T 1/2
Huw |l 222 aschy
, 2 > ‘a b ¢ + o) T3 -k Tz - K.T - K
» T — oy
e[| \_12 24 A 2 1 0 o
2 arT
and Gw for w as in egn. (4-5) has infinite gain. 0.1.D.

In addition to the fact that the operator Gw from e(t)

(t)

to u{t) has infinite gain, we show next that the operator, Hw'

from e(t) to k(%) in Figure 4-2 has infinite gain. This operator
is described by:

t
Hw(t) [e(t)] = Eo + -[ w(T)e(T)dT (4-18)

Theorem 4.2: The operator Hw(t) with w(t) given in egqn. (4-5) has

infinite gain.

Proof: Choose e(t) as in egn. (4-6);then E(t) = Hw(t)[e(t)]

is given by eqn. (4-8)
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Rl 2 113 e elly = Wil - 1521,

ab T ag T
- 11 a-o- cosy t “L2 - "-6; sin2uw t i L,

T
1 &0 172
> |z act i, - (x®
2
where
2 ab \° ac_\?
" . ——
k= (K) + "(o_s ) + («n
o o
Then

. 1/2

1 3 , 1/2
Hﬁ(t)ll 3;_(%— ac -’1‘3—) - (x'r)

L,

Using ineqs. (4-22) and (4-17)

. T 1/2
e (1, Ta)’ RY
L, » \727% 3 = (KT) falird

Ilé(t)”'iz a 7

and, honce, llW has infinite gain for w as in eqn. (4-5)

(4-19)

(4-20)

(4-21)

(4-22)

(4-23)

Q.E.D.
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4.2.2 Qualitative Explanation of the Infinite Gain of
G, and H )

An explanation of the mechanism which results in the infinite

gain of the operators Gw and Hw can be constructed as follows:

(t) (t)

If w(t) and e(t) contain sinusoids of the same frequency, as
they do in eqns. (4-5) and (4-6), and if these sinusoids do not have
a phase difference of exactly 90°, the multiplication of w(t) and

e(t) in both Gw and Hw ) will produce a constant correlation

(t)
term, the second term in egn. (4-7). The signal w(t)e(t) is then

(t

integrated; the integration of this constant correlation produces the
infinite gain. Since the integral of a constant is a ramp, the
output signal of the integrator (which is also the output of Hw(t))
increases in amplitude indefinitely with time. The output of

G ) is formed by multiplying the output of the integrator by w(t),

w(t
producing a sinusoid with increasing amplitude at the frequency as-
sumed present in w(t).

Finally, we note that both the operators G, and Hw will also

e infinite gain for vectors w(t), since the operators' infinite

gains can arise from any component of the vector w(t).

£ s e i
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4.2.3. The Infinite Gain Operator for CA2, CA3 and CA4

The infinite gain operxators for CA2, CA3, and CA4 have been
isolated from the error systems of Figures 2-8, 2-9 and 2-11 and
appear in Figures 4-3 a,bh and c respectively. Remember that each
figure captures two operators; one from €(t) to k(t) and one
from €(t) to u(t). That these operators indeed have infinite gain
will be argued by modifying the qualitative argument of Section 4.2.2.
Mathematical proofs such as those presented for Theorem 4.1 and 4.2
in Section 4.2.1 could be constructed for each of these operators
but do not prove very instructive, and, hence, are omitted.

The infinite gain operators of CA2, depicted in Figure 4-3a
differ from the operators of CAl only in that the first multiplica~
tion is by I' v(t) instead of I w(t). If it is assumed that v(t)
contains a sinusoid at the same frequency, wye as w(t) does, then
the infinite gain of the operators of Figure 4-3a follows from the
arguments of Section 4.2.2. We note that v(t) and w(t) will contain
sinusoids of the same frequency in practice since v(t) is merely
w(t) passed through a linear time-invariant system.

The operators of CA3 depicted in Figure 4-3b differ from those
of CA2 only in that there is a normalizing factor, Xofg?(t)z_!(t),
in the first multiplication of Figure 4-3b. As long as the first
multiplication produces a constant term, the following integrator

will produce an infinite gain.

S S AT AE Ak e 5 e 25
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k(1) ult)

" wi(t)

Figure 4-3a. The infinite gain operator of CA2.

~

k(t) ult)

elt) .?__,5%1_ _I_ __4% -
Lylt) wi(t)

At VT Ty (1)

Figure 4-3b. The infinite gain operator of CA3.

€ - 2, I?(t) ult)
“ wit) sh (s) " wT(t)
Ao +W (Hwlt)

Figure 4-3c. The infinite gain operator of CA4.

Figure 4-3. The infinite gain operators of CA2, CA3, and CAA4.
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If a component of v(t) contains a dominant sinusoid atw ,

so will a component of A . This component will

AT (BN ¥ (k)

correlate with the sinusoid assumed present in €(t) producing the
constant input to the integrator which will in turn generate the
infinite gain.

The operators of CA4 shown in Figure 4-3c differ from the
operators of CA3 in that the original signal w(t) has returned in
the first multiplication replacing v(t), a change of no consequence
to the infinite gain nature of the operators, and the pure inte-
grators of the previous algorithms have been replaced by the linear

. 0 . .
time~-invariant operator §7R23 . This operator, , still

s'\(s)
has infinite gain when its input is constant. Since infinite d.c.
gain is all that is needed of the integrators in the argument of
Section 4.2.2, the same arguments carry forward for the system of

pigute'4-3c. Thus it can be concluded that the two operators for

the CA4 algorithm shown in Figure 4-3c are also infinite gain.

s S SN PR G TSR TN R
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4.2.4 The Generic Nature of the Infinite Gain QOperator
in Adaptive Control

As mentioned in Section 4.5.3, the infinite gain system of
Figure 4-1 appears in various equivalent forms in all algorithms
considered. Also, it should not come as a surprise that all the
adaptive stability proofs availablc to date are centered around
accomodating this operator. The following discussion is offered
as a supportive argument to the statement that infinite gain
operators of this type are in some sense generic to the adaptive
control problem and its associated "learning" or "adaptation"
mechanism.

One of the basic premisesof adaptive control is that the control
input to the plant is synthesized via multiplication by some time-
varying gains of feedback signals generated from the plant output

and the plant input as in Figure 4-4, according to:

u(t) = k() Cly(t),ult)] (4-21)

where C is a linear time-invariant system representing an ob-
server or an auxiliary variable generator. The gains, k(t), which
will produce the desired closed-lcop controller must be either

estimated directly or derived from other estimated parameters. In

—
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eft) £(1) K ult)

> M ":%?——‘
2yt uln] ¢ [y0.u(n] |

Figure 4-4. Infinite gain operator generically present in adaptive control.
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general, one can write for these parameters the equation:
k(t) = MIE(t)] ~ (4-22)

where M is usually a memoryless map,often the identity map, as
it is in CAl-CA4. The only informaticn available for identification
is the plant input, the plant output and the error between the
plant output and either a desired or expected plant output. All
the usual methods of parameter identification (see, e.g.,[ 65])
use this information by first correlating or multiplying the output
error with signals generated from the plant input and output by a
linear time-invariant system; the outcome of these operaticas is
represented by the vector D[y(t),u(t)] in Figure 4-4.

Since the parameter to be estimated must ideally &»: able to
move towards the correct values and converge there in the absence
further input, the correlation must be followed by an operator that

contains an integrator, i.e.

£(t) = F 2 Ile(t)Dly(t) ,u(t)]] (4-23)

where F is a linear time~-invariant system.

If y(t) and e(t) consist of a dominant sinusoid of a particular
frequency, in addition to other small signals, the system of
Figure 4-4 can be shown to have infinite gain by the arguments of

Section 4.2.2.
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We note here that Ioannou [ 52] has relaxed the requirement
that the parameters be able to converge to match the model exactly

and has replaced the integrator, the %' of eqn. (4-23) with

s+0

If 0 is kept small, the parameters may be able to remain close
to the desired values while the infinite gain operator of Figure 4-4
is reduced to a high gain operator. (The gain will be proportional
to % ). The change allowe@ Ioannou to prove local stability of the
modified CAl algorithm when the adaptive system is driven by low
frequency sinusoids in the presence of unmodeled dynamics whose poles
are at a much larger frequency than the properly modeled poles of
the plant. Such a result is consistent with the analysis of this
chapter.

If 0 were made too large, all the variable feedback parameters
in the nominal conirol system would be constantly drawn toward zero.
Only a large output error would be able to drive the parameters
towards their desired values.

Thus, the adaptive system would at best settle with a large
magnitude steady-state error. The reference model would not be

matched at all.

e e
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Finally, we note that the infinite gain operator as a nonw
linear system only exhibits its infinite gain for certain classes
of inputs and signals, wit). In particular, signals which are
dominated by distinct sinusoids will canse Infinite gain while
gignals with flat power spactrum will net. fthis can be seen by
analyging the system of Figure 4.2 while assuming different £xeguency
profiles for el(t) and wit). We note, howaver, that in Section 4,3,1
it is shown that the types of signals that do give xise to infinite

gain arise in practiecal situations.
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4,3 Two Mechanismz of Instability

In the laat saction, it was shown that all the continuous-
time adaptive conty~) algorithms studied in this thesis contain
an infinite gain operator. In this section, we use the algorithm
CAl to introduce and delineate two mechanisms which may cause
unatable héhaviox in the adaptive system CAL when it is implemented
in the prasence of unmodeled dynamics and exeited by sinuscidal é

xeference inputs or by disturbances. The arguments made for CAL

are valid for algorithms CA2, CA3, and CAd mutatis mutandis.
Since the arguments of instability are heuxistic in nature, they

must be verified by simulation. This will be done in Section 4.4.

4.3.1 The Causes of lossible Inastability

In order to demonstcate the infinite gain nature of the feed-
back operatoxr of the exror syatem of CAL in Section 4.2.1, it was

asguned that a component of w(t) had the form
wi(t) w bt e sinm@h (4-5)

and that the arroxr had the form
alt) = a siumch {4~6)

he arguments of Section 4.3,2 indicate that,if e(t) and a

compenent of w(t) have distinct sinusoids at a common frequency,

2
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the operator gz(

t) of eqn.

(4-18) will have infinite gzins. Two possibilities for e(t)
and w(t) to have the forms of eqn. (4-6) and egqn. (4-5) are now

considered.

Case (l): If the reference input consists of a sinusoid

and a constant, e.g.

r{t) = x,  + r2 sinmot

1
where rl, and rp are constants, then the plant
output y(t) will contain a constant term and a

sinusoid at frequéncy wo. Since

wit) = [ w (&)

and wui(t) = 57;— fat)); di=1,2,...,0~1 (2=4)

i-1
s

and wyi(t) = S iy(t)l; i=1,2,...,n (2-5)

all components of the vector w(t) will contain a
constant and a sinusoid of frequency W,
If the controlled plant matches the model at d.c.

but not at the frequency wo,the output erroxr

al(t) = y(t) - yM(t) (2~13)

(4-24)
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will contain a sinusoid at frequency W, Thus, the

conditions for infinite gain in the feedback path of

Figure 4-1 have been attained.

case (2): If a sinusoidal disturbance, d(t), at frequency wo

enters the plant output,as shown in Figure 4-5,
the sinusoid will appear in w(t) through the fol-
lowing equation which reéeplaces egn. (2-5) in the
presence of an output disturbance

i-1
S

p

wyi(t) = fy(t)+d(t)); i=1,2,...;n (4-25)

The following equation replaces eqn. (2-13) when

an output disturbafice is present
e(t) = y(t) + d(t) - yM(t) (4-26)

Any sinusoid present in d(t) will also
enter e(t) through eqn. (4-26).
Thus the signalse(t) and w(t) will contain sinu-
soids of the same frequency and the operators Hw(t)
and Gw(t) will display an infinite gain.
We note here that while the frequencies present in the reference
input can be controlled by the designer of the adaptive system, there

is no control over what disturbances are present. Sinusoidal dis-

turbances, in fact, are extremely common from a number of sources.

SV
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Model
: gMBM(s)
AM(S)

Plant

, O u(t) gp B(S)
Als)

Figure 4-5. Controller structure of CA1 with additive
output disturbance, d(t).
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4.3.2 1Instability Due to the.Gaii.of.‘the Operator Gw

st

of bquation (4-1)

The operator Gw of eqn. (4-1) is not only an infinite gain
operator but its gaI; influences the system in such a manner as
to allow arguments using linear systems concepts, as outlined
below.

Assume, initially, that the error signal is of the form of
eqn. (4-6), i.e., a sinusoid at frequency mo. Assume also that
a component of w(t) is of the form of eqn. (4-5), i.e., a constant
plus a sinusoid at the same frequency W, as the input. The
output of the infinite gain operator, G

w(t
by eqn. (4-9) consist of a sinusoid at frequency w, with a gain which

) of eqn. (4-1), as given

increases linecarly with time plus other terms at 0 radians/sec

(i.e. d.c.) and other harmonics of mot i.e.
1 2 v _
ult) = 5 ac t sinwot + othier terms.

Then the .infinite gain operator manifests its large gain by

producing at the output a sinusoid at the same frequency, wo’as

the input sinusoid but with an amplitude which increases linearly

with time plus some other signals. By concentrating on the signal

at freguency w, and viewing the operator Gw ) as a simple time-

(t

increasing gain with no phase shift at the frequency Wy and G%ry

R i

P 00ttt
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small gain at other frequencies,we will be able to come up with

A S

a mechanism for instability of the .error system of Figure 4-1,

redrawn in Figure 4-6 which emphasizes the impact of the operator

Gg_ ()

kg
If the forwaxdpath, %;Kr » of the error loop of Figure 4-6
r

has less than + 180° phase shift at the frequency No. and if the

gain of Gw( were indeed small at all other frequencies, then

t)

the high gain of Gw at wo would not affect the stability of the

(t)

error loop.

L Y
If, however, the forwaxd loop, %wgwl, does have 180° phase
"

shift at wo' the combination of this phase shift with the sign
reversal will produce a positive feedback loop around the operator

qg(t) » thereby reinforcing the sinusoid at the input of Gg(t)'

The sinusoid will then increase in amplitude linearly with time, as

Rk
Y 3 ) L g B
the gain of G!ﬂt) grows, until the combined gain of ngt) and E:Kw

axceeds unity at the frequency w . At this point, the loop itself
will become unstable and all signals will grow without bound very
quickly (as the effects of the unstable loop and continually growing

gain of Qgﬂt) compound.)
Since the infinite gain of Gw(t) can be achieved at any
ok -
frequency mo, if %v%; has + 180° phase shift at any frequency
r
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g® B*(s)
1 ky A'(s)
ult) Gﬁ(')ﬁem. Y eq(t)

Figure 4-6, Error system of CA1 emphasizing role of GW
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the adaptive system is susceptible to instability from either a
reference input or a disturbance as shown in Section 4.3.1.

Thus the importance of the Relative Degree Assumption A3 of
Section 2.2.1.2 which allows one to assume that %;%;- is strictly
positive real is seen. The stability proof of CAl hinges on the

*B*
assumption that ﬁ;zw is strictly positive real and that Gw(t)
r w

is passive, i.e.

wa(t) [e(t)]le(t)dt > 0 | (4-27)
0

Both properties of positive realness and passivity are pro-
perties which are independent of the gain of theée operator involved.

However, it is always the case that, due to the inevitable unmodeled

dynamics, only a bound is known on the gain of the plant at high

frequencies. Therefore, for a large class of unmodeled dynamics
in the plant, including all unmodeled dynamics-with relative degree

kn*k
two or greater, the operator, %7%? , will have + 180° phase shift at
r

some frequency and be susceptible to unstable behavior,if subjected
to sinusoidal reference inputs and/or disturbances in that frequency

range.

A o g
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4.3.3 1Instability Due to the Gain of the Operator H
of Equation (4-18) ‘

In the previous subseéction, the situation was examined where

the amplitude of the sinusoidal error e(t) grew with time due to

a positive fzedback mechanism in the error loop. 1In this subsection,
we explore the situation where the sinusoidal error, e(t), is not

at a frequency where it will grow due to the error system but rather
when there exist persistent steady-state errors, Such a persistent
crror could arise from either 'or both of the two mechanisims discussed
in Scction 4.3.1.

1) A reference input with a number of frequencies is
applied and the controlled plant with unmodeled
dynamics cannot match the model in amplitude and
phase for all reference input frequencies involved.

This will cause a persistent sinusoid in both the
error e(t), through eqn. (2-18), and the signals
w(t), through eqns. (2-4) and (2-5)

and/or 2) An output sinusoidal disturbance, d(t), enters as

shown in Iligure 4-5, causing the persistent

sinusoid directly on e(t), through eqn. (4-26),

27 S

and w(t) through egn. (4-25).



259

Assume that,through one of the above or any other mechanism,
a component of w(t) contains a sinusoid at frequency W, as
in eqgn. (4-5) and that e(t) contains a sinusoid of the same

frequency. Then the operator Hw has infinite gain and the norm

(t)
of the output signal of this operator, k(t), increcases without
bound. The signal, k(t), will take the form of egn. (4-8),

repeated here:

Ke) =k + l»ac t + ab _ab cosw t - ac sin2w t (4-8)
o 2 W, W, o 4w, ()

From the second term one can see that the parameters of

the controller

k(t) = k* + K(t) (2-14)

will increase without bound.

If there are any unmodeled dynamics at all,increasing the
size of the nominal feedback controller's parameters without
bound will cause the adaptive system to become unstable. Indeed,
since it is the gains of the nominal feedback loop that are unbounded,
the system will become unstable for a large class of plants
including all those whose relative degreé is three or more even

if no unmodeled dynamics are present.
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4.4 Simulations with Time-Varying ;nguts

4.4.1 Introduction

In this section, the response of the various continuous-time
adaptive algorithms is explored through the use of simulation.
First, it is demonstrated that the heuristic argument of Section
4.3.2 which explains the instability caused by sinusoidal inputs of a
certain frequency is valid. This is followed with a short
demonstration and discussion of the response of the algorithms to

sinusoidal reference inputs which are of a frequency other than
LIPS

that at which %vgr' of Figure 4-6 has + 180° phase shift.
X

4.4.2 Simulations of Algorithms CAl, CA2 and CA3 with
Sinusoidal Reference Inputs ‘

The simulations were generated using the usual plant with

unmodeled dynamics

y(t) = (Sfl) S22 [u(t)] (3-27)
(s +308+229)
and the usual reference model
yo(£) = =2 [r(t)] (3-20)
M s+3 7

The simulations were all started out with the initial

conditions

ky(O) = =0.65 kr(O) = 1.14 (4-28)

-
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For all tiiree of these algorithms the nominal controlled plant
is the same, given by egn. (2-22) and for the parameters of eqn.

(4-28) equals

P
7
L - = 2 = (4-29)
s +31s +2595+527

The reference input signal was chosen based upon the discussion of

Section 4.3.2:

r(t) = 0.3 + 1.85 sin 16.1t (4-30)
The frequency 16.1 rad/sec is the frequency at which :ne

plant and, for all three algorithms CAl, CA2, and CA3, the trans-
Xk

fer function K*A% has 180° phase lag. A small d.c. offset
r

was provided so that the linearized system would be asymptotically
stable (see Section 3.3.5). The relatively large amplitude, 1.85,
of the sinusoid in egn. (4-11) waz #lipgen so that the unstable
behavior would occur over a reasonable simulation time. A smaller
sinusoidal amplitude could be used with the effect that the in
stability would occur at a much later time.

Note that the reference input (4~30) is not large from the
point of view of the stability of the linearized system as discussed

in Section 3.3.5 (where it was shown that a constant reference input

L e

reman

B e e
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of r=4.2 was ncecessary to cause instability for CAl). The
linearization for algorithms CA2 and CA3 was stable for all
size inputs.

) Adaptation gains of Y=1.0 were used for CAl and CA2 and an
adaptation gain of Y=3.0 was used in CA3 to offset the total gain
reduction caused by the normalization of the adaptation gain in
that algorithm,

Figures 4~7, 4-8, and 4~9 show respectively the simulation
results for CAl, CA2, and CA3. The plant output and the para-
meters kr(t) and ky(é) are plotted. All three algorithms show the
instability phenomena predicted in Section 4.3.2.

The amplitude of the plant output at the critical frequency
(“b=16'1 rad/sec) and the parameters grow linearly with time,
until the loop gain of the error system becomes larger than unity.
At this point in time, even though thg parameters are well within
the region of stability for the linearized system, highly unstable
behavior results.

Figure 4-10 shows the results of a simulation of the algorithm
CAl with

"r(t)=0.3 + 2.0 sin 8.0t (4-31)
This simulation demonstrates that)if the sinusoidal input is
at a frequency for which the nominal controlled plant does not
generate a large phase shift-(at ub=8.0, the phase shift of eqn.
(4-29) is -133°), the algorithm may stabilize despite the high gain
operator. Similar results were achieved with simulations of algo-

rithms CA2 and CA3.
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Figure 4-7. Simulation of CA1 with unmodeled dynamics and
r(t)=0.3 + 1.85sin16. 1t
(System eventually becomes unstable.)
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Figure 4-8. Simulation of CA2 with unmodeled dynamics and
r(t)=0.3 + 1.85sin16. 1t
(System eventually becomes unstable.)
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Figure 4-9. Simulation of CA3 with unmodeled dynamics and
r(t)=0.3 + 1,85sin16. 1t

(System eventually becomes unstable.)
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Figure 4-10. .Simulation of CA1 with unmodeled dynamics and
r(t)=0.3 + 2.0sin8. 0t

(No instability observed).
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4.4.3 Simulation of the Algorithm CA4 with Sinusoidal
Reference Inputs

The algorithm CA4 requires a slight modification of the

analysis. Due to the addition of a zero, from the filtering of L

*_ %
in this algorithm, (eqn. (2-63)), the phase of g*i* for CA4 is
r
always less than 180° degrees. The same filtering, however, pro-

duces an added 90° phase lag in wy and thus in the high gain
operator.

Figure 4-11 shows the simulation results of running CA4 with

L = s+3 (4-32)

]

and ‘r(t) = 0.3 + 1.85 sin 16.1t (4-33)

nk
At this frequency (w°=16.l), %;%-; has 90° phase shift while
r

another 90° is generated by the high gain operator through the

multiplication by wy which has been shifted 90° from y by the

filtering of % . Thus, the overall error loop has 180° phase

shift, and the system becomes unstable just like the other
algorithms for the reference input (4-33). an adaptation gain of
Y=10 was used in the simulation to offset the attenuation of the
additional filtering inherent in the CA4 algorithm.

An interesting effect occurs when we simulated CA4 with the

reference input

r(t) = 0.3 + 2.0 sin 8.0t R (4-34)
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Figure 4-11. Simulation of CA4 with unmodeled dynamics and . .

r(t)=0.3 + 1.85sin16. 1t.
(System eventuaily becomes unstable.)
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The total phase shift of the error system at this frequency
(ug=a.o) is less than 180° but still greater than 90°. Figure
4-12 shows that the output appears to be converging.

However, the ky parameter continues to drift as a correlation
still exists between wy and €. When the simulation was allowed
to run longer than shown in Figure 4-12,£he parameter ky(t)
continued to drift away until it moved to the point where the
linearized error system was no longer stable. At this point the
system broke Qildly and suddenly into instability, because of the
mechanism of Section 4.3.3.

Finally, Figure 4-13 shows the simulation of CA4 with

r(t)=0.3 + 2.0 sin 1.5t (4-35)

At this frequency the filtering %~ provides only -26° phase shift
*Rp*

and %?%*‘ provides only =-40° phase shift. The system converges
b o

nicely.

4.4.4. Conclusions

The simulations of this section verify that the mechanisms for
instability which were hypothesized by our heuristic arguments do
indeed occur. The following statements about the continuous-time
valgorithms CAl-Ch4, operating in the presence of unmodeled dynamics

with sinusoidal reference inputs can be made:
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Figure 4-13.

Simulation of CA#4 with unmodeled dynamics and
r(t)=0.3 + 2.0sin1.5t
(No instability occurs.)
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® When faced with certain frequency sinusoidal ref-
erence inputs in the presence of unmodeled dynamics
the algorithms CAl-CA4 will produce an error
function which is a grcwing sinusoid and will
beéome unstable via the mechanism described in
Section 4.3.2.

¢ Instability via the mechanism of Section 4.3.2

S o e T sy

requires a high frequency reference input, i.e., ;
it is highly likely to occur when the frequency
of the reference inputs is at a frequency where
the nominal controlled plant, (%;%;— of eqn.
r

(2-22) for CAl-CA3 and of egn. (2-63) for Cr4)
has + 180° phase shift. Instability can still
occur when the sinusoidal reference input is at
a frequency where %;%; has more than + 90°
phase shifé,as the f:edback operator, Gw(t) of
eqn. (4-1), can provide up to + 90° phase shift.
}
% This effect occurred in the simulation of

Figure 4-11. When the frequency of the reference

*
. B¥*
input is at a frequency where A has less than

4+ 90° phase shift, stability is not guaranteed but
instability will not occur'by the<heéhanism of

Section 4.3.2.

-
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» If the reference input is such that the’controlled
plant cannot match the model for all frequencies
present in the reference input, instability can
occur by the mechanism of an unboundcd parameter
gain, as described in Section 4.3.3. Instability
of this type is shown in the simulation of

Figure 4-12.

Finally, we nnte that the results of this section merely
verify that some situations for possible instability which were
argued heuristically in the previous section to be part of continuous-
time algorithms do indeed occur. However, there is no proof that
instability will occur in these situations nor is there any
guarantee that instability will not occur in situation where the

heuristic arguments do not indicate instability.

PR
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4.5 The Use of Filters on the Output

4.5.1 Introduction

Since the infinite gain behavior of the adaptive control
system is most disruptive at high frequencies, it appears possible
that better behavior can be attained by using low pass filters
either on the plant output or the error signal. It has been
argued by several iesearchers that such filtering will allow the
adaptdation mechanism to ignore high frequency components and,
therefore, not be fooled by them. We disagree with such conjec-
tures: Rather, we argue that what constitutes a high frequency
signal is determined by the amount of pihase shift present in the
system; “tricks" such as the introduction of low pass fiiters
merely add to that phase shift and, thereby, lower the frequency of
the reference signal which will cause the adaptive system to become

unstable.

4.5.2 Frilters on the Plant Output

The effect of filters used directly on the plant output as
shown, for example,in FPigqure 4-14 of CAl is easily explained. The
filter is simply considered as part of the plant. The designer

either ignores the filter in the adaptive design, a strategy which
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Figure 4-14. Controller structure for CA1 with
filter on plant output.
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reduces the filter itself to the ;eéi@fofdunmodeled dynamics, or
he increases the order of the adaptive system and adapts around the
filter as well as the plant. This latter strategy takes the
system back to the beginning as far as unmodeled dynamics in the
plant-filter combination are concerned.

Thus, adding a filter to the output of the plant does
nothing to change the baéic stability problem discussed in Section

4.3.2.

4.5.3 Filters on the Output Error

IFiltering the output error is slightly Aifferent in that the
filtering no longer appears in the primary control loop around the
plant, but it only appears in the adaptation mechanism as shown in
Figure 4-15. A possible analysis is as follows.

Assume some kind of filter, %’, were used 6n the error signal
of the CAl algorithm. Then the error system of Figure 2-2 becomes
the eror system of Figure 4-15. Instcad of the debilitating
sinusoid explained in Section 4.1 being at the frequency where

*n* .
the phase of %;g; is + 180°, it is now simply where the phase of
v

&
%1%1% is + 180° dcgrees. 1f g-is a low pass filter, then the
r

destabilizing input will be at a lower frequency.

P

S B W A

TR
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g*B'(s) gy Buls)
A"(s) Am(s)

] Filter
g*B'(s) o | F(s)
¥k A%s) — | ()
(%)< -.:.; I X
w(t) » | Tw(t)

Figure 4-15. Error system of CA1 with filtering on output error.
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Thus, we see that filtering the output error, like filteriny
the plant output itself, does nothing to change the basic stability

problem outlined in Section 4.3.2.

4.6 Simulations of Responsestqwnisturbances

4.6.1 Introduction

It was mentioned in Section 4.3.1 that the sinusoid that
drives the error system to instability could arise either from the
reference input or from an output disturbance. In this section,
it is shown that the instability mechanism explained in Section
4.3.2 does indeed occur when there is an output. disturbance at the
wrong frequency, entering the system as in Figure 4=5. In addition,
the instability mechanism of Section 4.3.3, which will drive the
algorithms unstable whén there is a sinusoidal disturbance at any
frequency, is also shown.to actually take place.

The simulations of this section were generated with the usual

plant with unmodeled dynamics.

2 229

y(t) = ] [u(t)] , (3-27)
(s+1) % 30s+229
and the usual reference model
y (€) = —3— [r(t)] | (3-20)
M s+3 ’

=
-
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The simulations were all started out with:
ky(O) = «~0,65 kr(°)=1'14

For these parameters the nominal controlled plant of eq:.

(2-22) is:

.- ' s +31s +259s5+527

4.6.2 Instability via the Mechanism of Section 4.3.2

Figure 4-16 shows the simulation results when algorithm CAl
is driven by
r=20,3 (4-36)

with a disturbance

d(t) = 5.59x10°° sinle.1t (4-37) -

**

At the frequency, u _=16.1, ka* of eqn. (4-29) has 180°
) r
phase shift. The by now expected growing instability occurs

due to the mechanism of Section 4.3.2. The only surprise may be

the minuteness of the disturbance (~10—6) which will cause instability.

The ame unstable response was obtained with all the other algorithms

considered.




LS | 1.7 ’o.

cuteur

ulo

PARRHETERS
-10.0  -8,8 -5.0

’l’.'

"’0‘

-280-

ORIGINAL PAGE I8
OF POOR QUALITY

LAAAAAAAAL

LI

S g i, ¢

]

1
°. |
?-% 20 .s . Y .8 1Z.0 1.0 8.0 1.9 )

TINE
-
k
r _a
“1T
-0 2’ ) 8.0 0.0 10,0 12,0 ¥ ! -}
TINE w.o 5.0 nh e

Figure 4-16. Simulation of CA1 with unmodeled dynamics,
r(t)=0.3, and d(t)=5.59%10 Sin16. 1t.
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4.6.3 Instability ‘'via the Mechanism of Section 4.3.3

- 2

Figure 4-17 shows the results of a simulation of CAl that was

generated with
r=0.3 (4-36)

but the disturbance was changed to

a(t) = 8.0x10"° sinst (4-38)
g*B*
At ub=5, A of eqn. (4-29) provides only -102° phase shift so
xr

the sinusoidal error signal of increasing amplitude, which is
characteristic of instability via the mechanism of Section 4.3.2,

is not seen in Figure 4-17. What is seen is that the system becomes
unstable by the mechanism of Section 4.3.3; while the output appears
to settle down to a steady state sinusoidal error, the ky parameter
dcifts away until the point where the controller becomes unstable.
(bnly the onset of unstable behavior is shown in Figure 4-17 in order
to maintain scale.) We note also that,even when the error appeared

settled its value represented a large disturbance amplification rather

than rejection.

The most disconcerting part of this analysis is that none of

the systems analyzed have been able to counter thiz parameter drift

for a sinusoidal disturbance at any frequency tried!

Indeed, Figure 4-18 shows the results of a simulation run
with reference input

r = 0.0 (4-39)
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Figure 4-17. Simulation of CA1 with unmodeled dynamics,

r(t)=0. 3, and d(t)=8.0x10 S%ins. ot.

{System eventually becomes unstable.)
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r(t)=0.0, and d(t)=3.0x10 .
(System eventually becomes unstable.)
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and constant disturbance

a = 3.0x10"° (4-40)

The simulation results show that the output again settles

for a long time, again with disturbance amplification, but the

o ®
parameter ky increases in magnitude until instability ensues.
Thus the adaptive algorithm shows no ability to act even as a

regulator when there are output disturbances.

4.6.4 Egardt's Modifications

The only one of the continuous-time algorithms in which dis-
turbances are even mentioned during the development of the algorithm
for the properly modeled case is CAd4.

Bgardt [ 11] gives a possible modification of CA4 in the
presence of disturbances. The modifications considered consist
of two fairly unsatisfactory alternatives. One of Egardt's
modification assumes that there is an upper bound for the size of
the disturbance at any time (an assumption that cannot be guaranteed
in practice). Egardt suggests that all parameter adaptation be stopped

when the error is less than this upper bound. The second of Egardi's

T Sty

T - ‘ 7 -
The analysis of Iaonnou [ 66] shows that,if there were no disturbance
in this case,the output would converge to zero. Iaonnou's thesis
contains no analysis in the presence of disturbances.
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modifications introduces a texrm into the parameter adjustment law
which will arbitrarily decrease the magnitude of the parameter
when the magnitude of the parameters gets too large. In this way,
Egardt achieves bounded parameters and can then prove stability in
the face of disturbances when there are no unmodeled dynamics.

It is not clear that either of the proposed modifications
would work if unmodeled dynamics are present.

Even in the properly modeled case, these modification are
designed to produce some kind of boundedness result with no as-
surance that the adaptive algorithm will produce a result with

anywhere near the original intent.

4.6.5 Conclusions
In this section it has been shown that the adaptive control
algorithms CAl-CA4,when operated in the presence of unmodeied

dynamics and output disturbances at any frequency display the traits

of disturbance amplification and instability.

Unless something is done about this adverse reaction to dis-
turbances in the presence of unmodeled dynamics, the adaptive
algorithms examined cannot be considered as serious practical

alternatives to other methods of control.

[ v P e SR
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4.7 cConclusions

In this chapter it was shown by analytical methods, and
verified by simulation results, that the adaptive algorithms
CAl-CA4 have imbedded in their adaptation mechanisms infinite
gain operators which, in the presence of unmodeled dynamics, will

cause:

¢ instability,if the reférence input is a high
frequency sinusoid.

e disturbance amplification and instability,if
there is a sinusoidal output disturbanée at any

frequency including d.c. 1

While the first problem can be alleviated by proper limitations
on the class of permissible reference inputs, the designer has no
centrol over the additive output disturbances which impact his system.
Sinusoidal disturb#ncesare extremely common in practice and can

produce disastrous instabilities in the adaptive algorithms considered.

b s e



~-287-

CHAPTER 5

ANALYSIS OF DISCRETE~TIME AILGORITHMS

In this chapter the discrete-time algorithms introduced in
Section 2.3 will be analyzed. The constant input analysis that
was performed for continuous-time aiygorithms in Chapter 3 will be
performed for discrete-time algorithms in Section 5.1. In Section

1

5.2, it will be shqwn that the discrete-time algorithms also become
unstable for certain types of sinusoidal inputs and disturbances.
This exactly parallels the development for continuous-time

algorithms that was presented in Chapter 4.

The following results are presented in this chapter:

® In the presence of unmodeled dynamics and constant
reference inputs all the discrete-time algorithms
considered will become unstable if the design
paranieters are not carefully chosen. The analysis
of Section 5.1 provides a design tool for choosing
the parameters properly.

® In the presence of unmodeled dynamics, high fre-
quency reference inputs will cause all the adaptive
systems studied to become unstable.

® A sinusoidal output disturbance at any frequency

will cause the feedback parameters in all the

e g i AL A B b
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algorithms studied to increase without bound.
This will cause the adaptive system to become

unstable if any unmodeled dynamics are present.

In addition to the above results which parallel the results
obtained for continuous-time systems, in Chapter 3 and 4, it is
shown in this chapter that instabilities due to constant or sinu-
soidal reference inputs in the presence of unmodeled dynamics
can be eliminated,if the system is sampled slowly enough.

A slow sampling rate, however, does not help the stability

properties in the presence of an output disturbance.
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5.1 Analysis of Discrete-Time Algorithms with Constant
Reference Inputs

5.1.1 Introduction

The development in this section parallels the development given
in Chapter 3 for continuous-time algorithms. The same assumptions
will be made, i.e., that the system is close to some nominal set
of parameters, that the reference input and the nominal signals
in the system are constant, and th:t the system is free from noise
and disturbances. The system will be linearized around thé nominal
parameters and signals and the behavior of this linearized error

system will be examined.

5.1.2 Analvsis of DA2

The analysis of DA2 (see Section 2.3.3) is undertaken first
since this is the simplest of the discrete-time algorithms and
provides the clearest view of the issues involved. |

The equations of DA2 (see Table 2-8) are analyzed by lineatizing

the system about a nominal set of parameters as was done for the

continuous-time algorithms in, e.g., Section 3.3.6. Assume that

w.t) from egns. (2-94)-(2-96) is represented as follows:

wit) = w*(t) + §_w(t) (5-1)

and that the parameters, k(t), are represented as follows:

k(t) = k* + 6 k(t) (5-2)

~———
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Linearizing the system about w*(t), k* reduces the error
system of Figure 2-16 to the linearized error system of Figure
5-1. If, in adéition, the reference input, r, is assumed constant,
then the sign#l w* can be taken as a constant and the linearized
error system of Figure 5-1 geéones linear and time-invariant.

In Figure 5-1

4k P k*q q
A(l-q K )- BK
r (1-q " gpq »

The local dynamics of the error system are determined by first
establishing a nominal system dnd then performing a d*-root locus
on the error system of Figure 5-1. Note that the DA2 algorithm has

a normalizing factor in the adaptive gain. The definition

M g
ywu v
d o (5-3)

is used so that 0<d*<1.
The error system can then be represented as in Figure 5-2 with

9>4d . (5-4)

g*B*
(i—q"d)x:A*

A
G la ) =

C-Y

T g P -
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L e
{-q~9

Figure 5-1. Linearized error system for DA2.
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Using eqns. (5-4) and (2-103) it can be seen from Figure 5-2
that the roots of the lineariled%f;rog,qyaecn will be given by
a By
the solutions of the equation

(1-a7¢) (A(l—qnlxu) -gpq—dp BKY)*Y d'qpq_dp B=0 (5-5)

5.1.2.1 Analysis of System with No Unmodeled Dynamics
Consider first the case when the system is modeled properly

As was mentioned in Section 2.3.3.2,it ie possible to achieve

=d
kR P -
L‘?__%i_._ = q d (2-104)
with
N 1
RS om = (5-6)
r
9p

Substituting egns. (2-104) and (5-6) into eqn, (5-4) yields:

-d
9.4
G, = —P—-—-_d (5=7)
' 1-q

The d*-root. loci for the error system of Figure 5-2 with GE

as in eqn. (5=7) are given in Figure 5-3a for d=1 and in Pigure 5-3b
for d=3. In both cases, it can be seen that the linearized system is

stable if

0= ya*gp <2 (5-8)
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g* B.(q"")q "'(dp"d}"

+
< el —————G

Figure 5-2. Reduced linearized error system for DA2.
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-1.0

Figure 5-3a. The case d=1.

Figure 5-3b. The case d=3.

* . ,
Figure 5-3. d -root loci for DAZ with no unmodeied dynamics.
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Indeed, this is exactly the condition for global stability

given in [ 10}. ‘Thus, for the DA2 algorithm with no unmodeled

dynamics, the local stability analysis performed in this section
gives the same condition as the global stability proof performed in
[ 10].

If one could chcose Y su that

drg =1 -9
Y gp (5-9)

the error system itself would be deadbeat, i.e., the error would
become zero after dp s£eps where dp is the properly modeled pure
; plant delay.
From eqn. (5-2), one can see that d* is‘close to unity for a

large range of reference inputs. Therefore, if the plant gain gp

iz known, eqn. (5-9) can be satisfied for a large range of reference

inputs by choosing
1
= (5-10)
Y g

Indeed the choice of Y given by eqn. (5-10} is implied as the
proper way to choose the adaptation gain for DA2 in [ 10]. Although
this choice of gain produces a very fast and well behaved error
system when no unmodeled dynamics are preseant, we will see in

Section 5.1.2.2.3 that the gain of eqn. (5-10) will be far too large in

the presence of unmodeled dynamics. Large gains in the presence of

|
|
;

unmodeled dynamics will produce unstable adaptive systems.

s o € e e e g et e
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5.1.2.2. A Numerical Example of a System with Unmodeled Dynamics

when there are unmocleled dynamics present in the plant, the analysis
follows along very similar lines as in Section 3.3.4. The key issues
will be examined by example.

Although this section provides analysis for only a specific
example, conclusions can be drawn from this example which are
true more generally.

Any type of unmodeled dynamics can be studied using the
techniques of this section. In particular, an important consideration
in discfete—time systems arc errors in the determination of the delay.
Errors in time delay specifications can be handled just like any other
unmodeied dynamics. In this case, the unmodeled dynamics consist of
poles at the origin but no zeroes. |

TheQexample used in this section will consist of the first order
plant with second order unmodeled dynamics that has been used

throughout this thesis.

2 229 )
yier = (5”) (s3+305+229) wE (3-27)

In order to obtain a discrete-time system which is equivalent
to the system (3-27),the standard technique of discrete-time control

system analysis called hold equivalence was used (see [ 68], Section

3.4). The continuoﬁs-time plant of eqn; (3-27) is preceded by a
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zero-order hold and focllowed by an impulse sampler which is
synchronized with the zero-order hold. . The resuiting discrete-
time systemsis equivalent to the original continuous-time system
in that both systemswill produce the same output at the sampling
instants)if the input to each system is constant from one saﬁ—
pling instant to the next.

- Although anti-aliasing filters (see [68]) are usually
included in discrete~time controller designs, such filters are
not specifically treated here. Any filter, such as an anti-aliasing
filter, operating upon the plant output can be considered as part
of the plant. Indeed, since the presence of an anti-aliasing
filter is often ignored when designing the adaptation mechanism, it
is reasonable to consider an anti-aliasing filter as part of the
unmodelea dynamics of the plant.

For our initial investigation a sampling period of T=0.04
seconds was used. This represents fairly fast sampling, since
it is approximately ten times as fast as the fastest dyn&mics in
the plant.*

The discrete-time description of the plant is:

_ (0.00361) (1+0.196q" %) (1+2.763q ) q
y(t) = ) =1 -7 ju(t)
(1-0.961q ) (1-(0.547+30.044)q ") (1-(0.547-30.044)q ")

(5-11)

*
The importance of the sampling interval in determining the
stability of the adaptive control system in the presence of
unmodeled dynamics is Jdiscussed in Section 5.1.2.3.
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The model was chosen as the discrete-time equivalent of eqn. (3-20).

( 12)9'1
yM(t) = = -7 [x(v)] : (5-12)

Note the presence of the non-minimum phase zero at -2.763
in the discrete-time version of the plant as predicted in [69 ].
" The validity of the linearized analysis is unaffected by this

non-minimum phase zero.

5.1.2.2.1 stability Analysis

Figure 5-4 shows a k;-zoot locus which detexmines the poles of
the nominal controlled plant of egn. (2-103) for the plant of
egn. (5-11).

A set of gains which will produce a stable nominal controlled

system is given by:

k* = -0.8; k; = 1,32 (5-13)

tB*
The position of the poles of 2;:— with the parameters of

egn. (5-13) is indicated by boxes (0O) in Figure 5-4.
The yd*-root locus of the error system poles given by eqn.

(5-4), using the parameters of eqn. (5-13), is shown in Figure 5-5, From

Figure 5-5 it can be seen that the linearized error system is unstable for

ya* > .35 ‘ | (5-17)

s et i k) 11 3 s
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Figure 5-4. k _-root locus for numerical example of Section 5.1.2.2.
(Zero at z=-2.76 not shown.)
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Figure 5-5. d -root locus of numerical example of Section5.1.2.2 with
(Zero at z=-2.76 pot shown.)
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of a simulation generated with

-

Figure 5-6 shows the results
the parameters initialized at the values given in eqn. (5-13)

and with

¥=0.2; r=0.1; vYd*=0.04 (5-14)
The system is well-behaved.

Figure 5-7 shows the results of the same simulation but with
¥=0,2, r=10.0  Yyd*=.199 (5-15)

As expected from the Yd*-root.locus of Figure 5-5,the system is
oscillatory.
If yd* is too large,then there exists no nominal system for
which the érror system is stable. This is shown in Figure 5-8
which gives the k;-root locus of the linearized error system of

Figure 5-2 with

ya* = .04 . (5-16)

The root locus analysis of Figure 5-8 replaces the Routh-
Hurwitz analysis of Section 3.3.5.3 in establishing for which
values of Yd* there does not éxist a‘set of parameters which lead to
a stable linearized system. This root-locus type of analysis is
not as exact as the Routh-Hurwitz analysis,since it only establishes

whether or not there exists a stable linearization for particular

e

[y ——
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Figure 5-6. Simulation of DA2 with unmodeled dynamics,
r=0.1, andy=0.2,
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Figure 5-7. Simulation of DA2 with unmodeled dynamics,
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Figure 5-8. k -root locus for numerical example of Section 5.1.2.2 with’ yd*=0. 9.
4 (Zero at z=-2.76 not shown.)
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values of yd". It is, howe;é;:'ﬁuch simpler to perform in the
case of discrete time systems and still provides the designerx
with a good idea of how large his adaptation gain can be in order
to maintain stability. |

For this numerical example, the analysis shows that,if Yd*
is close to 0.94, instability problems will ensue, while if
the value of Yd* is smaller that of eqgn. (5-16), the yd*-root
locus of Figure 5-8 will pass through the’hnit disk indicating
that a set of parameters for which the linearized system is
stable exists.

Thus,if we let y=1 and r is increased ,Yd* will approach

0.94 and the system will go unstable.

Figure 5-9 shows the simulation result with

v=1.0, r=1.5 (5-17)

The value r=1.5 corresponds, through eqn. (5-3), to d*=.81. 1In
this case, there are sets of parameters for which the linearized
system is stable. The parameters of the simulation converge to
such a set of parameters.

figure 5-10 shows the results of a simulation with r increased
to

r=3.1 ’ (5-18)
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Figure 5-9.. Simulation of DA2 with unmodeled dynamics,
r=1.5, andy =1.0,
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Figure 5-10. Simulation of DA2 with unmodeled dynamics,
_ r=1,62, and y=1.0
(System eventually becomes unstable.)
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This value of the reference inp;t corresponds, through eqn. (5-3),
to a%=.95. nNow there is no set of parameter values for which
the error system is stable and the plant output blows up.

The stability behavior of discrete-time systems which has
baen discussed so far has been very similar to the behavior of the
continuous-time systems. If the gain of the adaptation mechanism
iy made too large the system becomes oscillatory and unstable.

This is the same conclusion that was veached for CA3 in Section 3.4
and for CA4 in Section 3.5 as these algorithms both have the
normalizing fautor creating an error system gain similar to that of

eqn. (5-3).

5.1.2.2.2 Model Matching in the Presence of Unmodqled Dynamics

| In ordexr to study the ability of the DA2 algorithm to match
the reflerence model in the presence of unmodeled dynamics, we return
to study the nominal controlled system of egn. (2-103) when the
nominal parameter values of eqn. {5-13) are in effect along with
the plant of ecqn. (5-11) and the model of eqn. (5-12).

The nominal controlled system with the parameters of eqn. (5-13)

g*B*q"% _ (.0046)q"* (1401969 ") (142,763 )
k. ] K - -y -
A (1-.82q" 1) (1-.79q ") (1-.450° 1)
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allows the nominal closed-loop controller of Figure 2-15,

(.0046)(.12)qf1(1+0.196q.1)(1+2.763q:;)

(1».8aq'1)(1—.ezq'1)(1—.79q'1)(1-.45q'1)

y(t) = [r(t)]

to match the model's d.c. gain but does not provide an overall
reasonable match of the model. In fact, no values for the para-
meters, k; and k;, will allow model matching. Due to the dead-
beat structure of the DA2 algorithms all the poles of g%%: must
be moved near the origin to provide for good model matching. This
cannot occur for this example as Figure 5-4 shows. Even approximate

model matching will not occur for the algorithm DA2 in the

presence of a largs class of unmodeled dynamics.*

*

In Section 5.1.3.3 we will see that a modification of DA2
present in DA3 allows approximate model matching in the pre-
sence of unmodeled dynamics.
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5.1.2.2.3 The Effects of Design Parameters Chosen Without
Consgideration of Unmodeled Dynamics

In this section, we investigate what the effects would be on
a system with unmodeled dynamics if the design parameters of the
adaptive controller were chosen as if there were no unmodeled
dynamics. We find that, due to the structure of the DA2 system
(which prefilters the reference input through the model's dynamics
and follows with a deadbeat controller), the feedback and adaptation
gains suggested by an analysis which ignores unmodeled dynamics
are excessively large.

Thusrthe lesson that the designer of an adaptive controller
must take into account unmodeled dynamics in hi§ design is
stressed. The analysis that takes place here is only for DA2 where
the effects of ignoring unmodeled dynamics in the design process
is especially evident but the lesson should be heeded no matter
what algorithm is used.

If there were no unmodeled dynamics and the plant followed

the equation

‘ -1
vy = 298 faco] (5-19)
1-.961q :

the desired values of parameters for the algorit:m DA2 necessary

to match the model could be attained from egn, (2-104). and (2-103) as:




° N

i

=311~

k* = -12.32 k" = 12,82 (5-20)
Y r
ani the suggested adaptive gain from egn. (5-10) would be:

Y = 12.82 (5=-21)

If the parameters of the linear system were chosen as in
eqn. (5-20), the nominal controlled plant would be unstable

with poles at
z = ,88+j.52; =z = .88-3.52; 2=.25 (5-22)

Thus, an analysis of the DA2 system which were performed
without taking unmodeled dynamics into account would lead a
designer to pick a nominal parameter set which would produce an
unstable controller in the presence of even very high frequency
unmodeled dynamics.

In addition, we have seen from Figure 5-8 that the error
system of this example will be unstable for a large range of
constant reference inputs if the adaptation gain is chosen to be
larger than 0.94. We stress that the gain of eqgn. {(5-21) sug-

gested by an analysis ignoring unmodeled dynamics is more than an

order of magnitude larger than the gain which would produce a stable

system for all values of constant reference input.

S BT A AS L T T SR v
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Thus we see that it is critical that a designer have some
idea of what unmodelled dynamics may be present in a plant and choose
the design parameters. so that the adaptive system behaves well in
the presence of unmodeled dynamics. After all, this is always done

in classical non-adaptive designs!

5.1.2.3 The Effects of the Sampling Interval

There is an additional design parameter in discrete-time
systemsnot present in continuous-time systems which can increase
tolerance to unmodeled dynamics. That parameter is the sampling
interval. o

Let the system of egn. (3-27) be sampled at a rate of T=.4,
instead of T=.04. Such a sampling rate is fairly slow in that it
represents five times the speed of the modeled pole; however,
sampling of the unmodeled dynamics occurs at barely once per cycle.

The equivalent discrete time system is now given by

1

(0.629)(1+.03999:})(1+.0048q—l)qj
1

y(t) = -1 -1 , -
(1~-.67q ) (1-(.0017+3.0018)q *) {1~(.0017-3.0018)qg )

[u(t)]

(5-23)

We note there is no longer a non-minimum phase zero, as was

the case in eqn. (5-11) where the plant was sampled faster. Indeed,
the poles and zeroes of the unmodeled dynamics are very close to

each other so that their effects almost cancel.

fpersr g
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Figure 5-11 shows the k;ifqot locus of the nominal controlled
plant of eqn. (2-103) when the 6pen;loop pi;nt‘is described by
eqn. (5-23). From Figure 5-11, we notice that all the nominal control

. system poles can be placed close to the origin and that the nominal

closed-loop controller of Figure 2-15 can be made to match the model
fairly closely.

The Yd*-root locus of Figure 5-1% then shows that the unmodeled
dynamics hardly come into play allowing the full yd*=2 of eqn. (5-8)
gain with retention of stability.

Figure 5-13 shows the results of a simulation made with the

system sampled at T=.4 and

= 1.58; r=10.0 (5-24)

<
i
e} ll-'

P
The parameters were started at what would be their desired values
if no unmodeled dynamics were present

k* =-1.06; x*=1.58
y x

The system behaves as if there were no unmodéled dynamics at
ail. The plant and the model output in Figure 5-13 coincide.

Figure 5-14 shows the same type of simulation but with the
éarameters started out at zero. The system adjusts quickly té

follow the model again as if no unmodeled dynamics were present.
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Figure 5-11. 'k y—root lacus for :numericsl example of ‘Section5.1.2. 3.
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Figure 5-12. d -root locus for numerical example of Section 5.1.2.3.
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Figure 5-13. Simulation of DA2 with unmodeled dynamics,
slow sampling,kv(m:-hos, ‘and kr'(0)=l.58.
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Figure 5-14. Simulation of DA2 with unmodeled dynamics,
slow sampling, and l.y{o);kr(omo.o.
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Thus we h&vé voen that if a discrete-time adaptive system
with high £reguency unmégalaa dynamics ia designed for conatant :
inputa and with a slow enough sampling intexval, the ayatem can be 4
made to behave alwmoat as if there were no unmodelad dynamics at all. (K
Although this is shown only for a numericul example using DA2, the
condlusion arises frowm the fatt that, in the alowly sampled syatew,

the poles and zeroes of the unmodeled dynamies alwmost cancel and

quency unmodeled dynamics and forx all discrete-time adaptive control

alyerithma,

513 The Analyais of DAI

Mg was mentioned in Section 2.3.4,the algoxithm DA3 is very
gimilar to DA, Its stability properties aa analysed in Section
$5.1.3,2  are fundamentally the same as those of m:a in that, if
the adaptation gain s chosen small enough,the linearized aerxex

gyutem will ba stable for all constant refoxence luputs for a large

clags of unmodelad dynanies. lowever, too large an adaptation gain
will lead to an ungtable error aystem for a large ¢lass of constant
roforeonce dnputy and unmodeled dynamios,

Phere e, however, one important additien in DAY not present
in DA2, the added £ilter % of Figuxe 2-17. We will see in Sectien

5,.1.2.2 that, wiih this £filter as part of the nominal controlled
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plant, g—x'3w~— of Figure 2-17, =7 the reference model can
RN S R

still be fairly closely matchgh“in7thb'pk§sen§g of high frequency

unmodeled dynamics, unlike the DA2 algoxithm.

In Section 5.1.3.3, it is pointed out that, with a proper
choice of L, the model can be matcied in the structure of DA3
with na‘feadbaek at all. This observation makes clear a weakness
of the ﬁroblem formulation of all the model refercnce adaptive

\
control algoxithms. The only objective of these algorithms is

to have the controlled plant match a reference model. This should

be but one objective of a control system.

Finally, we note here that slowing the sampling rate will cause

the effects of high frequency unmodeled dynamics upon the adaptive

system DA3 to be greatly reduced as was the cuse with DA2,

5.1.3.1 Analysis

The tool for analysis once more consists of linearizing around

a nominal set of parameters and assuming that the input is constant.

Following this approach, the error system of Fiqure 2-16 is

reduced to that of Figure 5-15 where

-d -dp
vy P qa gpq PLB
kAN

-1 -dp
r (P-q "K )A- BK
q Ky)A-ga v

(2-118)
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Figure 5-15. Linearized error system for DA3.
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If the delay, dp, is unity, the system further reduces to that

of Figure 5-16 where

! Ya ¥ Ea;“~j" |
( - ' (5-25)

G. = 29 B ; (5-26)

5.1.3.2 A Numerical Example with Unmodeled Dynamics

In this section, we apply the algeorithm DA3 to the example of
Section 5.1.2.2 with the fast campling rate T=.04 secs.

The plant with unmodeled dynamics is described by eqn. (5-11)
and the model by eqn. (5-12). Since the system is designed as a
first order system,the filter P of egn. (2-108) is not used.

Choose

L=A,= 1—.88q"1

It is assumed that there is no disturbance so n_» the
degree of C in egn. (2-106), is set to zero and through egn.

(2-109) W, and, hence, kr are scalars,

®
The choice of L is discussed in Section 5.1.3.3.
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Figure 5-16, Linearized error system for DA3 when d’..ral.

R s RSB A A AT i e dep i - e E



ORIGINAL PAGE |
-323. OF POOR QUALIT$

The system is linearized about the parameters.

bR
Cox

‘.".
$v, . »
AT A
b3 iy w

«

k* = -0.615 k" = 1.16 (5-27)
Y Xr

leading to a nominal controlled plant which is calculated from

eqn. (2-118).

g*q’B* _ _(.035)g *(1+0.196q” 1) (1+2.763g”H) (5-28)
A (1-.72q"%) (1-.46q" 1)

The pole at 2z=,88 is cancelled by the zero due to L at
2=,88. Thus the nominal closed loop controller of Iigure 2-17
for the parameter of eqn. (5-27) matches the reference model over
the frequency range of zero rad/sec. to about 8.5 rad/sec where
the pole of egn. (5-28) at z=.7l takes effect.”

The d*-root locus for the error system of Figure 5-16 linearized
about the parameters of eqn. (5-27) with GE from eqn. (5-26) and
(5-28),

(.035) g (1+0. 1960 %) (1+2.763q" %)
(1-.71q" %) (1-.46q" 1) (1-g~ )

is shown in Figure 5-17. With a gqain of

ya* <6.9

. . ;
This is much better than the model matching ability of DA2 shown
in Section 5.2.2.2 which does not have the additional filtering
L to cancel the low frequency pole. .
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Figure 5-17. yd -root locus for numerical example of Sectlon 5.1.3.2.
(Zero at z=-2.76 not shown )
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the linearized error system of Figure 5~16:will be stable®,

Figure 5-18 shows the results of a simullation started with
the parameters at their nominal values given by eqn. (5-27) and

with

Y=3.0; r=10.0; ya* = 2.98 (5-29)

The system behaves well as the linearized analysis predicts
it would.

Figure 5-19 shows the results of a simulation with

Y = 13.98; r = 10.0; vyad* = 13,91 (5-30)

There is a set of parameters which produces a stable error

system for Yd* as in eqn. (5-30). However, the system parameters
must move to values which produce a stable linearized error for
such a large adaptation gain as in eqn. (5-30). In Figure 5-19,

the parameters move to
k* = -7.5 x* =67 (5-31)
Yy r

The nominal closed loop controller of Figure 2-17 for the

parameters of eqn. (5-31) is

-1 -1
_ (.03) (.12) (1+.196g ) (1+2.763q )
= _l[r(t)] (5-32)

y (£) _ = )
(1-.88q ") (1-.3q ") (1-(.86+j.41)qg ") (1-(.8€-j.41)q ") f

*The system of DA2 would not have a stable linearization for this
example if vyd* >.94 (Fig. 5-16). Thus the added filter, L, in
DA3 has made DA3 able to remain stable at higher adaptation gains
then DA2. .
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Figure 5-18. Simulation of DA3 with ::nmodeled dynamics and y=3.0.
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This does not come close to matching the model of eqn. (5-12).
Thus, as is the case with all the alqgorithms, if the adaptive gain
is too large, the adaptive controller of DA3 may not be able to
match the model even if it can maintain stability in the presence
of unmodeled dynamics.

Although there is a stable linearization for Yd* as in eqn.
(5-30), this value for yd* represents as large a value of yd* for
which there is a stable linearization. When the parameters are

increased t:4

Y = 13,981; r = 10.0; vyd" = 13.912 (5~33)

there is no longer a value of k;, which will produce a stable

linearized system. The simulation of Figure 5-20, with the para-

meter values set as in eqn. (5-33), becomes unstable as predicted.
Thus, in this subsection, it has been shown that the algorithm DA3

reacts essentially the same as the other algorithms with some

advantage over DA2 due to the added filtering of L. It is clear

that a slower sampling rate would help DA3 in exactly the same

way it helped DA2.
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Figure 5-20. Simulation of DA3 with unmodeled dynamics and y=13.981.
(System eventually becomes unstable.)
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5.1.3.3 The Need to Desiqn the Nominal Controller Well

In this section we show that if the filter, L, is thosen
properly in DA3, the nominal control system can be made to match
the reference model with no feedback at all. Such an open loop
éontrol design is clearly not desirable. This points out the
need for the adaptive system designer to consider the design
of the nominal control system carefully in the context of the
model reference problem formulation where the only criterion of
performance involves the systems résponse to reference input. It
is left to the designer to try to construct the system so that,
if it converges as desired, the resulting nominal control system
will perform all the functions usually expected of a control system
such as disturbance rejection and sensor noise reduction. *

In the sequel, we assume that the plant coritains no unmodeled
dynamics and is given by

y(t) = ——91%-;1— [u(e)] (5-19)
1-.961q

with the reference model of egn. (5-1)
vy (6 = —-—-1—"—1}— [ (t)] (5-11)
1-.88qg

*In Chapter 4 and Section 5.2 it is seen that at this point, the
design process is a losing battle since,even if the nominal )
controller has good disturbance rejection properties, the adaptive
system is extremely sensitive to disturbances.
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L=Aa=1-.96lq * (5-34)
then the nominal closed-loop controller of Figure 2-7 is
" * -1
.078kr(1-.961q )
y(t) = [x(t)] (5-35)

(1_.eaq'1)(1—.951q'1-.ovax;q"l)

Thus the nominal controller will match the reference model
with k;=0, i.e., with no feedback. While such a controller
would provide the desired response for reference inputs, it would
provide no disturbance rejection at all. Even if the adaptive con-
troller converged as desired, the resulting controller could
hardly be considered adequate.

This discussion of a possible solution with DA3 points out the
more general danger of the present adaptive control problem formula-
tion which states as its only objective the open loop property of
model following. The designer must supply the additional
reasoning necessary to obtain closed-loop objectives such as dis-

turbance rejection, and noise reduction while retaining robustness.

5.1.4 The Analysis of DAl

The algorithm DAl does not simplify when the delay is unity as
the algorithm DA2 does. This makes its analysis slightly more in-

volved although conceptually the same as the other algorithms.
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t+1.41 Analysis .
Assume that the paramctexs and signals of the system remain
near pominal values and that the input is cgnntahn\ Using the
same arguments as in Section 3.2 for CA2, the continucus-time
counterpart to DAY, the erxor system for DAL given in Figure 2-12

reduces to that of Flgure 5»21, whexe now

* I M Ny NAy
ana (3-38)
| at s ww L= L (537

nue te the last texm in eqn. (5-37) the system Gy will have
a8 Many neroes aa poles,

If p 38 chosen laxge enough, the aystem will he stable for
all valuea of 4%, Nowever, chooming p too laxge will cause &,
to be small whether the cloamed loqp systen matches the model ox
not, aince GIg will be dominated by the p term, Bngaisa&ly;
what happendg ig that, when P is too l«xgéu‘tha loop containing p
in the controllex styucture of Mlgure 3-13 dominates the loop that
gontaing the nominal controlled plant. lHenge, the erxorx hacomes
ipgensiltive to changes in the controller parameters and adaptation
proceeds very alowly.

Tha linearized exxox system of PAL ias fairly complicated and

will he analyged in the context of mpecific examples.
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Figure 5-21. Linearized error system for DA1.
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5.1.4.2 A Numerical Example with No Unmp@eled Dynamics

The same example that has been used throughout will be used
again., First, assume that the system is modeled correctly. The
plant is

078q "
yt) = =278 ___ fu(e)) (5-19)
-1
1-.961q

and the model is

-1
YM(t) = -(:—1—'-2-)1-—-:1 [l.‘(t)] (5-11)
1-(;88)(;

a

Cancel the first two terms of egn. (5-36) by choosing the

desired nominal system to be

- -d
P 9B g
q i*q - .M s;u (5-38)
* 1 ©
h" = o™ (5-39)
x
Bquation (5-38) is achieved with the following numerical values.
* ) ® gM i
kY = -1,02 k. = — = 1,54 (5-40)
Yy r 9
P
Since the system is designed as a first order system,the
filter P in egn, (2-70) vanishes. Choose the auxiliary filter
of ogn. (2-75) as
M ~d -1
g = __.‘1._.__.1 (5-41)
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Then the equation for G_ for this examples is:

E
gat
Gg = Eo ¢ Py
1-q
g -
Pg (' (1' 7o, )q 1) (5-42)
_ P9 M/
-1

and the system will be stable for all d* if
p>.5 ZE ' (5-43)
M

This is indeed the condition given for stability of the
algorithm in [ 7 ] (where it is assumed that gp = gM). Thus,
for the algorithm DAl the local linearized analysis gives the
same stability condition on p as the global stability proof.

The analysis above suggests a rule of éhumb for choosing @.

The value

(5-44)

R
1l
z@ Lolﬂ

should provide the fastest error system without allowing oscillation
when a* gets large,as the zero in egn. (5-42) will be located at the
origin and the pole of the a*-root locus will be trapped near the

origin for large values of ar.




-336- ORIGINAL PAGE IS
OF POOR QUALITY

5.1.4.3 A Numerical Example with Unmodeled Dynamics

Use the same plant with unmodelesd dynamics as in Section

5.2.2.

1, -1

(0.00361) (140.1969 1) (1+2.763q 1) q
(1-0.961qT) (1- (0.547+).044)q" 1) (1-(0.547-3.044)

.
—~
114

(u(t)]

N

1)
(5-10)
The model and the auxiliary filter will be chosen as in
the properly modeled case.
Choose the nominal parametersto be

k; = -0.615; k; = 1,16; h* = 3-’;-; = .86 (5-45)
! x

giB*
leaving S5 with poles at

z = 0.88; 2= 0.71 and 2z = 0,46 (5-46)

and unity dc gain, approximately matching the model.
In oxrder to find a value of p so that the error system is

stable for all values of d,", egn. (5-36) is broken up as follows

= . -
GE GE p=0 + gMp (5-47)

The discrete-time Nyquist plot of GE for the nominal system

p=0
given by eqn. (5-45) is given in Figure 5-22. ‘The term Pgy merely

s ey s
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shifts this plot to the right. The error system will be stable

for all values of a* if

0> §=1 = 22.5 (5-48)

~ M
This is much larger than the value of p which would be
picked if unmodeled dynamics were ignored. With no uninodeled
dynamics, eqn. (5-44) using gp from eqn. (5-12) and Iy from

eqn. (5-11) would give a suggested value for p,
P = 0.65 (5-49)

In this example, we will see that for p as in eqn. (5-48)
the adaptive system DAl behaves well. However,when 5 is lowered
to values somewhat below that of eqn. (5-49), the adaptive system
will become oscillatory and then, as p is further reduced, unstable.
Figure 5-23 shows the results of a simulation with the para-

meters initialized according to eqn. (5-44) and with

p = 23.0; r =10.0; 4" = 200.0 (5-50)
The system behaves well for this value of p as predicted in thé
preceeding analysis. If p is chosen smaller than the value given
by egn. (5-48), the error system may remain stable but the para-
meters will move to a more stable configuration and model matching
will be compromised. Figure 5-24 demonstrates this with a simulation

generated with
p = 0.319 (5~-51)

o
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Figure 5-23. Simulation of DA1 with unmodeled dynamics and y=15.0.
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Figure 5-24. Simulation of DA1 with unmodeled dynamics and y=0. 319,
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k; =-1.2; k! = 1.7; h* = 0.03 (5-52)

The oscillations in Figure 5-24 are hﬁrbingers of impending doom.

As Figure 5-25 shows, when p is lowered to

0 = 0.31828 " (5-53)

and all other values remain t. the same,the system is unstable.

Again, it is noted that if the system were sampled at a slow
rate the unmodeled poles and zerces would almost cancel and this
system would behave in a manner close to the properly modeled case

as explained in Section 5.1.2.3.

5.1.5 conclusions

In this section, it has been shown that the linearization with
constant input method, developed in this thesis, is an extremely
useful technique for analyzing the behayior of discrete-time
adaptive control system as well as for continuous-time adaptive
control systems.

Using this technique, it was shown

® If adaptive controllers are designed without
regard for unmodeled dynamics, unstable systems

are likely to result.
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Figure 5-25. Simulation of DA1 with unmodeled dynamics and y=0. 31828.
(System eventually becomes unstable.)
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® Using the linearization analysis of Sectibn 5.2,
adaptive systems can be designed which brhave well
locally when presented with constant reference
inputs and no disturbances in the presence of certain
classes of unmodeled dynamics.

® In Section 5.2.2.4, it was shown that much of the
problem of high frequency unmodeled dynamics is
alleviated, if the discrete-time system is created

with a slow enough sampling rate.

5.2 Analysis of Discrete-Time Algorithms with
Sinusoidal Inputs and Disturbances

5.2.1 Introduction

This section provides for discrete-time systems the analog of the
analysis in Chapter 4 for continuous-time systems.

Subsection 5.2.2 shows that an infinite gain feedback operator is
present in all the discrete-time systems investigated and Subsection
5.2.3 shows that this infinite gain operator can result in unst;ble
beh: vior in response to certain sinusoidal inputs and all persistent
sinusoidal disturbances.

Subsection 5.2.4 contains the simulations which show that the
adaptive algorithms will indeed become unstable in the presence of
unmodeled dynamics for certain sinusoidal reference inputs.

Subsection 5.2.5 deals with the response of the systems to

sinusoidal disturbances. It is shown there that such disturbances

e e b AT
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lead to parameter drift and instability. Finally, Subsection
De2o deals with a phenomown ungue Lo diserote-Uime syntem, 1o
it, the choice of the sampling interval and its effect on the
ability of the system to deal with sinusoidal inputs and distur-

bances is examined.

5.2.2 The Infinite Gain Operators

5.2.2.1 Quantitative Proof of Infinite Gain for the
Operator of DAl

In the discrete-time adaptive control systems studied there
are infinite gain operators present in the error loop which exactly
parallel the infinite gain operators in continuous-time adaptive
system which were discussed in Section 4.2,

The infinite gain operators of DAl are isolated from the error
system of Figure 2-12 in Figure %-26a. The signals w(t) and v(t)
are assumed to be scalars. The infinite gain operators of DA2 and
DA3 are identical. These are isolated from the systems of Figures 2-16
and 2-18 and are represented in Figure 5-26b.

In this subsection we will prove that two operators which will
be defined from Figure 5-26a are indeed of infinite gain. The
' proof for the operators of Figure 5-26b is analogoﬁs and is omitted.
The proof of infinite gain,if w(t) is a vector,foliows from the proof
for scalar w(t) since the operator infinite gain can drise from any

component of the vector gjt)..
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uft)

| -1 ™~
e(t) ” i ‘q — 1 k(1) =
Wit) a wlt)

Figure 5-26a. Infinite gain operator for DA1

e ~ ‘ Y I k) o~ ult)
j-q~d
wg(t) wlt)

! +w'g(i)wd(t)

Figure 5-26b. Infinite gain operator for DA2 and DA3.

Figure 5-26 Infinite gain operators for discrete-time algorithms.
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The operators of interest are defined from Figure 5-26a

as follows:

€
Cte) vie) (SN = U, + wit) ‘gl yit-lelt-1) (5-54)
t , |
() (8181 = B v ) yvtr-Date-d) (5-55)

The following operator theoratic concepts are introduced. MFor

further development 6£ these concopts see [ 66).

Definition 5-1: A function £(t) from g%, the non-negative integers,

to R is said to be in 32 if the following sum exists:

N 172
2
Hew ||, 4 ()} £ (t:)) <o (5=56)
2 \t=0

The guantity ll'lll is called the norm of the function.
2

pofinition 5-2: A Efunction £(t) from 2 to R is said to be in

&20 if tha truncated noxm

~ w \ 1/2

i & s 2 ;

| lf(b) l l& 2 £ (v) (5=57)
2 t=l

in finito for all finite .
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Dafinition 5-3: fhe galn of an operator G[£(t)) which takes

functiong in l.‘,w into functiomin & i defined as

2

T
|letece) | lga

ll6]] = £tk
L lew])?
8

nNea 2

Xf there is no :inite number satisfying eqn. (§-58), then G

ig said to have infinite gain,

Theorem §=1: If w(t) ia glven by

wit) = b+ e alm b (5-59)
and v(t) ig given by

vit) = b+ e sl (B4) (5-060)

for any positive constants b,c, lt)ao‘ the axsa#atm: Gw(h) R

of aqn. (5-54) has infinite gain.

Proof: The proof consists of finding a asignal, &(t), such that

, L\
Hewm'vmle(t.)ll]% |

1im -
o Hete |13
2

‘ i3 unbounded,
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Throushout the proof; all )‘1‘8 will represent finite positive
constants, all Q, . 's will represent finite constants, while all
14 '
wij‘a will be constant phase angles, t)_$_¢l jg an.
Let
€(t) = a sinmo(tﬂ) (5-61)

with a an arbitrary positive constant, and mo the same

constant as in eqns. (5-59) and (5-60). These aignals produce:

h Y
v(t=l)e(t=-1) = 3 ac + dnain(motwn)-» dmsin(ﬂmot+¢u) (5-62)
k(e) =0, let)] & kg +T§1 yv{t-1) € {1-1)

1 : ;
= kg +Y(Fact+d, sin(w t+,, )+ daaain(motwn)) (5-63)

t
%mhwmmmné“o*ﬂﬂ&lwmqmnq)

u(t)

1 1 2
= u, + 3 yabe t+ 3 vacTt sixw)ot

0
+ 631 + d32 ’in(%"ﬂ?’ag) * ﬂaa sin(am°t+¢33)
+ d:M sin(amgt-ﬂba‘) * 635 sin(2m°t+¢35)

+ Q¢ sin(2n tHd, ) (5-64)

NI 8 E T F
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*
Using standard norm inequalities we obtain

| lute) | I';“z > | %Yabct + %— Yaczt sinmotl Izz

- (sum of the norms of the remaining terms of
eqn. (5-64))

d :
= |lass]| > ||al] |]8]]

1 1 2 . T 1/2 1/2 .
sl = + = - - 5-65
> 5 Yabct 2Yact:s:mta.\c’t:||£‘2 (x)) (K,T) (5-65)
Now
2
1 1 2, . T
||5 yabet + 5 yac“t simw_t| '9‘2
T 1.2222 1.22 32
= ) Y e t" + 3 ¥7a%be’t” sinw t
t=0
1 2242
+4‘Yact s:.n2w°t
T (L2222 1. 224\ 2, 1.22 32
'X z-yabc +—§Yac)t+5'yabct sinw t
=0 °
1l 2242
Ycht cos2w°t
11 2222 1 224 3 2 - :
_>_3(4Yabc+2Yac)T—K3T-K4T-K5 (5-66)
Also
_ 2 ¢ 2
llewr ||y =a” ] sin2w (t-1)< a’r (5-67)
2 t=1
*
Specifically
|la-|| > [|a]]-]]8]]

s
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Therefore, using eqns. (5-65), (5-66) and (5-67)

T (( 2.2 2 2 2.2 4 )
ol (e, vae ) #ox s (x2+x4)'r-‘(x1+l<5))1/2
|lew)| I';: | ar'/?

2

and hence, for w(t) as in eqn. (5-59) and v(t) as in

Sy () wit)

eqn. (5-60) has infinite gain Q.E.D.

Theorem 5.2: The operator Hv( with w(t) given in eqn. (5-59)

t)

and v(t) given in egn. (5-60) has infinite gain.

Proof: Choose €(t) as in egn. (5-61). Then

k(t) = H [e(t)] is given by eqn. (5-63)

(t)

- ~ 1 o , .
k(t) = ko +3 yact + d21Y 51n(wot+¢2l) + d22Y 51n(wot+¢22) (5-63)

where, as in the proof of Theorem 5-1, all dij‘s are finite constants
and all ¢ij are constant phase angles Q§~¢ij‘5 2w, and all Ki's

will be finite positive constants. Using norm inhequalities, we

obtain 2
T .
Ry 2 1 Frha’e®® - xr - (5-69)
: ‘ 2 £=0 :
2.2 23 . A
> YaeT _yga’_xr-k (5-70)

12 2 3 4

cdor ety 1318
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Using eqn. (5-7C) and eqn. (5-67) which states:

2
et | Izz < a’r, (5-67)

we obtain

~ T 222 1/2
| Jkee) || (1 a*c® 3. .2 )
2y > 1z T KT -K,;T-K, o

— o)

1/2

T
w1}

and, hence, H ( has infinite gain for v(t) as in egn. (5-60).

vit)
Q.E.D.

5.2.2.2 Qualitative Explanation of the Infinite Gain of

G and H
Wy Vv

The qualitative explanation of the mechanism which results in

is a

the infinite gain of the operators G (t)

wit) vie) 29T
discrete-time analogue to the discussion of Section 4.2.2.

If v(t) and e(t) contain sinusoids of the same frequency and
if these sinusoids do not have a phase differcnce of exactly 90°,
the multiplication of v(t) and e(t) will produce a constant cor-
relation term. The signal v(t)e(t) then entersan accumulator;

the accumulation of the constant correlation term produces the

infinite gain. Since the output of an accumulator with constant

P

1 AR
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input is a ramp, the output signal of the accumulator (which is

also the output of “v )) increases in amplitude indefinitely with

(t
time. The output of Gw(t).v(t) is formed by multiplying the output
of the accumulator by w(t), producing a sinusoid with increasing
amplitude at the frequency assumed present in w(t).

The explanation of infinite gain given in this subsection can
be applied to explain the infinito gain of the operators which may

be defined analogously to eqns. (5-54) and (5-55) from Figure 5-26b.

5.2.3 1Two Mechanisms of Instgbiligy

Two mechanisms of instability for discrete-time algorithms are
now examined. These mechanisms are parallels to the mechanism
discussed in Section 4.3 for continuous-time algorjthms.

These mechanismsdepend on the infinite gain nature of the
operators Gw(t).v(t) and “v(t) as discussed in Section 5.2.2.

In oxder to demonstrate infinite gain cf these operators,it was
assumed that €(t) and a compqqent of w(t) and v(t) have distipct
sinusoids at a common frequency as in eqns. (5=59), (5-60) and (5-61).

The discussion of Section 4.3.1 shows that the equivalent

signalsof €(t), w(t), v(t) in the continuous-time system will have

a dAistinet sinusoid at a common frequency if either:

1) The reference input has a distincet sinusoid, or

2) There is a sinusoidal disturbance.
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The points of the discussion of Section 4.3.1 hold also for

the discrete-time systems and the discussion will not be repeated

here.

5.2.3.1 Instability Due to the Gain of the Operator G of
Equation (5-54)

The first instability mechanism for discrete-time algorithms
is the same mechanism which was discussed in Secﬁion 4.3.2. The
mechaniém will be explained here using the error system of DA2
shown in Figure 2-16. The error system is redrawn in Figure 5-27

which emphasizes the role of the infinite gain operator

t !d(T)e(T)
G, (¢y fE ()] = Yu(®) ) T
- T=0 1+Ed(t)!d(1)

(5-72)

Assume w(t) consists of a sinusoid of frequency w, and a
constant. The signal !d(t) is simply a delayed version of w(t).
Assume that e(t) is a sinusoid of frequency ub. Then, just as in

(t)
infinite gain by producing at the output a sinusoid at the same

the continuous time case, the operator Gw will manifest its

frequency, “5' as the sinusoidal error signal, but with an amplitude
which increases linearly with time,plus some other signals. By

concentrating on the signal at frequency “L and viewing the operator

-
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Gw(t) as a time increasing gain at the frequency wo and very

small gain at other frequencies, a mechanism for instability in

the error system of Figure 5-27 will be exposed.
-d

g*q P B* .

Assume the forwand loop, —E;K;———4, of the error system of

4

Figure 5-27 has enough phase shift at the frequency wo so that,when

added to whatever phase shift may occur in the operator Gw(t) at
the frequency wo' the phase shift of the entire loop at wo is
+180°, The combination of this +180° phase shift with the sign

reversal of the feedback law will produce positive feedback in the

error system loop, thereby reinforcing the sinusoid at the input of

Gw(t)' The sinusoid will then increase in amplitude linearly with
) . . » . and
time, as the gain of qﬂﬁt) grows, until the combined gain of Gﬂ(t)
—dP
*B*q

K A% exceeds unity at the frequency wo. At this point the loop

Y .

itself will become unstable and all signals will grow without bound
very quickly.

Due to the presence of the inevitable unmodeled dynamics in

the plant, the phase of the forward path of the error loop,

x —d_
g—%;;%— « will take on each value between -180° and +180° at some
r o ‘
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frequency. Since the infinite gain of Gw(t) can be achieved at

any frequencytuo, the adaptive system is susceptible to unstable
behavior via the mechanism deacribed in this subsection,if subjected
to sinusoidal reference inputs and/or disturbancesin the frequency

range where the error loop produced +180° phase shift.

5.2.3.2 1Instability Due to the Gain of the Operator
"w of Equation (5-55)

In this subsection we examine a mechanism of instability duye
to a persistent, but not growing, sinusoid in the plant output and
the error signals of discrete-time adaptive contrpl system. Such
persistent sinusoidal signals could arise from a sinusoidal reference
input and/or from a sinusoidal disturbance as explained for continuous-
time systems in Section 4,3.3. A signal of the same frequency will
also be present in the signal w(t) due to the dependence of w(t) on the
plant output as in, for example, eqn. (2-95). v

The correlation of e(t) and signals derived from w(t) within
the operator Hw(t) will cause a constant signal at the input to the

accunmulator of nw( will

t) (t)

in eqn. (5-55). The infinite gain of Hw
then be realized as the output of the accumulator will contain a ramp.

T e i
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Since the output: of the accumulator of eqn. (5-55) is the parameter

errors, th% the parameters of the controller,

k(t) = k" + k(t) (2-84)

will increase without bound.

If there are any unmodeled dynamics at all, increasing the
size of the nominal feedback controller parameters without bound
will cause the adaptive system to become unstable. Indeed, since
it is the gains of the nominal feedback loop that are unbounded,
the system will become unstable for a large class of plants,
including all these whose relative degree is thrée or more, even

if no unmodeled dynamics are present.

5.2.4 Analysis of Discrete~Time Adaptive Systems with
Sinusoidal Reference Inputs

That the mechanismsof Section 5.2.3 do indeed occur and produce
unstable adaptive systems in the presence of unmodeled dynamics with
certain sinusoidal reference inputs is verified by digital simulation
in this subsection.

All the simulationsdisplayed in this and the next subsection
were generate@ with the example that has been used throughout this
thesis, complete with unmédéled dynamics and sampled at the relatively

fast rate of T=.04. The plant is represented as

v e

bt



-358- ORIGINAL PAGE IS

OF POOR QUALITY

(0.00361) (1+.1969 ) (1+2.763q -)q -

y(t) = y =3 =3 [u(t)]
(1-.961q ") (1-(.547+j.044)q "~ (1-(.547-3.044)q
(5-11)
The model is represented as
.12)q"t ,
yylt) = —==— [x(e)) (5-12)

All simulations were generated with reasonable adaptive gains
set well within the region which produces stable linearized systems.
All parameters were started with values which match the model closely
in some sense. All other states were started at zero. The
initial condition are not particularly important to the results

obtained.

5.2.4.1 Instability Due the Mechanism Described in
Section 5.2.3.1 o o

Figure 5-28 shows the plant output and parameters of DA2

with the discrete-time input

13.5t

r(t) = 1.0 + 4.5 sin 04

: ' (5-73)

Figure 5-29 shows the plant output and parameters of DA3 with
the discrete-time input

r(t) = 1.0 + 2.5 sin 5’%—:-5- (5-74)

Mo TR e et
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Figure 5-28. . Simulation of DA2 with unmodeled dynamics and
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(System eventually becomes unstable.)
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Figure 5-30 shows the auxiliary error € and the :arameters of

DAl with the discrete-time ihput

r(t) = 1.0 + 5.0 sin =223t (5-75)
13.5 . . ; .
The frequency o = o4 1S the frequency at which the discrete~

time plant of egn. (5~11) with unmodeled dynamics has 180° phase
shift and at which the positive feedback system discussed in Sec-
tion 5.2.3.1 is likely to be produced in all the algorithms.

All three algorithms, DAl to DA3,do exhibit instability in the
manner predicted by the mechanism of Section 5.2.3.1. The simula-
tions all show a sinusoidal error linearly increasing in magnitude
until a dramatic instability occurs. Only the onset of such an
instability is shown in ovder to maintain‘reasonable scale in the
graphs;

If a sinusoid is introduced at a frequency at which the error
system of, for exampl#, Figure 5-27, has little total phase shift,

the system may remain stable due to phase considerations even with

the infinite gain operator in effect. This is seen in Figure 5-31 and

5-32. Figure 5-31 shows the output error and the parameters of

. DA3 with a discrete-~-time input of

r(t) = 0.1 + 1.0 sin Zt—:- (5-76)

.04
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Figure 5-30. Simulation of DA1 with unmodeled dynamics and

- r(t)=1.0 + 5, Osmmt.
(System eventually becomes unstable.)
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(No instability occurs.)
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Figure 5-32 shows thé auxiliary e¥ror and the parameters of
DAl with the same input of egn. (5-76). ;

Figures 5-31 and 5-32 show the algorithms converging nicely to
a point where both the dc and low frequency characteristics of
the model can be matched.

Figure 5-33 shows the output error and the parameters of

DA3 with the input

r(t) = 0.1 + 1.0 sin %%’ (5-77)

S

This demonstrates that the growing sinusoid effect can vccur
at frequencies other than the exact frequeﬂcy for which the plant
display 180° phase lag. The positive feedback may be caused by phase
shift introduced by lags in the infinite gain system or by the
shifting of the parameters themselves changing the characteristics
of the controlled plant. Similaf results were obtained for all
the algorithmsin both continuous and discrete-time as there may be

phase shifts for the infinite gain operator, G, in every algorithm.

5.2.4.2 Instability Due to the Mechanism Described in
Section 5.2.3.2 ‘

The simulation of DA2 with the input of eqn. (5-59)

. 2t
r{t) = 0.1 + 1.0 s:.n.o4

" shows a different behavior than that of DA3 or DAl from Figures
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(No instability occurs.)
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5-31 and 5-32. Figure 5-34Y shows the output error and the para-
meters of this simulation.

First of all the error does not grow since the positive feedback
is not present. However, because of the deadbeat setup of DA2
discussed in Section 5.1.1,the system cannot match the model in
the presence of unmodeled dynamics. This causes the error to
converge to a steady state sinusoid. The adaptive system is then
driven to instability by the mechanism described in Section 5.2.3.2.
The parameters drift away as seen in Figure 5-33. This slow drift
will continue until the parameters move to the point where the
linearized system is unstable and then the system will become unstable.
This is exactly what happened when the simulation was allowed to
continue. All the algorithms studied, both in continuous and discrete-
time, showed a similar behavior when confronted with a set of input

frequencies that cculd not be well matched.

5.2.4.3 conclusions
The digital simulations of this section verify the analysis of

Section 5.2.3 whicp showed that,in the presence of unmodeled dynamics,

_the discrete-time adaptive control algcrithms DAl--DA3 can become

unstable with sinusoidal reference inputs.
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In Section 5.2.4.1 it was found that the instability mechanism
of Section 5.2.3.1 does indeed occur if the reference input is a
sinusoid within a certain range of frequencies. The frequencies
required to cause instability are always in the high frequency
range but the exact frequencies can only be determined by a detailed
analysis of the phase properties of the error system involved.

In Section 5.2.4.2 it was found that ingtability arose via
the mechanism of Section 5.2.3.2,when the reference input consisted
of a set of sinusoids for which the controlled plant could not
match the response of the reference model due to unmodeled dynamics

in the plant.

5.2.5 Response to Additive Output Sinusoidal Disturbances

The discrete-time adaptive control algorithms have the same

unstable behavior in the presence of additive output siruasoidal

disturbances as their continuous-time counterparts. The instabilities

caused by sinusoidal disturbances can come about by the two mechanisms

described in Section 5.2.3.

-
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5.2.5.1 Instability Due the Mechanism Described in Section 5.2.3.1

The first mechanism is that a sinusoidal disturbance at the
wrong frequency, one at a frequency wherethe nominally controlled
plant with unmodeled dynamics has 180° phase shift, can excite
the positive high gain feedback loop described in Section 5.2.3.1.

The mechanism is the same as in Section 5.2.4.1 where the sinusoid

was due to a reference input. We note,however,that while a
designer may be able to control what reference inputs are used in a
system, he has no control over what disturbances the system faces.

The sinusoidal disturbance will grow in amplitude,as the in-
finite gain operator does,until instability occurs. This phenomenon is
displayed in Figures 5-35 to 5-37. All simulations in this subsection
were generated under the conditions described at the beginning of
Section 5.2.4, except that a constant reference input was used and
a sinusoidal disturbance, d(t), was added to the output.

Figure 5-35 displays the output and prrameters of DA2 under the
stimulus

13.5¢

r =0.1; d(tl= 0.1 sin ~04

(5-78)

Figure 5-36 displays the output and parameters of DA3
under the stimulus

13.5¢

r = 0.1; d(t)= 0.015 sin o8 (5-79)
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Figure 5-37 displays the output and parameters of DAL under

 the stimulus

r = 0.1;d(t)= 0,01 pin o (5-80)

All three systems show the increasing amplitude sinusoid in
the error and the steady parameter movement. All three hecame

grossly unstable when the simulation was continued.

In all three simulation there is no semblance of disturbance
rejection. Indeed, all three simylations show immediate

disturbance amplification from which point the amplification

increases until instability occurs.
The amplitude of the disturbance was chosen in the simylation

so that the instability would occur within a reasonably short

simulation time. Smaller amplitude sipusoids will also cause disturbance

amplification and instability but the system will take a longer

time to become grossly unstable.

5.2.5.2 1Instability Due to the Mechanism of Section 5.2.3.2
The instability caused by the mechanism of Section 5.2.3.2 is
again more disconcerting than that caused by the mechanism of

Section 5.2.3.1, because the former can happen at any frequency.

A sinusoidal disturbance at a frequency where the controlled plgnt




S

does not have too much phase shift will not have the positive
feedback growing effect. The error will converge fér a while.
It will ﬁot, however, cdnverge td'zéro since the disturbance does
not enter into fhe model. A steady state‘error will correlate
with the disturbance on the output,creating a constant driving
term to the parameter adjustment mechanism. The parameters drift
away creating an ever increasing gain in the nominal control system.
In the presehée of unmodeled dynamics, this will cause instability.
Indeed,any persistent error,which produces a constant cor-
relation with the plant output,will cause instabiiity via the
mechanism of Section 5.2.3.2.
Figure 5-38 displays the output and parameters of DA2 with

the stimulus.

r=0.1; d(t) = 0.1 sin %% ) (5-81)

Figure 5-39 displays the output and parameters of DA3 with

the stimulus

r = 0.1; d(t)= 0.01 sin 2t (5-82)

04 "
Figure 5-40 shows the output and parameters of DAl with the

stimulus

r = 0.1; d(t)= 0.007 sin -4-'—(5.3% . (5-82)

i
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All the figures show the characteristic par;meter drift and
seemingly controlled error. All simulations did indeed become
unstable when allowed to continue.

* All the simulations also show that right from the beginning

the adaptive systems show disturbance amplification rather than

disturbance rejection.

5.2.5.3 The Effect of Sinusoidal Disturbance Upon the
Self-Tuning Controller of "DA3

As was mentioned in Section 2.3.3 the algorithm DA3 has a form
which is designed to handle some disturbances. This is a type of
self-tuning controller and it was also tested with éinusoidal dis-
turbance. The self-tuning controller was designed so that the system

is designed to handle output disturbances of the type

[v(t)] (5-84)

where v(t) is white noise. It is not too surprising that such a
system can not handle the highly correlated output sinusoid
disturbance that it was tested with. When thé plant output is
corrupted with a sinusoid the correlation between yd(t) and e(t)

in the operator of Figure 5-26 will produce a constant driving term
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to accumulate in the operator no matter how the system adjusts.

When the disturbance is of the form of eqn. (5-84) the systenm

can adjust to remove the correlation between wd(t) and e(t).
Indeed, the self-tuning controller performed just like the

other adaptive systems. Figure 5-41 shows thka output and main

parameters, k , ,ky, when the simulation was generated with the

stimulus
r = .1;d(t)= .016 sin S23E. (5-85)
The output shows the characteristic growing sinusoid of the
positive feedback high gain system and the parameters show the
familiar, by now, drift.
Figure 5-42 shows the output and main parameters under the
stimulation
;-
r = 0.1; d(t)= 0.1 sin ik (5-86)

The response is again as expected with ‘th‘e output error at
least holding its own but with the parameters drifting away.
Both simulations became unstable when allowed to continue.

Both simulation show that the systems amplify rather than

reject disturbances.
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Thus, aven the self-tuning controller designed to handle some
typesof disturbances performs atrociously when faced with a sinusoidal
disturbance. We reiterate the disturbance that caused instability
is not one that the system is designed to handle. 'Tge performance
Qhown, however, still constitutes a major obstacle for the practical
implementation of such adaptive controllers.

One is reminded of the paper of Dumont and Belanger, [ 70]
who in describing a "successful® application of a self-tuning
regulator, stated

"The long-term operation of the self-tuning regulator

can give rise to some problems. After saveral weeks
of satisfactory operation, the self-tuning regulator
can create system oscillations... Another phenomena,

eees is a blow-up of the parameter estimates when
working with a forgetting factor less than one."*

5.2.6 cCconclusions

It has been shown in Section 5.2 that, through two mechanisms, if
any of the discrete-~-time adaptive control systems studied is operated
in the presence of unmodeled dynamics with a high frequency reference
input and/or a sinusoidal disturbance at any frequency, the adaptive
system will become unstable.

The response to distﬁrbances is especially disconcerting since

the disturbance can occur at any frequency and still exhibit the

T ,
In our terminology a forgetting factor less than one corresponds to
an adaptation gain that does not become arbitrarily small with time.

e o s
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behavior of disturbance amplification and instability seen in
the simulations of Section 5.2. While a designer may be able to
select his reference inputs he has Ao control over tﬁe disturbances
a system encounters and sinuscids)l disturbances are very common.

It is clear that the problems exposed in this section must
be successfully resolved for adaptive control systemsto hecome

generally useful control systems.

L

5.3 The Effects of the Sampling Rate on Discrete-Time o
Adaptive Control Systems !

It was seen in Section 5.1.1 that if the sampling rate chosen
for discrete-time adaptive coﬁtrol systems with constant reference
input- is slow enough, many of the problems associated with
unmodeled dynamics in these systems are greatly alleviated.

This phenomenon is easily understood by looking at the pole-

zero locations of a system sampled at different rates.
Figure 5-43 shows the pole-zero locations of the plant used as an
example throughout this thesis sampled at two different rates.
The sampling periods are T=.04 and T=.4.

From this Figure 5-43, one can see that if the system is

sampled rapidly the unmodeled poles and Zeroes separate so that

the poles produce substantial phase lag at intermediate frequencies,
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Figure 5-43a. The system (3-27) sampled at T=0.04 secs.

Figure 5-43b. The system (3-27) sampled at T=0.4 secs.

Figure 5-43. Pole-zero plots of the system (3-27) with different sampling intervals.
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while zeroes contribute a small amcunt of phase lead until
higher frequencies. Indeed the zero at 2z=<2,76 has very little
effect on the system at any frequency.

When the system is sampled slowly, however, the unmodeled

e p s

poles and zeroes coincide to all intents and purposes. Thus,
they have little effect at all and the system behaves as if there
were no unmodeled dynamics.

The previous two sections discussed the response of adaptive

control systems to sinusoidal inputs and disturbances when the

system is sampled at T=,04 sec. The response of the systems, when
sampled more slowly at T=.4 sec., is now studied. Only the
responses of the algorithm DA3 are shown in this section. The
other algorithms reacted similarly.

Figure 5-44 shows the output errcr and the parameters of the

system under the stimulus

7.85¢

r(t) = 1.0 + 1.0 sin 04

(5-87)

and no disturbance. The frequency w, = 1%%%- was

BT L e

chosen as the frequency at which the plant provides 180° phase
shift.
In Fig. 5-44 the output error starts out with the, by now,

expected growing sinusoid. Sirice the umcdeled dynamics have little
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(No instability occurs.)
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effect at this slow sampling rate the system can adjust parameters
to match the plant at both d.c. and thisx high fgiquéncy at the
same time and no persistent error signal develops: The error
goes to zero and the parameters converge. Again, it is seen that,if
the system is sampled slowly enough,the effects of high frequency
unmodeled dynamics are minimirzed.

Next, the effects of a slow sampling rate on the response to
sinusoidal disturbances was investigated still using the
algorithm DA3.

Figure 5-45 shows the response to

r = 0.13d(t) = 1.0 sin 1:32E . (5.88)
Figure 5-46 shows the response to
r=0.1; d(t) = 0.1 sin 353*‘ : (5-89)

The system reacts qualitatively the same as it did when the
sampling rate was much faster,with the charagteristic parameter
drift.

The reason why slowing the sampling rate did not improve the
reaction of the system t& theé sinusoidal disturbance is because the
debilitating parametexr drirt is not fundamentally a problem of
unmodeled dynamics. It is a problem of the correlation ;n the

algorithm. Unmodeled dynamics serve only to accentuatethis problem
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Simulation of DA3 with unmodeled dynamics, slow sampling,

_ 7.85
r=0,1, and d(t)=1, Osinomt

(System eventually becomes unstable.)
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by, first, creating extra phase lag at smaller fxequencian;thuu
adding to the possibility of the positive feedback effect, and,
second, by shrinking the space out ¢f which the parametexs must
drift to cause instability.

Thus, it has been seen that the detrimental effects of un-
modaled dynamics in a disturbance~free environment for discraete-
time adaptive control algorithms can be essentially eliminated by
sampling the system slowly enough., Howaver, all the problems
associated with sinusoidal disturbancoé xomain.

A rule of thumb for cheoosing a sampling rate may ba to have
the sampling fraequency be the same as the lowest Frequency of
the unmodeled dynamics. Howaver, such a slow sampling scheme is a
luxury seldom, if evar, available. The problems of sampling systems
too slowly are well known (see [ 68), Chapter 10). In oxder to
provide smeooth enovugh and fast enough tracking of inputs and
reasonable disturbance rejection in the nominai system, discrete~
time zystems have to be sampled up to 20 times as fast as their
bardwidtha, Since one of the goals of adaptive control is tc push
the bandwidih of systems up to the limit dictated by the unmodeled
dynamics, the slow sampling rates required to remové those unmodeled
dynanics cannot be used. Some other way to deal with them is
required. In addition, even if one has the luxury of a slow sampling

rata, the problems of sinusoidal disturbances must still be addressed.

R Tt R S A
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5.4 Conclusions

The foilowing cohclusions are obtained from the analysis and

digital simulation presented in this chapter:

® All the discrete-time adaptive control systems
studied will have their control parameters
increase without bound,if they are operated
under the influence of a persistent sinusoidal

disturbance at any frquenqy. Such unbounded

parameterswill surely cause instability in the
presence of unmodeled dynamics and are likely to
cause instability even when no unmodeled dynamics
are present. Also, all the algorithms studied
display disturbance amplification rather than
disturbance rejection,

® All the algorithms studied will become unstable in
the presence of unmodeled dynamics,if a high frequency
sinusoidﬁi reference input is used.

® All the algorit’hslsmay become unstable in the presence
of unmodeled dynamics and constant reference inputs,
if the design parametersof the system a:einot chosen

carefully. The analysis of Section 5,1 provides a
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design tool which aidsin choosing the design
parameters to alleviate the stability problems

only for constant reference inputs.

® The stability problems associated with constant
or sinuscidal reference inputs can be greatly
alleviated by choosing a slow enough sampling
rate in creating the discrete-time system. The
problems associated with disturbances are not

helped by the slower sampling.

Clearly, until the afcrementioned problems are solved the ap-
plications of the adaptive control algorithms studied must be
extremely limited. The problems associated with disturbances are
extremely trouﬁlesome since tﬁe designer has no control over what
disturbances enter the system. Thus, one of the fundamental advantages
of feedback control, i.e., the ability to minimize the effects of
external disturbances, becomes the major downfall in the adaptive

control algorithms.
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CHAPTER 6
CONCLUSIONS AND DIRECTIONS FOR FUTURE RESEARCH

6.1 Conclusions

This thesis contains an exhaustive analytical and numerical
investigation of the stability and robustness properties of a wide
class of adaptive control algorithms in the presence of unmodeled
dynamics and output disturbances, for both continuous-time and
discrete-time systems. The class of algorithms considered, those
which are commonly referred to as model reference adaptive control
algorithms, self-tuning controllers, and deadbeat adaptive controllers,
have all been designed using a "black box" model for the plant.

For each of the algorithms the assumption is made that the plant

is a "black box",about which nothing is known except for the ralative

degree and an upper bound for the order of the plant. In addition,

the primary performance criterion tsed for the design of the adaptive
systems investigated in past work is related to good command following.
Using the "black box" assumption discussed above, each of the algorithms
have been proven to be globally asymptotically stable.

However, the "black box" assumption does not reflect adequately
the knowledge a control system designer néually‘has about the plant.
On one hand, the assumption on the order and relative degree of the

plant is too restrictive from an engineering point of view. Real
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plants always contain unmodeled high frequency dynamics and small

de..ays and, hence, no upper bound on the number of the plant poles

antl zeroes exists. Also, real plants are always subject to unmeasurable
adaitive output disturbances, although these may be small. On the

other hand, the “"black box" assumption may discard a great deal of
knowledge that is available about the plant, e.g., the approximate
location of the dominant poles of the system vis-a-vis the nature and
range of frequencies of unmodeled dynamics.

A unified analytical approach has been developed in this thesis,
that can be employed to examine the stability and performance pro-
perties of this class of existing adaptive control algorithms in the
presence of unmodeled dynamics and output disturbances. In Sections
4.2 and 5.2.2, it was disczvered that all existing algorithms contain

an infinite-gain operator in the dynamic system that defines command

reference errors and parameter errors; it is argued in Section 4.2.4
that such an infinite-gain operator appears to be generic to all
adaptive algorithms,whether they perform explicit or implicit parameter
identification. The following practical engineering consequences of

the infinite-~gain operator are disastrous:

®* Analytical results of Section 4.3.2 and Section
5.2.3.1 and simulation studies of Section 4.4.2
and Section 5.2.4 demonstrate that, in the

presence of unmodeled dynamics, sinusoidal
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reference inputs at specific frequencies cause

sinusoidal components irn the plant output to

grow without bound and the adaptive system to

become ungggble.
® Analytical results of Section 4.3;3 and Section

5.2.3.2 and simulation results of Section 4.4.3

and 5.2.5 demonstrate that a sinusoidal,ou:gg:

disturbance at any frequency, includingkgonstant

disturbances, will cause the loop-gain of the

adaptive control system to increase without bound,
thereby exciting the (unmodeled) plant dynamics

and yielding an unstable adaptive control system.

Hence, it is concluded that none of the adaptive contrel algo-

rithms considered can be used with confidence in most practical

control system designs, because instability will set in with a

high probability.

In addition, results were obtained for the behavior of adaptive

systems implemented in the presence of unmodeled dynamics but with

constant reference inputs and no disturbances. The main results

are:

®* By choosing the design parameters of the adaptive
system as indicated by the analysis technique of

Chapter 3 and Section 5.1, the existing adaptive
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control algorithms can be made to remain stable
and to follow infrequent changes in constant

reference inputswell in the presence of a

certain class of unmodeled dynamics,if there

are no external disturbances.

® In Section 5.1.2.3 and Section 5.3 it is
shown that the instabilities caused by si-
nusoidal or constant reference inputs in
the presence of unmodsled dynamics cén be
eliminated in systems which use discrete-
time algorithms to control continuous-~time
plants by sampling the continuous-time

process slowly enough. However, instabilities

caused by output disturbances will still

occur regardless of the sampling rate.

Thus, although the analysis techniques developed in this thesis
can aid in some aspects of the designs of adaptive controllers using
existing algorithms, the adaptive control system will still be
vulnerable to instability attributable to the presence of the ine-

vitable output disturbances and unmodeled dynamics.
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6.2 Directions for Futnre»Regearch

It is clear from the preceding conclusions that the "black

box" approach to the design of'adqgg;vg control,lysﬁgms must be

abandoned. While "black box" approaches may lzad to elegant
theoretical results under idealized assumpiions, the results of this
thesis indicate that great difficulties arise in more practical
settings. Adaptive controllers should be designed based upon the
actual knowledge available about the plant. Modeling of ﬁhe plant
itself should include the following three ingredients, each

pertaining to a different type of uncertainty (67 ].

»

1. The Known Part ~ The known part usually characterizes the
dominant modes of the plant which remain unchanged through
various operating conditions.

2. The Structured Uncertainty Part - The structured uncertainty
part is characterized by a known structure but with para-
meters that vary with time as operating conditions do.

3. The Unstructured Uncertainty’Part - The unstructured un-
certainty part encompasses the inevitable high frequency
effocts of unmodeled dynamics, It can be characterized
as anadditive or multiplicative perturbation to the plant
transfer function. Only an upper bound to the magnitude
of the perturbation at different frequencies is assumed

known.
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The adaptive controller should then be designed in light of
the new modeling information to perform all the functions of
feedback control. Thus, in addition to meeting a reference input
response criterion, the adaptive controller should perform distur-
baice and sensor noise rejection, vhile maintaining stability for
the entire class of unmodeled dynamics considered to be part of the
real process.

The following suggestions are offered as possible avenues of
pursuing the adaptive control problem using the plant model and

performance criterion indicated above:

1. By further analyzing existing algorithms under more
realistic assumptions, one may develop the insights
needed to make modificatiors to existing algorithms
so that the algorithms are better able to handle dis-
turbances and unmodeled dynamics. Moreover, one must
realize that in abandoning the idealistic assumptions
of ‘the "black box" approach,the possibility of such
mathematical niceties as global stability proofsmay
be severely compromised. On the other hand, one may
emerge with an algorithm that performs satisfactorily

in practical situations.
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New parameterizationsof the nominal control 1q§p
shpuld be @nvestigated. The three part plant
model discussed above may 1ead_tg ?axgmgte:izqgiog
of the control mechanism which are better suited
for practical results.

It is possible that progress can be made pnly by
abandoning the existing algorithms and addressing
the problem from the beginpiqg, this time with

a problem formulation which takes unmodeled dynamics
and disturbances explicitly iqto account from tgg
beginning. Possibly, ipgighpségn pe gpined @nto
more practical solutiong for adaptive control

by solving detailed problem formulations qf simplg

first-order problems under practical assumptions.

Whether or not results can actually be obtained by these or

other approaches to the adaptive control problem, it is clear that

for adaptive control to take its place as a viable design alter-

native to other control s;rateg;es, @esign procedures must be

developed which are able to ptpdqce adgp;iyg coqtrpl systéms tyat

perform acceptably in the presence of uqmo@gleg dypgmics gnd external

disturbances.
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