General Disclaimer

One or more of the Following Statements may affect this Document

e This document has been reproduced from the best copy furnished by the
organizational source. It is being released in the interest of making available as
much information as possible.

e This document may contain data, which exceeds the sheet parameters. It was
furnished in this condition by the organizational source and is the best copy
available.

e This document may contain tone-on-tone or color graphs, charts and/or pictures,
which have been reproduced in black and white.

e This document is paginated as submitted by the original source.

e Portions of this document are not fully legible due to the historical nature of some
of the material. However, it is the best reproduction available from the original
submission.

Produced by the NASA Center for Aerospace Information (CASI)



.
‘ " “
. .’ '
§ ‘&\ .
v
’ .
’ kip y
v -
. 4 -
Py v
o
e .
s &
. i
5
'
L 4 4
) 4
. v
\
. y 5w
v .
. ' é ™
'
» -
- ' £
. i . . - X AR 3 ol
’
e \ ’
. ke v s P
ity N8
» - . A . P »
. ) LI /\ *
ol
R g . Y Wy (‘ ‘
v 7 ' e a

3 .
” t £ I; g
51 ‘ A
i ! 5 . iy ; .
4 -
’ 3 %7
L YIS N ‘)“ s o ® ¥ ;
L4 : el | g T /i o e ® ‘e
A\ ..‘/,\ \ /J . ¥ on\ /\ BT \/‘ /. ,///\\ e =Y
P ‘4 { 24" A ¢ . pites KU AP S N \ \ 4
Vi'le SRS V.2 N ,\ \ Y 7 | oA f R A
\ SUANEL s -\ - , v
r‘. 3 A - Mas / . \ 9 / N \ \" \ N \ S o
4 .
. <y 5 : [ St ) i : b N I b
e o ._‘_....‘.__...__.,"x._(_,,._,._,u e e ‘ Ch GO D Lt
& yosnle 4 ¥ ol ane ® Y Vo d Ve € ER 3o \ B~ .
o o . S8 & .
” 4 o ot ol i 4 ANy B8 T\RE WS
: U Fe 7 i . :
) . : ’ 3 > .v . - P 3 .
& N \ £ . AR N AN G J 2 \ . SR :
h LY ‘ 4 ¢
’ e ° »
v
v 0 ® A, o . %
) 3 . - e

(NASA-CE-1753138) SELF-SUSTAINED NBU4-16131
OSCILLAZIONS UF A SHOCK WAVE INIEKACTING

B WITH A BOUWDAEKY LAYER ON A SUPERCRITICAL
AIRFOTL Final keport, Jun. 1982 - Dec. 1983 Unclas
Boston Unav. 47 HC AO3/MF AD1l CSCL OIlA G3,/02 00529




v/

Boston University

College of Engineering

Department of Aerospace & Mechanical Engineering
110 Cummington Street

Boston, MA 02215

NASA Grant No. NAG 2-179

Graut Title: Analytical Investigation of the Influence of
Transonic Buffeting on the iloise and Unsteady
Loading of Helicopter Rotor Blades

Principal Investigators: C. S, Ventres (Boston University)
M. 8. Howe (Bolt, Beranek & Newman,

Final Report
June 1982 - December 1983

Report Title:

SELF~-SUSTAINED OSCILLATIONS OF
A SHOCK WAVE INTERACTING WITH A
BOUNDARY LAYER ON A SUPERCRITICAL

AIRFOIL

Authors: C. S. Ventres
Department of Aerospace & Mechanical Engilnecering
Boston lniversity
110 Cumnington Street
Bostnon, MA 02215

M. 5. Howe

Bolt, Beranek & Newman, Inc.
10 Moulton Street

Cambridge, MA 02238

Permanent address:

Faculty of Mathematical Studies
University of Scuthampton
Southampton, England S09 5NH

Inc.)

€D



)

Acknovledgement
This work was funded by the Ames Research Center of the

Jational Aeronautics & Space Administration under NASA Grant No.

NAG 2-179., Dr. Charles Swath acted as technical monitor,



-

-

Summary

A theory is proposed of the self-sustaining oscillations
of z weak shock on an airfoil in steady, transonic flow. The
interaction of the shock with the boundary layer on tha airfoil produces
displaczment thickness fluctuations which convect downstream and generate
sound by interaction with the trailing edge. A feed~back loop is
established when this sound impinges on the shock wave, resulting in the
production of further fluctuations in the displacement thickness. The
details are worked cut for an idealized mean boundary layer velocity
profile, but strong support for the basic hypotheses of the theory is
provided by a comparison with recent experiments involving the generation

of acoustic 'tone bursts' by a supercritical airfoil sectinm,
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CHIGINAL
§1. Intrecduction OF P‘OC?R gggﬁ#

The production of sound by helicopter rotor blades having

transonic tip speeds is strongly influenced by the presence of shock
vaves near the blade tips (see, e.g., refs, [1-3]). Acoustic waves
are generated by (i) the interaction of the shock with inflow turbulence
and/or the trailing vortices of the other rotor blades, and (ii) the
intensification of the nonlinear quadrupole volume sources which occur
in the Lighthill theory of aerodynamic sound [4]. In thie paper we
discuss a possible additional mechanism associated with an instability
of the shock caused by its interaction with the boundary layer on the
blade. This interaction is strongly dependent on the Reynolds number
vher the flow is transomic [5-7], the position of the shock being
extremely sensitive to temporal variations in the properties of the
boundary layer.

Succi et al have reported Dﬂ the occurence of intense, high
frequency and highly directional tone bursts during acoustic tests of a
scale model of a general aviation propeller operating at high subsonic tip ;
speeds. The amplitude of the burst was of the same order as the propeller
noise, and observation strongly suggestad that the tones were produced by
oscillating shock waves on the blades. The phenomenon was absent if flow
separation occured at the blade tips and if the boundary layers ahead of
the shocks were made turbulent; this is presumably a particular manifesta-
tion of transonic buffeting [9]. The extreme sensitivity of the shock to
perturbations in the ambient flow is also illustrated by the experiments
of Tijdeman [1@] using an airfoil with an oscillating flap. These
demonstrate that under certain conditions the shock leaves the airfoil
and propogates as an intense acoustic wave to the far field, an effect
which is in qualitative agreement with theoretical work of Williams [11].

Similarly, Magnus and Yoshihara [12] argue that discrepancies between

1.1



experiment and their numerical predictions of wotion caused by a pitching
airfoil in transonic flow are probably a result of the strong interaction of
a shock wave with the boundary layer.

An idealized transonic flow problem is investigated below in
order to examine a nechfnilm of shock wave/boundary layer interaction
wvhich is possibly responsible for the intense acoustic fields observed by
Succi et al [8]. The analysis proceeds from the unsteady, transonic flow
equations which are linearized about a steady mean flow with account taken
of the displacement of the shock, in the manner described by Williams [11].
The model problem is illustrated schematically in Figure 1. A two~
dimensional flat-plate airfoil is placed at zero angle of attack to a mean
flow. Above the airfoil the mean flow is uniform and supersonic shead of
a weak shock wave which in the undisturbed state j. assumed to be normal
to the airfoil and of unlimited extent, Time harmonic cscillations of
the shock about its mean position are consideres, At the root of the

shock the motion induc.s fluctuations in the :Zispiacement thickness of the

B

boundary layer which propagate downstream as a surface wave on the airfoil.

PR

At the trailing edge this wave feeds into an unsteady wake and is
responsible for the production of edge-generated sound which subsequently
interacts with the shock thereby inducing further fluctuations in the
boundary layer. Self-sustaining oscillations are possible provided the
returning sound waves are in an appropriate phuse relatiom with the motion
of the shock, and are of sufficient amplitude. These conditions determine
& preferred wavenumber for the boundary layer waves, and our objective is
to determine the frequency of the oscillations in terms of the characteristics
of the mean boundary layer.

The analytical problem has similarities with that investigated
recen;ly by Goldstein et al [}3], concerming the instability of shocks
of arbitrary strength in cascades, although no account was taken of
shock wave/boundary layer

1.2
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is assumed to be sufficiently weak that the generation of vorticity and
entropy by its motion can be neglected. The unsteady flow in the main
strcam behind the shock may accordingly be expressed in terms of a
velocity potential ¢ . At the outer edge of the boundary layer the
normal derivative of ¢ equals the displacement velocity of the
unsteady boundary layer. Application of this condition is simplified
by means of an approximation amalogous to that used in thin airfoil
theory [14], which permits it to be imposed on the upper surface of the
airfoil (c.f. [15-17]).

The principal difficulty in formulating the problem is the
modelling of the production of the displacement thickness waves. The
approach adopted here ic based on thke hypothesis that the functional
form for the transition in the boudary layer structure across the shock
is invariant in a frame of reference fixed with respect to the root of the
shock. This assumption of quasi-staric behaviour at the root permits the
unsteady motion in the boundary layer to be determined in & linearized

approximation provided the mean properties of the boundary layer are known. N

-5

Resuits are given here only for tiie highly simplified case in which the
mean velocity profile is approximated by a step function, & procedure which
has been successfully exploited by Ffowcs Williams and Purshouse {}8] and
Goldstein [19] in anslytical studies involving unsteady boundary layers.
Evidently this approach is also applicable to other shock wave/boundary
layer interaction problems. For example, it provides an excellent starting
poir.t for investigating the interaction of blade-tip generated shocks of a

ducted roter with the boundary layer on the walls of the duct,

The basis of the model problem is discussed, formulated analytically and
solved in §6§2,3. In §4 the equation for the characteristic frequency of
the self-sustaining oscillations is obteined; numerical results given in

§5 are exsmined in relation to the experiment of Succi et al [E].

1.3



ORIGINAL PAGE I
§2, Yormulation of the model problem OF POOR QUALITY

A two~dimensional rigid airfoil occupies the portion
- C < x, < 0 of the x1~lx1| »f a rectangular coordinate pystem (11.22).
in the presence of a mean flow in the positive xlmdirnctian. In the
udisturbed state a normal shock wave extends from the upper surface of
the airfoil at x, = “L to X, 4w (Figure 2(a)). Attention is confined
to the weak~shock/transonic regime in which the speed U of the main flow

dowvnstreanm of the gshock is constaat and
L Y

where ¢ is the speed of sound, and B % v1-M2 << 1, The Rankine~
Hugoniot relations applied to a weak shock imply that the main flow

Mach number ¥M_, say, upstream of the shock is given by
M =1+8% . (2)

Motion of the shock wave produces fluctustions in the boundary ¥
layer and wake whichi in turn react back on the shock. It is assumed that P
all such back-reactions occur via acoustic paths intersecting the shock
from behind, i.e., possible interaction channels involving with the passage
of sound around the leading edge of the airfoil, after propagation through
the subsonic flow below the airfoil, are ignored. Similarly, the trans-
mission of acoustic disturbance into the supersonic region via the subsonic

boundary layer is neglected,
-iuwt

Consider a time-harmonic perturbation proportional to e .
Let the instantaneous position of the shock be represented by
-iwt '
Lt z(xz)e . (3)

vhere z(xz) is assumed to be sufficicently small that the perturbation
equations may be linearized. For a weak shock the motion in the main
flow above the airfoil is described by a velocity potential ¢ e 2ut ,

in terms of which the perturbation velocity ¥ = V¢ (the exponential time

2.1
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factor is here and hencaforth suppressed). In a linearized appriximation

¢ satisfics

2
AL pAGE 19 - ) - 22 - 22 -
8?‘%‘3‘% QUALITY to + M ) ax,2 ax,2 $o. @

* in the subsonic region X, >= 1+ %ﬁxz) » Vhere ¥ = wl/e o

In the supersonic flov ahead of the shock the motion is steady, and
¢=0 (xy <= & +x(xy)) 5)

The potential must also satisfy the foilowing conditions at

the undisturbed location x, = -~ 2 of the shock:

2% |, 2iwé 0 (6)
g2
e(x,) = =%, @
\ 5'-6"

where it is understood that these conditions are to be satisfied by ¢ and j
a¢/ax1 as x, + ~ % from the downstream region. The derivaticas of s
these formulae are given by Williams [}I,ZOﬂ.

In the (shock free) main flow region below the airfoil the
motion is assumed to be subsonic everywhere and ¢ is required to satisfy

equation (4).

Boundary conditions at the airfoil and wake

Let vn(xl) denote the normal (i..e. x, ~) component of velocity
on the surface x, = ¢ 1lying just outside the boundary layer on the upper

surface of the airfoil, § being the boundary layer thickness; this will

be referred to as the boundary layer displacement velocity. On x, - §
¢ must satisfy

3¢

%, - vh(xl) , (xl <0) . (8

- s
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ORIGINAL PAGE 1
OF POOR QUALITY

In order to make the subsequent analysis tractable, this condition

is imposed on X, =+0, am approximation which {s wipected to be
valid provided the length scale ~ U/w of boundary leyer disturbances
is large relative to &. Boundary layer displacement fluctuations are
assumed to be absent on the lower surface (x, = - 0) of the airfoil,
where it is accordingly required that

-3-1-0

9x, » ~C<x

<0, x

2"'0- (9)

1

We shall actually apply this condition over the semi~infinite interval

-w <x. <0, This will ensure that acoustic disturbances cannot

1
impinge on the shock from the supersonic region, and avoids difficulties
(vhich canaot be incorporated 4470 the present idealized model) arising
from the fact that the mean flow ahead of the shock must actually very
with position,

Similarly, if wh/U << 1, whera h characterises the mean

thickness of the wake dovnstream of the trailing edge, the perturbation

pressure

p-po(iw-u-a-%-l-)Q. (10)

(po being the mean density, taken to be constant), may be assumed to be
continuous across the wake. In the usual approximation of thin airfoil
theory [}4]. this condition may be imposed on the centre-line x, = 0,

x, >0 of the wake, and implies that

1

imxllv

[6] = ae (x, > 0) , (11)

vhere [‘] = ¢(x1, +0) - ¢(x1, =~ 0) defines the discontinuity in ¢
across the xl-axis. The value of the constant A is a measure of the

strength of vorticity shed from the trailing edge, and is determined by

the requirement that the perturbation pressure and velocity should remain

finite at the edge (Kutta condition).



b,

A non-zero value of '+ A is associated with the presence of
an asymmetric (sinuous) disturbance in the wake, Symmetric "breathing”
modes are als» possibiu, howaver. When wh/U is small the pressure
is continuous for such modes, but the normal velocity exhibits a simple
discontinuity across x, =0, x;, >0 ., 1In this case the phase velocity
is aqual to the minimum maan velocity Upin® 587 in the wake [21]. and
if K, "~ U-ln/w s the breathing mode satisfies

[?i;] - nai";‘ (x

axz > 0) ] (12)

1

where B is a constant, The value of B is obtained by requiring that
there be no net flux of fluid from the wake and boundary layer. This
condition is derived from the equation of continuity on the basis that the
characteristic acoustic wavelength is large relative to the thickness of
both the wake and the boundary layer, Thus in the absence of displacement
velocity fluctuations on the lower surface of the airfoil, B is related

to the displacement velocity A by

‘ ic_x
IO v (x))dx, + I.ne *lax, =0, (13)
~C 0

Convergence of the second of these integrals is assured by assigning to

w = Ux' a small positive imaginary component which is subsequently allowed
to vanish, The validity of this procedure is a consequence of the causality
condition which requires all field variables to be regular for sufficiently
large and positive Im w . The disturbances in the wake arise as a result
of the displacement velocity fluctuations in the boundary layer and of the

motion of the shock. Hence

B = ix. Jo v'n(xl)dx1 . (14;
-C

2.4
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gnglNAL PAGE 13
Modelling the interaction of the shock and bounda:,;ooR QUALITY

layer
Oscillatory motion of the shock &t frequency w generates

displacement velocity fluctuations whose specification according to linear
theory depends on & unowledge of the mean boundary layer velocity profile.
We consider here only the highly idealized velocity profile illustrated in
Figure 2(b), in which the mean shear in the outer region of the

boundary layer is concentrated into a vortex sheet at a stand-off

distance 4 from the airfoil, If the flow in the inner region

0<x, < ¢ has speed V in the xl-direction. the vortex sheet can

ik, x
support displacement velocity waves proportional to e 371 » Where
U wé J
kK, =2 1:1-‘7-17' (15)
+ vV

i<

| [1-efa- ‘]TJ

pivvided wé/V is small, i.e,, that the wavelength is large relative to §

(c.f. ref. [16], 53) .,

In the undisturbed state there will exist a length scale d
determining the distance in the xl-direction over which the mean properties
of the boundary layer change across the shock. When oscillations occur
at frequency w it is anticipated that at distances exceeding d downstream
of the shock the unsteady motion in the boundary layer consists of a linear
combination of the two displacement velocity waves determined by the
dispersion equatica (15). This notion leads to the quasi-static
representation of the interaction of the boundary layer and sheck described
below.

In the steady state the boundary layer thickness & increases

rapidly with x, across the shock, and we write

6 = GOF(x1+ L) (16)

2.5
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ORIGINAL PAGE I3
OF POOR QUALITY
and assume that

r(xlu) N~ for 114 L <~-d an
’
X le 66/60 for x4 42 4

@0 that & = 60, 5@ + 66 respectively in the vegions upstream and
downstreas of the shock. The generally such slower variations of Ba.cb

with X due to the matural growth of the boundary layer are ignored.

In generalising equation (16) to vnsteady motion, observe that in
praccice “fanning" of the shock must occur in the vicinity of the
boundary layer, and therefore that the shock-location equation (3)
becomes ill~defined as x, + O . This fanning will be neglected
to the extent that vhen x, + 0 it will be assumed that a representative
value of z, = 2(0) can be defined to determine the instantansous
position of the root of the shock just outside the boundary layer.
let ;(xl.c) denote the unsteady boundary layer thickness,

and introduce the reprcsentation

ik(x

} k2f (kd)e |
C o GpF(x+t) 'or Qe ) (6e8)

+1)

dk} , (18)

wvhere Ky xi respectively denote the wavenumber «_, defined by equation

-4
(15) vhen the -, + sign is taken, The path of integration in (18) runs
below both of the poles at k = Ky xi (this can always be ensured by
taking w to lie in a suitable region of the upper half=-plane). The
function f£f(kd) is assumed to be independent of w , to be regular on

the real k-axis, and to vary significantly only for variatioms in kd

which are O0(l), . In practice d and 60 are of comparable magnitudes,

2.6
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ORIGINAL PAGE IS
OF POOR QUALITY

and both are here required to be small relative £o the wavelength
~1/Rc(xl) of the displacement velocity waves, This implies that the
singularities of f(kd) in the complex plane lie further from the real
axis than the simple poles at k = ‘1°‘f « Accordingly, when

%, ¢+ 2> d>0 the value of the integral in (18) is dcminated by the

1
residue contributions from these poles, and the motion thereby described

is entirely associated with the corresponding displacement velocity waves.
When « is real, ‘1"2 respectively determine boundary layer disturbances
vhich grow and decay exponentially with increasing x, o

In the opposite extreme in which |11¢L| < 0(d) , the
displacement velocity poles make an insignificant contribution to the

intugral, and (18) reduces to

0

ik(xl+l)
T = &8 {(F(x+r) - £ I. f(kd)e dkt . (19)

-l

The hypothesis that the strxucture of the boundery layer in the neighbourhood
of the shock is invariant in a reference frame fixed relative to the shock

requires that £(kd) be interpreted as the Fourier transform of

F'(xl) - dF/dxl. i.e.,

£(kd) 1 | e mikny 20
- ﬁ xl). dxl ’ ( )

in which case (19) becomes

g = 60 {F(x1¢2-z°) + 0 (zg)} . (21)

In the following discussion the functional form of F(x+t) is assumed to

be known.



ORIGINAL PAGE 1§
OF POOR QUALITY

The displacement velocity vn(zl)' may now br expressed in terms

of the displacemeni z, of the root of the shock by substituting the

representation (18) into the linear theory formula

"n'[’g':"“%:]‘ y (x> - 1) (22)
giving
) ik(x1+l)
v.(x) =i 28 r k~(urUk) £ (kd) e & . (23)
(k-:I)(k—:;)

Similarly, since F'(x) vanishes for x, +2 <-4, upstrean of

the shock, equation (14) becomes

ike
o . kf(kd)e
B=ikdx, Ik_xi)(k_xi) & . (24)

&
g 1,

Boundary value problem for ¢

Collecting together the principal strande of the above discussion,

the boundary value problem for the potential ¢ may be stated thus:

For (xl >= 1, X, 2 0) and (- » < X <®,x)< 0) , find

admissible solutions ¢ of the equation

(ik - ’]2 R L QPN (25)
0 x wd axd

vhich satisfy the radiation comdition at large distances frca the airfoil

together with the following:



ORIGINAL PAGE IS

I, Conditione on the Airfoil: OF POOR QUALITY
2 T V.
- k< (w=-Uk)f(kd)e
'Si'z‘ 1 %% r Tk, ) (kxE) &
-y

(-t<xl<o.x2-¢o);'

%3.2-0, (--<x1<o.xz--o).

II, Conditions in the wake (x2 -0, x, > 0) ;

fux, /U
] = ae 1
i x, i
] - 2
a L
;2 )
III. Conditions at the shock:
] 2iw .
oo me-nocn s
o --::-2-(’:1#-1.:2'-0) .

The coefficient A is tc be determined by application of the Kutta
condition at the trailing edge of the & ~foil, and B {s given in terms
of Z, by equation (24). |

When used in conjunctior with the dispersion equation (15), the
solution of this boundary value problem provides the characteristic

equation for the admissible frequencies w for which self-sustaining

oscillations of the shock wave are possibls.

BTJ

(26a)

(26b)

(27a,b)

e

H,

(28a)

(28b)

£ 3N



§3. Solution of the boundary value problem

ORIGINAL PAGE IS
The Prandtl-Glauert transformation OF POOR QUALITY

v - “1KMX

K = kolﬂ (29)
X = xlla

reduces equation (25) to the standard form

2 2
L oo sp2fyeo, (30)
ax2 axg

and the boundary conditions (26) = (28) become:

I. Conditions on the airfoil:

N e rvz(w-Uv)f(vd)ei [oxeve] " |
X, 00 ) (v-rl)(v-xg)
(-L<X<0,x,=40), } (318)
wvhere L w 2/B, o= g + KM ;
J
g—f‘z.-o (-=<X<0, x,=-0) . (31b)
II. Conditions in the wake (x2 =0, X>0) :
()] »ae*™®, (= wpy) ; (32a)
ix X
[—3—%]-3; ., R, =x 8+ . (32b)

3.1 @-



111, Conditions at the shock: ORIGINAL FAGE Ig
OF POOR QUALITY
-g—%* icy = O X+~ 1L, ’2 >0) ; (33a)
1 LKMX
zo--;-;&c (X+ =1, x,= 0). (33b)

Equation (33a) has been simplified by making use of the condition
2 << 1,

Since the problem is linear we can set
v *1 tV, (34)

vhere *1 represents the flow induced by the boundary layer displacement
velocity fluctuations, and *2 is that produced by the oscillating
motion of the shock, The functions 1:1, "2 must satisfy reduced forms

of conditions (31), (32), and their sum, v, must satisfy (33).

Boundary value problem for il

The perturbation due to the displacement velocity fluctuations
is determined by ignoring the presence of the shock, i.e., by assuming
the flow to be subsonic everywhere and by imposing (31a) over the semi-
infinite interval (- « < X < 0) . This procedure is permissible
provided that the composite potential vy satisfies conditions (33) on
the shock.
A Fourier integral representation for wl is cbtained in Appendix

1 by the Wiener-Hopf technique [22]. In x, >0 we find

v - 12580 I Ivz(w-Uv)f(vd) 11 [ _
i 4n (v-tI) (v-x'{) y(k)tk -0 + 10

kg /v 1 1
- + — - "
G -i0) | e o | FOHI0 keenio)

i {veekX+y (k)xz}
x ¢ dkdv , (35)

3.2
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in which the notation & 10 indicates that the contour ¢f integration
in the k-plane passes above the pcle at k = ¢ and below the poles at

k= E.. ¥ . The fumction y(k) is defined by
ORIGINAL PAGE I8

, UALITY
v(k) = &=k, K OF POOR Q (36)
where branch cuts for the radicals on the right-hand side are teken
respectively in the upper and lower halves of the k-plane; such that
vhen K is real and positive, y(k) is positive on the real axis for
x| < K and positive imaginary for |:| > K.

Boundary value problem for ¥,

Motion of the shock causes souad to be radisted in the downstream
direction. Since the influence of the displacement velocity is included
in *1 » the shock assciated sound must satisfy

3w2

. 3;;.- 0 (-=<X<0, x,=0) (37)

rather than (31), where again the condition is imposed on the half-line
(-= <X <0) . In the wake there is no need to account for breathing
modes generated by the displacgment effect upstream of the edge, and *2
is therefore required to satisfy conditions (32) with B =0 .

In the absence of the edge an appropriate representation of the

motion in x, > 0 would be

a2 [ Y\ cos(ax,) XYW (D) gy (38)
0
1f
PR AR 9

wg is the diffracted field produced by the edge and wake, and may again
bedetermined by the Wiener-Hopf procedure. 1In Appendix 2 it is shown

that, for xz >0

3.3
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- =W | dk (40)

Equations (38)-(40) determine ¥y in terms of the as yet unknown
function Y¥Y(}) .

The integral equation for Y()\)

Condition (33a), to be imposed at the undisturbed location of
, the shock, provides an integral equation which determines Y¥()\) in terms
of the displacement z, of the root of the shock. To obtain this
equation we introduce the Fourier cosine transform g(u) of a function

g(xz) defined by the reciprocsl relations

\

gly) = f- g(xz)c0l (uxz)dx2 1

° ; (41a,b)

PR S S PO

s(xz) "-,2-,- r’i(u)co-(uxz)du
0

(see, e.g. Erdelyi et al [23]) .

Substituting ¢ = ¢y, + ¥, into (33a), using the representations
1 2

(35), (38), (40), and taking the cosine transform, we find that ¥

satisfies

’ '(u) - %___ [x-Y(U)] r '(A) ﬁ(ﬂ(U)‘~mﬁ(A)‘

T xHy (1Y ) )
1 o1 ) ALty (M)
X (v(k)ﬁ(u) I N da
i ° . - :
ko [(‘a‘i » i *1] - -
X ==l ;
3.4 t!



whare the cosine tramsform 31 is given by

i("”"x)dv OR’Gi'NAL FAGE 1

- v2 (u=Uv) £ (vd)e 0
W1t %% r V=K 1) (VEMKZ-2=5 F POOR QuaLITy
+ is.2 v2 (w=Uv) £ (vd) Ky/V o1

-

Ry | 1 1 i(ve-y(u)X)
i S O T O T dv (43)

The various terms in equations (42), (43) have the following
interpretation:

Y(u) is the contribution to (33a) from Vi , the direct
field generaivd by the shock; the integral involving Y(A) on the
left of (42) represents the contribution Yg of sound waves generated
at the ttaiiing edge by diffraction of the primsry field ?i . The
first term on the right of equation (43) denotes the influence of the
boundary layer displacement velocity fluctuations when the edge and
wvake are ignored; the second term represents the effect of sound

generated at the edge due to its interaction with the displacement

velocity wave.

3.5
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3‘3 POOR QUALITY z gy {wl( L,0) * vg(-x..o) + ¥,(~L,0) (44)

$4. The characteristic frequencies of self-sustained oscillations

A second relation between %, and Y()\) can be obtained from

condition (33b) imposed at the root of the shock, viz:

The elimination of Y ¥()) between (42), (44) provides £u equation
relating the frequency w and the conjugate displacement velocity
wavenumbe s KI.xg « The roots of this equation define those admissible

values of ‘I"; for which self-sustained oscillations are possible, and

when substituted into the dispersion equation (15) yield the characteristic

equation determining w in terms of the boundary layer thickness
6 =5y ¢ 68 dovnstream of the shock.
Self-sustained oscillations are envisaged to occur as a result

of the following feed-back loop of mechanical processes (see Figure 3):

1, The displacement Z, of the root of the shock generates
displacement velocity waves in the boundary layer;

2. Sound waves are produced by the subsequent interaction of
the displacement velocity waves with the trailing edge;

3. The impingement of the sound on the shock closes the
loop by generating further disturbances in the boundary

layer.

These observations lead to the following mimplifications of equations
(42), (43) and (44):

In equation (42) the second term on the left hand side is
discarded. This expresses the influence on the shock of sound waves
orignally generated by the shock (Wi) and subsequently diffracted at

the trailing edge. The amplitude of these waves is expected to be small

4.1
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cozpared with the sound produced by the boundary layer/edge interaction
because of the exponential growth of the displacement velocity waves
as they propagate towards the edge,

When the second integral on the right of equation (43) is
inserted into the right hand side of (42), it describes the effect on
the shock of sound generated by the boundary layer/edge interactiom.
This interaction will be dominated by the expcnenvially growing
displacement velocity wave (proportional to eiKIxI} , whose effect is
determined by the residue contribution to the integral from the pole

at v =g This will be taken to represent the principal component

I .
of the edge generated sound.
Taking account of these approximations we accordingly reduce

equation (42) is reduced to

Y = 2 ) + X, ) (45)

wvhere X;  Xgo respectively denote the local and edge-diffracted
influences on the shock of the boundary layer motion, and have the

explicit representations:

~iKML

id e o
Xy (W) = - 0 I” ?a(w-Uv)(o+x)f(ud)dv (46)
[kevw] L, (mkp) (vxd) (R2-12-02)
2 ik 24y (WIL)
Xy (W) = ﬂ:° [Kuygu;} e Elde
2 k+y (u
(ky=xp)
| ts 1 KA |1 1
AR PRYCI ) * = H 47
v (u)+icg oL =l OL I OR (47)
where
UI - KIB + KM . (48)
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%%F ;:()OR QUN‘\TY Turn attention now to equation (44)., The first term in the

brace brackets on the right hand side accounts for the backreaction

of the boundary layer on the motion at the root of the shock, As zbove,

this Jdecomposes into two components, the first describing the local influence
of fthe boundary layer (when edge effects are ignored), and the second the
effect of acoustic waves produced by the boundary layer/edge interaction.
Both effects are contained in the double integral representation (35).

When X+ ~-L on x, = ¢+ 0 the integration contour in the k-plane may

be displaced to -~ i» , In so doing the integral along the real axis is
transformed into the sum of two terms 2001, zoez, say, respectively

equal to the residue of the simple pole at k = ¢ (which characterises

the local eifect of the continuum of boundary layer displacement velocity waves
specified by equation (23)) and an integral arouni & contour enclosing the
branch cut of vK+K y which extends from k = - K to ~K = ie , The
latter represents the edge generated sound.

Thus we find: b

i} ~1KML vZ (w-Uv) £ (vd) dv :
© = So® rv(c)(v-xl)(v-x*l) ’ “ g

at-] the branch-cut integral can be reduced to the form

[w fw 3(v.£)e"KL£
0, = dv ac (50)
2 J A /E-\

where 3’(\:15) is regular on the E-axis and ~ O(l/f) as £ + = ,

Now B2 << 1, so that KL = kol/ﬁz is a large parameter which
characterises the foreshortening of the wavelengths of sound waves generated
at the trailing edge and propagating upstream against a near sonic mean flow.

To leading order, we therefore have

—
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0 ¥(v,0)d r""" d
) ® £ (v,0)dv ) % ¢ ORIGINAL [PAGE 15
OF POOR QUALITY

- f-l’é?r F(v,0)dv (51)

The remaining integral with respect to v is spproximated by the residus
contribution from the pole at v = Ky (see equation (35)) on the basis,
discussed above, that the dominant edge~generated sound is produced by
the expcnentially growing displacement velocity wave proportional to
ai‘lxl « In this way equation (51) is found to have the explicit form:

=~ Mg -
2 o|ZKT (.:1«'1!7" *1 ® &. )

1, /X [1 _ i [kprexirn/a] _
B wa? &';? K+K RNI) ¢ (52)
This and equation (49) determine
¥, (~1,0) = '0{61*92} . (53)

The second term in the brace brackets of equation (44) is the
contribution of the primary field due to the motiyi of the shock, and

it follows immediately from (38) that

Wg("L.O) - %- r Y(2)dx (54)
0
The final term in (44) is discarded for reasons discussed
previously, since it represents the influerce of sound produced by the
diffraction of wg at the trailing edge. Hence substituting from (53),

(54), equation (44) may finally be cast into the approximate form

bob
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1 KML
- :3-;-5- r Y(A)dA
%e

o~ TRy (55)
{1 + (0 +92)

cp? } ORIGINAL [AGE [
OF POOR QUALITY

When this expression for o is inserted into equation (45),
the following integral squation is obtained:
[2-“’“‘/1«:82} (xl(u)*xz(u))

Y(u) + im rv(k)dk =0
[1 + (91+92) oy 0

(0 <y <oy, (56)

The characteristic equation relating admissible values of w, Kyo x;

is now deduced by integrating this result over O < y < w :

. iKML roo )
142 { (o ,*e } * | (xy (u) + xz(w)duI =0, 57
wcp? 0

A more convenient form of this equation is obtained as follows.

Define

A (‘I'Kz'w) Zcim ':1 + r xl(u)dU}
wcg? o

{1

2% !__rvz(w—Uv)f(vd)dv
we g2 @ 2 ) v(@) vk (v=k})

.3 r'du J‘ v2 (w=v) (0:+¢) £ (vd) dv (s8)
0 Lw (vmrp) (vor) (R2-p2~0?) (k+v (1))

vhere use has been made of equations (46), (49) .
The presence of the factor elY(u)L in the representation
(47) of xz(u) indicates that, wvhen KL = ko L/82 is large, as assumed

1
beve, the value of !. Xp(1)du may be approximated by the method of

0
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stationary phase [22). Taking account of this remark we define

g 2.iKML (]

B (xxf,rg.w)ei " > 22 + r %g (W) du ’
vcB 0

vhere (from (47) and (52)) in a leading approximation

o (21:]‘(1] k2 (w-U)
K

7 W) (8 Tep ()

X K'/ﬁ- 1 + 4T (_1_.-..1_] .
Kﬂl’. bal V K+x K#ol ’

1
and
k.t
0 "
o et v -7
The characteristic equation (57) may accordingly be set in the
form

1+A ("I"‘f’w) + B “1"‘{"‘-’) ew =0,

ORIGINAL PAGE IE
OF POOR QUALITY
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{59)

(60a)

(60b)

(61)

5



‘i""d

. . ORIGINAL PAGE I9
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The characteristic equation (61) gives the condition which
must be fulfilled if self-sustaining oscillations are to occur at
frequericy w for given values of the displacement velocity wavenumbers
Kpo K§ - The first two terms on the lefthand side represent the
influence of the motion at the root of the shock when diffraction at
the trailing edge is ignored. The term in B gives the backreaction
at the root of sound produced during the passage of the unstable
boundary layer wave over the trailing edge., This interpretation is
evident from the structure of

k £

ue-u(xxz)wi-g-g--} , (62)

vherein (i) Rc(u:I!.) is the phase change associated with the convection
of a boundary layer disturbance from the root of the shock to the
trailing edg‘e, and (ii) kelll-»M) - w/4 is the phase change experienced
by sound waves radiating upstream from the edge to the root together with
a correction (- w/4) due to the cylindrical e¢preading of the waves. :
In order toderive quantitative predicticns from equation (61)
it is necessary to introduce an explicit representation of the function
f(vd) given by equation (20). Consider first the value of f(xId)
which occurs in the definition (60a) of B . By hypothesis, both the
transition length d and the boundary ilayer thickness § = 60 + 6") (
are small relative to the wavelengths of the displacement velocity waves.
Since F'(x;) is significantly different from zero only for lxll < 0(d),
it follows from (17) and (20) that, to leading order,
8!
£(e d) & 5= rF'(x Ydx, = = (63)
I 2n 1 1 n$

and this estimate will be employed in calculating B .

3.1
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To estimate the corresponding values of the coefficient A
from its definition (58), it will be assumed for simplicity that
F'(xlﬂ.) is an even function with respect to the undisturbed locaticn
% =- 2 of the root of the shock. When xId << 1 the leading order

asymptotic approximation to equation (58) reduces to

i6 M
A (“Io"iaw) .- ‘lagd r £QA) {v ~ il}ln(%g&] -

L]

tn (—}-_f-g]] A (64)

Numerical results are presented below for the case

(6'/6 )
£()) « =20 (65)
2w (1422) '
for which,
M {fo 28) _1, {1+
* X " - — ‘— - aem _. 1
A ("19"190’) -z—wgg 3 J 2 "n(ﬁd] 3 Ln(i_sé + vl (66)

This and other expressions appearing in the characteristic
equation (61) will be expressed in non-dimensional form in terms of

the reduced frequency § and wavenumber W defined by

Smkt zUt
o c
(67a,b)
3
= : -_I,
H-WR+1WI ko ’

vhere UR,WI zre the real and imaginary parts of W . If the mean
velocity in the wake is assumed to relax rapidly to that of the mean stream
U , the wavenumber Ky of the breathing mode in the wake is equal to

w/U , and this value is used below.

Equation (61) may now be expressed in the form

f 1 "
. Sle + ﬁ] - +argG = 2nmv ,
ORIGINAL P&G‘l’-‘ﬁ (68a,b)
OF POOR QUAL SW. = |G},

1
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vhere '
d -B ORIGINAL PACE IS
6 Fg v 30 M8, ] s Tyt OF POOR QUALITY

(f_é[s]‘ M2 w__l_] 1 Wi (w )
L )Zr) [T+M) M1 (1+M)  (1+mep2W) [e2w-1m]‘ 14M (m«azmj

- . (69

25 6 oo () - 3o ]} -

and n is an integer. Equation (68a) is the feedback loop condition that
the total phase change around the loop should be a multiple of 2v .
The term arg (G) is the change in phase introduced into the loop
during the production of displacement velocity and sound waves; the
remaining terms on the left of (68c) account for the effects of propagation
digcusaed ab;vei Equation (68b) determines the growth rate of the
instability wave in the boundary layer, w' ich must be such as to ensure
that the amplitudes of the sound waves returning to the shock are sufficiently
great to sustain the loop,

Equations (68) are to be solved simultaneously with equation (15)
relating the displacement velocity wavenumber to the characteristics of the
assumed boundary layer velocity profile. 1In terms of dimencionless

variables equation (13) gives for the exponentially growing wave

o S 8
_ £(1-V) |~ I]
iR [-w21-0)2)

1

u.—

(70)

where
¢ = v/u

is the ratio of the inn:r velocity of the model boundary layer (Figure 2)
to the main flow velocity,and &6 = 60 + 6; is the boundary layer thickness.
Equation (70) characterises a disturbance which grows exponentially as it

5.3
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propogates at phase velocity V downstream from the shock.,

Numerical Results . OF i?OOR QUAL\TY

Equations (68), (70) are used to determine the dependence

of the reduced frequency S of the self-sustained oscillations on the
{ boundary layer thickness ratio &/f . The calculation is performed

for fixed values of 8;/‘!.. d/s; , M and V. The values of 5 and
&/% determined by this procedure are actually discrete, and parameterized by
the integer n (S increasiug with n) ., Their variations with n turns out to be
sufficiently smooth, however, for it to be convenient to present the
results graphically as continuous plots in the (5,8/¢)-plane. The
results illustrated in Figures 4,5 correspond to the case 6;/& = 0,0005
and M = 0.99, The range of variation of &/¢ is set by the constraints
(i) that 6 3 6°>o,the boundary layer thickness upstream of the shock,
and (ii) the upper limits of validity of the approximate dispersion
equation (70) (wherein the second term in the brace brackets is required
to be small relative to unity). The solid and dashed curves ares for i
d/ﬁ; = 1 and 10 respectively; vV is equal to 0.2 in Figure 4 and 0.6 k
in Figure 5. The lower of these velocities is intended to model the ,
order of magnitude of the phase velocity of the long wavelength
disturbances in theboundary layer [24]. Prominent, large amplitude '
boundary layer structures tend to convect at about 60 of the main flow
velocity, and this is the situation modelled in Figure 5. In both cases )
it is evident that the predicted variation of S with §&/¢ is not |
significantly dependent on the transition width d/&c".

In the experiments reported by Burdges [7] the increase in the

displacement thickness &* of the boundary layer across the shock is

typically of order 0.001t . 1f, following Ffowcs Williams and Purshouse

[18], we identify the boundary layer thickness § of the vortex sheet

wodel with the displacement thickness of the real boundary layer,

5.4
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i.e., we take 68/& = 0.001, the results depicted in Figure 6 are obtained
vhen V = 0,2, It is of interest to consider this case in relation to
the experimental findings of Succi et al ﬁﬂ « In their experiment
£ 5 0.8 cms and acountié tone bursts were observed at a blade referenced
§requency of 12.6 KHz. This is consistent with the present theory in as
puch as in Figure 6 the resonance frequency fk = Sc/2%f wvaries between

10.2 = 21.6 KHz when d/c; = 1, and between 8.1 ~ 18.3 KHz at the

higher value d/6; =10 ,
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§6, Conclusion

A linearized theoretical model of the interaction of a normal
shock wave with the boundary layer on a supercritical airfoil has been
discussed. The system can oscillate at certain discrete resonance fre-
quencies provided an appropriate feedback-loop condition is fulfilled.
This is dependent un the convection velocity and growth rate of dist-
urbances generated in the boundary layer by motion of the shock and on
the subsequent interaction of those disturbances with the trailing edge
of the airfoil. Resonance frequency predictions are consistent with
measured "tone burst" frequencies observed in the study of the noise
produced by a transonic propeller.

The analysis of the coupling between the shock and the boundary
ayer is based on the hypothesis that the motion in the neighbourhood of
the root of the shock is steady in a reference frame moving with the root.

There are obviously many differences between the model and real flows:
shocks are not usually weak nor of infinite extent, are often accompanied
by a separation bubble and never enter the boundary layer in one front,
In addition, disturbances generated downstream of the shock leak through
the boundary layer and can also propagate around the leading edge of the
airfoil to modify conditions ahead of the shock. However, the theory
provides a useful first step in the understanding of unsteady shock/
boundary layer interactions, and would also be applicable to other aero-
acoustic problems, such as the interaction of blade-tip shocks of a

ducted, transonic rotor with wall boundary layers.
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© ORIGINAY. PA%E i) APPENDIX 1
OF POOR Q To solve equation (30) subject to conditions (31) (with

(31a) extended to the interval = » < X « 0), (32) and the Kutta
condition at the trailing edge. In order that the solution be

causal, i.e., that the displacement velocity waves arise as a consequence
of the motion of the shock (and are therefore present only for X » - L)
it is assumed initially that « is appropriately situated in the upper
half-plane to ensure that Ky ‘i both have positive imaginary parts.

The final result is obtained by analytically continuing the solution on to

the real w-axis.

Set

1 (kxsy(K)x,)
01 - rct(k)c dk , (A1}

t according as x, 2 0 . Wiener-Hopf functional equations for C :(k)
are obtained by the usual procedure [}2, Chapter 2], To simplify the

argument condition (3la) can be replaced by

%Z-e“’x. X<0,x,=40,
(c = gv + KM) . (A2)

Having obtained the solution wo(v), say, in this case, the complete

solution is given by

2 s 1 T
2, J‘ v< (w=Uv) £(vd) Wo(v)ewldv (A3)

¥y = 8 £
1 (o) (V=%

P
-l

Conditions (A2), (31b) lead to the functional equations

1

YC, ) - mesiey T L™

(A4)

Y(K)C_(k) - L,k (45)

(Al)

MR .
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vhere Ll' Lz are regular in Imk < O and vanish as k + ~ = ,

Conditions (32) respectively yield

ORIGINAL PAGE i

A OF POOR QUALITY

¢, (k) -C_ (k) - HIGeToy " v, &) , (a6)
; x /v
Y(&) [C, (k) + C_(K)] + '2?'(1":'?'-':1'6')' - U, , (A7)
s
wvhere Ul' U, are regular in Im k > O and vanish as k + ¢ = ,

Using the method described by Noble [22] to eliminate

!..ﬁk,l.z.ul.ll2 one finds ultimately that
1 - Kl, v
k=0+10 k-« .-io

Y, () = =

=k 1 LAy

4 | Key(k-oeio)  K-x-i0

+ (AB)

The perturbation velocity and pressure will remain finite at the trailing
edge (Kutta condition) provided y(k)C.o_(k) vanishes at least as fast as

1/k a3 k+ e, This will be so if

A= .___.._.._.._..-i (Ag)
vK=0 /K+k

Inserting this into (A8), substituting into (Al) and applying the integral

operator (A3) gives the result (35) of the main text.

(A2)
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To solve equation (30) subject to condition (32) (with

APPENDIX 2

B=0,,

3&2

axz

=0 for X<O, -0, (A10)

*
and the Kutta condition at the trailing edge.

Set

I
Vo =¥, ¢ "2 R (All)
where *; is given by equation (38). wg is the edge diffracted field
vhen displacement velocity waves are ignored., First solve the reduced
problem for #go » say, for which wg is replaced by

Wgo - ccn()txz)eh’u)x o (A12)

AN

The total diffracted field is then given by

D D iy(A\)L
"2 - J. Wzo(l)!’(k)e dr . (Al13)
0
Define
D i{khv(k)'xz}
wzo -t J. C(k)e dk , (Al4)

+ according as x » 0. This form automatically satisfies (32b)

2

when Bs=s0 , On x

) " 0, X< 0 equation (Al0) implies that

y(k)C(k) = L(k) , (Al5)

vhere L(k) is regular in Imk < O and vanishes as k + - iw .,

(a3)
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2C(k) +m-m - m = U(k) » (AIG)

where U(k) is regular in Imk > O and vanishes as k =+ + iw, ,
Solving (A15), (Al6) by the Wiener-Hopf procedure and choosing
the value of A to satisfy the Kutta condition, we find

Ck) = 'E‘j“){ 1 (AL7)

- 1
ArivReR (k=<-10)  (k=y (x)-:'.O)} '

Substitution into (Al4) and application of the integral operator (Al3)

yields the result (40) of the main text.

§ o
+

(A4)
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