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This paper presents a simplified set of egquations
for calculating and optimizing regenerator geometries..
A number of competing parameters must be accounted for
in the design of a regenerator. To obtain high values
of effectiveness, there is need for a large surface
area for heat transfer and high heat capacity. The veid
voluge should be small to mafntain the pressure ratio in
the entire system. Moreover, the pressure drop should
be small compared to the absolute pressure. With the
assumptions made here, the calcuiations can be done with
a hand calculator .

. The equations -show that the optimum regenerator length

"~ hydraulic radius, and porosity are 1ndependent of mass flow
rate and the gas cross-sectional area is proportional to
the mass flow rate. It is shown that using gas gaps
between parallel plates produces a significantly better
regenerator than. 15 possible with packed spheres or screens,
pa*twcularly at temperaturas below approximately 50 K.
The improvement is due to enhanced heat transfer and the
flexibility in using a lower porosity in the gap configur-
ation. -
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i. Introduction

The regenerator is often one of the major Toss sourccs in regznerative-cycile refrigerators
It contrleses loss terms due to its 11m1ued heat transfer units, limited matrix specific heat,
pressure’ drop. dead vo1ume and axva] thermal conduction. An optimum design of these re-_
generators wouid significantly 1mprove the performanfe of the overall refrlgerator

The calculatvon of regenerator performance with varicus assumpt1on= has been discussed exten--ﬂ
sively in the literature. First order calculations assume the void volu@e in ‘the regenerator is
zero. Such calculations were first done by Lambertson [1) and Hausen [2] with graphs and tables
presented in the books by Kays and London.[3) and Schmidt and Willmott {4]. Second order calcu-
lations take into account the regenerator void volume bul neglect any pressure oscillation in the
void volume gas. These calculations have been done by Heggs and Carpenter [5], by Daney and
~ Radebaugh [6], and by cthers cited in these two works. A third'ordgf caiculation considers void
‘voiume in the regenerator and a pressure oscillation as seen by regenerators in regenerative~
cycle refrigerators. Gary, et al. (7] dvscuss such a third order calcu\ation where very few 35~

'sumptions are made,
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AN of the.cited calculations require the regenerator.geometri as the inpdtfparameter and:
compute the regenerator effectiveness. The problem facing the designer is how to determine the
optimum geometry without resorting to trial and error through such performance calculations.

. Such an approach can be very costly and time consuming, especially for third order calculations
where considerable computer time is required for each case. In tiis paper we discussAa simple
technique for determjnﬁng the optimum geometry associated with a desired value of regenerator
effectiveness. The technique reverses the “normal" first order calculations and computes the .
‘various geonetrical parameters that give the minimum regenerator void volume..  If the void'volume

is not. negligible a second 1terat1on should be done with reversed second or third order calcula- .
tions. ' : .

-

-2. Basis for optimization

In any opt1mlzat1on scheme 1t 15 1mportant to determIne the proper parameter to be opti-»‘ .
" mized. Most often the input power is minimized for a refrigerator with'a specified net refrxger-’lmf
“‘ation power. (In some applications, such as coo]ing SQUID s, the net refrlgeratzon power 1s zero
and the gross refrxgerat1on is used ent1rely for loss terms. Nevertheless. the' 1nput power is
still the gquantity to be minimized in SQUID cryocoolers.) It would appear that a general system
requirement would preclude a simple optimization of a s{ngle component like a regenerator, espeil C
cially when the regenerator may consist. of several stages Any exact‘analysis must consider the
entire system as a coupled system and various loss terms w111 necessarIIy be dependent on each
other7 However, Smith and coworkers [8-11] have found that > decoupled. approach to the 1oss terms
has resulted jn relatively good approx1mat1ons to the’ overal] system performance. In;the decoup-
led approximation the gross refrigeration power, Qr' is absorbed by several independent terms:

: Q, = énet:f-orad * éc‘+ dreddf QQ * éh * "':%’ :“ e "“f: i;,fi'.'(i).‘\uy

net rad is the radlat1on loss, Qc is tneAconddction 1055
is the loss due to regenerator 1netfect1veness Q is the shuttle heat loss due Lo the oscxl-

where Q 15 the net refr1gerat10n power, 6

a
lgigng displacer, and Qh is the loss caused by an excess enthalpy flow through the regenerator
during the hot blow for certain condltjons with a non-ideal 'gas. Another p0551b1e tern wou]d be
-one due to the pressure. drop; AP, in the system. That term would be used whenever Q
calculated from the pressure amplitude at the compressor.: If Q is calculated from the pressure
amplitude at the expansion space, then no such term would be used but the p*essure drop would }'
indicate the required pressure amplltude at the compressor ‘

"~ In the decoupied approximation'of eq. (1) thelentire systen is optimized by minimizing‘Q for
net _For an ideal gas Q = 0. For the second and third stages brad is often : :‘
negligible. The other terms, Q d. ., and Q are then usually of comparable valt\s when a m1n-w

- - reg
< imum Q is found, kaew1se the percentage loss due to a pressure drop, apP/P, will be. comparab]e

a fixed value of {

to the percentage loss of these other three term; The simplest appr0x1matlon for Q assumes an .
isothermal expan51on. If an adiabatic expansxon is cons1dered, Qr is reduced by approx1mate)y @’
factor of two [12]. ' ' S T
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~ In dimensionless form eq.(1) is'given as

et/ * Qoo 8, + reg/Q Q/Q, + Q4. *+ ... =1 @

For any particular refrigerator an experienced designer can then make reasonable estimates of
~-such terms as Q /Q and Q /Q and AP/P. For example, with an ideal gas in a cryocooler where
net/Q is to be small the aforement1oned terms may be approximately 0.1-0.2. Good estimates of
- these terms are the f)rst and most 1mportant step in the optimization of a regencrator. The per~
ffbrmance'dt the overa\i system is also affectéd.by'the void volume of the regenerator}.vrg.} A

! where V is the expansion space volume. The four terms

norma11zed voxd volume would be V g/V
/Qr, Q /Q Y AP/P and V /V are 1nterre1ated a decrease of one must cause an increase of

Qreg
another.

The baSIS for the optlmlzatIOn procedure descrxbed herein is to use Qreg/qr’ Q /Qr, and aP/p
as known input parameters and then find the geometry which gives a minimum V /V . At an early,
_1ntermed1ate point, the regenerator ineffectiveness assoicated uzth Qreg/q 1s calculated If
‘V /V << 1, then the input. parameters could be decreased to the point where V g/V becomes-

A; s1gn1f1cant If vrg/ve >> 1, then the three 1nput parameters must be increased. © If the values
:_are as large as they can be, the process probab]y is not feas1ble w1th the cond1tlons chosen,

‘f unless an abnorma11y large compressor is ‘used. The optimization done here is not fully rlgorous
'?;srnce estimates are- used for the 1nput paraneters and the effects of &P/P and V /V on the

- system are not fully quantwfted

_ The geometry of a regenerator can be divided into two components: (a) the configuration of
:'the packing, such as packed spheres, plates, tubes, etc. and (b) the macroscopic geometry, such

© as-cross-sectional area, porosity, length, and hydraulit vadius. The optimizatien procedure

. dfscussed here treats both components. The best configuration is the one which has the hlghnst _
-heat transfer rate for a fixed pressure drop. However, any conf1gurat1cn may be chosen and the
'optImvzatlon procedure then ‘gives the best.geometrical parameters. Pressure drop. and heat .
transfer correlations often incorporate the friction factor, f, and the Stanton number

e h/(m/Ag)cp.‘ ' (3)

where h is. the heat transfer coeff1c1ent n is the mass flow rate, Ag is the gas cross-sectional ~
;Earea and cp‘xs the spec1f1c heat of the gas at constant pressure. '

' F1gure 1 shows a plot of Nst §¢3 and f as a function of ‘the Reynolds number, 275 for one
particular conf1gurat1on,_an infinitely qug and wide gap.' The twq curves of Nsthr are fot the
case of constant heat flow and for constant temperature. Kays and London {31 providg the
correlations for gaps and several other configurations. The Prandt] number N is inc]uded to

- make the correlations valid for a wide range of fluids. For helium gas Np 0 666 under 1dea1

- conditions. '~ Note that both NstN§¢3 and f have nearly the same dependence on N.. For A
_ regenerators the curve of interest 1s;that of constant heat flow. The practica] difficuity'in'
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: achieving a uniform hydraulic radlus however, suggests the lower, constant temperature curve may
b2 more realistic. ‘ S

. we'define the ratio: .

nst~§¢3/f RON
A high value of o is desired since it gives a high heat transfer for a given pressure drop. (A
more quantitative argument is given later.) Figure 2 shows a as a function of the Reynolds nug-
_ ber for several packing configurations and for a constant temperature heat transfer. The data
are from Kays and London [3]. The two important points to note from these curves are (a) they -
are nearly independent of Reynolds number, and (b) a gap configuration has the highest o« - srg—
. hifitantly higher than that of a packed bed of‘spheres Because a is nearly independent of
Reynolds number, it becomes a useful parameter to use in calculatxons since there is no need to
-spec1fy the flow rate. ’
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Figure 1. Heat transfer and friction factor Figure 2. Rat1o of Heat transfer and friction
curves as a functwon of Reynpolds nunber for factor curves as a function of Reynolds number

-gas flow in a gap. ) for several configurations.

3. Optimization procedire

The: eqguations which are developed in the .ollow1ng sections describe the procedure to calcu-
late the actual dimensions of an optimum regenerator geometry. The development beg!ns by relatirg
Q /Q to a regenerator ineffectivensss. By using published performance curves for *egenarators,

a set of values for the number of heat transfer units per half cycle, Nt , and the ratio of nmatrix -
heat capacity to the heat capacity of the fluid that passes through the regenerator, Cr/Cf, can
be found that ylelds the correct ineffectiveness. Because an infinite set of values will yield
the same ineffectiveness, the goal is to find the éét of Ntu and Cr/cf values that gives thg gin-
inum V /V Expressions for the geometrical parameters of cross-sectional area, length,
poros1ty, and hydraulic radius are developed in terms of the optimized N and Cr/Cf~a6d ﬁﬁe
input parameters QC/Qr and 4P/P. The conf1gurat1qwal parameter o is used 1n the equationsvto
make them valid for ail Nr and to show how a maximum o produces a minimum vrglve'
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" Figure 3. Calculated vegenerator ineffec- " Figure 4. Calculated regenerator ineffec-

"tiveness for zero void volume. tiveness for a finite void volume but with no
- ‘ pressure wave. '

. 3.1 Performance curves

The effectiveness, &, of a regenerator is defined as the ratio of heat actually transferred
to the maximum possible heat transfer. The first optimization step utilizes the performance
curves as shown in figures 3 and 4.  Figure 3 shows the ineffectiveness, 1 - €, as a functlon of
Ntu and C /C The plot assumes zero void volume, zero thermal conductivity in the ax1al '
dxrectmon, 1nfin1te thermal conductivity in the radial direction, gas and matrix thermal
properties independent of temperature, constant inlet temperatures, constant flow rate, and
constant heat transfer coefficient The curves in figure 3 sre plotted from data in Kays and
London [3] mod1f1ed by. the appropriate change for our definition of N Figure 4 is for the
case of a finite void volume without a pressure wave [5 6] ATl other assuﬁptions are the same
as for f1gure 3. Other curves could be generated using fcwer assumpt1ons . Sincé the thermal
c0nduct1v1ty in the axial direction is taken into account separdtely v1a a decoupled loss term,
it should always be neglected in the performance curves.

For a predetermwned value of Q /Q a value of 1- ¢ can be calculated far a regenerator

. reg
operating beiween some upper temperature T and a lower temperature TL. By definition

1€ =G /Rty - HD, (5

where H is the enthalpy ber unit mass. Since refrigeration in a regenerative- cche cryococler
occurs cnly during one half-cycle, the refrigeration rate is given as ’

Qr = ﬁqr/z, (6)
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where q, is the heat absorbed per unit mass durlng the expansron process. Combining eqs. (5) and
(6) gives .

* £ = g/l )0, /204y - W) )

reg

As ‘shown in figure 3, a given ineffectiveness is satisfied by a wide rénge of Ntu and Cr/Cf
values. The optimum combination will become evident later, but we proceed with~the‘6ptimizati6n
procedure assuming that the best Ntu and Cr/Cf have already been determined. i

3.2 Gas cross-sectional area, Ag
A high- M in a heat exchanger is ach1eved by using a h)gh surface area, but the high

surface area w111 also lead to a large pressure drop unless the cross-sectional area is
sufficiently large. The pressure drop in the core of the regenerator is given by

e f(0/AL? L/2pr, - (8)

ngEe f is the friction faétpr,'L is the regenerator 1ebgth, p is the gas dénsity;iand n 15 the
hydraulic radius. Equation (8) does not consider the entrance and exit pressure changes associ-~
ated with acceleration and deceleration, but these terms are generally neg]igibie in a well de-
signed regenerator. By using the term « from eq. (4) the pressure drop 1n eq (L can be relsted
te the heat transfer by : )

4P = N N2/3

LS (n/A )2 L/Zupr _ (9,

By using the definition for Nst iﬁ~eq. (3) and the following definitions
N

by = hA/f}lcp_ ' (10)

]

Ty = LAA, (11)

where A is the total heat transfer area, we can express Ntu in terms of NSt as

Ny = Ngl/ry, (12) -
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Rearranging eq. (12) and substituting into eq. (9) for Nst allows us to write for the gas
cross-sectional area '

2/3

2 /2a06P T2, (13)

hg/m = [NtuH

Equation (13) is one of the most important equations in the design of a heat exchanger,IWhetner
it is regenerative or recuperative. It gives the gas cross-secticnal area needed to achieve a

given N, for a fixed value of AP across the exchanger. Equation (13) also shows that Ag should

be Iinezgly proportional to m and that a large o means a small Ag. The term a is nearly constant
for a given heat exchanger packing and is taken-frem figure 2. An average value of p must be
used when large temperature differences occur from one end to the other. In dealing with a mass
flow rate that is rot constant, e.g. sinusoidal flow, the average m should be used to determine

Ag. Likewise the AP then corresponds to the average @ and not the peak.
3.3 Regenerator length, L

‘Equation (13) shows that Vm could be made as small as desired by uéing a short vegenarator.
However conduction in the régenerator would then become large. We now calculate the length
assoicated with the given value of chér. By definition

T
. u ’
Q. = (A0 '/T‘L kdT, (14)

where Am is the regenerator solid or matrix cross-sectional area and k is its thermal conductiv-
ity. The term Am is related to Ag through the porosity ng by

ng = AR+ A). - (15)

Eqﬂations (15) and (6) are substituted into eq. (14) to yield’

2(A /m)(1 - n_) [kdT
L= 4 ! . (16) -
nar(Q./Q,)

For some packing configurations n_is fixed, such as packed spheres or stacked screens. In those
cases, L can then be calculated from the known input parameter Qc/Qr. For other configurdtions{
such as gaps, the poresity is entirely flexible and L cannot be calculated until the porasity is
first calculated. %ote that eq. (16) also applies to either recuperative or vegeperative heat
exchangers, since the Cr/Cf term has not heen used.
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3.4 Porosity, ng

In configurations where the porosity is flexible, additional matrix heat capacity can be
obtained by adding more matrix material and still keeping Ag constant. However, at some point
conduction effects become important. The regenerator matrix heat capacity is given by o

Cr = Vmpmcm. a7
where Py is the matrix density, Cn is the matrix specific heat, and Vm is the matrix volume
V =AL. (18)
Equaticn (15) is used to express Vm in terms of Ag by
vV = A L(1 - ] 18
m = Agt( ng)/ng » (19)
Substitution cf ed. (19) into eq. (17) gives
Cr = pmcmAgL(I - ng)/ng. (290)

The heat capacity of the fluid that passes threugh ihe regenerator is

‘“}7 Ce = mcpr/z = mcp/Zv, (21)

. where 1 is_the period of one cycle and v is the frequency of operation for the regenesrative cryo-

cooter. The usé of eg. (21) now restricts subsequent results to regenerative heat exchangers.
When eq. (20) is divided by eq. (21) and rearranged the resuit is '

ng/(1 = ng) = 20(pye )(A /IL/C(C /T, (22)

For simplicity in subsequent calculations we define X as
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Tx
"

- 23
ng/(l ng) (23)

or

n X/(1 + %) (24)

g
The length in eq. (16) is substituted into eq. (22) to yield

v(p,c ) kdT %
Cpap (/€ QA

(25)

X = Z(Ag/é)

In calculating ng the ratio Cr/Cf is assumed to be known from the performance curves in figure 3,
although any combination of ”tu and Cr/Cf can be used. The optimum combination is yet tg be
determined. Equations {24) and 425) show that the poresity is independent of the refrigerator .-
capacity since (Ag/h) and the other terms are independent of mass flow rate. Likewise the 1ength h
in eq. (16) is independent of mass flow rate or refrigerator capacity. Also, the pcrosity
equatfoh applies to the case of variable porosity. The prapeﬁ tecﬁn}que for dealing with a fixed
porosity is discussed in section 5.

3.5 Regeneraior gas voluma, V',g
Hith Ag and L already determined, Vrg is easily calculated... However the ratio Vrg/\fe needs to be
calculated to determine what effect Vrg will have on the system. The volume of gas in the
regenerator void space can be given by ’

\/r‘g = RV (?G)
The matrix volume can be expressed as
Ym = Cr/pmcm, (27}
which means eq. (26) becomes
V'_g = XCr/dmcm. (28)

185



The expansion space volume is given by
v, = Cf/pecp, (29)

where Pe is the density of gas in the expansion space. The term Pe should be evaluated at the
temperature and pressure of the expansion space at the time of flow reversal. For a first approx-
imation the lower temperature TL and the average pressure arc used. From egs. (28) and (29) the
volume ratio becomes Lo )

vrg/ve = X(Cr/Cf)pecp/(pmcm) (30)

This simple expression for vrg/ve is useful when X has already been calculated. VHowever. since
the optimum Ntu and CP/C have not been selected, we now develop an expression for V /V in
terms of N and c /C We substitute eq. (25) for X into eq. (30), and at the same t\ne eq
(13) is used for A /n in the expression for X. The resultant volume ratio becomes

2N, (C /Cf)N2/3oc frat 1%
Vrg/ve = Po p (31)
A apéqu(Qc/Qr)(pmcm)

It now beccmes clear how V /V depends on the various input and material parameters and the
packing conflguratvon The vo]uve rat1o is minimized when the conf:guratlonal parameter o is
largest. Figure 2 shews that gaps offer the largest o for the configurations compared. The
authors are unaware of other configurations with a higher a. ‘of course, the equations derived
here are valid if one cheoses to use a conf1guratxon with a smaller a. In regard to matrix
material parameters, the ratio [Ide/(p ( )] should be minimized. The input parameters 4P/P and
Q /Q should be made ]arge to reduce V /V but they cannot be made larger than about 0.1-0.2.

A minimum value for Vr /Ve is obtained when the product Ntu(cr/Cf) is a minimum. Figure 5
show; curves of Htu(cr/cf) Vs, (Cr/Cf) for various values of ineffectiveness. We see from figure
5 that cr/Cf = 1.8 gives a minimum in Ntu(cr/cf).for all values of 1 - ¢ shown. The curves of
figure 5 are subject to some uncertainty since they were derived from the graph in figure 3 rather
~than using numerical calculations. Fortunately the minimum in Ntu(cr/cf) is fairly'broad s$C some
uncertainty can be tolerated. The calculation of (Ag/é), L, ng, and Vrg/\!E is now done using the
optimum N,, and Cr/Cf combination from figure 5. ’

For an ideal gas and isothermal expansion we have

= P/RY 32
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Figure 5. The Ntu(cr/cr) nroduct for several values of regenerator ineffectiveness

from the case of zero void volume.
Pe = P/RTe . (33)

a, = RTEn(P,/P,), (34)

where R is5 the gas constant, P is the avefage pressure, Ph is the high pressure, P2 is the Jow
‘pressure, and Te‘is the expansion space temperature. (Usually Te = TL)‘ “Then eq. (31) becomes

[ 2, cc/c w2 3¢ tofkar % .
vm:ﬁ-“’"fp‘”" (35)
rg e T "
e | Tealo,c, )4 /8,0 (0P/P) (P /P,)
for an ideal gas and isothermal expansion.
Equation (35) shows that the volume ratio is independent of pressure and
will increase as -the temperature Te is lowered. For the optimum (Cr/Cf) = 1.8, the
ineffectiveness is approximately
- -0.9
1-¢= 2.1Ntu . (3§)
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for_Htu > 50. The tern Ntu-is theq proportional to (1 - e)'l'1 and using eq. (7) for (1 - €)
shows Ntu is proportional to (Oreg/Qr)-l'l. The denominator inside thg brackats of egs. (31) and
(35) subsequently centains the three input parameters in the form of (Qreg/br)l'l(chéf)(AP/P).
Such an expression would suggest that (§ /Qr) should be larger than the other terms for mini-

mizing Vrg/Ve‘-

reg

There may be instances where the total regenerator volume is to be minimized. This possibil-
ity may 6ccur when there are externsl packaging constraints or in cases where no pressure wave
exists. For instance, regenerators used in magnetic refrigerators operate at constant pressuyre.

'Here, the void volume is often of Yittle concern. Qf more importance is the total regenerator
volume, since it may need to fit inside a magnetic field region. The total regenerator volume,

vrt‘ can be expressed in reduced units by

Vrt/Ve = Vrg/vengf (37)

The use of eqs. (24), (25), and (30) leads to

2/3 &
v = pe(Cr/Cf)Cp N 2Mtu(crlcf)ﬂpr vCpfde.
rte ey ° apaPa Q8,2 (0pe )

(38

The first term on the right hand side of eq. (38) is the reduced matrix volume and the second
term is Vrg/Ve of eq. {31). It is now apparent that the minimum in Vrt/Ve occurs at a smaller
value of (Cr/cf)'tnan the 1.8 used for vrg/ve,'and the Ntu will be higher than for that case.

3.6 -Hydrah1ic radius

Here we derive the hydraulic radius and other characteristic dimensions of the regenerator

packing that must be used to give the desired Ntu in a regenerator with a length and

cross-sectional area as praviously calculated. When both sides of eq. (12) are multiplied by
2/3
N

or and rearranged, the result is

W w23 2y y2/3

st pr tu pr-rh/L' (3%

The Reynolds number is defined as
Nr = 4rh/u(Ag/m), (40)
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where p is the gas viscosity.

For every geometry of interest there is some function g where

2/3 _
Noghor = a(h). (41)

Equations (3%-41) rebresent {hree eqﬁations in the thfee unknowns, Ty “r' and Nst”§¢3 that must
be solved numerically in the general case. When g is in graphical form, the solution is easily
found by trial and error. For a chosen value of pe €Q. (39) is used to find Hst"§¢3' The_samé
value of S gives Hr fro@ eq. (40) which in turn gives a value of Nst”§¢3 from the graph of eq.

(41). 1f the two values of NStN§£3 do not agree, another value of s is chosen until the twq

2/3
Nsthr velues agree.

‘For laminar flow, eq. (41) is

2/3 _
N_Sthr = a/Nr’ (42)
-where & is a constant depending on geometry. For infinitely wide and long gaps with constant
temperature heat transfer, a = 8.5. For infinitely long tubes, a = 4.2. Equations (39), (40),
and (41) are solved then by 4

alu(A /a) |7

o | e - (43)

Ntu ‘Br

In the high-performance heat exchangers discuésed here, thé flow is usually laminar. The value
of o in figure 2 can be refined with Nr if necesszry. Since a is only a weak function of Nr'
further iterations may not be necessary.

The characteristic dimension of a heat exchanger may be expressed in terms of the»hydrau]ic
radius. They are given for various geometries as ¥vollows: '

Cad
#

Zr,  gap thickness (46)

[-%
IH

ar, " tubaz diameter _— (45)
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d = 6r /X sphere diameter (46)

4rh/X wire diameter. (47)

o
]

for a gap configuration the thickness of the plates that comprise the matrix is
ty = tg/X (48}

For all of the preceding calculations to be valid, the thermal penetration depth A must be
large enough to penetrate throughout the matrix. Ffor a semi-infinite plate the thermal penetra-
tion depth for sinusoidal heat flow is .

A= [k/(pmcm)nv]5. (49)

For a set of stacked plates with gas on both sides we require ~

t, <2 (50)

3.7 Equation summary

As an aid to computations fer regenerators, the significant steps and equations are summarized in
the order necessary for a regencrator with flexible pcrosity. '

1. Determine largest input parameters { /Qr‘ Qc/ér‘ 4P/P the overall system can tole-

reg
rate.

2. Evaluate'system and materia{ parameters-v, TU’ TL’ %, P, Qs P Py cp, Npr, M, (pmcm).
and fkdT. '

3. Ineffectiveness: 1 - & = ({ 7§39, /2CH, - H).

reg
4. From figure 3 or 5 determine; Ntu at Cr/Ff = ;.8.'
5. Dgﬁefmine packing parameters o from figure 2 and Yaminar coefficient a in eq. (42).
6.. Gas cross-sectional area: Ag/ﬁ = [NtuNiﬁs/ZupAPlk.

- 7. Porosity:‘ ng = X/(1 + X),

v(pmcm)fde
(€ /C)(4.4,)

X = Z(Ag/m) -
p
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: M, N7 30(p ¢ ) fkaT K '
(in original -parameters) ¥ = 2 P d — . -(51)
ZapAPCpQr(Cr/Cf)(QC/Qr) -
8. Regenerator gas volume: vrg/ve = X(Cr/Cf)cppe/(pmcm).
[zntu(c 7R 3c Jiar] ®
(in original parameters) Vrg/ve = r 'p P
' 1 apaPa Q14,000 /ce)
9. Regenerator length: L = Z(Ag/é)Jde/er(Qc/Qr).
¢ (€ /C ket T¥
(in original parameters) D - (52)
v(pea)a,(8./Q,)
| alu(a /i) T
10. Hydraulic radius: L ““‘“%75“‘] , laminar flow.
‘ 4N, N
tu pr
y C (CP/Cf)fde %
(in original parameters) ry = (a) P 373 (53)
i .

- 20paPHy N v(pgeg)a,(Q./0,)
11. Reynolds number:. N_ = th/u(Ag/é)
© - "Recalculate ry if flow not laminar.
12. Reevaluate «. If necessary, repeat from step G..
13. For gaps: tg =20, b = tg/X

14. Thermal penetration depth in plates: A = [k/(pmcm)nv]k.
sinusoidal flow.

15. Chack to see if: tm < 2A.
If not, increase v to decrease t

16. Ervor check: (a) &P = fL/Zprh(Ag/é)z,
with f from figure 1 or similar curve.
"Calculated value should equal input value.

(b)vrg/ve = Z(Ag/m)Lupe,

should be same as from step 8.
4. Example solutions

The solution to the design equations can best be illustrated through some examples. In the
design of a cryoccooler for a SQUID, nonmagnetic and nonmetallic parts need to be used in the cold
parts to prevent magnetic noise. The regenerator material chosen for this jllustration is G-10
ffberglass epoxy. Even though its volumetric heat capacity is small compared with lead and other
regenerator materials, its very low thermal conductivity gives it a desirably small value of
k/pmcm,‘the important material parameter which appears in eq. (31). In fact G-10 may have a
lower k/pmcm than Pb~5% Sb although k for the latter has not been measured.
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The parameters ~hosen for the example solution are given in table 1.

Table 1. Input parameters for exampie solutions -

1-¢= 0.01 (Qreg’/or = 0.22) Ty = 4T,

OC/Qr =0.1 a = 0.35 (gap)

AP/P = 0.05 regenerator material: G-10
P=0.5Ha fluid: ideal helium gas
PH/P2 = 2.0 isothermal expansion

The temperature T.L is allowed to vary from 4 K to'IOO K to evaluate the temperature dependence of
the optimum geometry.” The upper temperature TU of the regenerator is assumed to be 4TL, which is

R

‘;ypjchx for cryocoolers. Such a dependence of Ty on T, means that eq. (7) may be written as

- ¢ = \ /
1-e=(Q,,,/Q09. 76T (54)
for the case of an ideal gas. Also, for an ideal gas q, from ea. (34) can be substituted into

eq. (54), and for the normal case of Te = T,, we cbtain

L

1-¢= (Qreg/ﬁr)RBn(Ph/Pz)/sch (55)

For the input parameters in table 1, (Qreg/ér) = 0.22 from eqg. (55). o

The material parameters needed in the calculations are (pmcm) and fkdT. Figure 6 §hows
(pmcm) for G-10 fiberglass-epoxy, Pb [13], and GdRh [14]. The alloy Pb + 5% Sb is commeniy used
as a regenerator material and GdRh i5 a potential regenerator material because of its high speci--
fic heat (p c ) at low temperatures. The thermal conductivity of G-10 is the average of the paral-
lel and perpendicular heat- flow directions from the work of Kasen, et al. [15]. Table 2 gives

representative values of (pmcm), k, and [kdT used in our calculations.

For the ideal helium gas we use cp'= 5.19 J/g-K, R = 2.077 J/gK, Npr = 0.666. The viscosity
values from KcCarty [16] are nearly independent of pressure over the range we have considered and

-6:0.65

are approximated by p = 5.0 x 10-6 +4.6 x 10 °T g/cm.s over the range of 10-300 K.

Figure 7 shows (A /m) and the length of the regenerator as a function of TL fdr three differ-
ent frequencies. The term (Ag/&) is independent of frequency. The porosity, ng, and the volume
ratio, Vrg/ve’ are shown in figure 8. '

Note that the optimum porosity is on the order of 0.01 for TL = Sk. Such a low porosity
allows a large volume of regenerator material to be used to obtain a reasonably high total heat

capacity. The volume ratio Vrg/ve is insignificant at higher temperatures and remains smaller
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Figure 6. The volumetric heat capacity of candidate regenerator materials.

Tsble 2. Thermal properties of G-10 fiberglass epoxy

A T

T PoCh k Jg kdT
(X) (J/cm3 -K) (W/em-K) (M/cm)

5 0.0058 0.815x10™3 2.00x10™3
10 0.0255 1.24 x1073 7.23x1673
20 0.078 1.73 x10~3 22.3 x1073
50 0.245 2.66 x1073 89.1 x1073

100 0.520 3.76 x1073 251, x1073
200 1.10 . - . 5.53x107 718, x107°
300 1.64 7,17 x10°3 1355, x1073

than 1.0 evén at TL = 5K. For the case of v = 1 Hz the volume ratio is small enough that the
assumption of zero void volume in the performance curve of figure 3 may hold. For higher fre-
quencies, a more realistic performance curve probably should be used for the lewest temperatures.
The small values of Vr /Ve also imply that the entire précess for refrigeration at 4-5 K is feas-
ible with an ideal gas. (Calculations for a real gas are easily done but are not shown here.)

Figure 9 shows the gap and matrix thicknesses as a function of TL‘ Shown for comparison
with the matrix thickness, tm’ is the thermal penetration depth, 2A. Ffor all cases except at 1
Hz and the lowest temperature t << Z2h. When tm = 2\, there will be a slight degredation in re-
generator perfcrmance because the term Cr will be reduced. The gap thickness has a slight depen-
dence on temperature and is in the range of 10_3 cm.  An extremely small tg could present some
prattica] problems in the construction of the regenerator. The Reynolds number alsc is very
small - in the range of 10-200 - with higher values occurring at lewer temperatures and lower
frequencies. '
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Figure 9. The calculated gap thickness, matrix thickness and thermal penetraticn depth in the

regenerator with conditions in table 1.
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5. Comparison of gap and packed sphere configurations

Packed spheres are commonly used for regenerater packings since such regenérators are sieple
to make. However ¢ is significantly lower for packed spheres than for gaps. Also, the porosity
of packed sphéres is fixed at about 0.38, which is much higher than cptimum for temperatures be-.
low about 50 K accerding tc figure 8. In this section we show how much inferior a packed sphere
bed is in comparison with the gap configuration. Of course, the packed sphere bed still has the
advantage of sizplicity. For a fixed ng, eq. {51) is solved for the ratio Ntu/(Cr/Cf). The
opticun values for N, ~and C /C. are found by simuitaneous sojution with the Ny (C,/Ce) curves of
figure 5. This approach maintains (éclér) at the fized input of value. Included in the
assumptions is that fkdT for spheres is the same as for the bulk material. After Htu and C'_/Cf
are determined, thz parameters Ag/m, L, Vrg/vc' and r, are calculated from the appropriate

equations.

v
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Al Al ¥ 1 A LRI L) ¥ 3
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- 3
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Figure 10. The reduced regenerator gas volume for gaps and for packed sgheres. See test for
details ef packed-sphere curves.
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Figure 10 shows V. g/S for both packed spheres of G-10 anﬁ gaps betwe&n plates of G-10. At
higher temperatures the difference betwezen the two sets of curves js wainly due to the higher @
for gabps. At lowar temperatures the much smal]er vrg/V for gaps is due to both the h1gher a and
the lower porosity. Also shown in figure 10 for packed spheres is the curve labeled H = 378,
which is the value used for the gaps. At higher temperatures this curve gives a lowef V
because Qc/()r is greater than 0.1. At lower temperatures the reverse is trus, and chér is less
than 0.1. Yherever the packed-sphere curves are below the ﬂtu = 378 curve, the Htu is greater
than 378. In fact, for tgmperatures less tham 15 K the ﬂ is rapidiy epproaching nuzhers as
kigh as 10 . @ practical icpossibility. Even an Htu of 378 o2y ba dif!!cu)t to achieve in prac-
tice without extreze care in making all flow channels the same size. If a smaller fkdl is used
in the calculations of the packed puwder, an even higher Ntu is needed for the optimum condition.
However, the reduction in Vrg/ve §s insignificant at temperatures below about 15 K. The ﬁtu =
378 curve should be considered a ]ower practical limit for ihe vrg/Ve of the packed spheres.

6. Conclusions

A simple scheme for optimizing regenerators in cryocoolers has been developed which uses the
systea loss terms, Qreglér' chﬁr. and AP/P as input parazeters. Any set of regenerator perfor-
mance curves can be used, although the exawples discussed here use the simplest one of rero void
volume. A set of equations were developed to determine the regenerator geometry that yields the
@mininun void volume.  In comparison wwith other packing configurations It s shown that gaps be-
tween paraliel plates is the best, producing regenerator dead voluses one to two orders of magni-
tude smaller for temperatures in the range of 5-10 K. It is shown that G-10 fibergiass-eboxy is
a favorable material for 2 multiple gap regengrator because of its relatively low k/pmcm ratio.

The authors are grateful to Dav1d Daney and James Zimmerman, both of HBS, for some valuable dis-
', cussion; Deb'a Schlender is acknowledged for careful preparation ef the manuscript.
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8. Nomenclature

Engfish letter symbols ST units

A regenerator total heat transfer area m2

Ag _gas- cross-sectional -area ’ e

Am matrix cross-sectional area mz

a geometrical constant for laminar flow

Ce heat capacity of fluid passed through regenerator I/

C; heat capacity of regenerator matrix J/K

cvoid heat capacity of gas in regenerator void volume J/K

€ ' specific heat of matrix J/kg-K

cp specific heat at constant pressure of gas J/kg-K

d tube, sphere, or wire diameter : m

f friction factor

H., "L specific enthalpies at Tu and TL J/kg

h heat transfer coefficient w/mz»x

k thermal conductivity of matrix W/m-K
length of regenerator m

n mass flow réte of gas through regenerator kg/s
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Prandt) nusber, a fluid properties modulys

=

N:r Reynolds aumher, a flow modulus

Nst Stanton number, a heat transfer modu]us‘
Ntu Kumber of heat transfer units per half cycle
ng porosity of vregenerator = Ag/(Ag + Am)

P average prassure

Ph, P2 high and low pressures

B
o

pressure drop in regenerator

conduction heat loss
Aenthalpy deficit loss

net refrigeration power

(2]

O L0 e
=3

Tnet

Qr gross refrigeraticn power

?rad radiation heat loss

Qreg regenerator loss

QS shuttle heat loss

a, heat absorbed per unit mass during expansion
R. gas constant

™ hydraulic radius (LAQ/A)

Tei expansion space tesperature

TU, TL upper and lcwer temperatures of regenerator
gap thickness

t

t: thickness of plates in gap regenerator
Ve raximum expansion space volude

Vm matrix volume

Vrg reganerator void volume

vrt regenerator total volume

X

_porosity parameter (ng/(l;ng)]

Greek letter symbols

22

o ratio of heat transfer and friction terms (NSthr /1)

€ regenerator effectiveness

1-¢ regenergtor ineffectiveness
thermal penetration depth in matrix - . -
gas viscosity
cycle frequency
gas density in regenerator .

e gas density in expansion space

o matrix density
period of one cycle

o U D VP < T >
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