General Disclaimer

One or more of the Following Statements may affect this Document

e This document has been reproduced from the best copy furnished by the
organizational source. It is being released in the interest of making available as
much information as possible.

e This document may contain data, which exceeds the sheet parameters. It was
furnished in this condition by the organizational source and is the best copy
available.

e This document may contain tone-on-tone or color graphs, charts and/or pictures,
which have been reproduced in black and white.

e This document is paginated as submitted by the original source.

e Portions of this document are not fully legible due to the historical nature of some
of the material. However, it is the best reproduction available from the original
submission.

Produced by the NASA Center for Aerospace Information (CASI)



pp—N

N ) \ o - "
v
M . ¥ ¥ . ¥
* y e » 5 ‘U M".-s ":7/;7
3 'S . ) ﬁ“l
-‘f’;" \-.W

{i:A\SA-CR-170842) SPACE SHUTTLE PROPULSION N83~33926
?5wAMETER ESTIMATION USING O?TIH&L

i ITMATION TECHNIQUES Honthly)?rgar@ss Unclas
s Systems Dynamics, Inc. P ‘
FEEEHR ot v ’ CSCL 22B G3/16 15132

MONTHLY PROGRESS REPORT # 1
for
SPACE SHUTTLE PROPULSION PARAMETER ESTIMATION
using

OPTIMAL ESTIMATION TECHNIQUES Y

submitted to

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION
MARSHALL SPACE FLIGHT CENTER
HUNTSVILLE, ALABAMA

20 May 1983

& Felp
T 4 o “



.
%

TRt

—
.
(=]

NN
L]
WN - O

.

WWWww Lww Wwwwwww
*

L]
WWWWw DN D=2 an

.

Y
(=

. .
W N =

NN DD -

N =

m‘%w«&mmm,w»mawmmm £ S o

INDEY

INTRODUCTION

FILTERING AND SMOOTHING ALGORITHM

Extended Kalman Filter Algorithm

Modified Bryson-Frazier Smoother Algorifthm
Iterations with the Filter/Smoother Algorithm

FILTER/SMOOTHER ALGORITHM SYSTEM AND MEASUREMENT MODEL
Equations of Motion and Measurement Equations

Rigid Body Equations of Motion

Measurement Equations

Platform Acceleration Measurements

Platform Attitude Measurements

Ground Based Tracking Measurements

Linearized System State and Measurement Equations
System State Partial Derivatives
Measurement Partial Derivatives

Propulsion Parameter States and Measurements
SSME Propulsion Parameter Model

SRB Propulsion Parameter Model

Vehicle Mass State Variable

PROJECTED ACTIVITIES DURING UPCOMING MONTH
APPENDIX A

APPENDIX B

APPENDIX C

REFERENCES




e

1.0 INTRODUCTION

This first monthly progress report details the mathematical develop-
ments necessary for the extended Kalman filtering and modified Bryson-
Frazier smoothing algorithms. This is an expansion on the material
presented at the initial meeting on 3 May 1983 including the current
mathematical developments.

In this initial monthly progress repoft, only the first twelve system
state vayiables are presented with the necessary mathematical developments
for incorporating them into the filter/smoother algorithm. Other state
variables, i.e., aerodynamic coefficients can be easily incorporated into
the estimation algorithm, representing uncertain parameters, but for
initial checkout purposes are treated as known quantities.

An approach for incorporating the NASA propulsion predictive model
results into the optimal estimation algorithm has been identified. This
approach utilizes numerical derivatives and nominal predictions within
the algorithm with global itcrations of the qlgoriﬁhm. The iterative
process is terminated when the quality of the estimates provided no longer

significantly improves.

.
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2.0 FILTERING AND SMOOTHING ALGORITHM

The Space Shuttle Parameter Estimation Program utilizes optimal
estimation techniques to provide estimates of the prdpulsion system
parameters. The technique selected is the extended Kalman filter and
the modified Bryson-Frazier smoother. By modeling the propulsion system
parameters as time correlated random variables, improved estimates of
these parameters are obhtained and are properly time phased by removing
the filter induced lag by using the combined filter/smoother. The
smoother also provides improved estimates of the initial state zstimates.

The system, in state-space notation, is modeled as the continuous

dynamical system disturbed by additive Gaussian white hoise

2 =£x(t), t) + (L) wit) +u(t), x(0) = x (1)
where

X = n-dimensional state vector

X, = Gaussian initial condition vector with covariance Po

w(t) = p-dimensional white, zero-mean white Gaussian noise with

covariance
T
Elw(t) w (t)] = Q{t) 6(t - 1)
u(t) = n-dimensional control vector.

The elements of the vector x(t) represent vehicle position, velocities,
attitudes, angular rates, aerodynamic and propulsion parameters, measure-
ment biases, etc. Elements of u(t) include known contrnl inputs such

as SSME power level commands.



A

The system described by equation (1) is observed at discrete times,
with not all states being directly measured. Some measurements are non-
linear functions of the element:s of the state vector x(t). In general

the measurement process is described as

2, = bk(ﬁjtk)) + vy (2)
where

z = m-dimensional observation vector

Ek = functional representation of the measurements in terms of
the states

v, = m-dimensional, zero-mean, while Gaussian noise sequence with
covariance

Elv, v?] = R, 6,

-1 - i 71,3

Examples of the elements of the observation vector Z, include radar

measurements of range, azimuth, and elevation from the radar site to the
vehicle.
It is assumed that the system process noise vector w(t) and the

measurement noise vector are uncorrelated. Also, the system state

%

initial condition vector is not correlated with either of these two

X
-0

noise vectors. Therefore

T
Elw(t) v.1 = 0, E[w(t) x1 =0, Elx v.l=0

vT
—k
‘whare the superscript: T  denotes transpose. For later reference, the

following matricies are defined

tk’




a‘f_(,?_(.(t) ) t)

Flx(t), t) = =y 3)

and

ah(x(tk))

H(ﬁk(-)) = ~“3£73;7~ . (4)

These matricies are linearizations of the dynamics and measurement models
respectively, evaluated about either a nominal or reference value of the

state, or about the stute estimate.

2.1 Extended Kalman Filter Algorithm

The extended Kalman filter algorithm is in essence a conventional
linear Kalman filter algorithm applied to a mathematical model resulting
from the linearization of the system model equation (1), and measurement
process, equation (2), about a current state estimate. The filter yields
optimal estimates if the linearization is accurate,; i.e., the étate esti-
mate closely approximates the true state. The derivation of the algorithm
can be found in reference [1].

The algorithm proceeds as follows. After initialization of the state
estimate and covariance, the state estimate and covariance are propagated

forward in time until a measurement update is available, by
X = £(X(t), t) ) t <t (5)

and

Bre) = F(x(t), t) P(£) + B(t) F(x(t), )7 + at) oct) a)T  (6)



At the measuremeni, time, the state estir.ate and covariance are updated

by

R (+) =% (=) +K(z -h(X(~)) (7)

and

Pk(-i-)

I

(r - K, Hk(gk(-))) Pk(-) (8)

where the (-) and (+) represent the appropriate values just before
and just after the update. The updated values are used to reiniftialize
the time propagation equations (3) and (4) for integrating up to the next

measuremernt time. The Kalman gain matrix is computed as

A T y A A T -1
K, =P () Hk(z(_j(-)) (k(lck(—)) B (=) Hk(iiiw-ui) + R (9)

This algorithm is repeated until the last time point, tN’ 1s processed.
For later use in the smoother algorithm, various combinations of the state
estimates (X), measurements (z), linearized dynamics matrix (F) and
measurement matrix (H), measurement noise covariance (R) and estimation

error covariance matrix (P) must be stored for each time instant to be

processed by the smoother algorithm.

2.2 Modified Bryson-Frazier Smoother Algorithm

The operation of the smoother algorithm is similar to the filter

algorithin except in reverse time. The derivation of this smoother algorithm

-is" found in reference [2]. This fixed interval smoothing algorithm pro-
vides optimal estimates given all the measurements in comparison to the

filtering algorithm providing optimal estimates given the previous

A7 >
<
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measurements processed. Therefore the smoother provides improved estimates
in addition to removing the time lag induced by the filter algorithm.
The smoothing algorithm adjoint variables, A and A a2 "initialized"

at the final time processed by the filter, T,

L}

T 'I‘ -1
A(T-) = -Hy(Hg Py Hy o+ R)T (2

By 2y = Hy(&y (=) 6, (10)

N,T

and

A(T-) = H (Hy Po HN+R )~ Hy 6, (1)
N,T

If T is not an observation time, A and A are zero. The adjoint

variables are propagated in reverse time to the next previous measurement

time by
A=~ F(X(t), t) A ) e SE<t (12)
R=-re), &7 A -AFG&®E), © ()

At the time of an available measurement, t tha adjoint variables

k)
are updated by

i -1

T
A(=) =A(+) - H (H B H_ +R)

((gk - gk(zk(—)))

+

T T
(B P H +R)K A(+)) (14)

and

~1

A(-) (1 - K Hk) A(+) (I - Kk Hk) + Hk(Hk P H + Lk Hk (15)
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The smoother state estimate and error covariance #re obtained using the

filter estimate and covariance and the adjoint variables by

x (k) = &(£) = P(t) Alt) (16)
and

P (t) = P(t) - P(t) A(t) P(E). (17)

Due to the potential number of time points to be processed, smoother
estimates may only be computed at the discrete measurement times. For

this approach the propagation equations (10) and (11) are replaced by

. T
A (+) = & JL(-)k+1 (18)
and
A (#) = 0F A (=) ® (19)
k T Tk k41T Tk

where 0: is the state transition matrix formed with the linearized
dynamics matrix F to propagate the adjoint variable from time tk+1
to time tk' The algorithm continues in reverse time until the initial

time is reached.

2.3 Tterations with the Filter/Smoother Algorithm

The performance of the filter/smoother algorithm is a direct result
of the accuracy of wie linearization. Repeated operations of the al¢orithms
‘with adjustments in initial state estimates and covariance in each cycle

can yield improved estimates. This technique is known as global iterated



filtering as defined in reference (3]. Each cycle of operating the
algorithma would yield increasing impravements in the state estimates.
This feature of the algorithm operation is of special interest to
the propulsion parameter estimation problem using the NASA predictive
models. Initial, or nominal, values of the parameters of interest can
be used to obtain the necessary partial derivatives indicated earlier.
From operating the algorithm improved estimates of those parameters are
obtained. Using these improved estimates, more accurate partial deriva-
tives are obtained for use in the algorithms. This process is continued
until there is in essence no change in the partial derivatives or quality
of the state estimates. If the linearization is accurate, the measure-

ment residual should be a white noise process with known covariance.
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3.0 PFILTER/SMOOTHER ALGORITHM SYSTEM AND MEASUREMENT MODEL

The usefulnass of the filter/smoother algorithm is to provide esti-
mates of the system states from the observed motion and dynamics while
the system is driven by known and unknown elements. These unknown elements
are elements of the system state vector to be estimated. The evolution of
motion resulting from these known and unknown elements is assumed to bhe
suitably represented for this study by a six degree-of~freedom (6 DOF) rigid
body equations of motion. These equations are presented and discussed in
section 3.1.

To implement these equations into the filter/smoother algorithm
presented in section 2.0, a linearization of the system state and measure-
ment models is required. These linearized equations are presented in

section 3.2.

3.1 Equations of Motion and Measurement Equations

3.1.1 Rigid Body Equations of Motion

The rate of change of vehicle velocity in body coordinates, X(B),

25 a result of external forces acting on the vehicle is described by

2 : (B) (B)
. pAV £ £
v(B) = 'EEE'EE + Bel g}I) (5}1)) - w X X(B) + 7: + ji (20)
where
p = atmospheric density
A = aerodynamic coefficient referenced area

Vi = magnitude of vehicle velocity relative to the surrounding air

mass
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m = vehicle mass OF POOR QUALITY
g = aerodynamic force coefficient vector
() , (X)), . . .
g (r'™") = gravity vector in inertial coordinates
w = angular rotation of the body relative to the inertial frame
gé5> = resultant thrust force vector in body coordinates
géB) = resultant plume forece vector in body coordinates

The rate of change of vehicle position in inertial coordirates, g}I),

is then obtained by

J;(I) I

.

cB v(B)

where ICB is the transformation matrix from body coordinates to

inertial coordinates. The elements of the ICB transformation matrix

are obtained from the resulting Euler angles defined by

é 1 singtan® cosptand rpT
6{=10 cos¢ ~sing q
L& 0 singsect cospsecd LF

where ¢, O, and ¢ are roll, pitch and yaw attitudes respectively.
The roll, pitch and yaw rates of the body relative to inertial coordinates
are p, 4, and r respectively. Finally, the rate of change of the body

rates relative to inertial is given by
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P 2 2
PAay Pav

. D m B

6= e w8 e -2 g
?

~wx (ra) + 2P 4 n(B)) (23)
where

I = vehicle moments of inertia matrix
ggm = aerodynamic coefficient referenced length and moment

coefficient vector

EfB) = vehicle center-of~gravity vector in body coordinates

Qiﬂ} % aerodynamic coefficient reference position in body coordinates
géB) = resultant thrust torque vector in body coordinates

géB) = resultant plane torque vector in body coordinates

The equations of motion represent the first twelve elements of the system
state vector. These egquations are summarized in Table 3.1.1-1.

The moment of inertia matrix I in general is givep by

~ -
I -I ~I
x Xy X
I == I -I (24)
xy y yz
- ~-I I
zX Vi 2

for the moment axis temms. i.e., Iy‘ and the product of inertia terms,

i.e., I .
zx

QR AERRL LT 61 S d s e Prg EYMAL T bt erad S s o g LA 4 5L e st o st



ORIGINAL P?

AGE 18
QUALITY

OF POOR

T+ (0 [1]) xm- 5 x bag

I
W~ -
Amca x - ml..u.v M + D M 1 _[I1 =]b|= m
Y_ad pv.ad F ¢ 9.1
4 4 d
x| | gossdson goesdurs 0 b
b durs- @soo ol=]lel=To
d| | gueadsoo guejdurs i &
L J L . "
ui w — — —_ - = wz —
+ + AX®m~-( I [ + o
& T @ ‘o @® e B
(8) (q)

0S JO ueSw TeT3}ISUT

(se3els welsds sayeMm3 3SITI)

UOT30N JO suoijenby

L-17 L7 € J19vx



ORIGINAL PAGE 18
OF POOR QUALITY

The aerodynamic force and moment coefficients and plume forces are
defined as functions of angle-of-attack, o, and angle~of-sideslip, B, as
shown in Figure 3.1.1-1. The body referenced relative velocity vector,

removing the wind velocity, V! from the vehicle velcecity, is given by

v = yB _BJX . _ (B) _BJLL (LL) (25)
- - - - -
(L) . .
where Vo is the local-level referenced wind velocity vector. The

following equations define o and B in terms of the components of V.

v
r

-1 3
tan (;-) (26)

2
i

B = sin  (~~—) (27)

where

v=(vr2+v2+v2) , (28)

(B)

The resultant thrust force £ is expanded as

—T
.
2
(B) " B g AR 5@ _(g)
P =35 G £'I‘i (29)
0

where the transformation matrix BC?‘ transforms the magnitude of thrust

for each thrusting device, fzﬂ from its center-line to the body
i
coordinates. The general eqaution for fT is
i
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£ = f - P A
’ e
i ivac i
where

£ = vacuum thrust
ivac

Pe = motor exit pressure
i

Ae = motor exit cone area

The matrix BC?' is different for the SSME's and SRB's and is gizen by

BMP MP G. G CQ. SSME
G,
Be 2 (30)
BC(L SRB
where
B_MP . .
C " = transformation from the engine mount plane to the body
coordinates
MP_G . .
C~ = transformation from the gimbal reference plane to mount plane
(structural deformation)
(eI . . .
C = transformation from enterline to the gimbal reference plane
B & . X .
C = transformation from SRB nozzle centerline to the body

coordinates (gimbal angles).
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The resultant thrust torque is the summation of the torque contribution

from each thrusting device and is given by

- -
&
. f, (31)
(B) _ (B) (B) B &
Ip =k Bp mEg ) ¥ G )0
0
where
E;B) = body coordinates of the thrust reference point for the

kS th
i thrusting device.

3.1.2 Measurement Equations

The measurements assumed available for the filter/smoother algorithm
include inertial platform acceleration and attitudes, ground based radar
tracking, SRB's ﬁe;d pressure, SSME's chamber pressures, liquid H2 flow
rates,; pressurant flow rates. The ET volumetric levels are available;
however, due to their limited number (4), they may only be used for
alternate checks of the filter/smoother algorithm'performance.

The propulsion related measurémetns will be treated in a separate
section. 1In the following, the inertiél platform acceleration measurements,

attitude measurements and ground based tracking measurements models will

be described for later linearization.
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3.1.2.1 Platform Acceleration Measurements

Accelerometers mounted orthogonally on an inertially stabilized
platform,not located at the vehicle center of gravity, sense externally
applied special forces and accelerations due to body rotation. The

accelerometer measurement is modeled by

2 (B) (B)
,(S) _ S PP P'.B ["A"mc +-f-fr +£—P
-m " am  =f m m
, (B) (B) o .. (B) (B) (s) (s)
twxwx (g -gcg)+gx\gs --_r_cg)]+l_3a + Vo (32)
where
sCP = transformation from platform coordinates to sensing coordinates
P_P! . C e L .
c = transformation from misaligned platform coordinates to
platform coordinates
]
P CB = transformation from body to mizaligned platform coordinates
géB> = body coordinates of the platform center
(s) .
Ea = accelerometer bias vector
zés) = accelerometer measurement noise vector

3.1.2.2 Placform Attitude Measurements

The inertially stabilized platform for the STS is a four axis IMU
with a redundant roll axis [4]. Vehicle body attitudes are generated

via guaternions [5]. It is assumed that an equivalent representation
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can be made to obtain vehicle attitude by a three rotation sedquence of
roll, pitch, yaw to transform from inertial to body coordiantes. This
approach has been used in reference [6].

The attitude angle measurement model is given by

o (8)
—fn

(s) , (s)
=0 + by + ¥y (33)

where

'
26 = platform misalignment bias vector (used to formulate PCP )
Xés) = attitude measurement noise vector.

The transformation matrix used to transform from body to inertial

coordinates in terms of the elements of the © vector is given by

cosOcosy singsinBcos¢ cosgsinfcos¢
~cos@sing +singsing
ICB _ | cosBsing singsin®singd cos¢psin®sing (34)
- +cospcosy : -singcos¢
-sin® sinpcos® cospcos |

3.1.2.3 Ground Based Tracking Measurements

Ground based radar tracking devices can provide measurements of
range, azimuth and elevation from the radar sight to the vehicle. Azimuth

and elevation are established relative to the sight's local level. If
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the tracking device is a passive optical tracker (not laser) then only
azimuth and elevation measurements are available requiring more than one
to establish position information.

Defining x, y, and z as the local east, north and up position of the
vehicle relative to the ground based tracking device, the radar measurement

equaticns are given by

i

p = (x2 + y2 + zz) +b +v (35)
P p
-1 %
A = tan (}7)+bA+vA (36)
E = tan" ! ( Z ) b + A+ v (37)
E E E
2 2
x4y
where

bp, bA’ bE = range, azimuth, elevation biases
AE = atmospheric retraction correction
. vp, Vas Vg = range, azimuth, elevation measurement noise.

E

The position vector of the vehicle relative to the tracking device is

given by
X
(LL) _ LL_ECF .ECF_.ECI _(I) (ECF)
yvi = Az;v = C’ [T ¢ r ~ Lpor ] (38)
z




ra . G -
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where
LL_ECPF . .
o] = transformation from earth center fixed to local level
ECFCECI = earth centertd inertial to earth centered fixed
(ECF) ‘s . . .
Leor position vector of tracking device in ECF coordiantes.
The transformation matrix LLCECF is given by
~sinA ~sinLcosA cosLcosA
LLCECF = cosA -ginLsinA cosLsinA (39)
0 cosL ‘ sinL ¢

where L and X are the geodetic latitude and east longitude of the

ECFCECI

device. The transformation matrix is given by

r . 4 N i
cos[mE(t - tRNp)] 51n[mE(t - LRNP)] 0
ECF_ECI
c = -sin[wE(t - tRNP)] cos[wE(t - tRNP)] 0} [RNP] (40)
0 0 1
L .
where
wE = earth rotation rate
tRNP = time tag for RNP matrix
C (ECF) . . . ,
The position vector, r s of the tracking device is given by

=~RDR



( = + h) cosLecos)
\/ c052L + {1 = e)2 sinZL
(ECF) Ra
r = | + h) cosLsin)
=RDR 5 > 5
\lcos L4+ (1 «e) sin"L
RE(1 - e)2
( + h) sinL
\/ coszL + (1 - e)2 sinzL
where
RE = equatorial radius of Fisher ellipsoid
e = flattening of Fisher ellipsoid
h = altitude of the device above Fisher ellipsoid

N g
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(41)



3.2 Linearized System State and Measurement Equations

The vehicle equations of motion are nonlinear functions of their
motion variables and are implicit functions of other elements of the
system states. The measurement equations involve similar function rela-~
tionships. The linearizations for the filter/smoother algorithm require
partial derivatives with respect to the motion variables, i.e., X(B) and
0, and with respect to other elements of cho state vector. yielding
explicit functional relationships for the elements of interest.

For system state equations the partial derivatives wil. be presented
in sec¢tion 3.2.1 for the state elements in order of occurrence for the
first twelve states. Other partial derivatives for candidate state sle-
ments will follow in section 3.3.1. The measurement equation partial
derivatives for the first twelve states will be presented in section 3.2.2.
Partial derivatives of the measurement equations for other candidate states
will be presented in section 3.3.2.

The resulting partial derivatives are imbedded into the linearized
system state matrix, F(x(t), t), as shown in Figure 3.2-1 . A corresponding
linearized measurement matrix, H(xK), is similarly formed with the

measurement equations' partial derivatives.

3.2.1 System State Partial Derivatives

Partial derivatives of each of the equations listed in Table

are developed in their order of occurrence with respect to the order of
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the corresponding rtates. Partial derivatives of thrust terms are presented

as though for a single device.

Inertial Position Rate Edquation

(1)

The first nonzero partial derivative of the é. equation is with

respect to X(B):
0 +(I) I B
5B (x*"") = "C”. (42)

The second nonzero partial derivative is with respect to 6. This partial
derivative results in a third order tensor and occurs frequently in later

developments. The generalized form iz presented in Appendix A.

Body Velocity Rate Equation

¢ (B)

The partial derivative of v ()

with respect to r is given for
altitude terms approximately as
J(F
i) 3 =
= o (43)
({
a£(I) oh !r‘I)l
where
*(B) 2 _ 2 2
dv Avm 3p pAvm avh pAvm agf B pAvm agf a8
= s C + c 4 ot fu ——— o st
dh om Oh =f m =£ oh 2m 9da Oh 2m 0B ©dh
(%) (B) (B) (B)
of dp of of of
pLBED s TP TR G T OB (a4)
op dh oh dh dh T




ORIGINAL PAGE 5
OF POOR QUALITY

ov . p v
The partial derivatives of - 3 8 ) 98 ) Sa, ’ o8 and =%
av(B) av(B) av(B) oh oh oh

occur frequently and are given in Appendix B.

(I)<£(I))

The gravity vector BCI a partial derivative with respect

to g}x) is

r? r,lrz r1rg
= - 1 32 31—
2] Iz |z]
. (L), (I) 2
pr ) g F1%2 ¥a ¥o¥3
C T = ¢ T3 |°T 2 = -1 3T (45)
ax. Iz 7] |z] |z |z
2
r.r Xr.r r
3 3 2 g 3 ‘32 -1
|z] |z |z
. -
where

4 = gravitational constant.

A2 (B)
av
The partial derivative, *:%ET , 1s the sum of the matricies in equations
or
and
The partial derivative of Q}B) with respect to X(B) is given by
*(B) 2 2
oy _ pAWn c avh + pAVm Sf Ba + pAvh ?Eﬁ a8
a“‘L(B) m £ a!(E!) 2m 8ot asz) 2m 9B a!.(B)
of of
1 o S - JB :
+~ [ + ] - fwd (462
m dol a-‘L(B) o8 az(B)

AL, P A S it f S
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whore

fw} = skew symmetric matrix made from the elements of the vector w

and equivalen. to the cross product operator ®w x ( ).

The partial derivative of i(B) with respect to 6 is
s (B) 2
av _ pAvm . avm a_\_rr . pAvm ag_f B 6_gr
® -~ m ~£ av_ 0o 2m 8a dv_ 00
- .{ e -—t\ ——

"A"m2 8¢ o8 %% 8 BI (1), (D)
on OB . ae+5-9——[0g (')

P
+ ! iag} B av‘ + aﬁE a8 i ] (47)
m da Odv a9 9B ov 98 °°
— — —g

The partial derivatives of 5—3—-— are given in BAppendix B and the partial

—r
oY,
derivative 56 is given in Appendix A. The last partial derivative

is given in Appendix C.

(B)

The partial derivative of _‘:I_ with respect to w is

6\./(8) pAv 2 a
m

=
= +

(B)
% "~ Zm ey v 3 48)
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Fuler Angle Rate Equation

The Euler angle rate equation is a function of both the Euler angles
and the inertial rates.

The linearization will yield the two associated
matricies.

First with respect to the vector 6,

the following matrix results

. qcos¢gtan®-~ rsingtan® qsinmsecze + rcoswsecze 0

a9

35 = | ~98in¢ - rcose 0 0 (49)
gcos¢psecd - rsingcosH

gsingsecBtan® + rcos¢secOtand 0

The partial derivative of é_ with respect to w is

1 singtan® cos¢tandl

%

5@: =10 cosy -ging (50)
0 singsecOd cos¢sec6J

Inertial Angular Acceleration Equation

vector r

The first partial derivative of this equation is with respect to the
(1)

Using the approximation indicated in equation

, this
partial derivative is
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o A B (B) _ _(B) o
[x1 " ¢{ 5 5h Sp * (PVRAdg + (r, Loq ) % PV Ac. )
2 2
K 2% e )y P ™ % o
2 da T 'Ea " Lg ' * T2 &’ @
(51)
2 2
S 22 % B - 2! & O 27 2% o8
2 o T " Ieg 2 BB’ oh
(CL) (I)
(@B - (B qu'af +6_'1_‘p+a_'1_‘p§g_+ag) as)}
Lp Teg 35, ah anh " Ba 3 * "8G Bh 1)

(B)

respect to the vector v ', the partial derivative is

il

+

ov
-1 (B) (B) v m
[1] {(pvad c_ + ( Log ) x pv A Ce) -——-——a B)
v
%M 3 22 8
(""m T (B _ (B)) PV Sf . o
2 oa T ‘& X 73 Bay (B)
v
(52)
2 2
P M oo (e (B) LB, P Ad an) ap
p) a8 * Ty XT3 8’ (B
v
a-"P-]:» o --p 0B .

+
Oa a.Y.(B) 63 (B)
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The partial derivative with respect to the vector 6

is
Bw ov
_ ~1 (B) _ (B) _m
g = (1] upvad c 4+ (r - Sog ) x pv A ~f) 36
v 2Ad dc v 2A ac
+(‘_’_______ ((B> LBy P 2 e SO
2 oa T Teg 2 Bu’ 98
(53)
2
+ ———-——-—pv i *n + (r(B) (B)) X —-——-—pv ’ E-}—--) g8
5 e Zeg 2 0B 8
s oo Mooas
du 96 © 0B 08 '

The final partial derivative for the first twelve states is with respect
to the vector w. This operation yields

3w

2
= -1 m__cm £r(B) _ r(B)4 PRV, agf
dw ! 2 dw =A =cqg 2 dw

(54)
+ EIw} - fwl 1}
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3.2.2 Measurement Partial Derivatives

The measurements assumed to be available, as discussed earlier, include
ground based radar tracking, inertially stabilized platform attitudes
relative to the vehicle body, and stabilized platform mounted 3 axis
orthogonal accelerations. As with the state dynamics matrix, the measure-

ment. equations are linearized aobut the hest state estiamtes.

Radar Track Measurement Equation

Referring to the radar track measurement equations, the required

partial derivatives are

, aAr(LL>
% __ 9% = (55)
ar(I) aAr(LL) ar(I)
(LL)
T W (563
ar(I) aAr(LL) ar(I)
— —-v ———
(LL)
o om AL, 57)
6r(I) aAr(LL) Gr(I)
— ——v L
6A£§LL)
The last partial derivative in each of these equations, ~——TET~ , 1is
or
(LL)
OAr
_ LLCECF ECF‘CECI. (58)

aE(I)

et eyt e e e
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The rest of the required partial derivatives are

dp Ar(LL)T

= /|ac, | (59)

aAr(LL) =y -

——v
—0A 2y . =X g (60)
6Ar(LL) x2 + 2 x2 + v

= y b

oE ~XZ ~y 2 V x2 +‘y2
Dy - [ s ) 5 (61)
aAEv p2 \/ x2 + y2 pz\/ x2 + y2 P

Inertially Stabilized Platform Attitude Equation

The inertial platform is assumed to provide attitude angle measure-
ments of the true attitude plus an attitude bias plus measurment noise.
The partial derivative of the measured attitudes with respect to the

vector 6 vyields an identity matrix.

Accelerometer Measurement Equation

The accelerometer senses sepcific‘body forces excluding gravity along

the sensing axes. With reference to the accelerometer equation, the

(1)

partial derivative with respect to r is
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(s) 2
da S B A%“ ap pAv’n a%n
— ¢l c. + e
ar(I) 2m dh —=£ m <£ ©oh
2, 2
. pAvm dg_f B pAvm 6gf 8. 62)
2m 0o Oh T 2m 9B B
o (&) 5 ge(B) 5 (B) (D7
NS e B e N S N T
aps oh 9o oh 98 ©oh '£(I)|
The partial derivative with respect to X(B) yields
(s) 2 2
agm ~ SCBtpAﬂn o a‘n + pAvm agf da _ + PAV agf o8
al’.(B) m = a.Y_(B) 2m du GXCB) 2mn 88 aY.(B)
T S T I (63)
m- B az(B) aB QX(B)

For the partial derivative of the accelerometer with respect to

the vector @, the measurement equation is temporarily rewritten as

(] ]
a(s) _ S, P B S(B) + b(s) (64)
-m - -a
where the vector g}B) represents the sum of the aerodynamic, thrust,

. 1]
plume and rotational coupling terms. The matrix P CB ig the same

matrix as ICB. The required partial derivative results from
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aa(S)
2w _sp 8 IB _(B)
38 " c %6 c s . (65)

The partial derivative on the right hand side is developed in Appendix A

with the wvector ng) representing the sum of the terms indicated above.

The final partial derivative for the accelerometer measurement is

with respect to the body rotation vector w.

Defining
Ar1
S
se_ ® o far, | BB (66)
s -S ~Cg
Ar3
S

and denoting wi as the ith

element of the vector w, the resulting

matrix is

szrz + w3Ar3 w1Ar2 - 2w2Ar1 w1Ar3 - 2w3Ar1

aaLm S B

-EE ="C szr1 - 2w1Ar2 w1Ar1 +w3Ar3 mzAr3 - 2m3Ar2 (67)
m3Ar1 - 2w1Ar3 w3Ar2 - 2m2Ar3 w1Ar1 + w2Ar2
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3.3 Propulsion Parameter States and Measurements

A candidate approach for incorporating the NASA propulsion model's
capabilities has been identified. This approach utilizes nominal pre-
dicted values of thrust, pressure, propellant and pressurant mass flow
rates, and utilizes sensitivities or partial derivatives of these
variables with respect to the independent parameters selected for esti-
mation by the algorithm. .

The approach is to include deviations from nominal values of
measured chamber pressure, power level, propellant and pressurant mass
flow rates as states. The models assumed for these deviations are time
correlated random processes. Then as states, partial derivatives of
the first twelve states with respect to these variables will be required.

For the SSME and SRB, this modeling approach is discussed in the
following. Additionally, the naczessary partial derivatives of the first

twelve state variables with resepct to the additional states are presented.

3.3.1 SSME Propulsion Parameter Model

For “he SSME, the total actual values of vacuum thrust and oxidizer

mass flow rates are modeled by

f = fT + Af (68)

and

(69)
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The measuraments of fuel mass flow rate, pressurant mass flow rates and

power level are modeled as

m. =m + Am,. + be + 8 (70)
Hy 'H, Hy = my My
nom 2 2
m =m + Am + be + g (71)
HzD H, H, ", "H,
Phom P P p
m. =m +Am_ 4+ be 4 g (72)
02 02 02 m02 m02
p Prom p p b
and
PL = . (77)

PLnom + APL + bPL + SPL

These measured quantities include measurement noise s( ) and potential
bias states b( ) modeled as random constants. In these measurements,
the A'd variables are to be included as states in the estimation
algorithm. If the nominal values are zero or unknown, then the A'd
variables absorb the entire estimate. Where required, the estimate for
the variables used in the estimation algorithm is formed using the
nominal and the estimate of the deviation, etc. In example, thrust and
fuel mass flow rate estimates are formed as

N . N

f =f + AfT (74)

T T
nom
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xﬁH = m +4Am,. + be . (75)

The deviation or A'd measurement variables are modeled as time
correlated random variables. This permits these varaibles to vary within

a band of frecuencies. The typical model is then given as

d 1 1
3t A( ) = = E( : AC ) + Ek ) S() (76)

where the parenthesis ( ) would be replaced by the variables, i.e., m

=

Hy

*
For the SSME, an additional variable Ac 1is modeled as in equation
5 e
76 and included as a state mult variable with the A'd measurement
vayiehles.

The thrust deviation is expanded as in the folilowing truncated Taylor

series as a functinn of the independent parameters.

af of of
T o T * T *
Af,, = 75— lm + m——  Am + Ac
T al’uH2 H2p Bmoz 02 aAC‘.*
P p P
4] : 0
+ -—f—:-r- APL + _fE AMR (77)

OPL OMR -

In the é}B) and é_ equations, with equation 77 replaging fT ’
i

the partial derivatives of fT with respect to the A'd variables are

obtained directly from equation 77.
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It is desirable to include vehicle mass as a state. The SSME's

system contribution to the mass deviation is given by

Am = S(Am.  +4Am_ - Am - Am ). (78)
SSME's i Hz 2 2 o

i i P. P.

In equation 78, the Amo contribution to the mass deviation is not
2
available from measurements. As with the thrust deviation, this quantity

is formed as

] 6m02 ) amoz . amo2 .
Am, = Am + 53— Am + Ac
% Oy B2 o, %2, o
p P
amo2 6m02
R S . 79
* g APL + mmp-  AMR (79)

which is in terms of other estimated state variables. In equations 77
and 79, the deviation in mixture ratio, AMR, is obtained algebraically

from

AMR = ~—D2C0 (80)



ORIGINAL Py ré
OF POOR QUALITY

3.3.2 SRB Propulsion Paramster mModel

The approach for the SRB modeling follows closely that used for the
SSME. Candidate independent parameters include propellant burn rate
exponent, a, and metor efficiency coefficient, . Others can be added
using this technique.

The actual value of vacuum thrust is given by equation 68. The
only measurement available for the SRB is the total pressure at the

forward head end of the motor case and is modeled as

P. =P + AP + b+ s (81)
% %% %  Po. Po
nom H H

where b( y and s( ) represents a bias and measurement noise respectively.
The independent parameters, Aa and Acm, are included in the
model as states. The model assumed can be as given by equation 76 or
another suitable dynamical process, i.e., random constant.
The thrust deviation is given by the following truncated Taylor

series as a function of the candidate independent parameters.

oT aT
AfT—'é";Aa+-a—-c-‘ Acm e e (82)
m
The partial derivatives for the i}B> and é_ equations with respect to

the independent parameters are obtained directly from equation 82 . The

mass deviation equation for the SRB is given as

Amgpp = Z(Am) (83)
1 hR
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where

. om
Amiuaaé.a»{-... (84)

The head presgsure deviation, APO , is expanded similarly
H

opP

o)
AP =
OH fa

Aa + . . . (85)

3.3.3 Vehicle Masgs State Variable

The total rate of change of vehicle mass is given by

a \ »
ooy o 86
i | (m A mSPME + m + Afﬂ ( )

SRB ssME T ®MsrB T MNON-CONSUME
m nom

The first two terms in this equation are the apriori assumed nominal

values. The third and fourth terms were discussed earlier. The last

term should be zero.
The equations, state and measurement, in which mass occurs are the

i(B) and a, equations. Assuming equation 86 can be summarized as
m

+ ZAﬁi then the mass can be written as m + ZAmi. Replacing this
i i

expression for the mass in the two indicated equations yields the

following partial derivatives with respect to the individual Ami‘s

(B) 2
ov pv_A
— 1 m (8) B.G _(%)
e = . ( c. + f + Cc°Ff ) (87)
Bhm, (m + ZAm, A %5
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and
(s)
O, 1 g B(pvmzA
8Am . =- ¢ S + £
i (m + Zam, )2 I

1

(B)

B.G (%)
+C g,ri)

(88)



4.0 PROJECTED ACTIVITIES DURING UPCOMING MONTH

The mathemahical development of the system and measurement equations
and their linearization will be coneluded. Included will be partial
derivativ§s with respect to Ecg’ Vi and I for center-of-gravity, wind
velocity, and moment of inertia uncertainties. Additionally, partial
derivatives with respect to platform tilt errors in the accelerometer
measurement equations will be formulated.

The estimation program development will be initiated. The program
will be structured to permit additional paraweter states to be included
with minimal impact to the program. As experience is gained with the
operation and results of the program, changes will inevitably be required.
Initial checkouts will focus on the propulsion parameter estimation with
other parameters assumed known, i.e., aerodynamic coefficients. Tnese

will be included in the state model later for a more extensive evaluation.
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APPENDIX A

PARTIAL DERIVATIVE OF THE VECTOR ICB v wrt ©

This partial derivative is one of several that occurs frequently in
the formulation of the linearized system state and measuremetn eqautions.

The desired partial derivative is

singsinBcos¢ cospsinBecosy
(cosecos¢)v1 + (-cosmsin¢ )v2 + (+sin¢sin¢ ) V3
38 . singsin@sing cos¢psin®sing
28 (c°5651n¢)v1 + (+c05@cos¢ v, -singcosy ) V3 : A-1
(—sinB)v1 + (sinmcose)v2 + (cos¢cos) Vs

The resulting matrix is given in Table 2A-~1.
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N>A&mou&cwm ~ dursgursdson) N>ﬁeﬁﬁm&moo - dsoogurshutrs)+ (N ecﬁmmmooenww+
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m>ﬁecwm9moo -~ ésoogursdurs)- m>ﬁémouecﬁm -~ dursgursdsoo) - €A fsoogsoohsoo+
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3
av®) ayB) 4y

APPENDIX B
ov
op O, aB m .
(8)’ 3n’ oh and 3h Expressions

These partial derivatives occur frequently and will be developed

in this appendix.

The equation for v, is

(B) B _LL v(LL)

V =V - C
~ - ~

Since the wind velocity,

ol
avm 1 y
GX(B) Vm r2
Ve
3
L
The second, B __ , is
3 (B)
v

B-1

zéLL), is only a function of altitude then
B-2
av
Ll is
)
al(B)
B-3
given by




LY

—Vr
——-——-_....3.._..__.
v, 2 + Vv 2
r r
1
da
e wearadl 0
a.‘_’.(B)
Vr
1
v 2 + Vv 2
r r
1
- J
. ; B ,
The equation for is
3 (B)
v
Ve, Vr
1 2
\
v v + v
m r

ORIGINAL PAGE IS
OF POOR QUALITY

B~4



i
ORIGINAL PAGE IS
OF POOR QUALITY

The following equations define the last three required partial derivatives

av(L.L)
_5_0_._= _ 0o BCLL - B-6
dh 3 (B) oh
v
av(LL)
o8 _ _ o8 BLL B
oh 3 (B) oh
v
(LL)
U BLL 0y, B8
dh ay (B) oh
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APPENDIX C

PARTIAL DERIVATIVE OF THE VECTOR

Bl v wrt )

The third of the frequently occurring required partial derivatives

is
—
cosBcos) vy + cosOsing 2
a_ sin¢sin6cos¢)v + (sin¢sinesin¢)v
38 ~cos@sing 1 +cosgcos( 2
coswsinecos¢)v + coswsinesin¢)v
i +singsing 1 -singcos¢ 2

The resulting matrix is given in Table C-1.

- s5iné v

+ singcosd v

+ cospcosO va

3

C~1
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rbﬁéaﬂm&wou ~ #soogursdurs)- w>necwm9mou - ésoogursdurs) - ba Hsodgsoodsos
€a gsoobsoo +
[4

A(dsooduts ~ pursgursdsoo)+

€A pursdurs~
N>Aenﬂmemoo - dsoogursdurs)+ (N dursgsoodurs+
w>ﬂeaﬂm&cﬁw + é$soogursdsoo) F>ﬁ%m00&woo + dursgursdurs)- ba dsoogsooduts
Ea @soo+
4 4
0 A dsoogsoot+ A dursguis-
ba duTrsgsoo- ba fsczguts-
9 3™ A D
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