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DEVELOPMENT OF MATHEMATICAL TECHNIQUES FOR THE ASSIMILATION OF
REMOTE SENSING DATA INTO ATMOSPHERIC MODELS

e

John H. Seinfeld, Principal Investigator
California Institute of Technology
Pasadena, California 91125

ABSTRACT

The object of this project was to define the problem of the assimilation
of remote sensing data into muthematical models of atmospheric poliutant
species. An object of remote sensing of the atmosphere is to enable recon-
struction of the concentration distribution of trace species over a region
based on the data available from the instrument. The data assimilation prob-
Tem is posed in terms of the matching of spatially integrated species burden
medsurements to the predicted three-dimensional concentration fields from
atmospheric diffusion medels. General conditions have been derived for the
reconstructability of atmospheric concentration distributions from data typi-
cal of remote sensing applications, and a computational algorithm (filter)
for the processing of remote sensing data has been developed.
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RECONSTRUCTION OF ATMOSPHERIC POLLUTANT
CONCENTRATIONS FROM REMOTE SENSING DATA -
AN APPLICATION OF DISTRIBUTED PARAMETER OBSERVER THEORY+

Masato Koda* and John H. Seinfeld

Department of Chemical Engineering

California Institute of Technology
Pasadena, California 91125

ABSTRACT

The reconstruction of a concentration distribution from spatially-aver-
aged and noise-corrupted data is a central problem in processing atmospheric :
remote sensing data. Distributed parameter observer theory is used to de- |
velop reconstructibility conditions for distributed parameter systems having
measurements typical of those in remote sensing. The relation of the recon-
structibility condition to the stability of the distributed parameter obser-
ver is demonstrated. The theory is applied to a variety of remote sensing
situations, and it is found that those in which concentrations are measured
as a function of altitude satisfy the conditions of distributed state

reconstructibility.

*Permanent address: Department of Aeronautics, University of Tokyo, Hongo,
Bunkyo-ku, Tokyo 113, Japan

+This work was supported by NASA Research Grant NAG-1-71
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I.  INTROBUCTION

In the remote sensing of tropospheric species, a ground-, aircraft- or | .
satellite-based platform performs an instantaneous scan «f a region of the
atmosphere and measures the species burden within the field of view. With air-
craft or satellite remote sensing the platform is in motion and the field of
view is constantly changing. An object of remote sensing of the atmosphere
is to enable reconstruction of the concentration distribution of trace species
over an entire region based on the data available from the instrument.

The reconstruction of a concentration distribution from spatially-aver-
aged and possibly noise-corrupted data is a central problem in processing
remote sensing data. In the absence of a mathematical model describing the
spatial and temporal concentration distributions, the reconstruction can be
carried out by standard data interpolation methods. However, when a mathema-
tical model exists, the problem becomes one of matching the remote sensing data
to the model solution in such a way that the incomplete data can be used in
conjunction with the model to produce an estimate of the region-wide concen-
tration distribution. This problem of the matching or assimilation of remote
sensing data into mathematical models for atmospheric constituents is the
subject of this paper.

There exist a few recent studies that assess the capabilities of remote
sensing for monitcring regional air pollution episodes. For example, Barnes
et al. [1] conducted a comparative analysis of satellite visible channel ima-
gery in ground-based aerosol measurements. For three cases, each of which
represented a significant pollution episode based on Tow surface visibility
and high sulfate levels, the results show that the extent and transport of
the haze pattern can be monitored from sateilite data. The study demonstra-

ted the potential of the satellite to monitor both magnitude and aerial extent
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of pollution episodes. In a related study, Lyons, et al. [2] reported on &
demonstration project showing that currently available synchronous satellite
data can detect the aerial extent of large scale hazy air masses associated
with sulfate and ozone episodes.

A study related to that of the present work was reported by Diamonte, et
al. [3] in which they considered the comparison of remote and in situ data on
pollutant concentrations from point sources. They considered typical remote
sensing geometries to provide insight on estimation of plume properties from
these measurements. In a study also related to the present, Kibbler and
Suttles [4] considered the estimation of unknown parameters in a pollutant
dispersion model by comparing model predictions with remotely sensed air quality
data. A ground-based sensor provided relative pollutant concentration measure-
ments as a function of space and time. The measured data were compared with
the dispersion model output through a numerical estimation procedure to yield
parameter estimates that best fit the data.

The object of this paper is to define the problem of the assimilation of
atmospheric remote sensing data into mathematical models of pollutant behavior.
Since the atmosphere is a three-dimensional system, models of pollutant behavior
are of the distributed parameter type [5]. Remote sensing data represent spa-
tial averages of concentrations, so that the assimilation problem is, in es-
sence, one of distributed parameter state estimation.

First, the concept of distributed state reconstructibility is developed
for the class of problems of interest. That is, the first question to be
faced is - can the desired spatial-temporal concentration distribution infor-
mation be recovered from the measurements in the absence of noise. The deri-

vation of general conditions that allow one to answer this question is the
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subject of Section II, In Section III a varieiy of common remote sensing
measurement configurations and atmospheric models are tested for reconstructi-
bility. We conclude in Section IV with general observations concerning the

inherent potential of remote sensing data in analyzing regional air pollution.
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IT. RECONSTRUCTIBILITY AND OBSERVERS FOR DISTRIBUTED PARAMETER SYSTEMS

Atmospheric pollutant models consist of partial differential equations,
Tinear in the case in which the species does not react chemically or in which
it is produced or destroyed by a first-order reaction of the form A =+, This
case represents a wide class of important situations and is the one to which
we direct our attention here. Nonlinear distributed models must be handled
by Tlinearization and therefore also fall within the present framework.

Our interest in this section is to derive distributed parameter observers
for systems descrived by linear partial differential equations with inhomo-
geneous boundary conditions characteristic of atmospheric models. An observer
is an algorithm that processes measurements of the state of a system to yield
an estimate of the entire system state. An observer is most frequently
employed when not all of the states of a system are accessible for measure-
ment. In the present application, we will be generally interested in only a
single state variable, the measurements of which have Timited spatial resolu-
tion. The observer is stable if its estimated state converges to the true
state after a sufficiently long time. The concept of state reconstructibility
is useful as a condition for the stability of the observer. Thus, if a meas-
urement strategy satisfies the condition of state reconstructibility, then
the corresponding observer is stable, and, the state (i.e. the concentrations)
can, in principle, be estimated from the measurements. The condition that
allows the reconstruction of the system state on the entire field is called
distributed state reconstructibility. Associated with distributed state re-

constructibility, the concept of uniform n-mode recornstructibility can be
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developed. 3oth conditions, n-mode and distributed state reconstructibility,
will be applied, in Section III, to typical remote sensing measurement
configurations.

There exists some previous work on observer theory for distributed param-
eter systems [6-8]. Kitamura et al. [6] formally extended the Tumped param-
eter observer to the distributed parameter case. Gressang and Lamont [7]
developed a more complete theory of the distributed parameter observer, includ-
ing reduced order observers. An application of distributed parameter observer
theory has been presented by Kéhne [9]. The most complete treatment of observer
theory is that of Dolecki and Russell [8]. In the current work, distributed
parameter observers are derived in a form appropriate for application to the
class of systems representing atmospheric species behavior. In addition, a
result of the present work is an explicit relation between distributed parameter
reconstructibility and the stability of the observer. Observer stability is
demonstrated using a technique of Hale [10] in which Lyapunov stability theory

s extended to function spaces.

We consider the Tinear distributed parameter system,
auéé,tl = L, u(x,t) + B(x,t)F(x,t) o)

defined for t > 0, x € D. The domain D is a connected subset of a d-dimensional
Euclidean space Ed with boundary surface 9D. The d-dimensional sratial coordi-
nate vector is denoted by x. The state u(x,t) is a scalar function and Lx

is a linear partial differential operator with respect to x. It is assumed

that the operator Ly 1s well-posed. The input Ff(X,t) is a known scalar

function and B(x,t) is a known coefficient.



The boundary condition on (1) is
BU(X:t) = h(x,t) X € 8D (2)

where By is a linear, spatial differential operator of suitable order over
8D and h(x,t) is a known function. The initial condition is assumed to be
unknown or ‘incompletely known.

We are interested in considering three types of measurements:

Case 1: Spatizily-Independent Integral Measurements

The measurement takes the form

w(t) =_g H(x,t)u(x,t)dx (3)

where H(x,t) is a spatial weighting function.

Case 2: Spatially-Continuous Measurements

w(x,t) = C(x,t)u(x,t) (4)

where C(x,t) is a square-integrable function, i.e., C € L2.

Case 3: Spatially-Discrete Measurements

wi(t) = Hi(t)u(xi,t) i=1,2,... % (5)

where wi(t) denotes a measurement at the ith measurement location X; By
taking the 1imit to small volumes of integration in (3), we can represent

a system such as (5) by choosing H(x,t) = Hi(t)s(x-xi), i=1,2,...5 %.
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For the moment let us restrict the problem to one spatial dimension, i.e.,
0 < x < 1. Accordingly, boundary condition (2) can be expressed as
sou(x,t) = ho(t) X =0

(6)
slu(x,t) = hl(t) x =1

Then the solution of (1) and (6) with initial condition u(x,0) = uo(x) can be

expressed in the form*

<1 t.1l
u(x,t) = j ﬁ)* (r,03%,t)u(r)dr +f o (ryT3x,t)B(r,t)f(r,t)drdr
0 00
/~/. (r,T3x,t)g(r,r)drdr (7)
where
g(x,t) = 2h1(t)<5(x-1) - 2h0(t)6(x) . (8)

The adjoint Green's function o (xst;y,T) is governed by
*
aq)_(i%;m * L;<I>*(x,t;y,r) =0 (9)

with the terminal condition

o (x,tsyst) = 8(x-y) (10)

*The explicit form of operators Lx’ BO’ and 81 are assumed as follows:




ORIGINAL PAGT U !
OF POCR QUALITY

and boundary conditions

* K

Bo¢ =0

(11) v
* % =0
qu) -

The operators L:, 33’ and Bz are 'the adjoints of the operators b s 80, and Bl’
respectively.

The extension of the adjoint Green's functions to higher spatial dimen-
sions is straightforward. In higher dimensions, (9) and (10) remain the

same with the general boundary conditions

* k
By & (x,t3y,T) =0 X € 3D (12)

* *
where By is the adjoint of the operator By In general, we note that ¢ s
related to the Green's function ¢ associated with the system (1) with

*
homogeneous boundary conditions by the relationship #(x,t;y,T) = & (y,Tt:X,t).

The adjoint Green's function for well-posed distributed parameter sys-
tems can be constructed in a variety of ways. Expansion in spatial eigenfunc-
tions and construction of the adjoint Green's function from eigenvalues and :
eigenfunctions is a powerful method for Tinear systems. Let us assume that ?
L: has an infinite series of discrete eigenvalues {Ai}, i=1,2,.... Using
standard methods, the adjoint Green's function that satisfies (9)-(12) is
found to be [111

n{t-1)

" - -A
S ltne) = 2 (08, )e (13)
n:

where the eigenfunctions {¢i}’ i=1,2,..., are the solution of the equation,

L:¢j = A;9;» satisfying the boundary conditions (11) or (12). V o
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II.1 Reconstructibility Conditions

The objective of an observer is to reconstruct the system state when
the measurements are incomplete. To be able to reconstruct the state the
observer must be asymptotically stable.

An identity or non-reduced observer for the system (1) with measure-
ments (4) takes the form

BOGE) = U(x,t) + Blx,t)F(x, )
+ GLwW(x,t) - C(x,t)u(x,t)] (14)

where G(x,t) is the observer output and G is a suitably chosen integral opera-
tor with the kernel G(x,y,t).

Before presenting a derivation of the observer, we will establish the
conditions under which the system (1) and (4) is reconstructible. We define

the reconstructibility kernel function by
t
* 2 *
Q(x,y,t) = [f¢ (xst3r, )65 (r,1)0 (y,tsr,T)drdr (15)
o
0D

It will be shown later that the observer (14) is stable if Q(x,y,t) has a so-

called generalized inverse, i.e., if there exists P(x,y,t) such that

fP(x,r,t)Q(r,y,t)dr = §(x-y) (16)
D
By formal differentiation of (15) with respect to time and use of the
properties of the adjoint Green's function (9) - (12), it is found that

Q(x,y,t) satisfies the following Lyapunov equation,

SR
. * e ’=~‘7§
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0(x,y,t) ’;,(t t=. L:Q(x.y,t.) - Q(x,y,t)L; + cz(x,t)a(x-y) (17) ' |

with the initial condition

Q(x,y,0) = 0

and boundary conditions
(19)

2= 0 * a0
BXQ_’ QBy“‘

where L;Q = QL;. Although Q(x,y,t) is formally defined by (15), it is impor-
tant to note that Q(x,y,t) may be computed from (17)-(19) without using the

adjoint Green's function.
By using the identity

M%%ut_)_ ) ff P(x,r,t) @%ts—?l P(s,y,t)dsdr (20)
DD
P(x,y,t) can be shown to obey the following Riccati equation,*
BELED = Lp(yst) + PloystIL
-[ P(x,rst) cZ(r,t)P(r,y,t)dr (21)
D
with boundary conditions
(22)

P(x,y,t) may be considered as the kernel of the integral operator P defined as

*The jmpact of observation error on the design oY an observer can be assessed
from (21) by comparing P to that from the corresponding distributed param-

eter filter.
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P£(x) =fP(x,y,t)f(y)dy (23) ;
D f-:

for f e L2.

A linear distributed parameter system (1) and (2) with measurement (4)
is said to be distributed state reconstructible if and only if Q(x,y,t) de-
fined by (15) has a bounded generalized inverse P(x,y,t) for t > 0. It may
be shown that Q(x,y,t) has a bounded generalized inverse wher Q(x,y,t) i4
bounded and positive-definite for t > 0 [11]". The system (1), (2), and (4)
will be defined to be uniformly n-mode veconstructible if there exists posi-

tive constants Ml’ Mz, and ¢ such that

g
M < Jf Jf op (P (Y, t)e, () dxdy < My (24)
for all t > 0, where ¢n(x) is the eigenfunction of L; and the modified re-
constructibility kernel Qc(x,y,t) is defined by
t . )
Q% (x,y,t) = [ jrd* (x,t3r,1)C5(r, 002 (y,t5r,T) drdr (25)
t-o D
The system is distributed state reconstructible if (24) is satisfied for each
of the eigenfunctions. The uniform n-mode reconstructibility test (24) is ;
useful when P(x,y,t) cannot be found directly from Q(x,y,t). Since it is
straightforward to extend the concept of distributed state reconstructibility

to measurement Cases 1 and 3, detailed discussion is omitted here.

*Positive—definiteness of the kernel Q implies that

j_[f X,¥,t)F(y) dxdy > 0 o

for all t >0and f& L2.
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I11.2 Minimum Variance Observers

[1.2.1 OQbserver for Case 1

For the system described by (1) and (3), we define the reconstructi-

bility kernel function by

' t
Q(x,y,t) =~/i/~¢*(x,t;r,T)H (P,T)dPJ[.H(S,T)¢* (y,t;s,t)dsdrt (26)
0°D D

where Q(x,y,t) obeys

* *
B0ULE) < - L00ay,t) - Qlaya by + H (G ER(yst) (27)
with initial and boundary conditions given by (18) and (19). Assuming that the

system is distributed state reconstructible, the existence of the general- \

jzed inverse P(x,y,t) of Q(x,y,t), that satisfies

dP(x,y.t) _
ot LyP(xsyst) + P(xy,t)Ly

-fpumJM(mwwjﬂ@JWbmﬂms (28)
D D

will establish the observer for the system (1), (2) and (3).
Following Meditch [ 12 ], we define the cost functional associated with

the observer as
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Jg = %—f [u(x,0) - uy(x)1 A [u(y,0) - ugly)ldx
D
L (Y 2
ty {w(t) - /H(x,t)u(x,t)dx} dt (29)
0 D

where tg is an arbitrary final time, uo(x) is an initial estimate of u(x,0),

and

-1
AX (') =[fP0(XQY){'}dy] (30)

D

Po(x,y) is a bounded, symmetric, and positive-definite weighting func-
tion. The observer is found by selecting u(x,t) so as to minimize (29) sub-

ject to (1) and (2). By minimizing the augmented functional,

X

t
f
J=dyt f f A(X,t) [a_gg_,_tl - Lou{x,t) - B(x,t)f(x,t):l dxdt (31)
0 D

the result is the Euler-Lagrange equation,

BULE) - M (x,t) - H(x,t)[w(t) -fH(y,t)G(y,t)dy] (32) «
D K

with the transversality conditions,

A(x,0) = A 1U(y,0) - uy(y)]

X
(33)

A(x,tf) = 0
Equations (32) and (33) constitute a two-point boundary value problem

that may be solved by the sweep method., We assume the following Riccati

transformation for u(x,t), f?‘
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U(x,t) =fP(x,y,t)A(y,t)dy + p(x,t) (34)
D

where the kernel P(x,y,t) and p(x,t) have to be determined.

Substitution of (34) into (1), (32) and (33) yields

aQﬁ“"laiz( = L,p(x,t) + B(x,t)f(x,t)

4l/~P(x,r,t)H (r,t)dr [w(t) -~I.H(s,t)p(s,t)d%] (35)

D D
p(x:0) = uy(x) (36)
B,p(x,t) = h(x,t) X € 3D (37)
3P ;% ,t) - LXP(x,y,t) + P(x,y,t)Ly

--/‘P(x,r,t)H (r,t)dry/.H(S,t)P(Ssy,t)dS (38)

D D
P(%,¥,0) = Py(xsy) (39)
B,P(x,y,t) = 0, P(x,y,t)sy =0 X,y € 9D (40)

Equations (33) and (34) imply that p(x,tf) = u(x,tf) is the state esti-

mate at an arbitrary final time te It is important to note that (38) is

identical to (28). Thus we may conclude that the symmetric, positive-definite
kernel P(x,y,t) completely characterizes the minimum variance observer.

Equation (35) can be rewritten as

~

%& = L{(x,t) + B{x,t)f(x,t)

+ K(x,t) [W(t) -fD H(y,t)a(y,t)dyJ (41)
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where a time-varying observer gain K(x,t) is defined by

K(x,t) =fP(x,y,t) H(y,t)dy (42)
D
The structure of the observer is identical to that of the distributed param-
eter filter [13].
We introduce the reconstruction or observer error e(x,t) = u(x,t) - u(x,t).

Then we obtain the following equation for e(x,t),
delx,t) _
-Ja%—)- = Lye(x,t) - K(x,t) gH(y,t)e(y,t)dy (43)

with initial and boundary conditions, e(x,0) = uo(x) - u(x,0), and Bxe(x,t) = 0,
If the initial state is known exactly and the observer is initialized such
that a(x,O) = u(x,0), then the observer will reconstruct the state exactly.
It is not reasonable, however, to expect that the Snitial state will be known
exactly. It is, therefore, important to <insure that if errors are present in
the initial conditions applied to the observer that the estimate will converge
to the true value of the state, i.e., the reconstruction error e(x,t) must
have the property 1im]le(x,t)|| = 0, for all e(x,0).

Asymptotic stag:?ity of the observer can be demonstrated by using (16),
(26), (27), and (43). We will consider a Lyapunov function defined by

V{e,t) =jf e(x,")Q(x,y,t)e(y,t)dydx . (44)
DD

It is first necessary to note that Q(x,y,t) is positive-definite and bounded
from below. Then the time derivative of the Lyapunov function is calculated

using (27) and (43). The result is
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%f V(e,t) = - J{Iﬁ e(x,t) H(x,t)H(y,t)e(y,t)dydx (45)
DD

which is & negative-semidefinite quadratic form. This is sufficient to show

that (43) is stable in the sense of Lyapunov [10].

11.2.2 OQbserver for Case 2

In a similar manner to that of Case 1, we can obtain the minimum vari-
ance observer for Case 2, i.e., for spatially-continuous measurements (4).

The observer dynamics are described by

%’Ml = Lu(x,t) + B(x,t)F(x,t)

+_[G(x,y,t)[W(y,t) - Cly,t)uly,t)1dy (46)
D

with initial and boundary conditions

U(x,t) = u.(x) (47)

of
B U(x5t) = h(x,t), x €20 (48)

where the optimal gain kernel G(x,y,t) is defined by

G(x,¥st) = P(x,¥,t) C(y,t). -(49)

The Riccati equation for P(x,y,t) in (49) is identical to (21) with boundary
conditions given by (22). The reconstruction error e(x,t) = u(x,t) - u(x,t)

satisfies

de(xs.t) . F e(x,t) (50)

ot
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where the integro-differential operator F is defined by

Fe(x,t) = L, e(x,t) -/G(x,y,t)c(y,t)e(y,t)dy (51)
D

We can demonstrate the stability of the observer by using the reconstructi-
bility kernel Q(x,y,t) defined by (15) and the Lyapunov function (44).
Under the reconstructibility assumption, the derivative of the Lyapunov func-

tion becomes

-fﬁ;- V(e,t) = f e (x,t) C3(x,t)e(x,t)dx (52)
D

which is a negative-semidefinite quadratic form.

11.2.3 Observer for Case 3

For the spatially-discrete measurements (5), i.e., Case 3, the observer

is given by the following system:

aulx,t) o L(t) + B(x,t)F(x,t)

at
g’ A
+ Z 6, (x,t) W (t) - Hy(t)u(x,,t)] (53)
=1
where
Gi(x,t) = P(x,xi,t)Hi(t) (54)
and

P(xy,t) - | L x6yst) + P(xy,t)L

ot y

o

Zl P(Xs%; 5t )H, (£, (£)P(x 23, t) (55)
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with initial and boundary conditions given by (47), (48); (39), and (40),.
Under the distributed state reconstructibility assumption, the stability of

the observer can be demonstrated.

IT.3 Comments

The relationship has been established between distributed state recon-
structibility and the existence of an observer., Distributed state reconstruc-
tibility is defined through the existence of the generalized inverse to the
reconstructibility kernel. The kernel associated with the observer gain
satisfies the same Riccati equation as does the generalized inverse of the

reconstructibility kernel.

III. REMOTE SENSING MEASUREMENTS AND ATMOSPHERIC MODELS

In this section we will test both the n-mode and state reconstructibility
of common remote sensing measurements with models of atmospheric poliutant
behavior. By far the predominant mode of remote sensing is to measure the inte-
grated quantity (burden) of material between the ground and some known altitude.
Thus, both cases we consider here involve vertically integrated data. Various
assumptions concerning the horizontal characteristics of the measurements will
be tested. Three-dimensional models of pollutant behavior are generally based
on the atmospheric diffusion equatien [5] that describes the flow and diffu-
sion of species. The object of this section is to ascertain if the customary
remote sensing measurements allow one, in principle, to reconstruct the detailed
concentration distribution. The distributed parameter reconstructibility con-

dition derived in Section II will therefore be tested in each case.
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I1I.1 Measurements in a Layer with Horizontal Homogeneity
The vertical concentration distribution of a poliutant in a layer with

horizontal homogeneity can be described by the one-dimensional diffusion

equation,
2
ou 9 u -
I (56)
) 822
subject to
U -
K5 = hy(t) z2=0 (57)
K-a—g=0 z=1 (58)
o9z

where h0 is a given flux at the ground (z=0) and K is the turbulent diffusion
coefficient.

The adjoint Green's function for the system (56)-(58) is

> 2
o (z,452',1) =1+ 2 2 cos(nnz)cos(nwz')e(n“) K(t-t) (59)
n=1

State reconstructibility is then to be assessed by condition (24) using the
modified reconstructibility kernel (25).

We consider each of the measurement types (3), (4) and (5). The condition
for uniform n-mode reconstructibility is (23), which is written for ¢n = cos(nmz),

n=20, 1,2,..., as

1 .1
0 <M < j f cos(nmz)Q°(z,z",t)cos(nmz' Ydzdz' < M, <o (60)
0 0

For each of the three types of measurement, the integral in (60) is:
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Case 1: Spatially-Independent Integral Measurements
t

f eZ(nn)zK(t—T){[

t-o ¢

1 2
H(r,w)cos(nvr)dr} dr (61)

Case 2: Spatially-Continuous Measurements

t 2 1 2
J[' ez("") K(t-) jr [C(P,T)COS(HNP); drdrt (62)

t-o 0

Case 3: Spatially-Discrete Measurements

[ 2tm? 2
] 2(nm) “K(t-1 { ﬁ; H, (t)cos (nmz, )} dr (63)
t-o . i= 1

forn=20, 1,2,... .

From (61)-(63), we see that uniform n-mode reconstructibility is com-
pletely dependent on the form of the measurement weighting functions, H(z,t),
C(z,t) and H (t) and on the eigenfunction, cos(nmz). The condition (60)
implies that _f H(z,t)cos{nmz)dz # 0. We may note that this inequality is
essentially equwva]ent to the observability condition derived by McGlothin
[14). Similarly, (63) implies that the system state is reconstructible by
point sensors if the sensors are not located at the zeros of any of the eigen-
functions.

In the remote sensing problem, the measurement weighting functions are
often taken as H(z,t) = 1 or C(z,t) = 1. When H(z,t) = 1, the condition (60)

holds only for n = 0 implying that the spatially-independent integral
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% measurements do not allow reconstiruction of the system state on entire
fie]ds.* This can be directly checked by computing the reconstructibility .
‘ kernel Q(z,z',t). The system with integral measurements cannot be distribu-
ted state reconstructible since the generalized inverse of Q(z,z',t) = t does
not exist, since Q is not an explicit function of z and z'.
When the measurements are spatially-continuous and C(z,t) = 1, the system
is distributed state reconstructible, From the definitions of Q(x,y,t) and

P(x,y,t) in (15) and (16), we have

1 C 2
Q(z,z',t) = 25 ;%-cos (nmwz cos(nnz'){:ez(nn) Kt . {} (64)
T K n=1 n
and
1, S 2(nm) 2Kt -1
P(z,z',t) = Tt jz cos(nmz)cos(nmz')( e -1 (65)

We may note that the integral equation (16) is satisfied when it is recognized

that

A mode associated with the eigenfunction ¢ 1 (n = 0) can be reconstructible
and the appropriate observer is

1

~ 2/\ R

U _pdu,l w(t) - u(z',t) dz'

ot 8z t
' 0

nS

Stability of the observer can be demonstrated by constructing the Lyapunov
function

1
Vie,t) = [fe(z,t)te(z',t) dzdz'
0 "o
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[+ ¢}
§(z-z') = 1+2 :E; cos(nwz)cos(nrz') (66)
n!‘-"
P(z,z',t) is bounded and positive-definite, and for t > 0, the series (65)

is uniformly convergent.,

III.2 Measurements of a Steady State, Point Source Plume
The concentration distribution in a plume from a continuously emitting,
elevated point source can be described by

2 2
ou 3" u a_u
== K ==t K S (67)
C Y Byz z 322

where t is the time an element of fluid spends in the plume from emission,
equal to downwind distance x divided by the wind speed. The source is of
strength q located at t = 0, y = 1/2, z = zH(O.g < 1). The boundary condi-

tions on (67) are

u(0,y,z) = adly - 1/2)s(z-z)) (68)

M _ 3 o

5 ° 0 vy = 0,1 (69)
BU 4t =

KZ TR ho z=0 (70)

du

Q>
N
i
o
N
L]
—
—
~J
[y
S

The adjoint Green's function for this system is

2

. o (nm)°K_(t-T)

®*(y,z,t; y'sz',T) =={}.+ 2 :Z: cos{nmy)cos{nmy')e Y X
n=1

o (mm)2K_ (t-1)
{:1 + 2 :E% cos (mmz)cos (mrz' e ™) Z( T):} (72)
m:.'
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Consider first a scanning measurement performed at a horizontal position

Y F Yo

1
w(t) =f J(z)u(t,yys2)dz (73)
0

where the scanning data w(t) are taken on a coordinate that moves along the
t-axis. J(z) in (73) is the altitude-dependent weighting function for the

measurements. When J = 1, the reconstructibility kernel function becomes

Q (t,y:Z;y"Z‘) = 1

2
nm)“K, t
K ZI _o_s_(w_t__ cos(nmy) + cos(nmy') }{ H 1}
H n=
2. 2,2
n“Hm” Kt
H 1} (74)

The system is not distributed state reconstructible since the generalizec

:fz :fi cos(nny*)cos(mmy*) cos(nny)cos(mny'){:(

inverse of Q(t,y,z;y',z') does not exist. Therefore, we con- . = that
the scanning measurement (73) cannot, in principle, aliow rer “tion of
the system state.

The same results can be obtained for the following measurement systems:

1 1
w(t) = [ftA(t,y,z)dydz (75)
0 0
1
wit,y) = IU(t,y,Z)dz (76)
D

{‘1
w(t,z) = J u(t,y,z)dy (77)
0



-24- g‘%\gg‘i gﬁGAETE'SY

In these cases, the reconstructibility kernel function Q(t,y,z3y',z') cannot
be written explicitly in terms of all the spatial variables y,z, and y',z'.
Thus, the generalized inverse P(t,y,z;y',z') does not exist, which allows
reconstruction of the system state an the whole domain. As a rule, if
Q(t,y,z:y',2') is expressible as an explicit function of all the spatial vari-
ables and if it satisfies the uniform n-mode reconstructibility test, then the
system is distributed state reconstructible.

Indeed, we can show that the system state is distributed state recon-

structible for the measurement

w(t,y,z) = u(t,y,z) (78)

Lly . N
In this case, we have

0 2 )
2(nm)°K, t
Q (t,y,z3y',z') = t+ % Z 1 5 cos(nny)cos(nwy’){e W™ 1}

o 2
2(nm)°K, t
+ -é—v- Z 1)2 ¢ '(nwz)cos(nmz') {e L 1}

o o 2 2
+ 92 z 2 cos(nny)cos(nmz)cos(nwy')cos(mrrz')[:eZ{(”") KH+(m"> KV}t_ ] (79)
2Kyt (mm) %K,

The generalized inverse of (79) is given by
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o n“_) K -1
P(t,y,z3y',2') = %—+ aK,, Zl (nm)2 cos(nﬂy)cos(nﬁy'){e H™. 1}
n=

® 2
2(nm)°K,t -1
+ 4Ky Z cos (nmz)cos(nnz' ){ L}

n=1

2 -~
x[:ez{(n'n) KH+(mn) kit -g 1 (80)

where (80) satisfies the Riccati equation associated with the measurement (78)

LN e, s,

TRy L L R -
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IV. CONCLUSION

This paper has examined the possibility of estimating atmospheric species '
concentration distributions from remote sensing data. Atmospheric concentra-
tions can be modeled by partial differential equations of the diffusion type.
Remote sensing data generally represent spatial averages of the concentrations,
frequently in the vertical direction. The essential problem, therefore, is to
assess the possibility of estimating the state of a distributed parameter sys-
tem on the basis of spatially-averaged measurements. The theoretical basis
of the assessment is a condition for state reconstructibility of distributed
parameter systems. (The connection between state reconstructibility and the
stability of the distributed parameter observer has also been developed.)

A variety of remote sensing measurement configurations were tested for
reconstructibility. It was found, not unexpectedly, that those measurements
based on integration of the vertical concentration distribution over the
entire layer do not Tead to distributed state reconstructibility. i.e., there
does not exist a generalized inverse of the reconstructibility matrix kernel
and therefore do not afford the possibility of estimating the concentration
distribution over entire field. Those measurement configurations that, on
the othev hand, enable sampling of the concentration at vertical positions

Tead to distributed state reconstructibility.
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Filtering and Smoothing for Linear

Discrete-Time

Distributed Parameter Systems Based on

Wiener—Hopf Theory with Application
to Estimation of Air Pollution

SIGERU OMATU, MEMBER, 1EEE, AND JOHN H, SEINFELD

Abtract~-Optima} filtering snd smoothing algorithms for linear dis.
crete-time distributed parameter systems zre derfved by a unified approach
based on the Wiener=Hopl theory, The Wienee~Hopf equation for the
estimafion problems s derived using the least.squares estimation ervor
eriterion. Using the basic equation. three types of the oprimal smoothing
estimators are derived, namel, fived-point, fived-interval, and fined-lag
smoothers. Finally, the resuits obtained are applied 1o estimation of atmo.
spheric sulfur diovide conientrations in the Tolushima prefecture of
Japan,

1. INTRODUCTION

NUMBER of important physical phenomena may be
modeled as discrete-time distributed parameter sys-
tems. When estimation problems are encountered in such
systems, the measurements are also frequently discrete in
time. A great deal of work has been carried out on estima-
tion problems for continuous-time distributed parameter
systems [1]-{4]. Tzafestac [5). {6) and Nagamine er al, [7)
have derned opumal estimators for discrete-time distrib-
uted parameter systems. Tzafestas employed a Bayesian
approach, where Nagamine et al, considered only the Nilier-
ing problem based on the Wiener-Hop/ theory. Recently,
Bencala and Seinfeld [3] have derived the optimal filter for
continuous-time disiributed parameier systems with dis-
crete-time observations by the Wiener-Hopf approach.
The object of this paper is twofold. First. we seek to
derive optimal filtering and smoothing algorithms for Zis-
crete-time distributed parameter systeris by 2 unified
Wiener-Hopf approach. Fixed-point, fixed-interval, ana
fixed lag smoothers are considered. Szcond, we wish to
apply the results to the estimatior of atmospheric sulfur
dioxide concentrations in th: Tokushima prefecture of
Japan.

11, DESCRIPTION OF THE DISTRIBUTED PARAMETER

SYSTEM i

Let D be a bounded open domain of an r-dimensional
Euclidean space with smooth boundary 3D. The spatial
coordinate vector will be denoted by x = (x,+++, X,) € D.
Consider a linear distributed parameter system described
by

u(k + 1, x) = E,u(k, x) + G(k, x)w(k,x), x€D

1
where u(k + 1, x) is an n-dimensional vector function of
the sysiem, w(k, x) is a vector-valued Gaussian process, £,
is a linear spatial matrix differential operator, and G(k, x)
is a known matrix function,

The initia) and boundary conditions are given by

u(0, x) = uy(x) (2)
Tu(k+1,8)=S(k+1.¢). ¢€8D (3)
Tel-) = -]+ (1~ a(€)l 1/an  (4)

where n is an exterior normal vector to the boundary 3D at
a point £ € 9D and a(§) is a function of class ¢? on 3D

satisfying 0 < a(£) < 1. S(k + 1. £) denotes a source func-
tion ai the boundary and is assumed 10 be known.

[
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Assume thas up(x) is a Gaussian random function the
mean and covariance funcuions of which are given b)

E[up(x)) =0 (5)

E["o(")";)()‘)] = Py(x, y) (6)

where Ef+] and the prime symbol denotc the expectation
and transpose operators, respectively.

Let the observed data be taken at m points, x'+ oo,

x" € D= DU D and let an mn-dimensional cciumn vec-
tor u, (k) be defined by

(k) = Col[ulh, x)o - ulk x™ (1)
Let the observations be related to the states by
2(k) = H{k Ju0k) + v(k) (8)

where 2(k) is a p-dimensional observations vector at the m
observationf points, x'¢»., x™ € D, H(k) is a known
pxmn matrix, and v(k) is a p-dimensional vector-valued
white Gaussian process. Assume that the white Gaussian
process wik, x) in (1) and c(k) in (B) are statistically
independent of each other and also independent of the
iniiial condtion uy(x). Their mean and covariance func-
tions are given by

E[w(k.x)]=0. E[e(k)]=0 9
E[w(k. x)w'(s. )] = @k x, ¥}, X VED

(10)

E[c(k)e'(s)) = R(K)S,,, (1)

where §,, is the Kronecker delta function, and Q(4, x. )
and R(k) are symmetric positive-semidefinite and positive-
definite matrices, respectively.

111.  DESCRIPTION OF THE EsTIMATION PROBLEMS

The general problem considered here is to find an esti-
mate (7, x. A ) of the state u(7, x) at time 7 based on the
measurement data :é. denoting 2 family of z(o) from
o = 0 up to the present time A. Specifically., for 1>k we
have the prediction problem, for 7 = & the filtering prob-
lem, and for r <k the sinoothing problem. As in the
Kalman-Bucy approach. an estimate #(7, x,/k) of u(7, x)
is sought through a linear operation on the past and
present observation values =4 as follows:

A
i{r.xh)= 3 F(r.x.6)z(a) (12)
o=0

where £(, x.0) is an nxp matrix kernel function.

To differentiate between the prediction, filtering. and
smoothing problems, we replace (12) with different nota-
tion for each problem:

1) Prediction (7 > k)

a(r, x/k) = f‘_ A(7,x,0):(0). (13)
2) Filtering (1= k) .

(k. x/k) = ii’('r,x,o):(o). (14)
3) Smoothing (r < k) "

a(r.x/k) = éoB(T.k.I,O)Z(O). (15)

The estimation error is denoted by (7, x/k),
(7, x/k) = u(r, x) = d(r. x/y). (16)
The estimate (7, x/k) that minimizes
J(a) = E[kalr, x; k)] (17

is said 10 be optimal. where | - |} denotes the Euclidian
norm.

X
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Theorem ] (Wiener~Hopl theory). A necessary and OF POOR QUAL
sufficient condition for the estimate #i(7. X ‘A ) to be opti-
mal 15 that the following Wiener- Hopf equation holds for s .
a=0.1:-.Aandx €D, - ; e
& IEEE: SYST., MAN, CYBERN,
Eof(-r. x,0)E[2(0)s'(a)] = E[u(, x):(a)). Vol Issue
(18) Au; [4 5//‘7’a. ILU

Galley No. 3 ,

Furthermore. (18) is equivalent 10
Ela(r, x/k)="(a)] = 0 (19) " ———

fora=0,1.-++,kand x € D. "
Proof. Let Fy(1. . 0) be an nxp matvix function and X '

let ¢ be a scalar-valued parameter, The trace of the covari-

ance of the estimate,

«
gr x/k)= 3 (F(r.x.0) + ¢Alr.x.0))2(0)

e=0

is given by

A
Jia,) = E[iLu(f.x) — G x/k) =3 E,('r.x.a):(o)l!’l
os={
A
= E[tvﬁ(r.x;’k)!':] - 2:E[ﬁ'(1.x,’k) p F,('r.x‘u):(o)]
e=0

A
+::E[. 3 ﬂ(T.x,c):(o)f.’].
e=0
A necessary and sufficient condition for &(+, x/k) to be
optimal is that
as{a,) i
("')l =0,
¢ =g

that is.
K
Eli'ls,xk) Y Rlr.x.0):(a}} =0
o=
for any nxp mainx Fy(7. x, a). Using the relation between X
the trace and inner product yields

A
E[ﬁ’('r.x/k) N R(r.x.0):(0)

o=0

= tr[E[ﬁ(-r. x/k) F“_ (o)F(r.x,0)

o=0
A
= 3 w[E[a(r.x7k)2(e)] Filr. x,0)] = 0.
o=l

Setting Fy(7. x. k) = E[i¥(7, x/k)z'(0)] in the above equa-

tion, it follows that (19) is a necessary condition for

(v, x/k) 10 be optimal. Sufficiency of (19) also follows

from the above equation. Q.E.D. ,
Corollary 1: (Orthogonal projection lemma). The follow- :

ing orthogonality condition holds,

Ela(r, x/k)a(5. y/k)] =0, x,y€D (20)

where ¢ is any time instant, for example, { <k, { =k or
t> k.

e g et e
BT Y e e e
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Praof Muluiplying each side of (19) by F(3, . «) and
summing from ¢ = 0 to 0 = & yields

A
Eli(r.x k) 3 2(a)F(5. y.e)| = 0.
L]

Substituting (12) into the above equation yields (20},

Q.ED.
Then the following lemma can be proved,

_Lemma 1. (Uniqueness of the optimal kernel). Let

F(r,x,0) and F(r, x,0) + N(r, x,0) be optimal matrix

kerne] functions satisfyving the Wiener-Hopf equation (18},

Then it follows that

N, x,0)=0, o=0J.- kandx €D, (21) A

and the optimal matrix kernel function Fir x.0)is unique.
Proof. From (18) we have

L
zof(r. x,0)E[z(0a):'(a)]
= E[u(-r. x):'(a)]

= 2:,0(17'(7. x.0) + N(7.x,0))E[(z(a):"(a)).
Thus, |
éomr. x,0)E[:(0):'(a)] =0,
Multiplving :ach side of the above equation by A'(7. x, a)
and summing from a = 0 10 a = & vields

‘ 4
> é N7, x. o)E[:(a):’(a)];\"(f. x,a)=0.

o=0a=0
On the other hand, from (8) and (11) we have
E[zt0):"(a)] = Hla)E[u,{0)u)(a)]H'(a) + R(0)b,,

‘Then it follows that
i A
T I Meoxoo)Ho)E[u,lo)u{a)]H{a)N(7. x. a)

a=los(r

A
+ 2 N7, x.0)H(0)R(0)H'{0)N' (1, x.0) =0,
o=0
Since both terms on the right side of the above equation
are positive-semidefinite because of the positive-definiteness
of R(o). a necessary and sufficient condition for the above
cquation to hold is M(7. x,6) = 0,0 = 0. 1.+, kandx €
D, Thus, the proof of the lemma is complete, Q.E.D.
In order to faciltate the derivation of the optimal esti-
mators, we rewrite (18) in terms of the following corollary.
Corollan 2: The Wiener~Hopf equation (18) is rewritten
for the prediction, filtering, and smoothing problems as
follows.
1) Prediction (7 > k)

&
EOA(T. x,0)E[z(0)z"(0)] = E[u(r, x)z"(a)].
(22)

fora=0,1,-++,kand x € D,
2) Filtering (7 = k)

A
EOF(I\'. x,0)E[2(0)z"(a)] = E[u(k, x)z'(a)] (23)
fora=0,1,-+, kand x € D.
3) Smoothing (7 < k)

LY

i
205(7. k.x, o)E[:(a):’(a)] = .E[u('r,. xX'(a)]
(24)

fora=01.--, kand x € D,
In what follows. let us denote the estimation error covari- =1
ance matrix function by P(7. x, y/k).

P{r.x,y/k) = E[ﬂ(‘r.x/k)ﬁ'('r. y/k)]. (25)
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111 DERIVATION OF THE OPTIMAL PREDICTOR

In this section, we derive the optimal prediction estima-
tor by using the Wiener-Hopf theory in the previous
section.

Theorem 2: The optimal prediction estimator is given by

a(k + 1. x/k) = €a(k, x/k) (26)
Ttk + 1, 6/k) = S(k+ 1,¢).  §€8D. (27)
Prosf. From (22) and (1) we have

£
S Alk+1,x,0)E[2(0):"(a)] = £, E[u(k. x):"(a)]
o=(

since w(k. x) is independent of 2(a). a = 0,1,:++, k. From

the Wiener~Hopf equation (23) for the optimal filtenng

problem we have

&
T {A(k + 1 x,0) = £ F(k.x,0))E[z(s):(a)] = 0.

o=@
Defining N(k, x,0) by
N(h+Vx,0) = Ak + 1, x,r) = £, F(k.x.0),
it is clear thay A(k + 1, 2,0) 2 N(k + 1. x, o) also satis-
fies the Wiener-Hopf equation (22). From the uniqueness

of A(k+ 1,x.0) by Lemma 1 it follows that N(k -+
1. x.0) =0, that is,

Alk+ Vox,0) =€ F(h, x. k). (28)
Thus, from {13) and (14) we have

Il
ik + 1 x/k)=£, T Flo,x,0):(a) = £ &k, x/k).
o=(

Since the forms of Ty and S(k + 1. §) arc known. the
predici:d estimate (A -~ 1. £ A) also satisfies the same
boundary condition as (), Tyatk + 1. §7k) = S(k + 1. §).
¢ € 80 Thus, the proof of the theorem is complete. Q.E.D.
Theurem 3. The optimal prediction error covariance ma-
trix function P(A + 1, x. y,/k) is given by
PLh = 1ox, 3 2k)Y =€, P(h,x, y2K)ED + Ok, x, ),
(29)
LP(h+ 1.6 p/k)=0, £€8D (30}
where
Ok, x, ¥) = G(k.x)Q(k. x, IG'(Kk. »).  (31)
Proof: From (1). (16). and (26) it follows that
a(k + 1, x/k) = E.a(k. x/k) + G(k, x)w(k, x)
{32)
and from (3), (16}, and (27),
Tk + 1,6/k)=0, £€8D, (33)
Then we have from (31) P(k + ), x, y/k) = Ela(x +
Loxzkya'tk + V. y/k)) = £, Pk, x, y/K)E] + Ok, x, ¥)
and from (33). E[T(k + 1, §/K)0(hk + 1, y/k)) =
TPk + 1, & y/k) = 0. Thus, the proof of the theorem is
complete, QED,

1V, DERIVATION OF THE OPTIMAL FILTER

Let us derive the optimal filter by using the Wiener-Hopf
theorem for the filtering problem. From (23) it follows that

F(k + 1, x, k + 1)E[2(k + 1):(a)]
+ é Fk+1,x,0)E[z(0)(a)]

o=0
= E[u(k +1, x):'(a)] (34)
fora=01-, k+1.
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From (1) and the independence of 5~ and wik = 1, x).
it follows that Eutk + L x)2'(a)) = £, E[u(k, x):'(a)}.
Apphang the Wiener-Hopf equation (23) to the right side
of the above equation yields

E{u(k +1,x):'(a)] = E, é Flk, x,o)E[:(o):’(a)].
o=
(35)

Furthermore, from (8) and the whiteness of v(k + 1) we
have

E[(k +1)z'(a)) = H(k + DE[un(k + 1)z"(a)].
Let us introduce £,]+) and [+)£4 as follows,

0] 0
Ef-]= (36)
0 €1
and
{16 =(E.0-)). (37)
Then from (1} and (7) it follows that
vk = 1) = o (k) + w, (k) (38)
Flk) = Col[ Gk, x" Yw(ky x1).0ee,
86k, xm (k. x™)). (39)

Then we have for a <A =+ |, E{2(k + 1):(a)) = H(k +
V). Efu,(k)z'a)). Applying the Wiener-Hop! equation
{23) 1o the right side of the above equation yields

E[z(k = 1):'(a))
A
=Hk+ 1), X F,,,\.'.’.a)E[:(o):'(a)]
o={
(40)
where

F(A.x'.o)} @

F(h,x", 0)
Substituting (35) and (40} into (34) vields

Fm(k-«!)=[

‘
2 )\k(k.x.o)E[:(o):'(a)]=0. a=0,1, 2,k
o=(

where

Nylk 3,0 = FOE+ Vo, b+ 1DH(k + V)EFo(k.0)
=€, F(hk.x.0)+ F(k+1,x.0).

Since it is glear that F(k. x. 0) + Ny(k, x, 0) also satisfics

the Wiener-Hop{ equation (23), it follows from Lemma }

that Ay(A. x, 0) = 0. Thus, we have the following lemma,

Lemma 2: The optimal matrix kernel function F(k, x, ¢)
of the filier is given by

Flk+1,x.0)=¢C F(k.x,0)
—F(k + 1, %, k + DH(k + 1)E.F,(k, o).
e=0,1,--+,k. (42)

Theorem 4: The optimal filtering estimate a(k, x/k) is
given by
a(k + 1, x/k+ 1) = €,.8{k, x/k)
+F(k+ 1. x. k+ Dr(k+1)

(43)
v{k+1) = 2(k + 1)~ H(k + 1)E i (k/k)
(44)
(0. x/0) = 0 (45)

Tea(k+ 1, 8/k+1)=S(k+ 1.§), £€3D  (46)
where
i, (k/k) = Col[a(k, x' k)., a(k. x™/k)]. (47)
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Proof: Using (14) and (42) yields
Gk + Y xsh+ )= Flk+lx, &+ 1):(k+1)

A
+€, T Fk,x,0)2(0)
oz
~Flk+ 1, %, k+ 1H(k+ 1),

A
» 2 F(k,o)z(0).

oR(
Agatn from (14) we have
a(k + 1 x/k + 1) = £4(k, x/k)
+F(k~+ Lox k+ De(k+1).

Since we have no information at the initial time, it is
suitable 1o assume an initial value of 4(k + 1, x 2k + 1) as
(0. x/0) = E[uy(x)] = 0, Furthermore, since we know the
exact forms of Iy and S(k + 1, £), the boundary value
a(k + 1. €/k + 1) also satisfies the same boundary condi-
tion as u(k ~+ 1. £). Thus, we have Tk + 1 §/k + 1) =
S(k + 1,¢), 3D, and the proof the of the theorem is
complete. Q.E.D.

Note that 1{k + 1) defined by (44) is rewritien by using
the prediction value of (26) as follows,

v(h = 1) =2(k+ 1) = H(k+ 1), (k+ 1/k) (48)
or
p(k+ 1) = H(k = 1)ia,(k + 1/k) =+ c(k + 1) (49)
where
bk + 17k) = Colla(k + 1, x" 7k}, ov,
alk +1,xm/k)]  (50)
and
Golh =1 Ay=u (k= 1) =G (k= 172k). (51)

#(k ~ )}is termed the innovation process [8), [9).

In order to find the optimal matris kernel function
F(k = 1.x.k = D for the filtering problem, we introduce
the following notation.

Pl x k) = [p(-r. xox' kYoo, plrox, x™/k )]
(52)
and
plr.x' 7k)
Pl T7k) =
p(7. xmA)
plr.x\ x'\ kYo, p(r, X', x™/k)

.
» .

plr,x™, x'/k), o, plr, x™. x"/k)
(53)
Note from the definitions of p,(r, x/k) and p,,,.(7/k) that
pulmx/k) = Ela(r, x/ka{r/k)]  (54)
and
Pl 17k} = E[au(1/K)E(1/K)]. (55)

Furthermore, we define the covariance matrix of the in-
novation process »(k -+ 1) by I'(k + 1/k),

T(k+1/k) = E[»(k+ 1)p"(k+1)].  (56)
Then from (49) it follows that
Tk + 1/k) = H(k + 1)pum(k + 1/k)
H'k+ 1D+ R(E+ ). (57)
Then the following theorem holds,

ORIGINAL PAGE 18
OF POOR QUALITY

Vol

JEEE: SYST,, MAN, CYBERN,

Issus

As o fa

Galiey No,

Lrd

—_—.




O IO049

Theorem S The opuimal filtening gain mawnx function
FOhos Loxoa = 1his given by

Flh+1Lx b+ 1) = p k= 1o x/k)
CH(k s DTHA =+ 1/k) (58)
or
Fhr Lix kst )=p (k= 1.x70)
Yk VR Kk 4 DRk + 1)
(59)
where
Uk o+ 1/7k) = (1 Rk + 1) ponlk + 1/K)) "' (60)
and
Rk +1)= H'(k+ DRk + D)H(k + 1), (61)

Proof. From the Wiener-Hopf equation (23) it fol-
lows that

F(k * 1, x,k + DE[2(k + 1)k + 1))

A
+ 3 Flk+ 1 x.8)E[=(0):'(k + 1))

[214]
= E[u(h = 1, x)2'{k + 1))
Substituting (42) inta the above equation yields

Flk+1,x.k+ 1)(5{{:(;« + 1) = H{k + 1)E,
S 1
. E.E..(k.u):(u)j:‘(k-*- -n“

= EHu(k* lx)—£, é F(k.x.o):(o)]:’(k+ l)].
o=0

Substituting (14) inte the right side of the above equation
and using (26) and the orthogonality condition of (20)
yields

A
E[-l[u(k -Lx)-£ ¥ F(k.x.u):(a)}:’(k* l)]
\

pert
= E[alh + V. x k)" (k + 1)]
= E[ath = 1, x /A (b + DIHE + 1)
= pulk T La RYH' (A + ),
Using the orthogonality condition of (20) gives
E[v(k + 1)2"(k + 1)} = H(k + 1) E[a,(k + 1 /k
Ak D]H(k+ 1)+ R(k+1)
= Hk ~ 1) ppalk + 1/k)
H'(k+ 1)+ R(k+1)
= T(k + 1/k). (62)
Then we have
Fk-+ Y. x, k+ 1Tk +1/k)
=p (k+ 1, x/k)H (k+ 1),
(63)
Thus (58) is derived. In order to show the equivalence
between (58) and (59), we use the following matrix in-
version lemma,
PH'(HPH' < R)™'= P(1+ H'R='HP)"'H'R™\.
(64)
Fron: {58) and (64) we have
F(k+ 1L, x,k+1)=p (k+1,x/k)
w(k + V/k)H' (k + 1)R™Yk + 1).
Then (59) is derived, and the proof of the theorem is
complete, QE.D.
The equation for the optimal filtering error covariance

matrix function p(k + 1, x, y/k + 1) now must be de-
rived,
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Theorem 6 The optimal filtering error covanance matnix
function p(k =+ L x, v + 1} is given by
plh+ 1. x,5:h+ 1) =plh= 1 x, ) k)
wDulh + 1, x kYH'(K+ 1)
Wk + V/RYH K+ 1Y)
Palk+ 1, y/k) (65)
or
plhk+ Lox,y/k+1)=plk+ Lix, y/k)
=Pk + 1 xR )R = 1/K)
Rk w Dok, y/k)
(66)
where
200, x, y/0) = po( . ¥) (67)
and
Teplk= Ve y/h+1)=0, ¢€0D.  (68)
Proof From (1) and (42) we have
alk =+ 1, x/k = 1) = 4lk ~ L x/ky
~F(k*lox, k=+1)r(k+1)
(69)
and from (3) and (46)
Tpia(k =+ 1 §2k + =0 ¢EBD (70)
Using the independence property between v(k + 1) and
a(k + 1, x,2k)or d(h + 1, y/k) yields from (69).
plk+ 1 x, y/h+ 1) = E[alh ~ 1 x/v+ 1)
Wk + 1,y 1)
=plh= 1, x. ¥ k)
+F(k=1.n k= I)E[n(k +1)
w(h= DJFU = Loy k1)
-F(k + Lox k= 1)H(k+1)
E[ii (k=1 k)atk = 1, 3 /k))
~E[ath =+ ¥, x K, 0k + 1/7k)]
H'(h = DFk+ 1, 0 k+ 1),
Using (58) and (63) it follows that
plh+ L x, y/k+ 1) =plh+ 1, x, y7k)
~palk = Lo x/k)H (k + 1)
Flhk=+ 1, 3. k+1)
=plk+ 1,5, p/k)
~pylh = VxRV (K + 1D
Ak + 1 /KYHK + Dpalk + 1, y/k).

Thus (65) is derived. The equivalence between (65) and
(66) is easily shown by using (64), Since the initial value
(0, x,/0) of a(k + 1, x/k + 1) is zero from (45), it is clear
that A0, x, y/0) = E[a(0. y/0)) = Aylx, y). Multiplying
each side of (70) by a'(k + 1, y/k + 1) and taking the
expectation yields Ty P(k + 1, & y/k+ 1) =0, £ € 3D,
Thus, the proof of the theorem is complete. Q.ED.

Corollary 3. G, (k+ 1/k + 1) and p (k + L. x/k + 1)
satisfy the following relations,

b, (k+ 17k +1)
=i,k + 1K)+ Fo(k+ Lk + Dr(k+ 1)
(m)

Elk+1,k+1)
= Pumlk + 17Kk + 1/K)H' (K + DRk + 1)
(72)
or
Flk+ L k+1)=p {ke1/k+1)
H(k+ VDR k+1) (73)
Ptk 17k + 1) = p o {k + 17k} = po (K + 1/k)
Wk + 1/K)R(Kk + Vponlk + 1/7k) {74)
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or A
Pk k= Lok e V)= o (k= L2k (A + 1/R),

(75)

Proof- From the definitions (41) and (50) of F. (k +

Yok 1) and i (h + 12k}, it 15 clear that (71, (72), and
(74) hold, Frem (60) and (74) 1t follows that

Prmlk + 17k V) = po (K + VK J(K + 1 /K)
(= k o+ 1/k) = Rk +1)

Pumlk + 1/k))
= Pamlk ot VR IR + 1/7K)
{1+ ROA =+ 1)panlhk + 1 7K)
=Rk * 1)pnmlh + 17K))
= Panlk + 1K) (K + 1 7K).
Thus, (75) is derived and (73) is clear from (72) and (75),
QE.D

The present result corresponds to that of Santis et a/.
[17) which 1s an abstract form of the filter.

V. DERINATION OF THE EQUATIONS FOR THE
OPTIMAL SMOOTHING ESTIMATOR
In this section, we denve the basic equations for the
optimal smoothing estimator by using the Wiener-Hopf
theon.
Lemma 3 The opumal matsix kernel function B, k +
1, x, 0} of the smoothing estimator is piven by

B(r.h=+1,x.0)=B(r.k v, 0)
~Blr, k+ 1, x k= VH(A+ VDEFE (k. 0),
0= 01y ens ke (76)

Proof From the Wiener-Hopf equation (24) we have
bt
T B{r.h+ 1 x.0)E[2(0):'(a)] = E[u(r. x):'(a)].

o= {
a=0, " k+1

and !
|

A '
2 B(z. h.x.0)E[:(0):'(a)] = E[u(r. x):'{a)].
o0
a = 0" L2 k.
Subtracting the latter equation from the former yields

Bis.k =1, x. h + V)E[:(k + 1):="a)]

38
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A
+ 3 (B(r, k+1,x.0)

oxl
~B(r, k. x, o))E[:(o):'(a)] =0,
From (8) and (23) we have
E[2(k + 1)z'(a)] = H(k + 1)E.E[un(k):"(a)]

= H(k + 1)E, ﬁ F,(k.0)
ox{

<E[z(0)z'(a)].

Then it follows that

i

2 N(r, k, x,0)E[2(0):"(a)] = 0

o=0
where
N(1,k,x,0)=B(7,k+1,x,0)= B(7,k, x.0)

+B(s ket 1, x k+ D)H(k + 1)EF (ko).
Since i1 is casily seen that B(7, k. x,0) « N(7, k. x,0)

also satisfies the Wiener- Hopf equation (24), from Lemma
1 we have N(7. k, x, 0) = 0. and the proof of the lemma is

complete, Q.ED.
Theorem 7: The optimal smoothing estimate #(7, x/k +
1) is given by 1
27, x/k+ 1) =alt.x/h) + B(r.k+ 1.x,k+1)
r(k+1) (17)
Te(r. 67k + 1) = S(7.¢). £ €D (78)

k=g, 74+ Lo,




FProof From (15) it follows thst
e x k=)= Bl k+ Lox k+ Ne(k+1)

5
+ 3 B(r. k+ l.x,0)ix).
(114

Substiwting (76} into the above equation yields
G(r.azk+ 1)
= B(‘f.k + lvx.k’*' ‘)

. (:(k + 1) = H(k + 1)L, é F(k.0):(0)
L 11

+ é B(r, k, x,0)2(0).

emQ
Substituting (14) and (15) into the above equation yields
u(r, xzk + 1) = ialr, x/k)
+B{r, k+ V. x, k+ )oe(k+1)

Since we have no additional information about the
boundary value of u(7, x), except for S(7, £) and the exact
form Ty, we have Tpi(r, §/k + 1) = S(7.£), § € 8D, and
the proof of the theorem is complete, QED.

Theoreni 8: The opiimal smoothing gain matrix function
B(r, k+ 1, x, k + 1) 1s given by

Blr k+lx,k+1)= L,,(-r.x/k)ﬁ'ﬁ:)
Sk TR+ IR (719)
or
Bl k1t x. k+1)=J(1.x/k+1)
H(k+ DRk +1)  (80)
where
J(roxsh+ 1) =L (v, x/R)EL

(T Rk~ Dtk = 1K)
(81)
L (. x’k) =[L('r. xox'2kYore e, L{z, X, x™/k )]
(82)
and
L(7.x, y/k) = E[a(r, x/k)a'(k, y/k)]. (83}

Proof: From the Wiener-Hopf equation (24) it fc!
lows that

B(r. k+Vox. k+ )E[2(k+ 1)2"(k + 1))

+ é B(r, k+ ).x.u)E[z(u):'(k + 1)]

o=0
= E[u(r, x)z"(k + 1)).
Substituting (76) into the above equation yields
B(r k+ 1, x, k+ 1)E[v(k + 1)2"(k +1)]
= rla(s, x/k)2"(k + 1)),
On the other hand, from (4f : and (49) we have
E[v(k+ Dz (k+ D] =L 2o(k + 1)((k+1)
+H(k + 1), (k + 17k))]
= E[»(k + 1)'(k + 1)]
=T(k + 1/k). (84)

From (8) and the independence of o{k + 1) and
(1, x/k). we have

E[a(r, x/k)z"(k + 1))
= E[a(r, x/k)ian(k + 1 /k) H'(k + 1).
But from (26) and (38) it follows that
Gk + 1/k) = Eoli,(k/k) + Wu(k). (85)
Then we have
B(r. k+1,x, k- 1)T(k+1/k)
=L (" x/k)E';H'(k + 1),

)
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using the matriy inversicn Jemma (64) Thus the proof of
the theorem s complete. QED.

Let us now derive the equation for L(7. x, y/k + 1), .
Using the orthogonality condition (20) yields

Lz, x, y/k+ 1) = E[u(r, x)a'(k + L y/k + 1)),

Subsuiuting (69) into the above equation yields IEEE: SYST., MAN, CYBERN,

L{r, % y/k + 1) = L(1, x. 3 /k)E] e — ' .
=L, (1. x/K)ELH(k + )P (k+ 1,y k +1). (86) :::Ie - 0”}“’{* « '

From (3) and (78) it follows that Ta(r, §/k + 1) =0, £ € : y e '——'&-—

8D. Muliiplying each side by 4'(A + }, y/k + 1) and tak-
ing the expectation yields
TL(t.6.3/k+1)=0, ¢€aD.  (87) '

Then the followipg theorem holds.
Theorem @ J(¥ x 7k #+ 1) in (40) is given by

Jrox/k+ 1) =J(r, x k)0 (k+17k)  (88) /
J(r.x/7) = puf1,2/17) (89)
TJ(r.6/k+1)=0, ¢eaD, (90) '

Proof- From (86) and (59) it follows that
L(v.x7k+ 1) =L, (7, x)E¢
1= RO+ D)8k + 17k pn(k + 1/K)).
But we have .
1= R(1~PRY'P=RU+ PR ORIGINAL PAGE I3
OF POOR QUALITY

Y

((1+ PR)R"' = P)
= ((1+ PR)R™Y) 'R
= (R(R-'+ P))”"
=(1+RP)”, .

Thus,
L(r.x:h=1)=1,(7.x)
(1 R+ 1) panlk + 17K)) 7
Therefore, from (81) it follows that
Hroxtk+1y=L, (1, x/k +1) (91)
and from (81) we have
J(r o x/k + 1) = J(r, x/k)E.

{1+ R(k + 1)k + 17K)) 7", ” ,
Then it follows that
Jroxsr)=Lo(r.x/1) = p (1 x/7).

Since (90) is clear from'(87) and (91), the proof of the
theorem is complete. Q.E.D.

Let us now derive the equation for the optimal smooth-
ing error covariance matrix function p(7. x, y/k) defined
by

p(r.x, y/k) = E[a(z, x/k)a(r, y/k)].  (92) s
From (77) and (78) it follows that
(7, x/k + 1) = a(r, x/k)
=B(r. k+1,x, k+ Dr(k+1)
(93)
Ta(s. 6/k+1)=0, ¢€aD. (94) ,

Then the following theorem holds,
Theorem 10: The optimal smoothing error covariance
matrix function p(r, x, y/k + 1) is given by

p(r.x‘)‘/k'*‘1)=P(7'-‘,)'/k) :
~L (1. x/k)ELH (K + 1@
Rk + 1/kYH(k + D)EoLo(7. ¥/k)

(95)
or
plr,x. y/k + 1) =p(1.x, y/k)
=J(r.x/k+1
o $lhk+ 1/KVR(K + 1) (1, ¥ 7k + 1)
(96)

Lplr. & v/k+1)=0. ¢€dD. {97\
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Proof: From (93) 1t follows that

plr X3 'k =+ 1) = plr.x, y/k)
+B(r k+ ), x k+ DE[P(A = 1))
k= 1)) B (r k3 2k + )
=B(1. k41, x k+ VE[r(k+1j
sd'(r, x/k)] = E[a(z. x/k ' (k + 1)]
Br k1 y ke 1)

E[a(7. x/k)'(k + 1)) = E[a(r. x/k)a(k/k))
LK (k+1)

=L (1, x/k)ELH"(k + 1)

and
Efeth + 1)@(r. v/k)] = H(k + DELLL(7. y/k).

P
Thus, we have

plroa y/k+1)=plrox, y/k) + B(r, k+ L x, k+1)
T(k+1/K)B' (1. k+ 1,y k+1)
~B(r.k+ 1, x, k+ 1)H(k+1)
Lol y/ kY = L7, x/k)
CWH'k+ DB (1 k+ 1,y A+ 1),
Substituting (79) mto the above cqualic;n yields
plrox, y/k = 1) =plr.x. y/k)y = L fr. x/k)EWH?
Ak + NI+ 1/k)H(K + DELLL (7, 2/k).
In order to derive (96). note that from (81),
v Lt x k)L = Mgk = DLW+ 1K)
and from the matnx inversion lemma (64), '
H(HPH'~ R)™'H = (I+HR"'HP)"H'R™H,
Thén we have ‘
H'th = NPk + 1k)HK 1)
= ¢ (k= 1/h)R(4 + 1)

and
plrox yek = 1) =plr.x, 3/k) = Hr.x/k + 1)

Wk + 1 /k)R(k + YW (r, y/k + 1),

Muliiplying each side of (94) by (7, y/k + 1) and taking

the expectation yields 1yp(r.§ y/k+1)=0,§ €D,

Thus, the proof of the theorem is complete, Q.E.D.
Coroliary 4. J(1. x sk ) satishies the following relations,

Jr, x/h = 1) = A(1 x)(r+ 17k + 1) (98)

and
J(r+ Vox/k) = D(1. x)(1/k) (99)
where
Jr, X' /k)
Julr/k) = : (100)
(7. x™/k)

A1 x) = p (1, x/7)C4pan(T + 1/7) (101)
D(7.x) = py(7+ 1 x/7){ Pumlr/7)EL) ™. (102)
Proof: Letting ®(k + 1) be given by &®(k+1)=
407 + R(k + 1)p,(k + 1/k))™", from (88) and (89) it

follows that J(7, x/k + 1) = p(7, x/7)®(7 + 1)P(r +
2) oo+ 1) and J(r+ 1kt ) =p(r+ /74

N&(7+2)-+- &(k + 1). From the above equations and’

(75) we have
J(r.x/k+1) = p(1,x/7)(7 + 1)
Pkl 114+ D (r+ 17k + 1)
) = 7 x/7)E(r + 1108 (7 4 1/7)
Pl + 1 r) (1 + 17k + 1)
= A(7.x)7 {7+ 1/k+1). .,

From (88) and (89) it follows that J(7+ L.x/k)=
Pl + Loxs7 + V(T + 2( @(k) and J(rh)y=
Pl T2T)R(7 + 1)®(7 + 2) - -+ ®(&). Thus. we have from
the above eqvations

i
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Jir+ Loxsk) = polr+ o x,r4 1)1+ Rir+1)
Pk T+ VN Pl 177)88) " (17K

=p. (741, x/-r)(pm,,('r/‘r)f'.)—'.l,,(-r/k)

where the following equality derived from (66) has been
used,

Pl loxzr+ ) =p (74 1, x/7)
(L4 R(r + Vpanlr+171)) " (103)

Thus. the proof of the corollary is complete. QED.
Theorem ]1: The optimal smoothing estimator is given
by

w7, x/k) = d(r, x27) + é Jr.x/Ni(1)
=]

(104)

Tea(r. £7k) = S(r,¢). ¢€aD (105)
where

p(1) = H'(NHR(1)v(l). (106)

Furthermore. the optimal smoothing error covariance ma-
trix function p(7. x, ¥ 7k) is given by

A
plrx yk)=plrx, y/r)— 2 Jir.x/l
J=r=]
Fat = MR (2, y21) (107)

Teplr b y/k) =0, ¢€aD. (108}

Proof- From (77) and (80), (104) can be directly ob-
tained and from (96). (107) is clear, Thus, the proof of the
theorem is complete. Q.ED.

V1. SUMMARY OF THE OPTIMAL SMOOTHING
ESTIMATORS

A. Fixed-Poimt Smoother (7 = fixed, k=714 1,17+
2,:00)

Theorem 12 The optimal fixed-point smoothing estima-
tor is given by

(e, x/k + 1) = a{r. x/k) + J(7. x/k + 1)i(k + 1)

(109)

Jroxsh+ 1) = J(r, x2K)E4(k + 1 k) (110
Wk =+ 1 k)= (I+R(k+ 1), (k+1)"" (1)
Hrox/1)=p (7, x/7) (112)
Tpa(r, ¢/k +1) = S$(1,¢). ¢€8D (n3)
TJ(¢.x/k+1)=0, ¢€aD. (14)

Furthermore, the optimal fixzd-point smoothing error co-
variance matrix function p(7, », y/k =+ 1) is given by

plrox, y/k + = p(r, x, y/k) = J(1, x/k:l@

Kk + 1 /)R + D) (7, y/k + 1) (115)
Tep(r € y/k + 1)=0, ¢€aD. (116)

B, Fixed-Interval Smoothing Esumator (k = fixed, 1=k
=L k=2)

From Theorem 11 it follows that

a(r+ lox/k)=u0(r+ Lx/r+ 1)

+ é Jr+ LR (17)

(=342
and
plr+ L x. y/k)y=plr+ Lx,pir+ 1)

- ﬁ Jr+ x0TI = 1)

l=r=2
RN+ 1y /1) {118)
Then the following theorem holds.
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Theorem 13: The optimal fixed-inierval smoothing esu-
maior is given by
dlr+ loxzk)=a(r+ ), x/r+ 1)
+A(r+ Lox)[i,(7+ 2/k) = 0, (r+ 277+ 1)] (119)
Ta(r+ 1, ¢/k)=S(r+1.6).  §0. (120)
Furthermore, the optimal fixed-interval smoothing error
covariance matrix functior. 18 given by
plr+ Lox yZk)=plr+ lox, p/r+ 1)
=A(1+ LX) PrmlT+ 1 /k)
=Puml T+ 1/7)) A1+ 1, y)
(121)
Teple+ ), 8 y/k) =0, ¢€aD. (122)
Progf. From (98) and (117) we have
Gl Lx/R)=0{r+ L x/r+ 1)

X
+A(r+ 1x) X S 1+ 12)().

I=ys2
But from Theorem 11,
a(r+ 2. x2k)=a(r+ 2, x/1+2)

A
+ 3 Hr+2.x0)i(1)

{=1+}
and from (43) and (59),
a(r+ 2. x/r+2)=h(1+2,x7+1)
“F(r+ 2. x.r+2)(r+2)
=g(r=2. x/r+1)
+J(r - 2, a7+ 2)R(r + 2},
Thus. we have
Gt 2 Ay =i, (z=+217+1)

-

o+ 221)0(1).
=

"
- a

-

Then we have

(e =+ lask)=d(r+ l.xsr=+ 1)+ A(r+ 1. x)
iplr + 27k) = i (r + 2/7 4 1))

From (98) and (118).

plr+ L x.y/k)=plrd Lx, y/r+ 1)

k
—A(r+1,x) 3 Jm(‘rLzﬁ@
l=1+2

= RU 7 + 271)
AT+ 1, y).

From Theorem 11,
plrd+ 2. x.y/k)=p{r+2.x, 3/1+2)

- ﬁ J(r+ 2, x /1N~ DRI (r + 2, /1)

1=1+3
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and from (66),
plr+2,x. yp1+2)=plr+2.x,3/1+ 1)
=p{1 o 2oxr T I (r v 207 4 1)
Rir+2pi(r+ 2. y/r+ 1),
Taking into consideration that, from{103), J(r + 2, x/7 +
y=plr+ 2, x/r+ DYt + 277+ |)and
Pl T H 27K) = poar+ 2/ 1) =

A

= 3 Sl 22087 NI = DRI+ 271),

[EX B

we have plr+ Lx. y/R)=plr+ Lx. y/r+ 1) = A(s
+ L XN Prank T+ 20K) = Pl 277 DA+ 1 )
Since the boundary conditions (120) and (122) are clear
from (105) and (108), respectively. the proof of the theorem
is complete. QE.D.

C Fixed-lag Smoothing Estimator (1 =k + L. k=k + )
+ A, A= fived)
From Theorem 11 we have
w(h+ L xsk+ 10 A)=a(k+ Lxsk+1)
A=-i+d
+ 3 J(k+ 1 x)E(0)(123)

eh=-2
eplhk+ V. x, 37k +1+4)
=plk+ L x.y/k+1)
hAel~3
- 3 Hk+lxAY"

1=h=2 ’
AL T= NRINIh+ 1, x21),
(124)

ORIGINAL PAGE I3
OF POOR QUALITY

IEEE: SYST., MAN, CYBERN. -

Vol, Issue )

Au: O
Galley No, Ci iy

Jc



Then the following theorem holds.
Theorem 14. The optimal fixed-lag smoothing estimator
is given by
alk + 1, x/k + 1+ A)
=00k, x/k+ &)+ Clx, k+1,4)
F kA VHAK+ 1 + Aw(k+ 1+ 3)

+ Gl ks ) Pk 7K)E) ™

«(ig(k/k + B) = i, (k/k)) (125)
Rk~ 1L gk w1+ A)=S(A+1.£), £€dD
(126)
where
Clx k+1,8) = Alk + L.x)A,(k +1),
o A (k 4+ A) (127)
and
Ak, x")
Adk)y= |
Al x™)

Furthermore. the optimal fixed-lag smocothing error covari-
;?cc matrix function p(k + 1, x, ysk+ 1 + A) is given
plhk+ Lx vk +1+4)
=p(h=+1.x, p/k) = C(x, k+1.4)
F k=1 =Ak+ 1+ 8)H(k+14+4)
Pl b= 1+ Ak A+ A)C (v ok + 1, A= D(k. x)
[ Puml K7k} = Pl k 'k + 8)] D(A. ¥) (128)
Teplhkt L& y/k+1+48)=0, ¢€3dD.
(129)
Proof: From (43) and (59) we have
G(h ~ 1 xsk+ 1) = £ ok, x k)
+J(k+ Voxsk = Dok + 1),
From (123) and the above equation it follows that
a(k + 1, x/k+ 1+ Ay =E£a(k, x/k)
+ ‘Sf JOh+ Y, x7k )i (1}
t=h+1
Hk+ 1, x/0+ 1+ A)s(k+1+4).
From (88) it follows that
Jhk+ 1 x/h+1+8)=p (k+ Lx/k+1)
Lok + 27k + 1)
Eoplhk+3/k+2)--
Ewlk+2+A8/k+144)
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Substituting (75) into the right side yields
Jk+ Y xsk+1+A)

= polk 4 Y x/k+ V)E0pr )k + 2/k + 1)
Pramlk + 27k + DYk + 37k + 2) 0
ek +2+A/k4 1+ 4A)

Repeating the same procedure and using (101) yields YEE'. SYST., MAN, CYBERN,

J(k+ 1, x/k + 1+ 4) Vel Issue
= Ak = 1 x)A, (k +2) oo A (k + 8) Au: Crra
Pk + 1+ Ask + 1+ B). Galley No, T~

Thus we have
J(k+ V. x/k+1+4)
Flk+1+A) = Clx k+ 1, A mlk + 1+ Ak~ 1+ A).
(130)

From (99) it follows that

iva A=
lﬂEﬂJ(k + 1.x/l)ﬁ(1)=,=§-lp",(k + 1. x/k)

(B k7K)ES) " Lk 2DRCD). 4
But from (29) we have
Polk =~ Lx/k) =, p k. x/k)E + Q0 (k. x),

From (98) and (99) we have

J(k.x/1)
= ACke x )k = 1/1) = polr 57 )E0 ok /KYE) T (R 21).
Then it follows that

b=y h=3
S Mk bLaxEU)=E 3 JhoxDE))
15 b1 =6\
) k=3 -
T Qulkex) T (prnlb KN IR
f=h=1

ol
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and
Glk=+ 1, x/k+ )+ 8)
=LA, x ke A)+ Clx h+ 1,4)
okt V Ak 4P+ Ak +1+4)

k+)
+ému.x)(pm<k/k>€:)”‘, S Lk/RQ).

But from Theorem 11 we hive
k+A
Gfk/k+ B) = u (ksk)y= 3 J (kD).
Jeeh=1]

Thus we have (125). From (65) and (124 it follows that
Pk + Vox y/k +[8) = plk + Vox. y/k) = Jy =y
where
k=3
g = ,j»,l(“ Lox/ =iz = DR
Sk + 1 p0)
S=Jk+ Lx/k+ 1+ AW " k+1+AKk+4)
Rk +)+ AW'(k+ 1, y/k+1+A)
From (75) and {130} we have
= Clx k+ 1L A)ppnlk+1+8/k+14+4)
Rk =1+ 8)plk+1+A%k+4)
O3,k 1.4)
=Clx k+ LA (k+1+A%+1+4)
CH{A+ 1+ B) gk + 1+ A%k +A)
CH(y h+ 1, A),
Substituting (99) into J, yields
Jy = D(k, x) ‘gAuJ""k',IN-I(Hm 1)
=k~
RN A D'k y )
But from Theorem 11 we have
plh.x. y7k + &) = plk. x. y/k)

A3
== ¥ kx0T 1s0= DRU (K, /1)

Ieh=~|
and
Pl b7k + 8) — p,,,,,,(k /k)

k=3
= —, '%“, J AR = VDRI k1),
=k

Then we have
plk+1,x, y/k+144)
=p(k+ 1 x, ¥/k)= C(x, k+1,4)
Folk+ 1+ 8/k+ 1+ A)H(k+ 1+ 4)
Pk + 1+ Bk + DY (y k+1,4) ~ D(k, x)

[Pl k/K) = Pk /k + B)) D (K, 3).

Since the boundary conditions (126) and (129) are clear
from (105) and (108), respectively, the proof of the theorem
is complete, QE.D,

Kelly and Anderson [18] proved that the fixcd-lag
smoothing algorithm of Theorem 14 may be unstable, but
Chirarattananon and Anderson [19] derived a stabie ver-
sion of the algorithm, It is possible 1o derive a comparable
version here, although stability problems should not arise
in our use of the algorithm of Theorem 14 as long as it is
used over a finite time interval,
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IX.  APPLICATION TO ESTIMATION OF AIR
PoLLUTION

Distributed parameter estimation theory has recently
been apphed to simulated air pollution data 1o demon-
strate the capability of esumating atmospheric concentra-
tion levels from routine monitoring data {10} [11]. A
problem identificd in thesef carly studies was how to
specify the statistical properties of the assumed system and
observation noise. In this section we expand upon the prior
studies in two respects, First, we consider actual monitor-
ing data for sulfur dioxide (SO, ). in particular those mea-
sured each hour during the period December 1-31, 1975 at
four locations in Tokoshima Prefecture, Japan (sec Fig. 1).
Second. we apply the method of Sage and Husa [12) 10
estimate the unknown noise covariances in the system
equation and measurements,

Hourly sulfur dioxide data are available at the four
locations shown in Fig. 1 for the period December 1-31,
1975, The data for day k at location / may be denoted by
e(x',1). It is useful to average the data for December
1-30 10 produce

l ”
(elx's1)y= 55 2 exlx'1) (3)

where we will consider December 31 as a day to test the
algorithms.

If it can be assumed that the wind flows are such that
there are no north-south variations of conceniration and
that vectical mixing is rapid enough to eliminate variations
of toncentration with altitude, then the region can be
considered to be one-dimensional along the east-west coor-
dinate. The SO, concentration at any particular time can
be assumed 1o be described by the atmospheric diffusion
equation [13],

8¢ 8 _ g !
T a—nax:-f-s(.\.l) (132)

where ¢ is the wind velocity, a is a diffusion coefficient,
and § is the raie of emission of SO, as a function of
location and time.

Equation (30','.‘.) holds at any instant of time, but we
desire an equauon governing the monthly mean concen-
tration (c). Although no such equation exists, we can
formally average (132) over the 30 realizations (days) to

produce
3(c) de\ _ [/ 9%
2+ (ra)= <”'—ax’ > +5. (3

One object will be to estimate the diffusion parameter a.
This parameter will in general vary with Jocation and time
of day, although for simplicity we seek a constant value for
the month, Thus, the first term on the right side of (133)
becomes a 93(uy/dx?. We can form the residuals, v = ¢ —
(c) and z = e — (e). By subtracting (133) from (132) we
obtain

u  ,dc ac\ _ 8w
3,-'1' F;—( 5;)-—08".2. (134)

Since wind data are not available with which to evaluate
the second and third terms on the left side of (134) let us
rewrite (134) as

du_ 3w

i + w(x, 1) (135)
where w(x, 1} includes those unknown features associated
with the velocity terms.

The boundary conditions on (132) are

dc _ -

w0 x=0,] (136)
expressing the assumption that there is no diffusive flux of
SO, into or out of the region at the boundaries. After

averaging and forming the residual, (136) becomes
du _ _
Fria 0, x=0.1 (137)

f

Fig.1
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daia,
Ha )= (e (), £= 12,34, (336) OF POOR Q

Since hourly data are available, (135) can be cast inta the
discrete-ume form (1),

u(k + 1, x) = C,u(k, x) + w(x, 1) (139)

The problem 15 now to estimate u(x. 1) based on the S Eﬁ ;
|GINAL PACE i€
oR UALITY

with €, = 1 + a3?/8x%. Observation error is estimated
from the mean square error of predicted values and ob- JEEE: SYST,, MAN, CYBERN,
served data, Vo, Issue
24 Lo
PAG) =55 S (s(k) = 20k/k= )P, i=1,2.3.4 Au: Oz fe
4.5, Galley No, =5 ;7/
(140) oo
An index of overall estimation error is
4
J= 3 PA(i). (141)

1=

To apply discrete-time distributed parameter estimation
theory to predict air pollution levels, we must consider
three problems. The first problem is how to simulate the
distributed parameter sysiem. The second is how to de-
termine the covariances of system and observation noise.
The last is how to determine the diffusion coefficient a, For Wal
the first problem we use the Founer expznsion method and
approximate the original distributed parameter system by a
finite-dimensional system. For the second problem, we
apply the algorithm of Sage and Husa 12] that necessitates
the simultaneous application of the optimal filiering and
smoothing algorithms. For the third problem we apply the
maximum likelihood approach in the smoothing form [14).
We now consider these problems in more detail,

Fourier Expansion Method 1 is well-known that the
state u(k. x) of the distributed parameter system (139)

i with boundan condition (137) can be represented by using
the eigenfunciions ¢,{x) as follows,
o
ulk.x}y= T u (k) {x) (142)
1=
where

£o(x)=Ad(x), «x e!(G. )] L

90,(£) _ _
=0 €01 r‘p

and (143)
Au/Ed: placement of eq. no?

fo‘q(.r)@(x)dx =8,

A, is the eigenvalue of £, corresponding to ¢,(x). In this
case, it is easily seen that the eigenfunction ¢,(x) and the
eigenvalue A, are given by
¢(x)=1, ¢(x)={2cosmx, i=2,..
and
,=1-—a7."(i—1)2. i=1,2,000, (1u4)
Then i(r. x/k). p(7. 5} /k). and A(r,x) can be rep- N /

resented as follows:
o

il x/k) = 3 4, (1/K)8(x)

=1

prxy/k)= S B/ (x)8(y)

VL)

Alr.x) = §'a,\_§7)¢.(’f)- (145) /f.\/




Let us approximate these infinite expansions by the first N'
terms and define the foliowing matnces and vectors,

B{r/k) = Cob [iy(27k)r v iip (1)),
Alr) = Col{ay{r)e+van(r)]s
A=diag[here M)
[ B(r/K) s Prsla/k)
P(r/k) = : :
| Aai{77k)er oo pun(n/k)
[ ‘ln(k)-"‘-‘hn(k)
oy=| i
ﬂ.\')(k)-“"%‘n(k)

and
[ ¢;(1'|)~"'-¢,\(X')
o= i
L ¢ (x7 ) e p (x™)
where g,,(k} denotes the (i, j)ith Fourier coefficient of
(k. x, »).

Then, from Theorems 3-5 we have
alk + 12k + 1) = Aa(h k) + F(k+ Dr(k+ 1)
Flk+ 1) =P(k+ 12K)0H' (K +1)
[H(k + 1)OP(k+ 1/k)OH:
Lk + 1)+ R+ 1)),
Pk +1/k) = AP(AZKIN + Q(k),
P(k+1/k+1)= (I = F(k+ 1)H(k+1)0)
P(k =+ 1 /k). (146)
Furthermore, from Theorem 12 we have
e+ 1k)=a(r = 14 1) + A(r + NO{ia(7 +2/k)
—i(r =27+ 1))
A(r+ 1) =Pz =1/~ 1)AP ™ (1+ 1/7)0"",
Plr+1/k)=Pr+1/1+ 1)
~A(7 + 1)®(P(7+ 1 /k)
=P(1+1/7))0' A7+ 1). (1)

Note that the fixed-interval smoothing estimator does not
depend on the matrix ¢ which reflects the effect of sensor
location.

Determination of the Noise Covariances: In order 10
determuine the unknown covariance matrices of the system
and observation noises, we adopt Sage and Husa's algo-
rithm [12] given by

A
Q)= 3 (/) = Ails = 1/K)
j=
(/) = BRG =1/ (48)

and
k
R(k) =7 T (2()) = HU)Oai/R)
JE

< (2() = H(jYoa(j/k)y (149)
where O(k) and R(k) denotef”the estimated values of
Q(k) and R(k), respectively, Note that in these identifica-
tion algorithm the fixed-interval smoothing estimate (/&)
is used,

Identification of the unknown Parameter a: To determine
the unknown parame(er a we use the maximum likelihood
approach in smoothing form [14). The log-likelihood func-
tion y(k; a) is given from [14] by

y(k; a) =‘%(7bm+70bs) (150)
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where p 1s the dimension of 2(A) and &7 A~ l.a)
denates iir 1 "4 = 1) under the condition that the unknown
parameter 15 assumed to be a.

To maxinuze y(k, a) we use the following gradient
method.

8., =a ~Glulylkia,)

ay(k. a)
' I e | 4
Yk a,) 0 e (151)
where Gtr11s a sutable matrix. Therefore, we adopt the
following recursive algonthm te idennfs the unknown
parameters Q. R, and @'

1) Make ar injnal guess a(. of a,

2) Compute Qua, 1 and Riw, ) by using (148) and (149)

3) Compute & by using (150).

4) compute (e ) and Ria,) by using (1481 and (149).

5) Return/three by changing 1 107 = 1 and repeat until 4
these values do not change

Numerica! Resulte: We use the observed data from De-
cember J-30 toadentifs the unknown parameter @ and
noise covanances ¢ and R After four iterations the algoe
rithm: for determining ¢ converged 1o the value 4 = 0.00)
The Fourier expansior. has been truncated at N = 4. The
estimated diagonal elements of noise covanance matrices
are

0. =64 R, =029
Q.= 140 Ry =06
Qu=575  Ry=186
Qu=368  R,=134

To consider the effect of the numfr and Jocation of /(v/
monitonng stations, we assume that we have data at only
one monmtoring station. In this case from the previous
results of Kumar and Seinfeld {13) and Omatu er al, [16)
we expect that the optimal sensor location is closest to the
boundan. Thus, either x' or x* is the optimal single sensor
location among the four monitoring stations, x', x°, x*, x4,
In Table 1 we show the values of PA(1) and J for several
monionng stations We see that Aizumi or Matsushige is
optimal for the one-point sensor location case. Similar
conclusions hold for two or three momtoning stations,
Finally, we illustrate the actual observation data and one-
hour ahead predicied values for December 31 in Figs, 2-5 "
for Aizumi, leaji{ma. Kawauchs, and Matsushige, respec- /
tively. Table I, Figs. 2-5
Comparison with Other Approaches: 1t is of interest to
compare resulis of the present filtering and smoothing
approaches with others available for air pollution estima-
tion. We consider, therefore, the same SO, estimation
problem by the following methods: 1) AR-model, 2) per-
sistence, and 3) weighted ensemble,
The AR-model method is based on the following AR( p)
model

up'= aufly 4 aquflly + e a4 el
1=1,2,3.4 (152)



where the u)'*'s are the concentration levels at ume & and
at momtonng staven x40, 0. a, are the corre
sponding AR-parameters, and the e; s are residualy We
used the Levinson algorhm o determune the AR-
parameters. while the optimal ord > p of the AR-progess 1s
determined by using the mummum Akahe’s snformanon
enierion (AIC) |20; Then the onehour ahead predicted
concentration 35 given by

B = a4 wo,upk, (153)
and the prediction error vanance 1s
IV e g
J=‘:-.-=~E(ﬂ:‘—ui’“.,)} (154)
=L k)

Tabl 11 shows the AR-parameters and mimmum AJC
salue at each monitonng station

The persistence method consnists merely of using the
observation data ;'L as the one-hour ahead prediction
salue Ly

The weighted ensemble method uses the mean of the
past observanon daia at each time & weighted by a hinear
funchor of the source sirength ag the prediction value at
ume A. Based on the number of emussion sources. the
weighting functions are assumed here 10 be 0 15, 04}, 0.26,
and .18 at x', x5, x", x4, respectively. Table 111 shows the
performance criteria of the four methods From Table {11
we can see that the present method possesses almost the
same accuracs as the AR-model method By multiplhying
cach mgenfunduon coefficient by the corresponding eigen-
function and summing them. however, the present method
enahies us to estimale conceniranons over (ks enlire ré-
@on Therefore. the present method 1s more powerful than
the AR-mode! method

1IN Conerrsions

Opnmal estimators for discrete-tme distributed parame-
ter ssstems have beern demved based on Wiener-Hopf
theers A notable pont of the present work s that the
smociking estimators have been denved by the same ap-
praack as the filier. thus providing a unified approach for
this class of distributed parameter estimation problems.
The esumanon algorithms have been apphied 1o the prob-
Jem of predicting atmosphenc sulfur dionide Jevels in the
Tokushima prefecture of Japar.
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cember 31, 1973 at Kitayma monstonng station (x?)
Fig 4 Measured and esumated sulfur dioxide concentrations on De.
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Fig & Measured and esumated sulfur dioxide concentrauons op De-
cember 31, 1975 a1 Matsushige monitonng stauion (x4}
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ESTIMATION OF ATMOSPHERIC SPECIES CONCENTRATIONS
FROM REMOTE SENSING DATA™

*
Sigeru Omatu and John H., Seinfeld
Department of Chemical Engineering
California Institute of Technology
Pasadena, California 91125

ABSTRACT

A basic problem in the interpretation of atmospheric remote sensing data
is to estimate species concentration distributions. Typical remote sensing
data involve a field of view that moves across the region and represent inte-
grated species burdens from the ground to the altitude of the instrument.
The estimation probiem arising from this special measurement configuration is
solved bas:d on the partial differential equation for atmospheric diffusion
and Wiener-Hopf theory. The estimation of the concentration distribution
downwind of a hypothetical continuous, ground-level source of pollutants is

studied numerically.

+Research supported by NASA research grant NAGl-71.

*Permanent address: Department of Information Science and Systems Engineering
University of Tokushima
Tokushima, Japan




I. Introduction

In the remote sensing of atmospheric species, a ground-, aircraft-, or
satellite-based pletform scans a region of the atmosphere and measures the
species burden within the fieid of view. An object of atmospheric remote sen-
sing is to reconstruct species concentration distributions over a region based
on thedata available from the instrument.

There exist two recent studies that assess the capabilities of remote
sensing for monitoring regional air pollution episdoes [1,2]. Diamonte et al.
[3] developed theoretical results for the estimation of point source plume dis-
persion parameters from remote sensing data. In a similar vein, Kibbler and
Suttles [4] studied the estimation of unknown parameters in a pollutant disper-
sion model by comparing model predictions with remotely sensed data. No results
have yet been reported in which actual remote sensing data have been used to
esitimate species concentration distributions.

The present paper deals with the theoretical foundation of estimating atmo-
spheric concentration distributions from remote sensing data. Since the atmosphere
is a three-dimensional system, mathematical models of pollutant behavior are of the
distributed parameter type [5]. Remote sensing data usually represent spatial
averages of concentrations, so that the estimation problem concerns a distribu-
ted parameter system with spatially integrated, scanning data. Although dis-
tributed parameter state estimation has been considered extensively (see, for
example, [6] and [7]), such problems with scanning and spatially integrated
measurements have not been considered previously. The purpose of the present
paper is to derive the required optimal estimators for the scanning and spatially

integrated measurement case by a unified method based on the Wiener-Hopf theory.

o
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In Section 11, we define the remote sensing data analysis problem mathema- v
tically. Sections III-VI are devoted to derivation of the optimal prediction,
filtering and smoothing algorithms for the problem by Weiner-Hopf theory. Fi-
nally, in Section VII we present a detailed numerical example of estimating the
concentration distribution downwind of a continuous, ground-level line source to
illustrate the application of the thoery.
IT. Problem Statement
We consider a single atmospheric species (nonreactive), the mean concen-
tration u(t,xl,xz,x3) of which over a certain region is described by the follow-

ing form of the atmospheric diffusion equation [5]f

3t axl * V2, 8x2 333 (Kv( *3) 233) * Wltsxp5%p5%3) (1)
where V1 and V, are the mean velocities in the Xy and x2-d1rections, respec-
tively, Kv(x3) is the vertical turbulent eddy diffusivity, and w(t,xl,xz,x3) is
a random disturbance accounting for inaccuracies inherent in the basic model.
The initial condition for (1) is u(to,xl,xz,x3) = uo(xl,xz,x3), and typical

boundary conditions are

BU_ L omys -
(2)
au
- = O’ X, = h
8x3 3

where §(t,x1,x2) is the ground-level species source emission rate, presumably
a known function, and h denotes the upper vertical boundary of the pollutant-
containing region, for example, the base of an inversion (stable) layer. For

convenience, we denote the coordinate vector by x and let

o= - ol-] of-] , af-]
L] Y 3, -V 3, ax3 (Kv(x3) 2y )

*
In this form of the atmospheric diffusion equation, turbulent diffusion in the ES
horizontal direction is neglected relative to transport by the mean flow, a ;
common assumption in treating atmospheric diffusion problems [5].
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Assume that the concentration of a species over a fixed spatial domain D

with its boundary aD is of interest. Let us define the operator Tg, £« 93D
as follows,
a[+] - v
) KV(XB) g X3 = 0
e T el e h
2
8x3 3
Let S(t,&) be
S(t %y s%0) s X, = 0
s(t,) = 12 3
0 ’ XB - h-
Thus, (1) can be represented as
au{t,x) _
L = L u(t,x) + w(t,x) (3)
oX X
and (2) can be written as
rou(t,g) = S(t,g), £ < aD. (4)

2

We assume that the initial condition uo(x) can be represented as a Gaussian

process with statistics,

Ef{u (x) - @ () (4, (y) = B, (0))1 = P(xay) (5)

and the random disturbance w(t,x) is stochastically independent of uo(x) and is

a white Gaussian process with statistics,
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Efw(t,x)] =0
wit,x (6)

Efw(t,x)w(s,y)] = Q(t,x,y)8(t-s).

We assume that the remote sensing measurements are taken at time tk over
a view volume D(k) consisting of M pixels, as shown in Fig. 1. Since the sens-
ing platform may be in motion, the field of view, in general, moves with time
across the entire spatial domain D. We assume that the shape and extent of the
field of view D(k) remain fixed and only the location of the centroid of each
pixel changes with time. The ground-level location of the centroid of each
pixel of D{k) is denoted as (xT(k), xg<k),0), m=1,2,..., M

We are interested in considering the vertically integrated measurement

given by

hy ~
Zn(k) Eiem) = g( " k) (x3)u (X GG ) o

+ V( k9x1(k) r;( >9hn) (7)
m=1,2,..., M, n=1,2 N, h hy < < hy
k=1,2,...

-~

where Jm(k)(x3)is an altitude-dependent instrumentweighting function, and h is the
vertical position of the scanning sensor. Physically, '_( )(tk,n) represents

the vertically-integrated species corcentrations within each of the M pixels,
indicated by m(k), at each time, to from an altitude of hn’ v(tk,xT(k) g( ),

hn) represents measurement errors.



-

R e

Some comments concerning the measurement configuration shown in Fig. 1
are in order, Ordinarily remote sensing from an airborne platform would be
carried out at a single altitude. In such a case, it is not possible to esti-
mate the concentration distribution between the platform and the ground based
only on the integral of the concentration. Sakawa [8] and Koda and Seinfeld
[9] have shown that in problems of this nature it is impossible to estimate
the state uniquely based on 1ntegrated.measurements from only a single sensor
position since the required distributed parameter observability condition does
not hold. Therefore, the estimation of species concentration distributions
necessitates traverses over the region at different altitudes. From a practi-
cal point of view this requirement restricts this type of monitoring to air-
craft nlatforms, which, for purposes of measuring air pollution, are the most
useful. Considering that atmospheric concentration distributions change gradu-
ally and that airplane speeds are fast, the configuration sketched in Fig. 1

implies that repeated measurements at several altitudes are possible using only

one irborne platform.

TN Ly
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In order to represent (7) more compactly we introduce the following

notatjon:
() = (<1, 3K
o ORIGINAL PAGE IS
. Ink)(*3)s X3 2 hy OF POGR QUALITY
Im(k)
0 v Xg > h
n u]?(k)(x?’) 0
J (tk,x3) ‘ '
0 Ik (xa)
- M(k)*"3
r*u(tk, x(1(k)), x3)_
u(t,, x(2(k)), x,)
”Lk(XB) = k' 3
| ults x(1(k))x3) |
FJ](tk,x3)
Hegoxg) =
LJN(‘;;k,x3)
L)
Z(tk’n) = E
| Zni (B
(2,1 )
dyd =4
2N
(vt x(1(K), h)
v(t,n) = :
vt x(Mk)) s hp)
and
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k)-’ E ]
v(tk‘N)
Then (7) can be represented compactly as

2(t,) = of" Atrgluy (xg)dig + vig,). (8)

We assume that v(tk) is independent of w(t,x) and uo(x) and is a white Gaussian
process with =tatistics, E[v(tk)] = 0 and E[v(tk)v’(tg)] = R(tk)skz’ where *
denotes the transpose operator and R(tk) is an MNxMN positive-definite mairix.

The problem considered here is to estimate u(t,x) over D on the basis of
the measurement Z(tc), g=0,1,..., k. The novel aspect of this problem frow
the point of view of distributed parameter estimation arises because of the
scanning and vertically integrated nature of the measurements. In what fol-

Tows, we use k instead of tk as long as there is no ambiguity.
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I11. Estimation Problems and Wiener-Hopf Theory

Let us denote the estimate of u(tT,x) based on the observation data
2t ), o = 0,1,..., k by G(tT,x/tk) which is given by the following 1inear
transformaticn of Z(ts), o= 0,1,..., k,

k
tox/t) = ), Flt,x,t)z(t) (9)

o=0

where ?(tT,x,tG) is an unknown MN-dimensional row vector called the estimation

kernel function. When there is no ambiguity, we write (9) compactly as

M=

U(7,x/k) = ?(tT,x,tc)z(t ). (10)

0 ()

Q
i

Furthermore, we denote the estimation error and error covariance functions by
Ut ,x/t,) and P(t.,x.y/t,), respectively, where U(t ,x/t,) = u(t_,x) - G(iT,x/tk)
and P(tT,x,y/tk) = E[G(th/tk)U(tT,y/tk)]. The estimate ﬁ(tT,x/tk) that mini-
mizes J(0) = E[ﬁ(tT,x/tk)z] is said to be optimal. Note that by using
P(tT,x,y/tk),J(G) can be rewritten as J(u) = P(t_,x,x/t,).

To clarify the differences between the prediction, filtering, and smooth-

ing problems, we express ?(tT,x,tc) differently for each problem as follows:
(i) Prediction (t > tk)

U(t,x/t,) 2. Alt,x,t)Z(t ). (11)

e vk

)
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(ii) Filtering (tT = tk)

M=

u(tk,x/tk) = 2 Ft %t )Z(t,). (12)
(iii) Smoothing (tT < tk)
k
Gt ox/t,) = 2, Bl stax,t)2(t), (13)

(=}
1l
[

Here we use three temporal arguments tT, tk and tc for the smoothing kernel
B(tt,tk,x,tc) since these parameters should be changed according to the measure-
ment data acquisition time. Then the following theorem can be proved similarly

to that of {6] for the continuous-time observation case.

[Theorem 1] {Wiener-Hopf Theorem)
A necessary and sufficient condition for the estimate ﬁ(tT,x/tk) to be optimal
is that the following Wiener-Hopf equation holds for g = 0,1...., k ar’

x= D=0D . aD,

k
GL:() T(tT:X,‘tG)E[Z(tU)Z’(tE)] = E[U(t‘ )27 (80, (14)

or equivalently, for ¢ = 0,1,..., k and x € B,
E[E(tT,x/tk)Z*(tg)] = 0. (15)
[Corollary 11 (Orthogonal projection jemma)

The orthogonality condition, E[D(tT,x/tk)ﬁ(tn,y/tk§] = 0, x,y € D, holds where

tn is any time instant such as tn < tk’ tn = tk’ or‘tn > tk.
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[Proof] Multiplying each side of (15) by ?’(tn,y,tr) and summing from

r =0t =k yields .

K

Ero(t_,x/t,) 2 2°(t
£=0

’ﬂl

,y t )] = 0,

Using (9) in the above equation yields the desired relation completing the

proof of the corollary. Q.E.D.

[Lemma 1] (Uniqueness of the optimal kernel)
Let ?(tT,x,tQ) be the optimal kernel function satisfying the Wienzr-Hopf
equation (14) and let F(tT,x,tC) + ?A(tT,x,tG) be also the optimal kernel func-

(t})

?A(tT!x’to) O’

tion satisfying the Wiener-Hopf equation (14). Then it foliows that
o=0,1,..., k and x< D, i.e. the optimal kernel function is unique.
In order to consider the prediction, filtering, and smoothing problems,

separately, we rewrite (14) using the notation of (11) - (13).

[Corollary 2] The Wiener-Hopf equation (14) is rewritten for the prediction,

filtering, and smoothing problems as follows:

(i)  Prediction (t > tk)

2

k
Alt,x, t E[Z(to)Z’(tg)] = Efu(t,x)Z7(t.)] (16)
O’:

4

(&)

for ¢ = 0,1,..., k and x € D.

(i) Filtering (tT = tk)
K
é} Flt %t JEIZ(t)Z7(¢)] = EQu(t»x)27 ()] (17
k.



WPt cmpiees wh

-11-
ORIGINAL PAGTE [¥
OF POOR QUALITY
for ¢ = 0,1,..., k and x< D,
(iii) Smoothing (t, < tk>
k'\
GZ:O Bty X b )ELZ(E)Z7 (8] = ELU(t,X)27 (1))

for z = 0,1,..., k and x< D.
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IV, Derivation of the Optimal Prediction Estimator
In this section we derive the optimal prediction estimator by using the

Wiener-Hopf theory in the previous section.

[Theorem 2] The optimal prediction estimator is given by

aﬁ(t,x/tk) R
— = Lxu(t,x/tk), t > t, (19)
rel(t,e/ty) = s(t.e), £ < oD, (20)

[Proof] Differentiating (16) with respect to t and substituting (3) yields

k
— 0dA(t,x.t )
¢ - —— I -
3:6 At E(z(t)z7(y . = LEMu(t,x)27(t,)]

where the independence of w(t,x) an¢ Z(tc) is used. Substituting (16) into

the above equation yields

~

M~

. FA(t,x,tO)E[Z(tG)Z’(tE)] = 0
o=0

where

- 8A(t,x,t])

FA(t,x,tO) = -———,&—————-LXA(t,x,tc).
From Lemma 1 we have

3A(t,x,t )

o _
——2— = LA(tx,t ). (21)
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Differentiating (11) with respect to t and substituting (21) yields (19).
Since the forms of I', and S(t,£) are known, the predicted estimate ﬁ(t,x/tk)

3
also satisfies the same boundary condition (4). Q.E.D.

[Theorem 3] The optimal prediction error covariance function P(t,x,y/tk} is

governed by

aP(t,x,y/tk)
=T = (L + LIP(ExY/t) + QLtx.Y), (22)
TeP(t,8y/t,) =0, £ € aD. (23)

[Proof] From (3), and (19) we have

BU(t,X/tk)

—r— = Lxu(t,x/tk) + w(t,x) (24)
and from (4), and (20)

rgu(t,g/tk) = 0, £ € aD. (25)

Differentiating the definition of P with respect to t and using (24) yields

3P (t,x,y/t,)

5T = (LX + Ly)P(t,x,y/tk) + 2(t,X,y)

where
T(t,x,y) = E[W(t,X)ﬁ(t,y/tk)] + E[E(t,x/tk)w(t,y)].

Let the fundamental solution of Lx be G(t,o,x,y), where
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VoY) = 1 6(t0,%.y),
TgG(t,G,E,Y) = S(t,8), 1 '
G(c,o,X,y) = &(x-y).

Then U(t,x/tk) of (24) can be represented in terms of G(t,o,x,y) as follows,
u(t,x/t,) =£G(t b %oa) Uty 0/t )da + ff 6(t,0,x,0)w(c,a)dada, (26)
k

Substituting (26) into ={t,x,y) and using (6) yields I(t,x,y) = Q(t,x,y).
Multiplying each side of (25) by U(t,y/tk) and taking the expectation yields
(23). Q.E.D.

[Corollary 3] The optimal prediction estimate G(t,x/tk) and prediction error
covariance function P(t,x,y/tk) can be represented as

a(t,X/t fG(t tk’x Q) ( 30~/t ) (27)

and

P(t x,y/t j:f G( t,tk,x o) (tk,a,B/tk)G(t,tk,y,B) dadp
DD
+ j. j:[ G(t,o0,x,a)Q(o,a,B)G(t,0,y,R) dadpdo. (28)

[Proof] It is clear that (19) and (22) possess unique solutions. Differen-
tiating (27) and (28) with respect to t yields (19) and (22),
respectively. Since (19) and (22) have unique solutions, (27) and (28) are ;

those solutions. Q.E.D.

e,
TEITET .

e
i
o
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V. Derivation of the Optimal Filter

In order to derive the optimal filter by using the Wiener-Hopf theorem

for the filtering problem, we represent the solution of (3) in terms of the

fundamental solution G(t,o,X,y) as

u(tk+1,x) = ng(tk+1,tk,x,a)u(tk,a) do

')
* j- ,g G(tk+1,n,X,a)w(n,a) dadn
t

k
and
Uy (x3) = }.GM(tk+1,tk,x3,a)u(tk,a) da
k+1 D
et
+ tf _L GM(tk+l,n,x3a)w(n,a) dodn
k
where
T(k+1) 1(k+1)
( ) G(tk+lans xl . 3X2 5x3a0‘)
G,(t NoXnsl) = .
M k+1°273?
M(k+1) M(k+1)
G(tk+1,n, X-l ,xz 9X330L)

From (17) we have

F(tyqg %ot JETZ(E)Z7 (8] = ELu(ty,12))27(t))]

+
QM
~

=0

for = = 0,1,..., k+l.

(29)

(30)

(31)
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From (29) and the independence of Z(tg), z =0,1,..., k and w(n,x),.
t, <n 2t it follows that

ETu(t, ,q,x)2(t

c)] =j[;G(tk+1,tk,x,a)E[u(tk,a)Z’(t;)] do.

Using the Wiener-Hopf equation (17), we have

K
Elu(tyyq2X)27(t)] =£G(tk+1,tk,x ) :‘/:6 F(tsont JEIZ(E )2 (8)1. (33)

On the other hand, from (8) and the whiteness of v(t we have, for

1)

ki

ELZ(t,1)27(t,)] Uf ItiypgdEluy - (x5)Z77°(t )1 dxg.

k+1
Substituting (30) into the above equation and using the independence of

Z(tg), t, <t and w(n,a), t, <n <t yields

E[Z( l\'*'l)z ( f J k+1’x3 fG k'l"l’ kax3sa)E[u( k’a) ( )] dadx

Again, we use the Wiener-Hopf equation (17) in the above equation and

k

h
EIZ(t,,)27 (2] = Of J(tk+1,x3)£GM(tk+1,tk,x3,a :éE)F ot

E[Z(tO)Z’(tC)] dudx3.

Substituting (33) and (34) in (32) yields

R s LTS

n;}: e AT
Copan < e
E S R S
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k
Z;FA tokstg)E Z(E)Z7(t) = 0

where
~ h

P F(t g 0t) -.g Bt 0 o) Pt 000t da.

Then from Lemma 1 we have F ( X ,t ) =z 0, and we have the following Temma.

[Lemma 2] The optimal kernel function F(tk+1,x,t0) of the filter is given by

F(tk+1’x’t0) ='£ G(tk"'l’tk,x’a)F(tk’Q’to) da

h
- Flyyaoty) d[ J(tk+1,x3)_£ By (Ea 1ty o Kgoe) (e, ) dadiy.  (36)

[Theorem 4] The optimal filtering estimate a(tk+1’X/tk+1> is given by

U(tyyqoX/tpy) = G0t ax/t) + Fltaxot ol ), (36)

A h A
Wity & 20t - d{ Htgprglly | (/) drg, (37)
U(tgax/tg) = uglx), (38)
Tty €/ tyy) = S{typ08), £ € 2D (39)

where



-18- ol R
ORIGINAL PA

ol 1{k+1) 1(k+1)

( /t = . "
AU M(k+1) M(K+1)

at
k+1
u(’ckﬂ,x.I »Xo ,x3/tk)

[Proof] Using (12) and (35) yields

Uty g%/ tey) = sy ooty 20t )

K
+] 6ty st ,x0) 9 F(t,,a,t )Z(t ) da
{) k+1° B Ly Pl bt

K
h .
- Fltagnoty) [ J(tk+l,x3)_£ Gty 5go0) 2y Pl )2(8,) g,

Then from (12) and (27) we have
W(tyy 2%/ by ) =.£ 6ty %000t 00/t da
h o
F (G kot ) (2(g) = [ 90t ,0%g) g'GM(tk+1,tk,x3,a)u(tk,a/tk) dad,
V]
= u(tk+1,x/tk) + F(tk+1,x,tk+1)v(tk+1).

Since the initial and boundary conditions are clear, the proof of the theorem

is complete. Q.E.D.
To determine the optimal kernel function F(tk+1,x,tk+1), we introduce

the following notation,
Pultooxiyy/t) = PCe ko D), e M e ) (40)

and

T e
v
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2ty

P b %3093/ t) = k)
P(t X" ya/t,)

P xRy D ey, L, P(tT,xl(f),y (K)ye )

: : (41)
JORCLL ALY N TCRUL LTS

1

T

m(k) _m(k)

where KMk (X777 %000 x3) and ym(k) (yT(k>, yg(k), Yg)s = 1,250,

From the definitions of PM(tr’x’y3/tk) and PMM(tT’XS’yB/tk) it follows that

PM(tT’x’y3/tk) = E[u(tT’x/tk)utT(y3/tk)] (42)
and
Pl e oXae¥a/ ) = ELTy (xg/ 4007 (vg/ty)] (43)
where
U, (Xo/t,) = u, (Xq) = U, (Xa/t,) (44)
tT 3" 7k tT 3 tT 3 7k
and

iy, AR
Uy (x5/t)) = . ' (45)
' A(T,x( )/t)

Furthermore, we define the covaiiance matrix of the innovation process v(tk+1)

by P(tk+1/tk) = E[v(tk+1)v’(tk+1)]. Then from (37) we have

h

+ R(tk+1).

M.
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[Theorem 5] The optimal filtering gain function F(tk+1,x,tk+1) is
given by

h .
_ . -1 . ,
[Prcof] From the Wiener-Hopf equation (17) we have

M=

* 2 Pl LEIZ()Z ()] = Bl 077 (1)),
o=

Substituting (35) into the above equaiion yields

~

h

(x3/tk)dx3)2’(tk+1)]
= CH(U(typox) = G0t 0/ 8 )27 (1,0)].
Using (8) and the orthogonality condition of Corollary 1 yields

h
4]

k+1

h
- df Pl Ba12%o%g/ B9 (Beyp%g) dxg

and

h h
E[V(tk+1)zl(tk+1)] = d[ 6[ J(tk+19x3)PMM(tk+laxé:y3/tk)J (tk+15Y3) dx3dy3

# R(t,,) = T, /t). (48)
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h
Fltpg %oty T (Eag/ ) = d[ Pyl byp %%/ B0 (g g) Otg

and the proof of the theorem is complete. Q.E.D.

[Theorem 6] The optimal filtering error covariance function P(tk+1,x,y/tk+1)

is given by
Pty ¥/t y) = PlY Xy )

h h
- -‘-."1 4
- _f PyltysagoXoxg/ t )0y o%3)" (t /b )ty 4 2 3) Pty syaYa/ by ) dxgdys

J 0

(49)
P(ts%sy/ty) = Pylxsy) (50)
TP (g aEo¥/Y) = 05 £ < aD. (51)

[Proof] From (3) and (36) we have
Uty g%/ tpyy) = Uty qox/ty) - F(tppo%o by )V ay) (52)

and from (4) and (39),

r£U(tk+1,£/tk+1) = 0, £ € 9aD. (53)

Using the independence of v(tk+1) and G(tk+1,x/tk) or ﬁ(tk+1,y/tk) yields

Pty g o%o¥/ bpq) = ELUCL g X/ by DTy By )]
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= Pt oXe¥/ty ) + Fltypq 2% by JEDV(Eq 0 (0 JIF (80 0¥ s byp)

h
F(tk+1’x’tk+l) of d(tk+1,><3)E[utk+1(x3/tk)ﬁ(tk+1,y/tk)] dx3

h
/ E[U(tk+1,X/tk)ﬁ£k+1(y3/tp)]J’(tk+1:y3)dY3F'(tk+1’y’tk+l)'
¢ .

Using (40) and (47) yields
P(tk4~1’x’y/tk+1) = P(tkﬂ,x,y/tk)

h (h
» "1

Ity 3Py tpapoysyal ) dxgdyy.

Since the initial value G(to,x/to) is equal to Uo(x), it is clear that
P(to,x,y/to) = Po(x,y). Multiplying each side of (53) by U(tk+1,y/tk+1) and
taking the expectation yields (51). Q.E.D.
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VI. Derivation of the Optimal Smoothing Estimatoy
In this section we derive the optimal smoothing estimator by using the

Wiener-Hopf theory.
[Lemma 3] The optimal kernel function B(tT,tk+1,x,t0) of the smoothing estima-

tor is given by

Bt by yqsXoty) = Blt sty uxst)
h I
C Bt b K t) Of tirpng) | Syl tyngrel Fltymty) cadeg. (54)

[Proof] From the Wiener-Hopf equation (18) for the smoothing problem we have

k+1l

2, BlEer g b E JEL(E)Z (1)) = Bt 2 (), (55)

and

Subtracting (56) from (55) yields

JE(Z(t, ,)Z7(t,)]

B(t s tysy %otiay k1?2 Y

k
b (Bt sty oxoty) - Bt .t Xt )ELZ( )2 (¢t
6=0

From (8) and (17) we have
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h
ELZ(ty4,)27(8))] = 6[ J(tk+1,x3)g.GM(tk+1,tk0<3a)E[u(tk,a)Z’(tC)] dodx,
h k

0[ J(tk+1,x3)é GM(tk+1,tk,x3,a) QEQF(tk,a,to)E[Z(tO)Z’(tC)] dadx3.

Then it follows that

K
~ s
22 FA(tT,tk,x,to)E[Z(tO;Z (t.)1=0

o=0 ¢

where

FL(tT’tk’x’tO) = B(tT’tk+l’x’tG) - B(tT’tk,x’tO)

h
+ Bt b Xat ) d[ J(tk+1,x3)_£ By (tpsq oty oXzs0) F(t 005t ).

~

Since it is clear that B(tT’tk’X’tO) + FA(tT’tk’x’to) also satisfies the Wiener-

Hopf equation (18), from Lemma 1 FA(tT,tkgx,tg) =0, o =0,1,..., k. Thus,

the proof of the lemma is complete, Q.E.D.
[Theorem 7] The optimal smoothing estimate G(tT,x/tk+1) is given by
Ut ox/ty ) = Utax/t) + Blt Lty 1sXs by 0(t ) (57)
Tt 58/t ) = S(T,8), £ € 2D, (58)
[Proof] From (13) it follows that

e/t ) = Bl sty Xy V2 )

+
NMix -

{
B‘ tT,tk+1’X,tc)Z(to)-

0

Q
1]
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Substituting (54) into the above equation yields

u(tT,x/tk+1) = B(tT,tk+1,x,tk+1)v(tk+l)

b, Bttt )2(t)

o=0

and substituting (13) into the above equation yields (57). Since we have no
additional information about the boundary value of u(tT,x) except for s(tT,g),

we have (68). Thus, the proof of the theorem is complete. Q.E.D.

[Theorem 8] The optimal smoothing gain function B(tT,tk+1,x,tk+1) is given by

h
- - -1
Bty oXotyy) = Oj N g/ By )07 (8 g )T (178 )  (59)
where
Mty ) = M09/ 06 g Begon) o (60)
and
Mt sxoy/ty ) = EL0(E %/t )U(t ./t )] (61)

[Proof] From the Wiener-Hopf equation (18) we have

Bt sty pyoXstyy ELZ(t )77 (E) )]

k
+ 20 Bty %ot JEIZ(E )27 (6 4))] = EQu(t 02" (5,11,
o':
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Substituting (54) into the above equation yields

Bt sty yq %oty ) EIVE L )Z7(8, )T = BIU(Ex/8, )27 (2, 0) ] (62)
On the other hand, from (27) and (29)
(), .qax/t) =_g B(ty pot Xy )U(EY/t ) dy
k+1
¥ f[ .g G(t) 4qoms%s¥)u(n,y) dydn.
3

Then we have

EU(tx/t,)2" (1, )] =

(@] g“
o

MOt %o/t )83t 4ty s Xgey) dy 37(,,15%3) dxg

h
Of NCE XXyt )97 (1 ig) dte

Substituting (48) and the above equation into (62) yields (59). Thus, the
proof of the theorem is compiete. Q.E.D.
Let us now derive the equation for M(tT,x,y/tk+1). Using the orthogonality

condition of Corollary 1 yields

M{t XY/ tyy) = ETU(t o)) Tty v/t ) (63)

Substituting (52) into the above equation yields
Mt sXsy/ty ) = g.G(tk+1,tk,y,a)M(tT,x,a/tk) da

h
- O[ N<t’l”x,x3/tk+l)d’(tk+1,x3) dXBF’(tk"’l’y’tk*‘l)‘
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From (4) and (58) we have

rgu(tT,a/tk+1) =0, £ € 3D. (64)

Multiplying each side of the above equation by ﬁ(tk+1,y/tk+1) and taking the

expectation yields T M(tT,g,y/tk+1) =0, £ = 3D. Thus, the following theorem

3
holds.

[Theorem 9] M(tT,x,y/tk+1) is given by

Mtoxod ) = | Sl byt ey ca

h

.

-(! N(t %o xg/ty 1007 (t 1ox5) dxg PPty 1sYat0q)s (65)
MOt sx,y/t) = Pt oxy/t ), (66)
Tt 8y/t ) = 0, £ & oD. (67)

It remains to derive the equation for the optimal smoothing error covariance

function P(tT,x,y/tk+1). From (57) we have

ﬁ(tT,x/t = ﬁ(tT,x/tk) - B(tT,tk+1,x,tk+1)v(tk+l). (68)

k+1>

[Theorem 101 The optimal smoothing error covariance function P(tT,x,y/tk+1)

is given by

Pt sxsy/tyq) = PEx0¥/t)

h h
. L -1
g RO RPN COERE LU

N(tT,y,yS/tk+1) dx3d_y3 , (69)
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TeP(tEy/t,,) = 0, E < 9D, (70)
[Proof] From (68) we have
PLtosXsy/ by y) = ELUCL x/t  )TU(E LY/t 0q)]
= PUELxY ) BlE LY Xty DT /8B Lty Yty
" Bl gy Ko by JEIV (G ST/ )]
- ELO(t %/t v (1 ) IB7(E hty Yty ) (71)
But we have

h

[ e

A 3,oz)M(tT,x,oL/tk)

! i = -
E[u\tT,x/tk)\ (tk+1)] d[ L(tk+1,tk,x

and

E[\)(tk+1)ﬁ(t_[,x/t [f k+1’x3 (tk+1,tk,x3,a)M(tT,x,a) docdx3.

Substituting the above equations and (47) into (71) yields (69). Multiplying

each side of (64) by U(tT,y/tk+1) and taking the expectation yields (70). Q.E.D.

[Theorem 11] The optimal smoothing estimator is given by

k

Bt x/t,) = Gt /e ) + gT+lB(tT tkot, V(t,) (72)
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and the optimal smcothing error covariance function P(tr,x,y/tk) is given by

P(t s Xsy/t) = P(t,x,y/t )
- ié _fh.[hN(t Xsxa/t, )37 () sx) T Lt /1, 1)
S8 6 T 38 2’73 2 a1

Ity y3IN(E Lysya/ty) dxgdys. (73)

e —— Ly
IR S S
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VII. Estimation of the Concentration Distribution Downwind of a Continuous,

Ground-Level Line Source

There has been much recent interest in the airborne measurement of pollu-
tant concentrations downwind of sources [9 ] - [11]. Here we wish to consider
a hypothetical, but realistic, situation in which an aircraft with a downward-
Tooking instrument, such as for example the JPL Laser Absorption Spectrometer
[1231, is flown at different altitudes downwind of the source, and total species
burdens are measured at a series of downwind distances.

The steady-state concentration of a species downwind of a continuously
emitted ground-levil Tline source (e.g. a highway) situated normal to the
direction of the wind flow is governed by the following form of the atmospheric

diffusion equation [5],

B 3 u_

SR ( Ky(x3) ax3)+ Wixgoxg) (74)

u(0,x3) = u (x3) (75)

-~ K (0) & = g6(x,), xq =0 (76)
v X5 1% 3

U _ -

B O X5 = h (77)

where ¢ is the constant rate of release. For convenience we will take Kv =1,
since vertical variations of this constant are not essential to the estimation

problem we will consider. If we let t = xl/V1 and x = X35 (74)-(77) become

AU - B w(t,x) (78)
Bt .2
u(0,x) = uy(x) (79)

g v g
R S - T S, ¥
E A R R
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ou

w o - ee(t), % =0 (80)
%g'=0: % = h (81)

In this case the measurements Z(tk) are related to the concentration

(%) by (8),
2(t,) = fgn(t X)ulty,x) dx + v(t,) (82)
O K

where the instrument kernel function will be taken to have the form,

1 x < hn
x) = n=1,2,..., N (83)

The theory developed in the prior sections can be applied directly to this
problem, and the optimal filter and smoother are given in Table 1. The pre-
diction, filtering and smoothing algorjthms were applied to hypothetical data
generated by solving (74)-(77) and forming Z(tk) from (82), using noise
processes w{t,x) and v(tk) with prescribed properties. The algorithms were
applied to estimate the concentration distribution u(tk,x) as a function of
height x at several downwind distances, tl’ tZ"" based on measurements taken
at one to four elevations. It is of interest to study the behavior of the
estimates as a function of downwind distance and of the number of elevations
at which data are simultaneously taken. Values of all parameters used in the

calculation are given in Table 2.
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Figs. 2-4 show selected results of the application of the filtering and
smoothing algorithms to the synthetic data of this example. Fig. 2 shows a
comparison of the true concentration distribution u(tl,x) and the filter esti-
mates, O(tl,x/tl) based on two and four measurement elevations (t1 = 0,0002),
As expected, the profile estimated on the basis of four measurement elevations
is superior to that based only on two altitudes. Fig. 3 shows similar results
at t8 = (0,0082. The filter estimate based on n = 4 virtually coincides with
the actual concentration distribution. The performance of the smoothing algo-
rithm is illustrated in Fig. 4, in which the true concentration u(tT,x) is com-
pared with the filter estimate, G(tT,x/tT), and the smoothed estimates,
U(t_,x/ty), and U(t_,x/t4), with t_ = 0.0002, t, = 0.0012, and t,; = 0.0032.
Table 3 gives the trace of the filtering error covariance matrix, P(t,x,x/t),
for the four measurement configurations at three downwind distances t. As expec-
ted, the trace decreases as the number of measurement elevations is increased

from 1 to 4.

VIII. Conclusions

Filtering and smoothing algorithms for the processing of remote sensing
data on atmospheric species concentrations have been derived using Wiener-Hopf
theory. The algorithms were applied successfully to estimate concentration
distributions from a hypothetical ground-level 1ine source of material (e.g. a
highway) based on remote sensing data taken from several elevations at a number
of points downwind from the source. Although there has been increasing interest
in the remote sensing of airborne concentrations, a data set sufficient for ap-
plication of the theory developed in this paper does not yet appear to exist.
Nevertheless, it is hoped that the availability of the algorithms developed here
will facilitate processing of remote sensing data in conjunction with mathematical

models of air pollutant behavior.
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Table 2. Parameter Values Used in Line Source Estimation
Example

Truncation number N = 5

Measurement time tk+1 = tk + 0.001, kK = 1,2,3,*"
where t1 = 0,0002

Fixed-point time for smoothing tT = 0.0002
Constant rate of release ¢ = 0.3
Measurement points hn =n/4, n=1,2,3,4
Initial values and noise covariances

Polxay) = 1 P304 (x)6,(y)

Covlug(x),uy(y)] L
1=

Coviwit,x),w(s,y)l = Q(t,x,y)&(t-s), Cov[v(tk),v<tn)] = R(tk)akn

N
Q(t,x,y) = 121 q11¢1(X)¢1(y), R(tk) = diaglry,ry,rash,]
1 i=
¢;(x) =
V2 cos(i-1)mx i>2
A o= - (i-1)%n? i>1
i 1 2 3 4 5
u? 3.0 1.0 0.03 0.003 0.0003
SN 0.12 0.012 | 0.001% | 0.00012
q5; | 1 0.5¢ 0.252 0.1252 | 0.0625°
r. 0.12 0.072 | o0.052 | 0.03%
c- |
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Table 3. Trase of the Filtering Error Covariance Matrix P(t,x,x/t) !

Measurements t = 0,0002 t = 0.0032 t = 0.0062

4 point

(hyshpohgsh,)  0.2405x1071 0.1189x1077  0.9616x1072

3 point

- -1 -

(hy shyshy) 0.3441x10"] 0.1577x10"" 0.1335x10""

2 point

(h],hz) 0.1678 0.1195 0.1137

1 point

(hy) 0.6700 0.2914 0.2338 \
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Figure Captions

Fig. 1.

Fig. 2.

Fig. 3.

Fig. 4.

Remote Sensing Measurement Configuration Considered in This
Work.

Ccmparison of True Concentration G(t],x) and the Filter Esti-
mates u(t],x/tl) based on 2 and 4 Measurement Elevations.

t1 = 0.0002,

Comparison of True Concentration u(t8,x) and the Filter
Estimates ﬁ(tB,x/tB) based on 2 and 4 Measurement Elevations.

tg = 0.0082.

Comparison of True Concentration u(tT,x), the Filter Estimate
G(tT,x/tT) and the Fixed Point Smoothing Estimates G(tT,x/tZ)
and G(tT,x/t4). tT= 0.0002, t2 = 0.0012, t4 = 0.0032.
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SUMMARY AND CONCLUSIONS

The ubject of this research grant was to initiate an evaluation of the
analysis of remote sensing data on pollutant concentrations in the troposphere.
Remote sensing measurements of pollutant concentrations are becoming increas-
1ng1y important in understanding the transport and transformation of pollutants
over moderate to long distances in the atmosphere. Traditionally such data
have not been analyzed beyond the point of constructing mass fluxes and total
budgets over a region. The question studied in this research grant was that
of the further analysis of such data, particularly when one has a mathematical
model available. The specific problem then is to see how typical remote sens-
ing data can be used in conjunction with a mathematical model to extract addi-
tional information about the pollutant behavior in the region being studied.

The essential problem is one of estimation, that is, of using the typical
remote sensing data to determine full concentration distributions. Once full
concentration distributions are available, one can then assess the mechanisms
of the process through the mathematical model. The first step in the research
was to ook theoretically at the question of the minimum amount of data needed
to reconstruct a concentration distribution from finite data typical of those
collected in remote sensing. Chapter I of this report presents a development
and derjvation of a condition of reconstructability, namely rigorous conditions
that can be applied to a data sampling program to dztermine whether it will be
possible to estimate a species concentration distribution from such measure-
ments., Chapters II and III of this report are then devoted to the development
of a numerical algorithm that will process the data to produce concentration
distribution estimates in the cases when the data are a priori reconstructable.

Perhaps the most important result of this study is the indication of the

types of measurement strategies one s.iould follow in remote sensing programs.
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In particular, it appears that the best measurement strategy is to attempt to
obtain pollutant burdens at a certain location at a number o/ elevations at
times as close as possible, This strateqy is recommended because the vertical
distribution of pollutant concentrations in the first 1,000 meters of the atmo-
sphere is a crucial element of a mathematical model of such species. The
theory and numerical techniques developed in this study will tell one when
devising a measurement program and monitoring strategy the number of vertical
levels at which one should make measurements to be able to estimate relatively
accurately the complete vertical concentration profile of the species of inter-
est. It is anticipated that these results will be of value to those contem-
plating remote sensing measurement programs of tropospheric species that involve

measurements at several vertical levels.

AN



	GeneralDisclaimer.pdf
	0015A02.pdf
	0015A03.pdf
	0015A04.pdf
	0015A05.pdf
	0015A06.pdf
	0015A07.pdf
	0015A08.pdf
	0015A09.pdf
	0015A10.pdf
	0015A11.pdf
	0015A12.pdf
	0015A13.pdf
	0015A14.pdf
	0015B01.pdf
	0015B02.pdf
	0015B03.pdf
	0015B04.pdf
	0015B05.pdf
	0015B06.pdf
	0015B07.pdf
	0015B08.pdf
	0015B09.pdf
	0015B10.pdf
	0015B11.pdf
	0015B12.pdf
	0015B13.pdf
	0015B14.pdf
	0015C01.pdf
	0015C02.pdf
	0015C03.pdf
	0015C04.pdf
	0015C05.pdf
	0015C06.pdf
	0015C07.pdf
	0015C08.pdf
	0015C09.pdf
	0015C10.pdf
	0015C11.pdf
	0015C12.pdf
	0015C13.pdf
	0015C14.pdf
	0015D01.pdf
	0015D02.pdf
	0015D03.pdf
	0015D04.pdf
	0015D05.pdf
	0015D06.pdf
	0015D07.pdf
	0015D08.pdf
	0015D09.pdf
	0015D10.pdf
	0015D11.pdf
	0015D12.pdf
	0015D13.pdf
	0015D14.pdf
	0015E01.pdf
	0015E02.pdf
	0015E03.pdf
	0015E04.pdf
	0015E05.pdf
	0015E06.pdf
	0015E07.pdf
	0015E08.pdf
	0015E09.pdf
	0015E10.pdf
	0015E11.pdf
	0015E12.pdf
	0015E13.pdf
	0015E14.pdf
	0015F01.pdf
	0015F02.pdf
	0015F03.pdf
	0015F04.pdf
	0015F05.pdf
	0015F06.pdf
	0015F07.pdf
	0015F08.pdf
	0015F09.pdf
	0015F10.pdf
	0015F11.pdf
	0015F12.pdf
	0015F13.pdf
	0015F14.pdf
	0015G01.pdf
	0015G02.pdf
	0015G03.pdf
	0015G04.pdf
	0015G05.pdf
	0015G06.pdf
	0015G07.pdf
	0015G08.pdf
	0015G09.pdf
	0015G10.pdf
	0015G11.pdf
	0015G12.pdf
	0015G13.pdf
	0015G14.pdf
	0016A02.pdf
	0016A03.pdf
	0016A04.pdf
	0016A05.pdf
	0016A06.pdf
	0016A07.pdf
	0016A08.pdf
	0016A09.pdf
	0016A10.pdf

