NASA Contractor Report 172307

STRESS INTENSITY FACTORS IN A REINFORCED
THICK-WALLED CYLINDER

Renji Tang and F. Erdogan

LEHIGH UNIVERSITY
Bethlehem, Pennsylvania 18015

Grant NGR 39-007-011
February 1984

NASA

National Aeronautics and
Space Administration

Langley Research Center
Hampton, Virginia 23665

WASH -CR-/72 307

19840012811






: | STRESS INTENSITY FACTORS IN A
REINFORCED THICK-WALLED CYLINDER®

by

i Renji Tang** and F. Erdogan
Lehigh University, Bethlehem, PA

Abstract
In this paper an elastic thick-walled cylinder containing a radial
crack is considered. It is assumed that the cylinder is reinforced by an
elastic membrane on its inner surface. The model is intended to simulate
pressure vessels with cladding. The formulation of the problem is reduced
to a singular integral equation. Various special cases including that
of a crack terminating at the cylinder-reinforcement interface are inves-
tigated and numerical examples are given. Among the interesting results
found one may mention the following: In the case of the crack touching
the interface the crack surface displacement derivative is finite and
consequently the stress state around the corresponding crack tip is
bounded, and generally, for realistic values of the stiffness parameter,
the effect of the reinforcement is not very significant.

1. Introduction

Because of its practical importance the problem of a thick-walled
cylinder containing a radial crack has been studied rather extensively
(see [1] for review and references). Considered as a plane problem
the results obtained from such a study provide an upper bound for the
streSs intensity factors in pressure vessels, pipes, and disks containing
an axial part-through crack. In all these previous studies it is assumed

(*) This work was supported by NSF under the Grant MEA-8209083 and by
NASA-Langley under the Grant NGR 39-007-011.

g**) Visiting scholar. Permanent address: Associate Professor, Depart-

ment of Mathematics and Mechanics, Lanzhou University, China.
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that the cylinder is a homogeneous elastic solid. However, there is
at least one group of technologically important problems in which the
material may not be considered homogeneous. These are the problems
which may generally be classified undeér "multi-layered" cylinders.
Variety of reinforced disks and cylinders and pressure vessels with
6ladding may be cited as some examples. In this paper we are primarily
interested in thick-walled cylinders with cladding containing a radial
crack. This is a nonhomogeneous cylinder problem the distinguishing
feature of which is that the thickness of the clad (that is, the inner
cylinder) is very small compared to that of the main cylinder. The
crack problem may be formulated and solved directly as a nonhomogeneous
éylinder problem. However, there are at least two reasons for not
following this procedure. First, the analysis of the nonhomogeneous
problem is highly complicated and secondly if, as in the cladded pressure
vessels, the thickness ratio of the two cylinders is very small, past
experience indicate that there would be severe convergence problems in
the related numerical calculations. In this paper the cladding will
instead be approximated by a membrane and the problem will be treated
as a reinforced thick-walled cylinder. A similar problem for a half
b]ane and an infinite strip is considered in [2] and [3].

Introducing a dislocation into Mitchell's solution the problem
fs formulated in terms of a singular integral equation. The case of the
érack terminating at the interface is separately studied and the stress
intensity factors for various values of the stiffness constant character-
izing the reinforcement are given.

2. The Basic Formulation

‘ Except for the application of the boundary conditions, the formulation
of the problem is quite similar to that given in [1]1%. The stress state
in the reinforced cylinder will again be expressed as the sum of two

f*) In this paper certain expressions have been simplified through fur-
ther manipulations and by evaluating some of the series in closed
" form. ‘
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solutions containing the main features of the crack and the hollow

cylinder, respectively. Omitting the details and referring to Figure

1 these two solutions may be written as fol]ows (see [1] and [4] [6]1):
a. The crack solution .

N . 2u r cose-t-2t sin2e _ 2t2sin2e(r cose-t)
°1rr(r’e) - u(K+1) f [r2+t2-2rt cos o T rZ+tZ22rt cose)2 1(t)dt,
, e : o
(2.7)
o) = sino(2tcose-r) _ 2t sine(r cose-t)(r-t cose) |
°1re(r’e) n(K+1) j [r2+t2-2rt cose (ré+t2-2rt cose)? If(t)dt,
e N
(2.2)
g
(r,) = 2u [Zcose(r-t cos6)+r cose-t
%100\ " T 7 (k+ ) rZ+tZ-2rt cose
e
Hragtrestywe, @)

where y is the shear modulus, « = 3-4v for plane strain, « = (3-v)/(1+v)
for plane stress, v the Poisson's ratio and the function f is defined by

f(r) = ——-[u (r,+0) - u (r,-O)] s (e<r<g) . (2.4).

In order to facilitate the application of the boundary conditions,
it is convenient to express the stress components on the boundary in
terms of the following Fourier series:

9

T1re(@:8) = b7y | I oA(tsinne f(e)ee,  (25)
g .

Nerla0) = - ey | T By(t)cos ne f(t)at , (2.6)
e



g

9106(2:8) = - ;Tngy-[e i Calt)eos e (1) at, (2.7)
R |
S1r(0+0) = iy [e £ 0,(t) sin no £(t) ¢t (2.8)
9 @
Opr(0+0) = - =y je £ y(tcos no f(t) ¢t . (2.9)

From (2.1)-(2.3) and (2.5)~(2.9) the Frﬂuieﬁ coefficients may be obtained
as follows: : |
SR ACER YN (2.10)

o

By(t) = C,(t) = -

m|-a
(982

M) =8y(6) = 1@ ety = < 2@, by(e) = £, (t)-kah 20,

(2.11)
and b 1 er oa a.n-1
Aa(t) = 1 [n(d) (4M4 ],B(ﬂ-'[m4ﬂﬁ -(n-2)@d ),
n+

I R AL Ry
%u)=§bmwua-+m4na Looy(t) = g tm2)(® -nh 1,
Ey(t) = 5 L-(m2)(®) wm2)d) 1, =23, . (2.12)

b. Michell's Solution

If the loads satisfy the symmetry condition about the polar axis ox
shown in Fig. 1, and the resultants of the tractions on the inner circu-
lar boundary r=a are zero, then the Michel1's Slution for the hollow cylinder gives
the following stress components [4]; [1]

: g b 2c1
%whm)=fﬂﬂ&7+k #(~ =3 + 2d;r)cos o -
e

- z2 [a,r" 20, (n-2)r"c r " 24d (né2)rMcosnoldt
n=
(2.13)
b



g 2

c
che(r,e) = f f(t){(- 1:}-+ 2d1r)sine
e
+ I [anr"'z+bnn P p ™24 n r"Isin noddt , (2.14)
n=2 n n
s b, 2c,
cZGG(r,e) = f f(t){- 7zt 2c0 + (—;g-+ 6d]r)cose
e

+ 3 [a rn’2+bn(n+2)r"+cnr'"'2+dn(n-2)r'n]cosne}dt, (2.15)

where a5 b, Cpo and dn (n=0,1,...) are'functions of t and the constants

n
g g

| f f(t)a,(t)dt , [f(t)bn(t)dt -
e e

replace the regular coefficients in the Mitchell's solution.

3. Boundary Conditions

Consider now a hollow elastic cylinder having radii a and b and
containing a radial érack along & = 0, e<r<g as shown in Figure'1. Assume
that the inner boundary of the cylinder is reinforced by a thin mem-
brane of thickness h and the self-equilibrating normal tractions on the
crack surfaces are the only nonvanishing external loads.

 Let the stress state in the cracked hollow cylinder be the sum of
the two fundamental solutions given by (2.1)-(2.3) and (2.13)-(2.15),
that is, let

U,ij(r,e) = O’-HJ-(Y‘,G) + Ozij(rge) Py (i,j = Y‘,G) . (3.])
Then the boundany conditions of the problem may be expressed as

(b,e) + UZFr(b,e) =0, (b,8) + o, .(b,8) = 0, (0<e<2m)

“Trr T1ro 2ro

(3.2)
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o]rr(a,e)+02rr(a,e)=pr(e) s c]re(a,e)+02re(a,e)=pe(e), (0<e<2w)

(3.3)
and
U]ee(ra;o) + 0266(7':;0) = Q(Y‘) ’ (e<r‘<g) ’ (3'4)

where P and Py are the normal and shear tractions at the cylinder-
reinforcement interface (Figure 1b). From the equilibrium of the mem-
brane it may easily be shown that

P(8) = 0,.(2,6) = Ao, (a,0) , (0<o<2n) (3.5)
pe(e) = °re(a’e) = ) == 89 ee(a e) » (0<p<2mw) (3.6)
where ( hE
?ﬂf- for plane stress ,
A= < ‘ (3.7)

E h(] v2)
aE(l — 2)+hE V(1+v7— for plane strain.

In (3 7) E and v are the elast1c constants of the cylinder and E and v
of the reinforcing membrane.
By defining now

- _ uf(t) - _ pf(t)
a m(k+1) %n ° bn m{k+1 8n ?
f f
n £T£%%7 Yp o 9y = - ﬁYéé%j-sn’ (n=0,1,...) (3.8)

and by substituting the stresses into the boundary conditions (3.2),
(3.5) and (3.6) we obtain

m

|
i

C

8 8
E%-+ 2y, = Ey » (142) 5§-+ 2(1-0)y, = AC, - B, (3.9)



2y, v |
21y Y]
- B3t 28;b =Dy, 2(142) 737+ (61-2)8a = -As=1Cq (3.11)
and
anb"'2+sn(n-2)b"+ynb'("+2)+sn(n+2)b'" = E, (3.12)
n-2 n_ .=(n+2)_ -n _
a,b 8, n b ynb s, nb D, (3.13)

a2 21 2" L(n-2) 4 (m2) Trypa” (M2 (14245 a M (me2)4a(n-2)]

=B -AC, (3.14)
ana"’z(l-nA)+6na"[n-An(n+2)]-vna'("+2)(1+nA)-6na'"[n+An(n-2)]

= An+AnCn : (3.15)

for n=2,3,... Note that Ai’ Bi"" are known functions and are given by
(2.10)-(2.12). Equations (3.10) and (3.11) imply that the constants A]’
B], 01 and E] must satisfy

A] + B] =0 , D] + E-I =0 . (3.16)

It can be shown that equations (3.16) indeed follow from the fact that
in the "crack solution" o145 the self-equilibrating crack surface trac-
tions are the only non-zero external loads and consequently the stress
vector acting on r = a has a zero resultant [1].

With (3.16), the solution of (3.9)-(3.11) is found to be

2(1-1)a2 b2 (3.17)
Bo T a2(1-x)-g2(1+x) (t - T o

Yo = a2(1-1)1b2(]+xf['(1+x)t + éfi%lll 1, (3.18)
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t at(1-31) 3t2 ., b* ‘
T IR TRy Lt b 5] (3.19)

TR
1 = awrrmsrrey - A bz + LB 3 (g4,

Similarly, the solution of the infinite system (3.12)-(3.15) can be
obtained as follows:

a, = b2(n=1)¢n-1 8, (n-1)b2 - snb'z("“) , (3.21)
AB '
e (3.22)

Y, = ]_.1_1_ [-aZ("H)t'("”)(]-2nA-A)-Gna2(1+n-m->\)+enaz("ﬂ)(1-2n>\-k)] ,

A (3.23)
5 =-% (3.24)
n oA, , .
where the determinants B> 85 and Ao are given by
8 = n2(1+2A+A2)a_2b2—2(n2-1)(1-AZ)-[1+2nA+(2n-])Az]a-znbzn
- [1u2nA-(2n+1)A2]a2nb-2n + n2(1-2a-322)a2p"2 , (3.25)
8 ='{(1-n2)(1-x2)-[1-2nx-(2n+1)a2]a2"52"+n2(1—2A-3A2)a2b‘2}t'(“+‘)
+'{(2+n-n2)(1—Az)b'z-(2+n—n2)(]+2A+A2)a'2}t'("'])+{(1+n)[1+2nx-(1-2n)12]a"2n

- (140) (1-32) ™21V (24m) (142422 ) =220

~(24n) [142nA-(1-2n)22]a 2" 23T | (3.26)




8g = (=(1-n) [1-2ma-(1+2n)321aM(1-n) (1-32)b2" 3~ (™D (20n) (1422422) 222"
-(z-n)[1-2nx-(1+2n)x2]a2“b‘2}t'("‘])+{n2(1+2x+A2)a‘2b2+(1-n2)(1-x2)
- [-2na-(1420)321a" 2"t Ve g (2-n-n2) (1420412 )a 2= (2-n-n2) (1-32)b"2 3¢

(3.27)

4. The Integral Equation

Having determined Uns Bos Yps and Gn’ from (3.8) and from the expres-
sions for stresses it is seen that the solution of the cracked cylinder prob-
lem is completely known in terms of the crack surface displacement derivative
f(r). This function is as yet unknown and may be determined by using the
remaining boundary condition (3.4). Thus, by substituting the stresses %166
and Oggg 35 €Xxpressed in terms of f(r) into (3.4), after some manipulations
and separating the singular part of the kernel we obtain the following
integral equation:

9 | g |
f %ﬁ%}-dt + f k(r,t)f(t)dt = - E-(32‘:5-'5)-q(r'), e<r<g , (4.7)

e e

where the bounded kernel k{r,t) is given by

1. & 2n
k(rst) = -5 {- zt 2y, + 3+ 68¢r

n-2 -(n+2)

[+
+Z[ar

n
AL By (n¥2)r" + y v

+6.(n-2)r"}  (4.2)

From the definition of f(r) as given by (2.4) it is seen that the
following singlevaluedness condition must be satisfied |

j f(r)dr = 0 . (4.3)



The singular integral equation (4.1) may easily be solved numerically
by using the procedure outlined, for example, in [7]. Noting that
the solution of (4.1) is of the form [8]

f(r) = F(r)//(r-eJ(g-r] , (4.4)

where F(r) is a bounded function, after determining f(r) the stress
intensity factors at the crack tips may be defined and evaluated as
follows:

k(e) = 1im v2(e-r) oee(r,o) = 1im /2( e) f(r) , (4,5)
rse rse
k(g) = 1im v2{(r-g) oee(r,o) = -1im %%t—/zlg r) f(r) . (4.6)
g rg |

5, Special Cases

The first special case to He considered is an infinite plane which
contains a reinforced circular hole and a finite radial crack. In this
case by letting b+~ the Fredholm kernel k(r,t) in (4.1) may be simplified
as

- 2
. - -1 Ba 2l ® -(n+2) -n
glz k(r,t) kilrst) = - y -t ot n§2 [an +5n(n-2)r h,
(5.1)
. 2a2 . a¥(1-3a) 1
R S REE (= U (5.2)
= az(n+])(n2-3xn2) 1 2n(n2--n 2-An2+An+22) 1
n 2 + 1-a "t ZanFl-x B B
(5.3)
5 = azn(n-xn-1+x) N az(""])(n 2+an-22) . _1 (5.4)
n 2an+1-2 n+1 2an+1-x n-1 ° )

t
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Note that the new kernel given by (5.1) can be evaluated partly in closed
form by using the following infinite series:

Ax + (A+B)x2 + (A+2B)x3 + ... AX(T i?zA)Xz (5.5)

where A and B are arbitrary constants.
After some obvious transformations it can be shown that

B, 2y 6 4 "
_1 . Zo 1,1 ,158° _ 3a a 3a 1
(rst) = - 7 - o g (B - B v B0 B8 L
+ l_(3a5 _at _ a% gf) a2 _1__(3a’+ + 922 _ 3a?
2 ‘'r3tZ T 3 T vtZ T v/ (rt-a 4 ‘'r3tZ T p3 T pt?
23y % 2 M1 au a2 a2 n2
Ny 22 21n+1 -A (rt) ~( 73z T3 Tyt ?ﬂ nzz 2An+T1-2
a2,M- -1 1,32 5a2 9 n__ a2 n-1 1
) (rt) ) —( r3tZ * F3'+ Ttz TP 22 ZnrTx vt t gl
922 32 9, © A a2, N1
PR e e Logwer () (5-6)
Now observing that
o 2An+1-A ‘rt 2x\aZ . n'r n(2nA+1 A) ’
n=2 n=2 n= 2
(5.7)
and n
1y 2x -
log (m) = %I rall T<x<1 , (5.8)
the kernel k1(r,t) may be decomposed as follows:
k](r,t) = k]S(r,t) + k]ws(r,t) + k1b(r,t) (5.9)

where
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where

ke (rot) = - 1.(15a5 _ 3ak | at 3a2 1 . ,
1s'" g ‘r3tZ T p3 T vt? rt-aZ ’
J1 (a8 _at  at a2 a2 (5.10) )
4 'v3t2 T3 T w2 T v/ [rt-ad)? :
- __rt 3% . 9a2 3a2 6 23 (ot :
Kus(™28) = = Tgazy Gz + 5 - gz T )log(rt-a2)  (5.0)
_ 1 ,3at 9a2 + 23
Kiplrst) =5 (agz + 57 - rt )[ 109 rt
2 n-1
1 o (1- X)(a =)
T T 52 2An(2An+] A)
2 n-1
| ,2A§__n
___1_{_60+2Y (A GO LR R hy)
7~ S B 2 r¥ T rtZ T 2, T2t
a2.n-1
13, at, sz 9y e Mhp)
2 r3t2 Ty T optZ Tl O, ZanHT-n
(a2 n-1
1 3% , 92 332 9, ® rt
tr et T ey L Zantioa (5.12)

The subscripts in k.., k

1s Tws

and k]b refer to the fact that as r and t both

approach e = a (in the case of the crack touching the interface), these
kernels become "singular", "weakly singular" and "bounded", respectively.
The second special case is that of an infinite plane containing

a radial crack and a circular hole without reinforcement.
0 (see (3.7)) it can be shown that the kernel k(r t) in

by letting A =

In this case

(4.1) may be evaluated in closed form as follows:

2.32)232  t(t2-32 2.2 2
1im k(r,t) = ky(r,t) = - %%Ff%5%7%—'+ (rz_agjg * r:-az * arzz ) i ) %"
b
A-0 o
(5.13)
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The third special case refers to the infinite plane with a rein-
forced circular hole and a radial crack in which the radius a is
infinitely large. This is the problem of a cracked half plane rein-
forced by a membrane along its boundary (Figure 2). . In this case if we
define

r=at+y,t=a+c,e=a+ € 9=at+g (5.14)

and assume that y and ¢ remains finite as a tends to infinity, the
kernel k(r,t) in (4.1) becomes

k(r,t),b = lin ky(aty,a+z) = k3(y,z), (e <(y,z)<g,) . (5.15)

a-w

Again, by evaluating the asymptotically dominant terms in the infinite
series in closed form, after somewhat lengthy manipulations we obtain

o
k3lysz) = cty ¢h(c+y) 2¢2h§zc+>') oh(z+y)?

n
(1- &Y
2 2¢hn + a

-1
+ ). in 3§
¢ a»e n=

+ (4 + (5.]6)

2¢%h

where '
| [Em/E for plane stress,

¢ = < : (5.17)
lEm(]'”z)/E(]'“mz) for plane strain .

0f course, the iﬁtegra] equation for the half plane problem may also
be derived directly by using the method of Fourier transforms. By follow-
ing this technique and by omitting the detai]s, after evaluating the
asymptotically dominant infinite 1ntegra1s, the kernel k3(y,;) may be
obtained as follows:

1 . _ 2c+
= o eemene e - +
k3(y>2) cty ~ ¢h(zty) 2¢2h§%c+y5 ¢h(cty)?

2C+y é"' (C+.y)0‘
+ (4 + ——%%2-+ f Soho ¥ 1-da . (5.18)

0
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Finally, for the half plane without reinforcement it can be shown
that for a-~ (5.13) would reduce to the following known kernel [7]

) ay?
W) = - By T T (5:19)

6. The Case of the Crack Touching The Interface (e=a)

In the infinite plane containing a reinforced circular hole considered
in the previous section, let us assume that the inner crack tip touches
the interface, (i.e., e=a). In this case, from (5.9)-(5,12) the kernel
k(r,t) of the integral equation (4.1) may be shown to reduce to

11m k(r,t) = (r t) = k (r t) + klws(r t) + k] (r,t) (6.1)
b-s
e-+a

~ _ 1 ,3a% 6a2 1 4 82(r+a)? 2 1

15(ret) = g (G - - 5) —gg + rigl{ra) azy; (6:2)

t - 3 (t - T)
4 2

]ws(r t) = 1g§2A (Egtz * 2ir %; %?) log(rt-a?) (6.3)

. 4 2
kip(rat) = kyp(rt) + g (35 + 5) + o7 (B2 4 38y (6.4)

Note that as both r and t approach the interface r = a, the kernel
E]s become unbounded and hence influence the singular behavior of the
solution f(t). This behavior may be investigated by letting

£(t) = (g-t)%(t-a)™® , (O<Re(ws8)<l) (6.5)

and by using the function theoretic method described in [7].. Omitting
the details, the characteristic equations giving o and 8 may thus be
obtained as

cos ma« =0 , cot wg - silws =0, (6.6)

-14-



giving « = 1/2 and 8 = 0 as the acceptable roots. The root B8 = 0 indicate
that at the crack tip r = a the crack surface derivative is finite.
Since the bending stiffness of the reinforcement is zero, this is the
physically expected result.

In the limiting case of a»~ (Figure 2), the kernel given by (5.18)
which is obtained from the method of Frouier transforms is still valid.
In this case the integral in (5.18) may be evaluated as

? o (eH)a L o
f SohatT — do da 2¢h (E *109( ) + ? ﬁ-—Tﬂ , (6.7)
0

where 6 = -(z+y)/2¢h and E, = 0.5772157 is the Euler's constant. Hence
the infinite integral in (5.18) has the following order:

7 omalzty)
f Zohat1 o - 0lTog(z+y)] (6.8)

(o}

and the kernel of the integral equation (4.1) may be arranged as follows:

(rst) = Ra(yun) = Kaglysz) + Ry (vae) + Ry (v,) (6.9)

k35(¥58) = - o7 (6.10)
* omalzty)

s (1:2) = 4 [ S da | (6.11)

0

; . _ 2ty Ty zy
K3p(Y>2) = - FhichyT - 2oty * Tzt (gt

Zﬂ)[ eelew) (6.12)

2¢hatl

0

It is seen that as ¢ and y both approach zero k3 becomes unbounded, k3w
exhibits only a weak singularity and k3b remains unbounded.

-15-



Thus, if we express f(t) again as in (6.5), the function theoretic
method gives the characteristic equations for o« and B as

cos ma = 0 , (coswp-1)/sinmg = 0 (6.13)

which are the same as (6.6) and give a = 1/2 and g = 0. This result
could also be obtained from the circular hole problem by substituting

r =aty, t = atg, and by letting a»» in (6.2). After some simple algebra
one may then observe that the principal part of the kerne1 k1

-1/(z+y) which is identical to (6.10).

7. Solution and Results

Excepting the problem of unreinforced edge crack, in all cases con-
sidered the displacement u, at the crack tips is zero and consequently
the integral equation (4.1) and all its special cases must be solved under
the single-valuedness condition (4.3). For the numerical solution follow-
ing normalized quantities are introduced:

t='g‘é‘e“t+'g';_e"r='g‘—égp+'g%£’ (7'1)
k(pst) = g—g—e—kmt) » a(e) =q(r) , (7.2)
f(x) = S () = Flow(x) 5 (<1<z<l) . (7.3)

In the embedded crack problem (i.e., for e>a) w(t) = (1--1:2)"1/2 and
a Gauss-Chebyshev integration technique is used to determine F(t) [7].
The stress intensity factors are then evaluated from (see (4.5) and (4.6))

k(e) = /{g-e)7Z F(-1) , k(g) = -Ag==)7Z F(1). (7.4)

For e=a the function f(r) is bounded at r=a, (i.e. in (6.5) g=0) and the
stress intensity factor at r=g is obtained from

-16-



k(g) = -/ga F(1) . - - .,h.s)

, The calculated stress 1ntens1ty factors are given 1n Tables 1-6.
‘In the case of an embedded ‘crack (i.e., for e>a or e >0) the stress
1ntens1ty factors are normalized as follows:

ke E (e) , —Kla)__. ko(9)

'Table 1 g1ves an example showing the effect of the stiffness parameter
A defined by (3.7) on the stress intensity factors. S1m11arvresu]ts
for a reinforced half plane are shown in Table 2. The stiffné§§dcon-
" stant ¢ shown in Table 2 is defined by (5.17).

The results for somewhat more realistic values of the stiffness
parameter A and the radius ratio a/b which may simulate a pressure vessel
with internal cladding are shown in Table 3-6. The normalized stress
intensity factors are calculated for two types of external loads. In
the first it i; assumed that a uniform crack surface pressure oae(r,o) =
q(r) = -q, is the only nonzero applied load. In the second the cylinder
is assumed to be under internal pressure orr(a-h,e) = =Py

Generally, for the embedded crack the influence of the membrane
re1nforcement or the cladding on the stress intensity factors does not
seem to be very significant. Since the properties of the clad material
cannot be very different than that of the cylinder, this result is not
surprising. However, in the case of the crack term1nat1ng at the inter-
face (i.e., for e=a, Figure 1) the stress intensity factors k(g) cal-
culated for A#0 and A=0 are very different. For A=0 there is no reinforce-
ment and the crack is an edge crack with a non-zero open1ng at r=a
(i.e., u (a +0)-u (a,-0)>0) On the other hand, for A#£0 since u (a 0)=0
there is a great dea1 of constraint tend1ng to reduce the stress intens1ty
factor. One may note that because of the membrane assumption made for
the reinforcement at r=a the derivatiye of the crack surface displacement
is finite giving a finite angle between the upper and lower crack surfaces.

=17~
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Table 1.

Stress intensity factors in a reinforced hollow circular
cylinder containing a radial crack (Figure 1).
Toad: uniform crack surface pressure q(r) = -Q,s @

External

= 0.5b,

= 0.5(b-a), kn(e) = k(e)/q /(g-€)72, k (9) = k(9)/9,/(g-€)/2.

e-a A =0 A = 0.2 A = 0.5

b-a kn(e) k(9) ky(e) ky(9) ky(e) k. (9)
0.15 1.1968 1.1754 1.1085 1.1255 1.0549 1.0988
0.20 1.1517 1.1769 1.1123 1.1436 1.0740 1.1223
0.25 1.1331 1.1957 1.1215 1.1706 1.0926 1.1523
0.30 1.1727 1.2303 1.1379 1.2100 1.1148 1.1930
0.35 1.1893 1.2912 1.1637 1.2702 1.1439 1.2526
0.40 1.2263 1.4033 1.2042 1.3764 1.1854

1.3559
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Table 2. Stress intensity factors in a reinforced half plane containing
a crack perpendi¢u1ar to the boundary (Figure -2). External
Toad: uniform crack surface pressure q(y) = =Qys A, = he¢/g,
kn(9g) = k(gy)/a,/(3,-¢)72 , kn(eg) = k(ey)/qy V(g e )72
) Ay =0 A, = 0.0375 Ay = 0.075 Ao = 0.75 Ao = 0.3
€0/ 90 _ ,

1 5n%) | kal9) | knley) | knlgy) | kuleg) [ ta) [ ite) [ (g0) kn(eg) | K, (g,)
0.1 [1.42667 {1.15500 [1.41438 1.15234 [1.40300 |1.14983 . |1.38222 1.14510 [1.34633 {1.13661
0.2 11.20354 [1.09670 {1.19970 1.09543 |1.19604 {1.09422 |1.18921 1.09190 |1.17698 1.08765
0.3 |1.11075 {1.06242 |1.10909 1.06171 |1.10750 {1.06103 |1.10449 1.05972 [1.09902 |1.05730
0.4 11.06224 (1.03990 |1.06145 1.03949 (1.06068 |1.03909 1.05923 {1.03833 {1.05655 1.03691

Table 3. Stress intensity factors in a reinforced hollow circular cylinder
containing a radial crack (Figure 1). External load: uniform
crack surface pressure q(r) = -9y> a/b = 0.8, e/a = 1.05, kn(g) =
k(9)/a5/19-€17Z , k(e) = k(e)/q, AG=)TZ .
ae x =0 X = 0.00] =0.002 X\ = 0.004
b-a ;
kn(e) k,(9) ky(e) kn(9) | Kk, (e) kn{9) | kp(e)  k (g)
0.05 1.0044 1.0041 1.0043 1.0039 1.0042 1.0038 1.0039 1.0036
0.10 1.0157 1.0133 1.0153 1.0129 1.0148 1.0126 1.0140 1.0119
0.20 1.0511 1.0382 1.0497 1.0373 1.0484 1.0364 1.0459 1.0349
0.30 1.0§62 1.0668 1.0938 1.0656 1.0915 1.0644 1.0871 1.0621
0.40 | 1.1466 1.1023 1.1432 1.1011 1.1400 1.0998 1.1339 1.0974
0.50 1.2021 1.1596 1.1979 1.1584 1.1940 1.1573 1.1866 1.1552
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Table 4.

Stress intensity factors in a reinforced pressurized cylinder

containing a radial crack.

Tpp

External load: internal pressure
= =Pys a/b = 0.8, e/a = 1.05, kn(e) = k(e)/po/(g-e)7 s
kn(9) = k(g)/p,/(g-€)7Z .

e =0 X = 0.002 X = 0.004
b-a

k,(e) k,(9) k,(e) k,(9) k. (e) k,(9)
0.05 4.3014 4.2703 4.3003 4.2693 4.,2992 4.2684
0.10 4.3346 | 4.,2662 4.3307 4.2633 4,3273 4.2606
10.20 - 4.4534 4.2872 4.4420 4.2800 4.4316 4.2734
0.30 4.6101 4.,3256 4.5903 4.3156 4.5723 4.3064
0.40 4.7854 4.3935 4.7581 4.3828 4.7332 4.3730
0.50 4.9779 4.5473 4.9451 4.,5382 4.9150 4.5297

Table 5. The stress intensity factor kn(g) = k(g)/qofg-a in a reinforced

cylinder containing a radial crack which terminates at the

interface (e=a, Figure 1).
q(r) = Q45 a/b'= 0.8.

External load: crack surface pressure

o a=0 A = 0.002 A = 0.004
0.25 1.3380 0.8894 0.8701
0.30 1.4477 0.9256 0.9023
0.40 1.7159 0.9886 0.9580
0.50 2.0489 1.0375 1.0013
0.60 2.4352 1.0735 1.0345
0.70 2.8271 1.1065 1.0681
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Table 6. Stress intensity factor k (g) k(g)/p Yg-a in a pressurized -
reinforced cylinder conta1n1ng a rad1a1 crack which terminates
at the interface (e=a, Figure 1). External load: 9, (a 0) =
Pys a/b = 0.8. (For the edge crack case, that is, for =0
the effect of the pressure Ty (r 0) = ~P, On the crack surfaces
is not included). (k *(g) = k (g)/cee(a 0)#":5)

- = = = 0. A = 0.004

ba () P i (%)

0.25 5.8477 1.2836 3.8533 3.7684

0.30 6.2838 1.3794 3.9755 3.8734

0.40 7.3578 1.6151  4.1768 4.0443

0.50 8.6933 1.9083 _ 4.3154 4.1603

0.60 10.2352 2.2467 4,3977 - 4.2320

0.70

11.7739 . 2.5845 4.4642 4.3026
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(a)

Figure 1. Geometry of a reinforced thick-walled cylinder containihg
a radial crack. '
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b O‘ 1 )

f(Emé?ﬁ)

Figure 2.  Notation for an elastic half plane which is reinforced by a
membrane and which contains a finite crack?
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