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SUMMARY

The flow over a helicopter rotor blade in forward flight is an important example
of three-dimensional time-dependent flow, The boundary layers on the rotor blade set
loss levels and control retreating blade stall, Ae a consequence there is considerable
interest in developing a numeyjital scheme for solving the time~dependent viscous com-
pressible three-dimensional flow equations to aild in the design of helicopter rotors,

In the present report, the development of a computer code to solve a three-
dimensional unsteady approximate form of the Navier-Stokes equations employing a
Linearized Block Implicit technique in conjunction with a QR operator scheme is
described. Results of calculations of several Cartesian test cases are presented.
These results indicate that the computer code can be applied to more complex flow

fields such as these encountered on rotating airfoils.
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INTRODUCTION

The behavior of boundary layers on wings and bodies has long been of interest to
aerodynamicists, In both steady and unsteady flows the boundary layers are known to
govern a major portion of the losses and to significantly influence the vehicle 1lift
and moment coefficients. When the flow is steady, boundary layer prediction schemes
based on numerical solution to the governing partial differential equétions of motion
have reached a high level of sophistication and predictive accuracy, even in three
space dimensions. In unsteady flows, such as are commonly encountered in rotary
winged aircraft, some progress has been made in two space dimensions but little to date
has appeared on unsteady three-dimensional boundary layers.

Two particular problems arise with time-dependent three-dimensional boundary
layers relative to the steady case. The first of these is the rather obvious one of
time integration with its added requirements of transient accuracy coupled with an
increase in the computational labor. The second of these is the so-called negative
cross flow problem, which to some extent has troubled the steady boundary layer
prediction schemes. Kendall, et al (Ref, 1) discuss the negative cross flow problem
for steady three-dimensional bc ndary layers in a very illuminating fashion. This
particular problem arises when the spanwise component of velescity changes sign and will
be discussed in detail subsequently. Because of the interest by external aerodynamicists
in swept wing boundary layers where the negative cross flow problem (in this case flow
from tip to root) is not usually encountered, the negative cross flow problem has not
received a great deal of attention to date. However in transient flows, particularly
those encountered on rotor blades in forward flight, negative cross flows are frequently
encountered. For instance, the advancing rotor blade has cross flows of one sign during
the first ninety degrees of rotation and these can change sign over part of the blzade
during the second ninety degrees.

Thus to be of practical value, time~dependent three-dimensional boundary layer
prediction schemes require high computational efficiency and transient accuracy
coupled to the ability to treat arbitrary cross flow profiles.

In this report we describe the development of a computer code for the efficient
solution of three-dimensional time~dependent viscous flows on fixed and rotary aircraft.
The Linearized Block Implicit (LBI) technique of Briley and McDonald (Ref. 2) in
coordination with a tridiagonal QR operator scheme (Ref. 3) is employed to solve the
reduced turbulent Navier-Stokes equations which are derived for nonorthogonal coordinates
in generalized tensor form. The rationale for the choice of this approach is discussed
ir detail in Ref. 3.



The basic ajssumptions made in the derivation of these equations are that the
pressure does not vary normal to the shear layer and that in the energy equation
the square of the normal velocity is neglected with respect to the other velocity
components (To = constant). The latter assumption is included only for computational
simplification purposes and is not essential in the analysis. A novel method is
employed for solving the continuity equation in conjunction with the reduced
Navier-Stokes equations. The continuity equation is split by employing the Douglas-
Gunn procedure to obtain a consistent approximation to the full equation which is
then solved as an integral. Results of computations on model problems in Cartesian

coordinates are presented.
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LIST OF SYMBOLS

a, b, e, d coefficients of differential equation
azj coefficient of differential operator

2 nonlinear three-~dimensjonal differential operator
ds differential arc length.

31 covariant basis vector

£, £(x) right-hand side of differential equation
gij’ gij components of metric tensor

h step size

hl’ hz scale factors

J Jacobian

L(u) linear differential operator

-[1 linear three-dimensional differential operator
Ly product operator ai'[i

Mt difference between D" ana *L®

P pressure

Q tridiagonal difference operator

q_, qc, q+ components of Q

3 velocity vector

R tridiagonal difference operator

r—, rc, r+ components of R

Re Reynolds number

R, cell Reynolds number

S ! source term

t time

T static temperature

To stagnation temperature




Greek Symbols

ik
o

W

Subscripts

e

P

oo

Superscripts
n

w kR KRR

contravarisnt velocity component

physical velocity component

coordinate direction in 1 direction

factor for centering time step
ratio of specific heats
Christoffel symbol

Kronecker delta function
velocity divergence

time step

step size in i direction
strain tensor

boundary layer coordinate
viscous stability parameter
molecular viscosity

density
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vector of unknowns in LBI scheme
source term in LBI scheme
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ANALYSIS
Background

In this section the requirements of a three-dimensional unsteady viscous flow
computer code for flow over airfoils are discussed.

Three-dimensional boundary layers occur on the wings and fuselages of both
fixed and rotary wing aircraft. In both types of vehicles, the boundary layers are
important in setting loss levels and determining useful operating ranges. As is well
known, boundary layers are sensitive to pressure gradients, In time-dependent flow
the temporal acceleration terms appear in the momentum equation in a form very similar
to the conventional imposed pressure gradient and so for qualitative evaluation purposeu
can be regarded as "pseudo" or "auxiliary'" pressure gradients. Viewed in this manner
the temporal acceleration terms can be seen to influence quantities of practical
importance such as skin friction, displacement thickness and the onset of separation.
At the range of frequencies typically encountered in rotary wing aircraft aerodynamic
problems, it is clear, for instance, from the extensive review of McCroskey (Ref. 4),
that very significant transient boundary layer effects can be observed,

In examining the flow problems of practical interest such as loss levels or the
onset of separation it is evident that all three space dimensions must be considered.
In conventional aircraft the sweep effect is of interest and inherently three-dimensional.
In rotary wirg aircraft in forward flight clearly very substantial transient changes
occur in what might be termed the local sweep angle, However, generally speaking, the
boundary layers remain thin unless catastrophic flow separation occurs or the flow at
the wing or rotor tip is considered. As a consequence it might be supposed that the
usual thkree-dimensional thin boundary sheet approximations (Nash and Patel, Ref. 5)
could be used to produce a valid set of governing equations. Fortunately some improve-
ments in thin boundary sheet approximations are possible as a result of having to
eliminate the negative cross flow problem mentioned earlier.

The negative cross flow problem is best explained in a somewhat intuitive manner,
and a good physical description of the problem is given by Kendall, et al (Ref. 1l).
Looking at the suction surface of a conventional swept back wing the boundary layer
cross flow, w, is usually outward in the z positive direction along the span from R
root to tip. Thus conventional boundary layer integration schemes have developed by
forward marching the streamwise velocity u in the streamwise x direction and simul~ -
taneously marching out along the span in the z positive direction. In view of the

physics of the problem, the spanwise marching scheme does not normally encounter
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negative w, 1.e., spanwise inflow. This is very fortunate because it is difficult,
indeed it could be argued impossible, to structure a physically satisfactory uncondi-
tionally stable noniterative scheme which permits forward marching in the spanwise
direction with a negative w cross flow, At least intuitively the problem of negative
cross flow implies Anformation being trunsferred upstreas against the spanwise marching
direction, Conventional stability analyses confirm the inability to forward march into
reglons of significant negative w, From experience with attempts to march the two-
dimensional boundary layer equations into a region of separated flow and its obvious
relationship to the negative cross flow problem, it is not surprising that spanwise
marching into a negative cross flow region is not accomplished without special treatment,
Recently conventional boundary layer developers have been turning to pexforming an
implicit spanwise construction to remove the restriction of only positive cross flows
(Kendall, et al, Ref. 1). Lin and Rubin (Ref. 6) in their predictor-corrector boundary
region solutions for flow over a yawed cone at moderate incidence also show that allow~
ing diffusion in the spanwise direction not only eliminates the problems associated
with negative cross flow, but improves upon the solutions obtained by three-~dimensional

boundary layer techniques.

Boundary conditions applied at the tip cam influence the flow inboard, if
required by the physics of the flow. For these reasons the implicit spanwise con-
struction has been a feature of the three-dimensional duct flow analysis of Briley
(Ref. 7) and McDonald and Briley (Ref. 8). As a consequence of these observations
and the need to remove the negative cross flow restriction, a spanwise implicit formu~
lation seems mandatory for the rotary wing applications and at least desirable for
fixed wing applications, especially as it can be had for a very modest increase in
code computational labor. Based on the experience in Refs. 7 and 8, the spanwise
implicit sweep would only result in about a 207 increase relative to the explicit
spanwise marching approach. The extension of the conventional three-dimensional
boundary layer equations to allow spanwise diffusion is easily accomplished, and in
view of the improved physical representation which thus follows, it is recommended
and has been implemented in this effort.

As a matter of course it has been assumed that normal to the wall an implicit
formulation would be structured. In recent years for boundary layer type problems
there has been little dispute as to the efficiency gains to be had from an implicit
formulation normal to the wall (Ref. 9). However in the streamwise direction for
steady 2-D flow, the equations are normally forward marched and the implicit stability
obtained entirely from being implicit in the normal to the wall direction. In time~

dependent flows a similar structure is to be had so that at each time level one
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streamwise (explicit) forward marching sweep could be made with two impiicit sweeps
in the spanwise and normal directions to give the desired unconditional srabiiity.
As mentioned earlier the explicit sweep would probably require less computational
effort by about 20% than an implicit streamwise sweep and of course less storage,
However, since the solution is being time marched the opportunity to take a stream~
wise implicit sweep at roughly the same cost as the explicit sweep does arise, If
one does perform a streamwise explicit sweep, then the linearization of runlinear ]
terms is performed about the known gpatial marching level. If an implicit streamwise . ;
structure is adopted, then full time linearization can be utilized, That is the
linearization of the nonlinear terms is performed about the known time level. As is
poilnted out in Ref., 8, it is easier to obtain a consistent spatial~temporal order
accurate linearization by marching in time than in space (in time the nonlinear
marching derivatives have the form u, whereas in space marching they have the form
uiuj . Further by structuring impli;itly in the space marching direction, (small)
regions of axial reverse flow would be permitted., As a result of these combined
benefits of linearization and separation, ~ strudmyise dimplicit structure is advocated
and has been implemented in this effort.

Transient calculations mean that, in essence, a full 3-D spatial integration is
carried out at each time step. Thus, spatial accuracy is very important to minimize
the spatial grid point density for efficiency since many time steps are contemplated
in a given cycle., In order to get the most out of a given spatial difference formula,
the errors from representing nonlinear terms by linear combinations of terms should be
less than or equal to the spatial discretization errors., If the linearization intro-
duces a greater error than the spatial differencing, then either a coarser spatial
mesh could be used, or iteration, or some form of linearization improvement is !
called for. Iteration across a time step is not recommended since this only reduces i
the linearization error and computationally costs as much as a complete iime step. 4
Cutting back the time step would be preferable to iterating to preserve the’lineariza-

tion error at some acceptable level, since cutting back on the time step would improve ;

both the transient error and the linearization error. This point is clearly demonstrated

in Ref. 3. To obtain a linearization, which introduces errors of at most the same as

the spatial difference formulae, a Taylor sgries expansion about the known time level N
can be performed. This process clearly demands a formal bleck, i.e., coupled, treat-

ment of the system of equations. For instance in the streamwise momentum equation "

a typical term is linearized:

Cow)™ = 0™ "W - W+ o Aar?)
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o4t the old time level n without introdueing a first

and clearly one cannot lag W
order time e-2or in ovder to get an uncoupled system, f.e., wn+l not appearing in the
streamwise momentum equation., Thus formal lipearization and consideration of the
resulting errors indicate the coupled system ought to be treated from the accuracy
point of view, {uis is further reinforced when it is realized that block, i.e.,
coupled, systems are not computationally expensive (in a relative sense).

Additionally a second type of approximation arises upnconnected with linearization
but arising from basic ccupling terms in tlie original equations and if indeed some
terms in an equation are time lagged in order to uncouple the equation system and
these teyms are of equal importance to the terms retained, then again an iterative
updating 1s called for in order to achieve stability, accuracy and consisvency.

(This could be termed ad hoec equation uncoupling). Blottner (Ref., 9) has shown that

many iterations around the ad hoc uncoupled set (>10) are sometimes required in order

to achieve an overall solution accuracy commensurate with the local difference molecule
accuracy., The linearization technique is described in Ref. 8, together with its applica~-
tion to block coupled splitting schemes., Schemes of this general type are here termed
"split linearized block implicit" or split LBI schemes, and are reviewed in detail by
Briley and McDonald (Ref. 2),

As a general observation, care is required to obtain acceptable transient accuracy
for long time integration with conventional finite difference schemes. A Crank-
Nicolson centered time implicit scheme for instance, although second order in time,
shows quite a dispersion problem (relative to other schemes) on the simple pure
convection problem. However, the problem of transient accuracy is significantly
reduced in the typical boundary layer problem since the time dependency is continuously
input through initial and boundary conditions and relatively the concern is with "short"
time integrations. The computational problem is more of what the phase lag of the
wall shear is, relative to the prescribed free stream disturbance, than concern over
the convection velocity of a wave in a shear after a long propagation time. The
interest is in forced oscillations with a minimum scale of the boundary layer thickness
over a few cycles of the motion, just enough to obtain repetition cyclically. It is,
therefore, expected that a significant dispersion problem will not arise with a con-

ventional implic.t scheme.
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The governing equations that are considered here are the Navier~Stokes cquations,
continuity, energy and the equation of state which are written in generalized tensor
form for a body oriented ecoordinate system (boundary layer coordinates). In accordance
with the boundary layer assumptions, the normal momentum equation is eliminated and the
pressure is specified throughout the viscous layer in its stead. For the energy
equation constant stagnavion temperature T, is assumed. This assumption is a good
approximation for the flow fields considered, and is thus included here only for
purposes of simplification, In the analysis that follows, the full energy equation
could equally well have been used. Employing the equation of state which relates the
pressure p to the velocity components u and w by an algebraic equation, the problem can
be reduced to one involving only the three velocity components, u, w and v and three
equations, the streamwise and spanwise momentum equations and the continuity equation,
Hence, we consider a block-three system rather than a block~four system which leads
to a significant reduction in computer time. If the full energy equation were to be
considered, a block-four system would result due to the inclusion of the temperature
as an additional unknown,

Cooxrdinate System

Since the goal of =%is effort is to solve for the flow over airfoils an under-
standing of the type »f geometries to be considered is essential to guide the choice of
the coordinate systuin and the structure of the computer code.

Consider a typical finite span swept wing airfoil as shown in Fig. 1. The coordi~
nate system is not only dependent upon the geometry of the airfoil but also upon the ap~
proximations that are made to the governing Navier-Stokes equations. As in boundary
layer theory we also assume that in the approximate form of the Navier-Stokes equations
the pressure is constant normal to the shear layer, Inherent in the assumptions is that
the shear layer is thin. As pointed out by Howarth (Ref. 10) the boundary layer assump-
tions lead to the conditions that one coordinate direction must be normal to the body
surface while the other coordinate directions must lie on the body surface., Furthermore,
the coordinate lines normal to the surface are straight. These conditions uncouple the
metric data on the surface from that in the normal dircction. Hence the metric data for
the surface coordinates are functions of the surface coordinates alone, while the metric
data for the norwal coordinate direction are functions of that coordinate alone.

The choice of the surface coordinates is rather arbitrary and is based on considera-

tions such as the ease of construction or the grid distribution on the wing surface.

10



In the numerical solution of the flow over an alrfoil there are many ad#antages to be
gained by the jndicious cholce of coordinates. The most obvious advantage is that the
physical boundaries of a flow reglon can v& represented by coordinate surfaces. This
removes the need for fractional celly in general; hence, the complications and loss of
accuracy associated with a boundary interpolation are removed, Another advantage is
that a uniform numerical method can be used., The solution can then be performed with
a fixed number of cells in any given direction and with a uniform mesh spacing.

In Fig, 2 we can see the advantages of a nonorthogonal grid which conforms with
the boundaries of the swept wing and covers the entire airfoil over a Cartesian grid
whi ., does not. In addition the coordinate transformation can be constructed to contain
distributions for pnysical space mesh points. In this context, the uniform mesh of
computational space is simply mapped into a suitably distributed mesh in physical space.
The resolution of large solution gradients is the major objective in the selection of a
coordinate mesh distribution, as ir the resolution of an attached boundary layer. !
Another wore subtle example 1s the resolution v: large gradients in computational co-
ordinates due to regions of high curvature on the bounding surfaces. When the trans-
formation contains the miesh point distribution there is no need to construct the appara-
tus for the discrete approximation of derivatives on a nonuniform mesh. This results in
a savings in both computer logic and storage.

Therefore, in this work a coordinate system 1s chosen that conforms with the
boundaries of the physical domain i.e., the wing surface which in general will be
nonorthogonal. In addition, in order to suitably distribute grid points in regions of
large gradients, provisions are made for amalytical grid transformations (Ref. 1]) in
each coordinate direction.

In view of the type of geomsrries to be considered and the assumptions made to
obtain the approximate form of the Navier-Stokes equations a specialized nonorthogonal
coordinate system ls advocated where the metric tensor which has four independent i

components is glven by
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The subscripts 1 and 2 refer to the directions on the surface of the body while sub-
script 3 refers to the direction normal to the body. Furthermore, the metric data in
the coordinate directions on the airfoil surface do not vary with the normal direction,
i.e, the metric data in a 1 - 2 surface above the body are evaluated on the

the body surface (Ref, 10). Since we will be dealing with nonojithogonal coordinates

it is advantageous to derive the equations in general nonorthogonal coordinctes employ-
ing generalized tenscrs. In Appendix B a brief description of tensor notation is given,
Further details can be found in Refs, 12 and 13,

An important feature of the analysis to follow 1s that the governing equations
which are derived, under the prescribed assumptions, are invariant for any coordinate
system or any grid transformation (although, of course, the physical approximations are
"nordinate dependent). The grid transformations are absorbed into the geometrical
coefficients, leaving the equations unaltered in form. This point has a considerable
cffect on the development of the computer code, Since the only geometric information
that must be input is the definition of the metric data and their derivatives, it can
be contained in one subroutine without modifying the remainder of the code.

Governing Equations

In view of the ultimate goal of this program, to solve an approximate form of the
unsteady three-dimensional Navier-Stokes equations on airfoil shapes, the governing
equations are derived in general nonorthogonal coordinates and are given in generalized
tensor notation. We will show that this notation aids in the ordering of the various
terms in the equations and in many respects simplifies the construction of the computer
code.

In the following derivation the governing equations are nondimensionalized as
fo:lows, xi with respect to the characteristic length L, the velocity with respect to
U,, density, pressure and temperature with respect to p_, memZ and Umz/c respectively

and time with respect to L/Um. Viscosity is nondimensionalized with respect to u_.

Continuity Equation

Consider the continuilty equation written in vector form so that it is independent

of copordinate system i.e.,

dp —
-aTJrV'pq:O (1)
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where p is the density and K is the velocity vector. Laipressing the velocity vector

in a covariant basis

where ui is the i-th contravariant velocity component and Zi is the covariant basis
vector in the xi direction., The velocity vector may be expressed in a number of dif-
ferent forms, each with certain attributes. Here for the moment the velocity vector is
expressed in a covariant basis, for simplicity. Later the velocity components will be
transformed into physical components for numerical solution. The contravariant basis
exhibits variation in its components for instance in slug flow, if the coordinates are
such that the metric varies. For boundary layver flows the physical velocity components
are roughly aligned with the coordinates and exhibit no variation with the metric per se.
As such, it is felt that the actual computations are better performed on the physical
components,

The divergence of a vector (cf Appendix B) is given by
V'_,o_(i=pukk :(,ouk),K+pU| I.;:Z::IT(JPUR)’R (3)

where puk[k is the ~covariant derivative, puk,k is the partial derivative in the xk
direction, J is the Jacobian and P?k is the Christoffel symbol (cf Appendix B).

In Equatiuvn 3 two forms of the divergence are presented, one involving the
Christoffel symbol or curvature term directly and the other the Jacobian. The former
is perhaps more restrictive since it requires additional smoothness of the geometrical
quantities., However, herein we use either form solely from the point of convenience.
For the continuity equation we use the form involving the Jacobian while in the momentum
equations the form involving the Christoffel symbols is employed for the evaluation of
the explicit (lagged) diffusion terms. Thus the form of the continuity equation which
is used can be expressed as

= 4+ — (upuk), =0

L
t J

%
2 (4)
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Momentum Bquations

The momentum equations in vector form can be written as

q 09 . = = =
”ZT e[ G+ @NT] V-5 (5)

where O is the stress tensor.

In generalized tensor notation Equation 5 becomes

P[%+Uk“||k]—él = o, (6)

The stress tensor is defined as

ik . 2 * Ik
o = "[F’Jrsﬁ’eA]J * Re € (77

where n is the viscosity, p is the pressure, A is the velocity divergence and eik is

the strain tensor. The Reynolds number, Re, is defined as p U L/u_. The strain

tensor is defined as

ik .o mk k im
e-umg +umg (8)

where gmk and gml are the components of the metric tensor. Employing the fact that

GkJ = gkj and substituting the definition of the strain into the stress tensor

we obtailn

Ik, _ _?__/_‘_)ik_/iimk_"_km'
oo (pr g ) e R S 9)

Substituting Equation 9 into the momentum equation and employing the relationship

gkj = 0 (10)

14




we obtain for the i-th momentum equation in the K direction

|
RN P

+ gn*["%m'm] |k+ gml[ = k :Hk

In Ref, 3 it was pointid out that the QR Operator scheme requires that derivatives

(11)

in any direction operate on only one variable. In the momentum squation this require-~
ment prevents the implicit treatment of certain diffusion terms that arise due to the
curvature of the body, Although these terms are often treated explicitly anyway the
use of standard finite difference techniques instead of the QR Operators would give one
the opportunity to treat these terms implicitly, if so desired. However, the use of
the QR Operator scheme requires these terms be treated explicitly, This together with
the quasi-linear form of the governing equations are the major limitations that arises
in the treatment of the approximate form of the Navier-Stokes equations considered from
the use of the QR Operator scheme, In the usual boundary layer approximations these
explicitly treated terms would not appear in the equations since they are of

order 0 (Re~l/2) or smaller, and should, therefore, be of little consequence, In
principle, the quasi-linear and, for instance; the full conservative form of the dif-
ferential equations, are equivalent., In discrete form, various formulations of the
governing equations exhibit different properties (Ref.29). 1In the present problem,

no distinct disadvantage appears to arise from rhe required use of a quasi-linear form
of the governing equations.

The requirement that derivatives in any direction operate only on one variable
would be more restrictive in the treatment of the pressure gradient term in the full
Navier-Stokes equations. The linearization of this term introduces derivatives of all
the velocity components in a given direction. According to the limitations of the QR
Operator scheme described above, some of these terms must be treated explicitly. Since
an explicit treatment of these terms could reduce the stability bound of the calculation
scheme, an alternate procedure should be considered. This would involve the ad-
dition of an auxillary equation relating the pressure gradient term to the derivatives
of the velocity components and would increase the block size of the system. An
assessment to the efficiency of such a procedure has not been carried out and further
work in this area would appear to be warranted.

In the discussion that follows, we will first split the governing equations into
an explicit part and an implicit part in accordance with the QR Operator requirements.
Thereafter, we will cast the resulting equations into "'standard form", so that the

equations can be appropriately linearized and treated with the LBI technique.
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Since mized partial derivatives are commonly treated explicitly in oxthogonal

coordinatie systems, we will do likewlse in generalized nonorthogonal coordinates and
extend this concept to include mixed second covariant derivatives. All other second
covariant derivatives are retained as implicit. Although such a procedure would
automatically treat more terms explicitly than one does for orthogonal coordinates,
it simplifies the bookkeeping requirements in the comstruction of the computer code,
and is thus adopted here. Furthermore, by not splitting up the covariant derivative
for the purpose of making 1% implieit, but rather retaining it as a unit could prevent
instabilities that may arise due to time splitting., This occurs when two portions cf

one term should cancel identically but cannot due to their being split between two sweeps.

Diffusion Terms

Consider the term
(/.Lum'J)lk » (12)

If j = k the term is retained as implicit, and if j # k thea it is lagged. We will
consider the case j # k first. Upon expanding the explicit part of the diffusion

term it becomes

in mp

(/—Luilj)h = [/J-(Ui 'j+ u Fljn)]’k + ,LL[Um,J +" 7 ]I"l
(13)
-,u[u',m +unI"imn]l"'jT;

Note that the first term on the right-hand side of the equation is in conservation form.
Although the implicit equations are treated in quasi-linear form, for the purpose of
evaluating the explicit terms the most convenient representation is used. The implicit

terms, with j = k become (note there is no sum on j)
i - | i n i | n i n i
Cput gzl + [Geu)y Tl + e Tl - pt gD ] (sl 75y G4
where

SENED LTS S e TR TN (15)
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Tni [U '} Fi * “’iIﬂml]+/‘j[”mrir*“nr%] (16)

m=i+l, n=5-21 and no sum on m and n

Since Tij involves velocity components and derivatives in directions other than the
i~th direction; the term is also treated explicitly.
Hence the total diffusion terms for the i~-th momentum equation is given in

quasi-linear form as

3

, ' il ' 3 kk
E, {{efam]ulyy+ [of glp, + 20T —kZ' e #Plkk]ul»]

-

R
z|
S ol 3 {3 ¥ wdllyThor 3o [wet], 114)
n el e ot
100
where J
§=1010
.0 0} 4 a8
and 2
Cij = | 21
(19)
L1 12 ]

and repeated indicies do not indicate summation. The last two summations can be

combined into one explicit term, so that the diffusion term for the i-th momentum

equation becomes
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‘%{[C sy [ng”“"J”/‘FJli)"k% ofg u Ty v,

52 ofe™uu T ]+ [ 3 of *uslyd v}

(20)

+k§jl {cikgkkak + Z g [#U‘ln]lﬁ n% gn‘ [/‘“’kln] ’k
k#n n¥i

and there is no summation for repeated indices, Note that the diffusion operator

terms for a given direction have been cast into standard quasi-linear form 1.e,,

T bu, + cu + d

Convective Terms

The convective term for the i-th equation can be written as

puj J! IJ z Puj[u',j-;- umI"n:]] (21)

which equals when expanded

j o 3 P2 ) myl J& 0l
,ouju |j= > { puu ’i+m§ pu U Prnj+ 83,,2':|pu u Pnj} (22)

)=

and the last term is nonzero only when j = 3. The full momentum equation is obtained

by substituting Equations (20) and (22) into Equation (11) and treating the pressure

gradient and velocity devergence as explicit terms. Since the pressure is specified and
impressed upon the viscous layer, its spaocification replaces the normal momentum equa-

tion. Thus, the streamwise and spanwise momentum equations are the only two retained.
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Energy Equation

The encrgy equation employed here states that the stagnation temperature is
constant throughout

e (23)

The generalized tensor notation q2 is gilven by
a® = ululg)

where ui and uj are the contravariant velocity components. Incorporating the assump~

tions made concerning the coordinate system we employ, i.e.

we obtain .

Neglecting the term involving (u3)2 with respect to the other terms, and defining
physical velocity components, i.e.

-l - e
up =u'h, wp = Uch,
we obtain
- doy2 2 92
To = T + 5 (Up +Wp ) + h'ha upwp (24)

This is the form of the energy equation used.

Equation of State

The equation of state assumes a perfect gas and is given by

(25)
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Linearizations
The following analyses assume a set of linear partial differential equations.

However, the convective part of the momentum equation and the continuity equation are
nonlinear, containing terms that involve the product of density and velocity components.
In order to overcome this difficulty we employ the linearization procedure (described
in Ref, 8 and reviewed in Appendix A) to linearize the aforementioned terms by Taylor
series expansion about the known time level solution.

The density is first eliminated by employing the equations of state and energy,
and thereafter the resulting terms are linearized., These terms are of the following
form

(P‘Pe)n B (pnwn)9n+ﬁ+‘(Pn9n)\Pn+B

n f\aﬂ g
R S ML S ) IR

Tn h, h,
n,.ngn
"= ﬁne [+ <2 ("] 2+ (26)
e

nyngn n+
P YD [onrg o () ]2y

where all velocity components are the contravariant ones, and 6 is always a velocity

l, u2, u3) while ¥ can be either a velocity component or a derivative of

a velocity component. 1In the case of a tetm containing pui we set wn=wn+8 = 1.

component, (u

It is important to note that in the preceeding equations the contravariant

velocity components are used. However, as noted in Ref. 14 it appears advantageous
to solve for the physical velocity components. Therefore, whén the governing
equations are subsequently cast into a form amenable to the application of the LBIL

scheme, they are transformed so that the physical velocity components appear.

20



The Turbulence Model

We treat the set of three~-dimensional ensemble averaged turbulent reduced Navier-
Stokes equations. Ensemble averaging permits the appearance of low frequency (rela-
tive to the turbulence) time dependent "mean" f£low. It is, therefore, necessary to
specify a turbulence model suitable for this problem.

The approach taken in the present effort assumes an isotropic turbulent viscosity,

Mo relating the Reynolds' stress tensor to mean flow gradients.

I 2
Reynolds stress = o, = = -R—Z-[ ek - —3—8]' A]

Rey 27)

Using Favre averaging (Ref. 15} the governing equations then are identical to the
laminar equations with velocity and density being taken as mean variables and vis-
cosity being taken as the sum of the molecular viscosity, u, and the turbulent

viscosity, B,

Spatial Difference Approximations

QR Operator Notation

In this section implicit tridiagonal finite difference approximations to the
first and second derivatives and to the spatial differential operator will be con-
sidered. The very versatile QR Operator notation will be introduced, which allows
as special cases a variety of schemes such as standard second order finite dif-
ferences, first order upwind differences, fourth order operator compact implicit
(0c1), fourth order generalized OCI and exponential type methods. Since all these
schemes are of the same form, a single subroutine which defines the difference
weights is all that is required to identify the method, while leaving the basic
structure of the program unaltered. Subsequently, the results of numerical experi-
ments employing some of these schemes will be presented. The rationale for the use
of the QR approach in the present problem is discussed in detail in Ref. 3.

The QR formulation allove for ADI methods and permits the treatment of systems
of coupled equations, i.e., LBI methods. Although variable mesh schemes can be
employed within the QR framework, it is believed preferable to use analytic trans-

formations to obtain a uniform computational mesh, hence attention is restricted to
uniform mesh formulations.

21

w&Wv@w R R
S -



ORIGINAL PAGE 9
OF POOR QUALITY

The general concepts and notation for two point boundary value problems will be
introduced and then the methodology entended to more general linear and nonlinear
parabolic partial differential equations in one dimension. The extension to multd-
dimensional problems will also be indicated.

Conslder the two point boundary value problem

Tlu) = GQx)uy, + Bx)u, + clx)u « T(x) (28)

with u(0) and u(l) prescribed. Derivative boundary conditions, although not described
here, can easily be incorporated into the framework of tha Q-R operation notation,
Let the domain be discretized so that Xy = (3=1)h, § =1, 2,..., J+ 1, and Ujfv
u(xj), anuux(xj), Sjnauxx(xj) and h = 1/J 48 the mesh width, The numbering conven-
tion was chosen here to he compatible with FORTRAN coding.

Without loss in generality for a(x) # O, Eq. (29) can be divided by a(x) so that
we may treat instead the following equation

L(u) Uy, + bIx)u, +clx)u = f(x) (29)

where -
b(x) = B(x) /B(x), c(x) = €(x) /@(x) and f(x) = f(x)/a(x)

The spatial differential operator is identified as

L(u) = u,, + b(x)u, + c(x)u

(30)
Substituting the finite difference approximations to the first and second
derivatives
“g%”l . %ﬂu = F = uylx)) + 0(h?) (31)
D,D_ U = Uj. -2V +Ujy . (32)

S) = Uy (X)) + 0(h?)

h2  ~J he
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into Eq. (29) and rearranging, we obtain
LIS 2y o[ - 4 2L
L(U)”S,"'b’F’ = [";"z‘" 2h ]U‘-'+[CJ‘W]U‘+[V + 2h ]UJH "fj

or

Rec ’ Re
[' ) 'EL]UH + [nee; - 2]y, *[ ! +'§L]”J+l " h¥) (33)

where ch - hbj is the cell Reynolds number,
Equation (33) can be generalized by introducing operator format, i.e.,

(EARUTRUC PR CTNEUET N (34)

where the superscripts (~) minus, (¢) center, and (+) plus indicate the difference
weight that multiplies the variable evaluated at the (j-1), (§) and (j+1) grid points,
respectively, and where the rj‘s and q,'s for grid point j are functions of h, bj-l’

D o . '
bj’ bj+l’ ¢y and Cqr® Comparing Eqs. (33) and (34) we can identify the ry's and
qj's, viz.,

T o |- - {
ri ch,/e 9j 0 :

fj = hZCj"‘Z

Vo]
Y Y
"

(35)

+ +
rj'|+ch/2 q,'o

We now define the tridiagonal difference operators Q and R

- * d
R[UJ] 'rj Uj"' +r‘;Uj+rJ U‘” ;

o)) = ajtj +afty +af1, 0

o R

0 N o T
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Noting that L(u) = £ and substituting Eq. (36) into Eq. (15) we obtain
R[U’] = th[L(U)]] = haQ[”] (37)

Alternatively by employing the inverse operator in anh expression for L(u)j can be
obtained

A

.
Llu)y = +z e 'RU] 38)

For standard central finite differences Q = Q *
‘(:he spatial operator is given explicitly in terms of Uj~1, Uj and Uj+1) so that
nothing was jained in obtaining Eq., (38). However, in general, for highter order
methods Q is tridiagonal and Q-l is a full matrix. Hence Eq, (38) gives us a means
of expressing the spacial operator for a wider class of difference approximations,

The formalism in Eq. (38) is also applicable for first and second derivatives appear-
ing alene (eff, Ref. 28). It should be pointed out, however, that Eq. (38) is not the
most general formulation since the compact implicit formulas cannot be combined to
yleld a single scalar equation relating the spatial operator to the function values
(Ref, 28).

In Refs. 3 and 16 a technique due to Berger, et al is described for constructing
fourth order tridiagonal methods which possess a monotoniclty property as the cell
Reynolds number is increased, Rcﬂfi We will not repeat it here, However, the result-
ing Q and R coefficlents are given in Table IT,

= I, the identity matrix,

Another family of schemes that can be expressed in Q-R operator notation are
the so-called exponential methods. The idea, original.y due to Allen (Ref. 17)
(independently derived by Il'in (Ref. 18) and McDonald (Ref., 19)) and employed by
Dennis (Ref. 20), is to set the difference weights so that the numerical solution is
equated to the analytic solution for the locally frozen constant coefficient equation.
The Q and R coefficients of this exponential scheme is given in Table III. This method
is second order accurate for Re=0(l) and becomes first order accurate as Rc + © where
the scheme reverts to first order upwind differencing.

Another exponential schene which is uplformly second order accurate was developed
by El-Mistikawy and Werle (Refs. 24 and 25)., The "exponential box scheme' which is
incorporated in their solution of the boundary layer equations with strong blowing,
is based on a spatial operator of the form given in Eq. (29). Berger, et al (Ref. 23)
derived the counterpart for an operator of the form given in Eq. (30), but with ¢ = D,
The Q and R coefficients are presented in Table IV. Although this scheme reverts to
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second orfer upwind differences as Re -+ », it does not possess a maximum principle
anelogous to the ordinary differential equation it is approximating as does the
exponential scheme of Allen (Ref, 17). In Table V a second order central difference
scheme is presented which adds artificial viscosity tothe spatial operator when
[Re|>2 so that |Re| never exceeds 2. This scheme is employed in the solution of
several model problems and will be discussed in greater detail in the section on

numerical resules.

Application to Coupled Nonlinear Parabolic Equations

Before considering the LBI technique, we discuss some of the limitations placed
on the Q-R operator scheme in solving a4 system of nonlinear parabolic equations.

Given a system of m nonlinear parabolic equations in m unknowns,

m | W ™
¥ i ij

n+f3 ]
i=I QU"*B At - N (U',Uz,....um,x‘,xz,xs,q) 0

j",?.,---,J'H

where Nn+B

i
directiy over provided that for any equation only one independent variable is operated

is a quasilinear spatial operator, the Q-R formalism carries

upon by the differentdal operator. For example,

|
——, * U+ +clu,v
PTITRRY uy = u,, + blu,v,wu, +clu,v,w

is allowed since x derivatives of u only appear, while

l
FITRR) Uy = u,, + bluv,wlu, + cluv,w) + dlu,v,wlw,

is not allowed since x derivatives of both u and w appear. The approximate form of
unsteady Navier-bStokes equations used here, when written in quasi-linear form, falls
within the class of allowable differential operators. Thus, for the problem being

addressed in the present study the OCI schemes are applicable., Note that within the
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splitting approach, non allowable terms in the OCI scheme such as dwx above, may be
split off and treated by a special implicit sweep. Provided care is taken and for
instance the Douglas-Gunn formalism is achieved too, no particular problem arises
other than the cost of an additional implicit sweep is incurred,

Thus multidimensional problems and/or more general equation forms can usually
be accomodated by a splitting procedure, which reduces the differential operator to a
sequence of one-dimensional problems which have the appropriate allowable form,
However, as with standard finite differences, to avoid the cost of additional implicit
sweeps special procedures must be applied to cross derivative terms, e.g., extrapolation
or explicit treatment.

Linearized Block Implicit Scheme

Consider a system of nonlinear partial differential equations

A251 - DP+V (39)

where ¢ is a vector of unknowns and ¥ is a source term vector which is a function
of xl, xz, x3 and t. Extension to source terms which are functions of 3 are dis-
cussed in Ref. (8). D is a three~dimensional nonlinear differential operator and
of the matrix A acting on the momentum equations is equal to pIl where p is the
density and I the unity matrix.

+

Equation (39) may be entered about n+8 time level, i.e. " L (nt+B) AL =

nAt+BAt = t"4pAt, and written

— — — — 40
A”+B[cpn+l—cpn] /Ai =2n+ﬁq)n+ﬁ+ Wnﬂ@ (40)

0 £ 821 is a parameter allowing one to center the time step, i.e., B = 0 corresponds
to a forward difference, B = 1/2 to Crank-Nicolson and B = 1 to a backward difference.
Equation (40) can be linearized by Taylor series expansion in time about the nth

time level by the procedure described in Ref. 8 to give a second order linearization

A[ELF"] o - L7 [BEF] 2B TR D

where ./ is the linearized differential operator obtained from) by Taylor Series

expansion in time.
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The difference between the nonlinear operator Dand the linear operator ./ is
defined as M" = D" -/ ", The intermediate level n + B is defined as
—=nt+f a-)nn =D
= +(1-B)P
3" - BFM+(1-p) -
Using these relationships and dropping the vector superbar for convenience a two-level
hybrid implicit explicit scheme is obtained
Nog N4 2Ny, NN+l g0 ng" nq>n+\1,"+ﬁ
A (DT - )/ at=BL(P D) + L + M )

The vector wn+8

treated explicitly. More about this will be said later, but for the moment note that
+B
wn

explicit relationship, or approximated by wn with a consequent order reduction in

represents all of the terms in the system of equations which are

may be approximated to the requisite order of accuracy by some multilevel linear

temporal accuracy.

The operator af‘is now expressed as sum of convenient, easily invertible sub~
operators[ = j’ 1 + .[ 2 . [m. In the usual ADI framework these suboperators
are associated with a specific coordinate direction. Further it is supposed that these

suboperators are expressed in the QR notation introduced earlier. Writing Wn+8 and

n+g

M%" as a single source term S the algorithm is written

wlear] fon - p[L0s £ ][] (1L LY 057

To solve this system efficiently it is split into a sequence of easily invertible
operations following a generalization of the procedure of Douglas and Gunn (Ref., 28)
in its natural extension to systems of partial differential equations. The Douglas-

Gunny splitting of Eq. (44) can be written as the following three-step procedure

A"[ cb*_cb"] /At B.[,n(q)’-q’n) + [j'n+_£2n+ jsn] " + Sn+B

(45)

(@™ /a1 = pL[@" - 2"+ BLI[ @M~ &) + [£+ L5 425] 2" + 8P

P[00 o< 21 [ -+ A0 -0+ BLI[0]
+[L7+ 202+ 20" + 5" B
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which can be written in the alternative form
[a"-atL]][@*-0"] = s[4 +2; +25] 2" + ats"P
A& - "] 46)

A" o**- ")

u

[A"- atp L]} [0"-0"]

[An- A'Bjsn] [q)l*!_cpn]

if the intermediate levels are eliminated, the scheme can be written in the so-called
factored form
-l -
n n n n ny N n n N+
(A" -BAtLM AT (A" -BatL,") A" (B ats") (@™ - o) -
n
AMCL" + 2,42 ") D"+ ats™P

At this point it becomes necessary to consider the structure of the operators
L 10 .(’2 and £ 3 It will be recalled from the one~dimensional scalar problem
that use of the QR format greatly facilitated the introduction of a wide variety of
spatial difference formulae, It follows that in the extention to multidimensions

undertaken here it follows that use of the QR formultion results in the appearance of

the inverse operator Q;l with the sub-blocks of the jl’ !2 , ‘[3 operators, In
1

(47)

order to implement the scheme the inverse operator Q ~ must be cleared. Accordingly,
the scalar operator Q is generalized to the vector operator ai with (diagonal) sub-
blocks jS. In this generalization j = 1,2 apply on the momentum equations and j = 3
applies on the continuity equation. The 1 subscript is associated with the coordinate
directions of the Jei operators. The discretization results in one diagonal sub-block
for each grid point for each of the three 31. Each intermediate step of the algorithm
is now premultiplied by the 6i associated with the ./ i implicit operator. Writing the
product operator ai in as Ly, the inverse operators are thus removed and the scheme

written, once again dropping the vector superscript for convenience

[o,a" - 218U [ @%- "] = AL, "+ Atq, [£1+2]] CI>"+A10,S"+B'
o (48)
[028" - At AL ][ #*%- "] = 0, A" @* - "]

[a,a"- atBL ) ][@**™ @"] = 0 a"[®@" ™ - @]
23" =0, R, ®" Lr@"=q, 'R, ®"

bt *¥* ¥4 0(A13)
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With the removal of the Inverse operator Q-l, the question of the proper inter~
mediate level solution boundary conditions can be addressed. As is pointed out by
Briley and McDonald (Ref. 2 ), the proper intermediate level boundary conditions may be
derived by running through the intermediate steps in reverse order. Defining a boundary

condition operatoxr B: after linearizing the appropriate physical boundary condition by
Taylor series expansion in time as

B (") = glt, ®")

and applying this operator to the algorithm defines the boundary conditions as

| B,ha, A" @** - ¢"] = [ B, A" - A1 [2***- 2"

3

Bl o, &% - ") = [8]0,a" - A1BBIL," |[** - @] (49)

and note that unless B;L: comaute (an unlikely event except with Dirchilet boundary
conditions, where B: = I) the exact boundary conditions cannot be derived, A number

of possible strategies are possible at this point aimed at various levels of approxima-
tion to B;L:. For the present the term AtBB:L:[@-¢n] is neglected. This introduces

an error of order 0[At(¢-—¢n)] into the solution but note that this error disappears

at steady state where ¢*%% = ¢*% = ¢*, Neglect of the AtBB?L? [¢-—¢n] term is of course
equivalent to applying the physical boundary conditions on the intermediate level
variables.

This completes the general derivation of the algorithm and attention is now
given to the specific forms of the Li operators including the rather special form
of the component operator for the continuity equation.

It is worth noting that the operator':b or fcan be split into any number of compo-
nents which need not be associated with a particular coordinate direction. As pointed
out by Douglas and Gunn (Ref. 28), the criterion for identifying sub-operators is that
the associated matrices be "easily solved" (i.e., narrow-banded). Thus, mixed deriva-
tives and the complicating terms which might inhibit the use of OCI can be treated
implicitly within such a framework, although this would increase the number of inter-
mediate steps and thereby complicate the solution procedure.

An inspection of Eq. (48) reveals that only the linearized operators L?, Lg and
n

L3 appear. Indeed, the computer code employs this feature by evaluating these three

operators before the first sweep, storing them and aceceseing them as needed in the
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subsequent three sweeps. In addition, the terms arising from the nonlinear terms are

n+B as they appear, allowing for an efficient evaluation of

immediately absorbed into §
the terms in the differential equation

The operators 4!“,.£ g,dg 2 can be represented in standard form at each grid point,
l.e. C

ngph. N n n n n
£ P s D ¢|,l| * ulacbl,l ta, (bl +(’Mcb:a + olscba (50)

In Eq. (50) the subscripts of ¢ indicate the velocity component (associated with the
corresponding direction and " , " indicates a derivative. The subscripts of the a:j
refer to the direction (i) and the term in the equation (j) respectively. Note that

the equation us in quasi-linear form, a necessity of the QR operator technique employed
here since the coefficients of the derivative operators need to be identified. Alter-
nate schemes have been proposed by Leventhal (Ref. 33) for equations in conservation

form but are not considered here. In the following section we will describe how this
entire operator is discretized by employing the QR operator format, and show how

the discretization is incorporated into the LBI framework in order to solve the system of
equations (48).

We consider first, however, the continuity equation. Since it is a first order
partial differential equation it does not have the standard form of Eq. (49). Further-
more, p has been linearized and eliminated in favor of the ui velocity components so
that the continuity equation has become an equation for the three velocity components,
and not density.

As pointed out by McDonald and Briley (8) skillful partioning of the resulting
matrix can lead to significant decreases in computation time. An inspection of the
system of equations under consideration reveals that substantial savings can be
realized if the equations are partioned appropriately. Due to the use of a boundary
layer coordinate system, in the two momentum equations the normal velocity appears
only in conjunction with terms associated with the normal "3" direction. Hence, in
the first two sweeps, for the streamwise and spanwise momentum equation one is required
to solve only for the two corresponding velocity components without the need of con~
sidering the continuity equation. However, on the third sweep where all 3 velocity
components appear, one must solve all 3 equations. This strategy reduces the solution
procedure to the inversion of two 2 x 2 block matrices and one 3 x 3 block matrix
rather than three 3 x 3 block matrices which accounts for the reduction in computation
time.

If we were to consider the full Navier-Stokes equations which include a normal
momentum equation the aforementioned partioning could not be applied since the

normal velocity would appear in all three sweeps.
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The question that arises is how to appropriately split the continuity equation,

since it need only be solved on the third sweep. Here again the Douglas-Gunn formulation

gives us the answer., The continuity equation written in conservation form becomes,

ap | d
EIE "a'rr[dl’“‘]=o (51)

linearizing p we obtain in increment form

AtB 9

AnA n+l + Bﬂ Awﬂ'ﬂ+
0X3

[ AMau™ + v B Aw™ 4 ,o"Av"“]

MO, i, MB 0
- a4 BE 2 (G e s e an™] P

Ty
AMBa
+ = aE [(Pn + wan)AwnHHwnAn)Aun“]

where all the velocity components are the contravariant components u = ul, w=u

and v = u3. J is the Jacobian and

n
n. P n n
AT = ™ [gllu +glaw]
n

BN = l_:-n— [ goW" + g,zu"]

Approximating equation (52) by employing the Douglas-Gunn procedure as a third

sweep equation, we obtain a consistent approximation to the continuity equation, i.e.,

the xl derivative term is evaluated at the * level and the x2 derivative term is
evaluated at the *% level. The values of the intermediate derivative terms are ob-
taihed after the solution of the first two sweeps of the two momentum equations.
Note that these terms do not contain the normal velocity. We can thus write the

equation in symbolic form
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A au™+ 8" aw e = Atﬁ —2-[ {A ad™+ "B aw™ + "™}

ox3
| - (53)
N At 0 _ pAt
-S-B——J—'a—x-r[d{}] ﬁd axa[{}]
Since the only texm involving v is in the x3 derivative term, we can directly
integrate the equation with respect to x3, i.e.
At
Jy (A" au™ 4 " aw™] ox? + At—%—-[vnAnAun”+ Vaaw™ 4 " av™ ]
X
(54)

ax3

n Ot * At * %
- B[ T

J

__[3

X

In the next section we describe how this is done very easily via the Q-R operator
scheme., The concept »f integrating directly the continuity equation is not new.
Davis (Ref. 34) in his coupled procedure for the solution of two~dimensional steady
boundary layer equation used a trapezoidal rule to integrate the continuity equation.
Weinberg (Ref. 35) (Ref, 36) also used a fourth order Simpson integration scheme to
solve the compressible boundary layer equations. Such procedures are stable and offer
a viable alternative te approximating the derivatives by finite differences.

Note that conceptually the continuity equation in integrated form is treated on each
sweep of the Douglas-Gunn splitting, although in actuality this can be viewed as
having the same form as each sweep and the integration operator can be incorporated
into the / and D difference operators, and as a result the stability and consistency

of the original splitting is retained.

Implementation of the LBI Scheme Employing
the QR Operator Technique

Consider the third sweep of Eq. (47) in which we solve both momentum equations

and the continuity equation. The momentum equations are in the form

[a" - oty ]ad*™™ = Aag* (55)
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where A¢**% is the column vector of unknowns, u, v, w, Here we have implicitly

assumed that the equtions have been appropriately normalized and that the contra-

variant velocity components have been suitably transformed into their physical com-
ponents. Employing physical components, (cf. Ref. 14) leads to a better behaved solution
since these components‘are not unduly influenced by geometrical variations.

For the streamwise momentum equation we ovbtain

n X5
Ly ADTT= Auyggt Uyy Auyy + 03580 + 0 5 AW + agAY (55a)

while for the spanwise momentum equation we obtain

L
!;‘ AD = Aw,yzt byyAwyy + byzAw + bezAv + bszAu (55b)

where we have omitted superscript ***% from Au, Av and Aw. Now jin equation 55a, we can

approximate -'R
Au,,, + o A, +a, . Au by ——1- A
33 " Y23tz T Ogy y Ax 2 oM
3 (56)
the operator equivalent, so that
Q; 'R Au
L AapRrx. L1 +
3 Y Qq3lw + a5z Av (57)

Similar approximations are made for Equation (55b). After substituting Equation (56)
into Equation (54) and multiplying thru by Q we obtain for the streamwise momentum

equation
[len - BXRl]A“ - BAtQagsAw - BAIAGs AV = Q" Au** (58)

where A = At/Ax32
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Similarly for the spanwise momentum equation we obtain

e %
[02/9" - ,3>\Ra] AW —~ BAIQD s AV - BAIGHs; AU = 0, p" AW (59)
We employ the same type of procedure for the continuity equation. Since the continuity

equation involves only first derivatives, so that they can be represented as

o . CRe
x> Bxy (60)

The operators Qc and Re are constructed to approximate the weights associated with
either a second order trapezoidal rule or a fourth order Simpson's rule, i.e.

Trapezoidal rule

- . c . | .
qc'oaqc"zch"z
r'c'=0,r§=~l,rc’=l

Simpson's rule

-2 c -4 +_ 1
% "3 9% "3 9% 73
rc'=—|,r°=o,rc*=|

The continuity equation thus becomes
n n ATB -
+ + BIE 4= n.n nn n
JATAu + 4B " Aw Axq Qe RC[JA v Au+ dBvAw+dpAV] = RHS (61)
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where RHS contains all the terms due to the linearization procedure and the terms
evaluated at the * and **% levels, Multiplying thru by Qc and setting w = At/Ax3
we obtain

' [0gua™+ BuRedA V"] Bu + [0gu8" + BuRcus™" | aw + [ Buryp™|av =afRHS)

The resulting matrix derived from Equations 57, 58 and 61 becomes a block 3 tridiagonal
matrix (Q and R are tridiagonal operators) with each sub block taking on the form

5 ar 7 r .

[ o -8R, ][ -Batagss |[-Baaes ]| | aul  [ofad™)
[ -Batepbsy ][ Qu"-BAR, J[Batab.,]| | aw] = |agtaw™

[0g0a" + Bus Roua™"] [a,uB™+Bu RWEW] [BuR,uf || | &v|  |ag(RHS)
i I . » -

This matrix is inverted by standard LU decomposition.
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Boundary Conditions and Initial Conditions

The type of boundary conditions employed in the solution of the approximate form
of the Navier-Stokes equations are described in this section. On the body surface no
slip is prescribed for all the velocity components, At the outer edge of the viscous
layer the values of streamwise and spanwise velocity components are also prescribed.
However, the value of the normal velocity component is not set, but rather computed as
part of the numerical solution as is the practice in standard boundary layer procedures.

At the inflow boundaries, (upstream) velocity profiles are fixed, while extra-
polation conditions are employed at the outflow boundaries (downstream). Fuxther dis-
cussion of this matter is given in the section of numerical results.

The intermediate boundary conditions employed on the first two sweeps are the
physical ones, Since all the multidimensional problems considered here to dais have
been steady, their has not yet been any need for a high temporal accuracy solution,
and the imposition of physical intermediate boundary conditions did not impair the
quality of the solutions obtained. These results are in keeping with the analysis of
McDonald and Briley (Ref. 2) for second order spatial schemes. (The type of schemes
used to dare in the present study)., Fourth order methods have not yet been applied
to any of the test problems in this report.

The question of proper intermediate boundary conditions for fourth order methods
until recently has not been resolved. Fairweather and Mitchell (Ref. 37) developed
nonphysical intermediate boundary conditions for a fourth order solution of Laplace's
equation, and showed that, in general, the use of noncorrected i.e, physical boundary
conditions leads to a loss in steady state accuracy for their method. As pointed out
by Fairweather and Mitchell (Ref. 37) their scheme is inconsistent., It is this in-
consistency that requires one to use appropriately derived intermediate boundary condi-
tions in order .o recover a steady state solution independent of time. However, if a consi
tent scheme were to be used, e.g., Douglas-Guni, then physical boundary conditions can
be applied without any loss in steady state accuracy. A more complete discussion of the
implementation of ADI schemes with the appropriate intermediate boundary conditions
for QR operator schemes (including the fourth-order generalized OCI scheme) will appear
in a forthcoming report. These conclusions generalize the results obtained by Briley
and McDonald (Ref. 2) for second order finite difference methods to higher order schemes

and to those schemes that can be cast into a QR operator framework.
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The Computer Code

The type of numerical algorithm employed as well as its formulation has a
marked impact on the structure of the computer code. We need to consider both the
number of CPU operations as well as the memory requirements, Usually the number of
operations can be reduced at the expense of increasing the amount of storage. However, ;
for three-dimensional problems the accessible fast (small core) memory becomes a
severe limitation even without attempting to optimize the operation count.

The storage requirements for the solution of the approximate form of the three-
dimensional Navier-Stokes equations for even modest size grids (e.g, 30 x 30 x 30) c
exceed the available small core memory of a machine like the CDC 7600, One must ;
then resort to either mass storage devices such as disks or slow access memory
large core),

In using such devices both access time and transfer rates must be considered,

T e e

When small amounts of data are being transferred frequently (what we are considering)

then access time becomes a significant factor. Therefore, a combination of strategies

must be employed in order to optimize both access time and transfer rate., As a result

of these necessary manipulations, the resulting code was far more complex than the v
one that would have heen developed specifically for a machine with "unlimited" sturage ;
resources,

An investigation of the operation count of the LBI scheme in conjunction with
the QR Operator technique leads to the cynclusion that the most significant fraction of )
time is spent in computing the matrix coefficients, i.e. the linearization coefficients
and difference weights. This amount far exceeds the time required for the matrix
inversion. Hence it is worthwhile to optimize the calculation of these coefficients
and if possible store their values. This procedure was accomplished by storing the
operator coefficients on .z g and-[ g as they were computed in the first sweep on the

%

. -

right-hand side of the differential equation. On the second and third sweeps 1;

and £ g were accessed respectively and were not recomputed. It was for this reason
that the formulation of the LBI scheme referred to linearized operators ,[ z's
instead of D ;'s on the right-hand side of the equation.

The general structure of the computer code will not be described. After the

A T T

= o

input section and the initialization of data e.g. geometry, grid transformations,
flowfield, etc. the actual construction of the difference operators is begun. The
first derivatives of the velocity componentg and viscosity are obtained for the entire
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flow field and stored for ready access when needed for the computation of the appro-
priate terms in the governing equations. Thereafter the terms that are to be lagged
(treated explicitly) are evaluated and absorbed into the function sh,

The operators .fl, ,12 and 13 are then computed. These are used to evaluate the
appropriate Q and R coefficients which are then stored for easy retrieval during each
of the ADI sweeps.

In the first sweep the matrix resulting from the application of the 1& operators
for the streamwise and spanwise momentum equation is solved as a 2 x 2 coupled system,
The solution of this system, the * level quantities, are then used to construct the
right-hand side of the second sweep equations and to evaluate the appropriate * level
term in the continuity equation. At this point the.lz operator is accessed and again
a 2 x 2 system of equations for the streamwise and spanwise momentum equation is
solved, The ** level quantities are then used to construct the right-hand side of the
third sweep equations as well as the appropriate terms in the continuity equation. The
third sweep equations consist of the two momentum equations and the continuity equa-
tion, with the.t% operator being accessed from memory, The resulting 3 x 3 system of
equations are solved for the three velocity components.

After the ADI procedure is completed, the thermodynamic quantities, density,
temperature and viscosity are computed. The procedure is then repeated at the following
time step.

It is noteworthy that the scheme just described operates on vectors, i.e. lines

of data, Therefore, 1t could show promise for vectorized machines,
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NUMERICAL RESULTS

In this section we describe the numerical results obtained by using the computer
code described in the previous sections on several Cartesian test problems. The goal
of these calculations is to vslidate the computer code, No specific timing experi-
ments have yet been conducted to evaluate the code's efficiency. As mentioned in the
previous section, the code was structured for the calculation of three-dimensional
problems so that the disk writing and large core data allocation are necessary to run
the code efficiently in that mode. For two-dimensional problems these artifices,
although not necessary except for very large mesh problems, are still employed. Hence
as an observation, it %3 noted that the code iz not as efficient in the two-dimensional
mode as it could be.

Since the primary goal in this portion of the effort was to obtain a working
computer code, the following test cases are considered:

l. One-dimensional unsteady oscillating flat plate;

2, Three-dimensional boundary layer without pressure gradient; and

3. Two-dimensional steady boundary layer with and without pressure gradient.
These cases check out three basic features of the code, viz., time dependent behavior,
pressure gradient effects and three-dimensional effects.

All the calculations employ second order finite difference techniques. Although
a fourth order generalized OCI option is incorporated into the code (and the code is
structured particularly to encompass that scheme), to date none of the cases considered
were run employing this schemz., In subsequent work fourth order calculations will be
compared to second order finite difference as they relate to efficiency gains and

convergence rates,
Oscillating Flat Plate

The first case considered is that of an oscillating flat plate in a unifo,n stream.
It is a one-dimensional unsteady problem and is thus only a function of the normal
distance to the wall and time.

SchlichtZig (Ref. 38) gives the exact solution to this problem, which he terms

'Stokes second problem’', as

u(mn,t) = Upe~Tcos(wt ')
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where n =y _w_  and w = the frequency of oscillation.
2y
The boundary conditions are
at the wall
7=0 u(0,t) = Ugpcos wt

v(O,t) = O

at the outer edge
n—=® u(0) =0
Since we must specify the velncity /. a finite value of n we set u at n = e to the
exact value of u(nc,t). As initial wonditions, the velocity field is set to the exact
vaive at t = 0, Since the solution does not take into account any initial conditions
of the fluid, the relationship for u(n,t) represents a "steady state solution'.

The computer is run in the two-dimensional mode, with 5 grid points in the
streanwise direction, so that additional boundary conditions are required at the inflow
and exit planes. This is accomplished by setting the first derivative of the velocity
components to zero there, which eliminates any variation in the streamwise direction.

For the problem considered, the following parameters are employed.

w = 100 rad/sec
Re = 100
Ne = 5.0

A uniformly distributed grid of 11 points in the normal direction is used as well
as a fixed time step of wAt = 5°, Second order central differences are employed for
the calculation which includes all the viscous terms appearing in the governing equation,
Since there is no variation in the streamwise direction and the normal velocity is zero
throughout, the governing equations reduce computationally to their one-dimensional
counterpart. In Fig. 3 the computed skin friction coefficient is compared to the

analytical result over one and one-half time cycles. The analytical value is
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Even with a relatively coarse mech there 1s good agreement between theory and the
numerical results. Although the Crank~Nicolson results (B = 1/2) are more accurate
than the fully implicit calculation (B = 1) as can be seen in Fig. 4 where the L,
error of each calculation is compared, the skin friction results appear much closer.
We can account for the discrepency by looking at the evaluation of the skin friction
coefficient.

The error in the skin friction coefficient is made up in part from the error uin
the solution of the differential equation and in part from the approximation of the
first derivative in the computation of the shear. The error in the evaluation of the

first derivative is given as

3

- - KR
error (”n|n=0) = a'umm = a, (./ 5 )

where ay and @, are bounded constants

For our case ?ﬁr = 50 so that the total truncation error is dominated by this term.
The results of this caleulation indicate that accurate time dependent calculations

can be obtained.
Three~-Dimensional Flat Plate Boundary Layer

The second problem considered is the three-dimensional viscous flow over a flat
plate skewed at an angle of 45° to the flow direction. In Fig. 5 the computational
domain is shown in which the solution is obtained. An equally spaced mesh of 11
points in each of the three directions is employed.

Two cases are considered. In the first case boundary layer assumptions are
made, and the only viscous terms retained in the momentum equation are those that
appear in the standard three~dimensional boundary layer equations. Diffusion terms in
the streamwise and spanwise directions are ommitted. In addition, first order approxi-

mations to the streamwise and spanwise first derivatives (in the marching directions)
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are made, The second case considered retains all the viscous terms, The derivative
approximation to the spatial operators employed entered differences with artificial
viscos*ty (cf Table V).

The boundary conditions applied are no slip at the surface and velocity specified
at the outer edge of the viscous layer. There the veloéity components are set to 14 2 .
Note that the vector sum of the two components is 1. At the inflow boundaries 1 and 2
(cf Fig. 5) the velocity profiles are set while at the outflow boundaries 3 and 4
second derivative extrapolation conditions are employed.

Both cases compared wellwith one another and to the Blasius solution. In Fig. 6
the displacement thickness §* and the momentum thickness ¢ along the diagonal of the
computational domain are compared to the theoretical result. Although symmetry was
retained across the diagonal, at a constant £ value, there was some variation of the

integrated properties as a function of £ from their values on the diagonal.
Two-Dimensional Howarth Flow

The third case considered is a two-dimensional steady flow problem; the laminar
boundary layer on flat plate in the presence of an adverse pressure gradient, the
Howarth flow. Here again we consider two cases. The first employs the boundary layer
approximations while the second retains all the terms in the streamwise momentum
equations.

A 21 x 21 mesh is used in both cases. The boundary conditions employed are
no slip at the wall, streamwise velocity specified at the outer edge, velocity profile
specified at the inflow plane and second derivative extrapolation at the downstream
plane.

The external velocity field is linearly retarded, i.e. u, = 1 - Kx, go that
there is an adverse pressure gradient. Due to the adverse pressure gradient separa-
tion will occur at some point downstream. Howarth (Ref. 39) computed the separation
point at a value of x* = Kx = .,1200. In the calculations considered here we choose
our domain to span .05 5 xx £ .12 which teiminates at a location corresponding to

Howarth's predicted separation point.
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The initial conditions for the problem were constructed from the local Falkner
Skan similarity solution with the appropriate pressure gradient parameter imposed
at the corresponding streamwise location,

In Fig. 7 the computed skin friction coefficients for both cases are compared to
the results of Howarth, The case considered corresponds to Briley's cases (Ref. 40),
i.e. Re = 62,500 and k = 3. There is good agreement over most of the domain, with an
overprediction of the shear as the separation point is approached. This discrepency
is not surprising due to the coarse mesh employed. It is interesting that the
"boundary layer" case gives somewhat better predictions near the separation point
than the "full equation" case, This is probably due to the lack of upstream influence
in the boundary layer solution which did not allow the flow to adjust upstream of
separation. Both calculations converged within 30 - 40 iterations, with a maximum

change between two (large) time steps being less than 5*10—4.
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CONCLUSIONS

In this report a computer code is described that can be applied tc the solution
of an approximate form of the time-dependent Navier-Stokes equations over airfoil
sections. The governing equations are more general than the conventional boundary
layer equations, notably in the inclusion of streamwise and spanwise diffusion terms,
although the pressure is still imposed by the external flow, as in conventional
boundary layer theory. The computer code which treats the governing equations incor-
porates the split LBI scheme in conjunction with QR operator scheme that permits a
variety of spatial difference schemes, including standard second order finite differences,
exponential type methods and fourth order OCI techniques. In the split LBI scheme, an
implicit sweep is performed in each spatial coordinate direction. A careful ordering
of these sweeps permits an uncoupling of the continuity equation from the system in
the first two implicit sweeps. Thus on the first two sweeps the (tridiagonal) system
block size is reduced from 3 x 3 to 2 x 2 with a resulting cost savings, On the last
sweep of each time step all the equations in the system are linearly coupled and 3 x 3
blocks must be eliminated. Results of several Cartesian problems employing second order
finite differences indicated that the proposed method is viable and has application to
more complex flows. Future efforts will aim at exercising the fourth order OCI schemes
option, treating actual airfoil sections and considering turbulent flow. Comparisons
will also be made among the various types of spatial schemes to assess the overall
efficiency gains made by employing higher order methods. The treatment of inflow and
outflow boundary conditions will also be of primary interest.
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APPENDIX A
Linearization Technique

A number of techniques have been used for implicit solution of the

following first-order nonlinear scalar equation in one dependent variable

¢(x,t):

dp/at =F(gp) a6le)/ax (A1)

Special cases of Eq. (Al) include the conservation form if F(¢) = 1, and
quasi~linear flow if G(¢) = ¢. Previous implicit methods for Eq. (Al)

which employ nonlinear difference equations and also methods based on two-
step predictor-corrector schemes are discussed by Ames (Ref. 41, p. 82) and
von Rosenburg (Ref. 42), p. 56). One such method is to difference nonlinear
terms directly at the implicit time level to obtain nonlinear implicit
difference equations; these are then solved iteratively by a procedure such
as Newton's method. Although otherwise attractive, there may be difficulty
with convergence in the iterative solution of the nonlinear difference
equations, and some efficiency is sacrificed by the need for iteration. An
implicit predictor-corrector technique has been devised by Douglas and Jones
(Ref. 43) which is applicable to the quasilinear case (G = ¢) of Eq. (Al).
The first step of their procedure is to linearize the equation by evaluating

n+l/2

the nonlinear coefficient as F(¢n) and to predict values of ¢ using either

n+l
a

the backward difference or the Crank-Nicolson scheme. Values for ¢ re

n+l/2) and the Crank-Nicolson scheme.

then computed in a similar manner using F(¢
Gourlay and Morris (Ref. 44) have also proposed implicit predictor-corrector
techniques which can be applied to Eq. (Al). 1In the conservative case (F = 1),
their technique is to define &(¢) by the relation G(¢) = ¢é(¢) when such a

nt+l computed by

definition exists, and to evaluate §(¢n+l) using values for ¢
an explicit predictor scheme. With é thereby known at the implicit time level,
the equation can be treated as linear and corrected values of ¢n+1 are computed
by the Crank-Nicolson scheme.

A technique is described here for deriving linear implicit difference

approximations for nonlinear differential equations. The technique is based
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on an expansion of ponlinear implicit terms about the solution at the known
time level, t“. and leads to a one-step, two-level scheme which, being linear
in unknown (implicit) quantities, can be solved efficiently without iteration.
This idea was applied by Richtmyer and Morton (Ref. 29, p. 203) to a scalar
nonlinear diffusion equation. Here, the technique is developed for problems
governed by & nonlinear equations in £ dependent variables which are functions
of time and space coordinates. The technique will be described for the three-
dimensional, unsteady equations.

The solution domain is discretized by grid points having equal spacings
in the computational coordinates, Ayl, Ay2 and Ay3 in the yl, y2 and y3

directions, respectively, and an arbitrary time step, At. The subscripts i, j,

1

k and superscript n are grid point indices associated with y~, y2, y3 and t,

respectively, and thus ¢2,j,k denotes ¢(yi, y?, yi, t"). It is assumed that
the solution is known at the n level, t®, and is desired at the (n+l) level,
cn+1. At the risk of an occasional ambiguity, one or more of the subscripts
is frequently omitted, so that ¢n is equivalent to ¢2,j,k’

The numerical method employed is quite general and is formally derived for

systems of governing equations which have the following form:
OH (P )fat = D(P) +s(P) (A2)

where ¢ is a column vector containing % dependent variables, H and S are

column vector functions of ¢, and D is a column vector whose elements are
spatial differential operators which may be multidimensional. The generality
of Eq. (A2) allows the method to be deveioped concisely and permits various
extensions and modifications (e.g., noncartesian coordinate systems, turbulence
models) to be made more or less routinely. It should be emphasized, however,
that the Jacobian 3H/3¢ must usually be nonsingular if the ADI techniques as
applied to Eq. (A2) are to be valid. A necessary condition is that each
dependent variable appear in one or more of the governing equations as a time
derivative. An exception would occur if for instance, a variable having no
time derivative also appeared in orly one equation, so that this equation could
be decoupled from the remaining equations and solved a posteriori by an alter-

nate method.
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The linearized difference approximation is derived from the following

implicit time-difference replacement of Eq. (A2):

(H"“-—H")/At =B[2(¢n+')+5n+']+(l~ﬁ)[2 (¢n)+sn] (A3)

where, for example, Hn+1 g H(¢

). The form of D and the spatial differ-
encing are as yet unspecified. A parameter B(0 = B X 1) has been introduced
50 as to permit a variable centering of the scheme in time. Equation (A3)
produces a backward difference formulation for B = 1 and a Crank-Nicolson
formulation for 8 = 1/2.

The linearization is performed by a two-step process of expansion about

the known time level t" and subsequent approximation of the quantity

(3¢/3t)"At, which arises from chain rule differentiation, by (¢n+l ~ ¢"). The
result is

HOH = 4" 4 (0K 70 )" ("' ~a") + 0 (A1) (A4a)

s"H =gy (a5 /00 )" (" -3 ) +0 (A2 (AGD)

D" = ") +a 2/a¢>51(96“‘“'—q!>")+o(m)2 (Abc)

The matrices 3H/3¢ and aS/8¢ are standard Jacobians whose elements are defined,
for example, by (8H/8¢) £ OH /3¢ The operator elements of the matrix

32 /3¢ are similarly ordered, 1 e., (aSb/a¢) = aibq/a¢r; however, the
intended meaning of the operator elements requires some clarification. For

the qth row, the operation (32 /3¢) (¢n+l
{a/atib [¢(x,y,2, t)]} At is computed and that all occurrences of (a¢r/8t)

n+l ¢ )/At

After linearization as in Eqs. (A4), Eq. (A3) becomes the following linear

n) is understood to mean that
arising from chain rule differentiation are replaced by (¢

implicit time~differenced scheme:
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(OH"/0dN " =M 781 =D (") +S" + B (9D /3¢ +aSP /)P F1-d") (AS5)

Although Hn+1 is linearized to second order in Eq. (A4), the division by At
in Eq., (A3) introduces an error term of order At. A technique for maintaining
formal second-order accuracy in the presence of nonlinear time derivatives is
discussed by McDonald and Briley (Ref, 8), however, a three-level scheme
results. Second-order temporal accuracy can also be obtained (for B = 1/2) by
a change in dependent variable to & = H(¢), provided this is convenient, since
the noalinear time derivative is then eliminated. The temporal accuracy
is independent of the spatial accuracy.

On examination, it can be seen that Eq. (A5) is linear in the quantity
(¢n+l - ¢n) and that all other quantities are either known or evaluated at
the n level. Computationally, it is convenient to solve Eq. (A5) for
(¢n+1 - ¢™ rather than ¢n+1. This both simplifies Eq. (A5) and reduces
roundoff errors, since it is presumably better to compute a small 0(At) change
in an 0(1) quantity than the quantity itself. To simplify the notation, a

new dependent variable § defined by
V=d-¢" (46)

is introduced, and thus wn+1 = ¢n+1 - ¢n, and wn = 0. It is also convenient

to rewrite Eq. (A5) in the following simplified form:

(a+ a1 L)V = a1 [ D (#")+s"] (A7a)

where the following symbols have been introduced to simplify the notation:
A= dH" /3% —Bn1(0sVdg) (A7b)

L=-BldD /3¢ (A7¢)

It is noted that J(y) is a linear transformation and thus Z(0) = 0. Further-
more if ./(¢) is linear, then .[(w) = ~6:b(w).
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Spatial differencing of Eq., (A7a) is accomplished simply by replacing
derivative operators such as a/ayi. az/ayiayi by corresponding finite
difference operators, Di’ D:. Henceforth, it is assumed that D and L have
been discretized in this manner, unless otherwise noted.

Before proceeding, some general observations seem appropriate. The
foregoing linearization technique assumes only Taylor expandability, an assump-
tion already implicit in the use of a finite difference method. The governing
equations and boundary conditions are addressed directly as a system of coupled
nonlinear equations which collectively determine the solution. The approach
thus seems more natural than that of making ad hoc linearization and decoupling
approximations, as is often done in applying implicit schemes to coupled
and/or nonlinear partial differential equations. With the present approach,
it is not necessary to associate each governing equation and boundary condition
with a particular dependent variable and then to identify various 'nonlinear
coefficients” and "coupling terms" which must then be treated by lagging,
predictor-corrector techniques, or iteration. The Taylor expansion procedure
is analogous to that used in the generalized Newton-Raphson or quasi-
linearization methods for iterative solution of nonlinear systems by expansion

about a known current guess at the solution (e.g., Bellman & Kalaba, Ref. 45).

However, the concept of expanding about the previous time level apparently

had not been employed to produce a noniterative implicit time-dependent scheme
for coupled equations, wherein nonlinear terms are approximated to a level of
accuracy commensurate with that of the time differencing. The linearization
technique also permits the implicit treatment of coupled nonlinear boundary
conditions, such as stagnation pressure and enthalpy at subsonic inlet
boundaries, and in practice, this latter feature was found to be crucial to

the stability of the overall method (Ref. 30).
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APPENDIX B

Tensor Notation and General Cocrdinates

In tha space R® with coordinates (xl, xz, xa, ,x“) let the position

",
vectoxr be denoted by r. A basis can be formed by constructing the covariant
vectors Ei

- )

€ = ——

[
b ax! (B1)

The inner (dot) product of these vectors forms the function gij’ which we will
refer to as the metric tensor

9y * €, "e’, (82)

The reason for this terminology will be described subsequently. In three~
dimension gij has the form

The metric tensor By is symmetric in the indices i and j so that there are 6
independent components. For an orthogonal coordinate system the off diagonal terms
B4 i#j are zero,

The differential arc length ds is defined as

(ds)? = dF - a7
i (%% dx! ) ) (’%{T dxl) (B3)

I
Q
x--—-
Q
xl—-
of
(¢}
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Expanding we obtain

ds? = g, dx'dx' + gpdx2dx? 4 gyuox®dx3

+2g,,dx' dx? + 2q,0x' dx3 + 29,,0%2dx®

For orthogonal curvilinear coordinates the arc length reduces to

so that 8111 Bpgr 833 can be identified with the scale factors as hi, hg and h

ds? = g, dx'dx! + g,,0%% dx? +g,,0x3 ox?

respectively,
The Kronecker delta function is defined as

Notes on railsing and lowering indices

(a)

(b)

=

(e

multiplying by 6ij changee the index but keeps it in same position

UJ BIj

ul Blj

multiplying by gij and gij

Uig

multiplying Gij by the metric tensor g

u'g, =
i

k
g)
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= 8

=49

Ui

Jk

ki

13

lowers index

raises index

raises index

substitutes index

(B4)

(B5)

(B6)
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Hence we obtain the following relationship
8|k= glk

k is not the Kronecker delta function in general. Only in the case of

K &) and 1 = k 1s &3K
In order to obtain the contravariant basis 3i we write

Note that 61

Cartesian coordinates whereg the Kronecker delta function,

n

K
e '€= gy = 98

Employing equation (B=6)

& T = gy [TH5) ]

we obtain
o~ —.k
€ = Q€
(87)
Hence the metric tensor 81k ralateg the covarilant to the contravariant
base vectors.
We may now define gjk as
k=) ~=k
RGN (88)
Jk 3
We wish to relate g'" to gjk' Dotting equation (E~7) by e” we obtain
— —— —.k —
€ '€ = gike -e
J kj
- B9
8 = 99 (59)

Now from the definition of gij (Equation B-8) we obtain the desired result

- — I 'k j ik"""—.
eje'- b 8k’=ge"ek
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Therefore, gik also relates the covariant and contravariant basis vectors, i.e,

'e.' = glk'é.k (B10)

The metric tensors gij and gij can also be used to raise and lower indices.
For example, consider the product of the tensors Cjk’ Cjk Csk, and C?k with giJ

or gij
n
Cjugj = Ck

o gl =

s
(o]

c.;J % *

¥
(&)
>

Derivatives

>
The derivative of a basis vector ey is a vector in Rn so that it can be
-+ ->
represeniced ag a linear combinatien of other basis vectors, ek's. Let e, be a

vector, then its derivative with respect to xj is
o5 .

k-.
P BRI

Dotting this expression with Z% we obtain

DT -6l :=TIkg 2. rkas_ s
r}lek ¢ r‘sk'r}l

| “

L
where I'ji is the Christoffel symbol.
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L
Note that the Christoffel symbol I'ji is not. a third order tensor,
Representiag I'ji in terms of the gij's we obtain

—

2
o
3

Similarly we can show that
Dj Omi™ k| Pj; + gmkrj‘;
and
= On91j = = 9T - 91 T
Employing the symmetry property of the I''s in their lower index, i.e.
I = T

and adding the three derivatives we obtain

km
k g
L= = (01 9mi* 0, 9mi = O]

which relates the Christoffel symbol to the derivatives of the components of the

metric tensor.
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The Kronecker delta function is defined as

K =k —
81 = e +ej
Taking its derivative, we obtain
D, Sjkf- 0= Dl-ék -”e'l
—~k - K
0=0D;e -ej + e 'DiEj

and rearranging,

we obtain

which relates the Christoffel symbol to the derivative of a contravariant basis

vector.

Other properties of Christoffel symbols are

(a) ke 2 ko2
T 9" Pij - Plj S
(b) U _
th %e © Fijz

There is also symmetry of lower indices, i.e.

rlj_k = P_j_ik
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Covariant Derivative

>
Consider the derivative of a vector u, expressed in a covariant basis

—

u=u"e',

€ = o) u"e'l + u'Dﬁ

Now the derivative of a basis vector is
— k—.
Dje| = Th ek

so that the last term in the expression becomes

Ui Dj.é.' = Ul Iijk?k

Since k and i are dummy indices, we may interchange indices, i.e.

| — | K K i —
u Dje|=u l—i] ey = u ijei

Combining, we obtain the desired expression

ou _ i Kl e
'B;T = (DjU + u Fk])ei

The term in the parentheses is called the covariant derivative and is denoted

as follows

._.__:ui-.

ax} joi

In a Cartesian coordinate system the covariant derivative reduces to the partial

derivative, i.e.

Consider the derivative of a vector in a contravariant basis which is given by .

= —] —]
Du€" = DU + u;DE
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The last term can be expressed in terms of Christoffel symbols, i.e,

Uj D,'e‘l = Uj l",{("e’k = Uy nré.j

Thus we obtain the desired result

D, u{e’j z (.D‘uJ - ukl';j‘()"e’j = (um - ukI‘Uk)'Ej ;

D,uj—él = uJII'Ej

Now in Cartesian coordinates the covariant derivative of the metric tensor is zero, i
%k = Byk= O :

Since this is a tensor equation it is valid not only in a Cartesian system but in

every coordinate system, i.e. i
i
9jlk =0

y
;;
Consider now the vector up- %
k 5
u, = u L

YY"

Sadrnre o et S

Taking the covariant derivative of u, and using the previous relationship, we obtain

the desired result

TE¥ELT

u‘h ® (ukg‘Q L = uklig}k+ ngﬁgﬁ
()

S

”z|i= ”kll 9ok

AT I I IR s

|
!
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An alternate expression for the derivative of a covariant vector is given by

J

Din’—e. Uj I,'E, = l.'j h gq’é"

u

o,

Note that the dummy indices are interchanged.
Vector Operators

In this section we consider the vector operators, gradient and divergence

operating on scalars, vectors and tensors,

Gradient
Scalar (¢)

The gradient of a scalar is given as

vu=E*®n ¢ = ¢"F, B D,

where ® denotes a tensor product.
Vector (0= ui -e.i )

The gradient of a vector becomes

—_ =k = _ —k T

n

u], 4@,

g™ Ik'e'm ®F;

n

58



ORIGINAL PAGE (9
OF POOR QUALITY

which is a second oxder tensor.

Tensor

= i)

Consider a tensor of the form W = @' €, QDE% . The gradient of this tensor

can be obtained as follows

50 {n,a)(5, ®%,) + (0,587, +dE, ®0F }

ek ®{p,dl(5; ®5) + o [F, OF, +d'E OLig)

which yields a third order tensor

Vi = {0’ + I, + 1} 307 07

TR T F R s
:{Dkqj+ajr'u+ qlf“}g e, ©F, 07

- (a"],) ™%, ®F 0F g
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Divergence
The divergence of a vector of the form (T =u"é°,) can be obtained as follc -8

VT =K. 0, Ul
SRR Ikhél = uf 'k-ék'é.l
TN
=u'ly 3,

VU =uk|k

From the definition of the covarianﬁ derivative we obtain
k] - k itk
ul, D, U +uI"ik

It can be shown (Ref. 13) that

-

Substituting this expression into the definition of the covariant derivative we

obtain an alternate form of the divergence. involving the Jacobian
K k i
u = Dy + U —Djd = k k 1
3 K J Y Dyu™ + u” —-Dyd

k| _ L k
uk-JDk(Ju)

Note that this relationship is in conservation form.
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Consider now the tensor of the form (7 = oV F‘ ® E.j)
Again we obtain its divergence as follows

N | P S T
= Dko'j k. é’l®'e°j+ oll I‘k‘" 2k -e‘® | ~!»<1'-jek -ei® Fkl €,

I sks + ol T2 g% 4 ol pb skes
-0,0' 8% + oL} 8)E + ol Tf 8l

by interchanging indices j and 2 we obtain

V-7 = [D, all + °”12’f + o"I}i]'e‘j

which reduces to

—

= all | €]

cll

v
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or

V0 = {—I‘j-D,(oi J)+o“‘1"&]?j

We will consider now the tensor of the following form (ﬁ = 0; € @?j)
The divergence of U becomes
VT = T¥o,d T ®€+ of 0,7 ®F) +dl7, B0, F] “

- %[0,0¢ ®F +0o,I,/7, 6 -0 7 O/ F]

Rearranging and interchanging dummy indices we obtain

Veu

Tt Kk —
[0} +al L, - o T4] G* 7)) @F

[Dlajl + af‘l",'z - a‘,, I]'f]’éj

Now the contravariant basis vector is defined as

el o3 glk
€' =€ g

Substituting into the expression for V-u and with some manipulation we obtain
the divergence of the second order tensor as

—_ } i L jK— .
V“=[Dl;+°jru,—°tr ]g e
VT = [fo(d ) - T] o,
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In order to obtain V-u in the gi coordinate system we employ the property of the
metric tensor to raise and lower indices

LE L j —
Vu—[koj+uj‘1‘ T'j] }G)e‘
—.k'_é.j , gk]

st vt

T e

5
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TABLE I. - OPERATOR COEFFICIENTS FOR STANDARD
OPERATOR COMPACT IMPLICIT SCHEME

ORIGINAL PAGE i3
OF POOR QUALITY

“6 - Bpy * 2P - PP

= 60 + 16p},, - 16p)., - 4
=6+ 5p - 2p - PPy
c qf (1- 2 o) +af (i
. -(rj* )+ hz(qj‘gj_|

= o (1 S g Pia) * a5 (!

Pj-1Pj+1

- 7))+ 9t (1+ 5 P + ey

+ Qjch + ql*Cj‘H)

e 3
+ ’a"Pl) a1+ "2‘P1+|)+ htqj'cy,,

where

Py = hb;
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TABLE 11. — OPERATOR COEFFICIENTS FOR GENERALIZED
OPERATOR COMPACT IMPLICIT SCHEME

q"’ - 6+[p'-3]Rc‘ +[p2]Rc‘z
ql‘ - 60 +[lOpl]'Rc, + [pslﬁc‘z + ['rwp‘]mf
af =6 +[p,+3Jre; + [p+p,]Ref + [p,]rey

vhere

p,*3, pz-o R ps-mox[r.,wg]

moe ATy, F TPt T Tyt 15 -2p, (og=1lp, = 3(7), top) + 7,

0 0,20 _ J 2p,-0,20
i% 13 .2 T " 32
7o 00Ty Ty) o <0 (2p,-0,)°/8 2p,~0,<0
()= 7)) CJ-1
% "R/ 20, = 31)y - 7)., +10 + ZhT]_,(-———-bj_l )
-—'-- -' o a + -————c’-' )
Pe " 2 [I+TM] Ty 7’5'93"T|+"|+2‘j-1(2 hb“ P,

with h sufficiently small so that
'Obj"b‘,l"b,” >0 ond 2+hc]"i(/bj‘l>o for le'..-.dond cjso

wvhere

TJ-[ - b,_'/bl ’ T]’l - bj*'/b, and ch - hbj

r;. rg, r; given iu TABLE 1
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TABLE III.~ OPERATOR COEFFICIENTS FOR :
ALLEN SOUTHWELL EXPONENTIAL SCHEME
.
]
- ~Rej ~Rej !
r = Reje /(l e ) b
rj-t = ch /(I~e—R°3) 1
C - _F , i
q]_ =0
Qjc = :
qi+ =0
where ch = hbj

69




TABLE IV. ~ OPERATOR COEFFICIENTS FOR EL-MISTIKAWY WERLE

EXPONENTIAL BOX SCHEME

r = prexp(-p7) / [I-—exp(-p')]
- p"/[|-—exp(-p’)]

rf « -t )

o = (1-1])/(2p7)

gf = (rf -1 /7(2p%)

aj = o +af

and
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TABLE V, - OPERATOR COEFFICIENTS FOR SECOND ORDER
FINITE DIFFERENCES WITH ARTIFICIAL VISCOSITY

rj"=l-S
5°= -2 +ct
é‘ = 1+8s
q; = 0
qf =1
gl = 0
where S =1 for ch >2
S = ~1lfor ch < -2
2
t = r{?—cn

and ch = hbj
- + - ¢ +
for |[Re.| <2, r r(.: r, . .
| JI » Fyr Ty Ty 930 950 9

reduce to standard finite differences.
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1.2

1.1 |-

1.0}~

O Full Equation

{  Boundary lLayer

Howarth Solution

Fig. 7 - Skin Friction Distribution for Two-Disensicnal Howarth Flow.
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