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Avram Sidi*
National Aeronautics and Space Administration
Lewis Research Center
Cleveland, Ohio 44135
ABSTRACT

v The minimal polynomial and reduced rank exfrapolation algorithms are two
acceleration of convergente methods for sequences of vectors. In a recent sur-
vey these methods were tested and compared with the scalar, vector, and topo-
logical epsilon algorithms, and were observed to be more éfficient than the
latter. It was also observed that the two methods have similar convergence
properties. The purpose of the present work is fo analyze the convergence and
stability properties of these methods, and to show that they are bona fide ac- |
celeration methods when applied to a class of vector sequences that includes
those sequences obtained from systems of linear equations by using matrix iter-

ative methods.

1. INTRODUCTION

The mfnima] polynomial extrapolation (MPE) and the reduced rank extrapola-
tion (RRE) algorithms are two methods that have been devised for accelerating
the convergence of sequences of vectors. In a recent survey carried out by
D. A. Smith,'w. F. Ford, and A. Sidi (unpub]1§hed) fhese two methods were

tested and compared with the scalar, vector, and topological epsi]on algo-

rithms.. It was observed numerically that the MPE and the RRE have similar con-

vergence properties and are more efficient than the three epsilon algorithms.

In the present work we analyze the convergence and stability properties of the

*Computer Science Department, Technion - Israel Institute of Technology,
Haifa, Israel. Work partly done as a National Research Council - NASA Research

Associate.
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MPE and the RRE, and show that they are bona tide convergence acceleration

. methods when applied to a family of sequences that includes those sequences

obtained from systems of linear equations by using matrix iterative methods.

In a recent work [3] a general framework for deriving convergence acceler-
ation methods for vector sequences has been proposed.‘ Within this framework
one can derive several methods, some old (including the MPE, RRE, and the top-

ological epsilon algorithm), and some new (including a method that has been

_designated the modified MPE). The approach of [3] is formulated in general

normed linear spaces of finite or infinite dimension. In the present work we
use the formulations of the MPE and the RRE as they are given in [3]. We also
make the aSsumption that the normed Tinear space in which the vector sequence
is defined is an inner product space, with the norm beihg induced by the inner
product.

The plan of the present paper is as follows: In Section 2 we specify the
vector sequences whose convergence we are seeking to accelerate, describe the
MPE and the RRE as they wefe formulated in [3], deriving at the same time de-
terminant representations for them. We shall use Section 2 to also introduce
much of the notation that we use in the remainder of this-work. In Sectioh 3
we analyze the convergence properties of both methods and obtain actual rates
of acceleration for them. In Section 4 we analyze their stability properties.
The results of Sections 3 and 4 are helpful in explaining some of the numerical
results obtained from the MPE and the RRE. The techniques used in the present
work are similar in nature to those developed and used in [3] in the analysis
of the modified MPE and the topological epsilon algorithm.  The analysis in the
present work, however, is considerably heavier due to the extreme nonlinearity
of thé MPE and the RRE. Surpriéingly, all the conclusions that were drawn for

the modified MPE hold for MPE and RRE.



2. NOTATION AND DESCRIPTION OF ALGORITHMS

Let B be an inner product space defined over the field of complex num-
bers. In this work we shall addpt the following convention for the homogeneity
property of the inner product. For y,zeB and a«,8 complex numbers, the
inner product (°;-) is defined such that (ay,8z) = aB(y,z). The norm of a vec-
tor xeB Wi]] be defined by llxll = XyX) e

Let us consider a sequence of vectors Xy i=0,1, ..., in B. We

shall assume that

-~ m +
(2.1) Xp = S + :E: vidy as m .

i=1 ‘
where s and Vis i=1, 2, ..., are vectors in B, and A&,Ai =1, 25 coey
are scalars, such that A 41, i=1, 2, “ees A + Aj if 147, |A1|‘3 |A2|
> ..., and that there can be only a finite number of A, whose moduli are
equal. Without loss of generality, we assume in (2.1) that Vi 40, A 40
for all i > 0. The meaning of (2.1) is that for any integer N > 0, there
exist a positive constant K and a positive integer M that depend only

on N, such that for every m 2my the vector

N-1
o m m
vN(m) = X, -5~ :E: Vj‘i AN
i=l
satisfies
(2.1a) | ”VN(m)” < K.

If |A1| <.1, then ;Jg X exists and is simply s. If |A1I > 1, then

};g X does not exist, and s is said to be the anti-limit of the sequence
Xpe M = 0, 1, .... Our problem is to find a good approximation to s, whether
it be the limit or the anti-limit of the sequence, from a relatively small num-

ber of the vectors x;, i .= 0, 1, ....



Examplé. Let A be a nondefective MxM (complex) matrix and b, an
M-dimensional (complex) vector, and consider the solution of the linear system

of equations

Let Ay, «ces Ay and Vis «ees Vy be the eigenvalues and corresponding eigen-
vectors of A. Assume also that 1 is not an eigenvélue of A so that (2.2)
has a unique solution, which we shall denote by s. For a given X0 we gen-

erate the sequence xj, j=1,2, .., by the matrix iterative method

(2.3) Xj4p = AXj * b, ] =0, 1, ... .

. Then

M _
Let x, - s = :E: @iV for some scalars aj
i=1

. M
: m
(2.4) Xg = S + :E: aVidy, M= 0,1, ... .
i=1

'As is known if @y 4 0, which will be the case for the given Xg in general,
then %JE X = s provided ,lll < 1, otherwise s is the anti-limit.

Let us denote Uj = BX5 = Xj41 = X4o 1 = 0,1, ..., and W, = auy = A i’
i =0’ 1’ L ] L ]

The MPE. Let k be an integer less than or equal to the dimension of the

space B. The approximation s to s is given by

n,k

(2.5) Sn,k = :E: ijn+j’

k
j=0

where the Yj are obtained from



(2'6) . Y; = K J » J = Oa 19 coey k’

with ck =1, and CO’ eeesy C

imization problem

k-1 being determined as the solution to the min-

k-1
min
(2.7) Co» *=*s €1 :E: €3Un+; *uadle
i=0

k
provided z c. # 0.
~i=0
For the example above, (2.7) is equivalent to the least squares solution

of the overdetermined system of M equations

(2.8) o Un,k = “Un+go

where Un'k is the M x k matrix
]

(2.9) . Un,k = (un, Un+l, seey un+k_l),

M
and ¢ 1is the column vector (cO, Cls ooes Ck—l)T’ when (y,z) = y*z = :E: §ﬂz],
=l

1 N\ (1 my .
where y = (y s sees Y and z = (% R 4 ) , and- y* 1is the Hermitean

conjugate of y. This is the way the MPE was developed originally in [1].

We shall now ine a detérminant expression 1’0|r"'sn_’k that will be of
use in the remainder of this work. Since l,yll = \/(y:yT for any vector y
in B, the C; that solve the minimization problem in (2.7) satisfy the normal

equations



(2.10) z n+1 n+J = —(Un+i,un+k)) 0 hY i A k- 1.

Consequently, the Y; that are defined by (2.6) satisfy the equations

LS
2 vy =1
J=0
(2.11) |
S K
Z ( n+i’un*3)73 0, 0<ic<k-1,
L J=

provided these equations have a solution. Assuming that the determinant of the
matrix of equations (2.11) is nonzero, and using Cramer's rule, we can write

the solution of (2.11) as

N. N.
- J_ J . .
(2.12) ST S LI 0cisk
:E:'Ni
i=0
where Nj is the cofator of oj in the determinant
OO 01 - . - ck
uO,0 uO,l . e . uo,k
. ul,o ul,l L] . » ul’k
(2.13) D(co, cees ok) = | . _ .
Yk-1,0 Y-1,1 - - ¢ Y1,k

with uy i (u iU +J), 1, > 0. In the first row of the determinant
]

D(co, cees ck) we also allow Ogs cees 9 to be vectors in B, in which case

(2.13) is to be interpreted as



K

(2.14) D(co, coes ok) = 2 c].Ni.
i=0

Combining (2.5), (2.12), and (2.14), we can now express s as

n,k

D(xn, ceos xn+k)
n,k = D(1, ..., 1) °

(2.15) s

The RRE. Let k be an integer less than or equal to the dimension of the

space B. The approximation s to s 1is given by

n,k

—

K-
qi un+i"

(2.16) Sn,k = Xn +
' =0

where the gq; are determined as the solution of the minimization problem

k-1
(2.17) min u +Zq.w Al
qO’...’qk—l n = i nti

For the example above, (2.17) is equivalent to the least squares solution

of the overdetermined system of equations

(2-18) W = -U

n,kq n’
where Nn K is the M x k matrix
’

(2.19) - wn,k = (wn: wn+13 soey wn+k_1)9

M=

and q 1is the column vector gq = <§0, Gqs eoos qk_1>T, when (y,z) = 5}21’

i=1

| 1 M\’ !
where y and 2z are again y = (y s seey Y ) and z = (z s seey Z > .

This is the way the RRE was developed originally in [2].



For this case too Sp.k €an be expressed as the quotient of two deter-

minants, and we turn to this now. Again by the fact that ||y|| = y,y) for

any vector y in B, the q; that solve the minimization problem in (2.17)

~satisfy the normal equations

(2.20) 2 (Mo ¥ )95 = = goUg)s 0 < 1< K = 1.

Substituting w =u u

n+j+l " on the left hand side of (2.20), and re-

nt+Jj n+j
arranging, we obtain
' k-1 |
(2:21) (o) (1= Gg) + D (ot (050 = 650 * (sl )Siey = 05
0<i<k-1.
Let us define
(2°22) . YO =1 - qo, Yk = qk-l’ 'YJ- = qJ—l - wa li J < k - 1.

It is easily verified that

k
(2.23) D YR

§=0

'so that (2.22) and (2.23) establish a one-to-one correspondence between the
q;, 0 <i<k=-1, and the v4, 0<J <k, Consequently, the linear system

of equations (2.20) for the qj is equivalent to the linear system

(
PIRZE
(2.24)
‘ k
E (wn+-i’un+J)YJ = 0, 0<i < k - 1,
30



for the vj, by (2.21), (2.22), and (2.23). Simitarly, substituting

u = X441~ Xpei O0 the right hand side of (2.16), rearranging, and in-

n+i n+i

voking (2.22), we see that s for RRE (as for MPE) can be expressed in the

n,k
form (2.5). Assuming now that the determinant of the matrix of equations

(2.24) is nonzero, and using Cramer's rule, we can éxpress the Y; that 501ve
(2.24) exactly as in (2.12), where Nj is the cofactor of o in the determi-

nant D(bo, «ees o)) given in (2.13) with u = (w

n+i® un+j)' i,j > 0. Again

1,3
when ad, ceey 0 are vectors in B, D(co, cees ok) is to be interpreted as
in (2.14). Consequently Sn,k’ also for RRE, can be expressed as in (2.15).
Before closing this section we shall state a result’that will_be of use
in the remainder of this work} A
‘Lemma 2.1. Let io, il, cees ik be integers greéter than or equal to 1,
and assume that the scalars viO""’ik are odd under an.fﬁterchange of any

two indices 10’ cees ik. Let P i>1, be sca]ars'(or vectors) and let

t. ., i>1, 1< J<k, be scalars. Define

1,J
N N kK
(2.25) Loy = >, .. Y o, B Vigheeriy
and
g. O. . . - g.
10 11 1k
t. t. « o« . Lt
igs1 i1,1 1l
:E: L 4.2
(2.26) Jk N~ ) . . : - vio;...,ik,
1<ig<iq<es o <N ‘
t t. o e e t.
igsk ig.k LWL




where the determinant in (2.26) is to be interpreted in the same way as

D(oo, cees ok) in (2.13). Then

(2.27) Ly = %N

For a proof of Lemma 2.1, see [3, Appendix].

3. CONVERGENCE ANALYSIS

We have seen in the previous section that s for both the MPE and

n,k?
the RRE, is given by

D(xn, ceos xn+k)

(3.1) Sok = DL L)

where D(°0’ cees ck) is defined by (2.13) with Uj 5 = (un+1,un+j), i,j >0,

for MPE, and uj g = (wn+i’un+j)’ i,j > 0, for RRE. Subtracting s from both
sides of (3.1), and making use of (2.14), we obtain the error formula

D(xn =Sy eees X s)
(1, ..., 1) :

(3.2) » Sn,k - S =

Under the assumption (2.1), we have

- -]

~ . -— m + o
(3.3) Un :E: vi(xi l)xi as m s
, i=1

and consequently,

(3.4) W~ :E: v - DA as ma .
izl

From (3.3) and (3.4) we see that

10



(3.5) Uy q = (un+p’”n+q) ~ :E: EE: (vi,vj)(i} - 1)(Aj - 1);?+Pkg+q
=1 : .

-e
Cots
—

as N+ =,

for MPE, and

ntp_ntq
Z(w") -1)(A- )y A5
Jj=1

Ms

(3:6)  up g = (pupatineg) =

-
]
[

for RRE. (3.5) and (3.6) can be rewritten in the condensed and unified form

~ -"*p n*ﬂ .o
(3.7) up,q :E: :E: 213 i A5 as N+ =,

i=l  j=l

where we have defined

(3'8) Zij = (Vi’vj)(ri - l)(AJ = 1): iaj 2 ls

for MPE, and

(3.9) o z

I

— 2 ..
ij (Vi’vj)(li_l) (Xj—l), 1:lea

for RRE.

Note that when the_sequence‘ xj, J=0,1, .c.y is generéted by g matrix
jterative process as described in the example of Section 2, then in (3.7) the
upper 1imits on the summations on the right hand side are rep]aced by M, and
~ 1is replaced by =.

In Lémma 3.1 and Lemma 3.2 below we derive the asymptotic expansions of
D(xn = Sy eees Xppg s) and D(1, ..., 1), respectively, for n + », assuming

n
(2.1). In Theorem 3.1 we give the main result of this paper that shows that

11



both the MPE and RRE are true acceleration methods when applied to sequences of
vectors satisfying (2.1), in the sense that Lim ”sn K S”//”xn+k+1 - s” = 0.

In what follows we shall denote asymptotic relations of the form "a, ~ By

2

as N+ =" by "a ~ 8" for short. Also we shall let )

i i=1l
Y= 2 L.and ¥ =X XL ... X, for
i,d i=1 j=1 leip<ipcenaciy  1p=l iy=igtl =1 1%l
simplicity.

Lemma 3.1. Let the sequence of vectors. Xis i=0,1,2, ..., be as

described in the previous section. For i jp positive integers, define

p,

Jo 3 Ji
2 . Z. - - . Z. -
1139 i T3k
310 1T B A P O A
(3.10) Sgdpeeeesd 7| . R
z. . z. . e e . Z. .
wJo | Tk

where the interpretation of this determinant is like that of D(°0’ O1s =ees ck)

in (2.13) and (2.14). Let V(;O, E1s +ee> gk) be the Vandermonde determinant

k
1 £0 A
K
1 £q o e . El
(3.11) V(_an E1s e Ck) = = (EJ - E'i).
: . . - 05j<jﬁk
1 K

Ek . . . Ek

Then D(x, - 5, cees Xpig = s) has the asymptotic expansion given by

12



: k

(3.12)  D(Xy = Sy wees Xpyy = ) = > T

15j0<jl<...<jk p=0
K

xV (Ajo, le, cess Ajk) :E: : X?

i i
— — l,ctc, k
xV (A. ooy A ) R.” . . .
TP ) Jgedpee e
Proof. Let us denote D(xn =Sy ooy Xy~ s) by Pn for short. By

(2.13), (2.1), and (3.7), we have

.n n+l ‘ n+k
V. A, "0 W . o . V.A.
Z Y% Jo Z Y % ' E J 9o
n.n o _n+l ‘ -n _n+k
'Z..A.A. z..k X. . L) -o Z, .A.A.
.IZ% hWahoh g ;z: W g 522 Wy h 9
ey e B R '
—n+1.n —n+l 4l ' n+1_n+k-
Z, A, A, Z., X, A. . o . Z, A, A,
(3-13)Pn" iZ 1, 1, 3, 12 23 12 12% 13, 1, 9,
2*9; 29, 2*92
—n+k-1.n —n+k-1 n+1 —n+k-1 ntk
Z 2o A A Z 2o A0 AL . . Z 2, Ay Ay
L T e K L B e K ~ k% 'k k
]k’Jk : 'lk,Jk _ k'Jk

By the muiti]inearity property of determinants'We can reexpress (3.13) in

“the form

13



(3.14) z Z z vl ﬂ z J.Y?er_lxg

11,31 1k’Jk

By changing the order of summation in (3.14), we have

SR RN 1] ki) DRI (1

._.r
'U

<.
o

1 p=

k
n
X A V(X-,A-,...,A.).
l | ip ip” 9y i)

p=0

k :
Since | | Ag v <3j s xj s cees Aj ) is odd under an interchange of any two
p 0 1. k
p=0

of the indices jp; Lemma 2.1 can be applied, and we obtain

: ' k . .
_ —n+p-1 Tyseeesdy
(36 = 2 | I*ip _ 2  Rigedpaeesdy
K
]"Y n
X A |V (A. s Ai 5 esey Al ) .
J J J J

p=0 p 0 1 K

Interchanging the order of the summations in (3.16), we have

14



lgjo<jl<...<j

K
- n
(3.17) P > VT (Aj REVR AJ>
p p 0 1 K
. Kk .

K Tigeenyi
X ... :E: | | ;g-l ’[‘T K? R.1 X k
. 'l p p JO’Jl"~'sJk

1 k \p=1 p=1

Tygeeeyi

Let now le k: be the cofactor of Vj in the determinant expression for
q q

Tig0eeyid

120002k

R Then

\jo’jl""’jk

. . K
1 1.
1,...’ k
(3.18) Ry 5eveuiii = :E:
| 0291 « &

Bypennyi
V. N.1 k
Jq Jq

T1seasl '
Observing from (3.10) that the le k are odd under an interchange of any

q
two of the indices 11, coes ik’ we can apply Lemma 2.1 again to the multiple

: PR |
sum with respect to the indices 1i,, ..., 1,, with R.1 . k . replaced by
1 k JO’J1’°"’JK

(3.18). The terms that are odd in the indices P15 «oes 1, nOW are

| k il,...’ik
I | K? Nj' . By Lemma 2.1 then

kK

(3.19) P - ]_—[ A" v (x. Wi s eees Ay )
n Z Jp JO Jl Jk

which, by invoking (3.18), can be reexpressed as (3.12), thus completing the

proof. : o

15




Lemma 3.2. Let the sequence of vectors Xis i=0,1, 2, ..., be as

described in the previous section.

1 i

1,-0., k

(3.20) S. ;o=
Jpseeesdy

. .

For i

J

p*p

Z- : .
1137
15d

2. . .
T2

Z]. .
19k

Then D(1, ..., 1) has the asymptotic expansion given by

(3.21) D(1, ..., 1) ~

2.

2

k

15j1<ig<...<ik p=1

n .
| | A. V{1, .
Ip ( 3y’

15j1<j2<...<jk p=1

K
—n —
Al V(.

I I 'p <11

Proof. Let us denote D(1, ..., 1) by Qn for short.

(3.7), we have

1

Z z, .;r.))‘n
i,J, 1

J
o g
Td
+
Z z, .:’;]An.
“~ 22 2 %
1209,

(3.22) %

—n+k-1.n
EE: 2, X A,
ok e K

T dy

2

1o

L

PR

2

T3y

1

—n _n+l

W 9

—n+] n+'1

i3y 5 3,

—n+k-1 n+l

W ok

16

bositive integers, define

3 ooy A-

]‘ ’....’1'
)s.l K,
) Jpseeesdg

From (2.13) and

+
Z zi .::.‘Ar.lk
1 h

RERD

+1 n+k
T A,
L T N
120,
—n+k-1_ n+k
:E: z. A? AL
ok e Kk

i3y




Again by the multilinearity property of determinants

_ _ K \ :
(3.23) q, - :E: e zz: T_]-z. . 7ﬂ+p-lxgp v (1, Ajl, vees Ajk) .

i j.mi
. . . o _ p p p
11,33 Tsdy \p=1

By changing the order of summation in (3.23) and observing that

k

! | A" V(}, Ay eeey Al > is odd under an interchange of any two of the

indices jp, we can apply Lemma 2.1 to the summation over jl, ceey jk. The

result is

‘ /K
(3.24) q, »~Z . [
o

ik p=1 P
. . k
1 ’0..’]
X . :E: S.1 .k ATy <é, Aoy eeey AL ] o
T o T dpseeeady I | Jp 3y Ji
v _ K . .
: . _n 11,.00,1k
Changing the order of summation again, and observing that I l A Sj j
. p 1,0.., k
p=1

is odd under an interchange of any two of the indices ip, we can now apply
Lemma 2.1 to the summation over il, cees ik.. As a result, we obtain (3.21).

This completes the proof. a

Theorem 3.1. Let the sequence of vectors Xis i=0,1, 2, ..., be as
described in the previous section. If, in addition, the v; are linearly

independent, and

(3.25) |A1|_3 c o> kal > |Ak+l|_2 |Ak;2|.3 c e s

17



then, for all sufficient]y large n, Sn.k exists, and
: n
(3.26) Spk =S = F(n)xk+l[1 +0(l)] as n =+ =,

where the vector F(n) satisfies IlF(n)” SE’ for some constant K >0 inde-

pendent of n, and for all sufficiently large n. If, in addition,

(3.27) | lAk+l\ > lxk+2|,
then
R T (M M
. - .00y 1 + ©
(3.28) _ F(n) -WTI (Ai ] > [1+o0(1)] as n .
: seeeskK =

Proof. From (3.20) and (3.8) (or (3.9)),

o 1,...,k
(3.29) Sl,...,k = H G(vl, cees vk),
K 2 K
where H = ]__[ (xi -1) for MPE {or H = 1_1_(3} - l)z(xi - 1) for RRE },
=1 i=1

and G(Vl""°’ vk) is the Gram determinant of the vectors vy, ..., Vi, given

by

(vysvq) (visvy) o o o (vsYy)

(vy5vq) (voovo) o o o (Voevy)
(3.30) G(vl, ceis Vi) = * . : .

(Vsvq) (Vio¥a) o o (s vy)

Since the v. are linearly independent, G(vl, «+ss Vi) is nonzero. Also,

since 1, 41 for all i, H is nonzero. Consequently, Si""’t
,...’

Next, since a; 4 Aj for i4J,and a; 41 for all i, V(ii, ...,<Kk) and

is nonzero.

18




v(1, Aps eees xk) are nonzero on account of (3.11). Finally, we observe that,
due to (3,25), the dominant term in the multiple sum on the right hand side of
(3.21) jn Lemma 3.2 would be that for which ip = p, jp =P, P=1, coey Kk,

provided V(1, Ais woes xk) and Si""’t are nonzero, which we have already

proved to be so. Consequently,

2

k
(3.31)  D(1, e.., 1) = ﬂxg V(L Ay wees AV(R]s wees X
p=1

X Si""’t [1 +0(1)] as n+ .

geecey

This also implies that, for all sufficiently large n, D(1, ..., 1) # 0, hence
sn'k exists. This completes the proof of the first part of the theorem.

bl .

To prove (3.26), we should analyze the behavior of D(xn — Sy eees

Xtk = s) for n+ ». By our assumptions made following (2.1), there is only a
finite number of . whose moduli are ka+1|. Let ka+1| = .. .= Ikk+r| >
l*k+r+1|‘ From this and (3.25), it follows that the dominant term on the right
hand side of (3.12) - provided it is nonzero - is the sum of those terms with
indices ip =p, p=1, «oo, k, Jpo1 =P P = 1, ooy ky J =k *2, 2= 1,

eeesy Iy, namely
| K 2
(3.32)  Dlxy = 54 wees Xpyy = 5) = || [ 20| VGL woes T
p=1

r
n l.... k

X :E:»*k+u V(Al, cees Ao xk+2) Rl:...:k,k+z [1 +0(1)] a5 N + =.

g=1

From (3.10) and (3.20),
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Kk
1,..., 1,000,k
(3.33) R1. o kokH = :E: 1) S1,...,k ik ?

so that the summation on the right hand side of (3.32) becomes

K

-
(3.34) Z 2 Merg, VO wees N A )8

r

* (- 1 Sl::::: :E: J‘k+9. v Al’ ees Aps Ak+9.)vk+9.‘
L=1
1,...,k ' .
Since Sl,...,k £ 0, V(a 10 *o0s Ao Ak+£) # 0, and the vectors v; are lin-

early independent, the second summation in (3.34) is never zero. This proves
(3.32). Combining (3.31) and (3.32), (3.26) follows. If (3.27) holds, then
r=1. In this case (3.28) follows from (3.31), (3.32), and (3.11). This com-

pletes the proof of the theorem.

The asymptotic error analysis of the MPE and RRE as given in Theorem 3.1,
leads us to the following important conclusions:
(1) Under the conditions stated in the theorem, the MPE and RRE are bona

fide acceleration methods inAthe sense that

(3.35) l|sn k__ S” <‘k+i>n as N+ =.

Pavcr =5 -

This means that if x + s as ns =, i.e., |A1| <1, then s | +s as

’

n+ =, and more quickly. Also if %ig X does not exist, i.e.,

x| 21, then
Sn,k + S as n -+ =, provided that lxk+1| < 1. The reason that we write

Xnes1 10 (3.35) is that s, . in both the MPE and RRE is computed from

Xn, Xn+l, ooy Xn+k+l.
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(2) When the MPE and RRE are being applied to a vector sequence generated

by using a matrix iterative method, they will be especially effective when the

iteration matrix has a small number of large eigenvalues (k-many when s, [ 1S~
b

being used) that are well separated from the small eigenvalues.

(3) As can be seen from.(3.28), a loss of accuracy wil] take place in
Sn,k when Ai, eees A Are close to 1. For sequences of vectors obtained
from the 1terétive solution of linear systems of equations, this means that the
matrix of the system is nearly singular.

Thése conclusions are the same as those for the modified MPE, which has
been définéd and ana]yzed}in [3].

Finally note that the results of this section (and‘of Section 4) will not
change if the MPE and RRE are replaced by any other method giving rise to
(3.1), with D(oo, caey ok)-defined as in (2.13), as long as the ”%,j in
(2.13)Hsafisfy (3.7) with Zij = (vi’vj)“ivj’ where u, and vj are fixed
nonzero constants.

4. STABILITY ANALYSIS

Let us denote \f in (2.5) by Y§n,k) for both MPE and'RRE._ We say that

S 'is asymptotically stable if

n,k

(4.1)_ | sup :E:

MUY

J < o,

Roughly speaking, this means that if errors are introduced in the vectors Xm»
K _
then the error in sn,k stays bounded as n + =, Since :E: an,k) = 1, the
_ <0
most ideal situation is one in which an,k) >0, 0<J <k, for all suffi-
k k

ciently large n, so that zz: Y§n,k)‘ = ji: an,k) = 1.

' Jj=0 j=
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The following theorem gives the stability properties of both the MPE and

RRE when they are applied to vector sequences satisfying the conditions of

Theorem 3.1. Sn.k denotes either that obtained from MPE or RRE.
’
Theorem 4.1. For vector sequences satisfying the conditions stated in

Theorem 3. 1, sn K is asymptotically stable. Actually, the following are true:

(1) The y(" k) satisfy
(3.2) én k) Vil(xi;,.:j’x,;lg[ +9(1)] as e,
where
1 ogy o o gg-l gg+1 TR 31
1L og, o . gg_l 5%+1 R ¥
(4.3)  Cqlegs «ees ) = (DI ' : s

1 og, . . . 52_1 E+l . Ex
thus
K
o D[S0 +es 3]
| =0

i.e., (4.1) holds.

(2) If Ais eees A are real and negative, then

Y(n,k)

(4.5) ]

>0, 0<g<k, for n sufficieht]y large,

thds
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q

o 3

g=0

Y(n’k)l =1+ 0(1) as N + =,

(3) If Al, cees A are real and positive, then

(4.7) én k) é:lk) < 0; 0<qg< k-1, for n sufficiently large,
thus
(4.8) Z (n,k) ﬂ( - ) [1+0(1)] as nase.

‘ q=0 i=1

(4) For any A s sees Ao

k

K
| L
(4.9) vim Yy imkN L ﬂ(l: -

e q=0 i=1

)

(n,k) is given by (2.12), and we already know the asymp-

Proof. Since Yq
totic behavior of D(1, ..., 1) from Lemma 3.2, it is sufficient to analyze
N, : asymptotically. By deleting the first row and the (g + 1)st column of the

q
determinant in (3.22), after some manipulation, we have

(4.10) N~z...z ||z‘.7'.‘+p‘1x'? C(r, s voes As ).
q R R\ 1p‘]p 1p Jp A\ A Ik
11,J; Tpadp \p=1
-k
Observe that | I Ag Cq(}j s eeey Aj ) is odd under an interchange of any two
1 k
p=1

of the indices jp. Consequently,
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(4.11) N, :E: 'T_T VI (fjl’ e, xjk>

» o\ oy e,
x T ) v <xi1, s Aik> S50 erd

1<iq<ipeaecip \p=1

follows from (4.10) in exactly the same way (3.21) follows from (3.23). Invok-
ing (3.25),
2

K
(4.12) Ny = '[_T A VR eees T Cglags eeen &) si:::::t [1+0(1)]
p=1

as N+ o,
follows from (4.11) in the same way (3.31) follows from (3.21). Combining
(4.12) and (3.31) in (2.12), (4.2) follows. (4.4) follows directly from (4.2).
This proves (1).

Note that V(a, Al’ ooy Ak) is a polynomial of degree k in . From

(3.11) and (4.3) we have
. k

: - q

(4.13) | V(x, A{s +ees Ak) = :E: Cq(xl, cees Ak)x .
q=0
Since V(a, Als eees xk) has 7, «eey A @S its only zeros, we also have
_ 4

(4.14) V(a, Ais oees xk) = Ck(xl, oo Ak) I_]-(A'- xi).

i=1

If Aq, ..., A, are real and negative, then (4.13) and (4.14) imply that
1 k g

Cq(xl, ees A )5 02 g <k, are all of the same sign. This, along with (4.2),
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implies (4.5). (4.6) is a direct consequence of (4.5) and (2.11). This
proves (2).

if Ays +++s A are real and positive, then (4.13) and (4.14) imply that
Cq(xl, cees *k)cq+1(*1’ cess Ak) <0, 0<q< k-1. This, along with (4.2),
implies (4.7) and o

' k
) D, (D Gy vees 3

(4.15) ZO ] - B Ve vy o1 a5 n- -
q=

V(—l, Al’ s oy Ak)
V(1, A s eees Ak)

[1+o0(1)]as n+ =,

which, by (3.11), reduces to (4.8). This proves (3).
Multiplying both sides of (4.2) by A9, summing over q from 0 to k,

and finally making use of (4.13) and (3.11), (4.9) follows, thus proving (4).
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