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FOREWARD

This report addresces the research which has been performed
subsequent to that covered in NASA CR-3378: "Case Studies of Clear
Air Turbulence Using the Diagnostic Richardson Number Tendency
Formulation"., The fundamental emphasis during both these efforts
was to develop a technique which would be a significant improvement
over those currently used for flight planning and aveoidance of
clear—air turbulence, Ideally, it should be both quantitative in
determining it4s potential intensity and specific in the location of
regions af relatively high risk. Furthermore, it should not rely
on specialized data but be functional using the currently available

raob (rawinsonde aobservation! system,

The encouraging results daocumented in the earlier report woere
considered compelling enough to warrant a closer look into the
possibilities of a Specific Clear-Air Turbulence Risk (SCATR) index
approach to the clear—air turbulence (CAT) problem Unlike the
aforementioned investigation, which considered the aspects of fuel
consarvation possible by avoiding sustained periods of flight in
even light to moderate CAT, this study focuses on several cases of
documented severe CAT, This was because commercial carriers and
other potential users of such a SCATR index are concerned primarily

with passenger and crew member safety,

This research was conducted by the University of Dayton
Research Institute for the National Aeranautical and Space
Administration, George C. Marshall Space Flight Center, under the

technical direction of Mr, Dennis W. Camp and Mrs, Margaret

Vil



Hlexander of the Systems Dynamics Laboratory. Part of the sffort
was performed at the Department of Qeosciences, Purdue University.
Portions of the research will be included in the author’s Doctoral
dissertation, The support for this effort was provided by Mr. A,
Richard Tobiasan of the Transport Alvrcraft, Aeronautical Systems
Divisien, Office of Aeronavtics and Space Technology, Contract

No, (NASB-4487), SBupport for the last year of effort was provided
by Mr. David H, George of the Central Weather Processor progect

of the Program for Regional Observation and Faorecasting Systems,
Environmental Research Laboratories, Natiunal Oceanic ond

Atmospheric Adminigst¢ration,

The authar wishes to thank My, Dennis Camp for his faresight
in providing support for such a controversial approach to the CAf
problem. Further thanks go to the Air Transportation Asscociation,
in particular Mr. Carl Knable of United Airlinnas, for their halp
and encouragement, Finally:, thanks tao Mr, James K, Luers and Mr,
Patrick Haines of the University of Dayton Research Institute and
Professors Phillip Smith and Win-Yee Sun of Purdue University for
providing a sounding hoard for many of the concepts developed in

this repart,
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SECTION 1
INTRODUCTION

Clear—-air Turbulerce {(CAT) remains a troublesome problem for
commercial, military and corporate aviation, This is in spite of
the fact that the problem has been studiad for over 25 years., As
of 1977, the world-wide economic loss to aviation interests due to
CAT exceeded %25 million annually {(Hopkins, 1977). Because of the
continved increase in air traffic, it is almost certainly much
greater than that now. Hence: the need for improved operational
CAT detection and forecasting techniques, particularly for severe

CAT: continues,

CAT should actually be considered a generic term in that it
represents turbulence occuring in statically stable shear layers
which need not be cloud~free, but may contain nonconvective clouds,
However, it does rule out the turbulence asseciated with convectively
unstable planetary boundary layers (whether clear cr not) and dewep
convection, such as thunderstorms:. as well as mechanical turbulence

due to wind flowing over the earth’s surface,

The CAT phenomenon, as defined above, is most frequently found
near the tropopause within jet stream/internal fronts associated with
activa extratropical cyglones, The relationship between }aqer
thickness and vertical wind shear has been statistically related to
the probable existence of turbulence within a given layer (e, g..
Essenwanger and Reiter, 194%), Qther observational studies have
sought CAT in these regions as well as in the lower stratosphere
{e.g., Dutton, 1969; Starr and Kemp, 1974; Reed and Hardy, 1972;
Kennedy and Shapiro, 1975,80) in aorder ta develop a picture of its
relationship to both synoptic and meso-scale structures and dynamics,

Theoretical (e.g., Lindzen and Rosenthal, 1974; Lalas and Einaudi,

{
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1980) and empirical evidence (e.g., Parks et al.., 1984; Hardy et al.,
1973a) have both pointed to the association of CAT with Kelvin-
Helmholtz (K-H)} instabilities, The spontaneous davelopment of K-H
instabilities requires thy existence within the layer of a critical

gradient Richardson number, Ricr' where Ri is defined as

-2
. _ RT [-9p)[2¥
RE= 20 | 2/ '

1t has also become apparent that atmospheric gravity waves
must play a supporting role in the development of K-H instabilities
and their attendant turbulence by locally reducing Ri . The most
frequent and well—-known factor in the oxcitation of atmospheric
gravity waves is significant terrain. One particular response to
terrain has become known as "mountain waves" (Clark and Peltier,
1977) Smith, 1977). More recently there have been investigations
into the role of organized convective systems, such as squall lines,
as bharriers to the mean flow; thus acting in much the same way as
terrain to excite atmospheric gravity waves (e.g.,» Keller et al..,

1983},

It has become apparent that CAT plays a significant role with
respect to larger—scale dynamics. It acts as an internal sink of
kinetic energy when viewed in terms of the large-scale circulation
of the atmosphere (e.g.. Schenk: 19741 Smith, 1980}, While values
of kinetic energy dissipation rates on a globally averaged basis
are fairly small (perhaps 2 to & Wem 2 ), they can be much larger
for individual synoptic scale systems {e,g.,» Bmith and Adhikary,

1974; Ward and Smith, 197&6; Kung, 1977). Llocal concentrations of

2
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CAT within turbulent shear layers at Jye4 stvream alétitudes can
produce dissipation rates more than an order of magnitude larger
than the globally averaged values (e, g,, Kennedy and Shapiroa,

1975, 805 Dutton, 1946%9),

A comprehensive discussion of the turfulent energetics of
turbulent layers and their relationship to larger—scale structures
is covered in Dutten (1971). A somewhat less mathematical revieuw
is contained in Hardy et al. {1973), Aside from its role as a
dissipative mechanism/ however, is the role CAT plays in generating
potential vorticity, This aspect was studied by a number of workers
in the early 12&60s (e.g., EStaley, 19460). More recent studies (e.g..
Gidel and Shapiro, 1979 Holopainen and Nurmi, 1979 Bhapiroe, 1976,
1981) have more thoroughly investigated the intriguing implication
that turbulent processes may asctuvally drive the grid—-scale dynamics
in certain situations, This concept ig similar to that advanced by
8mith (1973) and Smith and Adhikary (1974) using kinetic energy

budget analyses,

A discussion of the impartance of CAT to aviation interests is
included in Dutton (1971), Within the economic imperatives of that
time the concerns were generally in terms of passenger and crew
member safety and comfort, The advent of the "energy crisis" later
in that decade added the additional cancern of CAT’s affect on
aircraft fuel consumption (e.g., Winer and Wesler, 1981), 1In terms
of flight planning, techniques for location and short-term forecasting
of CAT for airline operations have remained quite primitives relying
on subjective “rules—of=thumb" and labor intensive meso-scale hand

anslyses (e.g.. Hopkins, 1977; Keller, 1985),

There seems now to be a strong tonsensus within the aviation

comnunity that the CAT forecast currently provided by the NWS is not
3




adequate (Camp et al., 1980), Despite the great expense involved,
most airlitiys which continue to support their own weather staffs
create CAT forecasts indepeondently of the NWS product, Those
carriers which no longer have their own weather staff rely mots*’

on pilat reports (PIREPS) to give them some guidance, The decreasing
volume of PIREPS and increasing numbaev of airlines which are reducing
or eliminating their weather support point to the need to develop an
automated, quantitative, and specific CAT risk index which can, at

least, act as @ reliable forecasting tool to aid in Plight planning,




SECTION 2
PHYSICAL BASIS

In this formulation CAT is viewed as a manifestation of internail.

frictional dissipation of total energy following & parcel of air of
unit area spanning a well-defined turbulent shear layer of potential
temperature thickness A6. The rate of total specific energy
dissipation within the parcel, vertically integrated through A9, can
be shown (Roach, 197Q) to be

g, = (AV)Q‘L )g -0 (1)
, § <o

uhore in isentropic coordinates

: _2 JW V)V+ ‘-p‘j;v VT +‘7‘\V r {2)

AvV-is the magnitude of the horizontal vector wind difference through
Ae/ and an Lsubscr’lpted variable is defined as:

+06/2
( ) AO ( )of.@ (3)
Z46/2

A maore thorough development can be found in the Appendix, ‘Tha
development in‘the Appendix is done using i{sentropic coerdinates
which yields somewhat cleaner derivations than the pressure
coordinates used by Roach in his development. The use of
isentropic coordinates has other benefits for this studys in
particular, with respect to the analysis of the data to resolve

the structure of internal fronts.
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The quantity 'jl: represents the grid-scale forcing by larger~
scale dynamical procwsses which are attempting to change the local
gradient Richardson number, Rh_; within a given layer, It is the
grid-scale component of the so-called diagnostic Richardson number

tendency (DRT) following the flow (see Appendix),

""E‘ L no CAT
—'@'L - ﬁb CAT

where E%,is the subgrid-scale component, Roach’s fundamental

Dy o =
Do,

assumption is that turbulence occurs within the layer as a response
to these forces when they are acting to decrease RiL within the
layer. Turbulence, then, works agasinst these forces in order to
maintain RiL at a small but nearly constant value, A% least one
recent observational study (e.g., Kennedy and Shapiro, 1975) has
shown that the rate of energy dissipation is nearly equal to the
rate at which the larger—~scale deformation field, associated with
the three-dimensional meso~ and synoptic scale dynamics af the

jet stream/frontal layers, is acting to increase the vertical shear
within the layer, Since R&_ is highly dependent on the vertical
shear, this suggests that the basic assumption is not unreasonable.
The equation relating ;L and jEL can be viewed as a transfaormation
of the grid-scale energy contained within the larger-scale
deformatinon field into turbulent energy, rather than acting to
reduce RiL. No such relationship is assumed to be relevant to
layers where these large-scale processes are attempting to increase

RiL .

As individual parcels move along through the atmosphere they
are scted uvpon by the constantly changing Ekassociated with these
meso- and synoptic scale systems such that Ri, » in the absence of

CAT should increase and decrease accovding to ii‘. However, the

G



fundamental assumption suggests that RiL' when averaged over meso~
and synoptic time scales, would be observed toc remain nearly constant
within well—-established turbulent sheavr layers provided that data

of sufficisnt spacial and temporal resolution were available,
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SECTION 3
APPLICATION USING ACTUAL DATA

Bosart and Garcia (1974) used a special analysis data-set
in an attempt to calculate changes in Ri, following the flow. Raab
data were available with sufficient temporal resolution so that fields
of Ri, could be calculated at three—hour intervals. The vertical
resclution was 2°K (50 — 200 m)., Fields of Ri were then "predicted”
three hours ahead using ja-Following hand analyzed parcel ¢trajectories
and compared to the RHJFieldg calculated using the actual analyzed
data. Many trajectories were calculated for parcels which passed

through strong baroclinic zones which likely contained layers o#f. CAT.

Though they claimed good agreement between the predicted and the
actual Ri, fields, their results were severely criticized by Roach
(1975), Roach contended that the claimed qualitative agreement
hetween the observed and calculated RiLmaa highly questionable
firgt by inspection and second because the contribution of subgrid-
scale eddies, gseen in the complete expression (4) fer DRT and not
included 1n9l » can not be accountad for in the change of Ri,
when parcel trajectories pass through regions of turbulence. The
accurate calculation of RiL following parcels requires very high
resolution data in both space and time in the first place. When
turbulence and other subgrid-scale eddies are acting to modify RiL.
resulting changes in the detailed vertical structure of horizontal
wind and potential temperature make defining particular turbulent

shear layevs virtually impossible.

From the above considerations it becomes clear why calculations

of RiL following the flow are not likely to be useful, Why, then.

¥



can it be axpected that energy dissipation rates, based on the grid-
scale forcing of Ri_, be expected to provide useful information on

the potential for CAT? The reason is simply a difference in the scale
for which they are appropriately applled, Rib is a parameter which is
highly sensitive to the vertical increment over which it is calculated,
For a sufficiently detailed data set, calculations of RiL reveal the
tendency for CAT to be correlated to amall RiL values (< 1), Very high
resolution data are Tequired in order that the scale associated with CAT,
for which Ri;y has meaning, can be resolved. On the other hand, the
validity of ﬁi is not restricted to dats having very high rezolution,
Its basis is the role of the grid—scale dynamics in attempting to
decrease grid-scale Ri.(RiM rather than RiL). It is reasonably sssumed,
then, that subgrid-scale shear layers: perhaps associated with gravity
waves, and having smaller Ri (Ri,) will necessarily decrease as well,
Since the sublayers begin with smaller Ri, they will reach Ricr well

before the grid-scale layer ever could.

Indeed, Roach (1975) asserted that the directional variation of
the horizontal wind vector thraough turbulent shear layers, asgsociataed
with gravity waves would cause unacceptable errors in the evalvation
oflﬁL , This is because even ultra—-high vertical resolution wind
data (such as Jimsphere/Jimsondes) is still not sufficient to resolve
gravicy waves in space and time to accurately calculate their
cuntribution‘ta the deformations contained in-élte.g.. Keller, 1981),
Hence, while if is impartant that the data used %o calculateiﬁ_be
analyzed to accurately represent the details of meso-scale frontal
zones, data fields should be smoothed sufficiently to eliminate

spurious details.

The gridded data used for the calculations in this study came

from raobs, These dota were objectively analyzed on either pressure

9



surfaces (as in the case of NMC analysis grids) or isentropic surfaces
(ags in the case of the PROFS/CWP analysis grids) so as to maximize
the resolution of the meso-scale frontal structure, Although gravity
waves should be expected to influence the vertical structure of the
horizontal wind field, particularly in strong vertical shear layers
where CAT might be expected, analyses of raw raob wind profiles have
revealed anly minor divectional variations through even the strongest
shear layers. None of the gquite extreme directional variations
hqpoéhegized in Browun‘s (19273) paper: in which he formulated a
technique to correct for their existence when calculatingEEL: have
yet been observed when examining vertical profiles of hovizontal

wind from raw rcob data, In addition, these data were smoothed in
arder to remove noise in the wind field thet might‘cause potential

problems in the calculation oﬁ_ﬁias discussed above.

However. energy dissipation rates calculated vusing data
linearly +it through a meso—scale lageruACD; will vsvally result in
the smonthing or "blurring" effect which increases with increasing
calculation increment. In his original paper Roach {1970}
eggsentially attempted to correlate large values of §M to pilet
reports of CAT. Roach’s case studies proved inconclusive. He
attributed this largely to the poor vertical resclution of the
forecast model output data and inadequate analysis data he was
farced to use. This apparently lead to excessive smnuthiﬁg af the
"signpal” and fn:nnclusiVQ correlations with CAT encounter reports,
The data which will be used faor this study had significantly greater

vertical and horizontal resolution than that used by Roach {1970).
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SECTION 4
RESULTS

Estimates of turbulent energy dissipation rates vsing (1) have
been calculated for aseveral cases of documented CAT. The documented

CAT cases which were investigated include:

{1) Hannibal, MO accident 3,4 April 1981
(2) Wisconsin/Illinois aoutbreak 27,28 November 1984
(3) Appalacian range ocutbreak 9: 4 February 1985

The first four sets of figures involve case study (1) which
used hand—analyzed raob data, This case involved a well publicized
encounter by a DC—10 with severe turbulence which occured at
‘approximately Q135Z 04 April 1981 near 37 000 £t (225 mb) in the
Hannibal, MO area. Figure 1! shows horizontal wind vectors and
isotachs at 250 mb constructed using NMC analysis data. These data
are available with only 50 mb resolution bet:een 300 and 100 mb.
While energy dissipation rates can be calculated using this
relatively coarse resolution. it was of interest to investigate
the effect of the vevrtical resolution of the horizontal wind field
on the calculation of total energy dissipation rates for this case.
To perform this study, raw racb wind sounding data were hand
analyzed for a large region of the central U.8. in order to more
realistically represent the vertical shear of the horizental wind

for the 50 mb layer centered at 225 mb,

Figure 2a compares the vertical structure of the hnarizontal
wind between 300 and 100 mb a% an NMC analysis data grid point

(brokenn line) to that for a ranb station {solid line; Amarillo,

{1
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Figure | Horizontal wind vectors and isotachs (m/s) for
00Z 04 April 1981 at 250 mb
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Figure 2a

Vertical structure of the NMC analysis and raob
horizontal wind components for an NMC grid point
near a raob station for 00Z 04 April 1981.
Dotted line, labeled , shows the direction
angl? of the raob wind vector.

WEVEL R (W)

Horizontal ageostrophic vector wind field (NMC)
for the 250-200 mb layer 00Z 04 April 1981



TX) virtually at the same point. It can be seen that the analysis
procedure greatly smoothes the shear in the horizontal winds, Also
shown is the direction for the rach wind, & (dotted line), It is
interesting to naote that although the wind amplitude changes greatly
through this range of altitude, the wind direction changes very
little, The vertical shear of the horizontal wind is due almost
entirely to changes in magnitude rather than direction, Inspection
of numerous other rach wind profiles has shown that this behavior in

the uind vector is by far the rule rather than the exception,

The methodoleogy vused in this case study was to reconstruct the
horizontal vector wind field for the 225 mb level using the vertical
shears for the 50 mb layer between 250 - 200 mb obtained from the
raw racb profiles, It wag the intent of this exercise to more
approriately represent the vertical shear through the layer while
preserving the natury of the horizental wind field. Since the
structure of the ageostrophic wind field is important in the
evaluation of (1), it was felt that preserving this structure was
evidence that the horizontal wind field had been reconstructed
properly., Figure 2b shows the ageostrophic vector wind field
calculated using the NMC winds. The circled ‘x’ indicates the
approximate location of the CAT encounter. Figures 3a and 3b show
for the NMC and raocb winds the kinetic energy content, t1/2 WwW
(heavy solid lines), and generation, —W-V¢ (thin solid lines).
Energy content rather than specific energy per unit area were
obtained by mulfiplqing the specific kinetic energy values by Ap/g.
It is clear that the horizontal structure of the recnnstruc&ed
fields (raob) is very close to those for the NMC winds. Finally,
Figures 4a and 4b show the total energy content dissipation rates
(heavy solid lines x16°'wufz-> which result using the NMC and the

raob horizontal winds, respectively. In this case at least, a

14
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kinetic energy conversion (thin lines, W.m"%)

for the 250-200 mb layer 0O0Z 04 April 1981 using
NMC analysis data.
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As 3a except using hand analyzed raocb data
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Figure 4a

. — [
Total energy content dissipation rate (heavy
lines, 107" W:m"%) and kinetic energy content for
the 250-200 mb layser 00Z April 1981 using NMC
analysis data. The location of the CAT accident,
at 225 mb, is indicated by the circled 'X°’.
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Figure 4b. m!

As 4b except using hand analyzed raob data.
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more rvealistic representation of the vertical structure of the
horizontal wind resulted in a dramatic change in the calculated

total energy dissipation rate,

More recent calculations of specific energy rates have been
performed using fimer resolution PROFS/CWP grid point analysis data
These data come from the standard raob network (North America) but
have been analyzed to retain much of the detail lost during the NMC
analysis procedurs, These data were also analyzed on isentraopic
surfaces at PROFS/CWP. The horizontoal grid is a stereographic
projection with same geometry as that used by NMC5 the resolution
ie about 79 km at mid latitudes, The vertical resolution starts
out at SQK around 700 mb and becomes S K near the tropopause

level,

Figure 9 shows a measure of the total energy dissipation rate
(actually, lngEL + 7: Specific CAT Risk or "SCATR" index) calculated
using 00Z 28 November 1984 analysis data for the 352 K surface,
While not shown, there were pilot repovrts aof CAT at this level over
souvthern Wisconsin and northern Illinois near this time., There was
alsa ane reported over the state of North Carolina which may be
associated with the area of large valyes of 81- seen in the lower
right—-hand carner of the figure, The line running diagonally across
the figure between the two ‘x’s corresponds to a hypothetical flight
path between Omaha, NE and Detroit, MI. Figure & then shows the

vertical cross—section of the SCATR index along this path.

Figure 7 shows the SCATR indax field for 12Z & /ebruary 198%
at 25 000 feet. Locations of pilot-reported encounters with
moderate ta severe CAT occurred between 20 000 and 30 000 feet

within two hours after 127 are also shown, Figure 8 shows the

17
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ure S, “SCATR index" on the 352 K potential temperature

0

surface calculated using PROFS/CWP experimental
isentropically analyzed raob data for 00Z 28
November 15984, The line running diagonally a.ross
the figure corresponds to a hypothetical flight
path between Omaha, NE and Detroit MI.
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Figure 7. SCATR index field at 25 000 feet 12Z 04 Februvary 1983
and moderate—severe CAT encountars reported near this
altituvde and time. The diagonal line repressnts a

hypothatical flight path batwsen Huntsville, AL and
Hartford, CN.
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vertical cross—-section for the hypothetical flight path indicated
by the line labeled by Huntsville and Hartford in Fiqure 7 along
with the range of altitudes for which CAT was reported as well as

smooth air vreports,
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Figure 8. Vertical cross~sectian corresponding to the hypothatical

flight path shown in Figure 7. Alst shown are the altitude
rangess and intensities of the reported CAT along this path.
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SECTION 9
SUMMARY AND DISCUSSION

In summary, the SCATR index technique has shoun some
promising results, It seams apparent that the improvements
seen in the case using hand analyzed data, as a result of the
more realistic representation of the vertical shear of the
horizontal wind, are also realized in the data analysmis used
in the PROFS/CWP application, Because af the important role
of meso—scale processes in CAT formation, the performance of
such a SCATR index should improve as database¢ "enhancements",
which will increase the resolution in both space and time, are
brought into oven more sophisticated objective analysis schemes,
These enhancements include profiler and VAS satellite data as

well as ASDAR and ACAR data.

The results of the case studies discussed above clearly
suggest that a SCATR index is no¢ an unrealizable goal, Usws of
such an index, even in its current prototupe level of development,

are also apparent. These uses include the following:

(1) "Perfect prog" pseuvdo~forecasts of SCATR index fields could
be generated taking advantage of the higher vertical
resolution aviation forecast winds and temperatures (20 mb)
soon to become available at NMC for 12 hour forecast
intervals., This resolution is to be available between 300

mb and 100 mb,

{2) Fields of a SCATR index could be made available to NWS and
othar coperational meteorologists who then could use it as a

screening tool to determine which areas might be candidates
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for applying meso-scale analysis techniques, Both perfect
prag forecast and analysia SCATR index fields might he useful,
Forecasters could then qualitatively atcount for the effects
of significant terrain (mountain waves}: organized convection.

and other gravity wave sources

{(3) Another application of such a S8CATR index involves its use in
ganerating self~consistent flight simulation databases, A
number of flight scenarios could be created which match CAT
patterns realistically to the wind and temperatures associated

with any desired meteornlogical situation,

The above applications could be realized within a relatively
shart time: however, there are other applications for which such a

SCATR index may be vs#ful in the longer—-term. These include:

{(4) Use as part of a "MERIT" type short-term forecasting (or
"“nowcasting®) model. This could be either by using forecasted
variables, as for the perfect prog application above, or
possibly by being incorporated as part of a parameterization

for internal dissipation,

{5) The numerieal valuves of a SCATR index provided by a nowcast
model could then be used as input to flight path optimization
programs. As mentioned in the introduction, CAT is knoun %o
produce aeradynamic penalties which increase fuel consumption.
Passenger and crew member safety would also be improved in

this way.

0f course:, the best performance of a SCATR index would be
realized if it is well-calibrated. In order to properly calibrate

gsuch an index:, as well as more thoroughly validate and verify its
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formulation, it is evident that a field study is necessary, During
a field study the intensities determined from the grid-scale data
given by (1) could be compared to the subgrid-scale intensities

contemporaneously measured by experimental aircraft.
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BECTION 7
APPENDIX

I. The Total Energy Dissipation Rate: Bubgrid-scale Information
from Grid—scale Data

This development will generally fellow that of Roach (1970);
however, there will be several deviations from his approach, The
most significant deviation being the use of isentropic rather than
pressure coordinates, The development will also show more detail
than what was apparently possible in his paper,

The equations of mation in isentropic coordinates

JLV- Yot (v V)w + Haw = -V -ﬂe xwv + £

(A1)

%L= cf{fj/?bo)g (AZ)

) 9 é’_&)
%t(ég) - Jg (V'\V + 30 (A3)
H = %—f {A4)

uhere (= c,T + gz . T =8(psp,fi p,= 1000 mb, <= R/c,

//_"’-:-_ = ile' Jj-—‘;—) Vw™ : turbulent momentum flux stress
. o7 force,

S

H = ....._Q_
IZ

turbulent diabatic heating.



The gradient Richardson number in isentropic coordinates is

I P )| 2w s
. - — - _L
KL f&( 9:9) 20 (AS)
The diagnostic Richardson number tendency following the flow is
D Dplowl* Dpo_ D
J@V\E( = -be( _p) th D{,{’MG 5 (Ab)

The term Din&/Dt = O in the adiabatic case. For this study,
where turbulence is considered as & diabatic heat source or sink,
it will not merely be dropped. The equation of state, p = /9RT,
gives

fm_(y -_-.,P,VL}() -&T—--ﬁﬁ (A7}

Poisson’s equation gives

T =no + kinp ~rdup,

(A7) gives ,fm,f = /&4/0 —Ln@ -;c.fm./a +x€m,oA ~LnpP
| = (;-pc)%\)b ""'QV\.@ - Cw\.-\-s&‘.
and D R > - B —_h =
PP = F Dt De0 k= 1/y

since 1/(rp)Dp/Dt: is considered small enocugh to ignore (small
compressibility) for the adiabatic case giving Ding/Dt =0, the
same assumption will be made for the diabatic case so that

D 1

This is a form of the Boussinesq appraximation which allows
density variations only due to diabatic heating. The diagnostic
Richardson number tendency {(from now on called DRT) becomes

g?_-?m& 'D&t‘g"‘ ) /&t/é?w/
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ORIGENAS B
OF PCOR QU LY

What is needed is an expression for DRT in terms of the
governing primitive equations (Al)-(A4), The turbulent stress
terms will be retained in order to obtain an explicit form for
the subgrid—~scale DRT as well as the turbulent kinetic energy
dissipation rate,

The second right—~hand-term can be obtained as follows:
(A1) glves

) o BB

J6
\v Al
51(39 ("“’ )\v o 9; ﬂ:‘%)-" +af (A9)

2V, (A9) gives

L 12 __%.ﬁ 9\\:‘9H~ OV N o)
27%} V/ o8’ ) wlae P o +'}3‘5£
3—‘3, W \'7) 2’;—5/—'—23 Va’% 2'9“{ ;)F’ (A10)

Using the hydrostatic¢ equation (A2), and the Poisson equation
K
2¥ - = ( ) =&
v Cfv[p/,g) V(T = FVI
Eq (A10) becomes

Dt o f T i o 3

2 ~2
V[P [Py, v OF
S - BBE

An expression for the firet right-hand-side term in {AB) can
he obtained directly ¢from the continuity eq. (A3)
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I (ALR)

The complete equation for DRT can be written, for the case when
when subgrid-scale eddies and turbulence exist: as

%%"?“Ri - —-—SE -5 (AL3)

where =2

P Codv i
‘é = -2 ()3\1[%{' %’. V)\v-f' éﬂg‘\-n] + V'\V}

4 (2 (3
is the grid-scale contribution to the diagnostic Richardson
numbav, The second term on the rhs of (Al4) corresponds %o
shearing deformation by the ageostrophic grid-scalo motion field
which cavses tilting of isentropic surdaces., The first and last
terms, when taken together along the "natural" coordinate o#f the
mean flow, represent stretching deformation. When using a non~
cartesian coordinate system the first term on the rhs must be
gevaluated using the more general form

(Al4)

(\v»V)\v = (.wa)%\v + Wél\ﬂl

The subgrid—-scale contribuytion is

~2
g = Z/é’w oy IF _ oA
20! B Je J0 » (A5

In‘i?e absence of turbulence, &then, changes in Ri are entirely due
to (D,

The role of the grid-scale dynamic processes In the generation
of subgrid~scale CAT is considered with respect to its role in the
dissipation of total specific energuy within a3 parcel as it moves
with the flow. Consider the layer pictured below having a pctential
temperature thickness Ao and horizontal wind speed difference
through the layer of Av,
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Figury A-1

The total grid-scale specific energy of the layer of "depth” Ap is

Ao/
CL = é{ Lwvwvar)ds. (A1&)
-08/z

The figure portrays a well-defined turbulent shear layor specified
for the limits tAsfk, N?% is the Brunt-Viaisdla fequency squared, a
measure of the layer’s static stability., In order to svaluate the
integral in (A146) the structures of v and ¥ in the vertical diraction
shall be approximated by a simple linear variation, The avthor has
evaluated this integral using a hyperbolic tangent structure for v,
This exercise yielded virtually the same result as that which will

be shown using the li ear profiles,

Foar /“/z

v, + 850 48 = V(2 &) ) I =1

'do
_|\vl --*\S' +i\;\i"9 -l-’L Ae)@?'
Ae/? . ' 2
Sz"‘!]zcle ' H— fd& t Jada + E(‘é) geﬂko
7 (he/f2
L2, L1 f(Av) 3
=5V + 5 w50
2% T he2 3
Ag WA
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ae/ﬂ ‘
le Ho = “.'2"\3‘ +‘2"Z(A\J')

"A&/a TALT7)
For %; let
= 2%
i T
and using the hydrostatic equation (A=) gives
i
(?1, = ‘/; +C’b9(f/&) = 7: +CPT' (A18)
Poisson’s equation, T = ©(p/p, e
T = Ang + fcﬁufo + K/&Aﬂ)
gg]a'{‘ = 205 + Kgag“f’
19T L RO
B e
21 __RUC (-2
v =GP =5 (F) =Tl 6|3
csT = 028 L |2v]%H2p:
el f’9a9+)ae/9 K¢
so that (A18) becomes
T I X
= =. WY !
| L6/2
and &55“/”“9 - Ae[ [spdo +cpf odp + /&/ﬂ’“’/g dej
...Ag/z
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j%ede = 2 o8

| ?, pe (2) =l o0 /o2
EJ-R'L)%\; o clo :&g) vy ods = TERLL(A\J‘)

- -2
where Ri = [Rids = El-‘-éf(-—i) ; local gradient Richardson

number, so“that P,6; Ap\Lo
NG/2
A i{@ - . (f.’hr)’z .
Ao (fb % 7;“ O . (A19)
“A0/2
Finally, (Al4) becomes
{ (Ay)? .
<. = E\’: *‘f*‘ oy (t—2R:, (AZ0)

Mow it is necessary to determine the change in e, fallowing
the parcel motion at the center of the layer. Tha depth of the
layer Ap will be kept constant. Althaugh this means that Ap.
and hence the mass of the &ir volume, will not remain strictly
constant it will be assumed that it will not alter the banic
result., The rate of change of € can he separated into the
following components.

(:Dt ’.D{-_) ( 5+ ) (A21a)

&9 _
-\L('D(")} Z ‘ 2R L> (A21b)

where the subscript ‘o’ ,as before:, refers to quantities at the
centar of the layer,

The first component contributing to De /Dt is

fﬁ)( +§L) %%fw F,z-c /-/u

(ARR)
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The right~hand-side of (A22) is zero ¥ar steady, nonturbulent
flow, Of caourse¢, this may not be assumed far this situation.
However: (A2R2) relates to the changes in e, at the center of the
layer. It will be assumed that at the center of the layer the
turbulent heat and momentum fluxes are at a maximum» ©o that

. __.52_’_. s 9_’__
= i3m) (37 =

and A
H, = (——-o_"ﬂ- 2 0

FZ )

The second component of (De, /D%t), involves the transfer ot
energy from the grid-scale deformation field to subgrid-scale
addies and turbulence. Equation (A21b) may be rewritten

4 (o) ' | b K 2
Blsm]-deller e eBR]

For DRT. AG/'Z
D . D D!
(ﬁ){}fﬂﬁ& =% (:D(.Z/Pmkt A9
~ 88/2

and (A13) becomes

(%)JPME" = “_&L"J@M —glg ;‘Ec(a

E%EP”ECL =8 -5

{A24)

Equation {All) gives

) -2 -2
,:2_)/£} /D\U/_ ~9 _\y[éy Q\V\-/) 939“’ —] ,9\ /3\ 2

w2 = [T+ 5 VT 42 2 -343—4[’— Q‘H‘
(th,, 6 59/ o9 (9& D j ’—/ W3 30 2 20
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where Z’-égv\\/dg = V\\/o was used. Then
Dofp

. | oo o ~ ¥
"RLL%éAT) :["g‘f.?ﬁ%}.vw" d&we&s) Jg\e 3_9@9 o fﬁd@J (A2&)
—AB/Z L\Q/z.'
and from (A24), with
2 .De/f2
"(A‘Y)’"RL ’"[ﬁ\r [R @*RLZQ&\? j%fg% -k — L Ao F)Hofﬂ] (A27)
—29/2

26/2

The final expression for (A21) can now be written
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(%)aeﬁ- A + 24 CZR‘L-I)V'\V,, 'f“'-z—z}—_@-L—gL (ARB)

where, in terms of the subgrid-scale eddy fluxes,
2 b
“@V)Q & 4 Dy ) [ [
s o (e, - H
JAEVAS (Aa Ao | B g‘@ +@4,.’/)£ ;vjdﬁ (A29)

can be considered the "explicit” form of the total energy
dissipation rate, The total specific energy, #rom (A20), can be
written

(=
& =

+ (av)
/3 2“: +70L g (ZKL - ) {(A3O)

Facusing on the last three rhs terms in (A28):, which involve the
actual transfer of energy P*rom the deformation field to turbulence.
in order for Ri, to remain at a constant (and presumably small)
value requires a balance between the last two terms such that

(L\*J‘)?
Y _., Ez_?a

0 < 0
’MJ—

g

{A31)

If (A31) were not true {(at least for established CAT layers): that
part not¢ halanced would act to change Ri,. As mentioned in the
main text, ocbservations (Kennedy and Shappiroe, 1975) suggest that
the balance implied by (A31) may be a reasonable assumption,

II. The Diagnostic Richardsan Mumber Tendency: Grid-scale and
Subgrid—-scale Effects

It should ba emphasized that (A31) is strictly relevant only
once the layer pictured by Figure A-1 has already becaoame turbulent.
Consider the genaral gituation. Parcels will pass through regions
where large—scale procesgses are acting to increase Ri, , <0 and
hence na turhulence, and then back intoc regions mhere t e reversy
is true: jﬁ > 0, and turbulence may form if Ri, reaches Ris,.. The
general equatiaon governing changes in Ri, for a parcel is Eq. (A4)
af the main text or. again:
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&io

- ¢+ no CAT {A32a)
Y —L
) i, =

-3‘5 - + CAT (A3Rb )
L b

(

A separate equation governs the change in Ri, , following the motion
at the the center of the layer, depending on whether or not CAT has
formed, DBosart and Garcie (1974) were abler of course, to use only
{A32a) to calculate changes in RiL following the flow.

The explicit form of the DRT for the turbulent case (A32bL) can

be deyrived using the explicit forms or(f and_E from (A31) and {A1S),
respectively, Thus,

G%e)c i, = —EEL-—EL

or
2
AV (D o= = — (3‘_")._
e
| - Defe
—Q o= i — E—— 9“
50 that (3)&)0’8“2‘» (2@1 ()Ae fa_ecﬁ& : (A33)
~16 /2.
Within the layer,
‘Q_&Ae = 0, no CAT (A34a)
< 0, CAT. {A34b)

Conasidering a turbulent sublayer which forms, dissipates and then
reforms at least several times per hour, when averaging over a meso-~
scale time period (A34bh) is the appropriate form. This means that
for time scales significantly greater than those naormally associated
with ¢he CAT mechanism, it can be seen f£rom (A33) that Ri will be
maintained at a value of 1/2, £
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