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PREF4CE

The Agriculture and Resources Inventory Surveys Through Aerospace Remote
Sensing is a multiyear program of research, development, evaluation, and appli-
cation of aerospace remote sensing for agricultural resources, which began in
fiscal year 1980. This program is a cooperative effort of the U.S. Department
of Agriculture, the National Aeronautics and Space Administration, the National
Oceanic and Atmospheric Administration (U.S. Department of Commerce), the
Agency for International Development (U.S. Department of State), and the

U.S. Department of the Intei.or.

The work which is the subject of this document was performed within the Earth
Resources Research Division, Space and Life Sciences Directorate, at the

Lyndon B. Johnson Space Center, National Aeronautics and Space Administration.
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EVALUATION OF TRENDS IN WHEAT YIFLD MCDELS

INTRODUCT IR :

The CCEA models for wheat yield in the U.S. Great Plains (Refs. 1 and 2)
are multiple regression equations using year numbe:s and selected weather vari-
ables as independent variables The models assume that the yield can be repre-
sented by an almost exact linear model with one or more trends. For each year
the yield may be expressed

n
Y=C+ I bX ¢))
i=1 i1
where Y is the yield, C is a constant, bi is the coefficient of the independent

variable, X,, and n is the number of independent variables. Figure 1 shows the

spring and iinter wheat areas to which the models apply. Figures 2 and 3 are
trnical curves, for spring and winter wheat, showing the measured yields and

the trend lines of the regression models, abouc which the yields vary. Values
used in plotting the curves were taken from References 1 and 2. The constant
plotted _n each case is the sum of the indicated constant and trend coefficients;
variables used in the calculations to represent the trerds have values of one
until the year of the slope change, then increase by one each year until the end

of that trend, at which time they become constant.

The trend lines, alone, do not appear to provide a good fit to the observed
values of yield. Marquina (3) discusses the use of multiple regression in the
prediction of yield as a function of meteorological variables. Correlation
among the independent variables causes multicollinearities which can contribute
to misleading results. The coefficients associated with the variables may be
too large, and the signs may be incorrect; adding one or more new observations
may change the size and the sign of one or more of the coefficients. Marquina
discusses techniques which may be used to find a regression model when there
are a large number of independent variables and linear relations (multicolline-
aritles) exist among them. The method of leaps and bounds is used for finding
the subset of variables constituting the best regression. ¥rincipal components

and latent root regression ar sed for eliminating multicollinearities. And,
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Lagond:
WW = Winter whest
SW = Spring whest

Figure l.= Spring and winter wheat growing arean (n the U,8. Great Platum.
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generalized ridge regression is used for introducing bias to provide stability
in the data matrix.

Techniques discussed by Marquina (3) are implemented in programs SELECT and
BEIRA, written by Marquina and modified by Johnson Space Center personnel. Pro-
gram SELECT uses the method of leaps and bounds, described by Furnival and
Wilson (4). Binary trees of all possible regressions are searched, and tests
made, to identify the best regression for each subset size without computing
all possible regressions. Program BEIRA performs the regression and provides
the information for using the techniques of principal components and latent root
regression to eliminate multicollinearities. Bias may be introduced by changing
one or more of the eigenvalues of the ccrrelation matrix of the independent

variables.

Each program allows the user to choose the number of trends (one, two or
none), the year of the slope change, and either of two models, "dependent" or
"independent." In the dependent model, the yield varies about a line which is
piecewise continuous, with the slope changing at the specified year. In the
independent model, the line about which the yield varies is discontinuous at

the year of the slope change.

Models were developed using programs SELECT and BEIRA and the data from
which the CCEA models were derived, for the wheat growing areas of Figure 1. The
trend lines in these curves appear to provide a better fit to the measured yields
than the trend lines of the CCEA models, Table 1 lists the values of the multiple
correlation coefficients, Rz, and residual variances, SZ, for the CCEA models,.
and for those developed using SELECT and BEIRA, for the five spring wheat and
nine winter wheat growing areas. Values of R? and SZ, for the SELECT-BEIRA
models are underlined to indicate their comparison with the CCEA models. A
double underline indicates that a value of R® is greater, or a value of S is
smaller, than the corresponding values for both CCEA models for the same area.

A single underline indicates that R? is larger, or $? smaller, than the corre-
sponding value for one CCEA model. It is seen that R? and S? are both under-
lined at least once for 22 of the 28 SELECT-BEIRA models. Of these R® and S°
are both underlined twice for 17 models, and R?* and S? for both dependent and

independent models are underlined twic. for 6 wheat growing areas. It is
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TABLE 1. R? AND S? FOR THE CCEA MODELS AND THOSE
DEVELOPED USING SELECT AND BEIRA

MODELS DEVELOPED

CCEA MODELS USING SELECT - BEIRA
PHASE 11T TY Dep. Tnd.
SPRING WHEAT
Minnesota R? .940 .859 .940 _a354*
s2 2.030% 4.798 2.344 2.017
Montana R? .855 .821 _.925 _.937%*
s? 2.413 3.254 1.563 1.407%
North Dakota R? .883 .878 .875 ,897%
s2 3.822 3.604 3.701 3.142%
Red River Valley R? .877 .870 —913 —964%
§2 4.108 4,154 2.887 1.314%*
South Dakota R? .897% .843 .827 .882
52 2.099% 3,029 3.339 2.807
WINTER WHEAT
Badlands R? .784 .754 _.822% _.822%
52 8.689 9.954 7.792 1.5718*
Colorado R? .775 .781 _.863 _.872%*
52 4,251 3.938 3.169 2.855%
Kansas R? .915 .928 .932 .944%
s? 2.750 2.139 2.372 2.077*
Montana R? .835 .824 856 —a867%
s? 3.577 3.606 3.033 2.956%
Nebraska R? .901 .884 .872 ,943%
s? 4.325% 5,064 5.772 2,885
Oklahoma R? .900 .868 .890 946 %
s? 2.273 2.901 3.145 1.517%
Texas Edwards R? .831% .760 .786 .809
Plateau s? 1.670* 1.905 1.9n8 1.701
Texas R? .837 .847 _R63 _.BR4*
Low Plains s? 1.607 1.590 1.386 1.214%
Texas~Oklahoma R? .890 .884 .877 —.903%*
Panhandle s? 2.643% 3,008 3.301 2.771

R? larger (S? smaller) than both CCEA models.

R? larger (S? smaller) than one CCEA model.

*Smallest S? (largest R?) of the four models for an area.
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apparent that wheat yileld models can be developed having larger values of R?
and smaller values of S’ than the CCEA models for Phase III and TY of LACIE.

Programs SELECT and BEIRA and the techniques available ::ith BEIRA are
described briefly in Appendix A.

METHOD:

Programs SELECT and BEIRA were used with yield and weather data, for the
spring and winter wheat areas shown in Figure 1, for the years 1932 through
1976. SELECT was used to find the year of slope change and subset of independ-
ent variables with the largest value of adjusted Rz. given by

2 - - - R? n_
RBgy = 1- (1-R G (2)

where R° is the coefficient of determination,
m i{s the number of variables included in the ragression, and
n is the number of observations.

Subsets of Iindependent variables and slupe change years identified using SELECT
were used as input to BEIRA to run theregressions. Programs CELECT and BEIRA
are described briefly in Appendix A. Independent variables used as input to
SELECT are listed in Table B-1 in Appendix B.

Program SELECT was run for different slope-change years, for each wheat
growing area and model (dependent, with a plecewise continuous trend line, and
independent, with a discontinuous trend line), until there were enough points

to allow identification of the slopeechange year vielding a regression with the
adj’ N
Appendix B. Variables Included in theregressions with peak values of R; are

dj

largest value of R Results are shown in Figures B-1 through B-14 {in

listed on the plots.

Regressions were run, using program BEIRA, for the slope change years with
maximum values of R;dj on the plots and the indicated independent variables.
The process of finding a "best regression” for a wheat growing model and area
{s described in Appendix C. In the course of running the regressions it was
found for several areas that, after the multicollinearities were removed, the

values of R were smaller than those for the CCEA models. More regressions were
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run for the slope change years indicated by vhe secondary peaks in the plots of
Figures B-1 through B-14 in Appendix B. When values of R:dj for two or more
slope-change years were nearly equal, regressions were run for eurh of them.

For comparison with the CCEA models, regressions were run, using the vari-
ables chosen by SELECT, for the slope—change years of the CCEA models. For most
of the winter wheat areas, the CCFA models have more than one slope change. Re-
gressions were run for each slope-change year except when the slope changed
after 1970 and the yield values didn't appear to level off. Variables chosen
by SELECT for each slope-change ycar and model (dependent and independent) are
given in Table B-2 in Appendix B.

RESULTS:

Table 2 lists the best regressions for the slope-change years determined
using SELECT and for the slope-change years of the CCEA models. Quantities
glven for each .egression include R?, the coefficient of multiple determination
which indicates g:odness of fit, Sz, the residual variance,rlA, the difference
between the number of predicted values greater than and less than the measured
values, the number of variables in the regression, the variables deleted from
the subset chosen by SELECT, and whether bias was introduced by increasing the
value of an eigenvalue. For each wheat area regressions for the slope-change
years from SELECT are followed by those for the CCEA slope-change years. When
there are regressions for more than one of the slope-change years from SELECT,

the one chosen as the best is underlined.

The best regressions were chosen taking into consideration the values of R?,
S:, the distribution of the predicted values above and below the measured values
as indicated by s the uniformity of the eigenvalues of R (the matrix of corre-
lation coefficients of the independent variables), and values of |R| and tr(R_l),
which indicate stability of the data matrix. The values of R’ and S° for the
CCEA slope-change years are underlined to indicate the comparison with those of
the CCEA models. Two underlines indicates a value of R® larger, or a value of
s? smaller, than those for both CCEA models. One underline indicates a value of

R greater, or a value of s* smaller, than the value for one of the CCEA models.
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The trend line curves are found to take seven different forms, depending on
the values of the two trend coefficients, BTI and BTZ’ the relation between the
ccefficient of the constant variable, Bc' and the quantity s,n('rc-'ro) vhere 'rc is
the year of the slope change and To is the first year for which data are given.
The models with trend lines of each form are listed in Table 3 by kind of model
(dependent or independent), wheat growing area (S or W to indicate spring or
winter wheat), and slope-change year. Figures 4 and 5 show the forms of the
models and the geographical distribution of the different types.

Plots of the yield values and the trend lines for the 28 models are given in
Figures 6 through 19, on the same scale as Figures 2 and 3. Computer-generated
plots, which show the predicted and measured values, are given in Appendix D.
Regression coefficients are listed in Table 4. Plots of the CCEA models, other
than those shown in Figures 2 and 3, are given in Appendix E, for comparison; a
list of variables and regression coefficients follows the plots.

CONCLUSIONS:

1L is concluded, as stated in the introduction, that yield models can be
developed that have larger values of R? and smaller values of S? than the CCEA
models of References 1 and 2. And, that programs SELECT and BEIRA provide an
objective method for developing yield models based on the variables which best
describe the yield of a given area. It is evident from Figures 4 and 5 that a
model of one form will not serve to describe the wheat yield for all of the wheat
growing areas in the U.S. Great Plains, Nor will one slope-change year provide

a good description of the change in wheat yield with time. Slope-change years
for the '"best fit'" dependent models varied between 1934 and '965, except for the
one with slope change in 1975. The slope-change years for independent models
range! from 1943 to 1969, and 1975. Table 1 shows that the independent models, in

which the trend lines are discontinuous at the slope-change year, have consistently

larger values of R? and smaller values of S% than the dependent models, with trend
lines that are piecewise continuous.
This leads to the conclusion that a model with a "‘ump" in yield, or with

three trends, may provide the best description of yie’4 as a function of time.
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TABLE 3: TYPES OF WHEAT YIELD MODELS

TYPE 1. A constant followed by an increasing trend: BTI. 0, BTZ >0. Eight of
the 14 dependent models, and 2 of the 14 independent models have this

form.

Dependent: Minnesota (S), 1953
North Dakota (S), 1953
Red River Valley (S), 1951
South Dakota (S), 1953
Montana (W), 1934
Nebraska (W), 1938
Texas Edwards Plateau (W), 1949
Texas low Plains (W), 1948

Incependent: For btoth these models Bc3>0; the trend lines describe a
wheat yjeld which remains constant until the slope-change year then
increases from a yield value higher than the previous constant value.
Red River Valliey (S), 1955
Texas L-w Plains (W), 1956

TYPE 2. Two increasing trends: B_. >0, BTZ >0. Four dependent models and four

Tl
independent models are of this form.
Dependent: Montana (S), 1959

Colorado (W), 1965

Kansas (W), 1955

Texas-Oklahoma Panhandle (W), 1949

Independent: Bc-'O, the second trend starts at the overall constant,
the same yield value as at the start of the first trend.

Kansas (W), 1946
BC'<BT1(Tc -TO), the second trend starts at a lower yield value than
the end of the first trend.

Montana (S), 1943

Montana (W), 1%44

Texas-Oklahoma Panhandle (W), 1946

13



TARLE 3 (continuad)

TYPE 3, An increasing trend followed by a constant B.r, >C, BTZ-O'
Dependent: Oklahoma (W), 1963

Independent: Bc >BT1(Tc-To)° The second trend starts at a higher
yield value than the end of the first trend.

North Dakota (S), 1961

Oklahoma (W), 1958

TYPE 4, An increasing trend followed by a decreasing trend. BT >0, 8.1.2 <0.

1
Independent: Bc )BTI(Tc—To)' The second trend starts at a nigher
yield value than the end of tha firaet trend.

South Dakota (%), 1966

Nebraska (W), 1969

TYPE 5. A decreasing trend followed by an in.reasing trend: <0, BTZ >0.

2
Independent: ~-:cause of rhe initial decreasing trend both of these
nodels have a second trend which starts at a yiald value higher than
the end of the first trend.

Minnesota (S), 1954, Bc>0.

Colorado (W), 1944, Bc =0,

TYPE 6. A constant value followed by a constant value: 8., =0, 8’1‘2-0' Bc >0.

Tl
Independent: Texas Edwards Plateau (W,, 1957.

TYPE 7. An increasing trend until 1975 followed by a low value in 19756. Tae
trend lines for the two models are almost identical: The dependent
model has a large negative slope from 1975 to 1976, The inde-endent
model has BTZ. 0, Bc- 0; the value of the trend line curve for 1976 is

the same as the overall constant.
Dependent: Badlands (W), 1975.

Independent: Badlands (W), 1975.
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Figure 6.~ Trend Lines for models from SELECT-BEIRA of spring wheat

yield in Minnesota.
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Figure 7.- Trend lines for models from SELECT-BEIRA of spring wheat

yield in Montana.
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Figure 8.- Trend lines for models from SELECT-BEIRA of spring wheat

yield in North Dakota.
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Figure 9.~ Trend lines for models from SELECT-BEIRA of spring wheat
yield in the Red River Valley.
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Figure 10.~ Trend lines for models from SELECT-BEIRA of spring wheat

yield in South Dakota.
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Figure ll.- Trend lines for models from SELECT-BEIRA of winter wheat

yield in the Badlands.
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Figure 12.- Trend lines of models from SELECT~BEIRA of winter wheat
yield in Colorado.
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Figure 13.- Trend lines of models from SELECT-BEIRA of winter wheat
yield in Kansas.

23



MAXIMUM VALUE OF ADJUSTED A2

3 g 8 8
T 7T

MAXINUM VALUE OF ADJUSTED R2

ORIGINAL PAGE IS
OF PGUR QUALITY

WINTER WHEAT YIELD — MONTANA
LEGEND

10 1940 1980 1980 ] 80
YEAR

Figure l4.~ Trend lines of models from SELECT-BEIRA of winter wheat
yield in Montana.
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Figure 15.- Trend lines for models from SELECT-BEIRA of winter wheat
yield in Nebraska.
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Figure 16.- Trend lines for models from SELECT-BEIRA of winter wheat

yield in Oklahoma.
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Figure 17.- Trend lines for models from SELECT-BEIRA of winter wheat
yield in the Texas Edwards Plateau.
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Figure 18.- Trend lines for models from SELECT-BEIRA of winter wheat

yield in the Texas Low Plains.
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Figure 19.- Trend lines for models from SELECT-BEIRA of winter wheat

yield in the Texas-Oklahoma Panhandle.
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APPENDIX A

PROGRAMS SELECT AND BE.RA, AND TECHNIQUES FOR
ELIMINATING MULTICOLLINEARITIES

Programs SELECT and BEIRA were written by Marquina (3) and modified by JSC
personnel. Both programs use the same input variables: 1in the present analysis,
the year, selected meteorological variables, and the yield. Both programs per-
form calculations for a multiple linear regression varying about either a constant
followed by an upward trend, or two upward trends. The year of the slope change
is specified by the user. SELECT finds the best regressions for subsets of each
size from one through the number of independent variables. BEIRA performs the

regressions and provides information for use in identifying and removing muiti-
collinearities.

The yield for a given year may be expressed

m
= - + -
y = C+ Bpyxyy + Broxpy + Bx .+ 151 Byt € (A-1)

where y is the yield,
C is an overall constant,

BTl and BTZ are the coefficients for the two trend variables, X1 and LI

Bc is the coefficient for the constant vzriable, xc,
m is the number of independent variables in addition to the trend and con-
stant variables, and

Bi is the coefficient of the ith variable, xi.
€ is the random error.

Trend and ronstant variables generated by the program are illustrated in the
diagram. Both trend variables start at zero and increase by one each year.

*n increases from the beginning of the data set. X190 is zero through the slope

change year, then increases by one each year. In the dependent model X remains

constant after the year of the slope change; the constant variable is not used.

In the independent model X_ . becomes zero after the slope change; xc is zero

through the slope change yzir and one afterwards, In the models with one trend,
&Tl becomes the constant variable for the independent model, and takes the form
of KC in the diagram, xTZ’ the trend variable, is 1 before the slope change for
for the dependent model., For the independent model X, is as shown. X, is not

T2
used.
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Dependent Model Independent Model
— - , X1y~
- “ X 11 . g
= N _‘// T1 =0
Slope-Change year Xe = 0 SlopeLChange Year

TREND AND CONSTANT VARIABLES FOR SELECT AND BEIRA

Program SELECT:
SELECT uses the method of leaps and bounds described by Furnival and Wilson (4).

For each case SELECT finds the best regression for subsets of each size from one
through the number of independent variables. Three options are available as criteria
for determining the best regression: Rz, adjusted Rz, and Mallow's Cp' The adjusted
R? used in this study, is given by

E;-l-[l—nzl [ ] (A-2)

na-m

where m is the number of variables included in the regression, n is the number of

observations and R? is given by

z(yi - -}’—)2

£ly; - ¥)?

R? = (A-3)

A

i is the predicted yield for a given year, vy is the measured yield and y is the

mean.

Program BEIRA and Ordinary Least Squares:

Program BEIRA performs the regressions using the method of ordinary least

squares. The yield may be described as a function of the independent variables,

P
Y = Bo + iflsixi + € (A-4)

where Y is the yield, Bo is a constant, the Bi's are the coefficients of the p
independent variables, X5 and € is the random error. Using vector notation the

model for yield may be written

A-2
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Y= Bo + X8 +¢ (A-5)

where Y is an nx1 vector of yield measurements, Bo is a px1l vector of equal

constants, X is an nx p matrix of measurements of independent variables, 8 is a
px | vector of regression coefficients and € is an nx1 vector of random errors.
The least squares estimate is found by minimizing €”c with respect to B where €

is the transpose of €. The solution of the resulting expression

X“XB = XY
is given by

b= (XX) XY (A-6)
where b is the vector of estimates of the true values of the 8's. The matrix
X“X is the matrix of the simple correlation coefficients of the independent vari-

ables.

In performing the regression, program BEIRA first standardizes the variables
by calculating

(a-7)

Then the regression coefficients are calculated. The resulting regression equa-
tion describes yield as a function of the deviations of the independent variables
from their means, except those representing the constant and trends. For the

case with two trends it may be written

P _ (A-8)
+ ILb,(x xj) i=1,...,n

b -
jop 34

;= e+ bX, ¥ by ¥ bpyXyy

b,s bpys and b,

’Fn, and x’I‘Z’ P is the number of independent variables, and n is the number of

are the coefficients of the constant and trend variables x'c’

observations.

The constant, C, is evaluated by substituting the average values of the yield
and independent variables into equation A-8. Since the average of the deviations

from the means is zero, the constant becomes

C=y - (lele + bT2xT2 + bcxc) (A-9)
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For the standardized variables

n n
Ix* =0 and Ix* %2 =1 for =1, 2, ...
1.11j i-lij j ’ 9 ’ P

R®-goodness of fit for each regression is calculated using the vector expression

Y'Y (A-10)
The residual variance, Sz, is calculated from

s? = Y'Y-bX'Y (A-11)
n-p
Predicted values of the yield for each yea. ar. ¢ v;lculateci using equation A-8.
Differences between the predicted and observed yield, A=y 4" Yy are calculated
for each observation. Plot. are generated showing the observed and
predicted values and the contributions of the constant and trend term to the

regression equation.

BEIRA also prints out the correlation matrix for the independent and dependent
variables, the LRR eigenvalues and eigenvectors, and the eigenvalues of the

correlation matrix of the independent variables.

Principal Components Regressiom:

In principal components regression the dependent variables are transformed
to their principal components by multiplying the data matrix, X, by the matrix
of eigenvectors of X“X, the correlation matrix of the independent variables. The

transformation is given by
Z = XS

where S is an orthogonal matrix whose columns are the eigenvectors of X“X. Then
the columns of Z are the principal components of X. The regression equation is
now a function of the principal components of X rather than of the original inde-

pendent variables. The regression coefficients are given by
g=(22) 2’y = 1127¢ (A-12)

where g is the column matrix of regression coefficients, and Y is the column

matrix of the values of the dependent variable. L is a diagonal matrix with the



sigenvalues of X“X on the diagonal. If all the components are retained in the
model, transformation from g back to b will result in coefficients identical to
those obtained using equation A-6.

Components are deleted from the regression to overcome the effects of multi-
collinearities. Then a least squares regression is performed on the remaining
components. Two criteria are usually considered in deciding which components
should be deleted.

1. c(omponents associated with small eigenvalues are deleted.

2, Components are deleted which are relatively unimportant as predictors
of the dependent variable. »

Criterion 1 leads to deletion of variables which are relatively unimportant as
predictors of the original independent variables. The remaining variables, which
are important as predictors of the independent variables, are not necessarily

highly correlated with the dependent variable.

Latent Root Regressiom:

Latent root regression examines the relations between the independent varia-
bles and the dependent variable. Llatent roots (eigenvalues) and latent vectors
(eigenvectors) of the extended correlation matrix (including the independent aad

dependent variables) are examined to
1. Identify multicollinearities among the independent variables, and

2, Determine whether the multicollinearities contribute to prediction of
the dependent variable.

Let A be the matrix of the independent and dependent variables. A“A is the

extended correlation matrix. The jth eigenvalue of A“A can be expressed

n p
A, = I (y,E.,+ I x E )2 (a-13)
I 4ap 103 g ik Kj

where Ej = (on, Elj’ ceey Enj)' is the jth eigenvector of A“A corresponding to
}‘j‘ on is the component of Ej in the direction of the dependent variable. If
A, =0 for any value of j each term in equation (A-13) is equal to zero, and an exact

3

linear relationship exists among some or all of the colummns of A. If )\j =0 and

A-5S
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E), = 0, equation p(A—13) becomnes

Lx = (0 for {=1, 2, ..., n.
k=1 ikE‘kj

3

indicating an exact linear relationship (multicollinearity) among the colummns of
X, the matrix of the observed values of the independent variables. Small but non-

zero eigenvalues of A“A indicate near singularities. From equation (A-13)
y y
y.E.. + Ix 0 fori=1,2, ..., n (A-14)
i3 * 2 F1kfig

If on, the component of the jth eigenvector in the direction of the dependent

variable, is also small the relation becomes

xikf‘kj % 0.

The dependent variable is not involved, indicating that the multicollinearity is
ncnpredictive. The variables involved have little or no effect on the dependent

variable. Variables contributing large components to E.., can be examined to

03
determine which should be eliminated from the regression. If XJ==0 and on is not
small, then the multicollinearity is predictive: the dependent variable is in-

cluded in the relationships indicated by the components of the eigenvector.

Program BEIRA prints the components of the first five eigenvectors of A“A
and the corresponding eigenvalues. When it is found that an eigenvalue and the
eigenvector component in the y direction are both small, the correction coefficients
for the variables with large eigenvector components may be printed. Then, of two
or more variables highly correlated with each other, the one least correlated with

the dependent variable can be eliminated. An example is given in Appendix C.

Ridge Regression

If X“X has a nonuniform eigenvalue spectrum the regression coefficients cal-
culated using ordinary least squares may be far removed from the true values (8).
In ridge regression bias is introduced into the ordinary least squares estimator

"to make a nonorthogonal data matrix act more like an orthogonal data matrix. The
diagonal of the normal equations is augmented by a small positive quantity, which
can prevent inflation of the regression coefficients. The ordinary ridge regres-

sion estimator is given by

b(k) = (XX + kI) !X°Y, for k 20 (A-15)



where X and Y are matrices of the standardized independent and dependent variables
(equation (A-7)), X“X is the correlation matrix of the dependent variables and k is
a small positive quantity. If k=0, equation (A-15) becomes the ordinary least
squares estimator, given by equation (A-6).

A transformation from variable space to eigenvector space is accomplished by
letting W= XP where P is the orthogonal matrix of the normalized eigenvectors.
The wrodel for the dependent variable is

y =Wa +e

where a=P”"b and e is the random error. b is the matrix of regression coefficients
of equation (A-6). The regression coefficient matrix becomes the generalized re-

gression estimator
a* = (WW+K) WYy (A-16)
where K is a diagonal matrix of the eigenvalues of X“X.

When all the ki's in equation (A-16) are zero a* is the ordinary least squares
estimator. Program BEIRA calculates the ordinary least squares regression coeffi-
cients using equation (A-16) with K=0,

The program prints eigenvalues of R=X"X, (the matrix of correlation coeffi-
cients of the independent variables), the value of the determinant of R, and the
trace of R inverse, for use in evaluating the stability of the data matrix. The
user may introduce bias into the regression by changing one of the eigenvalues of
X“X, normally the smallest. The regression coefficients and the quantities indi-
cating the stability of the data matrix are calculated using the new set of eigen-
values. An example is given in Appendix C.
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APPENDIX B

INDEPENDENT VARIABLES USED IN THE REGRESSIONS

The following tables and figures are in Appendix B.

® Table B-1:

® Table B-2:

® Figures B-l1 through B-14:

Independent variables, listed by number

Variables chosen by SELECT for slope-change
years of the CCEA models

2
Plots of Radj from SELECT, including subsets of

variables for regressions for peak values

2
of Radj



TAELE B-1.- INDEPENDENT VARIABLES USED TO DEVELOP YIELD MODELS

SPRING WHEAT ' WINTER WHEAT
Precipitation in mm Precipitation in =m
1, January 1. January
2, February 2. February
3. March 3. March
4, April 4. April
5. May 5. May
6. June 6. June
7. July Precipitation the year before, in mm
8. August 7. August
Precipitation the year before, in mm 8. September
9. August 9. October

10. September 10. November
11, October 11. December
12, November

Average Temperature in degrees C

13. December 12. January

Average Temperature in degrees C 13. February
14, April 14. March
15. May 15. April
16. June 16. May

17. July 17. June

18. August P.E.Tf

18. January
19. First Trend

20, Second Trend

19. February

20. March
21. Constant /for the indeperdent model) 21. April

22. May

23. June

24, First Trend
25. Second Trend
26. Constant (for the independent model)

3For the Badlands and Montana, January and February PET were not given; for

Nebraska, January PET was not given. Variables for these areas were
renumbered omitting these quantities.

B-2
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APPENDIX C

RUNNING THE RLGRESSIONS AND CHOOSING THZ SUBSET OF
INDEPENDENT VARIABLES CONSTITUTING THE BEST REGRESSIONS

Regressions were run using program BEIRA with the .ndependent variables
chosen by SELECT as input. When the LRR ¢igenvalues and eigenvectors indicated
the existence of a nonpredictive multicollinearity the correlation ccefficients
were examined to determine the magnitude of the correlations between the inde-
pendent variables involved, and between the independent variables and the yield.
When two or more variables were hi hly correlated (r > 0.85) tine variable least
correlated with the yield was eliminated. When the magnitudes of the corr~lation
between yield and two variables highly correlated with each other were near.y
equal, the regression coefficients were examined to determine the variable co.-
tributing least to the dependent variable. When the regression and correlation
coefficients indicated that different variables of a highly correlated pair should
be deleted, regressions were run with each of the variables deleted. ‘hen the LRR
eigenvectors and eigenvalues indicated that any remaining multicollinearities weore
predictive, the eigenvalues of X'X were examinéd. If they appeared not to increase

uniformly, the first eigenvalue was increased by 0.1.

The "best regression' for a region was chosen taking into account the values
of R?, S*, the uniformity of the eigenvalues, the values >f the determinant of R
(the matrix of the correlation coefficients) and the trace of R-inverse, and the
distribution of predicted values of yield above and below the measured values,
as indicated by the quantity A-y-; where y is the measured value of yield, and
; i{s the predicted value.

. The two regressions for Texas low Plains illustrate the method for deciding
which variables should be eliminated and for adding bias by changing the value of
an eigenvalue. Variables chosen by SELECT for the peak values of R;dj are listed
in Figure B-13, in Appendix B.

Figure C-1 shows the printout, starting with the LRR eigenvectors, fcr the
dependent model with slope change in 1944 and the 11 independent variables chosen
by SELECT. The values of the first four LRR eigenvalues are small. The components
of the first three LRR eigenvalues in the direction of th. dependent variable
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Figure C-1.- Regression for Texas Low Plains: Dependent Model, slope
change in 1948, 11 variables chosen by SELECT

C-2



(yield, variable 27) are also small. The component of the fourth eigenvector,

E4, in the yield direction is large (0.718974) indicating that the eigenvector is
predictive. Large components of the first three eigenvectors are underlined, and

in the next step in the program the correlation coefficients are asked for.
“Variables 17 and 23, 14 and 20, and 12 and 18 are found to be highly correlated.
Relations between the correlation coefficients for these variables and the dependent
variable, yield, in the last column (headed 27) are examined. The following rela-

tions are found:
lrl7,y|%|r23’yl with |r17’y| slightly smaller

Irl4,y1%£r20,y| with |r20,y| somewhat smaller

Irlz,yl%]rIS,y' with ltlz,y‘ somewhat smaller.

The rule that the independent variables to be deleted are those least corre-
lated with the dependent variable leads to deletion of variables 17, 20 and 12,
However, examination of the regression coefficients (the beta vector) shows that
|Bl7l>{623|, |814|>|620|, and |612|>l818]; indicating that variables 17 and 12

have a greater influence on the dependent variables than do 23 and 18.

Figure C-2 is the printout for the regression with variables 17, 20, and 12
deleted. In Figure C-3 variables 23, 20, and 18 are deleted. For both these re-
gressions the first LRR eigenvalue is small and the y-component of the first eigen-
vector is large, indicating prediction. The eigenvalues for both regressions are

uniform; and the values of determinant of R and trace of R-inverse for the two
regressions are nearly equal. The program calculates the predicted value of yield

for each year, and subtracts the measured yield from the predicted yield. For
both regressions there were 25, out of 45, values of predicted yield less than the
measured yield, indicated by 25A< 0. The regression of Figure C-3 was chosen as

the best regression because of the somewhat higher R?Vand smaller .S2.

Figures C-4, C~5, and C-6 show printouts for the independent model with slope
change in 1956, with all the variables chosen by SELECT, with variable 12 deleted
and with variable 18 deleted. The LRR eigenvectors and eigenvalues in Figure C-4
indicate that variables 12 and 18 constitute a nonpredictive multicollinearity.
The correlation coefficients for these two variables and yield (variable 27) are

nearly equal, with that for variable 12 and yield being somewhat smaller.
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Comparison of the regression coefficients in Figure C-4 indicates variable 12 makes
a larger contribution to yield than variable 18. Figures C-5 and C-6 show somewhat
improved values for the determinant of R and trace of R-inverse, and for R? lnd.Sz,
when variable 18 is deleted. Examination of the eigenvalues in Figure C-6 indicates
that increasing the value of the first one by 0.1 would make them more uniform.

The result is shown in Figure C-7. The values of the determinant of R and trace of
R-inverse are improved, the values of R? and §? are nearly the same as before, and
the number of predicted yield values greater than the measured yield is nearly the
same as the number less than the measured yield (23 A <0 out of 45 observations).

This regression was chosen as the best regression.

A number of the subsets of indepenient variables chosen by SELECT did not in-
clude either one or both of the trend variables, or the constant variable (for the
independent model). Several regressions were run with the omitted trend or con-
stant variable added to those chosen by SELECT. It was found that the values of
R? remained almost the same and the values of S increased somewhat. The distribu-
tion of predicted yield values above and below the measured values was more uniform
without the added variables, and the values of determinant of R and trace of R~
inverse indicated more stability in the data matrices for the subsets as chosen
by SELECT.
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APPENDIX D

PLOTS SHOWING TREND LINES AND PREDICTED AND
MEASURED YIELDS FOR BEST REGRESSIONS FROM SELECT-BEIRA
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