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SUMMARY 

The purpose  of t h i s   s t u d y  was t o   o b t a i n  a t h e o r e t i c a l   f o r m u l a t i o n   f o r   t h e   p r e s -  
s u r e  on the   sur face   o f   an   a rb i t ra ry  body moving subsonically  through a compressible 
f l u i d   a n d   t o  implement the   formula t ion   numer ica l ly .   Impor tan t   appl ica t ions   ex is t   in  
t h e   a r e a s  of propel ler ,   hel icopter ,   and wing theory.  

Farassat   has   der ived a s o l u t i o n   t o   t h e  Ffowcs  Williams-Hawkings e q u a t i o n   t h a t  
descr ibes   the   acous t ic   p ressure   due  t o  an   a rb i t r a ry  body i n  motion. This so lu t ion  
has   been   ve ry   u se fu l   i n   ca l cu la t ing   no i se  due to   p rope l l e r s   and   he l i cop te r s .  It is  a 
s o l - i o n   t o   t h e  inhomogeneous wave equation  using  the  Green's  function  approach where 
sources are d i s t r i b u t e d   o v e r   t h e   s u r f a c e  of t h e  body. The pressure  on  the  surface  of  
t h e  body i s  assumed known. 

As i s  t y p i c a l  of in tegra l   so lu t ions   fornula ted   us ing   the   Green ' s   func t ion ,   the  
solution  developed by Farassa t  must be c a r e f u l l y   i n t e r p r e t e d  on the   su r f ace   o f   t he  
body. The proper way to   ob ta in   t he   gove rn ing   equa t ion   fo r   t he   su r f ace   p re s su re  i s  t o  
in t eg ra t e   exac t ly   ove r  a small region of t h e  body, t a k e   t h e  l i m i t  as the  "observer" 
approaches  the  surface,  and  then l e t  t h e   s i z e  of the  region  vanish.  This procedure 
is  well-known f o r  a doublet  distribution  and  the  Kirchhoff-Helmholtz  equation. As 
p a r t  of t h i s   s tudy ,   t h i s   p rocedure  was car r ied   ou t   for   Farassa t ' s   equa t ion ,  a non- 
t r i v i a l  problem s i n c e   t h e   i n t e g r a l  i s  over a body i n  three-dimensional  space  and 
time. The doublet   distribution  and  the  Kirchhoff-Helmholtz  equation  can  be shown t o  
be spec ia l   ca ses  of t he   r e su l t i ng   i n t eg ra l   equa t ion .  

The i n t e g r a l   e q u a t i o n   f o r   t h e   s u r f a c e   p r e s s u r e  i s  amenable to   s tandard  numerical  
in tegra t ion   techniques ,   bu t   spec ia l   p recaut ions  must be   t aken   i n   t he   v i c in i ty   o f   t he  
s i n g u l a r i t y  on t h e   s u r f a c e  of t h e  body. By b reak ing   t he   su r f ace   i n to  N regions 
and using  quadrature   over   these  regions,   one  obtains  a l i nea r   a lgeb ra i c   equa t ion .  
Repeating t h i s   p r o c e d u r e   f o r   t h e   o b s e r v e r   a t  N d i s t i n c t   p o i n t s   g i v e s  a system of 
l i nea r   equa t ions ,  whose so lu t ion   y i e lds   t he   p re s su re  a t  each  of  the N po in ts .  
These   p ressures   can   then   be   used   as   inputs   to   Farassa t ' s   equa t ion   to   f ind   the   no ise  
due t o   t h e  body o r   t o   f i n d   t h e   l i f t  and  drag. 

The above technique  resembles well-known panel  methods  of  aerodynamics  (e.g. , 
Smith  and Hess's method)   except   that   compressibi l i ty   effects   are   accounted  for  
exac t ly   v i a   r e t a rded  t i m e  wi thout   recourse   to   the   Prandt l -Glauer t   ru le .  This is  
impor tan t   s ince   the   ru le  i s  only  val id   for   two-dimensional  or  axisymmetric  flows- 
Since  the  governing  ( integral)   equat ion  for   surface  pressure  has   been  determined,  
t h e   p r e s e n t  method i s  a d i r e c t  method, i n   c o n t r a s t  t o  most  panel methods  where 
sources  and  doublets are d i s t r i b u t e d   o v e r   t h e  body and   the i r   s t rengths   de te rmined  
numerically.  Another  advantage  of th i s   t echnique   over  more conventional  panel 
methods i s  t h a t  it uses   t he   p re s su re  as the  dependent  variable.  These q u a n t i t i e s  are 
cont inuous  across   the wake, un l ike   the   ve loc i ty   po ten t ia l .   ' Iherefore ,   there  i s  no 
need t o  approximate  the wake's l oca t ion  or assume a d is t r ibu t ion   of   sources   over  it. 

A computer  program  has  been  written t o  implement the  above-descr ibed  theoret ical  
fo rnu la t ion   fo r   a rb i t r a ry   bod ie s   i n   r ec t i l i nea r   and /o r   angu la r  motion.  Numerical 
r e su l t s   have   been   ob ta ined   fo r   t he   su r f ace   p re s su re   d i s t r ibu t ion  on e l l i p s o i d s ,  
wings,  and he l i cop te r   ro to r s .  The agreement  between  these  results  and  those  from 
other   theoret ical   techniques  and  experiments   has   been good  even f o r   l i f t i n g   b o d i e s .  
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SYMBOLS 

a i n t e g r a t i o n   l i m i t   f o r  downwash i n t e g r a l  

a i j  

b 

b i  

C 

f $,t) 

I J I  
k 

K 
P 

KR 

KS 

ICT 
M 

Mn 

Mr 

Mr 
0 

element of ma t r ix   t ha t   mu l t ip l i e s   vec to r   o f   d i sc re t e   p re s su res  from system 
of a lgebra ic   equa t ions  ( a .  .c  = bi) 

i n t eg ra t ion  l i m i t  f o r  downwash i n t e g r a l  

1 3  P i  

element  of  vector  of inhomogeneous terms from  system  of  algebraic  equations 
(aijcpi = bi) 

vector  of inhomogeneous terms bi a f te r   apply ing   Kut ta   condi t ion  

speed  of  sound 

p res su re   coe f f i c i en t  p/ (p0V2/2) where V is  some c h a r a c t e r i s t i c   v e l o c i t y  

p re s su re   coe f f i c i en t  on i t h   p a n e l  

func t ion   descr ib ing  body sur face  

function  describing  €-region of body su r face  

integrand  of  downwash i n t e g r a l  

f i n i t e  element  shape  functions 

downwash i n t e g r a l  

Heaviside  function 

Legendre-Gauss we igh t   coe f f i c i en t   fo r   i t h  node 

or thogonal   un i t   vec tors  

Jacobian of transformation 

index  used  for  quadrature node 

k e r n e l   f o r   p r e s s u r e   i n t e g r a l  

r egu la r   ke rne l  

s ingu la r   ke rne l  

k e r n e l   f o r   v e l o c i t y   i n t e g r a l  

Mach number 

Mach number i n  normal d i r ec t ion ,  v n/c 

Mach number in   p ropaga t ion   d i r ec t ion ,  v r/c 

der iva t ive   o f  Mach number in   p ropaga t ion   d i r ec t ion ,  

+ A  

+ *  

v i  i 



Mt Mach number i n  t angen t i a l   d i r ec t ion ,  \ l M 2  - M t  
A 

n u n i t  normal  vector 

A 

i t h  component of sur face  normal vec tor  n 

N number of  elements  used t o   r e p r e s e n t  body 

P per turba t ion   pressure  

P i  pressure  on  i th   e lement   (observer  e l e m e n t )  

p ressure  on j t h  element  (source  element) 

viscous stress tensor  

p j  

pi j 

r = 131 

r vec tor   d i s tance  between source  and  observer, 2 - $(T) 
r = r‘/r 

9 

A 

9 
rO observer   posi t ion  vector  used i n   r e t a r d e d  t i m e  c a l c u l a t i o n s   ( f i g .  6) 
( X o , Y 0 , Z o )  

source   pos i t ion   vec tor   used   in   re ta rded  t i m e  c a l c u l a t i o n s   ( f i g .  6)  

R,R’ r a d i a l   d i s t a n c e s  on body su r face   ( f ig .  2) 

RS = i- 
Ratio = [cos 9/r 2 ( 1  - M r )  3 Iret  dS 

t observer  time 

Ti j L i g h t h i l l ’ s   s t r e s s   t e n s o r ,  puiuj + pij  - c ( p  - po)6ij 
2 

ui p e r t u r b a t i o n   f l u i d   v e l o c i t y   ( i t h  component) 

un per turba t ion   ve loc i ty  of f l u i d   i n   n - d i r e c t i o n ,  3 
U r e c t i l i n e a r   v e l o c i t y   o f  body 

-f 
V ve loc i ty  of body 

vi i t h  component  of v 9 

vn normal ve loc i ty  of body 

vni 

vr 

normal ve loc i ty  of i t h  element of body 

sur face   ve loc i ty   in   p ropagat ion   d i rec t ion ,  v r - % A  

v i i  i 



nondimensional  distance  from  leading  edge  of  airfoil  

a 

6 

E 

&1*&2 
-+ 
G I  Ti 

r) 

‘11 

q2 

0 

5 

52 

P 

PO 

7 

observer   pos i t ion   in   f rame  f ixed   to   undis turbed   f lu id  medium 

loca t ion  of observa t ion   po in t  x when it i s  on   the  body a t  t i m e  t = 0 -+ 

source   pos i t i on   i n   f r ame   f ixed   t o   und i s tu rbed   f l u id  medium 

loca t ion  of s o u r c e   i n  motion 

angle  of a t t ack  

= q L - 2  
= 1 2  
= 1- 

Mn 

angles  on s u r f a c e   i n  E-region ( f i g .  2) 

d i s tance  of source  from body i n  normal d i r e c t i o n  

Dirac   de l ta   func t ion  

Kronecker d e l t a  

s i z e  of ho le  removed from i n t e g r a l  

u n i t s   i n d i c a t i n g   s i z e  of ho le  removed from downwash i n t e g r a l   ( s e c t i o n  1 I . A )  

local   coordinate   system on panel   ( f ig .  4)  

coordinate   system  into which panel is transformed  for  quadrature 

transformation  used  in  &-region, P,”y - %Mt6 

l i m i t  o f   in tegra t ion ,  -&E 2 - SMt6 

limit of i n t e g r a t i o n ,  B n &  2 - M,,Mt6 

a rccos (n  r )  
A A  

transformation  used  in  &-region, sf$,. 
limit of in t eg ra t ion ,  $B,E 

per turba t ion   dens i ty  

dens i ty  of the  undis turbed medium 

re ta rded  time ( t i m e  of emission) , t - (r/c) 

ang le   u sed   i n  E-region ( f i g .  2)  

w magnitude  of  angular  velocity  of body 

i x  



a angular   veloci ty  of body 

'r (3 x ;) ; 
Subscript: 

re t   express ion  is  eva lua ted   a t   re ta rded   t ime,  z = t - r /c  

Notation: 

S F (  6) 6/16 I 
8 in tegra t ion   wi th  a spec i f i c   ho le  removed from  region of in t eg ra t ion  

0 2  wave operator 
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I INTRODUCTION 

I n   t h e   l a s t  few  decades,  renewed in t e re s t   i n   ro t a t ing   b l ade   t echno logy ,   spec i f i -  
ca l ly   i n   p rope l l e r s   and   he l i cop te r s ,   has   r eve r sed  a d e c l i n e   i n   p r o p e l l e r  development 
t h a t  began i n  t h e  1940's with  the  advent   of   gas   turbines .   Since  turbojets ,   and la ter  
tu rbofans ,   o f f e red   s ign i f i can t  improvements i n   r e l i a b i l i t y ,   w e i g h t ,  and  speed  propel- 
lers w e r e  re lega ted  t o  only a few spec i f i c   app l i ca t ions .  The low p r i ce   o f   fue l  
a l lowed  the   pursu i t  of higher  and  higher  speeds. However, t h e   r a p i d   i n c r e a s e   i n   f u e l  
c o s t s   i n   t h e   e a r l y  1970's changed the   equa t ion   fo r   d i r ec t   ope ra t ing   cos t s ,   and   t he re -  
f o r e   t h e   e f f e c t i v e n e s s  of a l l  forms  of t ranspor ta t ion   had   to   be   reeva lua ted .  It w a s  
soon r ea l i zed   t ha t   p rope l l e r s   cou ld   be  more e f f i c i en t   t han   t u rbo fans ,  even a t  r e l a -  
t ively  high  speeds  (up t o  M = 0.8 c r u i s e   ( r e f .  1) ). 

In   t he   fu tu re ,   h igh ly  swept  multibladed  propellers  (propfans) w i l l  improve pro- 
pu l s ive   e f f i c i ency  by 15 t o  22 percent  over  advanced  turbofans ( a t  M = 0.7 t o  0.8)  , 
even af te r   gear   and   tu rb ine   losses .  A t  lower   speeds,   the   propuls ive  eff ic iency  of  
p rope l l e r s  is  already  nearly 90 percent.  The p rope l l e r   de f in i t e ly   has  a p lace  as a 
propulsion  device of t h e   f u t u r e .  

Hel icopters   represent  a completely  different   appl icat ion of ro ta t ing   b lades .  
They have become more and more popular ,   bu t   for   reasons   o ther   than   e f f ic iency .  Their 
main advantage i s  t h e i r   a b i l i t y   t o   l a n d   i n   s m a l l   a r e a s ,  which o f t en   e l imina te s   t he  
need f o r  ground t r anspor t a t ion  from the   l and ing   pad   t o   t he   des t ina t ion .  This ground 
t r a v e l  t i m e  can   be   s ign i f icant ,   s ince  most a i r p o r t s   a r e   f a r  from c i t y   c e n t e r s .  
I n c l u d i n g   t r a v e l   f r o m   c i t y   t o   a i r p o r t ,   a n   a i r p l a n e   t r i p  from bndon  t o  Paris requ i r e s  
160 minutes; t h e  same trip by he l i cop te r   r equ i r e s  70 minutes  (ref.  2) .  

Hel icopters   sa t i s fy  many requirements  of  communities,  businesses,  and  the mili- 
ta ry .  They a r e   b e i n g   u s e d   t o   d e l i v e r   p a t i e n t s   t o   h o s p i t a l s  when t i m e  is  c r i t i c a l l y  
important ,   and  they  ass is t   in  l a w  enforcement,   forestry,   and  traffic  monitoring. 
Even r e l a t ive ly   sma l l   co rpora t ions   can   a f fo rd   he l i cop te r s   t o   ru sh  employees  from 
p l a c e   t o   p l a c e .  However, t h e   l a r g e s t  demand f o r   h e l i c o p t e r s  comes from t h e   m i l i t a r y  
for  rescue,  reconnaissance,   and  anti tank  roles.  In addition,  they  are  performing 
many tasks  formerly done by t rucks,   including  haul ing  a i rplanes,   t rucks,   and  tanks.  
Of primary  importance i s  t h e i r   r o l e   i n   r e s c u i n g ;   d u r i n g   t h e  Korean War, he l i cop te r s  
t ransported  over  2 3  000  ca sua l t i e s ,   ove r   ha l f  of  which would have  otherwise  died 
( r e f .  2 ) .  

With  renewed i n t e r e s t   i n   r o t a t i n g   b l a d e   t e c h n o l o g y ,   t h e r e  is  a concomitant 
i n t e r e s t   i n   t h e   a c o u s t i c   a n d  aerodynamic charac te r i s t ics   o f   ro ta t ing   b lades .   Despi te  
many advances in   ae roacous t i c s ,   r e l a t ive ly  l i t t l e  has  been  accomplished i n  developing 
e f f i c i e n t  aerodynamic  methods fo r   p rope l l e r s   and   he l i cop te r s .  The present  work 
p resen t s  a compressible  aerodynamic method t h a t  is e s p e c i a l l y   u s e f u l   f o r   r o t a t i n g  
blades.   Specif ical ly ,   an  integral   equat ion  governing  the  pressure on the   su r f ace  of 
a n   a r b i t r a r y  body i s  developed,  and a f i n i t e  element  numerical  procedure  (panel 
method) is  u s e d   t o   s o l v e  it. The theory is  l inear   and  inviscid,   and  the  dependent  
v a r i a b l e  i s  the   p ressure ,  which i s  governed by t h e  wave equation. 



A. Motivation 

The present   s tudy  was motivated by a need f o r   e f f e c t i v e   n o i s e   p r e d i c t i o n  methods 
f o r  moving bodies ,   especial ly   rotat ing  blades.   There are seve ra l   fo rmula t ions   fo r  
the   no ise  due t o  moving bodies   ( ref .  3 ) .  The g o v e r n i n g   p a r t i a l   d i f f e r e n t i a l  equa- 
t ions   and  boundary condi t ions  are   usual ly   reduced t o  in tegra l   formula t ions   us ing   the  
Green 's   funct ion.   These  formulat ions  descr ibe  the  pressure  in  terms o f   i n t eg ra l s  
ove r   t he   su r f ace  of t h e  body,  and the   su r f ace   p re s su re  i s  c o n t a i n e d   i n   t h e   i n t e g r a n d s  
of these  equations.   Therefore,  detailed su r face   p re s su re   da t a  are r equ i r ed   t o   ca l cu -  
l a te  the  noise .  

Current ly   the  required  surface  pressure  data   can  be  obtained  in   several   d i f fer-  
e n t  ways. In  some cases,   blade  element  theory i s  used  with  standard  aerodynamic  cor- 
r ec t ions   fo r   compress ib i l i t y .  In  others ,   experimental  measurements a r e  used. What- 
ever   the  technique,   surface  pressure is  usually  obtained  via  standard  aerodynamic 
methods t h a t  were  developed  before  the  advent  of  high-speed  computers. 

The present  work shows tha t   t he   su r f ace   p re s su re   can   be   ca l cu la t ed  from t h e  same 
in t eg ra l   fo rmula t ions   t ha t  govern the   acous t i c s .  However, i n   t h i s   c a s e ,   i n s t e a d   o f  
having   an   in tegra l   representa t ion ,   one   ob ta ins   an   in tegra l   equa t ion ,   spec i f ica l ly  a 
s ingular ,  inhomogeneous  Fredholm integral   equat ion  of   the  second  kind.  

The key word above is s ingular .   Without   this   complicat ion,   there  would be  few 
d i f f i cu l t i e s .   S ingu la r   i n t eg ra l   equa t ions   a r e  ambiguous unless   in te rpre ted   p roper ly .  
This i n t e r p r e t a t i o n  forms much of t h i s   r epor t   and  i s  d i s c u s s e d   i n   d e t a i l   i n   s e c -  
t i o n  11. In f a c t ,   t h e  main cont r ibu t ion  of t h e   p r e s e n t  work i s  t o  de r ive   t he  govern- 
i n g   i n t e g r a l   e q u a t i o n   f o r   s u r f a c e   p r e s s u r e   a n d   t o   s o l v e  it f o r   s e v e r a l   d i f f e r e n t  
bodies   using a panel method. 

By us ing   the   acous t ic   formula t ion  t o  determine  surface  pressures  and  thus 
eliminating  the  need  for  ad  hoc  aerodynamic methods or   exper iment ,   the   en t i re   no ise  
p red ic t ion  methodology f o r  moving bodies becomes autonomous. Also, as progress  is 
made i n  modeling more and more aspec ts  of the  actual   f low,   they  can  be  included  both 
in   su r f ace   p re s su re   ca l cu la t ions   and  i n  noise   calculat ions  s imultaneously.  In  addi- 
t i o n ,  by us ing   t he  same theory  to   predict   aeroacoust ics   and  aerodynamics,   one may be 
ab le   t o   deve lop  a deeper  understanding  of  the two phenomena. 

The acoust ic   formulat ions  presented  herein were or ig ina l ly   sugges ted  by 
Lighthi l l   based on the   acous t ic   ana logy   ( re fs .  4 and 5 ) .  Ffowcs Williams  and 
Hawkings ( r e f .   6 )  expanded t h i s   c o n c e p t   t o   i n c l u d e   t h e   e f f e c t s   o f   s o l i d   s u r f a c e s  by 
wri t ing  the  governing  equat ions of f l u i d  mechanics i n   t h e  form  of a n  inhomogeneous 
wave equat ion   ( in  terms of   p ressure   o r   dens i ty) .  The inhomogeneities  represent 
boundary condi t ions ,   nonl inear i t ies ,   and   v i scous   e f fec ts .  

Using the  f ree-space  Green 's   funct ion,   one  can  der ive  an  integro-different ia l  
equation  from  the  acoustic  analogy.  This  equation  does  not  represent a so lu t ion  
per se, but  for  numerical  purposes it makes the  problem more t r a c t a b l e .  Farassat 
(refs. 7 and 8) h a s   r e d u c e d   t h i s   d i f f e r e n t i a l   i n t e g r a l   f o r m u l a t i o n   t o   s t r i c t l y   a n  
in tegra l   formula t ion ,  which i s  even more amenable t o  numerical  treatment  because  the 
need for   numer ica l   d i f fe ren t ia t ions  is  eliminated.  Farassat 's   equation forms t h e  
s t a r t i n g   p o i n t  of t he   p re sen t   ana lys i s .  

Using the  acoustic  analogy  approach  implies  that   the  pressure  (or  density) is 
the  dependent  variable. In   l inear ized   theory   the   p ressure  i s  p r o p o r t i o n a l   t o   t h e  
acce le ra t ion   po ten t i a l ,  as or ig ina l ly   d i scussed  by P r a n d t l   i n  1936 ( re f .   9 ) .   S ince  
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then  others   have  used  the  pressure,   or   accelerat ion,  method, notably  Gssner  
( r e f .  10) and Kondo ( r e f .  11) and, more recent ly ,  Van Holten  ( ref .  12) and Dat 
( r e f .  13) .  Since   t he   p re sen t   e f fo r t  was motivated by t h e   d e s i r e   f o r   e f f i c i e n t   n o i s e  
p red ic t ion  methods,  working i n   t h e   p r e s s u r e   f o r m u l a t i o n  i s  na tura l .  There w a s  no 
i n t e r e s t   i n   t h e   d e t a i l s  of t h e  wake, t h e  downwash, or  t h e   t r a i l i n g   v o r t i c e s   e x c e p t  
i n  haw they   a f fec t   the   p ressure   and   normal   f lu id   ve loc i ty   on   the   sur face .  A major 
advantage i n   u s i n g   t h i s   f o r m u l a t i o n  as opposed t o   u s i n g   t h e   v e l o c i t y   p o t e n t i a l  i s  
t h a t   t h e r e  is  no  need t o  in t eg ra t e   ove r   t he  wake. S ince   the   p ressure ,   un l ike   the  
v e l o c i t y   p o t e n t i a l ,  i s  cont inuous  across   the wake, t h e r e  are no i n t e g r a l s   o v e r   t h e  
sur face  of t h e  wake. Of cou r se ,   t he   e f f ec t s  of t h e  wake and t r a i l i n g   v o r t i c e s  must  
be  accounted  for.  This i s  d i s c u s s e d   i n   s e c t i o n  JV. 

Linearized  acoustics  and  l inearized  compressible  aerodynamics are one  and t h e  
same. They both  derive  from a small perturbat ion  of   the  cont inui ty   and  Euler  equa- 
t i o n s ,  which can  be combined t o   g i v e   t h e  wave equation. The l i n k  between acous t i c s  
and  aerodynamics i s  e x p l o i t e d   i n  few works as much a s  it i s  here ,  however.  Gener- 
a l l y ,   a c o u s t i c s  i s  concerned   wi th   the   s igna l   a f te r  it has   r ad ia t ed  from t h e  body. 
Aerodynamics i s  concerned  with  determining  the  forces   on  the body. In   the   cur ren t  
work, b o t h   e f f e c t s  are s h m n   t o   o r i g i n a t e  from t h e  same phenomenon. J u s t  as one  can 
f i n d   t h e   p r e s s u r e  on a v ib ra t ing   p i s ton   u s ing   t he  Kirchhoff-Helmholtz ( r e f .  1 4 )  
i n t eg ra l   equa t ion ,   t he   p re s su re  on the   su r f ace  of  any ( t h i n  o r  s lender )  moving body 
can  be  determined  using  Farassat 's  equation. 

A s  already  mentioned,  linearized  compressible  aerodynamics is  governed by t h e  
wave equation;  for  two-dimensional  or  axisymmetric  bodies i n   s t e a d y ,   r e c t i l i n e a r  
motion, t h e  problem i s  s implif ied  considerably.  With the  Prandtl-Glauert  transforma- 
t i o n ,   t h e  wave equation  can  be  transformed  into  the  Laplace  equation, so t h a t  one  can 
use   t he  well-known and  powerful methods  of po ten t ia l   theory .  For f i n i t e   b o d i e s  
undergoing  very  complicated  motions  such  as   spinning,   v ibrat ing,   and  t ranslat ing,   the  
problem i s  not  s o  simple. One has  no a l t e rna t ive   bu t  t o  s o l v e   t h e  wave equation. 

In   the   pas t ,   compress ib i l i ty   cor rec t ions   deve loped   for   two-dimens iona l   bodies   in  
r e c t i l i n e a r  motion  were  used when so lv ing   fo r   t he  aerodynamics  of ro t a t ing   b l ades .  
The blade was divided  into  sect ions  a long  the  span  and  each  sect ion  t reated  as   though 
it w e r e  i n  r e c t i l i n e a r  motion  with  Prandtl-Glauert  or Karman-Tsien co r rec t ions   fo r  
compressibi l i ty .  Although t h e r e  are more appropriate   techniques  such  as   the 
Goldstein-Lock  method ( r e f s .  15 and 1 6 ) ,  t hese  do not  apply t o   h e l i c o p t e r   b l a d e s   i n  
forward f l i g h t  and   they   a l so   requi re   cor rec t ions   for   compress ib i l i ty .  The method 
presented   here in   represents   an   ac tua l   so lu t ion   to   the   govern ing   equat ion ,   the  wave 
equation.  Compressibility,  three-dimensionality,  and  complicated  motions are t r e a t e d  
t o g e t h e r   i n  a unified  fashion. 

Using t h e  wave equa t ion   d i r ec t ly  means t h a t   t h e  problem i s  four-dimensional, i n  
space  and t i m e .  I n   t h e   p a s t   t h i s  was a serious  obstacle,   but  today  with  high-speed 
computers it is not. In f a c t ,  once  one becomes accustomed t o   t h e   n o t i o n  of four  
dimensions, the   phys ics  becomes much more understandable. 

Compress ib i l i ty   mani fes t s   i t se l f   v ia  a f in i te   p ropagat ion   speed  of dis turbances.  
I n   t h i s  work, compress ib i l i t y   e f f ec t s  are accounted  for by c o n s i d e r i n g   t h i s   f i n i t e  
propagation  speed. The t i m e  of propagat ion ,   o r   the   d i s tance   the   s igna l   ac tua l ly  
t r a v e l s ,  i s  ca l cu la t ed   exac t ly .   In   r ec t i l i nea r  motion t h i s   c a l c u l a t i o n  i s  completely 
equivalent  t o  the  Prandt l -Glauert   t ransformation,  which " s t r e t ches"   t he  body t o  
account   for   the   ac tua l   d i s tance   the   s igna l   t rave ls .  Because t h e  body and   the   s igna l  
are moving, t h e   s i g n a l  must t r a v e l   f a r t h e r  from  one  point  on  the body t o  another. 
In   t he   cu r ren t  work  by using  four  dimensions  and  the wave equa t ion ,   t he   e f f ec t  i s  
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accounted   for   exac t ly   for   a rb i t ra ry   mot ions .   Compress ib i l i ty  i s  discussed later 
i n  terms of re ta rded  t i m e ,  which has  also  been  used by g s s n e r   ( r e f .  IO)  , Kondo 
( r e f .  11) , Van Holten  ( ref .  12) , Dat ( re f .   13) ,   and  Morino ( r e f .   17 ) .  

After the   in tegra l   equa t ion   govern ing   the   sur face   p ressure  is de r ived ,   t he  
numerical  technique  used t o   s o l v e  it is  discussed. The computational method can  be 
c l a s s i f i e d   a s  a f i n i t e  element  technique  (ref.   18),   but it is  more accu ra t e ly   ca l l ed  
a panel  method. Throughout t h i s  work t h e  words element  and  panel are used  inter-  
changeably.  In a panel  method, t he   su r f ace   o f   t he  body i s  approximated by a f i n i t e  
number o f   quadr i l a t e ra l s   and   t he   p re s su re  i s  assumed t o  follow some given  behavior 
over  each  element; i n   t h i s   c a s e  it i s  assumed t o  be  constant  over  each  element. 

The numerical   approach  used  here  can  also  be  classified as a boundary i n t e g r a l  
equation ( B I E )  method ( re f .   19)  which has  become ve ry   popu la r   i n   t he  l as t  few 
decades.  This  method  has  been  used i n   s e v e r a l   d i f f e r e n t   f i e l d s   i n c l u d i n g   f r a c t u r e  
mechanics ( r e f .  2 0 )  , po ten t i a l   t heo ry   ( r e f s .  2 1 and 2 2 ) ,  s t ruc tu res   ( r e f .   23 )  , and 
acous t i c s   ( r e f s .  2.4 and  25). The advantage  of  these  methods i s  t h a t   t h e  problem i s  
reduced  from  one i n   s p a c e   t o  one  over a hypersurface. 

Probably  the  most common examples  of B I E  o r   p a n e l  methods a r e   t h e  aerodynamic 
codes  of Hess and Smith ( r e f s .  26 and  27). Their codes were o r ig ina l ly   des igned   t o  
s o l v e   f o r   t h e   v e l o c i t y   p o t e n t i a l  on n o n l i f t i n g   b o d i e s   i n   r e c t i l i n e a r  motion ( r e f .  2 8 )  
and la ter  were  expanded t o   i n c l u d e   t h e   e f f e c t s  due t o   l i f t   ( r e f .   2 9 ) .  The governing 
in t eg ra l   equa t ion  i s  tha t   g iven  by  Lamb ( r e f .  30) as t h e  Green's  function  formulation 
of the  Laplace  equation. This i s  e s s e n t i a l l y  a d i s t r ibu t ion   ove r   t he   su r f ace   o f   t he  
body and  the wake of sources  and  doublets whose s t r eng ths  are a d j u s t e d   t o   s a t i s f y   t h e  
appropriate  boundary  conditions. Numerous o the r   ve ry   e f f ec t ive   pane l  methods e x i s t ,  
notably MCAIR ( r e f .   31 ) ,  MBB ( r e f .  32) , PANAIR ( re f .   33) ,   and  NLR ( r e f .   3 4 ) ,  which 
were developed by McDmnell  Douglas, Messershmitt-Rolkow-Blohm, Being ,   and   t he  
Netherland's  National  Aerospace  Laboratory,  respectively. 

Panel methods  have  been v e r y   e f f e c t i v e   f o r   a i r c r a f t   c o n f i g u r a t i o n s ,   b u t   t h e y  are  
no t   su i t ab le   fo r   ro t a t ing   b l ades   because   t hey   u se  two-dimensional  compressibility 
cor rec t ions   (Prandt l -Glauer t ,   Gther t ,   o r  Karman-Tsien r u l e s   ( r e f s .  35 and  36) ) and 
they  assume r e c t i l i n e a r  motion.  Furthermore, t h e s e  methods a r e   a l l   t o o   c o m p l i c a t e d  
t o   j u s t i f y   u s i n g  them t o   c a l c u l a t e   t h e   i n p u t s   ( s u r f a c e   p r e s s u r e s )   t o  a n  acous t i c s  
p red ic t ion  program. They would be much too   cos t ly   t o   adap t   and   t o   run .  The e f f i -  
ciency of the   p resent   formula t ion   suppor ts   th i s   c la im.  

Another  panel method, developed by Morino ( r e f s .  17 and  37) , does  account  for 
compress ib i l i ty   in   t e rms  of retarded  t ime. This method i s  an   inv isc id   ve loc i ty-  
p o t e n t i a l   f o m l a t i o n   i n   c o n t r a s t   t o   t h e   p r e s e n t   p r e s s u r e   f o r m u l a t i o n .  As discussed 
e a r l i e r ,  one must i n t e g r a t e   o v e r   t h e  wake  when t h e   v e l o c i t y   p o t e n t i a l  i s  t h e  depen- 
dent  variable.  Furthermore,  Morino's method r e s u l t s   i n  a convected wave equation 
because  the  frame  of  reference i s  no t   f i xed   t o   t he   und i s tu rbed   f l u id .   Apparen t ly  
he   fo re saw  ma in ly   a i r c ra f t - type   app l i ca t ions   fo r   t h i s  work and  thus  the  emphasized 
r e c t i l i n e a r  motion. The in t eg ra l   equa t ion   t hus   acqu i r e s  a very  complicated  form 
t h a t  would seem t o  limit i t s  u t i l i t y   i n   c l a r i f y i n g   t h e   p h y s i c s  of t h e  problem ( s e e  
eq. 1.5, r e f .  1 7 ) .  In   addi t ion ,   a l though  bo th   the   p resent  method and  kbrino's method 
(SOUSSA-P 1.1 ( r e f .  38) 1 have  been programmed for   the   case   o f   l inear ized   theory   and  
both  could  be  expanded t o   i n c l u d e   n o n l i n e a r   e f f e c t s ,   t h e   p r e s e n t  method cou ld   a l so   be  
expanded t o   i n c l u d e   v i s c o u s   e f f e c t s   ( s i n c e   v i s c o s i t y  i s  a l r eady   i nc luded   i n   t he  
Ffowcs Williams-Hawkings (FW-H) equat ion) .  
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Another  important  point  regarding  the method of   reference 17 concerns  the treat- 
ment of t he   s ingu la r i ty   i n   t he   i n t eg ra l   equa t ion .   Th i s   t r ea tmen t  i s  a l s o   r e f e r r e d  
t o  as in te rpre t ing   the   equat ion ,   regular iz ing   the   equat ion ,   o r   pu t t ing   the   observer  
on the   sur face   and  is  performed i n   s e c t i o n  1 I . C  of t h e   p r e s e n t  work. Although b r i n o  
c r i t i c i zes   Widna l l ' s  method because it requi res  a Cauchy p r inc ipa l   va lue   i n t e rp re t a -  
t i o n ,  Morino does  not s ta te  t h a t   h i s  method cou ld   a l so   be   c l a s s i f i ed  as such.  In 
f a c t ,  so could a l l   s u r f a c e   s i n g u l a r i t y  methods, i nc lud ing   t he   p re sen t  one. This 
l eads   t o   t he   ques t ions   o f  how one treats the   s ingu la r i ty   and   t he  meaning  of t h e  
Cauchy pr incipal   value.  In  t h i s   r e p o r t   t h e   s i n g u l a r i t y  i s  t r ea t ed   ana ly t i ca l ly   and  
its r e l a t i o n   t o   t h e  Cauchy pr inc ipa l   va lue  i s  demonstrated.  Wrino  claims t o  have 
done t h i s   a l s o   ( u s i n g  a v e l o c i t y - p o t e n t i a l   f o r m l a t i o n ) ,   b u t   t h e   r e s u l t s  seem t o  
d i f f e r  from those  presented  here.  A l l  of t h i s  is d i s c u s s e d   i n   s e c t i o n  1 I . C .  

The remainder  of  section I is  devoted t o   p r e s e n t i n g   t h e  FW-H equation  and  one  of 
Farassa t ' s   so lu t ions  t o  it. For completeness ,   the   l inear ized  vers ion of t h e  FW-H 
equation i s  derived. These s e c t i o n s   a l s o   i l l u s t r a t e   t h e   i m p o r t a n c e  of general ized 
func t ion   theory   ( re f .  39). 

B. Ffowcs Williams-Hawkings (FW-H) Equation 

The Ffowcs  Williams-Hawkings (FW-H) equation i s  

where n2 s i g n i f i e s   t h e  wave opera tor ,  

This  equation was f i r s t   d e r i v e d   i n   r e f e r e n c e  6. Farassa t   a l so   der ived  it i n   r e f e r -  
ence 8 using a method c a l l e d  embedding. It represents  a combination  of  the mass 
continuity  and  conservation  of momentum equat ions ,   p lus   the  boundary conditions.  

The f i r s t  t e r m  on t h e   r i g h t  hand s ide  of   equat ion ( 1 )  behaves l i k e  a monopole. 
It r ep resen t s   t he  normal ve loc i ty  boundary condition. One can   envisage   th i s   as  a 
d is t r ibu t ion   of  mass sources.  OTten ca l l ed   t he   " th i ckness"  t e r m ,  it i s  shown sub- 
sequently t o  be   t he   equ iva len t   t o   t he   t h i ckness  terms used i n   l i n e a r i z e d  
aerodynamics. 

The second term behaves  l ike a d ipole   d i s t r ibu t ion   and  i s  due t o   t h e   v i s c o u s  
s t r e s ses   and  thermodynamic p res su res   ac t ing  on the   su r f ace .  

The las t  term o n   t h e   r i g h t  hand s i d e  i s  the  quadrupole term. It conta ins   the  
nonl inear   e f fec ts ,   such  as turbulence .   In   L ighth i l l ' s  work ( r e f .  5), t h i s  w a s  t h e  
only term on   t he  right hand s ide ,   bu t  it is usually  considered  unimportant  for  noise 
due t o  moving bodies. However, p re l imina ry   s tud ie s   r ecen t ly   conduc ted   i nd ica t e   t ha t  
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t h e s e  terms can  be  s ignif icant   in   the  t ransonic   and  high  supersonic   speed  regimes  for  
t h i n  wedge-shaped a i r f o i l s   ( r e f s .  40 and  41). 

The FW-H equation i s  eas i ly   der ived  from the  governing  equat ions  of   f luid 
mechanics  using  the embedding procedure  (ref.  8) .  This procedure  converts  the 
problem i n t o  one i n  unbounded space. The boundary condi t ions  become source terms, 
so that  the  free-space  Green's  function  can  be  used. A simple example i s  given i n  
reference 8. Converting  boundary  conditions t o   s o u r c e s  i s  no t  uncommon and i s  dis- 
cussed i n   r e f e r e n c e  42 (pp. 791-792). 

Throughout th i s   s tudy   on ly   the   l inear ized   vers ion   of   the  FW-H equation is  used; 
thus ,   for   comple teness   th i s   vers ion  i s  derived. The small perturbation  forms  of  the 
governing  equations  of  fluid  mechanics are 

aUi 2-92 
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where a l l  terms higher   than   f i r s t   o rder   a re   neglec ted   and   the  summation convention i s  
implied. These are a l s o   r e f e r r e d   t o  as the   l inear   acous t ic   equa t ions .  Their range 
o f   va l id i ty  i s  d i scussed   i n   r e f e rence  14. 

I f   t h e   d e r i v a t i v e s   a r e   i n t e r p r e t e d  as gene ra l i zed   de r iva t ives   ( r e f s .  39 and  43) 
a n d   t h e   f i e l d   v a r i a b l e s  are de f ined   a s   gene ra l i zed   func t ions ,   t hen   t he   poss ib i l i t y   o f  
f i n i t e  jumps i n   t h e s e   v a r i a b l e s  (e. g. , across  surfaces  and  shocks) ms t  a l so   be  
included  in   these  equat ions.   I f   one  considers   only  subsonic   f low,   the  only  discon-  
t i n u i t y   s u r f a c e  is  t h e  body and t h e  wake. It i s  e a s i l y  shown that   the   governing 
equation  €or  the  pressure  has  no  contribution  from  the wake. If one is  i n t e r e s t e d  
i n   t h e   v e l o c i t y   p o t e n t i a l ,   t h e  wake must  be  considered. In  t h i s   r e p o r t   t h e  wake i s  
not  even  included  because  the  result  would be  unchanged i f  it were. 

I n t e r i o r   t o   t h e  body t h e   a c o u s t i c   q u a n t i t i e s   a r e  assumed equal   to   zero.   This  
is  a r b i t r a r y ,  however,  and f o r   o t h e r  problems it may be  advantageous t o  assume some 
other  value.  The procedure i s  car r ied   ou t   formal ly  by w r i t i n g   a l l   t h e  flow  quanti- 
t ies mult ipl ied by a Heaviside  function H ( f )  where f ( x , t )   d e s c r i b e s   t h e  body sur -  
face  and f < 0 i n s i d e   t h e  body. As examples,  ap/at  and  ap/axi become 

+ 
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where the  bars  over  derivatives  denote  generalized  differentiation. Also, the 
brackets  indicate  the  jump in that  quantity  across  the  surface.  Note  that  inside the 
body,  pressure,  density,  and  fluid  velocity  perturbations  all  vanish.  The  operators 
of  equations (2) and ( 3 )  are  applied to the generalized  quantities as follows: 

The terms  in  parentheses  vanish  because  of  equations (2) and ( 3 ) .  Using the  relation 
(ref. 30) 

- af + vi ax a €  - 
at - 0  

i 

where  vi is the  velocity 
body  is 

of  a  point on  the  body,  and  noting  that  the  normal  to  the 

gives 

Since  there  is  no  flow  through  the  body, 

u = v  n  n 

Using  these  relations,  equations ( 4 )  and (5) become  (after  eliminating  second  order 
terms) 
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Taking   the   genera l ized   der iva t ive  of equations ( 6 )  and ( 7 )  w i t h   r e s p e c t   t o  xi and 
t, respec t ive ly ,   and   subt rac t ing   y ie lds  

which is t h e   l i n e a r i z e d  FW-H equation. Terms involving  products  of  small   perturba- 
t ion   quant i t ies   have   been   neglec ted ,   a long   wi th   v i scous   e f fec ts .  It i s  well-known 
that   near   s tagnat ion  points   the  assumption  of   small   per turbat ions i s  not   va l id ,   bu t  
t h i s   a f f e c t s   o n l y  a small reg ion   a round  the   s tagnat ion   po in t   ( re f .  44,  p.  209). 

An impor tan t   po in t   to  make a t  t h i s  t i m e  conce rns   t he   p re s su re   fo rmla t ion   ve r sus  
the  veloci ty-potent ia l   formulat ion.  The present  work u s e s   t h e   p r e s s u r e   a s   t h e  
dependent  variable  and  the  flow is  l inea r i zed  from the  beginning. In t h e   p a s t  it has 
been more common t o  use  t h e   v e l o c i t y   p o t e n t i a l ,   e s p e c i a l l y   f o r   v e r y  low speeds,  
because a t  speeds much less than  the  speed  of  sound  one  can assume tha t   t he   f l ow i s  
incompressible .   In   this   case  the  cont inui ty   equat ion becomes 

o r  

v cb= 0 
2 

where 

V$= Ut 
-+ 

and $ i s  the   ve loc i ty   po ten t i a l   and  i$ i s  t h e   n e t   f l u i d   v e l o c i t y .  Thus t h e  
v e l o c i t y   p o t e n t i a l  is  governed by t h e  well-known Laplace  equation. b r e  importantly,  
however, t h e r e  i s  no  need t o  assume small per turba t ions .  Thus, f o r   v e r y  l o w  speeds 
and  inviscid  f low,  the  problem is  r e l a t i v e l y   e a s y   t o   s o l v e   w i t h  a l l  t h e   n o n l i n e a r i t y  
contained  in   the  Bernoul l i   equat ion.  

On t h e   o t h e r  hand, i f  one  begins  with  the  small   perturbation  theory of  equa- 
t i o n s  ( 2 )  and ( 3 ) ,  the  governing  equation is  t h e  wave equat ion  (on  the  pressure,  
ve loc i ty ,   and   ve loc i ty   po ten t ia l ) .  But a t  very low subsonic speeds, us ing   t he  wave 
equation on the   p re s su re  is  not  as accura te   as   us ing   the   Laplac ian  on t h e   v e l o c i t y  
po ten t i a l   ( e spec ia l ly   nea r   s t agna t ion   po in t s ) ,   because   t he   p re s su re   s a t i s f i e s   t he  
Laplacian  only  for  small   perturbations.  The  momentum equat ion i s  nonl inear ,  so  t h a t  
the  Bernoul l i   equat ion is nonlinear. 
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The r e l a t i o n  between t h e  above theo r i e s  i s  somewhat complicated  because it 
involves two d i f f e r e n t  asymptotic expansion  procedures.  In  the small per turba t ion  
method one  assumes t h a t  

p t  - Po 
- + EP'  + ... 

.+ ut = E;' + . . . 

where pt and  pt a r e   t h e   n e t   d e n s i t y  and  pressure,  po i s  the   p re s su re  of t h e  
undisturbed medium, the   p r imes   ind ica te   per turba t ion   quant i t ies ,   and  E i s  a measure 
of t h e  body thickness .   This  method becomes exact   as   the  thickness   approaches  zero.  
It i s  o f t en   u se fu l  away from  s tagnat ion  points   even  for   re la t ively  thick  bodies .   In  
the  incompressible  problem  one  assumes  that E i s  a measure  of t h e  Mach number. 
This i s  e x a c t   a s  M + 0 f o r  any body and i s  known t o  be   u se fu l   fo r  small b u t   f i n i t e  
Mach numbers ( r e f .  3 5 )  . 

However, s i n c e   t h e  main concern  here i s  i n   r o t a t i n g   b l a d e s ,  which a r e   t h i n  and 
usua l ly   opera te   a t   h igh   speeds ,   the   l inear ized   smal l   per turba t ion   theory  i s  appro- 
pr ia te .   This   formulat ion w i l l  be   accurate  as long   a s   t he   d i s tu rbances  remain small, 
even a t   r e l a t i v e l y   h i g h   s u b s o n i c  Mach numbers. In   fac t ,   th i s   formula t ion   g ives   use-  
fu l   r e su l t s   fo r   supe r son ic   mo t ions   a l so .  However, one  must  then  account  for  multiple 
emission times. The transonic  regime i s ,  of course ,   inherent ly   nonl inear .  

C.  F a r a s s a t ' s   S o l u t i o n   t o  FW-H Equation 

Fa ras sa t   has   de r ived   s eve ra l   d i f f e ren t   i n t eg ra l   r ep resen ta t ions  of t h e  FW-H 
equation. Each one i s  p a r t i c u l a r l y   w e l l   s u i t e d   t o  a d i f f e ren t   app l i ca t ion   o r  numer- 
i ca l   so lu t ion   t echn ique  
work i s  equation ( 9 )  of 

( r e f .  45) .  The one t h a t  i s  most   appropr ia te   for   the   p resent  
re ference  8: 

where 

cos e =  n r 
A A  
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The subsc r ip t  re t  s i g n i f i e s   t h a t   t h e   e x p r e s s i o n  is  t o   b e   e v a l u a t e d   a t   r e t a r d e d  
t i m e  't. This  accounts  for  compressibil i ty  of  the  f low where the  "source" a t  $(T) 
( i n  motion) emits a s i g n a l   t h a t   a r r i v e s  a t  the   s ta t ionary   "observer"  a t  ?i a s h o r t  
t i m e  a f t e r  it i s  emitted. This i s  un l ike   i ncowress ib l e   f l ow where s i g n a l s   t r a v e l  
with  inf ini te   speed.   Therefore   the  integrat ion  over   the body s u r f a c e ,   f ( % , t )  = 0 ,  
i s  n o t   c a r r i e d   o u t   a t  a single  emission  t ime T because   d i f fe ren t   po in ts  on the   sur -  
f ace  have different   emission  t imes.  Of course,  one i s  on ly   i n t e re s t ed   i n   t he   s igna l s  
t h a t   a r r i v e   a t  x' a t  t h e  same t i m e .  Note tha t   re ta rded   t ime i s  a more common con- 
cept i n  e lectromagnet ic   theory  than  in   acoust ics   or   aerodynamics  ( ref .  46) .  

It is sometimes usefu l   to   cons ider   the   re ta rded   t ime  process  i n  r e v e r s e   o r d e r   i n  
terms  of a co l laps ing   sphere   ( re f .  8), a s  Nystrom and  Farassa t   ( re f .  45) d i d   i n   t h e  
ca l cu la t ion  of t he   no i se  due t o  high-speed  propellers.  

It should  be remembered tha t   equa t ion  (8)  i s  not  a so lu t ion   pe r  se, bu t  more 
accura te ly  a representa t ion .   S ince   the   in tegra ls   conta in   the  unknown, the   p re s su re  
on the   su r f ace  of t h e  body, t h e  problem  has  not  actually  been  "solved." However, i f  
one knows the   su r f ace   p re s su re  on a given body, equation (8) p red ic t s   t he   no i se  due 
t o   t h a t  body. 

Equation (8)  r e p r e s e n t s   t h e   s t a r t i n g   p o i n t   f o r   t h i s   r e p o r t .  Although it has 
been e f f e c t i v e   i n   p r e d i c t i n g   n o i s e  from bodies  in  motion, it has  not  been  used t o  
p red ic t   su r f ace   p re s su res  on a rb i t ra ry   bodies ,   main ly   because   the   in tegra ls  become 
s ingu la r  when the  observer  i s  on the   sur face .  A mathematical  limiting  procedure i s  
r equ i r ed ,   t he   de t a i l s  of  which a re   desc r ibed   i n   t he   nex t   s ec t ion .  

I I. ANALYSIS 

A. Singular   Integrals   and Boundary Solut ions 

Singular   integrals   are   very common i n  mathematical  physics  because  of  the 
frequent  use  of  the  Green's  function  technique, which can  be  thought  of  as a d i s t r i -  
bution of s i n g u l a r i t i e s   o r   d e l t a   f u n c t i o n s .  Whenever one des i res   sur face   in format ion  
from  such a method, s i n g u l a r   i n t e g r a l s  may arise. These s i n g u l a r i t i e s  must  be i n t e r -  
preted  properly  to   obtain  meaningful   resul ts ,   because  t ruly  s ingular   integral   equa-  
t i o n s   a r e  ambiguous. Usually, however, t h e s e   i n t e g r a l s   a r e   s p e c i a l   c a s e s  of  regular 
i n t e g r a l s ,  and the i r   p rope r   i n t e rp re t a t ion   can  be i n f e r r e d  from the  physics .  

S ingu la r   i n t eg ra l s  are espec ia l ly  common i n  aerodynamic  theory  because of t h e  
emphasis on surface  data .  They appear   in   equa t ions   for   the   ve loc i ty   po ten t ia l ,   the  
acce lera t ion   po ten t ia l ,   and   the  downwash i n t e g r a l ,   t o  name a few. They are t h e   b a s i s  
of t he  modern panel methods as well as l i f t i n g   s u r f a c e   a n d   l i f t i n g   l i n e   t h e o r i e s .  
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Thus t h e   r e a l   d i f f i c u l t y   i n   u s i n g   t h e   a c o u s t i c   f o r m u l a t i o n   t o   p r e d i c t   s u r f a c e  
pressures  is  t h a t   t h e   i n t e g r a l   e q u a t i o n  becomes s i n g u l a r   i f   n a i v e l y   i n t e r p r e t e d .  
That is ,  i f  x i s  on f = 0 ,  t h e n   a t  some po in t ,  2 = 3 ,  which means t h a t  r = 0. 
A t  t h i s   p o i n t   t h e   i n t e g r a n d  becomes i n f i n i t e l y   l a r g e .  

+ 

The l e v e l   o f   d i f f i c u l t y   t h a t   t h i s   f a c t   p r e s e n t s   c a n n o t   b e  minimized.  Despite 
tremendous  advances i n  numerical  methods,  Baker ( r e f .  47) s t a t e s :  

The impression I i n t e n d   t o  convey i s  tha t   t he   t r ea tmen t   o f  
s ingu la r   i n t eg ra l   equa t ions  i s  not  completely  understood a t  t h e  
present . .  . .There  appear t o   e x i s t   v e r y  few e f f e c t i v e  methods f o r  
solving  such  equations.  

The proper way t o   i n t e r p r e t   s i n g u l a r   i n t e g r a l s  is  through a l imi t ing   p rocess  
( r e f s .  42 and  48 t o  50). In   the  acoust ic   formulat ions,   one mst  assume t h a t   t h e  
observer   approaches  the  surface  in   the l i m i t  from t h e   p r o p e r   s i d e  of t he   su r f ace  
( ins ide   o r   ou ts ide   depending  on t h e  problem  being  solved). However, t h i s   l i m i t  must 
be   t aken   a f t e r   i n t eg ra t ing   ove r   t he   su r f ace ,  which p resen t s  a problem for  complicated 
i n t e g r a l s   s u c h   a s   a r e   p r e s e n t   h e r e .  

A s  an  example  of how a s i n g u l a r   i n t e g r a l  i s  in t e rp re t ed ,  a one-dimensional  equa- 
t i o n   c a l l e d   t h e  downwash i n t e g r a l   ( r e f .  5 0 )  i s  developed. The approach t o   i n t e r p r e t -  
ing   th i s   s imple   equat ion  i s  e s s e n t i a l l y   t h e  same t echn ique   t ha t  i s  used t o   t r e a t  
Farassa t ' s   equa t ion .  The  downwash i n t e g r a l  i s  def ined   as  

where F ( x , y )   r e p r e s e n t s   t h e   v e l o c i t y   i n  a two-dimensional  flow  due t o  a d i s t r ibu -  
t i o n  of sources  and  sinks  along a < 5 < b of s t r eng th  f ( 5  ). When y = 0 ,  t h i s  
i n t e g r a l   r e d u c e s   t o   t h e   f a m i l i a r   i n t e g r a l  

which i s  commonly def ined   in   t e rms  of a Cauchy pr inc ipa l   va lue   t echnique;   tha t  is ,  a 
small symmetric region  about 5 = x i s  removed. Q u i t e   o f t e n   t h i s  form,  with y = 0 ,  
i s  the   s t a r t i ng   po in t   fo r   an   ana lys i s .   Ord ina r i ly   t he  Cauchy p r inc ipa l   va lue   i n t e -  
g r a l ,  l i k e  o ther   s ingular   in tegra ls   in   h igher   d imens ions ,   der ives   f rom  an   in tegra l  
t h a t  i s  not   s ingular ,   such   as   the   one   sham  for   F(x ,y) .  The sur face   representa t ion  
is  v a l i d   o n l y   i n   t h e   l i m i t ,   e v e n   f o r   t h e  Cauchy p r i n c i p a l   v a l u e ,   a s  i s  now shown. 

Str ic t ly   speaking,   equat ion ( 9 )  i s  undefined  for y = 0 when a < x < b. The 
proper way t o   o b t a i n   t h e   v a l u e   o f   t h i s   i n t e g r a l   f o r  y = 0 i s  by t a k i n g   t h e  l i m i t  a s  
y + 0 ,  bu t   t he   l imi t ing   p rocess  must be  performed a f t e r   t h e   i n t e g r a t i o n ,   t h a t  is, 
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Mangler ( r e f .  50) showed how t o  de r ive   t he  Cauchy p r inc ipa l   va lue  form, by breaking 
up the  region  of   integrat ion.  That is, write 

where  and &2 are a r b i t r a r i l y  small and  of  the same order .  Now f o r   t h e   r e g i o n s  
t h a t  do not   include 5 = x ,   t h e   i n t e g r a l  i s  w e l l  behaved  and  one  can set  y = 0. 
Within  the  &-region,  expanding f ( s )   i n  a Taylor series about 5 = x gives  

Taking t h e  limit y i e l d s  

The well-known Cauchy p r inc ipa l   va lue  is  €or  an  &-region  symmetric  about E = x; thus 
f o r  = c2 = &, 

which i s  t h e  Cauchy pr inc ipa l   va lue .  

Th i s   i n t eg ra l  i s  correctly  termed a semiconvergent  integral   (ref.  48) ; t h a t  is, 
€or  a differently  shaped  &-region, a d i f f e r e n t  form  of the   equat ion  i s  obtained. For 
a ful ly   convergent   integral ,  a term l i k e  would not  be  present  and  thus 
t h e   r e g i o n   t h a t  was given  special   t reatment  would no t  matter. This po in t  i s  very 
important   in   the  subsequent   interpretat ion of Farassat ' s   equat ion.  To fu l ly   appre-  
ciate and  use  the  pr incipal   value  concept ,  one  must r ea l i ze   t ha t   t he   r eg ion   a round  
the  s ingular i t ies   cannot   s imply  be  deleted.   Different   €-regions  require   different  
representat ions.  The numer ica l   va lues   o f   the   f ina l   resu l t s   for  t w o  d i f f e r e n t  
&-regions  are   the same though,   because  any  port ion  the  solut ion  lef t   out  of t h e  
i n t e g r a l  shows up i n  "extra"  terms. 

In  the  fol lowing  sect ion  an  equivalent   procedure i s  a p p l i e d   t o   F a r a s s a t ' s  equa- 
t i o n  t o  obta in   an   equat ion   va l id  on the   su r f ace  of t h e  body. It too  i s  semiconver- 
gent  and  the form  of t h e   e x t r a  term t h a t  comes from the  &-region depends on t h e   s i z e  
and  shape  of  the  &-region,  just   as  for  the downwash i n t e g r a l  of   the Cauchy p r i n c i p a l  
value. 
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B. Integral   Equation  Without  Derivative 

Farassat’s   equat ion (8)  i s  an   i n t eg ro -d i f f e ren t i a l   equa t ion .  Taking the   de r iva -  
t i ve   i n s ide   t he   i n t eg ra l   p roduces   an   add i t iona l   s ingu la r   i n t eg rand ,   t ha t  is ,  one  with 
l / r2  dependence.  Since t h e  main i n t e r e s t   h e r e  i s  i n   t h e  form  of the   equat ion   on   the  
surface,  it i s  important t o  b r i n g   t h e   d e r i v a t i v e   u n d e r   t h e   i n t e g r a l   t o   i l l u m i n a t e   t h e  
s ingular  term and  allow it t o  be  regularized. An in tegra l   equa t ion   wi th   the   der iva-  
t ive  inside  has   been  used by Woan and  Gregorek ( r e f .  51) fo r   no i se   p red ic t ion  and is  
p r e s e n t e d   i n  a more general  form by Farassa t   ( re fs .  3 and 7). 

The relat ions  necessary t o  e l imina te   t he   de r iva t ive  are, from Farassa t ,  

These give 

Gr + c(Mr - M ) 
2 

- k [ l f ( l  1 Mr,] = r 2 (1  - M r )  2 

In   $ddi t ion,   one  other   re la t ion i s  requi red .   Farassa t   uszs   the   genera l   s t ress  
t e r m  Riri and  does  not  simplify it t o   t h e   i n v i s c i d  form p n i r i  = p cos 8. This 
s impl i f ica t ion   g ives  

& cos e = %(+) 
A 

= r  + -  vr  cos e (w X n) - - r vn + 

Def i n i n g  

A 

Q = r - ( w x n )  
+ A  

r 

gives 

a V v cos e 
n r - cos e = Q~ - - a.r; r r + 
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The above r e l a t ion   a l lows  one to   wr i t e   equa t ion  ( 1 )  wi thout   the   der iva t ive .  It 
becomes 

+ d  I [  2 

p(rQr + vr cos e - 
f=O r (1  - M r )  

2 

A s l i g h t l y  more general  form,  which includes  unsteady  pressures   and  veloci t ies ,  i s  
de r ived   i n   r e f e rence  7. 

Regrouping t h e s e  terms i n t o   t h o s e   t h a t  do  and  do  not become s ingu la r  on t h e  
surface  gives  

" A 

where 

c r ( 1  - M r )  = j r e t  

For incompressible  flow, % i s  c l e a r l y  a regular   integrand  because when x i s  on 
t h e   s u r f a c e  f = 0 , 

+ 

- dS = O ( 1 )  
1 
r 

Similarly,   in  incompressible  f low, KS represents   the   s ingular   por t ion   o f   the  
integrand  because when 2 i s  on f = 0,  

- dS = O(:) 
1 

r 2 

and r = 0 (x  = y )   a t  some poin t .  + +  
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C. Integral   Equat ion  Val id  on Body Surface 

In   sec t ion  1 1 - A ,  a method w a s  desc r ibed   fo r   i n t e rp re t ing  a simple  semiconvergent 
i n t eg ra l .  The f i n a l   r e s u l t  w a s  t h e  well-known Cauchy pr inc ipa l   va lue .  In t h i s   s e c -  
t i o n   t h e  same procedure is  used t o   i n t e r p r e t  Farassat's equation when the  observa- 
t i o n   p o i n t  x i s  on t h e   s u r f a c e   f ( x , t )  = 0. The equat ions are lengthy  because  of 
the  complicated  four-dimensional  integrands,   but  the  procedure is  completely  analo- 
gous to   t ha t   a l r eady   desc r ibed .  As f o r   t h e  downwash in tegra l ,   Farassa t ' s   equa t ion  i s  
undefined  for  r = 0 un less  it is  in te rpre ted   p roper ly .  

+ + 

In   the   case  of t h e  downwash in tegra l ,   the   reg ion   of   in tegra t ion  was d iv ided   i n to  
one tha t   conta ined   the   s ingular i ty   and   one   tha t   d id   no t .  The i n t e g r a l   o v e r   t h e  
reg ion   wi thout   the   s ingular i ty  w a s  numerically  straightforward t o  compute. This w a s  
not   t rue  of   the   xegion  that   contained  the  s ingular i ty ,   subsequent ly   cal led a "hole." 
Therefore ,   over   th i s   ho le   the   in tegra l  was t r e a t e d   a n a l y t i c a l l y   i n   s u c h  a way t h a t  
the   e r ror   could   be  made a r b i t r a r i l y  small by l e t t i n g   t h e   s i z e  of t h e   h o l e  become 
a rb i t r a r i l y   sma l l .  That is ,  t h e   e r r o r  was  shown t o  be of the   o rde r  of t h e   s i z e   o f  
the  hole .  More importantly however, t h e  form  of t he   equa t ion   ( t he   ex t r a  term) was 
shown t o  depend on the  shape of the  hole .  Thus, t h e   i n t e g r a l  w a s  semiconvergent. If 
an  asymmetric  hole  around  the  singularity were chosen, t h e  Cauchy pr inc ipa l   va lue  
technique would not  apply. For  an  asymmetric  hole  one  cannot  simply  neglect  the 
value of t he   i n t eg ra l   ove r   t he   ho le   because  it has a f i n i t e  value. This e x t r a  term 
becomes zero when the   ho le  i s  symmetric. 

The f i r s t  step is  t o   d i v i d e   t h e   r e g i o n  of i n t e g r a t i o n   i n t o  two pa r t s ,   one   t ha t  
includes  the  s ingular i ty   and  one  that   does   not .  For t h e  downwash i n t e g r a l   t h i s  was 
done by breaking   the  E-axis i n to   t h ree   pa r t s .   Fa ras sa t ' s   equa t ion  i s  an   i n t eg ra l  
over a sur face ,  so the   su r f ace  i s  d iv ided   i n to  two pa r t s :  one p a r t   o v e r   t h e   o r i g i n a l  
body surface  with a small hole   around  the  s ingular i ty  removed and  the  other   par t   over  
t he   su r f ace  of t h e   h o l e   i t s e l f .  See f i g u r e  1. The combination  of  these two regions 
i s  t h e   o r i g i n a l   s u r f a c e ,   f (  x , t )  = 0. -P 

Figure 1 .- €-region  of  arbitrary body. 
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Thus, Farassa t ' s   equa t ion  is  w r i t t e n  

where f i n d i c a t e s   t h a t  a spec i f i c   ho le   has  been removed and   fE  i s  t h e   s u r f a c e  of 
the  hole.  Note t h a t  it i s  not  necessary  to  break up t h e   r e g i o n   o f   i n t e g r a t i o n   i n   t h e  
r e g u l a r   i n t e g r a l  %. 

The f i r s t  two i n t e g r a l s   p r e s e n t  no d i f f i cu l t i e s   numer i ca l ly   s ince   t hey  are both 
convergent. By d e f i n i t i o n ,   n e i t h e r  of them conta ins  a s ingu la r i ty .  The t h i r d   i n t e -  
g r a l  i s  d i f f i cu l t   t o   ca l cu la t e   numer i ca l ly .  The proper  way t o   o b t a i n  its form, f o r  
an  observer  located a t  xo, i s  v i a  a mathematical   l imiting  process where the   observer  
i s  l o c a t e d   a t  x a t  a d is tance  of 6 above the   su r f ace .  Then, a f t e r   i n t e g r a t i n g ,  
t h e  l i m i t  as 6 + 0 i s  performed (see f ig .  1 ) .  This l i m i t  i s  analogous t o   t h e  l i m i t  
as y + 0 i n   t h e  downwash in t eg ra l .  Note tha t   for   convenience  ?i i s  t a k e n   t o  be 
a long   t he  normal t o   t h e   s u r f a c e  a t  2,. Mathematically  one  can write th i s   p rocedure  
as 

+ 
+ 

Hence the   i n t eg ra l   equa t ion  becomes 

The f i r s t  two integrals   can  be  obtained by simply  replacing x by z0 ( s e t t i n g  
6 = 0) s ince   they   a re   convergent ,   bu t   th i s  is not  possible i n   t h e   t h i r d   i n t e g r a l .  
me has no a l t e r n a t i v e   b u t  t o  pe r fo rm  tha t   i n t eg ra t ion   f i r s t   and   t hen   t ake   t he  l i m i t ;  
o therwise   the   in tegra l  i s  divergent.  However, t h i s   i n t e g r a l  is  too  complicated t o  
a l low  ana ly t i c   eva lua t ion   fo r  most bodies of i n t e re s t ,   e spec ia l ly   s ince   t he   i n t eg rand  
KS conta ins   the  unknown pressure  p. One would have t o  s o l v e   t h e   e n t i r e   i n t e g r a l  
equat ion   and   then   take   the  l i m i t  as 6 + 0 ,  t o  ob ta in   an   ana ly t i c   exp res s ion   fo r   t he  
surface  pressure.  Note t h a t   i n   e q u a t i o n  (91, t h e  downwash i n t e g r a l  example, t h e  pro- 
cedure  leading t o  t h e   f i n a l   r e s u l t  w a s  as follows:  expand f ( 5 )  i n  a Taylor   se r ies  
around = x and   ob ta in   an   approximate   ana ly t ic   express ion   for   the   in tegra l   wi th   an  
est imate   of   the   error .  

+ 

An analogous  approach  can  be  used on Farassat ' s   equat ion.  By assuming t h a t   t h e  
s i z e  of  the  hole,   or  &-region, i s  small ,  one  can  approximate  the  region as planar .  
In   addi t ion ,   the   p ressure   can   be  expanded i n  a Taylor series about   the   po in t  x0; + 
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t h a t  is, the   p re s su re  i s  assumed t o  be  constant   over   the E-region.  Using these  
approx ima t ions ,   one   can   t hen   ca l cu la t e   t he   t h i rd   i n t eg ra l   i n   equa t ion  ( 1 1 )  analy t i -  
c a l l y  and  obtain  an estimate of t h e  error involved. 

The remainder  of t h i s   s e c t i o n  is  devoted t o   o b t a i n i n g   t h e   a p p r o p r i a t e   a n a l y t i c  
e x p r e s s i o n   f o r   t h e   t h i r d   i n t e g r a l   i n   e q u a t i o n  ( 1 1 ) .  For r easons   t ha t  w i l l  be  obvious 
l a t e r ,  a square i s  chosen for   the   shape  of t h e  E-region, b u t   t h e   f i n a l   r e s u l t  i s  
appl icable  t o  differently  shaped  &-regions  with a symmetry t o  be  descr ibed later. 

To perform t h i s   i n t e g r a t i o n   o v e r  a small, square,  planar  panel,  one mus t  f i r s t  
w r i t e  the   in tegrand  KS i n  terms of surface  coordinates.   This is nontr ivial   because 
the  integrand  involves  four  dimensions  (space  and t i m e ) .  Figure 2 is an  enlarged 
view of the  &-region shown i n   f i g u r e  1. It shows t h e   p a n e l   a t  t w o  d i f fe ren t   t imes .  

L 
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I 
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I 
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/ Time = T 

R 
R' 

Y Y' 
y2 

(t - T )  
rM t M = M cos @ 

M = M sin @ 
n 

t 

J Intersection  of  collapsing 
sphere  and  body:  f = 0 (all 
signals  from  here  arrive  at 
observer, x, at  sane  time) 

-+ 

Y1 

Figure 2.- Geometry n e a r   s i n g u l a r i t y   i n   r e t a r d e d  t i m e .  

= t  

The time t is the   r ecep t ion  t i m e  and T is  the  emission t i m e .  Thus, a s i g n a l  
emi t ted   f rom  the   sur face   po in t  y ( ~ )  a t  t i m e  1; i s  r e c e i v e d   a t   t h e   ( s t a t i o n a r y )  
observer   po in t  x a t  t i m e  t. The 6 on t h i s   f i g u r e  i s  t h e  same 6 t h a t  w a s  used 

+ 
+ 
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... . .. . . 

on f i g u r e  1. The upper  plane i s  t h e   p o s i t i o 9   o f   t h e   p a n e l   a t   t h e  time t, the  t ime 
when the  observer  receives  the  signal  from  y(.r;) .  The lower  plane is t h e  posi:ion of  
t h e   p a n e l  when t h e   s i g n a l  w a s  emitted. The angle   between  the  surface normal n and 
t h e   r a d i a t i o n   d i r e c t i o n  2 is  8. For convenience, the   coord ina te   sys tem  ( f ixed   to  
the   pane l )  i s  a l igned  so t h a t   t h e   p a n e l   v e l o c i t y   v e c t o r  is  i n   t h e  yly2-plane. The 
angle  between the  veloci ty   and  the  y3-axis  i s  def ined as 4. 

As mentioned e a r l i e r ,   t h e   o b s e r v a t i o n   p o i n t  x i s  always  stationary.  There- 
f o r e ,  when one  speaks  of  the  observation  point  being  on  the  surface,  one  must spec i fy  
a t  what time th i s   occu r s .   In   f i gu re  2, n o t i c e   t h a t  x + x o ( t )  when 6 -+ 0. This 
sur f   ace  p o i n t  is  of  course moving, bu t  when t h e  t i m e  equals  t, it i s  a d is tance  
6 away from x i n   t h e   d i r e c t i o n  of t h e  normal. This means t h a t  

+ 

+ +  
-+ 

-+xO 

or 

Figure 2 i s  useful  because many of t h e   q u a n t i t i e s  on it a r e  known. For 
example, it i s  known t h a t  r = c ( t  - T) s i n c e   t h e   d i s t a n c e  a signal t r a v e l s  i s  
simply the   speed   mul t ip l ied  by t h e  t i m e  of propagation. In addi t ion ,   the   d i s tance  
the   pane l  moves i n   t h i s   t i m e   p e r i o d  i s  I t o (  T )  - zo(t)  I which is v ( t  - T). '&us, 
r M  = v ( t  - T). 

The purpose of t h i s   s e c t i o n  i s  t o   i n t e g r a t e  KS over   t he  area of t h i s   a r b i t r a r y  
panel. By assuming a planar  panel,   one  can  simplify KS considerably.  For  example, 
it i s  obvious  that  

where = v' A/c. Thus, Ks can   be   wr i t ten   as  

which can  be  s implif ied  to  
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Therefore,  equation ( 1 1) becomes 

+ p) ( M r  - M 1 
2 

+ l i m  2 3 
+ dyl  dy2 + O ( E )  

r (1  - M r )  

Now assuming t h a t  p and v are constant   over   the  &-region  yields  9 

471: p ( x o l t )  = KR + / K 
f=O 

9 

S f=O 

A l l  t h a t  i s  required now to   i n t eg ra t e   equa t ion  ( 1 2 )  i s  t o  write the   in tegrands  
i n   t h e   l a s t  two i n t e g r a l s   i n  terms of  y1  and  y2. F r o m  t h e  geometry shown i n   f i g -  
u r e  2 and  algebra,   the  propagation  vector x can  be  wri t ten  in   terms of i t s  compon- 
e n t s   i n   t h e   l o c a l   c o o r d i n a t e  system: 

9 

9 
r = ( R '  s i n  y ' ,  -R' cos  y ' ,  r cos 8 )  

where R'  , y '  , and 8 a r e   d e f i n e d   i n   f i g u r e  2. Using t h e   r e l a t i o n s ,  

R' s i n  y' = R s i n  y 

R' cos  y ' = R cos y - r M  t 

r cos 8 = 6 + r M  n 

which are obtained  from  geometry,  one  gets 

+ r = ( R  s i n  y, r M  - R cos  y, 6 + r M n )  t (13) 
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Therefore  the  magnitude of 3 i s  governed by 

p2r2  + ~ ( R M  cos  y - 6Mn)r - R - 6 = o 2  2 
t 

where 

and 

M 2 = M  + M  2  2 
n t 

Using the   quadra t ic   formula   g ives  

which  can be s impl i f i ed  by t a k i n g   t h e  scalar product   of   the  Mach number vector  

and r' (eq. ( 1 3 )  t o   g e t  

r M  = M r - R M  c o s y + & M  2 
r t n (15 )  

Subtract ing r from bo th   s ides  of equation ( 1 5 )  and  then  multiplying by - 1  gives 

r ( 1  - M  ) = @ r + RM COS y - 6M 2 
r t n 

Subst i tut ing  equat ion ( 1 4 )  gives 

which  can be r ewr i t t en  as 
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where 

2 2 
t t p = l - M  

Changing to   Ca r t e s i an   coord ina te s ,   s ince  R2 = y1 + y i   and  R cos y = y2,  gives 

where 

2 2 
n  Mn p = 1 -  

This i s  now i n  a form t h a t   a l l o w s   t h e   i n t e g r a t i o n  of equat ion  (12) .  It remains t o  
w r i t e  M, - M~ i n  terms of y1  and  y2;  from  equation  (15), 

&n - yzMt 
r Mr - M 2  = 

Subs t i tu t ing   equat ions  ( 16)  and ( 17) in   equat ion   (1  2 )  gives 

which  can be s i m p l i f i e d   t o  



Now, t o   i n t e g r a t e   t h e s e   t h e  €allowing transformations are  used: 

2 
rl = $nY2 - MnMt6 

Because the   in tegrands  are symmetric i n  yl, one  gets  

471; p ( x o , t )  = 
+ I K  d S +  

R €=O f=O 

where 

2 
T+ = -pn & - MnMt6 

In t eg ra t ing   t hese   i n   t he   q -d i r ec t ion   g ives  (ref. 52 ,  p. 86) 

2 2  



In t eg ra t ing   t hese   i n   t he   E -d i r ec t ion   g ives   ( r e f .  52,  pp. 60  and  89) 

2" 
n t  2 

+ -(P c + P) 
0 

n 

where the  fol lowing  t ransformation i s  used: 
r 5' = - 4 

J r):,2 + E 2  + P2S2 

where s i g n i f i e s  v l  or q2,  whichever i s  appropriate .  Also it is assumed 

t h a t  M < 1, so t h a t  p > 0. Not ice   tha t  when c + m , equation (18) reduces t o   t h e  
equation of Bisplinghoff e t  a l .   ( r e f .  44, p. 212)  for  incompressible  flow. 

Vl, 2 

Now s ince  

the  logari thmic terms both become zero. Also the   inverse   t angent  terms are equa l   i n  
t h e  l i m i t  as 6 + 0 and  behave l i k e  

which i s  n/2 i n   t h e  limit. Thus equation  (18) becomes 

4n p ( x o , t )  = I KR dS + [ K dS + -f 2 

f = O  f = O  
S 

which reduces t o  



where the   in tegrands  are  repeated  for  convenience: 

2 
poc Mn(Mr - M ) + p [ ( l  - M ) COS 8 - 

Ks-( 2 

~~ 

2 3 r (1  - M r )  re t  

Equation ( 2 0 )  represents  the  governing  equation,  amenable now t o  numerical  techni- 
ques,   for   the  pressure  on a body i n  compressible  subsonic  motion. The theory i s  
l i n e a r i z e d  so t h a t  it i s  expected t o  be more and more a c c u r a t e   f o r   t h i n   o r   s l e n d e r  
bodies,  including  most  bodies  of  aerodynamic  interest.  For  completeness,  note  that 
fo r   t he   obse rve r   i n s ide   t he  body, sgn (6 )  = -1; and  outs ide  of   the body, sgn(6)  = 1. 
Thus,  equation ( 2 0 )  a p p l i e s   t o   t h e   o u t s i d e  of t h e  body. 

A s  mentioned in   t he   In t roduc t ion   ( s ec t ion  I . A ) ,  t he se   r e su l t s   do   no t   ag ree   w i th  
those  of  Morino ( r e f .  17, appendix C ) ,  although a d i r e c t  comparison i s  d i f f i c u l t  
s ince  he  uses  a velocity-potential   formulation.  Nevertheless,  a few discrepancies 
between the  resul ts   can  be  noted.  In  t h i s   s e c t i o n  w e  have  calculated  the  contr ibu-  
t i o n  from a square  &-region. mese r e s u l t s  a re  shown t o  be Mach number dependent 
s i n c e   t h e   c o e f f i c i e n t s   i n   e q u a t i o n  ( 2 0 )  include 8,. Morino claims t h a t   t h e   c o n t r i -  
bution  from  the  &-region i s  independent  of Mach number, simply 2n, which is  t h e  
incompressible  result .   In  addition,  his  &-region i s  c i r c u l a r .  Sinc'e the  &-regions 
are analogous t o   t h e   p a n e l s   i n  a panel  method, it i s  d i f f i c u l t   t o   u n d e r s t a n d  how one 
can model a body using  c i rcular   panels .   Furthermore,   Farassat   ( ref .   7)   has   calcu-  
l a t ed   t he   con t r ibu t ion  from a c i r c u l a r   & - r e g i o n   f o r   t h e  FW-H equat ion ,   and   the   resu l t  
d i f f e r s  from t h e   r e s u l t   i n   t h i s   s e c t i o n   a n d   a l s o  from t h e   r e s u l t s  of Morino.  Thus 
one  cannot assume t h a t   d i f f e r e n t l y  shaped  &-regions  yield  the same r e s u l t .  However, 
t h e  results presented  here  can  be shown t o  be  unchanged f o r  any q u a d r i l a t e r a l   t h a t  is  
symmetric about  y2,  even if one  s ide  has   zero  length.  

D. Reduction t o  Incompressible  Aerodynamics 

Since  equation (20) ,  espec ia l ly   the   in tegrands  % and I$-., i s  r e l a t i v e l y  con- 
p l i ca t ed ,  it i s  use fu l   t o   r educe  it t o  i t s  incompressible form. I f   t he  l i m i t  i s  
taken as  c + *, a l l  t h e  Mach number terms ( M n ,  Mr, M ,  and 4,) approach  zero. 
Furthermore, a l l  t h e  p terms ( p, p t ,  and p n )  approach  unity. Thus, % = 0 and 

Therefore,  equation ( 2 0 )  becomes in   t he   i ncompress ib l e  limit 

+ 
2n; P(X0) = 1 + 2 cos e dS + 2npovn 

2 

f=O r 
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This  could  have  been  obtained by t a k i n g   t h e  limit as c + w of t h e  FW-H equation  and 
then   so lv ing  it using  the  Green 's   funct ion of po ten t i a l   t heo ry .  

The f i r s t  t e r m  i n   t h e   i n t e g r a n d  is  due t o   t h e   t h i c k n e s s  t e r m  of t h e  FW-H equa- 
t ion.  It i s  also e q u i v a l e n t   t o   t h e   t h i c k n e s s  term of  incompressible  aerodynamics, 
equation (5-85) of  reference 44. 

The second t e r m  i n   t h e   i n t e g r a n d  is  ca l led   the   " loading"  t e r m  in   aeroacous t ics .  
It is  d i r e c t l y   r e l a t e d  t o  t h e   l i f t i n g   e f f e c t s  i n  aerodynamics,  €or  example,  equa- 
t i o n  (5-94) of re ference  44. 

Throughout t h i s   s tudy  it has  always  been  useful t o  r e f e r   t o   t h e  above equation 
f o r  guidance. The reader  is encouraged t o  do so a l s o  when something  related t o  t h e  
f u l l   e q u a t i o n  i s  unclear. Of course   re ta rded   t ime  e f fec ts  are no t   i nc luded   i n   t he  
above equation  because  of  the  infinite  speed of  sound  propagation. 

111. COMPUTATIONAL METHOD 

A. Approximating Body  by a F i n i t e  Number of  Panels 

The complexity  of  equation ( 2 0 )  p rec ludes   an   ana ly t ic   so lu t ion   for   mos t ,   i f   no t  
a l l ,   bodies   of   interest .   Therefore   one must use  approximate  numerical  methods. The 
a n a l y s i s   i n   t h e   p r e v i o u s   s e c t i o n  showed tha t   t he   so lu t ion   can   be   approx ima ted   t o  
O(  E) where is the   a rea   o f  a ho le  removed from the   reg ion  of integrat ion.   This  
procedure was shwn   to   be   ana logous   t o   t ak ing   t he  Cauchy pr inc ipa l   va lue  which is  
a l s o  an  approximation t h a t  is  a c c u r a t e   t o   t h e   o r d e r  of t h e  s i z e  of t he   ho le   de l e t ed  
from the   i n t eg ra t ion .  

I n   t h e   p a s t ,   t o   p r e d i c t   t h e   n o i s e  due t o  bodies i n  motion,  one  needed the   su r -  
face  pressure.  Now, using  equat ion (20), one  can  calculate   the  pressure on a small 
region  of   the body,  given the   p re s su re  on the  remainder  of  the body. By d i s c r e t i z i n g  
the  surface,  one  can  develop a system  of  algebraic  equations whose so lu t ion   g ives   the  
pressure  everywhere on t h e  body. To do t h i s ,   t h e  body must be  approximated by a 
f i n i t e  number of planar   e lements ,   or   panels .  The pressure  is  assumed constant   over  
each  element. The solut ion  approaches  the  exact   solut ion as E -F 0. 

As mentioned e a r l i e r ,   t h e  E-region  corresponds t o  a small area  of t he   su r f ace  
immediately  around the  observer.  To develop  the  system  of  algebraic  equations,   the 
observer must be  located on each  panel of t h e  body successively.  Each locat ion  of  
the  observer   yields   an  a lgebraic   equat ion.  

Recognizing t h e  above,  one  can  proceed i n   s e v e r a l  ways t o   s o l v e   t h e   e q u a t i o n  
numerically. They d i f f e r   i n  how t h e  dependent  variable is assumed t o  behave. One 
method that   has   been  used on similar equations i s  a co l loca t ion   procedure   ( re f .  53) 
using  global   shape  or   loading  funct ions.   This  method i s  common i n   l i f t i n g   s u r f a c e  
theo ry   ( r e f s .  54 and 5 5 ) ,  where the   l oad ing   func t ions  are chosen t o   e x a c t l y   s a t i s f y  
the  leading-edge,   t ra i l ing-edge,   and  t ip   condi t ions  and t o  produce  sat isfactory 
numerical   results.  Once these   func t ions  are se l ec t ed ,   t he re  are still in t eg ra t ions  
t o  perform,  although  these are now over known functions  and may permi t   ana ly t ic  
evaluation.  Otherwise  quadrature i s  necessary. 

The co l loca t ion  method w a s  n o t   s e l e c t e d   f o r   t h e   p r e s e n t  work because  of i t s  l ack  
of   general i ty:   the   shape  funct ions  required depend  on t h e  body shape.  For  example, 
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one may have t o  use  a d i f f e r e n t   s e t  of   funct ions  for  a fuselage,  a propeller,   and a 
wing - no t   t o  mention f o r  more complicated  shapes  such  as  highly  swept  propeller 
blades. 

Since  the  purpose  of  the  numerical  procedure i n  t h e   p r e s e n t  work  was t o   v e r i f y  
t h e   f e a s i b i l i t y  of t he  method and  not t o  develop  a  production  computer  program, it 
seemed appropr i a t e   t o   so lve   t he   equa t ion   d i r ec t ly   r a the r   t han   t o   i n t roduce   add i t iona l  
complications.  Therefore,  the  computer  program  that was developed  uses  only  quadra- 
tu re .  The dependent  variable i s  not  represented by global  shape  functions. of 
course, more e f f i c i e n t   o r   s o p h i s t i c a t e d  methods may be ava i l ab le   fo r   pa r t i cu la r  
appl icat ions.  As an i n i t i a l   s o l u t i o n  method  however, t h i s  approach  brought  out  the 
s u b t l e t i e s  and p i t f a l l s  of the  equat ion  bet ter   than any o ther .  A disadvantage of the  
method i s  t h a t  it produces  a  large  system  of  equations,  but  they  are  strongly  diag- 
onal.  Therefore  the  system  of  equations is  readily  solved. 

-+ Quadrature i s  used  over  each  element. As mentioned ea r l i e r ,   t he   obse rve r ,   a t  
xo, is posit ioned on each  element  successively  (at  time t ) .  The observer i s  
s t a t iona ry ,  so one must specify  the  t ime on the  body.  For the  observer  on a  given 
panel ,   the   numerical   in tegrat ions  are   carr ied  out   over   a l l   the   other   panels .  The 
theoret ical   developnents   presented  ear l ier  have   a l ready   ca lcu la ted   the   e f fec t   tha t  
the  observer  panel  has on i t s e l f .  

For  a body approximated by N panels   as  i n  f i gu re  3, the  approximate  form  of 
equation ( 2 0 )  is  

Figure 3. -  Body approximated by panels. 

where 
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and  subscripts i and j s ign i fy   the   observer   and   source   pane ls ,   respec t ive ly ;  
the  observer   and  source are assumed t o   b e   a t   t h e   c e n t r o i d  of the   respec t ive   pane ls .  
Equation  (21) i s  one  equation  for N unknowns, pi and  pj  ( j  = I ,  ..., N, 
j # i) . Let t ing  i t ake  on the   va lues  from 1 t o  N glves  a system  of N equa- 
t i o n s   f o r  N unknowns. 

This system  of  equations  can  be  expressed by a matr ix   mult iplying a vector  of 
unknowns equal   to   another   vec tor :  The coef f ic ien ts   o f  pi are the   d iagonal  terms of 
the  matrix.  The in t eg ra l s   ove r  % are the  off-diagonal  terms. The r i g h t  hand s i d e  
of  equation ( 2  1)  y ie lds  a unique  value  for  index i. 

B. madra ture  Formulas 

Legendre-Gauss quadrature  formulas are used t o   c a l c u l a t e   t h e   i n t e g r a l s  

Port ions of  each  integral   can  be  i l l-behaved  because of t h e   l / r 2  terms i n  it. Even 
though the   e f fec t   an   e lement   has  on i t s e l f   h a s  been ca l cu la t ed ,  two d i f f e r e n t   e l e -  
ments may be   very   c lose   toge ther ,   fo r  example, on the  upper  and  lower  surfaces of a 
t h i n   a i r f o i l ,   e s p e c i a l l y  a t  t h e   t r a i l i n g  edge.  One-dimensional  Legendre-Gauss  quad- 
r a t u r e  i s  exact  for  polynomials  of  order  (2n - 1)  where n is  t h e  number of  nodes. 
For the  above i n t e g r a l s   t h i s  may not   be   suf f ic ien t .  They may require  very  high  order 
polynomials t o  approximate  their  behavior  because  of  the  negative  exponent on r. 

J u s t   a s   f o r   t h e   a n a l y t i c a l   p a r t  of t h i s  work, the  numerical   solution would be 
t r i v i a l   i f   n o t   f o r   t h e   i l l - b e h a v e d   n a t u r e  of the  integrands.   Since  this   does  repre-  
s e n t   t h e  most d i f f i c u l t   a s p e c t  of the  computational method, two simple  examples a r e  
given t o   i l l u s t r a t e   t h e   s i n g u l a r   b e h a v i o r  of t h e   i n t e g r a l s .  

The il l-behaved terms i n  both K and \ become simply  cos   8/r2  for  incom- 
pressible   f low.  Thus t h e   i n t e g r a l s  become p r o p o r t i o n a l   t o  P 

Now f o r   t h e s e  examples, assume tha t   t he   i n t eg ra t ion   r eg ion   ( sou rce   pane l )  is a u n i t  
square  and  the  observer i s  loca ted   a long   the  normal d i r e c t l y  above the   cen te r   o f   t he  
panel, as i n   f i g u r e  4. This is approximately  the  or ientat ion  of   the two pane l s   t ha t  
l i e  direct ly   across   f rom  one  another   on  the  upper   and  lower  surfaces  of a n   a i r f o i l .  
The observer i s  a t  X and  the   source   po in t  is  a t  3. Therefore, I r ep resen t s   t he  
e f f e c t   t h a t   t h e   u n i t   s q u a r e   h a s  on the  observer.  

-+ 
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52 

Figure 4.- Geometry near  
s i n g u l a r i t y   i n  incom- 
pressible   f low.  

Note t h a t  

and t h e   i n t e g r a l  becomes 

which can  be  evaluated  exactly  as 

T h i s   i n t e g r a l   i l l u s t r a t e s   t h e   d i f f i c u l t y   i n   s o l v i n g   e q u a t i o n  ( 2 1 )  using  quadrature. 
Notice t h a t   t h e   i n t e g r a t i o n  is  through  the  point C, = c2  = 0 ,  a t  which the   in tegrand  
behaves l i k e  1/62. For small  6 ,  it is ve ry   d i f f i cu l t   t o   app rox ima te   w i th  a poly- 
nomial a f u n c t i o n   t h a t  grows t h i s   r a p i d l y .  Were it n o t   f o r   t h i s   b e h a v i o r   f o r  two 
panels   c lose  together ,   equat ion  (21)  would be r e l a t ive ly   ea sy  t o  solve.  Also, 
because  bodies  of  aerodynamic i n t e r e s t  are usua l ly   th in ,   pane ls  do l i e  c lose  
together .  

Two approximations  of  the  integral I(6) using Legendre-Gauss quadrature 
( r e f .  56) and d i f f e r e n t  numbers  of nodes a r e  now presented. The one-dimensional 
formulas  over a surface  give 
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where n' i s  t h e  number of  nodes i n  each  direct ion,  H i  and H, are   weight   coeff i -  
c ients ,   and (c l , i , c2 , j )  are t h e  node loca t ions   (g iven) .  The node locations  and 
weight   coeff icrents  are given  in   appendix A .  When n' = 2, t h e  above  formula  simply 
becomes 

I ( 6 )  = 
46 

[2(0.57735)2 + 6 ] 2 3/2 

where a l l   t h e  weight   coef f ic ien ts  are unity  and a l l   t h e  nodes are a t  k0.577350. 

The important  question is how accurately  equat ion ( 2 4 )  models the   exac t   so lu-  
t i o n ,   e q u a t i o n   ( 2 3 ) ,   f o r   t h e   v a r i o u s   v a l u e s  of 6. (Xle would expect it t o  be  inaccu- 
r a t e   f o r   v e r y  small 6 because  the  integrand  var ies  so rap id ly .  

Figure 5 is  a graph  comparing the   exac t   va lue  of t h e   i n t e   r a l  I(6) and  numeri- 
cal   approximations  to  it. The a b s c i s s a   u s e s   t h e   r e l a t i o n  1/6' because t h i s  is  pro- 
p o r t i o n a l   t o  

dS 

re t  

7 

2 n  

6 

5 

4 

I(6) 

3 

2 

1 

C 

Exact (eq. ( 2 3 ) )  

64 nodes 

_ _ _ _ _  4 nodes 

"- 

/ \ 

0 --, 
\ 
\ 

.Ol .1 1 10 100  1000 
1/62 

Figure 5. -  Comparison of  Legendre-Gauss quadrature  
and   exac t   i n t eg ra t ion   fo r  sample in t eg ra l .  
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which i s  used i n   t h e  computer  program t o  determine how  many q u a d r a t u r e   p o i n t s   t o  
use.   In  addition t o  equations (23 )  and ( 2 4 ) ,  t h e   r e s u l t s  from the   use   o f   an  
8-point  (64  points  over a surface)  quadrature  formula are presented.  For  values  of 
1/62 < 0.19, the  2-point  formulas are a c c u r a t e   t o  a t  least  1 percent.   This same 
degree  of  accuracy  can  be  obtained  for  even  larger  values  of l/S2 using  the  8-point 
formula.  These  approximate resul ts   d iverge  very  rapidly  f rom  the  exact   value  for  6 
near  zero. 

These  comparisons  not  only i l l u s t r a t e   t he   behav io r   o f   t he   i n t eg ra l s   bu t   a l so  
provide a means t o  determine what order  quadrature  should  be  used (i .e. ,  how  many 
nodes) ,   g iven  the  area of a panel   and  the  dis tance  between  the  panel   and  the 
observer. To achieve  reasonable  efficiency  and  accuracy,  several   orders  of  quadra- 
ture  formulas are used i n   t h e   c u r r e n t  computer  program,  which actually  determines how 
many nodes to   u se   fo r   each   i n t eg ra t ion .  The maximum is 64  nodes  over a panel.  The 
minimum, for   pane ls   and   observers   fa r   apar t ,  is  a simple  1-point  rectangular  rule.  
Further s t u d i e s  were  conducted  using  quadrature  formulas  that were exac t   fo r   t r i gono-  
metr ic   funct ions,   but   they  offered no s i g n i f i c a n t  improvement i n  accuracy  or 
e f f ic iency .  

In   t he  computer  program, f o r   p a n e l s   t h a t  have  Ratio > 16, an  exact  form  of t h e  
so lu t ion  is  used  (eq. ( 1 8 ) ) ,   t h a t  is ,  t h e  form  of the   equat ion   before   the  limit as 
6 + 0 w a s  taken.  But  because  the  observer i s  assumed ( i n   t h e  development  of 
eq.  (18) ) t o   l i e   a l o n g   t h e  normal to   the   source   pane l ,   th i s   formula   can   be   used   on ly  
fo r   pane l s   o r i en ted  i n  t h i s  manner. This  does  not  represent a problem  though, s i n c e  
the   pane ls  on a n  aerodynamic body t h a t   a r e   c l o s e s t   t o g e t h e r   ( e . g . ,   a t   t h e   t r a i l i n g  
edge)   are  s o  or iented.  

C.  Jacobians  and Mapping of  Elements 

Since Legendre-Gauss quadra tu re   r equ i r e s   t he   i n t eg ra t ion   r eg ion   t o   ex t end  from 
-1 t o  1, each  element  must  be mapped t o  a u n i t  square,  by us ing   s t anda rd   f i n i t e -  
element  transformations. O f  course ,   to   in tegra te   over   the  mapped element,  one must 
a l so   ca lcu la te   the   Jacobian  of t he   t r ans fo rma t ion .   Th i s   s ec t ion   b r i e f ly   desc r ibes  
the  methods  used t o  perform  these  operations. 

The elements   that  make up the   bodies   a re   a l l   in   th ree-d imens iona l   space .  They 
are i n  motion,   but   that   does   not   enter   into  the  fol lowing  considerat ions.  The 
retarded  t ime  aspects   affect   only  the  integrands a n d  no t   t he   i n t eg ra t ion   su r f ace  
d i r e c t l y .  

The r e q u i r e d   i n t e g r a l s   a r e  of t h e  form 

To reduce  confusion,  the  Cartesian  coordinate  system i s  denoted by x, y,  and z 
ra ther   than by xl,  x2,  and x3. If t h i s   p a n e l  i s  mapped t o   t h e  q3 = 0 plane of 
t h e  $-frame, it becomes ( r e f .  57) 
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The panels are mapped t o   t h e  %-frame wi th   l inear   f in i te   e lement   shape   func t ions  
( r e f .  58) of t h e  form, 

4 I 

where  xi,  yi,  and  zi (i = 1 t o  4)   represent   the  vector  components  of the   corners  
of t he   sou rce   pane l s   i n   t he   o r ig ina l   coo rd ina te  system.  Further, 

These  formulas are used i n   t h e   s u b r o u t i n e s  JACOBI and NODE. A flowchart  of a l l  t h e  
s u b r o u t i n e s   i n   t h e  computer  program i s  given i n  appendix B. In JACOBI ,  the   Jacobian 
a t  every node  on  every  element is  ca lcu la ted   and  stored. Since it is not  known a 

R' priori how  many nodes are requi red   to   per form  the   in tegra t ions ,   the   Jacobians   for  
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each  e lement   are   calculated  for  I-, 4-, 16-, and 64-node quadrature.  Thus, t h e  
Jacobian is  c a l c u l a t e d   f o r  85 po in t s  on each  panel. All these  Jacobians are s t o r e d  
except   the  64-node values ,  which are ca l cu la t ed  when needed. This means t h a t  2 1 N  
Jacobians are s to red ,  where N i s  t h e  number of  elements. 

Given a node ql  and q2, subrout ine NODE c a l c u l a t e s  x, y,  and z from  equa- 
t ions  (26) .   Values  of  q1  and q2 corresponding t o  Legendre-Gauss quadra ture   ( see  
appendix A) are s t o r e d   i n  DATA s ta tements  a t  the  beginning  of   the main  program. 

It is  important t o   p o i n t   o u t   t h a t   t h e   J a c o b i a n s  must be  calculated  only  once  for  
a given body.  Changes in   ang le   o f   a t t ack   o r   ve loc i ty  do n o t   a f f e c t  them. 

D. Retarded Time Calculation 

Retarded  time i s  ano the r   quan t i ty   t ha t  must be  calculated  numerically.  It i s  
t y p i c a l l y  governed by a t ranscendenta l   equa t ion   tha t  is  d i f f i c u l t   t o   s o l v e   a n a l y t i -  
c a l l y .  In th i s   sec t ion ,   the   govern ing   equat ion  i s  de r ived   fo r   r e t a rded   t ime   fo r  a 
body t h a t  i s  moving rec t i l inear ly   (a long   the   z -ax is )   and   sp inning   (about   the   z -ax is )  
( s e e   f i g .   6 ) .  This motion is  no t   t he  most genera l   type   poss ib le   bu t  is adequate t o  
tes t   the   theory   for   severa l   types   o f   bodies .  For instance,   because  the  spinning i s  
about   the same a x i s   a s   t h e   r e c t i l i n e a r  motion, t h e  motion  of a he l i cop te r   b l ade   i n  
forward  f l ight  could  not  be  represented  with  the  governing  equation  derived  here.  
However, o ther   types  of motions  should  be  relatively  easy t o   i n c l u d e  i n  f u t u r e  
programs. 

The q u a n t i t y   t o   b e   c a l c u l a t e d  i s  rret, the  re tarded  t ime  dis tance  between a n  
observer  and a source  point .   This  i s  t h e  r tha t   appears   th roughout   th i s   s tudy ,  
f o r  example, in   equa t ion  (8) .  It represents   the   p ropagat ion   d i s tance  fo r  a s i g n a l  
emit ted from a sou rce   t ha t  i s  i n  motion. The observer is  s ta t ionary ,   as   has   been  
assumed throughout  the  report .  

f ( x , t )  = 
-+ 

t i o n  

posi tion 

. 

J 
X 

Figure 6.- Veloci t ies   and  posi t ion  vectors   used 
in   re ta rded   t ime  ca lcu la t ions .  
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In   Cartesian  coordinates ,   the   observer  i s  loca ted  a t  

and  the  source  in  motion i s  l o c a t e d   a t  

where 't = t - r/c, w is the  angular   veloci ty   of   the   body,   and U is t h e   r e c t i -  
l i n e a r   v e l o c i t y  of t h e  body. When 'G = 0 ,  the   source  i s  a t  [xs, ys,  zs] . 

Now from i t s  d e f i n i t i o n ,  

+ + -+ + 
r - 
r e t  - b o  - r s ( t )  lret = r  -: S (t -2) 

Therefore, 

2 + 2  r = Ir I = {r: + r2 - 2R [x cos( w'G) + yo Sin(wT) 1 
S s o  

+ 2U'G(ZS - zo) + U2T2 - 22 2 } o s r e t  

where 

2 2 r = x  
2 

0 0 0 

r2 S - x  S 2 + y i + z  2 S 

2 -  2 2 Rs = X 
S + ys 

Since  only  steady  motion i s  being  considered,  the  choice of a pa r t i cu la r   va lue   o f  t 
is  a r b i t r a r y .  The pressure  i s  not  changing  with t i m e  ( in   these  body-f ixed  coordi-  
na tes ) .   Therefore ,   se t t ing  t = 0 gives 

( 1  - M 2 ) r 2  + m ( z s  - z o ) r  - [ro 2 + rs 2 - 2(x x + yoys) cos(:) o s  

+ 2(y0xs - x y sin(:) - 22 z ] = o o s  o s  

This is  the  transcendental   equation  governing rret. In  subrout ine RADIUS (see 
appendix B) t h i s   e q u a t i o n  i s  solved  with a Newton-Raphson technique   ( re f .  56).  
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Once r r e t  
from 

i s  determined, it can  be  used t o   c a l c u l a t e   t h e   v e c t o r   q u a n t i t y  rret +- 

r 
+- 
r e t  = [xo - xs cos (.") - - y s  sin(:), yo + x S sin(:) - ys cos(:), 2 0 - 2 s c  + q 

E. Computer Program 

T h i s  section  describes  the  complete computer  program. The major t a s k s  of t he  
program are   descr ibed i n  the  order  i n  which they  are  performed, as shown i n  t h e  flow- 
cha r t  i n  f igu res  7 and 8. 

cTII> Start 

Transform  coordinates  to @ 
account  for  angle of attack 

Calculate  normal  vector 
of  ith  panel 

Calculate  Jacobian at every 
node  of  ith  panel 

Calculate  centroid  of 
ith  panel 

Figure 7.- Computer program 
f lowchart ,   par t  I. 
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Q 
DO i = 1, N 

I 
""""" -I Observation  point is at 

centroid of ith  panel I 
I Calculate  a,,  and b, I I 

t 
DO j = 1, N 

""""" Source 

I Calculate  Ratio I 
t 

Use  Ratio  to  determine  k max 
I 

points  are on jth  panel k" 1 
j = i? 

L 

L 

L 

Map kth nodal  point  from  unit  square 
to actual  coordinate  system + 

I 1 I Calculate r via  Newton-Raphson ret 
I 

I Calculate  Mach  numbers: M M, Mr.  and M n' 
1 

I Calculate  integrands K and K 
Prk v,k I 

To& j = N? 

I Condition  bi's  to  apply 
Kutta  condition 

Solve  system of equations: 

1 3  Pi 

b. = K H IJ. I + bi 
1 v,k k ]k 

kmax = Number of quadrature  points  required 
for  ith  observer  and  jth  panel 

I J .  I = Jacobian of kth node of jth  panel 
lk 

Figure 8.-  Computer program f lowchar t ,   par t  11. 
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The f irst  major t a sk  of t he  program is  to   r ead   an   i npu t   f i l e   t ha t   desc r ibes   t he  
body  and i t s  velocity  (box 1 ) .  The body i s  described by a f i n i t e  number of coordi- 
na te   po in ts  i n  three-dimensional  space.  These mus t  be input   properly  to   form  the 
elements. They a re   i npu t  i n  the  order  shown i n  f igure  9, which shows a  wedge-shaped 
a i r f o i l .  The corresponding  element numbers a r e  shown i n   f i g u r e  10. Each cross  
sect ion must have the  same  number of points,   al though t h i s  would not have t o  be so  
i n  fu tu re  programs.  Note t h a t   t o   " c l o s e "   e a c h   c r o s s   s e c t i o n ,   t h e   f i r s t   a n d   l a s t  

X J 
Figure 9.- Proper  order of input  

coordinate  points.  

Z 

Figure 10.- Numbering of elements. 
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coord ina te   po in ts  are coincident .  A good way t o  check t h e   i n p u t   p o i n t s  is  t o  examine 
t h e  normal   vectors   that   the   program  calculates .  mite  o f t e n   i f   t h e   p o i n t s   a r e   i n p u t  
i n   a n  improper  manner, t h e  normals p o i n t   i n t o   t h e  body. 

The next  step i n   t h e  code i s  t o  t ransform  the  coordinates  t o  account   for   the  
angle  of a t tack  (box 2 ) .  This could  a lso  be  used  to   change a s e t  of coordinates  
descr ib ing  a ro t a t ing   b l ade  t o  those   descr ib ing  a wing i n   r e c t i l i n e a r  motion 
( a  = g o o ) .  Since   r ec t i l i nea r  motion i s  always i n   t h e   d i r e c t i o n  of the  z-axis  and 
sp inning   occurs   about   th i s   ax is ,   the  body would have t o  be   ro t a t ed   t o   swi t ch   ro l e s  
from a b l a d e   t o  a wing. 

The cu r ren t  program is  designed to  run  only  one  angle  of  at tack a t  a time. 
I d e a l l y ,   f o r  a production  code,  another  loop would be  added to   ca l cu la t e   mu l t i -  
ple r i g h t  hand s i d e s  (RHS) of  equation  (21).  Remember it i s  necessary t o   c a l c u -  
l a te  t h e   l e f t  hand s ide   on ly   once   for  a given Mach number, b u t   t h e  RHS v a r i e s   f o r  
each  angle of a t t ack .  This procedure would b e   e s p e c i a l l y   e f f i c i e n t   s i n c e  most 
l inear   equa t ion   so lvers  are equipped t o  handle  multiple RHS and  give  multiple  solu- 
t i o n s .  The mat r ix  would be  manipulated  only  once. 

The next  major  section  of  the  program  (box 3, f i g .  7 )  is a loop   t ha t   ca l cu la t e s  
normal  vectors,   Jacobians,   and  centroids of each  element. The normal vec tors  are 
c a l c u l a t e d   i n   t h e  main program  using a technique  descr ibed by H e s s  ( r e f .  2 7 ) ,  which 
s imply  takes   the  vector   cross   product  of the  diagonals  of  each  panel. 

Jacobians   a re   ca lcu la ted   in   the   subrout ine   ca l led  JACOB1 (see  appendix B )  us ing  
the  formulas   presented i n  s ec t ion  1 I I . C .  The cen t ro ids   a r e   ca l cu la t ed   i n   sub rou t ine  
CENTER by integrating  over  each  panel.   Since  the  nodes  and  Jacobians  are  already 
ca lcu la ted   and   s tored ,   th i s  is  r e l a t ive ly   s t r a igh t fo rward .  The area  of any panel  
can  be  calculated  simply by adding  the  four  Jacobians  calculated  for  the  two-point 
Legendre-Gauss quadrature   for   that   e lement ,   s ince  the  weight   funct ions  for   the t w o -  
point   formulas   are   uni ty .  

A t  t h i s   p o i n t   i n   t h e  program a l l  the  prel iminaries   have  been completed. The 
remainder  of  the  program is  shown i n   f i g u r e  8, the  second  par t   of   the   f lowchart .  The 
f i r s t  DC+loop, over i (box 4 ) ,  places   the   observer  on each  element  successively. 
For each   l oca t ion   o f   t he   obse rve r ,   a l l   t he   o the r   pane l s  are s u c c e s s i v e l y   t r e a t e d   a s  
sources by the  next  DO-loop over j (box 5 ) .  Quadrature i s  performed  over  each 
source  pane 1. 

Before  the  quadrature  i s  performed, t h e  program  must  determine how  many quadra- 
t u r e   p o i n t s   t o   u s e .  For each  value of i and j ,  t h e   q u a n t i t y  

Ratio = 

[ r2 (1  - MrI3] 

cos  e dS 

re t  

i s  ca lcu la ted ,  where ?t and 9 are t aken   a s   t he   cen t ro ids   o f   t he  i and j 
pane ls ,   respec t ive ly .  As shown earlier i n   s e c t i o n  I I I . B ,  t h e  number of nodes 
r equ i r ed   fo r   accu ra t e   quadra tu re  i s  highly  dependent   on  this   quant i ty .  Therefore, 
t h e  program c a l c u l a t e s   t h i s   q u a n t i t y   i n   s u b r o u t i n e  TEST and  determines how  many 
quadra tu re   po in t s   t o   u se .  The area   o f   the   source   pane l  i s  used   for  dS, of  course. 

Once the   appropr i a t e  number of nodes t o   u s e  i s  determined,   the   actual   quadrature  
ca lcu la t ion   begins  a t  t h e  DO-loop over k (box 6).  The number of nodes it w i l l  u se  
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f o r   t h a t   p a r t i c u l a r   i n t e g r a t i o n  is kmax. Subroutine NODE determines  from  equa- 
t i o n  (26) t he   l oca t ion   o f   t he  node i n  body coordinates  from  the  Gaussian  nodal  coord- 
i na t e s .  Then subrout ine RADIUS ca l cu la t e s   t he   r e t a rded  t i m e  propagat ion  dis tance 
rret. Subroutine MACH c a l c u l a t e s  M ,  Mr, Mn, and fir. With these   quan t i t i e s   ca l -  
cu la ted ,   the   in tegrands  K and Kv can  be computed fo r   equa t ion  (2 l) . By multi-  
plying  the  integrands,   the   weight   coeff ic ients ,   and  the  Jacobian a t  each  node,  and 
then  adding  these  products  from  each  node,  the  integration i s  complete  over a p a r t i -  
cular   panel .  

+ 

P 

A f t e r   t h e  DO-loop over i i s  completed, the  system  of   a lgebraic   equat ions i s  
completely  developed. The so lu t ion  t o  the  system  of  equations is  obta ined   us ing  
subrout ine INVERT, which, i n   a d d i t i o n ,   c o n d i t i o n s   t h e   e q u a t i o n s   t o   s a t i s f y  a Kutta 
condition. !Chis condi t ioning i s  d e s c r i b e d   i n   t h e   n e x t   s e c t i o n .  The f i n a l   s t e p   o f  
so lv ing   these   equat ions  i s  performed  using a NASA Langley  Research  Center  library 
subrout ine   ca l led  GELIM ( r e f .  59),  which uses  an  upper  or  lower  decomposition.as 
descr ibed   in   re fe rence  56. 

IV.  LIFTING BODIES 

Determining the   su r f ace   p re s su re  on l i f t i n g   b o d i e s  i s ,  of  course, much more 
d i f f i c u l t   t h a n  on n o n l i f t i n g   b o d i e s   b e c a u s e   l i f t  i s  an   inherent ly   v i scous   e f fec t .  To 
approximate  viscous  effects   with  an  inviscid  theory,   one must obviously  use  not  only 
phys ics   bu t   a l so   exper imenta l   resu l t s   to   ex tend   the   theory .  But, a s  Hess ( r e f .  26) 
s t a t e s :  

It i s  i m p o r t a n t   t o   r e a l i z e   t h a t  any  such  formulation i s  simply 
a.. . .model of real l i f t i n g  f low,   and  that   the  t w o  flows are no t  
n e c e s s a r i l y   r e l a t e d   i n  any  fundamental way. 

I n   t h i s   s e c t i o n   t h e  major  differences between inv i sc id   and   v i scous   t heo ry   a r e   b r i e f ly  
desc r ibed ,   a s   t hey   r e l a t e   t o  aerodynamics. After t h a t  a method f o r   u s i n g   t h e   p r e s e n t  
theory   to   approximate   the   e f fec ts  due t o   v i s c o s i t y  i s  presented. These discussions 
a r e  more q u a l i t a t i v e   t h a n   q u a n t i t a t i v e .  

The l inearized,  inviscid  equations  used  herein  neglect  several   important  fea- 
t u r e s  of t h e   a c t u a l  flow. First, the  f low i s  assumed t o   s l i p   o v e r   t h e  body,  which 
means t h a t  no t angen t i a l   ve loc i ty  boundary condi t ion i s  prescribed.  This  immediately 
leads t o  a quest ion  of   uniqueness ,   for   there  are a n   i n f i n i t e  number of   ve loc i ty  
f i e l d s   t h a t   s a t i s f y   t h e  normal ve loc i ty  boundary condition. The K u t t a ,   o r   t r a i l i n g  
edge,  condition i s  usua l ly   used   to   de te rmine  which  of t h e s e   v e l o c i t y   f i e l d s  i s  appro- 
priate,  s ince  it i s  known tha t   v i scos i ty   p reven t s   t he   f l ow from tu rn ing   t he   sha rp  
angle  a t  t h e   t r a i l i n g  edge. 

Neglec t ing   the   no-s l ip   condi t ion   a l so  means t h a t   t h e r e  would be no boundary 
l a y e r   o r  wake in   t h i s   i nv i sc id   f l ow,   a l though   t he re   cou ld   be  a l aye r  of zero  thick-  
ness  over which a t angen t i a l   ve loc i ty  jump occurs .   Since  the  pressure i s  continuous 
across  such a l a y e r ,   t h i s  jump does   no t   a f f ec t   t he   fo rmula t ion  when us ing   t he   p re s -  
s u r e  as the  dependent  variable,   as  mentioned  in  section I . A .  

A convenient,  and  computationally  inexpensive, way t o  account  for  the  boundary 
l aye r   occu r r ing   i n   r ea l   f l ows  i s  to   u se   t he   d i sp l acemen t   e f f ec t   ( r e f s .  35,  60, 
and 61) via   an   i t e ra t ive   t echnique .  First, the   inv isc id   ca lcu la t ions   a re   per formed 
with no  boundary l a y e r  assumed. Then, from these   resu l t s ,   the   d i sp lacement   th ick-  
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ness  is  calculated.  The boundary layer   and  i t s  e f f ec t   on   t he   s t r eaml ines  is  then 
accounted  for by en la rg ing   t he   ac tua l  body  by an amount equal   to   the   d i sp lacement  
thickness.  

Another d i f f i c u l t y   i n   u s i n g   t h e  FW-H equation t o   p r e d i c t  l i E t  is  t h a t   t h e r e  is  
no bu i l t - i n  mechanism t o   g e n e r a t e   l i f t .  The c i r c u l a t i o n  i s  assumed t o  be zero. The 
well-known panel  methods d i s t r i b u t e   l i n e   v o r t i c e s   o n   o r   i n s i d e   t h e  body,  where t h e i r  
s t r eng ths  are determined by s a t i s f y i n g  a Kutta  condition. These vort ices   s imply 
provide a means of a l t e r i n g   t h e   o n s e t  flow by providing a c i r cu la to ry   con t r ibu t ion  t o  
t h e  f l o w .  Of course,  one must still s a t i s f y   t h e  normal  velocity  boundary  condition. 
Using t h e  FW-H equation as  the  governing  equation means t h a t   t h e r e  i s  no  simple way 
t o  include  l ine  vort ices .   Fortunately,   there  i s  a way t o   c o n d i t i o n   t h e   f i n a l   s y s t e m  
o f   l i nea r   equa t ions   and   ob ta in   t he   e f f ec t s   due   t o   l i f t   w i thou t   u s ing   t he   concep t   o f  
vo r t i ce s   d i s t r ibu ted   w i th in   t he  body. 

To unders tand   fu l ly   the   t echnique   used   to   condi t ion   the   equat ions ,   one  must con- 
s i d e r  what t h e   f l o w   f i e l d  i s  r ea l ly   l i ke   a round  a l i f t i n g   a i r f o i l .  A major d i f f e r -  
ence  between a l i f t i n g   a n d  a n o n l i f t i n g   a i r f o i l  i s  the  location  of  the  leading-edge 
stagnation  point.   Conversely,   the K u t t a  condition t e l l s  u s   t h a t   t h e   t r a i l i n g - e d g e  
s tagnat ion   po in t  i s  i n   t h e  same l o c a t i o n   f o r   l i f t i n g   a n d   n o n l i f t i n g   a i r f o i l s .  Fur- 
thermore,   even  the  s t reamlines   near   the  t ra i l ing  edge are remarkably  similar  for 
l i f t i n g   a n d   n o n l i f t i n g   a i r f o i l s .  Thus, t he   t r a i l i ng   edge   expe r i ences   e s sen t i a l ly   t he  
same flow  whether  the body is a t  an  angle of a t t a c k   o r   n o t .  Van Holten  (ref.  1 2 )  
e s s e n t i a l l y   i m p l i e s   t h i s   f a c t  when he  advocates   placing  only  the  leading  edge a t  an 
angle   of   a t tack.  H e  u s e s  t h e   a c c e l e r a t i o n   p o t e n t i a l   a n d   f i n d s   t h a t   u s i n g   t h i s  
"var iab le-geometry ' '   concept   forces   h i s   inv isc id   resu l t s   in to  close agreement  with 
real  l i f t i n g  flows.  Apparently,  these  ideas  can  be traced back t o  Lanchester. 

To i l l u s t r a t e  why  Van Holten's  suggestion  works,  several  numerical  examples are 
presented   for  a simple body made up  of  only s ix   e lements .  By presenting  numerical 
r e s u l t s   f o r  a simple  body,  the  procedures  should become clearer. Thus,  equation ( 2 0 )  
is solved  numerically by t h e  computer  program  described i n   t h e   p r e v i o u s   s e c t i o n   f o r  
t h e  body  shown i n   f i g u r e  11, a crude  six-element model  of a wing wi th   an   aspec t   ra t io  
of 3. The p r o f i l e ,  which is  roughly  that  of an NACA 0 0 1 2  a i r f o i l ,  i s  shown i n   f i g -  
u r e  12. Using th i s   s imp le  body allows  one to   inves t iga te   the   numer ica l   p rocedure   and  
t o   i l l u s t r a t e  how t h e   e f f e c t s  due t o   l i f t  are  included. The a s p e c t   r a t i o  i s  de l ibe r -  
a t e ly   kep t  small so t h a t   o n l y  a f e w  elements  need  be  used. 

4 

Figure 11.- Simple  six-element a i r f o i l   w i t h  
element numbers. 
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Figure 12.- P r o f i l e  of  simple  six-element 
a i r f o i l .  

The f i r s t  example i s  f o r   t h e  body i n   v e r y  low-speed r e c t i l i n e a r  motion 
( M  = 0.03) a t  an  angle of a t t a c k  of zero. The resu l t ing   sys tem of 
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f i c i e n t  on i t h  element. The s o l u t i o n   t o  equa- 

t i o n s  ( 2 7 )  i s  shown i n   f i g u r e  13. It d i f f e r s  markedly  from t h e   r e s u l t s   f o r   t h e  two- 
dimensional a i r f o i l  (from  ref.  6 2 )  which are a l s o  shown, b u t   t h a t  is  t o  be  expected 
s i n c e   t h e   a s p e c t   r a t i o  i s  only 3 and the   pane l ing  is  very  crude. However, it does 
show the   p roper   t rend ,  which is  a l l   t h a t  is  des i red   s ince   these   d i scuss ions  are  
designed  only t o   i l l u s t r a t e   t h e   g e n e r a l   b e h a v i o r  of the   equat ions .  An a l t e r n a t i v e  
approach  of  discussing  these  ideas  using  the  equations  themselves i s  poss ib le   bu t  
would probably  not  be a s   s u c c e s s f u l   i n   i n s t i l l i n g   a n   i n t u i t i v e   f e e l i n g   s i n c e   t h e  
discussion would be  very  abstract .  Much can  be  learned  concerning  equation ( 2 0 )  
from t h e  examples included  herein.  

Get t ing  back t o   t h e  example, n o t i c e   t h a t   i n   e q u a t i o n s  ( 2 7 ) ,  t h e r e  i s  a symmetry 
defined by: 

a = a  
i j  7- i ,7 - j  

bi = b7-i 

where i and j range  from 1 t o  6. This means t h a t   t h e   p r e s s u r e  on the  upper  and 
lower sur faces  i s  governed by t h e  same e q u a t i o n ,   s i n c e   t h e   a i r f o i l  i s  symmetric  and 
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a t  zero  angle  of a t t a c k ,  so tha t   t he   uppe r  and lower sur faces   exper ience   the  same 
flow. It a l s o  means t h a t  

. 5  

. 2  

-.I 
Pressure 

c o e f f i c i e n t ,  

-1 . c  1 'I 0 

2-D incompressible 
flow  theory  (ref.  6 2 )  

0 Present method 

! I 1- 
.2 . 4  .6 .8 1 . 0  
Distance  along  chord,  x/c 

Figure 13.- Pressure   d i s t r ibu t ion  on simple  six-element 
a i r f o i l .  

Another important  point i s  t h a t  some of t h e   o f f   d i a g o n a l   t e r m s   i n   t h e   m a t r i x   a r e  
near ly  as l a r g e   a s   t h e   d i a g o n a l  terms, e s p e c i a l l y   f o r   t h e   p a n e l s   a t   t h e   t r a i l i n g  edge 
( t h e   f i r s t  and las t  rows  of the  matr ix) ,   because  they are so c lose   toge ther .  The 
e f f e c t  one  of t hese   pane l s   has  on  another i s  nea r ly   t he  same a s   t h e   e f f e c t  one  has 
on i t s e l f .   I n   a d d i t i o n ,   t h e s e   l a r g e   o f f - d i a g o n a l  terms are t h e  most d i f f i c u l t   t o  
ca l cu la t e ,  as d i s c u s s e d   i n   s e c t i o n  1 I I . B .  For a n   i n f i n i t e l y   t h i n  body, t h e s e   l a r g e  
off-diagonal  terms would be  equal  t o  the   d iagonal  t e r m s .  Kuo and  lubrino ( r e f .  63) 
observed t h i s   f a c t   a l s o ,  but found  tha t  it d id   no t   cause  any serious  numerical  prob- 
l e m s  fo r   bod ie s   o f   i n t e re s t .  It i s  also of i n t e r e s t  t o  n o t e   t h a t   f o r   a n   i n f i n i t e l y  
t h i n  body the  r ight-hand-side  vector  would be  zero.  Therefore,  one would o b t a i n   t h e  
r e s u l t  

and  consequently ze ro  l i f t .  
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The r e a l l y   i n t e r e s t i n g   f e a t u r e s   a p p e a r  when t h e  body i s  p l a c e d   a t   a n   a n g l e  of 
a t t ack .  Using t h e  same a i r f o i l   a s   i n   t h e   p r e v i o u s  example but  a t  an  angle of 100 
yie lds   the   fo l lowing   sys tem of  equations: 
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Not ice   tha t   the   mat r ix  i s  unchanged  from t h e  a = Oo matr ix ,   s ince  i t s  elements 
depend  only on t h e   r e l a t i o n  between the   va r ious   po in t s  on t h e  body. Of course ,   for  
d i f f e r e n t  Fach  numbers the  matrix  changes,  but it is  not  angle-of-attack  dependent.  

The angle  of a t tack   does   s ign i f icant ly  a l te r  t h e  RHS vector  of  the  system of 
equat ions .   This   change   resu l t s   in   the   so lu t ion   presented   in   f igure  14. The l a r g e  
jump i n   p r e s s u r e   a c r o s s   t h e   t r a i l i n g  edge is  r ep resen ta t ive  of   f lows   over   a i r fo i l s  

I 
2-D incompressible 
flow  theory  (ref.  6 2 )  

3 . 7  .- 

Pressure 
coe f f i c i en t ,  

C 
P 

0 
-1.5 I 1 1 1 I 

0 .2  .4 - 6  .8 1 . 0  
Distance  along chord, x/c 

Figure 14.- Pressure   d i s t r ibu t ion  on simple six-element 
a i r f o i l  when a = 100. 

t 

before  applying a Kutta  condition.  Satisfying  the  Kutta  condition means f o r c i n g   t h e  
p re s su re  on the  upper  and lower su r faces   t o   be   equa l  a t  t h e   t r a i l i n g  edge. To under- 
s tand  how t o  accomplish t h i s ,  one mst remember tha t   the   Kut ta   condi t ion ,  as s t a t e d  
earlier, forces   the   f low a t  t h e   t r a i l i n g  edge t o  be as it w a s  when t h e   a i r f o i l  was 
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, 
a t  (r = 00, a t  which t h e   c o n d i t i o n s  on the  upper  and lower sur faces  were t h e  same. 
The only   d i f fe rence   in   the   sys tem of equations  though is  t h e  RHS vector. When 
a = Oo, bl  = b , b = b and b = b4,  but now these  no  longer   hold  t rue.  How- 
ever,   they do i f l u s t r a t e  a method  of applying a Kutta condition. If bl = b6 
were enforced   for   the   sys tem,   then   the   t ra i l ing   edge  of t h e   a i r f o i l  would experience 
t h e  same flow on t h e  upper  and lower surfaces .   "berefore ,   in   equat ions  (28)   replace 
b,  and  b6 by 

2 5' 3 
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The so lu t ion  of t h i s  system i s  shown i n   f i g u r e  15. 
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By using  averaged  values  for  bi  - 
nea r   t he   t r a i l i ng   edge ,  a Kutta-type  condition w a s  enforced which  produces a n e t  
force  on t h e  body  due t o   t h e   d i f f e r e n c e   i n   p r e s s u r e  on the  upper  and  lower  surfaces.  

4 
3 . 7  .- 2-D incompressible 

flow theory  (ref.   62) 
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Figure 15.- P res su re   d i s t r ibu t ion  on  simple  six-element 
a i r f o i l  when a = 100 with  Kutta  condition. 
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One aspec t  of t h i s   cond i t ion ing   t echn ique   t ha t  was n o t   i l l u s t r a t e d   v e r y  w e l l  by 
t h i s  simple  example i s  t h a t  it must be  appl ied  over  a l a r g e   p o r t i o n  of the  chord. 
I n   t h i s  example the   t r a i l i ng -edge   pane l  w a s  very  large,   covering 50 percent   of   the  
chord.  If many elements   had  been  used  a long  the  chord,   th is   condi t ioning would have 
had t o  be   app l i ed   t o   s eve ra l ,   un l ike   ve loc i ty -po ten t i a l   pane l  methods  where v o r t i c i t y  
i s  d i s t r i b u t e d   i n s i d e   t h e  body. When u s i n g   t h e   v o r t i c i t y  method,  one must apply a 
Kutta condi t ion  only  on  the  panels   adjacent  t o  the   t r a i l i ng   edge   because   t he   vo r t i -  
c i t y   t ends   t o   coup le   s t rong ly   t he   l ead ing -   and   t r a i l i ng -edge   a lgeb ra i c   equa t ions  
( i n   f a c t   t h e   e q u a t i o n s   f o r   t h e  whole a i r f o i l ) .  When us ing   the   p ressure   formula t ion ,  
t h e r e  is no s t rong  coupl ing between the   l ead ing   and   t r a i l i ng   edges .   In   f ac t ,   t he  
panels  on  the  upper  and lower su r faces  of t h e   t r a i l i n g   e d g e   a f f e c t   e a c h   o t h e r  so 
s t rong ly   t ha t   t hey  are almost  unaffected even by adjacent   panels .  Thus, apply ing   the  
Ku t t a   cond i t ion   on ly   t o   t he   s ing le  pair of panels  a t  t h e   t r a i l i n g   e d g e  would  have 
almost no e f f e c t  on the  next   set   of   panels   forward  f rom  the  t ra i l ing  edge.  There- 
fore ,   the   condi t ion ing   mus t   be   appl ied   to  a l a r g e   s e c t i o n  on t h e   a f t  of t h e   a i r f o i l .  
From pre l iminary   s tud ies  on  uncambered, symmetric a i r f o i l s ,  it has  been  determined 
t h a t   t h i s   c o n d i t i o n i n g   o f   t h e  RHS vec tor  must be  appl ied t o  a l l  panels  from  the 
t r a i l i n g  edge t o   t h e   t h i c k e s t  par t  of t h e   a i r f o i l .  Thus, f o r   a n  NACA 0012 a i r f o i l ,  
wi th  many panels  along  the  chord,  one would condi t ion   the   vec tor   over  7 0  percent  of 
t h e   c h o r d ,   s i n c e   t h i s   a i r f o i l  i s  t h i c k e s t  a t  70 percent  of  the  chord  (from  the trail- 
ing   edge) .  As an example, i f  one  modeled t h e   a i r f o i l  by 10 panels  on  the  upper  sur- 
f ace  and 10 on the  lower, where each  panel  covered 10 percent  of the   chord ,   the  
vec to r  would be  conditioned  as  follows: 

The above  technique  has  an  effect  completely  analogous t o  t h a t  of  using Van Holten' s 
suggest ion,   except   that  i t s  implementation i s  much simpler because  the body i s  n o t  
cons idered   to   be  deformed i n  any manner. 

It is  a l s o   i n t e r e s t i n g   t o   n o t e   t h a t   u s i n g  
condi t ions   the   equat ions   in  a s i m i l a r  manner. 
equal   to   the  displacement   thickness ,   one moves 
and  lower  surfaces)   far ther   apar t .   This   tends 
of  equations ( 2 8 )  c loser   toge ther .  The l a r g e r  
the   va lues  become. 

the   d i sp lacement   th ickness   e f fec t   a l so  
By th ickening   the  body by an amount 
t h e  two t ra i l ing-edge   pane ls   (upper  
t o  move the  values   of  bi on t h e  RHS 
the   displacement   thickness ,   the   c loser  
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V. F3SULTS 

c 

This   sec t ion   presents   numer ica l   resu l t s   for   severa l   d i f fe ren t   types  of bodies i n  
var ious  combinat ions  of   rect i l inear   and  angular  motion.  Using t h e  computer  program 
desc r ibed   i n   s ec t ion  111, the   su r f ace   p re s su re  w a s  c a l c u l a t e d   f o r   p r o l a t e   e l l i p s o i d s ,  
wings,   and  rotating  blades.   These  different  types of bodies w e r e  used t o   i l l u s t r a t e  
t he   gene ra l i t y  of t h e  method. 

A. Pro la t e   E l l i p so ids  

P r o l a t e   e l l i p s o i d s   w i t h   f i n e n e s s   r a t i o s  of 0.05, 0.10, and 0.25 were modeled 
i n  low-speed  motion. These were  chosen  because  of t h e   a v a i l a b i l i t y  of t h e o r e t i c a l  
( incompressible)  and  experimental   results  with which t o  compare ( r e f .  6 4 ) .  

First, t h e   r e s u l t s   f o r  a 5-percent- thick  e l l ipsoid  are   presented.  The panel ing 
used is i l l u s t r a t e d   i n   f i g u r e  16. There were 264 panels   and symmetry was not  
exploited.  If one takes  advantage  of  the numerous p lanes  of  symmetry, t h e  number of 
computations  and  the amount of  storage  can  be  reduced  substantially.  ' Panels were 
concentrated  near  the  ends of the   e l l ipso id   because  of the  extremely  rapid  change  in  
pressure   occur r ing   there .  Remember  t h a t   t h e   p r e s s u r e  is  assumed constant  over  each 
panel. 

The numerical   and  experimental   results  are compared i n   f i g u r e  17, which i s  a 
graph  of   pressure  coeff ic ient   versus   axial   d is tance.  The s o l i d  l i n e  represents  
exper imenta l   resu l t s   ( re f .  6 4 ) ,  and  the symbols represent   the  current   numerical  
r e s u l t s .  Agreement is  genera l ly  good except   near   the  s tagnat ion  point .  Poor agree- 
ment t h e r e  i s  expected  because of t he   u se  of l inear ized   theory .  Near t h e  ends of t h e  
e l l i p so id   t he   f l ow i s  e s s e n t i a l l y   t h a t   f o r  a b lun t  body,  and  linearized  theory i s  
u s u a l l y   v a l i d   t o   w i t h i n  a few percent  of the  chord  from  the  leading  edge  (ref.  44, 
p. 209) .  For more d e t a i l e d   d e s c r i p t i o n s  of the   f low  near   the   s tagnat ion   po in t   one  
could   use   the  methods  of Van  Dyke ( r e f .  65) or   include  the  quadrupole   terms,  which 
inc lude   the   nonl inear   e f fec ts ,   in   the   p resent   formula t ion .   Nei ther  would be t r i v i a l  
t o   i n c o r p o r a t e   i n t o   t h e   c u r r e n t  scheme. 

Figure 18 shows the   pane l ing   u sed   fo r  a 10-percent-thick  ell ipsoid,   and  results 
similar t o   t h o s e   j u s t   d i s c u s s e d  are shown i n   f i g u r e  19. Figures 20 and 2 1  show t h e  
same informat ion   for  a 25-percent-thick  ellipsoid. From t h e s e   f i g u r e s  it i s  obvious 
tha t   t he   non l inea r   t e rms  become more and more important   for   the  thicker   bodies .  Of 
course ,   these   a re  extreme examples i n   t h a t  most  aerodynamic  shapes  have  thicknesses 
of 15 p e r c e n t   o r  less, especial ly   those  designed  for   higher   speeds.  For a d e t a i l e d  
discussion of the   imp l i ca t ions  of n o n l i n e a r i t y   i n   t h e   p r e s s u r e   f o r m l a t i o n ,  see sec- 
t i o n  I. F u r t h e r ,   e l l i p s o i d s   a r e  a severe tes t  of l inear   theory   because   o f   the i r  
b lun t  ends. Much more a c c u r a t e   r e s u l t s  would be  expected  for  shapes  such as ogives 
and  wings. 

I' 
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Figure   20 . -   Pane l ing   u sed  t o  model 25-pe rcen t - th i ck  
e l l i p s o i d .  
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F i g u r e   2 1 . -   P r e s s u r e   d i s t r i b u t i o n   o n   2 5 - p e r c e n t - t h i c k  
e l l i p s o i d .  
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R. F i n i t e  Wing 

i 

The next example is  a f i n i t e  wing with  an NACA 0008 cross   sect ion and  an aspect  
r a t i o  of 5. The paneling  used  and i t s  c ross   s ec t ion   a r e  shown i n  f igure  22. There 
were 242 panels w i t h  no special   precaut ions  taken  near  t h e  t i p .  I n  f a c t ,   t h e   t i p s  
a re   no t   pane led   a t   a l l ;   t hey   a r e   ac tua l ly  open. Including  these  panels  had  an  insig- 
n i f i c a n t   e f f e c t  on the  panels away from t h e   t i p s .  And s ince   t h i s   s ec t ion  compares 
numerical   results  with  two-dimensional  section  airfoil   theory,   only  results  from  the 
center of t h i s  f i n i t e  wing are   presented.  

The numerical   resul ts   f rom  the  program  descr ibed  in   sect ion I11 are   p resented  in 
f igure  23. Also shown a r e  two-dimensional potent ia l   theory  resul ts   ( incompressible)  
( r e f .   62 ) .  The numerical   resul ts  were obtained  for  a Mach number of 0 .01  and  compare 
very  well w i t h  t he   t heo re t i ca l   r e su l t s .  The f i n i t e   a s p e c t   r a t i o  may account   for   the 
numerical   resul ts   being  s l ight ly   lower  than  the  theoret ical   curve.   Ihe  numerical  
r e s u l t s   f o r  M = 0.06 are   a lso  included.  The pressure   coef f ic ien ts   a re   h igher   than  
t h o s e   a t  M = 0.01. 

1 
Figure 22.- Paneling  used  to model NACA 0 0 0 8  wing. 
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1 
3 
Y In   t h i s   s ec t ion   numer i ca l   r e su l t s   a r e   p re sen ted   fo r  a r o t a t i n g  NACA 0 0  1 2  blade.  
1 T h i s   a i r f o i l   s e c t i o n  i s  common i n   h e l i c o p t e r   a p p l i c a t i o n s .  The r e s u l t s   a r e  compared 

i 

C .  Helicopter  Rotor  Blade 

with  the  experiments  of Gray e t  a l .   ( r e f .   6 6 ) .  

The blade was approximated by 264 f i n i t e   p a n e l s  as shown i n   f i g u r e s  24 and 25. 
t 
4 Panel s i z e s  w e r e  decreased  smoothly  from  root t o  t i p .  Blade length was 6.5  chord 

lengths.  Tip Mach number was 0.25  and angle  of a t t a c k  was zero. 

Figure 24.- Planform  view  of  paneling  used t o  model NACA 0 0 1 2  
he l i cop te r   ro to r .  

Figure 25.- Paneling  used t o  model NACA 0 0  1 2  h e l i c o p t e r   r o t o r .  

1; 
1 represents   two-dimensional   a i r foi l   theory  ( ref .   62) .  The c i r c u l a r  symbols a r e  exper- 
1 Figures  26, 27, and 2 8  compare t h e   v a r i a t i o n   i n   t h e   p r e s s u r e   c o e f f i c i e n t   a l o n g  

the  chord  for   three  spanwise  locat ions:   94,   98,   and  99.5  percent .  The s o l i d   l i n e  

imenta l   resu l t s   ( re f .   66)   and   the   squares   a re   the   p resent   numer ica l   ca lcu la t ions .  
The leading  edge i s  obviously a t  x/c = 0. 
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These r e s u l t s   a g r e e  w e l l  with  experiment.  Notice how c l o s e   t o   t h e  two- 
dimensional   theory  the  resul ts  are a t  the  94-percent  span  location. Three- 
dimensional   effects  become obvious as one moves c l o s e r  t o  t h e   t i p .  Of course a t  
the   l ead ing   edge   the  well-known square-root   s ingular i ty   appears .  The s o l u t i o n   i n  
this   region  can  be  approximated  with  the methods d e s c r i b e d   i n   r e f e r e n c e  65. 

Figures 29, 30, and 31 p r e s e n t   s i m i l a r   r e s u l t s   f o r   t h e   b l a d e  a t  an  angle   of  
a t t ack .  The concepts   d i scussed   in   sec t ion  I V  allow the   ca l cu la t ion   o f   su r f ace  pres- 
su res  on l i f t i n g   b o d i e s .  A s  desc r ibed   t he re ,   t he  inhomogeneous terms of the  system 
of   a lgebraic   equat ions must  be  conditioned by r e p l a c i n g   t h e  inhomogeneous terms ( f o r  
the   pane ls  on the  upper  and  lower  surfaces a t  t h e   t r a i l i n g   e d g e )  by the  average of 
t h e  two values.  This must  be  done f o r  a l l  pane l s   f rom  the   t r a i l i ng   edge   t o   t he  
t h i c k e s t   p a r t  of t he   c ros s   s ec t ion .  Here too   the   numer ica l   resu l t s   agree  w e l l  with 
exper iment   ( so l id   l ines) .  !The c i rcu lar   and   square  symbols represent   the  numerical  
r e s u l t s  from the  upper  and  lower  surfaces,   respectively.  

Now, surface  pressure  calculat ions  f rom  an NACA 0006 r o t o r   a t   v a r i o u s  Mach  num- 
bers  are presented.  Figure 32 shows t h e   p r e s s u r e   c o e f f i c i e n t   a t  94 percent  span 
versus   d i s tance   a long   the   chord   for  t i p  Mach numbers of  0.5, 0.7, and 0.9. The s o l i d  
curve  indicates   the  two-dimensional   sect ion  resul t   for   incompressible   f low.   Notice  
tha t   t he   numer i ca l   r e su l t s  are markedly d i f f e r e n t  from t h o s e   t h a t  would be  expected 
from  two-dimensional  compressible  flow. The P rand t l -Glaue r t   ru l e   i nd ica t e s   t ha t   t he  
l i n e   s h o u l d   s h i f t  upward f o r   i n c r e a s i n g  Mach number acco rd ing   t o  

where c i s  the  incompressible   pressure  coeff ic ient .  But  because  of  the  highly 
Po 

three-dimensional  nature  of  flow  around a ro t a t ing   b l ade ,   t h i s   ru l e   does   no t   app ly .  
This i s  v e r i f i e d  by the  computat ional   resul ts ,  which d e v i a t e   s i g n i f i c a n t l y  from  what 
the  Prandt l -Glauert   rule  would predic t .  Note t h a t   f o r   l a r g e   a s p e c t   r a t i o  wings i n  
recti l inear  motion,  the  computational method presented  herein  does  predict   behavior  
s i m i l a r   t o   t h a t  of the  Prandtl-Glauert   rule.  

One f ina l   po in t   concerns   the  amount of  computation time t h a t  w a s  used o n  
these   ca l cu la t ions .  It i s  r e l a t i v e l y  small consider ing  the  detai ls   obtained  and 
the  complexities  involved. The most time-consuming case ,   t he  NACA 0006  r o t o r  a t  
Mtip = 0.9, required  near ly  40 minutes of CPU time on a CDC CYBER 175 computer. The 
same blade a t  M t i p  = 0.01 required 21 CPU minutes. Remember t h a t   t h i s  was merely a 
p i l o t  computer  program,  and the  efficiency  could  be  enhanced by opt imiz ing   the  code. 
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Figure  26.-  Pressure d i s t r i b u t i o n   o n  NACA 0012 rotor at 94 percent  
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Figure 27.- Pressure distribution on NACA 0012 rotor at 98 percent 
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Figure 29.- Pressure  dis t r ibut ion  on NACA 0 0 1 2  r o t o r  a t  94 percent  
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V I .  CONCLUSION 

This   report   descr ibes  a method f o r   c a l c u l a t i n g   t h e   s u r f a c e   p r e s s u r e  on a r b i t r a r y  
bodies  in  compressible  f low. It is  based  on  the  acoustic  analogy  approach  of Ffowcs 
Williams and Hawkings and  the  equations due t o   F a r a s s a t .  Its major cont r ibu t ions  
have  been in   i n t e rp re t ing   Fa ras sa t ' s   equa t ion  when the   observa t ion   po in t  is  loca ted  
on the   sur face  of t h e  body and in   so lv ing   the   resu l t ing   equat ion   numer ica l ly .  

S ince   Farassa t ' s   equa t ion . i s   based   on   l inear ized ,   inv isc id   theory ,   the  method 
presented  here  of course  has i t s  l imi t a t ions .  These have  been  pointed  out whenever 
p o s s i b l e   i n   t h e  text. For bodies moving i n   r e c t i l i n e a r  motion  there may be more 
appropr i a t e   t heo r i e s   i n  which some non l inea r   e f f ec t s  may be   inc luded   re la t ive ly  
e a s i l y .  For  bodies  such as p rope l l e r s   and   he l i cop te r   ro to r s ,   f o r  which t h e  problem 
is  very complex, t h e   p r e s e n t   r e s u l t s  are very  encouraging. The method i s  based on 
f i r s t   p r i n c i p l e s   a n d  i s  r e l a t ive ly   ea sy  t o  comprehend, y e t  it provides  an  inexpensive 
way to   obtain  very  useful   information.   In   addi t ion,   because  the Ffowcs Williams- 
Hawkings equation  does  contain  viscous  and  nonlinear terms, t h e r e  i s  hope for   includ-  
i n g   t h e s e   e f f e c t s   i n   t h e   f u t u r e .  

The method descr ibed   here in   conta ins   severa l   ideas   tha t  are somewhat n o v e l   t o  
aerodynamic  theory. First, compressibi l i ty  is accounted  for   exact ly  as it o c c u r s   i n  
nature ,   in   terms of re ta rded  t i m e .  Compress ib i l i ty   mani fes t s   i t se l f  as a f i n i t e  
speed of propagation of d is turbances ,   and   in   the   cur ren t   theory   the   d i s tance   the  
s i g n a l   a c t u a l l y   t r a v e l s  is  calculated.  In  t h e   p a s t   t h i s  w a s  an  insurmountable com- 
pl icat ion;   but   because of recent  advancements i n  computer  technology, it is  now 
p o s s i b l e   t o  model these  effects .   Furthermore,   the   effects   due t o  l i f t  are included 
wi thout   recourse   to   d i s t r ibu t ions   o f   vor t ic i ty .  A method i s  presented   for   condi t ion-  
ing   the   f ina l   sys tem  of   a lgebra ic   equa t ions   (genera ted  by t h e  computer  program) t o  
a c c o u n t   f o r   l i f t   v i a  a Kutta ,   or   t ra i l ing-edge,   condi t ion.   This   condi t ioning amounts 
t o   s e t t i n g   t h e   p r e s s u r e   e q u a l  on the  upper  and lower s u r f a c e   o f   t h e   t r a i l i n g  edge. 
Vor t i c i ty  is  not   required  because  the  theory i s  formulated i n  terms of the   p re s su re .  

Langley  Research C e n t e r  
National  Aeronautics  and  Space  Administration 
Hampton, VA 23665 
August 22, 1983 
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APPENDIX A 

LEGENDRE-GAUSS QUIlDRATURE FORMULAS 

1 N 
Notation: I_, f (X)  dx Hi f ( X i )  

i= 1 

Node loca t ions ,  xi Weight c o e f f i c i e n t s ,  Hi 

0.5773502691  8962576451 (1)0.1000000000 0000000000 
N = 2  

0.7745966692 41 48337704 
0.0000000000  0000000000 

N = 3  

N = 4  
0.861 1 3631 15  9405257523 
0.339981 0435 8485626480 

0 -9061  798459  3866399280 
0 S384693101 05683091 04 
0 .0000000000  0000000000 

N = 5  

0.93246951 42 031 5202781 
0.661 2093864 6626451 366 
0.2386191860  8319690863 

N = 6  

0.9491 0791 23 4275852453 
0.7415311855  9939443986 
0.4058451513 7739716691 
0.0000000000  0000000000 

N = 7  

N = 8  
0.9602898564  9753623168 
0 -7966664774 1362673959 
0.5255324099  1632898582 
0.1834346424  9564980494 

N = 10 

0.5555555555 5555555556 
0.8888888888 8888888889 

0.3478548451 3745385737 
0.6521 451 548 625461 4263 

0.2369268850  5618908751 
0.4786286704  9936646804 
0.5688888888  8888888889 

0.1713244923  7917034504 
0.360761 5730 481 3860757 
0.4679139345 7269104739 

0.1 294849661  6886969327 
0.2797053914  8927666790 
0.3818300505  0511894495 
0.41  79591836  7346938776 

0.1012285362 9037625915 
0.2223810344 5337447054 
0.3137066458 7788728734 
0.3626837833 7836198297 

0.9739065285 1717172008 (-1 )0.6667134430 8688137594 
0.8650633666 8898451073 0.149451 3491 505805931 5 
0  -6794095682 9902440623 0.2190863625  1598204400 
0.4333953941  2924719080 0.26926671 93 0999635509 
0.1488743389  8163121088 0.2955242247  1475287017 

0 -9815606342 4671925069 (-1 10.4717533638  6511827195 
0.9041 172563 7047485668  0.1069393259  9531843096 
0.7699026741  9430468704  0.1600783285  4334622633 
0.5873179542  8661744730 0.2031 674267 23065921 75 
0.3678314989  9818019375 0.2334925365 3835480876 
0.1252334085  1146891547  0.2491  470458  1340278500 

N = 1 2  

N = 16 
0.9894009349 9164993260 (-1 10.271 5245941 1754094852 
0.9445750230  7323257608 (-110.6225352393  8647892863 
0.865631 2023 87831  74388 (-110.9515851168 2492784810 
0.7554044083 5500303390 0.1 24628971 2 5553387205 
0.61 78762444  0264374845 0.1 495959888 1657673208 
0.4580167776 5722738634 0.1691565193 9500253819 
0.2816035507  7925891323 0.1 8260341 50 4492358887 

(-1 10.9501250983  7637440185 0.1 8945061  04  5506849629 
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APPENDIX B 

FLOWCHART O F  SUBROUTINES I N  COMPUTER PROGRAM 

DO i = 1, N JACOB1 

CENTER 

I 

TEST J I - RADIUS 

I 

DO k = 1, k 
max 

1 4 7  
.1 

RADIUS 
I I 

1 Yes 

\;~--"-- j = N? 

EXINT 

RADIUS 

J 
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