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FOR THE TRANSONIC FULL POTENTIAL FLOW CALCLATIONS

S. Nakamura
Mechanical Enginecring Department
The Ohio State University
208 West i8th Avenue’
Columbus, Chio 43210

1. INTRODUCTION

In solving the transonic full potential equations by using finite
difference approximations on a transformed coordinate system, the solution
is affected by the following four kinds of numerical errors:

(1) numerical error in evaluating the metrics of the coordinates,
(2) error due to discretization of the full potential equation,
(3) error due to artificial viscosity for the supersonic domain, and

(4) error due to approximating the shock behavior on the grids
with finite spacing.

When a numerical grid generation method is used, the matrics of the
transformation are calculated by finite difference approximations using
the coordinates of the grids, so they are subject to errors, which in turn
affect the accuracy of the finite difference approximation of the flow
equation on the transformed coordinates. The error due to discretization
is attributed to the truncation error of the finite difference
approximation of the flow equation and becomes larger as the partial
derivatives of the flow potential distribution become larger. The-
artificial viscosity is used to stabilize the iterative convergence of the
transonic full potential equations, but introduces errors in the solution.
Althouzh the error in the numerical solution and the truncation error are
related to each other in a very complicated manner, the error of the
solution decreases when the truncation errors of the difference
approximation in both the metric calculation and the flow solution
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decrease. Naturally it is desirable to increase the number of grids in
the areas of the flow domain where the truncation error is likely to be
high. .
Recent studies [1-3] on the use of ads tive grids for transonic full
potential flow computations indicate that computing efficiency in terms of
accuracy and cost is substantially improved by using adaptive grids, In
those studies, the computations proceed in the following four steps: (1)
generation of initial grids, (2) solution of the full potential equation
on the initial grids (initial flow solution), (3) generation of adaptive
grids using the information from the initial flow solution, and (4) flow
solution on the adpative grids (adaptive grid flow solution). In
generating adaptive grids, the locations of the supersonic bubble, the
location of shock, and the area of high flow acceralation are identified
from the initial flow solution. .

In order to further develop the adaptive grid procedure, however, two
major questions should be answered. First, what information from the
solution on the initial grids should be used in generating the adaptive
grids, and second, how to allocate the total number of grids available in
the entire flow domain in such a way that the overall accuracy of the
solution becomes optimized. Although these problems were investigated in
recent studies [4,5], no clear answers have been cbtained in conjunction
with the full potential flow calculations,

The objectives of the present study are (1) to investigate the
feasibility of using an estimate of the truncation error of the difference
equation as a measure for the quality of the grids, (2) to investigate
what information from the initial solution should be used in generating
adaptive grids, and (3) the effect of irregularity of grid spacings.

For the s~ke of simplicity, our effort i{n this study is
focused on the grid distribution along the airfoil surfaze. Furthermore,
the numerical investigation is performed by solving the full potential
equation on the Cartesian coordinates for a symmetric parabolic arc
airfoil. Use of coordinate transformation is avoided so that the study
can be done without being affected by the numerical error of the metrics
of the transformation. Therefore, the airfoil boundary condition in the
numerical study {s represented along a straight line as a thin airfoil
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perturbation.

2. TRUNCATION ERROR ALONG THE AIRFOIL SURFACE

In this section, the effect of grid spacing on the truncation error
of a finite difference approximation for the two-dimensional full
potential equation on the Cartesian coordinates is analytically studied.
The full potential equation is written as

(REF,)), + (REFN) = 0 (

where F is the potential fuction and R is the fluid density. We proceed
the derivation of the truncation error expressions for the following
cases: (A) Rz (flow is assumed to be incompressible) and constant grid
spacing, (B) Rz1 (incompressible flow) and variable grid spacing, (C)
compressible subsonic flow with variable grid spacing (R is variable) ,
and (D) supersonic flow with variable grid spacing. In the remainder of
this report, only the truncation error of the difference approximation for
the first term of Eq.(1) along the airfoil surface will be considered.

(A) Truncation Error for Incompressible Flow on Equally
Spaced Grids

With R=1 and equally spaced grids on the x-coordinate, the difference
approximation for the first term of Eq.(1) is written as
2 2 2
SF/x" = (Fi-l,j - 2Fi,j + Fi+1,j)/h (2)
By applying the Taylor expansion to F1-1,j ani F1§1,j’ Fq.(2)
becomes

EF/sx” = F, + QN120%FY o (1736t o ... (3)

where h is the grid spacing amd F? is the n-th partial derivative of F
with respect to x. Equation (3) shows that the truacation error is
represented by

TE(X) = 62F/6x2-Fxx = (n2m? Fiv o (4)
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vwhich is second-order in h.
(B) Truncation Error for Incompressible Flow on Nonuniform Grids

Using the three grids at x-g, x, and x+h, respectively, the
three-point second order difference approximation for the first term of
EQ.(1) is written as

N 2 [F(x+h)=F(x)/h = TF(X)-F(x-g)1/g
&F/5x° = (5)
(geh) /2

Using the Taylor series expansion, the truncation error is written as
Y- 2
TE(X) = 8% /58 - F,

(ta/m)3 « 1
= (1/3)(h-g)F ** & (h2/12) V... (9
g’/h + 1

The above equation shows that, if{ g#h, the truncation error is
proporticnal to (h-g), indicating that a rapid change of grid spazing
causes a significant amount of truncation error.

(C) Truncation Error for Subronic Compressible FLow on
Nonuniform Grids

The difference approximation for the first term of Eq.(1) on
nonuniformly spaced grids may be written as
1 F -F F

cmmmeen [ Ry eetteae. e 4 R, meiemam .. &R}
(amys | 34172 . i-1/2 7

where g and h are the grid spacings defined in (B). The truncation error
of Eq.{7) may be found by introducing Taylor series expénsion of R1+1,j
and Fi¢1,j about Xg into Eq.(7) ang subtracting the first term of

Eq.(1). After a manipulation of the terms, the lowest terms in the
truncation error are found as
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TE(x) =
+ (h-g) [(1/16)81"Fi' + (IIQ)Ri’Fi" + (1/3)R1F1"']
33+h3 gaohz 33-!’13
+* [ cnnnnccae R''IF! 4 cosmeccaeR ! 'F!! 4 ccccce=RIF'Y?
95(g+h) 8 3(g+h)
83+h3
& oescesescs R F””] * coeee (3)
12(g+h)

where R', R'', and R''' are partial derivatives of R with respect to x.
The first term of Eq.(8) is proprtional to (h-g) and vanishes when g=h.

(D) Truncation Error for Supersonic Flow on Nonuniform Grids
The full potential equation for the supersonic domain is written as
(“'(l"'x)x + (R(Fy)y) =0 (9)

where R is the upwind approximation for R in the supersonic domain, The
upwind shifting of density i3 adopted to stabilize the iterative schemes
for Eq.(9). Upwind density is given as

Ri_ys2 = WRy_3/p + (=0Ry (10

where w is a upwind-shiftirg parameter.
By writing

Riaza = Riogpp = 8%R'y 400

vhere
OX = X4 172 = *3.372

Eq.(10) becomes

Ri1/2 = Risqp = WaxRYy o )n an

Then, the first term of Eq.(9) becomes

(RCF,), = (R(FD), = wax(RY(F,)),

193 e et TSt on B b 4 s v xS
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Since the first term of Eq.(12) is identical to that analyzed in (C), tﬁe
truncation error of the first term is given by Eq.(8). The second term on
the right side of Eq.(12) is the trungcation error caused by upwind
shifting of fluid density. The total truncation error of the supersonic
domain is therefore written as

TE(x) = TEo(x) + TE, (%) (13)

where TEo(x) is the truncation error that occurs when no upwind shifting
of density is used and given by Eq.(8), and TEuw(x) is equal to the
seccnd term of Eq.(12):

T, (%) = <wax(R (Fy))y )

3. NUMERICAL EVALUATION OF TRUNCATION ERROR AND OTHER
QUANTITIES OF THE FLOA SOLUTION ON THE INITIAL GRIDS

Numerical evaluation of the truncation error formulas derived above
is of interest because they may be used as means to evaluate the quality
of the grids used and as grid spacing control (GDC) funztion, It should
be noticed, however, that the formulas derived above are expressed in
terms of the exact flow solution. 1In the practice of adaptive grid
generation and the flow solution on them, the only way of the numerical
evaluation is to use, in the truncation error equations, an numerical (or
approximate ) solution on the initial grids in place of the exact
solution. Therefore, the trncation error estimated by using the finite
difference solution is subject to the error of the solution which are
caused by the truncation errors of on the initial grids., Furthermore, tha
estimated truncation error is influenced by the nonlinear nature of the
full potential equation where R is a function of the solution. (It should
be noticed that, in the previous section, R is assumed to be known
exactly.)

In spite of this limitation we attempt to estimate the truncation
error of the numerical solution of the flow solution. Insteéd of using
the truncation equations derived above, the truncation is evaluated
directly by
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TE(X) = GRSF/6x° - ORIF/3x° (15)

where the second term is evaluated by the S.point difference approximation
vwhich is fourth-order-accurate.

The full potential equation was first solved on the initial grids,
plotted in Fig. 1, in which 41 grids are uniformly spaced along the wing,
The airfoil was assumed to be a parabolic arc airfoil with 10% thickness
ratio. In order to avoid the use of a coordinate transformation, the
airfoll was represented by the boundary condition on the bottom straight
line written as

oF/3y = £(x)M (16)

where f(x) is the surface profile of the airfoil, and M is the Mach
number, Equation (15) is a crude approximation of the boundary condition,
but sufficient as a computational model for the present study since all
the calculations hereafter are performed by using the same model. The
difference equations for the full potential equations were iteratively
solved by using the AF1 scheme 157,

The following quantities of the initial flow solution, including the

truncation error, all along the wing surface were calculated and plotted
in Fig. 2.

a) CP (pressure coefficient) distribution

b) An estimate for the truncation error of the difference
approximation

¢) Second derivative of the {low potentisl distribution

d) Truncation error due to upwind shifting of fluid density,
:TEuw(x):

e) The space derivative of the fluid density along the airfoil
surface
Figure 2-A is the CP distribution. Figure 2.8 is the truncation error
{TE(x)} along th: airfoil surface. I{(TE(x)} jumps up at the grid next to
the leading edge, but decreases quickly as x iC inzreased until x=0.25 is
reached, and then increases because of the effect of upwind shifting of
the flow density. The peaks around x=0.7 are due to the shock. After

|
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reaching a bottom at around x=0.8, {TE! increases toward the trailing edge
becuase of the increasing negative gralient of the airfoil. Figure 2-C
shouws =Fxx= along the airfoil surface. :Fxx: has a great“similarity
to ITE! except in approximately 0.25¢<x<0.7 vwhere the supersonic bubble and
shock are located. Figure 2-D shows the truncation errcr due to the
upwind snifting of the density. F;gure 2-C 1s 3R/ 9x} along the airfoil,
which shows its high sensitivity to the location of shock.

Very small values of {TE(x)} of Fig. 2-B in the range 0.1<x<0.25 ani
around x=0.8 seem to indicate tta*t in these areas much greater grid
spacing than in the initial grids may be used. The two peaks of {TE(x)!
ad jacent to the leading and trailing edge, which are due to the highest
curvature of the airfoil at the edges, are indicative of the need of finer
grids toward the edges. The two highest peaks at about x=9.7 due to the
shock can not be interpreted simply as the truncation error bascause of the
strong nonliiear nature of the full potential equation across the shock,
but should be rather interpreted as an indicator of the shock location
which demands finer grids.

One might ask if the adaptive grids that will yield a levelized
'TE(x)! can be considered as an optimized adaptive grids (or at least as
better grids than the initial grids). A part of the answer will be sought
in the next section.

4, EFFECT OF DIFFERENT GRID SPACING CONTROL FUNCTIONS ON
ADAPTIVE GRIDS AND FLOW SOLUTIONS

Effects of using different quantities obtained from the initial flow
solution as the GDC function, with or without modifications, on the
adaptive grids generated and the flow solution are studied in this
section. The procedure of generating adaptive grids along the airfoil
surface is first described.

Assuming that only the grids along the airfoil surface are

regenerated by the adaptive grid generation procedure, two functions are
defined as

S(x): grid density control (GDC) function
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¥(x): grid density function

vwhere x is the coordinate along the airfoil surface, The GDC function is
a function, that carries such information of the initial flow solution as
the locations of the supersonic bubble, the shock, and areas of high
acceleration and deceleration. The grid density function is a function
that specifies the density of grids as a function of x, and is inversely
proportional to the grid spacing.

The two functions defined in the above paragraph are related by

a2
- .;;§-¢(x) + op(x) = S(x) an

v*(0) =y'(1) =0

where o is a control parameter, x=0 and x=1 are the leading edge and |
trailing edge of the airfoil, respectively. The above equation is solved

by finite difference approximations using the tridiagonal solution scheme !
once S(x) is specified. Then, the coordinates of the grids along the :
airfoil surface are obtained by

X, < -V (Kk/%), K=0,1,2,4..K (18)

where K is the total numdber of grid intervals on the airfoil surfaze, aml
k i3 a grid number counted from the leazding edge. 1In the above equation,
T(x) is given by

X
T(x) = ¢ jwsms (19)
0

where ¢ is a normalizing constant to let T(1)=1.

Equation (16) may be considered as a tranformation of S(x) into ¥x).
The purpose of this transformation is to smooth out any abript chanse in
S(x) in order to avoid a sudden change of spacing of adaptive grids. The
control parameter o determines the intensity of the smoothening effect.
As o0 is increased, U becomes more and more similar to S(x), thus the
smoothening effect disappears. On the other hand, a very small value will

oo -

<
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information carried by S(x).
In the remainder of this section, the results of five case studies
using different CDC functions are discussed.

Case 1

The adaptive grids were generated by using {TE(x)! as the GDC (grid
density control) function shown in Fig. 2.8, on which the flow equation
was solved. In Figure 3, the CP distribution on the adaptive grids are
compared with that on the initial grids. The adaptive grids generated
along the wing are shown in Fig. 3 by tick marks along the horizontal
coordinate line at the bottom of the figure.

In the adaptive grids thus generated, grids are strongly clustered
toward the leading and trailing edges as well as around the shock. On the
other hand, the grids (in 92,1<x<0.25) that are between the leading edge
and the supersonic region and the grids (in 0.8¢<x<0.9) between the shock
and the trailing edge becazme coarse., The strong clustering in the three
areas are resulted by the peaks of {TE(x)! of the flouw solution on the
initial grids near the leading ani trailing edges as well as at the shock.
At the same time, the coarse grids in the other two areas are due to very
small values of {TE(x)! 23 seen from Fig.2-B (see the line wita lozenze
marks).

A comparison of the two (P distributions in Fig. 3 suggests several
effects of the grid spacings . n th2 flow solution. Coarser grids in the
subsonic region after the leading edge causes more expansion of the fiuid
than on finer grids (CP distribution on the adaptive grids in 1,1<x<0.25
are higher than that on the initi:i grids, where the adaptive grids are
coarser than the initial grids). The CP distribution at the shock on the
adaptive grids are much sharper than that on *he initial grids. The
expansion of the fluid beforc the shock in the range of 0.5¢x<0.6 on the
ajaptive grids are suppressed compared with that on the initial grids.
This is attributed to the coarser grids in this area of the adaptive grids
than those on the initial grids. The coarser grids in the supersonic
domain results in using a higher fluid density in the difference equation
because of the upwing shifting of the density in the supersonic region,
However, fine grids just before the shock caused an opposite effect of the

10
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upwind shifting that results in a faster expansion of the fluid.
Case 2

ITE(x)! i3 used as the GDC function just as in Case 1 except it is
modified 30 as to decrease the strengtn of clustering and to increase the
grid density in the coarse grid area. The G°C function is defined as
follows:

S(x) = ITE(x)! 1if 0.5TE(x%)!1<0.0:
= 0.5 if TE(X)1>0.5
= 0.01 if ITE(x)!i<0.01 (20)

The CP distribution on the adaptive grids is compared with that of the
initial solution in Fig. ‘4-8. Alth~szh expansion and contraction of grids
became much milder than in the pr. -2 us case, it is still seen that (1) a
rapid expansion of grid spacing around 0.1 to 2.25 causes an increase in
CP on the graph, and (2) a rapid contrantion of grid snacing toward the
shock causes a lower CP on the graph., Figure L.B shows a compariscn of
'TE(x) ) between the initial solution and the adaptive grid solution. It
is noticed fron this figure that {TE{(x)! in the range of 0,1<¢x<0.25 for
the adaptibe grid flow solution is still very small despite the i
discrepancy in CP. This indicates that the {TE(x)! is insensitive to the
change of physically important quantities of the flow solution,

The results of both Case 1 and the present (aise 2 show that estimated
truncation error distribution is a poor indicator of the error of the
solution, particularly for the error of the CP distribution.

Case 3

The adantive grids are generated using :Fxx(x‘: shown in Fig. 2.C
as the GDC tunction. Since !Fxx: has sharp peaks near the leading and
trailing edges, the grids shown in Fig. 5 are strongly ~lustered toward
the leading and trailing edges, The :Fxx(x): has a pz3k at the shock,
which causes a clustering at the shock., The grid density at the shock
becomes even coarser than that on the initial grids ct the shock because
of much stronger clustrring effects at the leading and trailing edges.

The CP distribution on the adaptive grids shown in Fig. 5 looxs poor.

11
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The same effect of coarseness on the CP distributions as seen before are
obverved. A rapid expansion of grid spacing in the subsonic domain csuses
an upward shifting the the CP distribution, while coarse grid in the
supersonic domain causes a dowmward shifting of CP and smearing qf the
shock.

The use of :Fxx(x): results in a poor accuracy as a whole because
the strong clustering toward the leading and trailing edges causes a lower
grid density in all other areas.

Cas2 4

toR/3x} 1is used as the GDC function. The CP distribution on this
choice of the GO function and the adaptive grids generated are shown in
Fig. 5. With this cnoice, the adaptive grids are moderately clustered
toward the teading and trailing edges, while the grids around the shock
are strongly clustered. No particular clustering is seen in the
supersonic buddble, Ccaser grids ‘n both sutsonic and supersonic
expansion reginn causes cthe same effects as seen in the pravious cases,

Case §
Thoe GDC function is set as
. 2
S(x) = M*(x) @n

where M is the Mach aumber, except modified at the leading and trailing
edges, and the shoc% as

S(x) = 24°(x) (22)

The purpose of the modification by Eq.(22) is to enhance the clustering
effect at the shock. Figures 7-A, 8-A, and 9-A are the CP distributions
cn the adaptive gricds using ¥41, 31 and 21 grids along the airfoil surface,
respectively. 7They are compared to the CP distribution on the initial
grids. Each of fig. 7-B, 8B and 9-B shows the !TE(x)! distributions
corresponding to the two CP dizt:ributions in Figs., 7-A, 8«A and 9-A,
respectively.

12
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The grids generated with the present choice of the GDC function
yields smooth changes of grid spacing. Each of Figs. 7-A, 8-A, and 9-A
shows that the shock becomes betier represented on the adaptive grids
than on the equally spaced initial grids, while coarcer grids upwini of
the shock little affect the CP distribution. ‘The disagreement of the CP
distribut.on downwind of the shock between the initial flow solution and
the adaptive grid flow solution is attributed to the change of the CP
distribution at the shock.
A comparison of the CP distributions of Fig. 7-A to those in Fig.
9-A is instructive. Even though the grids in Fig. 9-A are coarser than
those on Fig. 7-A, the CP distributions upwind the shock agree well.
Although the coarser grids in Fig. 9-A causes more expansion upwind of
the shock than in Fig. 7-A, the difference is gsmaller than the
discrepancies caused by a rapid change of grid spacing as seen in the
previous cases.

5. EFFECT OF GRID SPACING IRREGULARITY ON THE FLOW SOLUTION

During the case studies in the previous section, it was identified
that a sudden change of grid spacing may cause a kink in the CP
distribution. This is considered as the effect of the first order
truncation error in Eq.(8) due to nonumiforrity of grid spacing.

In order to study the effect of irregularity of the grids
quantitatively, the flow solution was repeated with equally spaced grids
except that only one of the grids along the airfoil surface is moved
backward or forward at a time. In all aalculations for this study, only
21 grids are used along the airfoil.

Figure 10 shows two C? distributions, where the third grid counted
from the leading edge is moved half way forward or backwzrd to the next
grid as marked by lozenge and circular marks at the bottom of Fig. 10.
This figure shows that moving a grid backward (see ilozenge marks) causes
an upward deviation of the CP curve on the moved grid while the CP on the
adjacent grid upwingd is deviated downward.

Figure 11 shows similar results of moving the 10th grid, which is
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located in the supersonic flow domain. The deviations caused by the move
show almost the same trend as seen in Fig. 10, namely the forward shift of
a grid causes a a upward shift of CP on the graph at that grid, vhile the
backward shift causes a downward shift of CP on the graph.

Figure 12 shows the results for the 18th grid moved. The deviation
of the CP distribution caused by the move is opposite to those seen in
Figs. 10 and 11, suggesting that the direction of the CP deviation depenis
on whether the grid is in.a expanding flow or in a contracting flow.

6. CONCLUSIONS

This paper described the results of the study on (i} the analytica®
expressions for the truncation error of the transonic full potential
equation, (ii) nu..:rical study of the estimated truncation error, (iii)
adaptive grid generation using various different quantities obtained from
the initial flow solution, and (iv) effect of irregularity of grid spacing
on the flow solution.

The estimated truncation error does not seem to represent the error
of the flow solution adequately, thus is not suitable as a grid density
control (GDZ) function for adaptive grid generation. Among several
different quantities taken from the initial flow solution, the 2
distribution is found to be most useful with a modification to enhance the
clustering at the shock.

One important fact learned quantitatively through the numerical study
is that a rapid change of grid spacing is damaging to the accuracy of the
flow solution. This means that, while the objective of adaptive grids is
to dispatch a larger number of grids to where the error is high, the grid
density should be only gradually changed from the low error area to the
high error area. The need of gradual change of grid density justifies the
use of the diffusion process for the GDC function proposed by the author.

The practice of » mathematical optimization of grid distribution for
the full potential eug«.ion does not seem to feasible, because of tne
complex nature of the relation among an error estimate, grid spaczing and
the real error of the flow solution. For further research, it is rather
recommended to develop empirical relations between the CP distribution and

14
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the required grid spacing distribution as well as the acceptable rates of
grid spacing change.
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