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INTEGRATING CHEMICAL KINETIC RATE EQUATIONS BY SELECTIVE USE OF STIFF AND NONSTIFF METHODS

Krishnan Radhakrishnan*

Natfiona) Aeronautics and Space Administration
Lewis Research Center
Cleveland, Ohic 44135

Abstract

The effect of switching between nonstiff and
stiff methods on the efficiency of algorithms for
integrating chemical kinetie rate equations is
presented, Different {ntegration methods are
tested by application of the packaged code LSODE
to four practical combustion kinetics problems.

The problems describe adfabatic, homogenecus gas-
phase combustion reactions. It is shown that
selective use of nonstiff and stiff methods in dif-
ferent regimes of a typical batch combustion prob-
lem is faster than the use of efther methad for the
entire problem, The implications of this result to
the development of fast integratfon techniques for
combustion kinetic rate equations are discussed.

Introduction

The ordinary differential equations (ODE's)
describing complex chemical reactions are char-
acterized by widely different time constants.
Although the differential equations are stabie,
standard numerical techniques such as the explicit
Runge-Kutta and Adams methods are prohibitively
expensive to use because of the severe steplength
restriction imposed by the requirements for numer-
fca) stabiTity, Such systems of differential
equationf gre commonly referred to as "stiff"
systems, '™

The problem of gtiffness has been recognized
for same time, e.¢.," and several techniques have
been developed for stiff ODE's. _At the preaeat
time, the packaged codes EPJSODE’ and LSODE®+? rep-
resent the most extensively documented, tested and
used routinegs for stiff ODE's, AmnnT sixeral codes
gxamined in recent dotailed studies,lO0=-14LSopE was
found to be the fastest for solving chemical kinet-
ic rate equations, However, ft is recognized by
combustion device modelers that LSODE {5 not fast
engugh for ecenomical caIculatigns of multidimen~
sional reacting flow problems,

The numerical solution of comhustion kinetic
rate equations is complicated by the existence of
a narrow region ("heat release” zone) where the
species concentrations and temperature change rap-
1dly, as illustrated in Fig. I for a typical batch
reaction combystion problem., In the heat release
regime, especially in the early part, many of the
species and the temperature have positive time
constants ~- an indication that the governing ODE's
are unstable. Since small steplengths are requiraed
for solving unstabte ODE's, the use of methods
designed for stiff problems -- designated herein
as "stiff methods" -~ may be inefficfent. During
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garly heat release explicit "nonstiff methods" ~-
i.e., methods suitable for nonstiff problems --
may be ‘dequate. However, Impiicit methods are
more ancurate than explicit methods, which are
therefore used only ai predictors in predictor-
corrector algorithms,}5 The corrector equations
are fterated unti) convergence is obtained, It is
noticlea¥ hhﬁt corrg?ggr 1t$ratfon Eech?iq¥e is
optimal in nons regime. simple or
fﬂnctiona]lg-?7 and JacobiENewton?g'Tg jteration
techniqies have Peen used because they avoid the
exegnse associated with forming and fnverting
Jacobian matrices, which is required by Hewton-
Raphson {teration, However, much larger step-
lengths can be used with Newton-Raphson {teration.
For unstable ODE's this advantage may not be of
much help and it is therefore not apparent which
technique is the most efficient,

During late heat release and equilibration the
governing ODE's are stable so that Newton-Raphson
iteration 15 the optimal convergence method. In
these regimes, especially during equilibration, the
different species approach the equilibrium state
at different rates and the ODE's are stiff -- i.e.,
classical numerical techniques will require prohib-
itfve amounts of computer time in these regimes.
Hera, stiff methods are botter suited to solving
the problem,

In developing an efficient algorithm to solve
combustjon kinetie rate equations, it is important
to recognize and accomnodate the widely different
characteristics of the three regimes ({induction,
heat release and equilibration) encountered in a
typical combustien problem. Such a situation where
the problem changes character, occurs in other
areas and schemes have been proposed for autngt1c
switching between stiff and nonstiff methods,

The objective of the present investjgation is
to examine the nature of the ODE's arfsing in com-
bustion chemistry. In particular, we examine the
effect of switching between sLiff and nonstiff
mathods on the computational work required to solve
combustion kinetic rate egquations. We also examine
the use of different corrector {teration technigues
with nonst{iff methods,

Governing Ordinary Differential Equations

The first order ODE's describing the time rate
of change of species i{i = 1,NS) can be written as

dn.
at—‘ a Fi(n,T) 1,k = 1,K8

ny(t = 0) = given (1)
T(t = 0) = given
where nq 1is the mole number of species 1i; NS is
Lhe total wumber of distinct species in the qas
mixture; T s the temperature; and fy fs :-e net

rate of formation of species { due to all forward
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and reverse reactions in which species 1 partici-
nates, A more detailed description of the govern-
fng ODE*s is gfven in Refs, 12 and 13,

The initfal value problem is to solve the sys-
tem of Eqs, (1) for the chemical composition and
temperature at the end of a prescribed time inter-
val, given the initial conditions and the reaction
mechanism, A1l problems considered in the present
study involve only adiabatic, homogeneous, gas
phase chemical reactions, The problems are, how-
ever, of two types -~ constant pressure and con-
stant density., The following conservation
equations serve as algebrafe constraints on the
species rate equations

Constant pressure:

NS
:Z: nghy & Hy = constant {2a)
il

Constant density:

NS

3. n(h =RT) = U = constant {2b)

=1 1 i o
where hy 1is the molal-specific enthalpy of
species {3 R is the universal gas censtanty Hp
and U, are the mass-specific enthalpy and {nter-

nal energy, respectively, of the ideal gas mixture.
Time differentiation of Eqs, (2a) and (2b) provide
the following ODE's for the temperature:

Constant pressure:

g%
- fih
o U

198 (3a)
2n.c
jal 1P1
Constant density:
NS
- E fi(hi - RT)
dT 1=l (3b)
at = "3
E n1(Cp| - R)
i=1

where ¢, 15 the constant-pressure molal specific
heat of species f{.

Methods and !teration Techniques Examined

The objective of the present investigation was
to examine the effect on the computational speed of
using stiff and nonstiff mathods in different
regimes of a typical combustion kinetics problem.
To acgo&p]ish this objective the packaged code
LSODE®>* was used because {1t contains hoth stiff
and nonstiff methods and switching between the two
methods is relatively straightforward. The methods
included in this package are a variable-step,
variable-order fmplicit Adams method, suitable for
nonstiff problems, and a variable-step, variaBbe-
order backward differentiation formuia (BDF),
suitable for stiff problems. These methods are
ameng the most efficient currently availabl; Eqr
nonstiff and stiff problems, respectively.i”s
Both technigues employ a2 standard explicit predic-
tor formuta -- a Taylor series expansion using the

method devised by NordsieckZ? -- to provide an ini-
tial estimate of the solutfon. To correct this
estimate a range of {teration formulas is included
in L50DE, The methods and corrector techniques
attempted in this study are examined bricfly;
detalls are available in Refs. 7, 23 and 24,

The ODE's presented in the previous section
can be gencralized as follows

. dy
yyegr = fyly) fik = LN (4a)
or using vector notation
. dy
Yeogp= £y (4}
where
ypeng e 1NS
Yns+1 = T
(5)
Ne NS+

and an undarscore represents a vectory quantity.

The techniques used in this study are
step-by-step methods. They compute approximations
1?(5 Yi,nii = 1,8} to the exact solution
yity)e Vi(tn);% = 1,N) at discrete points in time
ty (n=1,2,...), Assuming that solutions y,_j,
¥n_2, ++. have been obtained at times tp_7,

n.2s +++ the methods used in LSODE to aavance the
solution (= yj o) to time t, invoive l{near
multistep furmu?as of the type

.y‘l,n = ng Bjy{'n_j + hn J;o ﬁjyi’n“‘i i=1,H
(6)

where hy (e tp - t 'é) is the size of the step-
Tength to be attemp?e i ¥4.nl= Tilyk.n).is the
approximation to the exact'derivative yiltphi=

Filyk(tplrs and Ky, Ko, aﬂ' and ag are asscci-
ated with the formula seletted to sblve the problem

over this time step. For the ijmplicit /dams method
of prder q, K] =1, Ko = q - 1 and Eq, (6) becomes

-1
Yi,n = ¥i,n-1 + hn jé% dei.n-J f=1,N (7

For a BOF of order q, Ky = q, K3 = 0 and Eq. (6)
becomes

Y ® jgi “$Y1,n-5 * Pnfo¥i,n P LN (8)

Equations (7) and {8) can be written {n the general
form

Yin=Yyn* hnao"}i,n
=Yin * Mofilse,n) 1= LN (9)

where ¥i,n contains previously computed informa-
tion. In’vector notation, Eq. (9} becomes
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Yoo tp? hnﬂot(xn} (10)

A1 of the different corrector iteration tech-
nigues used fn the present study to solve Eq. (10)
can be generalized by the recursive relation

(l - IlnBOJ)(xflln+1) - xlgm)) = vn + hnsof-.-(i‘(lm}) - X.'(\m)
(11)
where | {s the identity matrix, the matrix o
depends on the jteration method s¢lecle 6)(T) gsd
5 1]

{m+l) denote the iteration numbers -~ y
result obtained by the predictor step.

The chofce J =0, called succeigiY? substitu-
1]

tion,4 sim?le or functional iteratfon and Jacohi
fteration,! results in
Ly hnaDECxQ“? (12)

Equation (12) is very simple to use but this method
conver%es only linearly.* In addition, for suc-
cessful convergence the stepiengfh hy may be
restricted to very small values,

Newton-Raphson (NR) {teration, on the other
hand, converges guadratically and can use mucg
larger stepiengths than functional iteration, +16
For this method J 15 the Jacobian matrix and the
elements Jik(i,k = 1,N) are given by

3y
i o 1,k al,N {13}

Far this iteration technique much computational
work can be required in forming the Jacobian matrix
and in performing the linear algebra necessary to
solve Eq, {11). To reduce this computational work
the {teration matrix is not updated at every itera-
tion., For additional savings it 1s updated only
when the solution to Eq. {11) does not converge.
Hence the iteration matrix is only accurate enough
for the iterations to converge and the same matrix
may be used over several steps.

The Jacobi-Newton (JN) iteration techniquel2,19
can be obtained from the MR iteration method by
neglecting all off-diagonal elements of the
Jacobian matrix. Hence for this technique

0; k¢ 1
g = of (14)

— k=i

This technique s as sisiple as functional iteration
in the sense that no matrix inversion is involved.

Also 1t converges faster than fungtional 1teraf30n

~-~ better than linear but not quite quadratic.

In summary, functional and JN fteration tech-
niques require much less work per step than HR
{teration but have to use smaller steplengths and
converge at siower rates. For stable problems
where the Jacgbian changes slowly NR iteration is
clearly the optimal method, For unstable regimes,
however, where rapidly changing solutions may
regnive frequent updating of the Jacobian for suc-
cessiut convergence, cimple or JN iteration may be
more efficient, which may also be the case when

very accurate numerical solutions are required.
Because any change in the steplength alters the
iteration matrix, it is not cconomical to consider
smaill changes in the steplength with NR itera-
tion. On the other hand, sinmple and JN {teration
techniques can take advantage of even modest in-
creases in the ste Jength. JN {teration requires
a Mttle more work per step than simple jteration
but it converges faster, Also, it can use step-
lengths at éeast as large as those used by simple
iteration.}8" The optimal corrector technique
therefore depends on the nature of the problem, the
hasic method used and the accuracy required of the
numerical solution,

In LSODE both the basic method and the correoc-
tor jteration technique are selected via a method
flag, MF. If NR {teration {5 employed, either the
user can provide analytical expressions for the
elements of the Jacobian matrix cor the code will
estimate these elements by finite-difference
approxfinations. For JH {teration, however, this
option 15 not available and the code uses
jnternally-generated finjte-difference approxima-~
tions for the dfagonal elements of the Jacobian
matrix. For all results obtained with NR iteration
analytical Jacobians were used. The hasic methods
and fteration techniques employed in the present
study are summarized in Table I, together with the
relevant values for MF,

Test Probliemns

Four practical combustion kinetics problems
ware used in the present study. A1l four cases
described adiabatic, homogeneous, gas-phase, tran-
sfent, batch combustion reactions. Test problem 1
described the ignition and subsequent combustion
of a mixture of 33 percent carbon monoxide and
67 percent hydrogen with 100 percent theoretical
afr at an initial temperature of 1000 K and pres-
sure of 10 atm, It involved 12 reactions among 11
species. Test problem 2, involving 30 reactions
among 15 species, described the ignition and subse-
quent combustion of a stoichiometric hydrogen-air
mixture at 2 atm and 1500 K initial temperature.
Both test cases 1 and 2 were at constant pressure
and are discussed in more detail in Ref, 12, ngt
problem 3, taken from Burcat and Radhakrisbnan,
described the ignition and subsequent combustion of
a stoichiometric propene-oxygen-argon mixture at
an fnitial temperature and pressure of 1700 K and
4 atm, respectively. This constant density test
case consisted of 113 reactions among 31 species,
The reaction mechanism and ratg cunstants were
taken from Westbrook and Pitz.<6_ Test case 4,
taken from Bittker and Scullin,®’ was a lean
methane-afr ignition and combustion problem at a
constant pressure of 1 atm and initial temperature
of 1645 K. This test problem involved 58 reactions
among 24 species,

Figure 1 presents the variation with time of
the chemical species mole fractions and temperature
for test problem 1. The variation of the tempera-
ture with the reactjon time for all four test caces
is shown in Fig. 2. A1) four test problems were
solved over a time period of 1 ms. This reaction
period encompassed all three combustion regimes
(induction, heat release and equ111brat{on? for
test problems 1-3. Test case 4, however, included
the first two reqimes (induction and heat releasae}
but only the beginning of equilibration.
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Results

In this section we present the effects on the
computational work of using stiff and nonstiff
methods in different regimes of a typical combus-
tion kineties problem, Al resulls were obtained
on the NASA Lewis Rescarch Center's [8M 370/3033
computer using single-precision accuracy.

As 11lustrated in Fig. 1 and discussed 1n the
section INTRODUCTION, a typical combustion kinetics
problem consists of three distinctly different
regimes: induction, heat release and equilibra-
tion, During induction and eariy heat release
when many of the QDE's have positive time con-
stants, smatll step-éeqaths must be used to insure
solution accuracy.1 ' In these reggmes nan-
stiff methods may be more efficient, During
late heat release and equilibration when the ODE's
are more stable, much larger steplengths can be
used ang TE f&erat!on is the optimal convergence
method, 242y In these later regimes, especially
during equilibration, the ODE's are st{ff so that
stiff mathods are appropriate,

To fnvestigate if it is more efficient to use
a nonstiff method during induction and early heat
release, the varfation of the computer time with
the reaction time was examined for all values of
the method flag, MF {= 10,11,13, &nd 21 -~ see
Table [), used in this study, Pure relative error
control 1s appispr{ate for the problems employed
in this study. However, {t could not bie used
because many of the mole numbers had zero initial
values, A mixed ralative and absolute errar con-
trol was therefore used. Sufficiently small values
for the local absolute error tolerances for the
species were used to make the error control sub-
stantially relative for mole fractions greater than
0.1 ppm. For temperature pure relative error con-
trol was used, To ensure that & comparison of com-
putatianal work was made among comparably accurate
methods, the same values for the absolute error
tolerances were used with all methods and corrector
1teration techniques, For elarity in presentation,
methods corresponding to method flag MWF = 10, 11,
13, and 21 wili hereafter be designated as methods
10, 11, 13, and 21, respectively.

Figures 3 and 4 present the variation of the
computer (j.e., CPU) time {in saeconds) with the
reaction time for test problem 1 using values fgr
the Iacg] relative error tolerance (EPS) of 10+
and 10-2, respectively, For method 10 (implicit
Adams with functional iteration) and EPS = 107% the
CPU time required up to the onset of heat release
(reaction time -9 us, see Figs. 1 and 2) exceeded
that required by method 21 {BOF with NR iteration
usfng an analytical Jacobian) to.solve the complete
problem (Fiy, 3). For EPS = 107, however, the CPU
times required during fnduction and early heat
release were about the same for both metheods
{Fig. 4}. For methods 11 (implicit Adams with NR
iteration using an analytical Jacobian) and 13
{implicit Adams with JN iteration using internaily
generated approximations for the diagonal elements
of the Jacobian matrix), the CPU times required
during fnduction and early heat release compared
favorably with, or were less than, those required
by method 21. Note, however, that the CPU time
required by method 21 for the complete problem was
less than that required by all the nonstiff meth-
ods, indicating that the problem was stiff.

The results ylven In Figs. 3 and 4 show that
JN and KR fteration techniques are more efficient
than functional fteration in the nonstiff regime,
These results fndicate also that the use of a non-
stiff mathod during induction and early heat re-
lease and a stiff method for the remainder of the
problem would be more efffcient than using either
method for the complete problem. To examine the
effects of such a switch the following procedura
was used. The ¢ode was run up to yeaction time
t = tgwiteh with a nonstiff method, After every
step successfully executed by the routine, the
value of the time reached by the integrator was
checked to ensure that it did not exceed tewitch.
If the time exceeded ‘tgyqtep, the method was
switched to 21 and the probfem was run to comple-
tion with the stiff methed, Upon completion of the
problem, the CPU time required to solve the probilem
was calculated, In addition, the following per-~
formance parameters which give an indication of the
computational work required to solve the problem
were noted: Ltotal number of steps required to
salve the problem (NSTEP}. total number of func-
tional (i.e., derivative) evaluations {NFE} and
total number of Jacobian evaluations {NJE),

Different values for teyipen were attempted
and the value resulting in the feast CPU time to
solve the problem was obtained by a trial-and-error
process. Since the objective of the present inves-
tigation was only to determine if switching methods
resulted in efficiency increases and if so, to
fdentify the optimal iteration technique to be used
in the nonstiff regime, no attempt was made to in-
corporate automatic method selection procedures.

Table II presents the minimal CPU times ob-
tained for test problem 1 using the two-stage solu-
tion scheme outlined above and different jteration
techniquas in the nonstiff regime, In this table
towiteh 15 the reaction time (in us) up to which
tﬁe program was run with the nonstiff method and
the indicated iteration technique. For values of
reaction time t » t }tch the solution was
obtained with the st?? method 21, Also given in
Table II is the computational work required by
method 21 to solve the 5omrlete prohlem, For
method 10 and EPS » 10°% the CPU times required up
to the onset of heat release exceeded those re-
quired by method 21 to solve the complete problem,
Therefore no switching was attempted for thgse
values of EPS and method 10. For EPS = 1079, how-
ever, the combination of methods 10 and 21 was
about 20 percent faster than method 21 for the com-
plete problem (Table I1). MNote that fewer steps
and functional evaluations were required by the
s%iff method, indicating that the average step-
length was smaller for method 10, However, the
use of method 10 during induction and early heat
release resulted in significantly fewer Jacobian
evaluations. This was due to (a) not computing
the Jacobian in the initial regime and (bg fewer
Jacobian evaluations being required in the second
regime because of the use of smaller steplengths,

The combinations of methods 11 and 21 and of
13 and 21 resulted in decreased CPU times (i.e.,
relative to method 21 for the complate problem) for
most of the error tolerances (Table II}. Also, in
a1l cases the combination of nonstiff and stiff
methods was faster than using the nonst{ff method
for the complete problem. MNote that the time at
which methods had to be switched generally
increased with decreasing EPS, i.e., increasing



accuracy requirement, This implies that when EPS
is decreased, accuracy requirements control the
step size for a longer time., When accuracy re-
quirements, and not numerical solution stability
reauirements, control tag sjze of the step, the
proulem is not stiff,2+él Hence, the time over
witich it was more efficient to use a nonstiff
methoa Increased with decreasing EPS,

The combination of methods 11 and 21 resulted
in CPU time decreases ranging from negligibly smal)
to over 30 percent for test problem 1 (Tabie [1).
This switching process, 1.e., use of a nonstiff
method ‘uring induction and early heat release and
of a stiff method for the remainder of the problem,
is not entirely satisfactory in that it does not
always result in significant savings over the use
of the stiff method 21 for the complete problem,
Similar vemarks apply to the use of method 13 in
the initial regimes. MNote that for method 13 NJE
includes two types of Jacobian matrix evaluations
-~ the first number is the tetal number of complete
{i,e., analytical) Jacobian matrix evaluations re-
guired and the second number is the total number
of diagonal matrix approximations (Table L1}, One
difficulty encountered with the use of method 13
was that it returned fnaccurate solutions when
relatively large values of EPS were Haegg This
problem has baen reported by others, &% It is
not clear §f this was caused by poor approximations
for the diagonal elements or by an unreliable con-
vergence test, Another difficulty encountered with
this method was serious numerical instability for
some test problems and values of EPS, Because of
these problems with method 13 1t was not attempted
with the other three test ¢ases,

For the other three test problems and most of
the error tolerances used, the runs with method 10
requ1red more CPU time until the onset of heat
release than method 21 for tne complete problem,
{e.g9,, Fig, 5), Hence, method 10 was also not
gtéemgted in the nonstiff regime for test problems
o4,

Tables 111, IV and V present the effects of
switching between methods 11 and 21 for test prob-
lems 2, 3 and 4, respectivaly. For purposes of
efficiency comparison, the computational work re-
quired by methud 21 for the complete problem s
also given in these tables, The results for test
problem 2 (Table I11) ware very similar to those
obtained for test problem 1. The use of the two-
region scheme resulted in efficiency increases for
most of the error tolerances and, as EPS was de-
E{eased, the switching had to be performed at later

mes.

For test problem 3, however, no significant
efficiency increases could be obtained by using
the nonstiff method 11 during induction and early
heat release and then switching to the stiff method
21, But significant efficiency increases could be
obtained by switching before the onset of heat re-
Jease (Table IV). MNote that for EPS = 10 switch-
ing from method 11 to iethod 21 at & = 0.03 s
{for this problem heat release started at about
3 us, Fig. 2) resulted in a CPU time decrease of
over 40 percent. For test problem 3, unlike test
problems 1 and 2, the temperature dropped by a sig-
nificant amount (-21 K) during induction., This
decrease in temperature was diagnosed by the code
as an indication of stiffness, especially when low
values were used for EPS. Hote the sharp increase

fn CPU tfme incurrad by the nonstiff methods during
jaduction (Fig., 5).

Test problem 4 was also quite diffarent from
test problems 1 and 2, Although the temparature
drop dupring induction was not significant (less
than 1 K), this problem was characterized by a
falrly Tony ignition delay period (Flg, 2). In
addition, when the temperature started to increase
(at t ~ 20 us) it did so gradually and not as
rapidly as for the other prohlems. For exampie,
at t = 100 us the temperature had risen by only
about 10 K. Unlike the other three test problems,
test problem 4 included only the beginning of the
equilibration regime. A nonstiff method was there-
fore expected to he more efficient for most of the
problem, However, the results given in Table V
show that for increased efficiency switching had to
he performed during induction, This indicates that
for test problem 4 also it was more efficient to
use a stiff method duriﬂg {nduction, as i1lustrated
in Fig, 6 for EPS = 107", HNote the large increase
in CPU time for method 11 between t = 1 and 20 us,
For method 21 the CPU time showed a large increase
between approximately 300 and 350 ps, corresponding
to the rapid increase in the temperature bhetween
these times {Fig. 2). In this interva) method 11
was more efficient (Fig, 6) because accuracy re-
quirements centrol the step size., The effect of
using a nonstiff methad in this iRterval was
examined as follows for EPS = 1077, The prugram
wias run with method 11 up to 2.5 us and between
300 and 350 us, At all other times method 21 was
used, This resulted in a total CPU time require-
ment of 7.6 § -~ which was significantly faster
than both the simple switch performed eariier
{i,e., two-stage sotution scheme) and method 21
for the complate problem (Taple V).

The results discussed above indicate that the
induction regime is not necessarily nonstiff so
that the use of a nonstiff method in this regime
does not guarantee minimal computational work, 1In
this regime the use of either a stiff methed or 2
combination of nonstiff and stiff methods may re-
quire the least computational work. To test this
hypothesis the following procedure was adopted.
The program was rum with the stiff method 21 until
the onset of heat release and also during late
heat release and equilibration. During early heat
release, however, a nonstiff method was used,

Table VI presents the minimal CPU time
obtained for test problem 1 using the three-region
solution scheme discussed above -- all jteration
techniques were attempted during early heat
release. In this table tg, 1 and g are the
times at which the methods wére,switcheﬁ’?rom non-
stiff to stiff and from stiff to nonstiff, respec-
tively, Hote that as EPS was increased tg, } had
to be decreased because heat release was predicted
to start at an earlier time. As discussed previ-
ously tey 2 had to be increased with decreasing
€PS.” A cohparison of Tables JI and VI shows that
for almost all iteration technigues and error tol-
erances the three-stage solution scheme was faster
than both the two-stage solution scheme proposed
earlier and the stiff method 21 for the complete
problem, Hote that the use of this combination of
stiff and nonstiff methods has resulted in about a
50 percent reduction in the CPU time for EPS = 10=5
and method 13 during sarly heat release., Although
the use of method 10 also resulted in effiuiency
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increases, a very low value of EPS (10'5) Was re-
quired for significant reductions fn the CPU time
(Table V1), The use of such Jow vajues of EPS {5
vasteful, e5pecialig for mu)tidimensional reacting
flow calculations, This indicates that eithor JN
or NR {teration should be used during early heat
ralease, For small values of EPS JN jteration
(method 13) Is more efficient, Dut for large
values of EPS NR fteration (methad 11) {5 superior
(Table VI).

The results presented above indicate that for
efffcient solution of combustion kinetic rate equa-
tions, nonstiff methods should be used during early
heat release, However, It 1s not clear if JN or NR
iteration should be used in this regime, For large
values of the local error tolerance JON {teration
resulted in significant errors, This could be due
to the approximations for the Jacobian elements
used in LSOPE. ”f such problem was encountered
with CREK1DLZ: 14+ 19 which employs JN fteratfon but
with an analytical Jacobhian, This su%gests that
JN {teratfon with an analytical Jacobian should be
attempted during rarly heat release. During late
heat release and equilibration, however, a stiff
method should be used, During inductien either a
stiff method or a combination of nonstiff and stiff
methods appears to be the optimal choice,

Conclusions

A major conclusion of the present work 15 that
the combination of a nonstiff method during induc-
tion and early heat release and a stiff method dur-
ing late heat release and equilfbration does not
always result in the optimal algorithm for solving
combustion kinetie rate equations. During induc~
tion the use of efther a stiff method or the combi-
nation of nonstiff and stiff methods is indicated.
During early heat release a nonst{ff method should
be employed. However, it is not evident if Newton-
Raphson or Jacobi-Newton jteratfon is the optimal
convergence technique in the nonstiff regime. For
large values of the local relative error tolerance
the Jacobi-Newton {teratiun technique included in
the packaged code LSODE produced large errors and
also resulted in unstable solutions, This may be
the result of poor approximations for the Jacobian,
Further experimentation, especially with an analyt-
tcal Jacobian, is necessary to resolve the question
of which iteration technique to select. During
Tate heat release and equilibratjon stiff methods
are optimal,
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TABLE 1. - SUMMARY OF METIODS AND CORRECTOR

[TERATION TECHNI

QUES EXAMINED

Method | Basic method Iteratjon technique
flag,
3
10 | Varisble-step, Simple or functional
11 variable order | Newton-Raphson with
{nplicit Adams analytical Jacobian
13 Jacobi-Newton with
finite difference
generated Jacobian
21 | Variable-step, Hewton-Raphson with

variable order,
hackward dif-
ferentiation
formula

analytical Jacobian

TABLE 1. ~ SUMMARY OF COMPUTATIONAL WORK

REQUIRED BY YHO-R

EGION SOLUTION FOR

TEST PROBLEM 1

WMethod] EPS tsmgch, WSTEP | NFE N3 cgu.
)
10/21 | 10-5 17 1701 | 2801 | s1 3,87
11721 | 10-2 15 99 | 166 | 30 0,40
w3l 21 173 | 297 | 33 .63
10t 23 336 | 540 | 66 1.17
1078 | 40 923 | 1675 {139 3,33
13/21 | 10-2 13 157 308 Jal6;45 jo0.49
10-3 14 294 | 459 | 14;60 | .64
104 13 466 958 | 24:135 | 1.29
10-5 15 |9s6 |[1742 | 40:145 2,52
21 10-2 -— 115 183 | 30 0,44
103 - 207 | 346 | 46 .78
10-4 -— 308 504 | 57 1,08
105 -— 1263 |2429 {258 4.95

8For Method 13 the first number is the total
number of complete Jdacobian matrix evaluations
and the second number is the total number of
diagonal matrix approximations.




TABLE 111, - SUMMARY OF COMPUTATIOM:: WORK
REQUIRED BY TWO-REGION SOLUTIGA %»OR
TEST PROBLEM 2

Method| £PS tswigch. NSTEP |NFE | NJE czu,
W ;

11721 | 102 3 9 | 156 29 | 6.70
10-3 5 150 | 266 43 | 1,07
104 | 4,5 | 237 | 368} 43 | 1,38
1075 | 20 2846 |4686 | 422 16,

21 (13 [R— Wwo | 163] 29 } o,
103 | ~eem 157 { 243| 36 |1,
1000 [ weme | 295 | 471 | 63 {1,
105 | «-w. |3527 |5705|579 l20.

TABLE 1V, ~ SUMMARY OF COMPUTATIONAL WORK
REQUIRED BY TWO-REGION SOLUTION FOR
TEST PROBLEM 3

Method [ EPS | tsyitch, | NSTEP | NFE | NJE | CPU,
us 5

11721 | 10°2| 0.5 163 | 273| 46| 3.67
] 5

10-2 .0 368 | 590| 94| 7.83
104 '3 689 | 1133|212 |15
10 .03 (1148 |1794 | 200 | 20

21 10-% ——e 228 | 360 74| 5
103 —— | 373 | 12|12 B
107} |~ | 783 |1355|273]19
1005 | —eem | 1634 | 2706 | 449 { 35

e e e e
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TABLE V. ~ SUMMARY OF COMPUTATIONAL WORK
REQUIKED BY THO-REGION SOLUTION FOR

TEST PROBLEM 4

Hetiod | EPS | Tsyitchs | NSTEP | HFE | NOE JCPU,
us -1
11721 | 1072 25 157 | 264 | 45 7 2,24
103 12,5 { 302 [ 52L{ 80 | 4.14
10-4 2,5 | 673 L1176 (192 | 9.78
10051 250 ] 1530 ] 2543210 |i6.
21 1002 | weee= | 198 | 326 64 | 2,92
1003 | —eeea | 490 | 8GO [172 | 7.57
1o-g ame==| 723 11195 | 207 10.
| 107 -—ne= | 2000 | 3708 | 452 |27,

TABLE VI, ~ SUMMARY OF COMPUTATIORAL WORK RECQUIRED BY
THREE=-REGION SOLUTION FOR TEST PROBLEH 1

Mathod | EPS | tgy 10 | tsw,2s | NSTEP | HFE HOE | GPU,
ud ud s
21/10/21| 1072 | 8,5 9.0 [ 107 | 1681 31 0.42
103 | 9.0 10,0 | 203 | 349 | 37 J1
1004 | 9,5 12.5 | 406 | 633 | 39 1,09
10-51 8,0 14,0 (1076 [1726 | 70 2,81
21411211 1072 | 8,5 15 104 [ 157 | 30 0.38
10-3 | 8.5 22 167 | 263 | 34 .52
10-4 | 9.0 55 278 | 435 | 43 .80
1075 | 9.0 65 866 | 1534 |132 2,98
211312111072 | 8.0 13,0 [ 136 { 231 (823;24 | 0.42
1073 | 8.0 13.5 | 230 | 403 | 32:41 | .70
104 | 9,0 13.5 | 297 | 499 | 32:33 | .89
10°5 | 9,0 25 gai (1691 | 58;153] 2,62

dFor Method 13 the first nuwber 45 the total number of

complete Jacobian matrix evaluations and the second

number {s the total number of diagonal matrix approxi-

mations.
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