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NONLINEAR TRANSFORMAT
H. Ford*, L. R. Hunt*, and R, Su*

ABSTRACT

A technique for designing automatic fligh:
controllers for aircraft which utilizes the
transforaation theory of nonlinear sysiems to
lincar systems is presontly being developed at
NASA Ames Research Center. We ment{on a method
for taking controllsble liiear systems to
Brunovsky canonical form, and introduce a linnar
approximation to the nonlinear system called thc
sodificd tangent model. We show how this model
is easily computed. Constructing the transfor-
mation for this model enables us to find an ap-
proximate transformation for the nonlinear systur

I. INTRODUCTION

We are intcrested in designing an automacic
flight control system for aircraft that have com-
plex characteristics and operational requirements
such as powered-1ift 3TOL and V/STOL configura-
tivns. The technique developed is effective fur
a large class of dynumic systems that rejuire
multi-input control and that have highly counled
nonlinearities and complex multidimensional fligh
envelopes. This work is driven by George Meyer's
research at NASA Ames Research Center. His cur-
rent application is to the UH-1H helicopter.

{he main {dea in vur approach is to simplify
the represcencation of the plant dynamics by means
a change of covrdinates of the state and control.
First, the given nonlinear system is transformed
to a controllable linear systerm in Brunovsky [1]
canvnical form. Second, standard linear and non-
Linear design techniques, sucl. as Bode plots, po!
placement, LQC, and phase planc, are used to de-
sign a control law for this simple representation
Last, the resulting control law is transformed
back out into the criginal coordinates to obtain
a cortrol law in terms of available controls.

Meyer's approach, first outlined ia [2], ha.
bcen applied to several aircraft of increasing
complexity. The completely automatic flight con-
trol system was successfully tested on a DHC-6
{31, and the reference trajectory used exercised
a substantial part of the operational envelope of
the alrecraft. Next, the technique was applied to
the Augmentor Wing Jct STOL Research aircraft, th.
convincing flight test results being provided in
f4). Methods [or providing pilot inputs to the
scheme were examined {n [5], and application on
an A-7 aircraft for carrier landing and testing
in manned simulation is reported in [6] and [7].

Other recent results are contained in (8], (5],
and {10].

For this paper we concentrate on the trans-
formation aspect of our design method., Necessary
and sufficient conditions for a nonlinear system
to be transformable to a cuntrollable lincar
system {n Brunovsky form are presented in [11],
2], {13}, [14], {15], [16].

In his early work Meyer considernd systems
that were in block triangular form, and trans-
formations for such systems can be constructed
as in (2] and [4]. The transformation theory in
[12] applies to systems which are much more gen-
eral than block triangular. As is indficated
there, finding a transformation depends on solv-
ing a system of partial differential cquativns,
which can be reduced tv ordinary differential
equations. It i{s not always possiblc to solve
these equations in closed form, but cases where
this can be done are presunted in the Ph.D.
thesis of the first author [17). Numerical tech-
niques are also introduced in that thesis., In
additic: there i{s a remarrable technique for
changing a controllable linesr system to Brunovsky
form which involves taking no inverses of matrices
and introduces a block triungular fcrm as an in-
termediate step.

For cases ~here e¢xart transformations cannot
be found, GCeorge Meyer considered constructing
approximate transformations by using his tangent
model [18). Recently, we have introduccd the
modified tangent model and have indicated how to
construct the linesr part of a transformation
about a point x, in state space without knowing
the actual trandformatinn, This modified tangent
nodel was first derived in [19] by examining the
partial differential cquations from [12]. In
addition, <e showed that the same model could be
found by using the theory of canunical expansions
of nonlinear systems [20!.

In this paper we mention the method of [17]
for taking a linear system to Brunovsky form.
Next we define the modified tangent model (with=
out going into the partial differential vquatiuvns
or canonical expansions), and indicatc how Ford's
technique can be adapted to change the modified
tangent model to canonical form. We also show
how to easily compute the modificvd tangent model,
despite the fact that it is deiincd through
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nonlincar cquations.

I1. NONLINEAR TRANSFPORMATIONS

‘For our nonlinesr system we takse

o
V) i(:>-f(.(:)>+£§ u (g (x(e)),

1
RE n
wherc f"l""'.- are C vector fields on R, and
B 28y o8, Wre linearly independent (this is
]

assumcd for cunvenierce). The transformation re-
sults from [12] are locuil, and global theorens
are given in [13]. For the sake of notation we
assume thut this systen is transformable on all oi

Rn to the Srunovsky form

(2) y(t)=agy +3qv

with f‘ronecker indices (I_LNZ_:...: - and An is
nxn, qoil axm. By

(» FiU)Ax i Bu

we denote & controllable linear systus with the
same matrix dimensions as (2).

lLet [£,g] be the usual Lie bracket for vec-
tor tields f and g: i.e.

g of
[fvgl' 'éf"‘g;Q'
where %ﬁ and %i are Jacobian matrices. We set

(aa”f ,g)=g
(ad'e,p)=1f.g]

(ad®c,g)= [0, L£,83)

(ad®¢,g)=[F. (ad* 2,00 1.

Kl-l
C'{Blo [‘1!1]""v(.d f"l) |.2| [fc.zly
uz-l
veealad © Ey85)0en00 1008,

K -1
veen(ad T £,80))

gj-z
Cj'(slytfvillv"'t(.d fu'l)otzv[fo'zj-"‘i
X K

(ad 3 £,8,) 000 By [Eagy ]y (ad

j-zf..m)}

for §=1.2,...,m

We want a nonsingular one-one transformac jon
taking svstem (1) to system (2) Lo rthat the wew
states (ia y space ) are functions of the old
states (in x space ), und the new contrels v are
functions of both x and u. The fullowing locul
theorea is proved in (12].

Theorem. The nonlinuar system (1) {s traneform-
able to the linear system (2) if and nnly if
(with possible reordering ot the vectur fields

'1-'29"'0l.)

1) the n vector fields in C are linearly
independent,
i1) the sets Cj are involutivec for

j=1,2,...,m, and
ii1) the span of Cj equals the span of . NC

3
for j=1,2,...,m.

We assume that our system (1) sactisfies
these three conditions. Recfore we consider the
mcdified tangent model, we mentioa the technique
from [17] for moving from a controllable Linear
system (3) to Brunovsky canoncial form (2).

We begin with (3) and form the (ném)x(u+m)
matrix

|
4
“ 0 1 0 J

H .
An orthogonal coordinatc change on R" is computed
(we actually have a program) to tske this matrix
to generalized lower Hesscnberg form. In this
form all elements above the first m superdiagonals
are zero, and for our special case, the twe zeros
in (4) are retained. We remark that the Kronecker

indices, 1f unknown, can be found iu this manner
(see [21] for a similar mcthod).

Now the systcm (3) after this orthogonal
roordinate change is in block triangular form
[4]. It 1s easy to construct a transformation to
Brunovsky cancnical form. For exampie, in a
single input system matrix (4) is

-
-
'11 .12 0 ... 9 9
321 .22 1'12 . .
O 0
(s . . v
%heln 0
%i %a2 %3 %an PIn
L0 0 o 0 0 |

Then the mup




Ty=x,

T,oT ™% "0 %4252

T3T,ma 1% e g%pma (00% P00t

48, (2, k, ta, X, 48, .X,)
3 o 12(821%11322%2%823%3

T,=T.= I x
U B 3;: 1

T =T e ==x
n+l n g=1
carrics systom (3) to éysten (2) with
(Tl,Tz....,Tn,rn+l)-(yl.?z,...,ynv).

We return to our nonlinear systea (1), Civar
a point x, in x-state spacc, we wish to approxi-
mate this system by a more genceral linear systen
than (3) and coustruct an approximatc craasfor-
mation tor the nonlinear system by taking a systur
1ike (3) to (2). The usual approach is to lin-
carize (1) about x, using the Taylor formula.
This is fine if x, is an cquilibrium of f£(x) or in
cercain cases (seg {19} for an example). In gen-
eral, the Tayior appreach did not prove advanta-
cous If we wish to find the linesr part of an
actual transformation at x,. For this rezson we
introduced the wodified tangent model in (19].

Definition. The modified tangent model for the

systcm'?T3 at x, is the lincar system

(5 %(£) =€ (x)) =Ax #Ax+Bu

where A is nxn and B is nxm and sctisfy
Akbl-t(adkf.gl)(xo).k-O,l,...,xl

o A, =4 (ad¥E,8,) (x) k=0, 1,000 7,

.

Akb‘-:(ldkf,‘m) (xo) ,ke0,1,... e

iere we take + for % even und - for k odd.

A ful! explanation of the technique of con-
structing an upproximate transformation by apply-
ing the modificd tangont modcl is presented in
19], tlowever, here we unly wish to indicate the
method of solving equations (6) using the lower
Hessenberg form mentioncl! earlier.

First we check to scve {f in our Kronecker
indices ‘1.3”~ OF + M™Y.y 5 - rg OF Ky®Kq, etc.

Then we form the following s=t (assuming
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K 2%, ?K3eees with obvious modifications neednd
if any equalities exist).

:1 Kl-l
De{(ad f.zl)(xo).(ld !.31)(x0).

Xy <y
voey(ad f.gl)(xo).(ad f..z)(xo).

xz-l Ky=l

(ad ° £,8))(xp) (ad 2 £,g)(x),

Xy Ky
ooy lad !,31)(xo).(ad f.gz)(xo).

‘J KJ-I
(ad 2.33)(x°).(ad f.;l)(xo).

vl

3

-1

[ S
(ad * £,8))(x0) Cad } £,8)(x),

....sl(xo).|z(xo).....g.(xo)).

Now we define an (n+m)x(n+m) matrix whose
X

first column i{s (ad lf,gx)(xo) followed by m

zeros, second column is the second clement of D

th th

followed by m zuros,...,n " column is the n

clement of D followed by m zeros, (n#L)th cotumn
1s gl(xo) and m zcrus,...,last column is g (x.)
m 0

and m zeros. As before, there is an orthogonal

coordinate change on R" which takes our (n4m) x
(n*m) matrix tu genvrulized lower Hessenberg
torm. Thus we rctain the zcros in the last m

rows aud all clements above the nth superdiagonal
are zero. No generality is lost in assuming chat
A and B in (6) start in this form, since we can
easily compute the orthogonal transformation and
its inverse (transpose).

The equacions {n the following process are
solvahle because the set C in our Theorem con-
::stn of linearly independont vector fieclds, wWe

ow

.- . -
0 B o
IR LTSI ') S I
m=l . 11,

L") [+ L'

where * indicates a possible nonzerv entry, and

the first * {0 b i: in the (n-m+1)th ro F
(6) we take ! oeoeen
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