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1. INTRODUCTION

The time—dependent compressible Euler equations are a hyperbolic system

of five conservation laws

3
(1.1) u + L (£,) =0, ue ®.
1=1 i
In spherical coordinates (r,0)€ Rt x Sz, the equations assume the following
form
1.2 +1 5 ( +1in =0
( . ) ut + F(e)u)r ? izl Gi eau)ei ? (B,U.) = .

Since they are rotationally invariant, there exists K(§) such that

K™ F(6,Ku) = F(u)

K1 G, (9,Ku)

ai(u)

- -1 ~
-1 Ke1 G, (8,Ku) + K "(8)H(0,Ku) = H(u)
i
for some ¥, ﬁi, . Then, by setting u = K(g§)v we can express (l.2) as

(1.3) v + (FW)_ + 1] ci(v)ei + L H(v) = 0.

For convenience we suppress the tildas in (1.3). A similarity solution of

(1.3) depends only on s = %5 ® and satisfies

(1.4) (F(v) = sv)_ + é-(G(v))e +LH(W) +v =0



where

Gy, =] (G,
6 178,

or, in nonconservative form
[F (v) - s)v + E-G (v)v,. + l-H(v) =0
v s s v 8 s ‘
Let L(v)Fv(v) = A(v)L(v) with
Al(vz 0

Av) = . .

If we multiply by L(v) on the left

- 1 1 -
Suppose one substitutes
(1.6) v(8,s) = v, + evl(a,s) + 32 vyt oeee

into (1.5), with vy a constant solution. Then Vl(e’s) will satisfy the

linear equation
(AGv) = s)Lv)(v,)_ + = L(v)C (v.)(v.), + = (LH) (v )v. = O.
0 0 1%s s 0"v'0 1’9 ) v 071
Suppose we had the appropriate boundary condition, and subsequently

solved the boundary value problem for v;. Note that the system degenerates

where s = kj(vo), j = 1,ee¢,5; therefore, one suspects the solution



vl(e,s) will develop a singularity at that point. Later we will see that the
singularity is typically of the form s - xj . This shows that Vi blows

s
up at A and therefore the expansion (l.6) is no longer valid when s 1is

3
too close to Aj. In our case "too close" means within sz.
In order to see nonlinear phenomena such as shocks and expansion waves,
one needs to let s vary near xj. Thus we are led to an ansatz different

than (1.6).

Near an eigenvalue kj(vo) we rescale

[47]
i

2 —
= A (v) + svxj(vo)-vl(e,xj(vo)) +e s
and we let

(1.7a) v

it

vy * evl(e,xj(vo)) + e2 7(0,8) + eeen

Note that if

v,(8,8) = vl(e,xj(vo)) MCRENCN) V(0 + eee
then in the expansion (1.6)

(1.7b) V=gt evl(e,kj(vo)) + efs - Aj(voi Vl(e) T oeee,

Our application is the shock-wedge diffraction problem in two dimensions
(Figure 1.2). We will substitute (l1.7a) and solve for Vv explicitly by
matching its boundary values with the third term in (1.7b), which is obtained
from Keller and Blank [l1] where the solution to the linearized problem is
given. The term v will capture the position of the diffracted shock, within
the order of approximation. It will contain vorticity generated by the curved

shock. The O0(e) approximation, Vs is too crude to see such effects.



To be specific we consider the isentropic, two-dimensional Euler

equations in polar coordinates and self similar form (see (l.4)):

p(R = r) pO p PR
(1.8) p(R=1)R +p +-% pOR +1 pR +-% pR2 - p@z = 0.
2
p(R - 1r)o r p0” + pfl 00 2p6R

sz + y2 ~-1

Here r = T , 6 = tan -%,
R cos B sin 6 u
= b
0 -sin 6 cos 6 \

and the equation of state is p = ApY.
The assumption of constant entropy is no loss of generality because the
changes in entropy are of order lower than the order of our approximation.

Differentiating (1.8) and simplifying

R - r 0 o o] o o o s
2 1
L R-1 0 Rl +={o0 0 0o |Ir
[} r
2
o 0 R - r|o] L - |
T Tr P il

(1.9a)

[T )



Multiplying on the left by the eigenvector matrix

c o 0
c  -p o},
0 0 1
R-r+c 0 0 c p Ol)o
0 R-r-c¢ 0 c  -p
0 0 R-r 0 1
r
1.9b) - B RN B 0
( ) co p0 cp o 0 cp -p0 pT
+ l- co -p0O c R{ + 1- 0 c e R =0
= p P = PP .
CZ
| - 0 of| o] 0o 0fle

Consider now a weak shock impinging on a wedge so that at time ¢t = 0
the shock reaches the wedge., The initial values at t = 0, comprising of the

states ahead and behind the shock, are shown in Figure l.1.
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Figure 1.1

The problem above could be viewed as the simplest Riemann Problem in two
dimensions that cannot be reduced to one dimension. A Riemann Problem is an
initial wvalue problem with piecewise constant states and straight
discontinuity interfaces. The existence of a solution remains an open
question; however, it is presumed the solutions are of similarity type. We
wish to obtain the first few terms in the uniform formal asymptotic expansion
approximating the similarity solution in Figure 1.1. The solution 1is

symmetric about the real axis. 1Its upper half plane restriction 1s shown in



similarity coordinates in Figure 1.2. It consists of the reflected shock

(SR) which interacts with the expansion wave E and curves into the
diffracted shock Spe

The state (2) behind the reflected shock 1s constant and could be
obtained exactly, together with the shock angle, from shock polars [4]. We
only need the first two asymptotic terms which we derive in Section 2. The
curve separating state (2) from the expansion wave is characteristic, and the
solution is expected to have a gradient discontinuity across it, in analogy

with the one-dimensional rarefactions.

S, (0
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Away from the '"corner" where E meets Sp, we scale the radial variable
in accordance with (l.7a) and obtain the asymptotic behavior of Sp and E.
The region where E meets 8 requires a special ansatz where one needs to
scale © appropriately as well. This is to be expected since changes in the
tangential direction are substantial there., As a result we obtain a transonic
equation, resembling the small disturbance equation in steady flows, for which
we can provide boundary condition by matching with the outside. Solving this
boundary value problem analytically, or even proving the existence of a
solution, remains an open question, One encounters difficulties analogous to
the boundary value problem for the small disturbance equation.

Hunter and Keller have applied weakly nonlinear geometrical optics, [2],
to the shock-wedge diffraction problem [3]. Their ansatz makes use of
additional fast varying variables in analogy with the geometrié optics
construction for highly oscillatory solutions. This method, however, did not
apply to the interaction at the "corner" (see Figure 1.2). In contrast with
[3] we consider the equivalent boundary value problem for the pseudosteady
solution in similarity coordinates and systematically match asymptotic
expansions in which the original variables are rescaled to reflect nonlinear
behavior. This way we can obtain the uniform asymptotic behavior over the
whole space.

We mention that in one space dimension DiPerna and Majda [5] have

justified the weakly nonlinear geometric optics construction.



2, SHOCK REFLECTION
Here we will obtain the first two terms in the asymptotic approximation
to the shock reflection at the wall (see Figure 1.2). The small parameter,
throughout this paper, is Lo . c¢o From normal shock relations, one easily

o
computes that for state (1):

(1
2——‘=1+g
Po
(1) _
2 =g+ x—z—é 2 + 0(e?)
0
(2.1) v oo
(1) - -
2 =1+ X0 Lo+ & l)gY 3 24 o)
0
SI + 1 2
""-=1+X—r€+0(s)
0

where S; 1is the speed of the incident shock.

We will now show how to obtain the asymptotic terms for state (2). The
first term is simple and easy to compute. It corresponds to the linear theory
of reflection. In particular it shows that the angle of reflection equals the
angle of incidence. The second term is rather tedious to compute,

We rotate the plane so that the wall becomes horizontal (see Figure 2.1).

The Rankine-Hugoniot conditions across the reflected shock in Cartesian

coordinates are:



-10-

p(u - xo) pv
(2.2) sin B| pu(u - xo) +p + cos B puv =0,
2
pulu = x4) pv- + p
Sr Sr

where x; 1is the velocity of the incident shock along the ramp, B 1is the

angle of reflection and the subscript at the brackets denotes a Jump at the

reflected shock.,

Figure 2.1

From (2.1) we obtain the rotated velocities for state (1):

(D) _ -
2 = (e +.I_E;2 ez)cos 6 + 0(63),
0
v(l) Yy=3

-(e + —— ez)sin ag + 0(e3),
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and
*0 1
T s

o
(2]
=]
7]
R

For state (2) we set

(2)

P - (2) 2 (2) 3

-p—(;———l"'spl + ¢ pz +0(€),
(2)

20 =1 + Euiz) + ez uéz) + 0(63),
@) .o

and

tan B = tan BO + ¢ tan Bl + 0(52).

Substituting in (2.2) we obtain the O0(e) equations

sin BO(—sin2 ag = cos ag u§2) + piz)) =~ cos By sin a; cos ay =0

(2) _ () _
uy cos o4 Py 0

(2)
1

sin B, tan oy + cos Bo(l -, )=0

and the solution
(2) _
Py 2

W2

1 2 cos a
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After some algebra we obtain the following equations from 0(32) terms:

-922) (2) y ~ 7

cos ag =u, T+ tan @y sin a5 tan 8, + cos a —5— = o,
(2) “52) 2 5-3

i) *mg”si“ ag * =+ =0,

-péz) + tan g tan 31 + sin2 ay ~ cos2 ay +2-vy=0

from which we can obtain the solution péz), ugz), Bl’ as long as 0 < o <-%.
For simplicity of notation we won"t write them down explicitly, In the

‘original, unrotated coordinates:

p(2)

2) 2
el 1+ 2¢ + pé )e ’
0
u(? 2 ) 2
=2 cos a,ec+cosa,u € ,
<o 0 0 2
(2)
(2.3) ZO = 2 sin ay cos ay € — sin a; uéz) 2,
(2) -
C 14 (v - De+ (5 0 +lh (v - Dy - 1),
0
2
tan g = ¢, + ay + € tan B, + 0(e™),

g = angle of Sp with wall, and from (2.1) and (2.3)
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(1)
i i) 2
0
(1)
(2'4) R——‘ = R(i)€ + R(i)ez + eee
cO 1 2
(1) .
RSN D SN € SN vee,  i=
c 1 2
0
and
1 i=1 0
i
p§ ) - , pgl) =
2 1i=2 péz)
cos 8 i=1
(1) _ (i) _
R1 = , R2 =
2 cos a, cos(9 ~ ao) i=2
~-sin 6 i=1
(1) _ (1) _
Ol = , 62 =

4
[\~

-2 cos g sin(e - ao) i

where p§2)’ Rgz), ng) can be explicitly computed.

1,2
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3. INTERIOR ANSATZ

We start with an "interior" approximation analogous to (l.6):

r —
.0 F

0
D__=1+€;+€;+...
o

(3.1)

%—=g§'+ E2 R 4+ eee

0
%— = €6 + ez 0+ oo,

0

Substituting in (1.9a) and collecting O0(e) terms, we obtain the linear

equations
TP 4R 4L (@ +D =0
r r r
(3.2) 5 -TR =0
r T
_—6_+é_6=0’
r r

which imply the following equation in p alone

(3.3) ?2[(1 - ?2)3_]_ * Pgg + T o_ = 0.
rr r

Remark: Solutions to (3.3) are just similarity solutions to the

equation B¥t = Ap.

wave



We go further and collect O(ez) terms and obtain

=G’

ol

(3.4) L -T5_|_+pgy + T
r

r T

where G has nonlinear dependence on EL__) E;J Py Pge
rr r
In order to obtain the O0(e) uniform approximation we seek solutions to

(3.3) with 3% = 0 on the solid body and by Huygen”s Principle (see [l] and
an
the above Remark) and (2.4):

1 Zao <o
(3'5> .5(1’6) = pl = °
2 g <8< 2a0
The solution was obtained by Keller and Blank [1] using the Busemann
transformation
2 = _..__.r__._.. ,

1 + 1-?2

which takes (3.3) into the Laplace equation
= ™ -+ . = .
bp = 2(2p ), + Py =0

The solution they obtained is

2
S=1+ l—tg—l s (1 - ¢ )coi Am
T -(1 + ¢°")sin Am = 22" sin A(8 - 1)
(3.6)

2
+ —-tg—l -(1 - 2 k)cos AT
T (1 + zzx)sin AT - 2£A sin A(8 - m)
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L ), and tg™l:

with ) = _12_1' (;_—a—
0

]R+ [O’Tr]. Note that Sin }\(-n' - zao)
= sin An. We are interested in the asymptotic behavior of (3.6) for ¢ near
1.

For 8 # 2a0

(3.7) .5 = pl —L '/g A sin ZATT 5 /l _?+ 0(1 - ?).
T (sin Am)” = (sin A(w - 8))

The approximation (3.7) is not valid for 6 near Zao. We observe, however,

- 1
that if r =1+ ¢gr” and @ = 2a0 + g Aze’, then

_ ol S 1
(3.8) p=1+%tgli%+0(e/2), r” < 0.

Since -T2 o_+ pg = 0 we also have

- _ 1/2 V-2r~
Q= Ol(zao) + 0(e )'—-57— + eee,

The two expansions (3.7), (3.8) match in the region where 6 = Zao + ng and
1
e 2¢¢ << 1.

Using (3.6) in (3.4) and the Busemann variables,

Ap = G

Gy(e)

and G = —— + G, (6,2) for (8,2) near (8,,1) with a fixed g, 2 2q
3 1 ¢ 0 0 0
(1 -2
2 ~ = Gy(e)
and (1 - g) Gl(e,z) continuous at g =1, Let p =p = AZ?T—:—ET . Then
~ -2
h

ApGEHloc where Hloc is the local Sobolev space for a neighborhood of

(eo,l).
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2

and therefore
loc

Using local regularity results for A we obtain pE€L

the asymptotic behavior of 5 for g near 1, g # 2a,:

1
1 -2

~1p Go(®) L

1 -

b ~16,(8)
This shows that in the expansion (3.1), we have

p/pO =1+ ¢p + 82 o+ eee =14 epy ¥ eO((/l - ;))

(3.9)

h-3

In order to justify the boundary values in (3.5), that is, match (3.1) and

(2.4) to 0(e), it is necessary that 52 —1 K. Therefore, we restrict

+ 52 0(——1——>+ eee for 6 # Zao.

the linear solution (3.6) to -

(3.10) e <1 ~T<K 1.

We have not yet completed the 0(e) asymptotics since we haven”t matched the
"corner" expansion (3.8). We postpone it until the last section. With 8
not near ZaO we wish to move in closer to the eigenvalue and match the

1 - T term in the expansion of p (3.7).

4, EXTERIOR ANSATZ

In this section we consider 6 away from 2q Following the procedure

0.
outlined in the Introduction we rescale the radial variable close to an

eigenvalue. The eigenvalue in question is R+ c = co(l + ¢c,e + Rle) + 0(82).

1
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Consequently our ansatz is

L e l+ec e+R(8)e+ el T

c 1 1

0

£ =1+ epy + ez o(r,0) + 0(83)
)

(6.1) 2 - e (0) + & R(T,0) + 0(c)

0

& - co,(0) + ¢ B(T,0) + & B(T,0) + 0e™)
0

E =14+c¢, e+ Eéz + eee

CO 1

with Pys Rl’ 0, from (2.4).
Substituting (4.1) in (1.9b) we obtain the following equations

nondimensional (barred) variables

2B = TH7T) + ooe 0 0 PHFR+ eoe
0 -2 4 ees 0 H-E"P soe
0 0 1+ ool LT+ B+ seed
r
€0, + oo €O, + oo 1 + e(c -+ p ) + eove €2 _p—-l- oo
1 1 1 1
T 1e0) *oeee —E0) + oo 1 + oo ER) + co
2 -
1 + ece 0 e@l‘l' cee Eel+€ 0+ oo 6
€;+ L N
- R+ oeo
R1e eR
— 2
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ses - Xy} + + see
0 1+ e(c1 + pl) + sel + 1 €0,
+10 1+ oo €0, * +e- eR1+a2E+--. = 0.
0 gel'*- XX 0 e@1+ XX
Consider the third equation first. One obtains from O0(1l) terms:
(4.2a) -6_=0 =09 =0,(e),
r
and from O(e) terms
(4.2b) 6 -R, p =0=0 =-R p.
— 1 P— A 1 P-
r 6 r r 6 r
The second equation yields
(4.3) p_-R_=0=R=-Ry(8) =p -0,
r r
from O0(l) terms.
Since ©; +R; =0 (see (2.4)) and ©0_= 0, the first equation
8 r

only terms of 0(52) or higher. From 0(&2) terms one obtains

R-1r+c)p+R)_+6 R +0 -0 R (p+R)_
T 0 0 r
- — 2_

has
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In view of (4.2b), (4.3) and the fact that

R, -0, =R +6, =0, i=12 <c=Y 1y, D=3

one obtains

(4.4) ((y + o - 2x)3x +95=0

where

~_ = - -1 - Dy -3
P =P = 0y, x=r-R-3—---—p-(Y )éY )+1/261R1.
]

The solution to (4.4) is given by

(4.5) x = (y + 1§ = K32

with K = K(8) the constant of integration, from which

2
(4.6) 5= =(y+1) % /EZ + 1) + 4Kx ]

The solution S is uniquely determined by boundary conditions at X + fw
which are obtained from matching the expansion in (4.1) with (2.4) and
(3.1). To match (2.4), p =0 as x + +wo. This immediately shows that
K(8) < 0 and that p = 0 for x > Xg, for some xg. TFor x < xg ? must
plick one of the two branches in (4.6). This can be done discontinuously, by a
jump, or continuously when xg = 0 (see Figure 4.1).

In the former case certain jump and entropy conditions must be

satisfied. We write (4.4) in conservative form
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1 ~2 ~ ~
(1—:'—' p - 2xp)x + 3p = Q.

The jump conditions are

+ 1 ~2 ~
[Y 5 p- - 2xp]x=xS =0

~+ ~, -
and the entropy condition p(xs) < p(xs) which says that density increases

upon crossing the shock. Since S(xg) = 0 we obtain

Therefore Xg 20 in general with xg = 0 for continuous solutions.

Substituting in (4.5) we obtain

- __3 + 142
(4.7) xs(e) 0] lef‘—)

for shocks., The solution 3 could now be uniquely determined if we knew

K(6) and which branch to choose in case of a jump. These two will be
obtained from matching with the interior expansion (3.7). We will see that
for a shock the solution must pick the upper branch whereas for an expansion
wave the solution is continuous; it picks the lower branch at x = 0 (see

Figure 4.1).
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Figure 4.1

For r + ~»

from (4.6)

r
p~i/§+oco;

therefore, from (4.1), in the exterior

.2—0.= 1+ep + e2 (t /% [(-2-5' 1)’167“' 0(%:‘)])

=1+ep % e(/(%'- 1) -11{)+ 0(e?).

0
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From (3.7), (3.9), in the interior,

[ 2. 3 Y2X sin 2Am Al r_ _r_
Po b 01 €T 2 2 1 c * 80(1 c )
(sin Am)® = (sin A(n - 6)) 0 0

+€20 ———-1——'— + eee,
J1 - X
C

0

Now we can match % ,/(-z— - 1)%- to
0

1 /2\ sin 2xm

-= 1 -

T (sin An)z - (sin A7 - 6))2 o

if we further restrict r so that

2
—E — K el --%—
r 0
1—_.
i)
or
(4.8) £ << 1-1-¢1,
o
see (3,10). Note that

<0 8 < 2a0

(sin am)? - (sin a(m - e))2 =
>0 8 > 2a0

and therefore

_1 vY2)\ sin 2am =1 g < ZGO (expansion)

" (sin Am)? = (sin ACx - e))2 /=K

= - — 8 > 2a, (shock).

0
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This shows that

2 2 2
K(8) = - (n(sin Am)” = sin A(m - 8) )

Y2\ sin 2Am

and that

e -(y + 1) + /QY + 1)2 + 4Kx

7K p < 2a0 (expansion)

2
- (y + 1) /Q& + 1)° + 4Kx 0> 20

TR 0 (shock).

In particular the shock position 1s recovered from (4.7). The gradient
discontinuity occurs when x = 0.
Given p one can recover the velocities R, O, 0 ((4.2), (4.3)). The

vorticity w, generated by the curved shock, is of 0(92) and is given by

w=TR - (£0)_ = (R26 +0,) = 0,(8) = 0.

5. CORNER ANSATZ
As we mentioned in the Introduction, near the corner one needs to stretch

both T and 6 variables. Motivated by (3.8) we have the following ansatz:

—— =1 + gr
)
1, _
6 = 20 +¢ 127
(5.1) L1+ &p(T,®) + 0(e?)

)



=25=

—_—— 2

R - &R(T,9) + 0(e)

c

0
8 .o (20 + e3/2 BE,B) + 0(e2)
CO 1 0

.g-: 1l + €Z+ eoe,

0

The equations we obtain by substituting in (1.9b) are

®R-T+A(p_+R)+0_+R=0 0C),
r r )

R -p_ =0 o(1),
— 1
5 +37 =0 0Ce 2.

To obtain the correct boundary conditions, one must match with the outside
(2.4) and the interior (3.1), (3.8) expansions. Integrating the second

equation

1

R=p - py t Ri(ZaO).

Since :'= Y ; 1 ° we obtain

1

1 —
) + R1(2a0) =0

((h+ p=2x)p_+0 +p-p
8

(5.2a) -

where x =T - Ry + pi.
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For smooth solutions we can eliminate © by differentiating and obtain
(5.2b) ((&r+ Do = 2x)p )+ p§€+ o, =0,

which is the first approximation to the flow in the corner.
To obtain the boundary conditions we match with (2.4) and (3.1). From

(2.3), (5.1) one obtains
- 1.2, yb
r=16" +8, + 0@ ™)
as the equation for Sy in (8,r) where El can be explicitly computed from

81. We see that ;'=-U§52 is the dominating term as 6 + o, The boundary

conditions for p can now be formulated

- T = i
(5.3) lim p(a?Z—, 6)=pl i=1, a>1
Bre0 i=2,0<ax<1
a>0
and
_ B - 1 -l
limp(a 5 8) = 1 +—tg (-a)
R
a<0

(see (3.8)). Provided a solution exists, the expansion (5.1) matches the

other expansions to 0(e) 1in the region

2«1 -2,
)

1
e 2¢¢ g - 20, << 1.
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Writing (5.2a) in conservation form we obtain the shock conditions

% normal to shock curve x = S(§) which in turn give

(5.4) [(Se)2 o+ L1 5 - 255 = 0.

The existence of a solution to the boundary value problem (5.2b), (5.2)
satisfying (5.4) across discontinuties remains an unsolved problem. However,
we remark the following: The equation (5.2b) is of mixed type, hyperbolic
when (y + 1)5-- 2x < 0 and elliptic when (y + 1)5'- 2x > 0, When
b = py = 1,2, 1 = 1,2 the sonic lines are x = l—%—l and x =y + 1

respectively. We note that

- =2
x=s(e>=(6 0’ F2(y+ 1)
R 2 5 Y
and
p =1 x > S(8)
=2 x < S(9)

is a solution which satisfies the first boundary condition in (5.3) for @ > 0

and some 8, (see Figure 5.1). The equations are hyperbolic as long as

ofi)(Y + 1)

X 2> — -
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/-x:= Y + ] E
Sy —— —
e gy
= Y.+1.A
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//// N\ N
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Figure 5.1

We expect the equations to change type across the sonic line x = (y + 1) and

the expansion wave to weaken and bend Sy wuntil it becomes asymptotic to the

y+1
2

is weak and appears only in the 0(52) approximation. We finally remark that

other sonic line x = (see Figure 5.1). Note that the diffracted shock

if p(x,6) is a solution then so is li-skazx,dg) and therefore (5.2b)
o

2

admits similarity solutions of the form p(x,0) = 8§ f(gzj with
0
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(G o+ 1F =28 + 42)E + (v + D(EDT = (1 + 20)6” + 2 = 0
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