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A unified viscoplastic constitutive relation based on crystallographic
slip theory is developed for the deformation analysis of nickel-base face-
centered cubic superalloy single crystals at elevated temperature. The
single crystal theory is then embedded in a self-consistent method to de-
rive a constitutive relation for a directionally solidified material comprised
of a polycrystalline aggregate of columnar cylindrical grains. One of the
crystallographic axes of the cylindrical crystals points in the columnar
direction whilst the remaining crystallographic axes are oriented at ran-
dom in the basal plane perpendicular to the columnar direction. These
constitutive formulations are currently being coded in FORTRAN for use
in nonlinear finite element and boundary element programs. An experi-
mental program to deteiinine the biaxial tension-torsion behavior of PWA
1480 single crystal tubular specimens at 1600°F is also underway.

INTRODUCTION

This paper represents a first quarterly progress report on a program
to develop anisotropic comstitutive equations for use in modeling the mul-
tiaxial viscoplastic stress-strain response of single crystal and directionally
solidified gas turbine alloys at elevated temperature. Two approaches are
being pursued. The first approach consists of modeling the anisotropic
response from a macroscopic continuum point of view, whilst the second
approach consists of taking a micromechanics viewpoint using crystal plas-
ticity concepts. Tubular specimens of the single crystal superalloy PWA
1480 are currently being machined. Tension-torsion experiments on tubu-
lar specimens of PWA 1480 will be conducted at 1600°F to provide a data
base for exercising the theoretical formulations. The anisotropic visco-
plastic theories will be incorporated into a nonlinear finite element code
since the non-uniform stress distribution in the tubular specimens will
require the solution of a boundary value problem for data reduction pur-
poses.
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SINGLE CRYSTAL ANALYSIS

An analysis of single crystal superalloys undergoing steady state
creep deformation was presented by Paslay, Wells and Leverant (1] in
1970 using a theoretical formulation based on crystallographic slip theory
of face-centered cubic materials. In 1971 the theory was applied by
Paslay, Wells, Leverant and Burck [2] to describe the creep behavior of
single crystal nickel-base superalloy tubes under biaxial tension. Steady
state creep formulations suitable for the analysis of single crystals were
used by Brown [3] in 1970 and by Hutchinson [4] in 1976 to predict the
behavior of polycrystalline materials whose aggregate consists of randomly
oriented single crystal grains. Recently, Weng [5] has developed a single
crystal creep formulation which accounts for transient (primary) as -eli
as steady state (secondary) creep. However, in order to describe the
combined plastic and creep behavior of polycrystalline materials, Weng
combines the rate-independent and rate-dependent components of crystal
behavior in such a way that each component is governed by a separate
constitutive relation. The averaging of the single crystal creep relations
to obtain the overall macroscopic creep response of the polycrystalline
aggregate is easily accomplished by using Kroner's self-consistent method
[6f. In a general analysis the constitutive relations for the overall mac-
roscopic plastic response of the polycrystalline aggregate must be obtained
using Hill's self-consistent method {7 Kroner's method for calculating
the macroscopic creep properties of a polycrystalline aggregate of single
crystals is explicit in nature; but Hill's method for calculating the macro-
scopic plastic properties is implicit in nature and requires lengthy itera-
tive computations.

In the decade of the seventies the creep and plastic r nses of
materials were combined into unified viscoplastic formulations [8]). These
formulations differ from steady state creep theories by introducing history
dependent state variables to account for primary creep and plasticity.
Most of these unified theories exhibit an elastic response under instan-
taneous deformation. This instantaneous elastic response occurs
because the inelastic strain rate is assumed to depend only on stress,
state variables and temperature and not on the rates of these variables.
These unified theories may, therefore, be integrated in time by means
of an explicit Euler forward difference method. Macroscopic properties
of a polycrystalline aggregate, comprised of single crystal grains which
are assumed to deform according to a unified viscoplastic slip process,
can therefore be obtained by means of Kroner's explicit self-consistent
method.

In the unit cell of the face-centered cubic crystal shown in Figure 1
we denote by m;a unit vector in the i™ slip direction (say of type {1107 ),
whilst g, is a unit vector in the normal direction to the slip ‘plane (of
type {111} ) of which w{ constitutes a slip direction. The four octahe-
dral {111} planes and the twelve corresponding {110) slip directions
(three on each plane) are shown in Figure 1.

From the geometry of the unit cubic cell in Figure 1 the unit
vectors are given by

mo=(i-XINT 5 me=CGivd2 5 ma=(i- )T, me= (-3
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Re=Gr Iz, mem (FrR)NZ 5 - mi=CiaiINT 5 me=(-i+k)AT
R (GBZ s me=GrNZ  me= ()T, mas (LekOAG

with
D=ta=Myx(ieirk)/VB | ne=ns=ne=(i+j-k)/i3,

Mr=pee Bax(i-i-K)/VB , mospnsna=(-{-j+k)/V3,

~

where j, i, k are unit vectors along the x,y,z crystallographic axes.

Figure 2 shows a single crystal whose global axes are denoted by

[ ] ] ]

X, Yy, 2z and whose crystallographic axes are denoted by xy,2. If Q
denotes the orthogonal tensor which rotates the crystallographic (unstar-
red) axes into the global (starred) axes, viz., x? = Qix; , then the
stress tensor ¢ and the strain rate tensor ¢ in the crystaflographic axes
may be obtained from the stress tensor g®and the strain rate tensor £*

in the global system from the usual transformation relations,

g=Q.2Q and £=Q.2°G . M

The assumption is now made that any of the unified viscoplastic
theories discussed in Reference [8], when specialized to the case of shear
deformation, is a valid constitutive relation in each of the twelve crystal-
lographic slip directions. In the r*®slip direction the resolved|shear stress,
’ti. + is obtained from the relation

Mpn = Me TN for r=ly2,..-12. 2)

It is further assumed, in a manner analogous to the unified isotropic vis-
coplastic models, that the applicable relation governing the inelastic shear
strain rate in the r®slip direction is

Vo= K (R 0L 00 |7 4 ke (R 3000) [0 - [P
+ Ko (Rrnm S [T 0517 4 sty (AT T, )| Gy [P
. |
2k (RRg=0Rha) | Maz-00n P + 2 g (15 Wiy )G, 07 |7 } »(3)

where K, and m;% (with p and q = m,n,z) denote the drag stress and
equilibrium (rest or back) stress in the ™ slip direction. The expression
for Mz, is defined in equation (2). Terms such as Tma denote, by an-
alogy, expressions of the type

"

Nz = Me.G.Zr » (4)

where Zr denotes 2 unit vector perpendicular to the unit vectors mp and
Be . The vector z¢ s in the slip plane containing the vector me and
the vectors me , nr, 2z~ form an orthogonal triad for the r™ slip sys-
tem. In equation (3) the tensor ®pq represents the effect of the non-
Schmid factors [9] upon the inelastic strain rate in the ™ slip direzrion
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For example, the term containing o, represents the effect of the resolved
stress, normal to the slip plane containing the r® slip direction, on the
inelastic strain rate in the ™ slip direction.  Such terms can represent
the effect of a pressure dependent inelastic strain rate. The dominant
term in equation (3) is the Schmid type term containing the expression
Tan ; estimates of the magnitude of the non-Schmid type terms con-
Eairiing the tensor ®pq, have been given by Asaro and Rice in Reference
10). , :

To complete the constitutive formulation it is necessary to specify
the growth relations for the equilibrium and drag stress state variables.
The equilibrium stress in the r™ slip system may be assumed to evolve
according to the evolution equation

. | B 2 ® . 3 | n-l L .
“";1, = ?mY_r = € wr“‘);a, - gn‘_wl"!" Wpg 3 (5)
where 9.‘4, 9:1, 9:.. and m are temperature dependent material constants.

A simplifying assumption is to take
lim Wey, _  lim Wen

e =B = pte — for P TMNZ (6)
: Yoo Ko, ,jf,-u- nA
where the cumulative inelastic strain is defined by
t , .
= 155 . Q)

Equation (6) states that the ratio of the saturated equilibrium (back)
stress, i.e. the equilibrium stress for continued inelastic straining (Re=veo)
under fast straining conditions ( Y,-» o ), to the resolved shear stress in
the same direction, is equal for all the non-Schmid systems. Moreover,
the ratio is equal to the ratio of the saturated equilibrium stress to the
resolved shear stress for the Schmid-type components, g and N -
Under continued inelastic straining the equilibrium stress saturates and
@Rk —>0. Under fast straining conditions ( ¥,-» eo ) equation (5) shows
that the saturated equilibrium stress is given by the relation

. \
i o = s | (8)
Yo d® gﬂ

since the thermal recovery term containing the material constant 9:4
can be neglected for Y,.-» oo . The material ccnstants g:‘ must therefore
satisfy the relation

1 t

S - 3= ‘ (9)

0 M Rv) S Tma(Re)

Assuming the constants g,‘., and q.ﬁ\ and the limiting saturated value of
the resolved shear stress =XWn are known for the Schmid-type terms,
equation (9) determines the ratio of 9;., to 4% for the non-Schmid
terms. If it is further assumed that the initialqurdening rate for the
non-Schmid equilibrium stresses are all equal to the Schmid equilibrium
stress hardening rate, then Qo= S ren for {=1,2 and pgE=mn,z .
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The drag stress may be assumed to grow according to the ewvolution
equation

u [ ]
Ke = 2 hed%d (10)
™Y
in which the hardening moduli are g;ve: by
W
hees [0 0= ] M ES VRN (11)

The hardening moduli h,, defined in equation (10) account for the latent
hardening effects observed in single crystal materials, and equation (11)
is similar in form to that proposed by Hutchinson [11], Asaro [12] and
Peirce, Asaro and Needleman [13). Numerous forms for the hardening
moduli hek have been proposed in the literature and a review of harden-
ing_ moduli may be found by consulting Havner's papers (cf. Reference
[14]). The drag stress evolution equation does not contain thermal recov-
ery terms, but these terms can easily be included in the formulation

The shear slip strain rates may now be resolved into the crystal-
lographic system and summed for each slip system to obtain the inelastic
strain rate tensor with respect to the crystallographic axes in the form

‘ L]
g= DA% (emer mnn) . (12)
L |

Finally, the stress rate tensor with respect to the crystallographic axes
is determined from the relation

g=D:(¢-¢) (13)

where Qg is the anisotropic elasticity tensor for the face-centered cubic
crystal referred to the crystallographic axes.

The variables can now be updated in the Euler forward difference
form:

g=z+éAt s £=£+£A‘t, waswgq»fo;’ﬂt,
T2V r YA, °’"~1:2"Q s E"’QT'!'.'Q ’ (14)

where AL is the current time increment. The process may then be re-
peated by integrating equations (1), (2), (3), (4), (5), (10), (11} for
each time increment.

The preceding discussion has focussed on slip which occurs on the
{111} octahedral planes in the {110) type directions of face-centered
cubic nickel-base superalloys. Paslay, Wells, Leverant and Burck [1,2]
also found that slip occurs under creep conditions on the {1111 planes
in the (112) type directions. Cube slip on the crystallographic faces was
also found to occur. ' For each different slip system the foregcing theory
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is altered only by virtue of having different slip and normal vectors defin-
ing the triad m, nand 2z In general, the total inelastic strain rate may
be written as the sum,

N
e= ZK'&SL ’ (15)

where ¢, is due to {111} {110) type slip, ¢; is due to {uy @2
type slip, éyis due to cube slip, etc. Such a combination was stated to
be required to model primary creep behavior in Reference [1] by Paslay,
Wells and Leverant. It is possible that {111} {112) type primary creep
may evolve into {111} {110) type secondary creep as described by Lever-
ant, Kear and Oblak in Reference [15). In this instance it may be nec-
essary to modify the theory so that the A{ ewolve with deformation, in-
elastic strain rate and temperature according to evolution growth equa-
tions similar to that employed for the equilibrium and drag stress state
variables. This mixing of different slip systems to model the anisotropy
of nickel-base superalloys was also stated by Ezz, Pope and Paidar [16]
to be necessary in order to model tension-compression flow stress asym-
metry observed in nickel-base superalloys.

DIRECTIONALLY SOLIDIFIED ANALYSIS

A model for directionally solidified alloys can be constructed by
making use of a suitable self-consistent method to average the results of
the single crystal viscoplastic constitutive theory. The directionally solidi-
fied material consists of aligned columnar single crystal grains which are
oriented at random in the basal plane perpendicular to the cylindrical
growth direction. This random orientation of the grains produces a mat-
erial with transversely isotropic properties.

The directionally solidified material comprised of an aggregate of
single crystal columnar grains may therefore be modeled in the following
manner. We first choose a particular single crystal columnar grain and
replace the aggregate of single crystal grains surrounding the chosen
grain by a transversely isotropic material. The properties of this sur-
rounding transversely isotropic material are found by averaging the prop-
erties of the chosen single crystal grain about its cylindrical growth axis.
It is then possible to relate the stress and strain increments in the single
crystal grain to those in the surrounding transversely isotropic matrix
by means of the method proposed by Eshelby [17] in 1957.

Viscoplastic formulations which exhibit an instantaneous elastic
response can be integrated by means of an Euler forward difference
method. In physical terms this integration process consists of letting
the material creep at constant stress at the level & appropriate to the
beginning of the increment for a time interval 8t . After the creep
increment is completed the material is subjected to an instantaneous
strain increment A% - Ac , where Ag is the total strain increment during
the time increment At and Ag is the completed creep strain increment.
The instantaneous application of the strain increment A¢ - Az induces an
elastic stress increment given by Hooke's law in the form Ag = D:(4¢-Ac)
where D is the elasticity tensor for the material. -
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Let 2° and Qm denote the fourth rank cubic and transversely iso-
tropic elasticity tensors for the single crystal and the surrounding matrix,
respectively. In the cylindrical single crystal grain the inelastic strain
increment is denoted by Ac and the corresponding quantity in the matrix
is denoted by {Ac). The quantity {A¢) is obtained from 8¢ by averag-
ing Ac over all angular orientations (viz. from 0 to 2w ) in the basal
plane perpendicular to the cylindrical growth axis. In the single crystal
grain the constitutive relation has the form

Aoy = Dy (Aﬁu- bey ) s (16)

whilst in the directionally solidified matrix the constitutive form s
m
<A°':j> = D‘.J'kl (<A5k|>’<bc"’>) ) (17)

Given a known strain increment {8€y) in the directionally solidified
matrix, the object is to determine the corresponding inelastic strain
increment Ocy  in the single crystal cylinder and then average this
quantity by means of the relation

2x
(heuy= 5§ Acu(8) db (19)

where © is the angle between the crystallographic axes x,y in the speci-
men and the global axes x*,y* in the matrix, with the z,2* axes aligned
in the cylindrical crystal's growth direction. The stress increment in the
directionally solidified matrix is then determined by equation (17).

The first step consists of determining the state of stress and strain
in the cylindrical crystal grain when the matrix and crystal undergo creep
for a time increment At . A preliminary step in this analysis consists
of replacing the single crystal grain by a fictitious material which has
elastic and inelastic properties which differ from those of the single
crystal but in which the elastic properties are the same as that of the
transversely isotropic matrix with elasticity tensor 2'". Eshelby's cutting,
straining and welding operations [17] are now applied to the fictitious
crystal grain

The fictitious cylindrical grain is now cut out of the matrix and the
instantaneous shapes of the grain and resulting cylindrical hole in the
matrix are maintained by appropriate equal and opposite surface tract-
ions applied to the respective cylindrical surfaces of the grain and hole.
The stress in the matrix is denoted by {£) and that in the fictitious
grain by & , where ¢ is the stress state in the actual single crystal
grain. From Eshelby's results, if the strain history in the matrix is
homogeneous, the resulting stress in the actual and fictitious cylindrical
grains will be constant throughout the cylindrical wolume. This will be
demonstrated subsequently. The fictitious cylindrical grain and the sur-
rounding matrix are now assumed to undergo creep responses for a time
increment At at their respective stress levels of & and {(€) . In the grain
the resulting creep strain increment is denoted by A’g and the corres-
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ponding creep strain increment in the matrix is {A¢) . If incremental
surface tractions are instantaneously applied to the cylindrical surface
of the fictitious grain so that it is elastically strained by an amount
-ALT , it will regain the o:iginal size and shape which it had upon re-
moval from the matrix prior to the creep response. If it is subsequently
elastically strained by an amount {Ac)> through the application of a
further set of incremental tractions applied instantaneously to the cylin-
drical surface of the grain, it will fit back into the matrix from which
it was removed. The fictitious grain and matrix now fit compatibly
together, and the strain increment experienced by the grain is-84 where

AFH = Agy - (8ey) (19)

However, a layer of surface traction exists on the cylindrical surface
boundary between the grain and the matrix. This layer of surface trac-
tion is given in magnitude by the relation -

[ 4]
At; = njAﬁj =n Dskl ((Acu)— ASI() = =N Dijkl ABu

and can be removed by the application of an equal and opposite layer of
surface body force of magnitude

Ay = n; Dl Apu (20)

The displacement increment Au; induced in the fictitious grain due to
the application of surface tractions Af_ over its cylindrical surface is

given by
e G (!
where  Gij(£-r') is the elastic Green's function for the transversely

isotropic matrix and the fictitious grain. Application of Gauss' diver-
gence theorem to the surface integral produces the result

Aup = Sgs“i Divet Bput Grpj (g-£') as(e)

= Diju 8pa §f, "—C‘J{ﬁ’—‘—')-w(s')_
= -Die 8wt &, I Grile-o Yavler). (22)

The resulting strain increment &8¢ in the fictitious grain due to this

annihilation of the incremental surface traction built up during the creep
response of the fictitious grain and the matrix is

¢ _ 1\ AW Duf) ‘a(Aui)
sefp= g (5552« TR ) = Sipmbpn =)

where the Eshelby tensor ©  is defined by the relation

Suglm = '%-D‘i""i ;ﬁksgg\l&,j(g—g)w(g’) +%%§SSVG§(L-L’>NQ')} ©(24)

The strain increment induced in the fictitious grain ir order to make
it fit compatibly in the matrix is given by =885 whilst the additional
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strain induced in the grain by removing the unwanted surface traction
increment At; is given by Ae‘;i . At the end of the creep increment the
total strain increment induced’in the fictitious grain is given by uﬁ-bpij '
or from equation (23), by S;jglApu - AP‘J + The stress increment ‘in
the grain is therefore

-

Ad';j = D;ju( (skim- Iklun)Apnn ’ ‘ (25)
where I is the fourth rank identity tensor. Note that the strain incre-
ment responsible for changing the size of the cylindrical grain from the
size it had when it was placed back into the matrix is A= Sijkl AW
since the change in size is due to the annihilation of the surface traction
increment At; by the equal and opposite traction increment A{; .

Now consider the actual situation where the cylindrical grain has
its own anisotropic elastic constant tensor with cubic symmetry, 2‘ .
We remove the cylinder from the matrix, as before, and let the cylin~
drical grain undergo a creep strain increment Ac in time At and the
matrix undergo a creep strain increment {Ac) . If we now apply surface
traction increments instantaneously to the cylindrical boundary so that
the cylinder is elastically strained by an amount {Ag) - Ac , it will
fit back into the matrix from which it was removed Moreover, since the
matrix creep strain increment {Ag) is the same as that in the problem
with the fictitious cylinder, the cylindrical grain will have the same size
and shape as the fictitious cylinder had when it was put back imo the
matrix The strain increment responsible for changing the size of the
cylindrical grain from the size it had when it was placed back into the
matrix to the size in its final configuration is Skirmn Afan . Hence, if
the actual cylindrical grain is strained by the increment Skima DfAmn
+ {&Cu> = Acyy , it will have the same final size as the previously
considered fictitious cylindrical grain with transversely isotropic elastic
properties. The stress increment in the actual cylinder due to the strai

increment Skime BB + L8y - Ay is

Agij = Dijut { Sutmn Bun + {Ben) ~bcy } - (26)

If the stress increments in equations (25) and (26) are equal, the actual
cylindrical grain which has the elasticity tensor 2° appropriate to cubic
symmetry and which undergoes an increment of transformation strain AR,
may be replaced with the fictitious cylindrical grain with elasticity tensor
BT  equal to that of the matrix without upsetting continuity of dis-
placements and tractions across the cylinder-matrix interface. Equating
(25) and (26) shows that

3 m -1

If this. transformation strain increment occurs in a cylinder with elasticity
tensor D™ , the stress increment in the cylinder is equal to that which
actually occurs in the single crystal cylinder with elasticity tensor 1
undergoing a transformation strain increment AS ~<AcY.  Substitution of
the expression for AR into equation (25) [or (26)] gives the stress incre-
ment in the cylindrical single crystal grain at the end of the creep re-
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sponse in the form

" -1
Ao.ij = D‘g\d (Sﬂ“"'\.‘ 1“"") [( Dcutnn‘-b:ﬂn) SP‘,"S + Dpnes ]
X Dige { 80— C3o0u¥ } - (28)

According to the Euler foward difference integration method the
crystal grain and matrix are now to be instantaneously loaded with the
elastic strain increment {Ag)—={A4c) . To this end we first consider
the single crystal to be replaced by a fictitious cylinder having the same
transversely isotropic properties as the surrounding matrix. If the fic-
titious cylinder undergoes a stress increment free uniform strain incre-
ment Ag' , the final strain increment inside the cylinder is (  Sijkl -
Tipel ) dedy - A uniform strain increment {8g) — {Ac)> may now Le ap-
plied to the matrix and ficti{_ious cylinder to produce the final strain
increment of ( Sijki=Tikl ) 8¢t + {aeij) - (Ac.J> The resulting
stress increment in the fictitious cylinder is

855= D5t { (Stima™ Tuma) e + 8807 -(Acu>} ' (29)

Only the strain increment St AgT + {28)-KBe) is responsible for
changing the size of the cylindrical volume, since the strain increment -A‘g
is used to force the cylindrical wolume back to its original size after
removal from the matrix. If the actual cylindrical grain with elasticity
tensor D° is now subjected to the strain increment $:4g+<3¢) = {Ag) it
will aquire the same shape and size as the fictitious cylinder which has
elastic properties identical to the matrix ~The stress increment in the
actual single crystal is then given by

A6y = D § Sima 86T, + LY = (Beu) |- (30)

The actual and fictitious cylinders now have the same final shape and size
and if the stress increments in equations (29) and (30) are equal, the
actual crystal cylinder can replace the transversely isotropic cylinder and
still preserve continuity of displacements and tractions across the cylin-
der-matrix interface. Equating (29) and (30) gives

Aé{; == [(D?j\d"b'i;bl) Skimn + D‘a:‘m ].l(bfmp,“ D:nﬂ){(hﬁph ‘(A‘:ﬁ)} .« (31)

Substitution of this result into equation (29) [or (30)] produces the stress
increment in the cylinder due to the instantaneous application of the
strain increment CAg) — {A¢) in the matrix in the form

Aoj; = D:-;u ((Aim) - (Ac-u|>)
-1

- D';;u (Sk\m\" IHM) [(Dc.nn" :a )Sﬁ"s +D:AP$] (31)
x (Php- D) { K88, 0 -{Bey ) } -

At the end of the creep response during the time interval At the
stress increment in the single crystal cylindrical grain is given by equation
(28). When the matrix is further elastically strained by the instantaneous
application of the strain increment <{Ag) - {4¢) the additional stress
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increment in the single crystal grain is given by equation (31). Accor-
dingly, the total stress increment in the single crystal due to the appli-
cation of the strain increment {Agd in the time interval At is given
by the Euler forward difference method as the sum of the stress incre-
ments in equations (28) and (31), viz

m c L) ™ -l
Ac-ij = <AG.0_‘> + D'\jkl CSHM—I\(\M)K( Dnnm- Dmpt,)qurs + D,m.,]

X % Diﬁu (Actu- <A°tu>) "(D:stu" D:stu) ((“tﬁ"(“t&) g » (32)

where the first term in equation (31) is the definition of the matrix
stress increment given in equation (17): ‘

Provided the stress level § is known in the single crystal at the
beginning of the increment, the single crystal analysis in the preceding
section furnishes the value of the inelastic strain increment &g . Aver-
aging Ag over the basal plane for crystals of different orientation by
means of equation (18) then furnishes the value of {Ac) . Assuming
that the strain increment in the matrix is given, equation (17) furnishes
the required stress increment in the matrix. The stress increment in the
single crystal constrained by the transversely isotropic matrix is given
by equation (32). All pertinent quantities can now be updated according
to the Euler forward difference procedure and the process repeated for
the next time increment. A procedure for evaluating the Eshelby tensor
S is given in the appendix.

WORK IN PROGRESS

The single crystal analysis has been coded into a FORTRAN sub-
routine and is currently undergoing numerical test experiments. Coding
of the directionally solidified analysis is due to commence shortly. Single
crystal tubular specimens of PWA 1480 are being machined and will
be tested at 1600°F under biaxial tension-torsion loading conditions.
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APPENDIX
The Eshelby tensor $ is defined by the relation

o *

Siplm=-3 D:j;., % . SSS,% (z-2")av(z") * SSSVGE(!'S')“(!')}’ (1)

where G;i(L - ¢! ) is the elastic Green's function for the transversely
isotropic matrix material. Although the Green's function for transver-
sely isotropic materials is known [18], it is more convenient to work with
the Fourier representation of the Green's function. The Fourier trans-
form of Gij(g-r’) is known [19,20] and it can be shown, by taking
the Fourier transform of the defining equation, viz.

o VGimlg-g y "N =

and inverting the result, that
ad

N\ 3, Mi(8) -i%(z-2)
Gyjle-c) = 2o, S_g I Lpoe - (3)

In this equation the real part of the Fourier integral corresponds to the
Green's function, and the Christoffel tensor M is defined by

m
Mi(E) = & Dpye & 4)
with
&= K/KK; = /K (s)

being a unit wave vector in the direction of the Fourier wave vector K .
Introduction of this result into one of the integral terms in the defini-
tion of $ gives, on reversing the order of the volume and wave vector

integrations,
Lkgij = 2x,3%g Sgi G"j (5‘-!:’) AV(:’)
31 (o ;l e -.5‘2 .E-L‘I ) (6)
* kg f_fid’ﬁ mi(f) € m\f aN(r').

The volume integration extends over the cylindrical volume of the fictit-
ious cylindrical grain and can be written as

iK.r! 1Kz 4+ Kaxyt KsZs)
T= fff e = auee) = e gy @)
Let x= gmé, X;=¢swmB . Then in cylindrical coordinates
2 3 © . .
- Kyt (K gasBKygsind) (8)
I S‘ g S c < dis g dg d.e ’

8=0 Q¢*° x3z-~o
where a is the cylindrical radius. Since

[- =2
S e\K‘sl; AI} = 21(8(\(3), (9)

-
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where §( K, ) is the Dirac delta function, the integral takes the form

{(K e as® +K1Q50mb
1= ZT\S(K3)S S {Kigesd s )gagd.é (10)

20 =0
Let 331[&‘1—-1 , d?_;“‘/m Then
1= 21(8(\(;)3 .Eﬁ' {1%:‘“59-»12&"“5} —q‘;—_g-—j_g.- * (11)

60 ¢*° Kt
If we now set K, /fxhoxy = cos @’ , then K;[Vkhx} =sing’ , so that

+ 20
27 8(Ks) *a S eaq,r.as(e-e')
Kexd

q 41/49 . (12)
q*0 620

Since the mtegratlon extends over a whole circumference, it is imma-
terial where the origin of © is placed. The integral may therefore be

written as b} an w
I - 2x SC‘J) S Q’dﬂ' Se‘1 s® Ae

K;‘tK:' 40 Py
«  2R8(K) (oG
N T ) 4
yo
2
I= 4:! fff:) ¢m J, (aJK,’WK;‘) ) (13)
] 3

where J, and J, denote the usual Bessel functions.

Equation (6) can now be written as

q ~K.x

[ -l
Mi8) 9e " _4x S(K;)
e 4K =, KRG
i ’“‘SS.E TR emdmy K J< hK:) (14)
Now ﬁﬁz—\( K ..:'; so that
%Oy
Wty (ki)
L (O K ARy dKs M (f)Ker . ’l’ S ol [ )
Lu{.s_-.. Sgg ‘ K."&K"‘Hé; _‘:%—aJK,M, J, am (15)

If k=3 or g=3, the Dirac delta function$( K3 ) gives zero values for
the integral. Hence, the non-zero values of the Eshelby tensor $ are
given by k=1,2 and g=1,2. This arises because there are no compon-
ents of the body force layer of surface tractions in the Xa direction
at the cylmdncal interface between the gram and the matrix. Invoking

the properties of the Dirac delta function gives
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-i(Xg, *'K“*)

Lk{:‘ 2=t SS JK\dKzMuj (rl 01,5 O)ck

3, {alk? 1—)
25 m |(d K (16)

Now put

= s;ﬂe 3

TS

so that the Fourier wave vector components K\ and K, correspond to the
x, and X, axes, respectxvely. Then in cylindrical coordinates,

Ligi =-— j S KdK d8 M,}(t)c.s‘ "K'_s. 7,(aK)

of an K=o

LK‘A’ =--.S M'] (!)Ch;{ da6 Sde K J‘(QK) ak . (17)

Since S is real, the’ real part of the precedmg integral is
J -; « cos (Kr) T (ak ) dX ..
But, (cf. Gradstyn and R-i:hik, p. 730, Eq. 6.671, No. 2)
| T« [acs{sn' (A I/NES fuor 02rsa.

If ossia'(rfa ), then T= acosBNGEet = mO/[EF*/a]- @s8/casB = | .
Thus X |
-1
Lk‘ij - —5!;\’ S M\J (S)QC; 46,
()

independent of position r in the cylinder as expected from Eshelby s
result. In this integral we have §=c0s8 !,-&G,C;-Os (.)'(Q-D...Ca )=t
and k and g are restricted to the values c? 2. The Eshelby
tensor may now be written as

Sipm © Dk“‘"‘{ (S“u(‘v;z)c Sedd + S %‘Q.G)QQ&Q}- (19)

For a transversely isotropic material the Chistoffel tensor m has the
component form

18



C||§|z+ "“ (Cu' Cn.)§: é(cn+cﬂ->;|c:_ D -1
M ij (gl)§z> = é(clt‘\'Cn);.Cz Cur:‘f ‘&(C“-Cu, ;T- (8) .+ (20)
o C Cwr
-/

The Eshelby tensor can now be evaluated by inverting the matrix in equa-
tion (20) and integrating according to equation (19). Explicit results
may be deduced, according to the calculations in Mura's book [21], for

the resulting integrals.  Checking of these integrals is currently in
progress. :
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