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Summary 

Thrust-vectormg engine nozzles raise new pos
sIbIlIties for controlling future generations of jet 
airplanes Aerodynamic control surfaces are conven
tionally'used to generate the moments reqUIred to 
pitch, roll, and yaw airplanes. These moments be
come weak during low-speed flIght because of low 
dynamic pressure. At high angles of attack, aerody
namic controls are corrupted by cross-axis coupling 
terms, which complicate the design of control sys
tems Thrust-vectoring controls, on the other hand, 
are especIally effective when the dynamic pressure is 
relatively low. The moments generated by thrust
vectoring controls remain aligned wIth the axes of 
the aIrplane regardless of the angle of attack. The 
mcorporation of thrust-vectorIng controls into jet 
aIrplane designs promIses to extend the low-speed 
regIOn of the flight envelope and may influence in
flight maneuver capabIlIties and airfield operations 
In addition, thrust-vectoring controls provide redun
dancy for the aerodynamIc controls, which is a SIg
mficant advantage in the event of failures or dam
age. This report documents a study undertaken to 
explore the applIcation of thrust-vectoring controls 
to the lateral and dIrectional control of a jet fighter 
airplane. The result of the study IS a preliminary 
feedback control system design for a specific airplane 
configuration. 

A mathematical model representative of a modem 
high-performance twm-jet fighter airplane including 
ailerons, rudder, and independent horizontal-tail sur
faces was formulated IdealIzed bidirectional thrust
vectoring nozzles capable of generating control mo
ments about the three aIrplane axes were added to 
this model. Linear perturbatIOn equations for level, 
trimmed flIght were calculated for angles of attack 
ranging from 0° to 90°. Scheduled gains between 
the control effectors and two pseudo control variables 
were found. These schedules were selected so that 
changes m a lateral pseudo control variable would 
cause coordinated aerodynamic and thrust-vectoring 
control motions WhICh would influence the roll and 
spIral modes of the airplane with little disturbance 
of the Dutch roll mode In a similar fashion, a direc
tional pseudo control variable was chosen such that It 
would mainly influence the Dutch roll mode. A mod
ified system of perturbation equations was formed by 
combinmg these schedules with the original pertur
bation equations. The inputs of the modified system 
were the two pseudo control variables. Feedback and 
feedforward gains were obtained by solving a linear 
quadratic regulator problem using quadratic penal
ties on the differences between the aIrplane responses 
to lateral stick and rudder pedal movements and 

idealized responses. These gains were then scheduled 
as functions of angle of attack. 

SImulated responses to step pilot control inputs 
were stable and well behaved. For lateral stick 
deflections, peak stability axis roll rates were between 
125 and 1.60 rad/sec over a range of angle of attack 
of 10° to 70°. For rudder pedal deflectIOns, the roll 
rates accompanying the SIdeslip responses could be 
arrested by small lateral stick motions. 

Introduction 
Lateral control and dIrectional control of air

planes are traditIOnally treated as separate desIgn 
problems. Rolling maneuvers (lateral control) are 
performed by lateral deflections of the control stick, 
which activate the ailerons to produce rolling mo
ments SIdeslIpping maneuvers (directional control) 
are performed by deflections of the rudder ped
als, which activate the rudder to produce yawmg 
moments Acceptable control of most airplanes is 
achieved by mechanical systems which move the con
trol surfaces in proportion to the cockpit controls and 
by designing the airplane so that it IS aerodynamI
cally stable and well behaved. 

Modem hIgh-performance airplanes which have 
wide flight envelopes are often difficult to handle with 
tradItional control strategies in certain flight regImes 
Electronic systems are used in these airplanes to pro
duce artificial stability and improve handlIng qual
ities. StabIlity augmentation systems Improve the 
damping of aIrplane motIOns, cause the airplane to 
respond better to the pilot's control motions, make 
the expansion of flight envelopes possible, and per
mit innovations m airframe design. As these systems 
have evolved, they have remained segregated into lat
eral and directional systems even though there may 
be crossfeeds between them, for example, the aileron
rudder-interconnect used during flight at high angles 
of attack. 

Additional complications arise when new types of 
control effectors are added to yield unconventional 
airplane configurations. The ailerons may be aug
mented by spoilers and differentIal deflections of the 
hOrIzontal tail, for example, and the rudder may 
be augmented by lateral thrust vectoring. Different 
control effectors are effective during different flight 
phases. For example, aerodynamic control surfaces 
can easily overpower thrust-vectored controls durmg 
hIgh-speed flight but become inferior at low speeds. 

Controls whIch are effective for a given mode at 
one flight condition may affect a different mode at 
another flight condition. For example, the ailerons, 
which excite the roll mode during cruismg flIght, 
can cause directIOnal oscillations during flight at 
high angles of attack because of excitation of the 



Dutch roll mode. Scheduling of the control deVIces 
IS necessary to mamtain desired airplane response 
to the pIlot mputs throughout the flight envelope. 
The deSign of stabIlity augmentation systems by 
the tradItional axis-by-axis approach is becoming 
mcreasmgly comphcated because of (1) the widening 
range of flight conditions in whIch new airplanes must 
operate and (2) the large selection of control effectors 
available for new airframe deSIgns. 

Modern multIvariable controls methodology 
makes the simultaneous deSIgn of lateral and direc
tional controls possible. The stability and control 
characteristics of both axes are improved, and multi
ple redundant controls are utilized in the most ad
vantageous manner. Translation of the results of 
multIvariable techniques into practical control sys
tem implementations is cumbersome The solutions 
are m the form of a matrIX of gains, one gain for each 
state variable-control variable combmation. Imple
mentation requires the measurement or estimation of 
all the state variables. Each gain may be expected to 
vary WIth changmg flight condition. There is no dis
tinction between lateral and directional control sys
tems. Such a distmction is deSIrable because it per
mits analYSIS of system elements which can be related 
to recognizable items present in conventIOnal control 
systems 

A prelimmary design of a lateral-directional con
trol system for a fighter airplane utilizing thrust
vectoring engine nozzles is presented in this report. 
The incorporatIOn of thrust-vectoring controls into 
jet airplane designs promises to extend the low-speed 
regIOn of the flight envelope and may influence in
flight maneuver capabilities and airfield operatIOns. 
The control system is specified for a wide angle-of
attack range, and the airplane has several redundant 
moment generators. This redundancy is a significant 
ddvantage in the event of failures or damage Such 
design problems are representative of the types that 
are currently challenging airplane designers. 

The present study maintains the distinctIOn be
tween the lateral and directional control systems 
while utilizing multivariable design techniques to 
specify the system gains The control effectors are 
scheduled to form lateral and dIrectional control 
channels by the application of the relative controls 
effectiveness technique of reference 1. Gains which 
specify the lateral and directional feedback signals 
are obtained by the solution of a linear quadratic reg
ulator (LQR) problem. Signals from onboard sensors 
are combined to form the feedback signals The feed
back gains are scheduled for operation over a wide 
range of flight conditIOns. Comparisons and rela
tive evaluations of the control system are beyond the 
scope of thIS report. 
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Symbols 

A 

ay,cg 

B 

b 

C 

CD 

Ce£f 

Cy 

CCV 

G 

g 

H 

matrix of state variable coefficients 

measured lateral acceleration, mjsec2 

lateral acceleration of center of gravity, 
mjsec2 

matrix of control variable coefficients 

wing span, m 

control-mixmg matrIX 

aerodynamic drag coefficient 

relative control effectiveness measure 
(see ref. 1) 

aerodynamic lift coeffiCIent 

aerodynamIC rolling-moment 
coefficient 

aerodynamic pItching-moment 
coefficient 

aerodynamic yawing-moment 
coeffiCIent 

aerodynamic side-force coefficient 

control configured vehIcle 

mean aerodynamic chord, m 

drag force, N 

state variable feedback matrIX 

measurement variable feedback matrix 

vector of coefficients relating state 
variables to lateral acceleration 

matrIX of pseudo control influences 
upon measurement vector 

gravitational constant, 9.81 mjsec2 

vector of coefficients relating control 
variables to lateral acceleration 

matrix of state variable influences 
upon measurement vector 

I identity matrix 

Ixz product of inertia, kg-m2 

Iz moment of inertia, kg-m2 

J performance index 

L lift force, N 



LQR linear quadratic regulator ~est estImated rate of change of angle of 

lep distance of center of percussion from sideslip, rad/sec 

I center of gravity, m "I flight path angle, deg 

It distance of tall from center of Da aileron deflection, deg (positive, right 
gravIty, m aileron up) 

M pitching moment, N-m DV differential horizontal-tail deflection, 
m mass, kg deg (positive, nght trailmg edge up) 

P body axis roll rate, rad/sec Oh horizontal-tail deflection, deg (posItive, 

Pm stability axis roll rate model, rad/sec trailing edge down) 

Ps stability axis roll rate, rad/sec Dr rudder deflection, deg (positive, 

pitch rate, rad/sec 
trailing edge left) 

q 

q dynamic pressure, Pa 
c5rp rudder pedal deflection, portion of 

full deflection (positive, left pedal 
T body axis yaw rate, rad/sec depressed) 

Tm stability axis yaw rate model, rad/sec c5s control stick lateral deflection, portion 

S reference wing area, m2 of full deflection (positive for deflec-
tion to right) 

s Laplace transform variable, sec-1 
c5v,plteh pitchmg thrust vector, deg (positive, 

T thrust, N nozzles down) 

Tee turn coordination error, rad/sec c5v,roll rolling thrust vector, deg (positive, 
t time, sec right nozzle up) 

u vector of control variables (denoted by c5v,yaw yawing thrust vector, deg (positive, 
11 on fig. 19) nozzles left) 

V true airspeed, m/sec 1/1, 112 Gaussian whIte noise variables 

Vl = max(50,V), m/sec 0 pitch angle, deg 

v vector of pseudo control variables A eigenvalue, sec-1 

Vdlr directional pseudo control variable e dampmg ratio 

VIat lateral pseudo control variable p air density, kg/m3 

W weight, N rjJ bank angle, deg 
x vector of state variables (denoted by i 

Wn natural frequency, rad/sec 
on fig. 19) 

Ym vector of measurements A dot (.) over a variable denotes differentiation 

Yl dIfference between stability axis roll with respect to time. Derivatives of aerodynamic co-

rate and roll rate model, rad/sec efficients with respect to angle of attack, sideslip an-
gle, or any of the control deflections are denoted by 

Y2 difference between actual and desired subscnpts as, for example, CLOt = 8CL/8a. Deriva-
turn coordination error, rad/sec tives of aerodynamic coefficients with respect to pitch 

Y3 integrated error of lateral acceleration, 
rate are scaled by e/2V as, for example, Cmq = 
(2V /e) 8Cm /8q. Derivatives of aerodynamIc coeffi-

m/sec cients with respect to roll rate and yaw rate are scaled 
a angle of attack, deg by b/2V as, for example, C'p = (2V/b) 8Cz/8p. 

f3 angle of sideslip, deg The measure of filter gain (in decibels, dB) is cal-
culated as 20 times the common loganthm of the 

f3est estimated angle of sideslip, rad gain. 
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Design Procedure Outline 

The steps used in the desIgn procedure of devel
oping the lateral-directional control system for the 
fighter airplane utilizing thrust-vectoring engine noz
zles are briefly outlmed m this section. More exhaus
tIve elaboration IS presented in following sectIOns. 
The steps of the design procedure are 

1. Construct a mathematical dynamic model 
2. Fmd a set of trim condItions and perturbatIOn 

equatIOns. 
3. Form pseudo control variables. 
4. Solve a lInear quadratic regulator problem 
5. Modify the feedback variable set. 
6 Delete ineffectIve gain elements. 
7. Schedule the gams. 

The unique feature of this process is the third 
step, m which five control effector variables are trans
formed into two pseudo control variables ThIS step 
reduces the dImension of the gain matrIX which must 
be processed in the remammg steps. 

The first step of the design procedure is to con
struct a mathematical model of the aIrplane dynam
ics. The aerodynamic coeffiCIents used are simplI
fied functIOns of angle of attack. Generally, these 
were constructed of piecewise linear and low-order
polynomial segments selected to reasonably fit the 
available wind-tunnel data and to provide continu
ous derivatIves where needed The aerodynamic co
efficients were defined for an angle-of-attack range of 
0° to 90°. 

IdealIzed bIdIrectional thrust-vectormg engme 
nozzles were appended to the airplane mathematical 
model to provide additional control moments. PItch
mg moments were generated by simultaneously vec
toring the engine nozzles in the pitch plane of the 
airplane. Yawing moments were generated by SImul
taneously vectormg the nozzles laterally. Rolling mo
ments were generated by differentially vectoring the 
nozzles m the pitch plane. This thrust-vectormg ca
pabilIty permIts controlled flight at hIgh angles of 
attack and low airspeeds, at which the aerodynamic 
controls are ineffective 

The mathematIcal model was trimmed for hori
zontal flIght at constant aIrspeed for angles of attack 
up to 90° (hovermg flIght). The horizontal tail was 
used to provide the necessary pitchmg moment untIl 
it reached its maximum deflection near the stall angle 
of attack At higher angles of attack, the thrust of the 
engmes was vectored in the airplane pitch plane to 
supplement the hOrIzontal tall. The dynamics of per
turbatIOns about these trIm conditions were found 
These Imear perturbation dynamICS were used in the 
development of the control system 
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The next step was to determme schedules for 
the five lateral-dIrectional controls (aIlerons, rud
der, dIfferentIal horizontal tail, and rolling-moment
producing and yawmg-moment-producmg thrust vec
tors). To accomplish this, the relative control effec
tIveness technique of reference 1 was applIed to the 
perturbatIOn equatIOns. Two "pseudo" control vari
ables were found, WIth one concentrating its effec
tIveness on the roll and spIral modes and with the 
other primarIly affectmg the Dutch roll mode. ActI
vatIOn of each of the pseudo control varIables resulted 
in proportIOnal deflectIOns of the lateral-directIOnal 
controls. The calculated ratios of the control deflec
tions to the pseudo control varIables changed with 
flight condItIon These ratios were used as the baSIS 
for constructmg schedules to interconnect the lateral
dIrectIOnal controls. Because of the uncertainty of 
having relIable air-data information available near or 
beyond stall, the schedules were frozen during flIght 
m these regImes. The control schedules were com
bined with the linear perturbation models to form 
modified perturbation models whose inputs were the 
pseudo control variables The use of the pseudo con
trols mmImized coupling of the modes of the airplane 
and reduced the number of control variables in the 
subsequent steps of the deSIgn procedure 

A linear quadratic regulator (LQR) problem was 
formulated to obtam feedback and feedforward gains 
whIch augmented the stability of the airplane and 
specified the signal paths from the COCkPIt controllers 
(stIck and rudder pedals) and the state varIables to 
the pseudo control variables. The modified pertur
bation equatIOns were augmented by lateral and dI
rectional pilot models. In each case the pilot was 
modelled by a Gaussian random variable driving a 
first-order lag. Two such first-order lags were m
cluded to provide idealized airplane lateral and dI
rectional responses to the pIlot model commands. 
The integral of the lateral acceleration was included 
to mmImize long-term errors m tum coordination. 
The quadratic performance mdex for the LQR prob
lem included weights on the differences between the 
aIrplane responses and the idealized responses, the 
integral of the lateral acceleration, and the pseudo 
control variables. 

The gam matrix resulting from the solution of 
the LQR problem specified the commands to the 
pseudo control variables as linear combinations of the 
state variables of the augmented perturbation model. 
A transformed gain matrix was used to specify the 
pseudo control variables as linear combinations of 
the state variables, sensor varIables, and other vari
ables which were functions of the state and sensor 
variables. The SIdeslip state variable was replaced 
by the lateral acceleration measured at the center of 



perCUSSIOn of the aIrplane relative to a pivot in the 
VicInIty of the honzontal tall and engine nozzles. The 
bank angle was replaced by the calculated difference 
between the aIrplane turn rate and the ideal turn 
rate The Ideal rate is a functIOn of aIrplane attItude 
and velocIty. 

The effectiveness of the elements of the modIfied 
gain matnx was exammed at a number of angles 
of attack. Responses of the perturbation system to 
step deflections of the control stick and rudder pedals 
were obtamed. Each element of the gain matrix was 
tested to determine if It could be removed without 
adversely affectmg the aIrplane responses. Those 
elements which were determined not to be critical 
to the airplane's stablhty and controllablhty by the 
pIlot were eliminated 

The reduced gain matnces obtained in the pre
vious step were used to construct schedules The 
schedules were speCIfied as piecewise hnear functions 
of angle of attack. The aIrplane responses using the 
scheduled gains were checked by SImulation at the an
gles of attack used m the previous step and at several 
intermediate angles. Because air data measurements 
may be unreliable near and beyond stall, the sched
ules were made constant m these flight regimes The 
SIgnal formed by the dIfference between the airplane 
turn rate and the ideal turn rate based on airplane 
attItude and airspeed was found to be important at 
all the angles of attack examined However, because 
it depended on reliable measures of angle of attack, 
pitch angle, bank angle, and airspeed, it was conSId
ered to be unavailable at hIgh angles of attack. A 
substitute SIgnal was formed by obtaining a deriva
tIve of the lateral acceleratIOn SIgnal by means of a 
second-order differentIatmg filter. ThIS SIgnal was 
used at angles of attack above 20°. 

The design process outlined above could be ap
plied to the longitudinal perturbation system of the 
airplane. Given that a suitable control system is de
veloped for the longitudmal axis, the next step in 
the study would be to perform a piloted SImulatIOn 
study to evaluate the combined control system. Be
cause the addItIOn of thrust-vectormg controls en
ables controlled flight into the poststall regime, new 
and unusual pIloting techniques may surface to ex
plOIt the new capability of the airplane. Modifica
tIOns of the system to deal WIth the nonlInear and 
coupled lateral-dIrectional and longitudinal dynam
ICS are to be expected. These topics are beyond the 
scope of this report and are being left for future 
research 

Design Details 
The previous sectIOn briefly outlined the salient 

features of a proposed procedure for the design of a 

lateral-directional stability augmentation and control 
system for a high-performance fighter airplane fitted 
WIth thrust-vectormg controls This section expands 
that discussion and presents each of the points men
tIOned previously in greater detail. 

Mathematical Model 

A set of nonhnear differential equations was used 
to formulate a mathematical model of the six-degree
of-freedom dynamics of an airplane representative 
of a modern high-performance fighter. The aerody
namIC data were approxImated by manually fitting 
a series of lInear and low-order-polynomial segments 
to wind-tunnel data. The data were available for an 
angle-of-attack range of 0° to 60°. The data were 
extrapolated to an angle of attack of 90°. The air
plane cannot sustam apprecIable airspeed at such ex
treme angles of attack. The aerodynamic forces and 
moments would be very small in comparison WIth 
the forces and moments generated by the thrust
vectoring controls. For this reason and because the 
present study was not intended to deal with a spe
CIfic airplane, the data used were considered to be 
adequate for the present study. 

The lift and drag coefficients are depicted in 
figure 1. The lift curve is composed of a linear portIOn 
for angles of attack from 0° to 14°, a quadratic 
portion from 14° to 42°, and a linear portIOn from 
42° to 90°. ThIS curve is smooth; therefore, the lift
curve slope is a continuous function of angle of attack. 
The drag coefficient is an exponential function of 
the 11ft coefficient at low angles of attack. Between 
24° and 60°, the drag coeffiCIent is the product of 
the lift coeffiCIent and the tngonometric tangent of 
the angle of attack. Above 60°, the drag coefficient 
IS a quadratIc function of angle of attack with a 
maxImum value of 2.0 at 90°. 

The pItching-moment coefficient is depicted in 
figure 2. The pItching-moment curve is composed of 
a linear portion for angles of attack from 0° to 12°, 
a quadratic portion from 12° to 20°, and a linear 
portion from 20° to 90°. This curve is smooth; thus, 
the Cma derivative is a contmuous function of angle 
of attack 

The effects of horizontal-tail deflections (Oh) upon 
the 11ft and pitching-moment coeffiCIents are depicted 
III figure 3. The curves shown for CL6h and C m6h arc 
composed of lInear and quadratic functions of angle 
of attack. The pitch damping coefficient, Cmq , has a 
constant value of -10 6 (radjsec)-l 

The lateral aerodynamic derivatives are depIcted 
in figure 4, and the lateral control derivatives are 
depicted in figure 5. These derivatives are made up 
of piecewise linear functions of angle of attack with 
the exceptIOn of Cloa ' which includes a quadratic 
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segment. The sideslip derivatives Glp and GyP 

are constant, with values of -000225 deg-1 and 
-0.0155 deg-1, respectively. The side-force derIva
tIves Gy; and GYr are O. 

An idealized bidirectional thrust-vectoring nozzle 
was fitted to each of the airplane engines Each noz
zle was assumed to be capable of changing the di
rection of the thrust force by 15° in any direction. 
The operatIOn of the two nozzles to produce moments 
about each axis of the airplane IS depicted in figure 6 
Simultaneous deflections of the nozzles in the sym
metric plane of the airplane produce a pitching mo
ment (pitching thrust vector), differential deflections 
in the symmetric plane produce a rolling moment 
(rolling thrust vector), and simultaneous lateral de
flections produce a yawmg moment (yawing thrust 
vector). The thrust force was assumed to pivot about 
the nozzle location with no change in magnitude. No 
consideration was made for variations m the aerody
namic coefficients caused by thrust vectoring. 

Perturbation Equations 

Trim solutions of the mathematical model were 
found for flIght at constant speed and altitude over 
a range of angle of attack of 0° to 90°. The forces 
and moments acting on the airplane were balanced 
by deflections of the horizontal tail, pitchmg moment 
produced by thrust vectoring, and engine thrust, as 
depIcted in figure 7. For low angles of attack (less 
than the stall angle of attack), the pitching moment 
reqUIred to trim the airplane was generated by the 
horizontal tail. At hIgher angles of attack for which 
the horizontal tail alone was unable to trim the 
airplane, it was supplemented by thrust vectoring. 
The thrust of the engines was calculated for flight at 
constant speed and altitude. Sea level standard air 
density was used for these calculations. 

The horizontal-tall deflection, 0h, the total thrust 
of the engines, T, the thrust-vectoring angle, ov,pltch, 
and the airspeed, V, of the trImmed airplane model 
are given in figure 8. At an angle of attack of 90°, 
the airplane is "standmg on its tail" in a hovermg 
condItIOn. 

A system of linear perturbation equations for 
the lateral-directIOnal dynamICS of the airplane was 
calculated for angles of attack throughout the range 
of 0° to 90°. An example is given in table 1. The state 
variables are the body axis roll and yaw rates, p and 
r, the bank angle, r/l, and the SIdeslip angle, [3. The 
control variables are aileron deflection, Sa, rudder 
deflection, or, differential horizontal-tail deflection, 
0D, and the thrust-vectoring controls, Ov,roll and 
Ov,yaw, The lateral acceleration of the center of 
gravity (ay,cg) is included in the perturbation system. 
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The open-loop eigenvalues of the perturbation 
system are plotted on the complex s-plane in fig
ure 9. For low angles of attack, the eigenvalues are 
configured m the traditIOnal roll, spiral, Dutch roll 
arrangement. The roll and spiral modes are first or
der, WIth the eigenvalue of the spiral mode being near 
the origin and the eigenvalue of the roll mode being 
far from the origin on the negative real axis The 
complex eigenvalue shown represents the damped os
cIllatory Dutch roll mode. At an angle of attack of 
approximately 20°, the roll and spiral modes are re
placed by a second-order mode, which is indicated 
on figure 9 by the real eigenvalues merging to form 
a complex pair This mode is commonly termed the 
"coupled roll-spiral" mode. At an angle of attack of 
40°, thIS mode becomes very lightly damped. The 
effects of this mode mIght be recognized by the pilot 
to be ''wing rock." 

It is difficult to deSCrIbe the modes of the airplane 
in terms of the traditional modes (roll, spiral, etc.) 
when the angle of attack exceeds 20°. In this report, 
the mode corresponding to the complex eigenvalues 
which lie on the locus which origmates with the 
merger of the roll and spiral eigenvalues is termed 
the "roll-spiral" mode The other second-order mode 
is termed the "Dutch roll" mode. 

The magnitUdes of the lateral-directional eigen
values and the damping ratios of the second-order 
modes are plotted as functions of angle of attack in 
figure 10. For complex modes, the magnItudes shown 
are the undamped natural frequencies of the modes 
For real modes, the magnitude is the inverse of the 
time constant of the modes. 

The natural frequency of the Dutch roll mode is 
less than 1.5 rad/sec for angles of attack greater than 
15° and less than 1.0 rad/sec for angles of attack 
near 25° and greater than 77°. The damping ratio 
varies between 0.25 and 0 85 with the greater values 
occurring between 25° and 45° The maximum 
damping factor (ewn) of 1.22 sec-1 occurs at an angle 
of attack of 40°. The damping factor is less than 
0.8 sec-1 for angles of attack between 5° and 26° 
and greater than 45°. 

For angles of attack less than 18°, the roll and 
spiral modes are distinct first-order modes. The 
time constant (1,\1-1) of the roll mode increases with 
mcreasing angle of attack, whereas the time constant 
of the sprial mode decreases. Both time constants 
approach 2 sec at an angle of attack of approximately 
18°. For angles of attack greater than 18°, the rolI 
and spIral modes are replaced by a second-order rolI
spiral mode, which has a minimum damping ratio of 
0094 at 40°. 

,-
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Pseudo Control Variables 

The lateral-directional perturbation equations ob
tained m the preceding sectIOn mclude the effects of 
five independent control variables. The pilot can only 
be expected to be able to manipulate a maximum of 
two manual controllers for lateral-directIOnal control 
of the airplane. These are typically lateral control 
stIck and rudder pedal movements. Several sensed 
variables must be fed into the flIght control comput
ers to stabIlIze the airplane and to modify its re
sponses in order to meet mission requirements and 
have acceptable handling qualIties The combination 
of a large number of inputs and a large number of 
controlled outputs results in a sizable quantIty of SIg
nal paths which could be Implemented through the 
control computers. In addition, the variation of the 
effectiveness of the aerodynamic and thrust-vectoring 
controls with changmg flight condItion makes the in
corporatIOn of gain-scheduhng algorIthms into the 
flight control computers necessary. The resultant 
complexIty of the final system could easily become 
quite unwieldy. 

The approach taken m the present study IS to sys
tematically mterconnect the controls, so that their 
activity is based upon two "pseudo" control vari
ables within the flight control computers The re
lationships between the controls and the pseudo con
trols are specified by schedules which are dependent 
upon flight condition. The schedules are developed 
from calculations based upon the effectIveness that 
each control has on the lateral-directional modes of 
the airplane. Incorporation of the schedules mto the 
perturbation equations results in a modified system 
of perturbation equations. The modified system has 
two pseudo control variables for mputs, whereas the 
origmal system had five control mputs. The control 
interconnect schedules result m coordination among 
the original control varIables. 

Before specIfying the control interconnect sched
ules, it would be mformative to examme the relative 
effectiveness of the five controls The relative control 
effectiveness measure of reference 1 was applIed to 
the perturbation dynamic equations. This measure 
provides some msight into how the effectiveness of 
the different controls varies wIth changing flIght con
dition. A control which has a large effect on a given 
mode is a logical candIdate for use in (1) exciting that 
mode in response to pilot inputs and (2) modIfying 
the frequency and damping of the mode by means of 
feedback loops. However, if the control must be used 
on a second mode, such usage will lIkely disturb the 
first mode. 

The relative effectiveness of each control upon 
the Dutch roll mode is presented in figure 11 as 

a function of angle of attack. The significance of 
this figure is that it quantItatively represents the 
abihty of each control, relative to the total set of 
controls, to affect the Dutch roll mode. For angles of 
attack less than 16.5°, the Dutch roll mode is more 
strongly affected by deflections of the rudder than 
it is by anyone of the other controls. For angles 
of attack greater than 16.5°, yawing thrust vector 
is the most effective. The rudder loses effectiveness 
at high angles of attack because of a small Cn6r 
derivative and low dynamic pressure. The thrust
vectoring controls become powerful at high angles of 
attack because of the high engine thrust level At 
an angle of attack of 16.5°, the ailerons, rudder, and 
yawing thrust vector are equally effective upon the 
Dutch roll mode because the ailerons have an adverse 
yaw characterIstic and because the Dutch roll mode 
involves large rolhng motions about the longitudmal 
body axis of the airplane. The relative effectiveness 
of the rollmg thrust vector reaches a level of 0 6 at 
an angle of attack of 70° (not shown) but remains 
less effective than the yawing thrust vector. At such 
an extreme angle of attack, the Dutch roll mode is 
characterized mamly by productIOn of sideslip angle 
when the airplane rotates about its longitudinal axis. 
The rolling thrust vector is weak because of the close 
spacing of the engines, whereas the yawing thrust 
vector is much stronger because of the long moment 
arm between the airplane center of gravity and the 
engine nozzles. The strong yawing moments couple 
through the product of inertia, Ixz, to excite the 
Dutch roll mode to a greater extent than the rolling 
moments, WhICh act more directly on the mode. 

The relative effectiveness of the controls upon the 
roll and spiral modes is depicted in figure 12. At low 
angles of attack, aileron control is the most effective 
because it can produce the largest rolling moment. 
At higher angles of attack (up to approximately 16°), 
the rudder is the most effective because yawing mo
ments are required to rotate the airplane about the 
longItudinal stability axIS (the wind vector) and be
cause the aIlerons possess an adverse yaw characteris
tic At angles of attack greater than 16°, the yawing 
moment produced by the thrust-vectoring control is 
most effective in exciting the roll and spiral modes. 

The above discussion implies that the flight con
trol system should use the aerodynamic control sur
faces during high-speed flight at low angles of attack 
and the thrust-vectormg controls during low-speed 
flight at high angles of attack. The controls need 
to be blended, so that the most effective combina
tion is always in use. In addItion, it is desirable that 
each control channel (lateral and directional) create 
a mimmum dIsturbance on the other channel. To 
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accomplish these objectives, the control-mixing tech
nique of reference 1 has been used 

The control-mixing technIque is a method for 
calculating proportional deflections of the controls, 
so that selected modes are affected to the max
imum extent possible while maintaining a mini
mum disturbance of the modes which are to re
main decoupled. This trade-off IS accomplished by 
means of an algebraic optimization problem whose 
solution IS the desired control combination. De
tails about the technique may be found in refer
ence 1. 

The control-mIXing technIque was applied to the 
perturbation system to find two sets of control in
terconnects The first set has maximum effect upon 
lateral airplane motIOns wIth mInImUm effect upon 
directIOnal motions The second set has maxImum 
effect upon directional airplane motions with mini
mum effect upon lateral motions The control inter
connects were calculated for the airplane wIth and 
without thrust-vectoring controls. 

The control mterconnects calculated for lateral 
control (maximum excitatIOn of the roll and spIral 
modes with minimum excitatIOn of the Dutch roll 
mode) usmg only aerodynamic controls are presented 
m figure 13. At low angles of attack, lateral control 
is accomplished by simultaneous deflections of the 
aIlerons and differential tail to produce rolling mo
ments At higher angles of attack, the rudder is used 
to produce the yawing moments required to roll the 
airplane about the longitudmal stability axis The 
ailerons reverse sign at angles of attack above 20°, 
so that their adverse yaw characteristic is utilized m 
aiding the rudder in producing yawing moments. In 
thIS region, the differential tall is producing rolling 
moments to cancel the rolling moments produced by 
the ailerons 

The control interconnects calculated for lateral 
control usmg thrust-vectoring controls in addition 
to aerodynamic controls are presented in figure 14. 
Below an angle of attack of 15°, the interconnects 
are similar to those presented in figure 13. The 
aerodynamic controls are much more effective than 
the thrust-vectoring controls when the airplane is 
trimmed in this region because of the high dynamic 
pressure The yawing thrust vector, Ov,yaw, becomes 
effective between angles of attack of 10° and 20°. 
Above 20°, it overpowers the aerodynamic controls 
For thIS reason, the deflectIOns of the aerodynamic 
controls are very small, whereas Ov,yaw operates at 
full authority. 

The calculated mterconnects, If implemented in 
the airplane Hight control computers, result m 
optimal decouphng of the airplane modes The cal
culated interconnects are useful as guides in speci-
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fying practical control interconnect schedules. Inter
connect schedules were developed for lateral airplane 
control. These schedules, presented in figure 15, 
were manually fitted to the curves of figures 13 and 
14. The schedules for the aerodynamic controls were 
made to be functions of angle of attack and are based 
upon the curves of figure 13. The curves of figure 14 
were not used here, so that the aerodynamic controls 
would remain active at high angles of attack. A loss 
of thrust will not necessarily eliminate all possibil
ity of controllmg the airplane. The thrust-vectoring 
controls were scheduled as functIOns of effectIve aIr
speed to approximate the curves of figure 14. AIr
speed was used as the scheduling quantity mstead 
of angle of attack, so that the airplane would re
tain effectIve controls if It should acquire a low angle 
of attack while at low airspeed during maneuvermg 
Hight. Alternatively, the thrust-vectoring controls 
could have been scheduled as functions of dynamic 
pressure. 

The interconnects calculated for directional con
trol (maximum eXCItation of the Dutch roll mode 
with minimum dIsturbance of the roll and spiral 
modes) using the aerodynamic controls are presented 
in figure 16 At low angles of attack, directional 
control is accomplished by the rudder. Between 10° 
and 20°, a combinatIOn of the rudder, ailerons, and 
dIfferential tall is used. The deflectIOns are in the 
crossed-control sense: rudder for nose-left moment, 
and ailerons and differential tail for right-wing-down 
moment. For angles of attack greater than 20°, si
multaneous aileron and dIfferential tall deflections 
are used to produce a rolhng moment about the air
plane longItudinal axis 

The interconnects calculated for directional con
trol usmg the thrust-vectoring controls in addItion to 
the aerodynamIC controls are presented in figure 17. 
These interconnects are very simIlar to those pre
sented in figure 16 The utilization of the rolling 
thrust vector gradually increases at angles of attack 
from 10° to 60°. This control is limited in its abIl
ity to generate rolling moments because of the close 
spacmg of the engines. The horizontal tall retams the 
abihty to generate rolling moments at high angles of 
attack. Therefore, the transition between aerody
namic and thrust-vectoring controls is spread over a 
wide range of angle of attack. 

Control interconnect schedules were developed for 
directional airplane control. These schedules, pre
sented m figure 18, were manually fitted to the curves 
of figures 16 and 17. The aerodynamic controls 
were scheduled as functions of angle of attack and 
are based on the curves of figure 16 The thrust
vectoring controls were scheduled as functIOns of ef
fective airspeed and are based on the curves of fig-



ure 17 The schedule for the rolling-moment thrust 
vector, 8v roll! was adjusted so that full authority was 
used for ~irspeeds ranging from zero to just greater 
than the stall speed. 

The schedules for the aerodynamic controls given 
in figures 15 and 18 require angle-of-attack sensor 
data rangmg from zero to a value less than the stall 
angle of attack. At higher angles of attack, a stall 
sensor could be used. The schedules for the thrust
vectormg controls require airspeed sensor data for 
aIrspeeds above the stall speed. For slower speeds, 
accurate data are not required. 

ThIS section has discussed the development of 
control interconnect schedules WhICh specIfy how the 
five aIrplane controls need to be coordmated to result 
in decoupled (as much as possIble) lateral and direc
tional control Two "pseudo" control variables can 
now be defined within the flIght control computers 
The first pseudo control variable, Viat, acts through 
the schedules of figure 15 to deflect the controls in 
the proportions reqUIred to primarily excIte the roll 
and spiral modes In the examples of reference 1, this 
pseudo control variable was treated as if it were a lat
eral deflection of the control stick In these examples, 
the airplane model responded to step inputs with a 
smooth buildup of bank angle and exhibited no ev
idence of adverse yaw motions The second pseudo 
control variable, Vdlrl acts through the schedules of 
figure 18 to primarily excite the Dutch roll mode. In 
reference 1, this pseudo control variable was treated 
as if It were a deflection of the rudder pedals. The 
airplane model responded to step rudder pedal mputs 
wIth improved sideslip behavIOr accompanied by less 
rolhng motIOn compared with the response to rudder 
surface deflectIOns alone. 

The perturbation system equations were com
bined with the control interconnect schedules to pro
duce the modified perturbation system shown m fig
ure 19. A numerical example is given m table II. The 
pseudo control variables are the control variables of 
the modified system. The control system design de
scribed in the remainder of this report IS based upon 
the modIfied perturbation system. 

Linear Quadratic Regulator 

The airplane mathematical model used in the 
present study has poor stabIlIty at high angles of 
attack The airplane motions must be measured, 
and the controls must be driven by these measure
ments to improve stablhty. The desIgn of a stablhty 
augmentatIOn system involves the determination of 
the sensor complement which can make the reqUIred 
measurements and the development of control laws 
which transform the sensor signals into control vari .. _ 

able commands Also, the control laws must trans
late the motions of the pilot's controllers into control 
actIvity which results m acceptable airplane behav
ior. Although the results of reference 1 indicate that 
the control stick should be connected to Viat and the 
rudder pedals should be connected to vdm this ar
rangement may not be appropriate m general In 
order to determine suitable gams to direct the sen
sor and pilot controller signals to the pseudo control 
variables, the linear quadratic regulator (LQR) tech
mques of reference 2 were apphed to the modified 
perturbation system. This section describes the for
mulation of the LQR problem used in the present 
study. Followmg sectIOns describe the process of 
making a more practical implementation of the con
trollaws. 

The LQR technique finds a matrix of feedback 
gains whIch specify the control variables of a linear 
system as linear combinatIOns of its state variables 
The gains are calculated to minimize a quadratic 
function of system vanables, which may include state 
variables, output variables, control variables, and 
combmatIOns of these. The quadratic performance 
index is constructed to effect a trade-off between the 
magnitudes of undeSIrable system responses and the 
control vanables. The result of the LQR technique 
is a gain matrix which makes the closed-loop system 
stable and which regulates the system to continually 
seek the nominal operating condItion. 

The objectives of the LQR design for the present 
study are (1) to improve the lateral-directional sta
bility of the airplane, (2) to provide acceptable con
trol characteristIcs by usmg lateral control stick and 
rudder pedal motIOns, and (3) to coordinate turn
ing maneuvers. The third objective may be relaxed 
during operation at extremely high angles of attack, 
at WhICh the aIrplane is not likely to be operated 
for sustained periods of time. The formulation of 
the LQR problem used to meet these objectives is 
described in this section. This approach closely par
allels the formulation used in the development of the 
control configured vehicle (CCV) system reported in 
reference 3 

A number of auxlhary equations were appended 
to the modified perturbation system. The added 
equations were lateral and directional pilot command 
models, lateral and directional reference response 
models, differences between the airplane motions and 
the reference models, and an integration over time of 
the lateral acceleration. These auxiliary equatIOns 
are schematically depIcted in figure 20. 

The pIlot command models are first-order systems 
which are driven by Gaussian white noise. The 
break frequency of each is 1 rad/sec These models 
represent lateral control stick, 88 , and rudder pedal, 
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Orp, motions which are lImIted to a bandwidth of 
1 rad/sec. Since the pilot controller motions are state 
variables, the LQR design technique calculates the 
pilot controller gains. 

The reference response models are first-order sys
tems which are driven by the pIlot command models. 
The break frequency of each is 5 rad/sec. These mod
els respond to pilot commands to generate reference 
signals agamst which the airplane responses can be 
compared 

The first reference response model, Pm, is the 
ideal airplane roll rate about the stability axIS. The 
actual stability axIS roll rate, Ps, is a functIOn of the 
body axis roll rate, p, the body axis yaw rate, T, and 
the angle of attack, 0'. The difference between the 
actual roll rate and the ideal roll rate is calculated 
by 

YI =Ps -Pm =pcosO'+TsinO'-Pm (1) 

During coordinated turns, the turn rate is a func
tion of the component of the lift vector which is 
dIrected toward the center of the turn. ThIS force 
is balanced by the centnfugal force of the airplane 
following a curved trajectory. This balance is not 
achieved during uncoordinated turns because of side 
forces, principally caused by sideslip, acting on the 
aIrplane The difference between the actual turn rate 
and the turn rate expected for a coordinated turn can 
be defined as the "turn coordination error," Tee, as 
follows: 

where 

(J 

t/> 

V 

Tee = ~t/>cos8 - (T cos 0' - psinO') (2) 

pItch angle 

bank angle 

velocity 

g gravitational acceleration constant 

A variable which is mterpreted as the rate of change 
of sideslip angle is defined in reference 3. This 
variable and Tee are calculated by identical fonnulas. 

For the present study, the response of the direc
tional reference response model, Tm, to rudder pedal 
inputs was considered to be the desired response of 
the turn coordmation error. The dIfference between 
the actual and the deSIred turn coordmation error is 
calculated by 

Y2 = Tee - Tm = ~¢cos(J - (T cos 0' - psinO') - Tm 

(3) 
The mtegral over tIme of the lateral acceleration 

of the airplane is a measure of the long-tenn error of 
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turn coordmation. If a directIOnal control IS applied 
and the wings are held level, the force produced by 
SIdeslip causes the airplane to execute a flat turn. 
The lateral acceleration and the turn rate are related 
through velocity. The difference between the lateral 
acceleration, a y , and the "Ideal" acceleration, V Tm, 
is integrated over time to YIeld the desired measure 
as follows. 

(4) 

The value of the lateral acceleration used here is 
taken at the locatIOn of the lateral accelerometer, 
which is discussed in a later section of thIS report. 

The perfonnance index for the LQR problem is 
the integral over time of a weighted sum of squares 
of (1) the differences between the airplane responses 
and the Idealized responses (YI, Y2, and Y3) and 
(2) the pseudo control variables, as follows: 

J = ! (50yr + 2500y~ + O.ly§ + 500Vfat + 500vjlr)dt 

(5) 
The weights used in equation (5) are roughly equiv
alent to the weIghts used in reference 3. The LQR 
techmques of reference 2 were used to find the "feed
back" matrix of gams which minimize the perfor
mance index subject to the dynamics of the modi
fied perturbation system and the aUXIliary equations, 
which can be represented as 

x=Ax+Bv 

where 

A matrix of state variable coefficients 

B matrix of control variable coefficients 

v pseudo control vector consisting of VIat 
and Vdlr 

x state vector consisting of (1) airplane 
state variables (p, ¢, T, fJ), (2) pIlot 
command model states (8s ,orp), 
(3) reference model states (Pm, Tm), 
and (4) integrated error of lateral 
acceleration (Y3) 

(6) 

An example solutIOn of the LQR problem IS given 
in table III. The solution is a matrIX of gains which 
speCIfy the pseudo control variables (VIat and Vdlr) as 
linear combinations of all the state variables. Since 
the state variables mclude the pIlot command mod
els and reference state models, the matrix includes 
"feedforward" gains for the pilot controllers. 



Feedback Variable Change 

The sensor package carried onboard the airplane 
is assumed to include rate gyros to measure the body 
axis roll rate (p) and the yaw rate (T), a hnear ac
celerometer oriented to measure the lateral accelera
tIOn (ay), and an attitude gyro to measure the bank 
angle (ifJ). The lateral accelerometer IS positioned 
forward of the center of gravity at the "center of per
cussion" of the airplane with respect to forces applied 
at the tail ConsIdering only the mass and inertia of 
the airplane, application of control forces causes it to 
rotate about the center of percussion. The location 
of the center of percussion is the dIstance lep forward 
of the center of gravity The formula for calculating 
lep IS 

where 

Iz 
lep=

Itm 

m mass of airplane 

I z moment of mertia about vertical axis 

It distance between center of gravity and 
tall controls 

(7) 

The accelerometer, with this positioning, prmci
pally reacts to aerodynamic side forces (in this ex
ample, caused by sideslip acting through the aero
dynamic derIvative Gyp) and has a minimum direct 
reaction to control motions. This location was chosen 
to avoid possible stability problems caused by a loop 
from control deflection to side force to accelerometer 
response. 

A measurement vector (Ym) was constructed of 
the known state varIables (8s, 8rp, Pm, Tm , and 
Y3), the sensed angular rates (p and T), the sensed 
lateral acceleration (ay), and the calculated value of 
the turn coordmation error (Tee). ThIs vector is a 
linear function of the state vector of the perturbation 
system (x) and the pseudo control vector (v) and has 
the following form: 

Ym=Hx+Gv (8) 

The solution of the LQR problem found in the pre
ceding section has the following form: 

v=Fx (9) 

Combining equations (8) and (9) yields 

(10) 

where 

The matrix (Fb) is the feedback matrix, which spec
ifies the pseudo control variables as linear combina
tIOns of the elements of the measurement vector. Ex
amples are presented in table IV. The values of the 
elements of this matrix are plotted in figure 21. The 
data shown are the gains on the measurement vector 
whIch cause the controls to act in a manner which 
satisfies the LQR problem. 

The next step of the deSIgn process is to identify 
those elements of the gain matrIX which are necessary 
for the satisfactory operation of the airplane controls. 
By the elimination of ineffectual gain elements, the 
mechanization of the control laws in the flight control 
computers can be simplified. 

Gain Element Reduction 
The individual gam elements of the feedback ma

trix were deleted or retained based upon the effects of 
their presence on simulated transient responses. The 
modified perturbation system was used to obtain the 
airplane responses to step lateral stick and rudder 
pedal movements. Reduced gain matrices were ob
tamed at angles of attack of 10°, 20°, 30°, and 60°. 
This section describes the process of gain element re
duction and discusses the reduced-gain matrices. 

Simulated responses to step lateral stick and rud
der pedal movements using the full feedback matrices 
were obtained. When the stick was held off center, 
the airplane tended to return to a wings-level atti
tude after a long period of time This was caused by 
the feedback of Y3 (the integral of lateral accelera
tion). Since the perturbation model did not include 
increasing pitching moment, which is required for 
turn coordination, the airplane model lost altitude 
when banked As a result, the simulation showed a 
buildup of sideslip and, consequently, lateral acceler
ation. The control system acted to drive the lateral 
acceleration to zero by causing the airplane to return 
to level flight Since this behavior is unacceptable in 
maneuvering flight, the feedback gains for Y3 were 
deleted. These gains could be reintroduced into the 
control system as part of a more comprehensive sys
tem design. For the present study, these gains were 
not considered further. 

Simulated responses to step lateral stick and rud
der pedal movements were obtained with the con
troller crossfeeds (8s to Vdlr and Orp to VIat) and the 
reference model crossfeeds (Pm to Vdlr and Tm to VIat) 
deleted. The elimination of these crossfeeds caused 
no significant deterioration of the airplane responses. 
These crossfeeds were not considered further in the 
present study. 

The elements of the feedback gam matrix which 
operate on SIgnals derived from airplane motion sen
sors (p, Tee, T, and ay) were examined next. Table IV 
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presents the measurement feedback gain matrices for 
the four angles of attack presently being consIdered 
The gain elements which are retained after the elimi
nation process are gIven in boldface type. In general, 
as the angle of attack is mcreased, more feedback 
loops must be utihzed to control the airplane. 

For an angle of attack of 100, most of the feedback 
gams were ehminated because either they had httle 
dIscernible effect on the airplane responses or the 
effect was adverse. The only feedback gam element 
that was retained closed the loop from Tee to vdlr 
This gain improves Dutch roll mode damping and 
causes a coordmating rudder deflection, which is 
desirable in turmng flIght. 

For an angle of attack of 200
, additional gams 

were used to close the loops from the yaw rate (r) and 
sensed lateral acceleratIOn (ay) to the lateral pseudo 
control variable (VIat) Both feedbacks improved the 
Dutch roll dampmg, with the ay loop havmg the 
greater effect. For a step rudder pedal deflection to 
the left, the airplane transitions smoothly to a steady 
right sideslip (nose-left) with a small right-wing
down bank angle. For a step lateral stick deflection, 
the aIrplane rolls smoothly to a constant bank angle 
with a time constant of approximately 4 sec. The 
airplane does not continue to roll because of the 
presence of the coupled roll-spiral mode and the yaw 
rate feedback The pIlot must hold a stick deflection 
toward the turn in order to maintain a constant bank 
angle. The airplane returns to a wmgs-Ievel attitude 
when the stick IS released. DeletIOn of the yaw rate 
feedback results m a sustamed rolhng motIon because 
the lateral acceleratIOn feedback drives the controls 
to reinforce the pilot's roll command ThIS may be 
objectionable because the pilot must hold a stick 
deflectIon away from the turn in order to maintain 
a constant bank angle. Also, the control power 
available to right the airplane would be limited. A 
compromIse value of 0 3 for the yaw rate to VIat gain 
was selected This is approximately one half of the 
value given by the LQR problem. 

For an angle of attack of 300
, an addItional gain 

element was used to close the feedback loop from 
the yaw rate (r) to the dIrectional pseudo control 
variable (Vdlr). For a step rudder pedal deflection 
to the left, the airplane tranSItIOns smoothly to a 
steady right sideshp with a small right-wmg-down 
bank angle For a step lateral stick movement, the 
airplane smoothly rolls to a constant bank angle with 
a tIme constant of approxImately 25 seconds. The 
mclusIOn of the yaw rate to Vdlr loop causes a rolling 
moment which lifts the wing on the SIde toward the 
turn. As a result, the sideslip angle and the lateral 
pseudo control variable (VIat) are reduced. 
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The Implementation of the turn coordmatIOn er
ror (Tee), used m formulating the measurement feed
back matrIX in the preceding sectIOn, reqUIres mea
surements of angle of attack, pitch angle, and bank 
angle. Obtaining these measurements reliably at 
high angles of attack, particularly near or beyond 
stall, may be impractical Also, operatIOn near a 
pitch angle of 900 is likely to cause trouble because 
of the singularity eXIstmg in the Euler angles at thIS 
attitude. In order to aVOId these problems, a substi
tute SIgnal for Tee was constructed. 

As mentIOned m the preceding sectIOn, one in
terpretation of the meaning of Tee IS that it IS an 
estimate of the time rate of change of the sideslip 
angle. The sideshp angle can be estimated from the 
sensed lateral accelera.tIOn of the aIrplane. For angles 
of attack of 300 and greater, the turn coordination 
error (Tee) was replaced by an estimated value of the 
rate of change of the sideslip angle (/Jest) by using 
the followmg formula 

8 m 
{jest = (! + 1)(~ + 1) qSGyP ay 

(12) 

The first term of the formula is a second-order fil
ter which operates as a differentiator on signal com
ponents whose frequencIes are less than 3 rad/sec. 
HIgher frequency components are attenuated by the 
action of the second-order denominator, reducing the 
sensitiVIty of the differentiating filter to nOIse on 
the accelerometer SIgnal but mtroducing phase lag, 
which may cause stability problems. Therefore, the 
use of this filter is limited to flight at low airspeeds, at 
whIch the closed-loop frequencies are low. The break 
frequencies of the filter denommator were selected 
from observatIOns of theIr effects on the simulated 
airplane responses. 

The second term of equation (12) is the ratio 
between lateral acceleratlOn and the sideslip angle 
based upon the value of the side-force derivative 
(Gyp). With the locatIOn ofthe lateral accelerometer 
at the center of perCUSSIOn (discussed in the preceding 
section), the forces produced by the rudder and 
yawing thrust vector are not sensed by it. This 
locatIOn prevents objectIOnable coupling of the Dutch 
roll and roll-spiral modes. 

For an angle of attack of 600
, the solution of the 

LQR problem resulted m no feedback of yaw rate 
(r) to the directional pseudo control varIable (Vdlr). 
However, a value of 03 for this gam was inserted into 
the gam matrIX to obtain consistency with the matrix 
obtained for an angle of attack of 300 and to remove 
the necessity of scheduling gains while the airplane 
is stalled. The air data measurements necessary for 
the calculation of /Jest (eq (12)) probably cannot 



be reliably obtamed at extreme angles of attack 
Therefore, a lower limIt of 50 m/sec was chosen for 
use in I the calculation For flight at airspeeds less 
than 50 m/sec, the following formula was used: 

8 2m 
, {Jest = (! + 1)(~ + 1) 502pSCY{J ay (13) 

The gam elimination process, discussed in this 
sectIOn, reduced the number of elements of the mea
surement vector feedback matrix from the original 18 
to the current 8. The cross coupling of the pIlot con
trollers and the ideal rate response models was elimI
nated The feedback of the roll rate and the time in
tegral of the lateral acceleration were also removed 
The feedback of the turn coordmatIOn error to the 
directional pseudo control was found to be necessary 
at each of the angles of attack examined. This sig
nal was replaced by an estimate of the rate of change 
of the/sIdeslip angle at hIgh angles of attack. Also 
at hIgh angles of attack, the lateral acceleration was 
fed to the lateral pseudo control variable, and the 
yaw rate was fed to both pseudo control variables. 
The next step of the design process is to construct 
schedules WhICh smoothly vary the gams as needed 
for changing flight conditIOn. 

Gain Schedules 

In the precedmg section, it was determined which 
gains generated by the solution of the LQR problem 
are necessary for acceptable stabIlity and control of 
the airplane at angles of attack of 10°, 20°, 30°, 
and 60° In this section, this information is used 
in conjunction wIth the calculated gams gIven in 
figure 21 to construct gain schedules The schedules, 
along wIth the points examined in the preceding 
sectIOn, are given in figure 22. Those gains WhICh 
were ehminated for all four angles of attack examined 
in the prevIOUS section are ignored m this section 
The remaining gains are scheduled as pIecewise linear 
functions of angle of attack. The schedules generally 
follow the data of figure 21 with some deviations 
resulting from the gain elimination process of the 
precedmg section. 

The calculated gams for the lateral stick deflec
tion (6s) and the roll rate model (Pm) to the lat
eral pseudo control van able (VJ.at) are gIVen in fig
ure 21(a). At low angles of attack (high airspeed), 
the gam on the roll rate model dommates. The pi
lot commands are filtered to limIt the bandwidth of 
his stick motions which reach the controls At high 
angles of attack (low airspeed), the gain on the stick 
deflections dominates. Here the airplane is slow to 
respond to control, as is indicated by the small mag
mtudes of its eigenvalues. Therefore, the pIlot stick 

motions are passed to the controls relatively unfil
tered. The schedules chosen for these gains are given 
in figure 22(a). At an angle of attack of 0°, the gain 
on the stick is 0.2, and the gam on the roll rate model 
is 0 8. At an angle of attack of 20°, the gain on the 
stIck is 0 8, and the gain on the roll rate model is 
02. These gains are varIed linearly at angles of at
tack between 0° and 20° and are constant at angles 
of attack beyond 20°. 

The calculated gams for the rudder pedal deflec
tion (8rp) and the yaw rate model (rm) are given in 
figure 21(b). These gains are nearly constant with 
changmg angle of attack. Each has a value of ap
proximately 0.5. These gains and the yaw rate model 
dynamics were combined to form a lag-lead filter as 
follows: 

ISO + 1 
vdlr = ~16rp 

5+ 
(14) 

This filter passes the low-frequency components of 
the rudder pedal commands (less than 5 rad/sec) di
rectly to the controls. The high-frequency compo
nents (greater than 10 rad/sec) are attenuated by 
6 dB 

The calculated gain from the turn coordination 
error (Tee) to the directIOnal pseudo control variable 
(Vdlr) is given m figure 21(c). This gain vanes 
between 12 and 18. A constant value of 1.4 was 
chosen As discussed in the preceding section, an 
estimated value of the rate of change of the sideslip 
angle (Pest) was substituted for Tee for angles of 
attack of 20° or greater The transition between 
the two signals was specified as a lmear function at 
angles of attack between 20° and 30°, as shown in 
figure 22(b). Simulation tests were conducted at an 
angle of attack of 15° by using (1) Tee only, (2) Pest 
only, and (3) the scheduled mix of the two signals. 
No significant difference in the responses was noted 
among the three options. 

The calculated gains for the yaw rate (r) feed
backs are given in figure 21(c) Although these gains 
have values at all angles of attack, the gain elImi
natIOn process of the preceding section determined 
that they are effective only at the higher angles The 
gam schedules are given in figure 22(b). The sched
ules of the yaw rate gains are based primarily on 
the results of the preceding sectIOn and have httle 
correlation with the calculated gains of figure 21(c). 
The scheduled gain from yaw rate (r) to dIrectional 
pseudo control vanable (Vdlr) is linearly varied from 
o to 0.30 over the angle-of-attack range of 20° to 30°. 
The yaw rate to lateral pseudo control variable (VJ.at) 
is linearly vaned from 0 to 0.60 over the angle-of
attack range of 10° to 30°. These gains are constant 
beyond 30°. 
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The calculated gains for the lateral acceleration 
(ay) to the lateral pseudo control variable ('VIat) 
are gIven in figure 21(d). This gain mcreases from 
near 0 to approximately 0.18 over the angle-of-attack 
range of 10° to 30° and IS fairly constant from 
30° to 60°. The schedule for this gam is given in 
figure 22(b). The schedule increases linearly from 
o to 0.16 over the angle-of-attack range of 10° to 
25° and is constant beyond 25°. The gain for the 
lateral acceleratIOn to the directional pseudo control 
variable (Vdlr) is set to O. 

Schematic dIagrams of the lateral and directional 
control systems, including representations of the gam 
schedules and the control mterconnect schedules, are 
presented m figure 23. A small-angle approxima
tion for angle of attack (Q') has been applied to 
the formula for the turn coordination error (Tee) 
(eq. (2)) to produce the mechanization appearing in 
figure 23(b). Also, the value of velocity used in the 
Tee and Pest calculations has been limited to no less 
than 50 m/sec. 

Closed-Loop System Characteristics 
The eIgenvalue characteristics of the aIrplane with 

the control system operating are plotted in figure 24. 
The absolute values of the eigenvalues and the damp
mg ratios of the second-order modes are presented as 
functions of angle of attack. These data may be com
pared with the data of figure 10, which are for the 
un augmented airplane. 

The natural frequency of the Dutch roll mode 
is slightly less than 1.5 rad/sec, at angles of attack 
between 14° and 18° and less than 1.0 rad/sec above 
82°. The natural frequency has been increased near 
stall and in the poststall regime. For angles of 
attack near 90°, this increase is not present because 
low dynamIC pressure prevents effective signals from 
the lateral accelerometer The damping ratio of 
the Dutch roll mode IS maintained greater than 0.4, 
which is an Improvement at angles of attack less than 
20° and greater than 50°. Between these regions, 
the damping ratio has been decreased. The damping 
factor (ewn) has been increased by at least 70 percent 
for the data in figure 24. 

The coupled roll-spiral mode of the unaugmented 
aIrplane does not appear in figure 24. Instead, the 
spiral mode remams as a dIstinct first-order mode 
WIth a minimum time to half amplitude of 2.7 sec at 
an angle of attack of 30°. The roll mode couples with 
the differentiating filter used to generate /Jest The 
couphng occurs at an angle of attack of 24°, which is 
withm the range where the turn coordination error is 
bemg replaced by /Jest. The coupled mode exists up 
to 46°, and the dampmg ratIO remains greater than 

14 

o 95 For angles of attack greater than 46°, the first
order roll mode and the filter mode are again dIstinct. 
As the signal from the lateral accelerometer weakens 
with increasing angle of attack, the eigenvalue of the 
filter mode returns to its open-loop value. 

AIrplane responses to pIlot controller motIOns are 
presented m figure 25. The responses are for the 
linearized perturbation system WIth the control sys
tem operative. The stabIlity axIS roll rate responses 
to full-throw lateral stick deflection are given in fig
ure 25(a). The roll rates achieved are between 1.25 
and 1.60 rad/sec over the angle-of-attack range of 
10° to 70°. The responses for angles of attack of 20°, 
30°, and 40° have an mltial delay of at most 0.30 sec. 
This is probably a consequence of the presence of 
the coupled roll-spiral mode m the unaugmented air
plane. At angles of attack of 10° and 70°, the de
lay is not present. In the former instance, the roll 
and spiral mode are distinct first-order modes with 
well-separated eIgenvalues. The airplane is also being 
primarIly drIven through the roll rate model, which 
has a time constant of 1 sec In the latter instance, 
the aerodynamic forces and moments are ineffectual 
because of low dynamic pressure. The airplane pri
marily responds as a free body under the influence of 
forces and moments generated by the thrust-vector 
controls. 

The sideslIp angle responses to full-throw rudder 
pedal deflections are gIven in figure 25(b). For the 
angle-of-attack range of 10° to 70°, the sldeshp angle 
smoothly bUIlds up with a small overshoot and no 
apparent oscIllatIOns. The sideslip angle achieved 
increases with increasmg angle of attack. Lowermg 
dynamic pressure causes smaller restoring moments, 
smaller aerodynamic moments, and smaller control 
moments because of smaller lateral accelerometer 
SIgnals An initIal delay of at most 0 3 sec is present 
in each response shown. For an angle of attack of 
10°, the SIdeslip angle decreases after peaking at 
2.5 sec because of the airplane rolling "away from 
the slip" The roll rate can be arrested by applying a 
lateral stick deflection of approximately 50 percent 
in the "crossed-controls" sense. For the angle-of
attack range of 30° to 70°, the sideslip angle slowly 
builds up after the initIal transient because of the 
airplane slowly rolling "mto the shp." Lateral stick 
motions of less than 7 percent in the "coordinated
controls" sense will arrest the roll rate in each of these 
mstances. 

Concluding Remarks 
A preliminary design study of a lateral-directional 

control system usmg thrust-vectoring controls has 
been conducted. The control system deSIgn was 
based on a mathematical perturbation model of a 



high-performance fighter airplane in trimmed flight 
over a wIde range of angle of attack. 

Aerodynamic control surfaces and thrust
vectorIng controls were scheduled so that they could 
be driven by separate lateral and directional pseudo 
controls This was accomplished by calculatIng com
bInatIOns of the controls which affected (1) the roll 
and spIral modes for the lateral pseudo control and 
(2) the Dutch roll mode for the directional pseudo 
control. DurIng flIght at low angles of attack and high 
aIrspeeds, aileron and differential tail movements are 
used for lateral control, and rudder movements are 
used for directIOnal control. During flIght at high 
angles of attack (near or beyond stall) and low air
speeds, rudder movements and yawing moments pro
duced by thrust vectorIng are used for lateral control. 
AIleron and differential tail movements and rolling 
moments produced by thrust vectoring are used for 
directional control. 

State variable feedback gains were obtained from 
the solution of a lInear quadratic regulator (LQR) 
problem which minimized the difference between air
plane angular rates and idealIzed rate models. The 
gaInS were used to calculate a set of sensor vari
able feedback gains. Of these gains, those WhICh 
dId not exhIbit a beneficial effect upon simulated re
sponses to pIlot control inputs were elimInated. The 
remainIng gains were scheduled as functions of flight
condItion 

The dIrectional control channel uses a measure of 
the turn coordinatIOn error to Improve the damping 
of the Dutch roll mode .. During flIght at high angles 
of attack, thIS feedback quantity is replaced by an 
estimate of the time rate of change of the sideslIp 
angle, and yaw rate feedback IS added The lateral 
control channel uses lateral acceleration and yaw 
rate during flight at high angles of attack Lag-lead 
prefilters are used on the control stIck and rudder 
pedal signals. -

For the unaugmented airplane, the natural fre
quency of the Dutch roll mode is less than 1.0 rad/sec 
for angles of attack near 25° and greater than 77°. 
The damping ratio varies between 0 25 and 0 85. 
With the lateral-dIrectional control system active, 
the augmented natural frequency is slightly less than 
15 rad/sec at angles of attack between 14° and 18° 
and is less than 1 0 rad/sec above 82°. The damping 
ratIO stays greater than 0 40. The damping factor 

(€Wn) is increased by the control system at all angles 
of attack. 

For the unaugmented airplane, the roll and spiral 
modes merge to form a coupled roll-spiral mode for 
angles of attack greater than 18°. The damping ratio 
has a mimmum value of 0 094 at an angle of attack of 
40° With the control system active, the augmented 
spiral mode remaInS a dIstinct first-order mode with 
a minimum time to half amplitude of 2 7 sec at 
an angle of attack of 30°. The roll mode interacts 
with the filter used to estimate the rate of change of 
SIdeslip angle (In the directional channel) to form a 
second-order mode at angles of attack between 24° 
and 46°. The minimum dampIng ratio of this coupled 
mode IS 0.964. 

Thrust vectoring provides moments necessary for 
airplane control at extremely high angles of attack. 
The formation of pseudo control variables results in 
a system structure which IS divided Into lateral and 
directional components. Application of multivari
able controls design methodology produces feedback 
control loops which modIfy the airplane dynamic 
modes to make piloted control possible. Simulated 
responses to step pilot control inputs are stable and 
well behaved. For lateral stick deflectIOns, peak sta
bIlIty axis roll rates are consIstently between 1.25 and 
1.60 rad/sec over an angle-of-attack range of 10° to 
70°. For rudder pedal deflections, the roll rates ac
companying the sideslip responses can be arrested by 
lateral stick motions of less than 7 percent. 

NASA Langley Research Center 
Hampton, VA 23665-5225 
July 11, 1985 

References 
1 LaHman, FrederIck J Relatwe Control Effectweness 

Techmque Wdh Applzcatwn to Azrplane Control Coordz
nahon NASA TP-2416, 1985. 

2 Armstrong, Ernest S' ORACLS - A System for 
Ltnear-Quadratzc-Gausswn Control Law Deszgn NASA 
TP-1106, 1978 

3 Hartmann, Gary L , Hauge, James A, and HendrIck, 
Russell C F-BC Dtgttal CCV Fltght Control Laws 
NASA CR-2629, 1976 

15 



{ 
P} [-1.48 d ¢ 1.00 

dt r = .010 
f3 .342 

Variable 

P 
¢ 
r 

f3 
ay,cg 

16 

o 
o 
o 

156 

TABLE I LINEAR PERTURBATION SYSTEM 

[a = 20°, V = 59 m/sec (115 knots)] 

2.43 
364 

- 449 
-.940 

-5.92] {P} [1 44 
- Of7 ~ + -.lg5 
- 112 {3 001 

.254 
o 

- 425 
016 

235 
o 

039 
-.005 

614 
o 

-.033 
o 

ay,cg = -6 62f3 + [030 501 - 104 0 954] { J~ } 
8v,roll 
8v,yaw 

Variable Unit 
Unit 

rad/sec 8a rad 
rad 8r rad 

rad/sec 8n rad 
rad 8v,roll rad 

m/sec2 8v,yaw rad 

.656] { 8

a 

} o 8r 

167 8n 
- .062 8v,roll 

8v,yaw 

Range, 
rad (deg) 

±O 70{±40) 
±0.52{±30) 
±0.35{±20) 
±O 52{±30) 

±0.26{±15) 



TABLE II. MODIFIED PERTURBATION SYSTEM* 

[a = 20°; V = 59 m/sec (115 knots)] 

d ¢ 100 { 
P} [-1.48 

o 
o 
o 

.364 0 ¢ 0 2.43 -592] {P} [- 292 

-.449 - 017 r + .650 
o VJat 1.63] 

-.061 {Vdlr} dt r = .010 
{3 342 156 -.940 - 112 {3 -.024 - 001 

ay,cg = -6 62{3 - 1.42VJat - 052vdlr 

{ 

oa } [-9.82 330] Or -300 -.024 
On = 6.00 14.7 {~~:} 

Ov roll 0 19.0 
Ov:yaw -139 0 

*Umts of measurement are gIven in table I 

TABLE III. LQR STATE VARIABLE FEEDBACK GAINS* 

[a = 20°, V = 59 m/sec (115 knots)] 

{ 
VJat } _ [.308 .128 -1.44 
vdir - -.343 -.181 .777 

.785] {:} + [.110 

.139 r .341 
{3 

890 -.213 .577] {~; } + [.0114] 
244 .392 .608 rm .0083 Y3 

orp 

1 
rm = ~10rp -+ 5 

*Pm and rm in rad/sec; Y3 and V in m/sec; units for other van abies are given in table I. 

17 



18 

TABLE IV. MEASUREMENT VARIABLE FEEDBACK GAINS* 

a, Pseudo p, tTee , r, fay, Y3, Pm, Os 
deg control rad/sec rad/sec rad/sec m/sec2 m/sec frad/sec 
10 VIat -0.016 -0.33 -0.58 -0.022 0.013 038 0.62 

vdlr 0050 -1.51 -004 -0005 0.004 0.23 -032 
20 VIat 0027 0.85 §-O 78 -0.118 0.011 0.10 0.90 

Vdlr 0.054 -1.16 -033 -0.021 0008 0.34 0.25 
30 VIat 0.175 050 -113 -0180 0012 0.15 085 

vdlr 0.146 -1.28 -031 0001 0008 0.28 018 
60 VIat 0190 076 -059 -0188 0.013 0.22 0.78 

Vdlr 0.117 -1.40 #-0.02 -0025 0006 0.13 0.24 

*Gain elements remaining after the elimination process are given III boldface type. 
tSubstitute /Jest for Tee. Use equation (12) for a = 30° and equation (13) for a = 60°. 

rm, orp 
rad/sec 

024 1.02 
0.56 0.43 

-0.22 057 
039 0.61 

-0.22 0.61 
0.45 0.55 

-0.25 0.45 
0.52 0.48 

fThe lateral accelerometer is located 2.22 m forward of the center of gravity at the center of percussion. 
§Gain element was retained after eliminatIOn process, but substItute value of 0.3 was used instead of 0.78. 
#Value of 0 3 was used for consistency with gains for a = 30°. 
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