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MUTUAL COUPLING IN FINITE

ARRAYS OF RECTANGULAR APERTURES

Abstract
by

JOHN WILLIAM SILVESTRO

The mutual coupling between rectangular apertures in a finite
antenna array, in an infinite ground plane, is analyzed using the
vector potential approach. The method of moments is used to solve the
equations that result from setting the tangential magnetic fields
across each aperture equal. The approximation uses a set of vector
potential modal functions to solve for equivalent magnetic currents.

A computer program was written to carry out this analysis and the re-
sulting currents were used to determine the co- and cross-polarized
far zone radiation patterns.

Numerical results for various arrays using several modes in the
approximation are presented. Results for one and two aperture arrays
are compared against published data to check on the agreement of this
model with previous work. Computer derived results are also compared
against experimental results to test the model's accuracy. These tests
of the program's accuracy showed that it yields valid data.

A look at the effects of mutual coupling in modest sized arrays
and a short discussion on the beam scanning properties of three aper-

ture arrays are also presented. Included with this data are results

ii



for the first order coupling theory for small arrays. This theory
assumes that the coupling of energy back to the source due to the re-
radiation of nearby undriven apertures is small enough to be dropped
from the analysis. The tests showed good agreements with the theory
and are presented here for future use in the study of possible approx-

imation techniques.
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CHAPTER 1

INTRODUCTION AND REVIEW OF PAST WORK

1.1 Introduction

It is projected that the growth of the satellite communication
service will result in saturation of the existing frequency bands (C
through Ku), by the end of this decade. In hopes of relieving this
situation NASA is currently supporting research into the development
of a 30/20 GHz satellite communication system. The aim of this
work is to develop the technology necessary to make the use of these
higher frequencies possible and at the same time to develop a more
efficient system. In order to accomplish the latter, the satellite's
antenna will have to provide narrow spot beams that are either fixed

or scanned. With these spot beams, the antenna can service small
areas individually, instead of targeting the entire country. This
way each frequency can be reused in non-adjacent areas and thus
increase the system's capacity. The projected antenna would allow
for individual control of the phase and power level of each array
element. The objective is to produce a scanning spot beam that has
low sidelobe levels, sufficient gain, minimum cross polarization and
with minimum cross talk between beams. To aide in this design work,
a considerable amount of computer modeling is needed in order to
evaluate the effects of mutual coupling between the array elements
on the above characteristics. This report presents a model developed
to analyze the effects of mutual coupling in arrays of rectangular

waveguides. The computer codes that were developed can be used to




aid in the design and development of modest array systems by solving
for the radiation patterns, reflection coefficient and inter-element
coupling coefficients.

One of the problems that arises in the design of array antennas
is that as radiating elements are placed close together the mutual
coupling will change the radiation characteristic of each element.
The effects of this coupling on an array are threefold: 1) changes
in the total radiation pattern, 2) changes in the radiation impedance
of the elements and, 3) variations in the polarization characteris-
tics (Amitay. Galindo and Wu, 1972). The pattern affects can be very
pronounced. Sharp spurious nulls have been found experimentally in
large arrays (ibid) at certain scan angles.

There are several techniques or approaches that may be used for
solving for mutual coupling and each has it's own strengths and weak-
nesses. In this report the vector potential approach is used. This
method is described in Chap. 2 along with a brief overview of some
of the other approaches that may also be used. The vector potential
method, as presented, uses the method of moments solution with vector
potential modal functions as both basis and testing functions. These
modal functions are used to approximate the equivalent surface magne-
tic currents in the apertures. Once these currents are known, the
radiation patterns and scattering parameters can be solved for.

The numerical results from computer analysis of various sized

antenna arrays with mutual coupling are presented in later chapters.

The single aperture antenna is used to determine the number of modes




necessary for reasonable accuracy. The two and three aperture array
results illustrate the coupling effects and are used as a basis for a
first order coupling theory. Modest sized arrays are briefly looked
at to consider the problem of coupling in larger arrays. Finally,
results from experimental tests that were performed on a 2 element
array are compared against computed data to verify the accuracy of the
analytical work. Much of the computer data presented in this report
deals with the testing of the first order coupling hypothesis. This
hypothesis assumes that for a given array the mutual coupling can be
solved for by assuming only coupling from a driven guide to it's un-
driven neighboring guides and not back again. With this approximation
it should be possible to reduce the computational time needed to ana-
lyze large arrays. These results are presented here and will be used
at a later time to formulate a technique for use in analyzing large
arrays.

The numerical and experimental results that have been obtained
here are compared against both published and experimental results
obtained by others. The validity of the analysis and the numerical
results was thereby established. It appears that acceptable accuracy
can be obtained using relatively few modes for the expansion of the

magnetic current in each aperture.

1.2 Review of Past Work

A number of authors have studied mutual coupling effects in finite
arrays composed of circular or rectangular waveguide apertures in

a large ground plane. Mailloux (Mailloux, Jan. 1969) studied the




coupling between two rectangular waveguides using a vector potential
approach. He assumed that no cross polarized aperture fields were
excited. The self-admittance of a single waveguide and the coupled
power between two waveguides were solved for and for some cases were
compared against experimental data.

The Fourier transform method (solving for the fields in the trans-
form domain) was used by Borgiotti (Borgiotti, May, 1968) and then
expanded on by Bailey (Bailey, 1972). The former obtained an expres-
sion for the mutual admittance between two identical apertures in the
form of a Fourier transform of a function related to the radiation
pattern of each element. Bailey started with the same basic coupling
equation as used by Borgiotti and developed a general expression that
is applicable to apertures that are not identical in shape or excitation.
He also included the case where a planar stratified region outside

the aperture existed (i.e. a plasma layer). He computed the TE to

11
TEll mode coupling between two circular apertures as a function of
spacing. The reflection coefficient for a central and edge element in
an array of 183 elements was also evaluated as a function of scan
angle. Higher order mode coupling was treated in a limited way.

Cha and Hsiao considered the coupling between rectangular aper-
tures in terms of an aperture field expansion in TEnm and TMnm modes
(Cha and Hsiao, 1974). The reflection coefficient for a central
element in a 19 x 19 array was evaluated.

Luzwick and Harrington also considered the problem of coupling

between rectangular guides and used an expansion of the aperture field




in terms of TEnm and TMnm modes (Luzwick and Harrington, 1982). They
present some numerical results based on a single basis function in each
aperture with the aperture and waveguide of different sizes. The
coupling between 2 identical apertures and the coupled power in a 49
element array with a single driven element were evaluated.

Steyskal (Steyskal, 1974) used a method similar to that of Luzwick
and Harrington to solve for the coupling between circular apertures.
The coupling coefficients for the center element of a 127 element
array were evaluated and compared against measured values.

Fenn, Thiele and Munk studied the coupling in rectangular aper-
ture arrays using pulse and peice-wise continuous sinusoidal localized
basis functions (Fenn, Thiele and Munk, 1982). Cross polarized basis
functions were also included. The numerical computations were limited
to the calculation of the input reflection coefficient for a single
waveguide in an infinite ground plane, and for the edge and center
elements of an 11 x 11 array as a function of scan angle for both E
and H plane scans.

Mailloux (Mailloux, Nov. 1969) studied the coupling of cross-
polarized radiation between two square apertures and found that for
certain orientations this is as large as the co-polarized coupling.
The results for two aperture coupling were compared against experi-
mental data.

The above investigations have provided an excellent theoretical
foundation for the analysis of mutual coupling effects. However, the

numerical results were limited in both accuracy and scope and did not

provide sufficient data for the design of high performance arrays.




Some of the major deficiences in much of this work are:

Limited number of modes in aperture field expansions.
Cross-polarization aperture fields are neglected.

Lack of analysis of the beam forming properties of the array
and the beam patterns.

Lack of analysis of the effect of mutual coupling on the
co-polarization and the cross-polarization of the beam.

No consideration of the effects of mismatched waveguide sources

on the radiation patterns.



CHAPTER 2

ANALYSIS OF MUTUAL COUPLING

2.1 Introduction

This chapter will present an overview of various methods that have
been used to solve for mutual coupling in antenna arrays that have a
finite number of apertures. The method chosen for use in the computer
model described here, the vector potential approach, will be discussed
in detail (Sec. 2.4) along with a brief look at three other techniques
that were considered. The overview of these three methods, included
here for completeness, will include a short discussion of their respec-
tive strengths and weaknesses, and the reasons why each wasn't chosen.
The three are: Fourier transform approach (Sec. 2.2), expansion in
terms of TE or TM modes and piece-wise sinusoidal patches (Sec. 2.3)
The latter two use the method of moments, much like the vector poten-
tial approach, to solve the H field equations. The Fourier transform
approach solves for the modal amplitudes in the transform domain.

Following the discussion of the vector potential approach there
will be a section on the needed mathematical techniques used to reduce
the integral equations, along with one on the method used to derive the
scattering parameters and radiation patterns. There will also be a
section on a possible technique for approximating the mutual coupling.
It solves for the first order coupling between a driven element and
it's neighboring elements. Its use could reduce the computational
time necessary to solve a coupling problem.

Figure 2.1 shows the basic problem to be analyzed in the following

sections along with it's coordinate system. A perfectly conducting




ground plane that covers the entire z=0 plane has a finite set of
apertures cut in it. The apertures have H-plane lengths of a and E-
plane widths of b. These apertures are waveguides terminating on the
ground plane. The waveguides are individually driven by matched
sources in the z<0 region. The z>0 space is assumed to be free of re-
flecting obstructions.

The assumption of matched sources will be relaxed later on. Also
in practice a finite ground plane is used. The affects associated with

a finite ground plane are not treated in this report.

¢ b
_'7/a/£_ /

Figure 2.1 General Problem




2.2 Fourier Transform Approach

The Fourier transform approach solves for the aperture fields in
the transform domain. The reason for using this method is that it
results in some simplification of the equations to a form that is
easier to work with from an analytical point of view. Since there are
several approaches to the problem, a brief overview of one that appear-
ed in the literature will be presented along with a general procedure
that matches free space fields to the guide fields.

The first approach is the one used by Bailey to solve for the
coupling between circular apertures (Bailey, 1972). It starts by
representing the transverse aperture fields as the sum of waveguide

modal fields:

E = vie' + v" e"
-t Zq: q —q Z q —g (2.1)

_ ' ' " 1"
Et_zq oy * 25 By

' are the TE modal functions and the h" and e'" are
-q -q

The hq' and ?q
the TM functions. Using the fact that the energy for each mode pro-
pagates independently the equations are set up by assuming that each
modal field is fed by a seperate source. This corresponds to an -
equivalent microwave network of N ports where N equals the product

of the number of modes per aperture and the number of apertures. In

matrix form the coupling is represented as:

[Ty = Wlyw!Vivxa (2.2)
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from which the scattering matrix is readily found to be given by:

s1 = [1rg) - 1] [ryg1 + 1] 7 (2.3)
where
[YO] = diagonal matrix of waveguide mode characteristic
admittances.
[Y] = coupling admittance matrix.
[V] = equivalent voltage vector.
[I1] = -equivalent current vector.

Once the admittance matrix [Y] has been determined, the scattering
matrix can be found.
The elements of the admittance matrix are found by solving the

electromagnetic reaction integral (Harrington, 1961).

I S i J
i, V.V.ff[g XE - ads; (2.4)
1]

S,

i
Ii

where Yi j = v = coupling between the i and j modes
’ 3
Si = surface of the aperture in ith waveguide

When the Fourier transform of the terms in the integral are intro-

duced it is found that:

1 1 i 3j
Y = S T - .
1,3 ViVj (21‘_)2-[[ [E (kx’ky) X H( kx,ky)] az dkxdky (2.5)

where E (kx,ky) and ﬂ(—kx,—ky) are the Fourier transforms of the E

and H fields. By solving for H and E in terms of their vector
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potentials, a double integral of a term composed of only the trans-
formed E field results. After further manipulation the final
integral for Yij must generally then be evaluated numerically.

After numerically solving these equations for the admittance
matrix, Bailey substituted it into (2.3) to find the scattering matrix
[s]. Then using the Si 3 terms (it+j), the coupled power between the
array elements can be found.

The second method illustrating a general approach to the mutual
coupling problem using Fourier transforms is outlined below. Some
of the steps and procedures outlined here can also be found in the

references (Collin and Zucker, 1969).

Initially, we consider a single aperture and define the trans-
verse fields of the aperture in terms of modal functions in the fol-

lowing form (where R is the reflection coefficient):

_ " =
E,Gon=Tg 100 10% 27 Ve mnfe,nm * 2 Yhiom Sh,mm (2.6

where V;-lO is the amplitude of the incident dominant mode, and

Ve,nm’ Vh,nm

are amplitudes of the reflected TE and TM modes, also
2:" signifies the sum over all nm except n=1, m=0. The free space

nm
(z>0) field is a solution of:

@ + k) E=0 (2.7)

which in the transform domain is:

2
t

2
9

+ %) E(k_sk,z) =0
z” T % y”?

2
(kg - k




2 2 2
where = i
ki =k +ky and E (kk’ky’z) is the transform of E (x,y,z).

This gives E in the form:

-jk z
k ,k = %%, 220
_E( %’ Y’Z) F(kX, ky) e V4 (2.8)

where kz = ko—kt + At z = 0 the transverse part g&(kx,ky) equals

the Fourier transform of the aperture field expressed by (2.6). The
z component of F is obtained by using V:E = 0 in the transform domain

Thus,

I_Q'E_(k sk ) =,1_‘ °

F + kF =0
X'y t —t A

4

obtain |
|

-Jkozoﬂ(kx’ky) =-jk x F (2.10)

After further manipulation the transverse part is found to be
-Y [k2 - kk ] F x
- 0 0 T At e B (2.11)
Halk ok ) =
A%y kOkz

where Et = Ea(kx,ky). The transverse magnetic field on the z = (0 plane

is given by

_ 1 -jk_Xx-jk ¥
Et(x,y) = Z—ﬂTff Ea(kx,ky) e X y dkxdky (2.12)

The transverse magnetic field in the aperture may also be expressed
in terms of the waveguide modes. When this is done and the Fourier

transform is taken it is readily found that:
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+ 2 koZg Yoo a
ﬂa(kx,ky)= Ve,lo(l-R)Ye’lo(———z———) 2 [- 3 Sl(kx)co(kv)éy] -
abg, .k /
10 ¢,10
v “oo'omon U, pmm ¢ gy s (k)
n,m e,nm e,nm = abf k % n X Sm( y)éx— a n X
am ¢ ,nm
€, € B v
_ - On “Om”nm 2 (2% (k)s (k
Cm(ky) _a_y] :Z'm Vh,anh,nm (abkc nmz ZO ko ) [a n( x) m( y)
m7
a, +4 Sn(kx)Cm(ky)gy] (2.13)
_ oA . nTx - 2 nmx
where S (k) = 7| sin A} ¢ (k) = 7{ cos A |
_ - . Ty oy = = mny
Sm(ky) _{ sin (%5 )} Cm(ky) 7| cos (5 )}

The f{ } signifies the Fourier transform operator. The continuity of
the tangential H field in the aperture then means that (2.13) equals the

transform of Et(x,y) over the aperture, i.e.

pe b a . _ 1 . 1!
1 B (k') eI (ke )X+ 3=k v gy ai' k!
> —a x'y ] Xy
an® 25 Y0 Yo

The function Ea(kx,ky) is given by (2.11) where_lit is the Fourier trans-

form of Ea’ which is given by (2.13) after setting all admittance para-
meters equal to unity and taking the cross product with -a,- The
integration over ¥ and y is readily carried out and leaves a two dimen-
sional convolution integral still to be done.

The above yields a system of equations with N unknowns (N = number
of modes). The amplitude V;,IO determines the dominant mode reflection
coefficient. In solving for these unknowns the aperture field can be
viewed as a band-limited function of extent a along x and b along y for

a rectangular aperture. As such the aperture field can be recovered in

terms of the sample values at points spaced by w/a along kx and by
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/b along ky in the transform domain. We'may assume that the aperture
field is adequatelv represented by a finite number of modes and enforce
the continuity of Ea at the wave numbers corresponding to kx = nr/a,
kv = mn/b in kx-kv space. A total of N spectral points are thus matched.
This point matching procedure is equivalent to assuming that the free
space field can be adequately represented by a spectrum of plane waves
having transverse wave numbers that closely match those of the finite
number of waveguide modes that are included in the aperture field ex-
pansion.

For the multi-aperture case it is only necessary to add to the
free space term of each aperture, the sum of the Fourier transforms of
the other aperture fields, each multiplied by ejkxDx.+ jkyDy rshere
Da + Dyéy is the seperation vector between the apertures involved.
This concludes the brief overview of two Fourier transform ap-
proaches, where the equations for the aperture fields or mutual admit-
tances are solved for in the transform domain. The main disadvantage
of the Fourier transform method is that the coupling integral (2.5)
giving Yij or the matching condition (2.13) involves the infinite kx-ky
domain. Thus the integral must be truncated or the matching must be
limited to a finite part of the kx-ky plane. In view of this, there
does not appear to be any numerical advantage in using the Fourier

transform approach even though the analytical results do have a certain

degree of formal simplicity.
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{

2.3 Expansion in Terms of TM and TE Modes and Sinusoidal Patches

The approaches discussed in this section use the method of
moments to solve the integral equation found by using the continuity
of the H field in the aperture. Luzwick and Harrington (1982) use
a single modal function per aperture as their expansion function.
Fenn et al (1982) use piece-wise sinusoidal-uniform surface patches
to solve a similar set of equations. A quick overview of these two
approaches will be given here. Much of this material is taken
directly from these two articles and the interested reader is refer-
red to them for more detail. The equations and how they were derived
are similar for both and start by looking at a single rectangular
waveguide fed aperture in a ground plane. It should be noted at
this point that both Luzwick and Harrington, and Fenn et al use a
notation that is slightly different from that presented here. They both
used M for im’ F for ém and Harrington used Eimp in place of EINC.
First the equivalence principle is used (Harrington, 1961, Sec.
3-5) to split the problem into two seperate regions by covering the
aperture with an electric conductor. To keep the tangential compo-

nent of the E field continuous across the aperture, equivalent magne-

tic currents are placed on both sides of this conductor over the

aperture areas as shown in Fig. 2.2. Since J,=axE, the currents

on the half-space region are negatively directed. Next, due to con- |
|
|

tinuity of the tangential H the magnetic fields on either side are

set equal. The waveguide region H fields in z<0 are

WG INC WG
= + H
L L -t

(J)
—m
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where G(J ) = tangential H due to the equivalent magnetic
currents -
INC . ' '
H " = tangential H due to the sources (I, snd J]) under

short circuit conditions at the aperture.

The half space region then has:

HS _ HS _ES
Ho=H () =-E Q) (2.15)

Setting (2.14) equal to (2.15) at z = 0 yields:

(J ) + H (J ) = -HINC at z = 0 (2.16)
-m -—m —t

When N-1 apertures are added, we get for each aperture

N
WG - HS _ INC .
H (gmi) + z; gti(gmj) = gti i=1,2, ...N (2.17)

th
The HES (J_)term is the radiated field at the i aperture due to the
Zt, ““mj ]
i
jt magnetic current and is derived from the vector poten-

tial A and the scalar potential ¢,, where:
—m ij

i3
‘jkoiE‘E'l
A ./:/. Tl ds
J _mJ | r-z'|
apert.
_Jk r-r l .
‘b- ff r_ dS where o, =_' —m_J_
O apert. J | 5 =
HS Ny

- - 2.18
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In solving for the waveguide term ﬂzc(im) due to the Ia the
two articles take different approaches. Harrington and Luzwick ex-
press the field in modal form and solve for the mode amplitudes.
The analysis is somewhat involved since they include the case where
the guide dimensions are larger than the aperture dimension. Fenn
et al use image theory to derive the field in their situation. Since
both are quite lengthy, they will not be presented here.

It is relevant, at this point, to present a quick review of the
method of moments, since it is used both here and again in the vector
potential approach. The method of moments allows the user to solve

the following equation for f:
L(f) = g (2.19)

where L{), a linear operator, and g are known. The first step is to

approximate f by:

N
£ Y 4 g (2.20)
n'n
n=1
where Gn = unknown constants
fn = suitably cihiosen basis or expansion functions

The fn should be chosen so that if N= * the two terms in (2.20) are

equal. The substitution of (2.20) into (2.19) yields:
z 2.
Lo L(f) Eg (2.21)

Neut a suitasble set of Y testing functions Wn are chosen along with

an inner product <a,b> ., Taking the inner product of each Wn, also
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called testing with Wn, with both sides of (2.21) gives:

N

a <W L(f)>=<W,g> m=1, 2, .. .N
n m, n m
n=1
[0 loly, = Tel g (2.22)
where (< W, L(£)> < W, L(£,)> ]
1, 1 1, 2 :
" ) < WZ’L(f2)> < wz’L(F2)> .
NxN
- -
- -
% F<wl,g>
X <W, g>
(o] = |2 (gl =| %
L R J
Provided that [2] is nonsingular then
-1
[a] = [2] "[g] (2.23)

Proper choice of f , Wn and <a,b> dictates the accuracy of the solu-
tion. A more complete discussion of the method of moments is given
in Harrington's book (Harrington, 1968).

The basic equation (2.16) is in a form that is readily solvable

by the method of moments for the unknown Jm (which is related to

the aperture field E). Here again the two groups differ in the way




thev approximate J . Harrington and Luzwick use full domain functions
&

analogous to the TE and TM modal functions with the TE mode functions

having the form:

n 9 SN 115 A m_._ (WX nwy
¢ [a 3 cos ( " ) sin () a, 3 sin () cos ( B )]

In the work presented in their article only a single function was used.
Tenn, et al used piecewise sinusoidal-uniform basis functions of the
form:

a sin{? (nL-ix')]
=< n sin(RL)

(n-1)L<x<(n+l)L,0<v<t

for overlapping surface patches of length 2L and width W as shown in

Fig. 2.3, where3 = 2=/\ and n = basis function number.

=

-’X

Figure 2.3 Piecewise Sinusoidal Basis Functions.
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These can be used for both x and y directed currents. Seven sinusoids
per aperture for rectangular apertures was found to give satisfactory
results.

For the choice of testing function both Luzwick and Harrington
and Fenn, et al used the same function as they used for their basis
function. This technique is known as Galerkin's method and in the
former case would allow for the use of the orthogonality of the modal
functions to reduce the complexity of the integral equations. For

the inner product both groups used:

<a,b> =j:/‘§-_‘g ds

where the integration is over the aperture.

Once the [%2] matrix is solved for numerically it can be inverted
and the amplitudes of the expansion functions determined. With these
amplitudes the approximation for the equivalent current is complete
and the scattering parameters can be found.

Fenn et al used their approximation to solve for the reflection
coefficient of driven elements in several array situations while
Harrington and Luzwick found the coupled power (20 log|821|) between
apertures in several configurations. Using the piecewise sinusoidal
expansion approach, Fenn et al were also able to look at the edge
singularity present in the aperture fields. Some of these results
will be presented in Chapter 3 as a comparison with the results found
with the method used in this report.

A good general reference covering the basic ideas presented here

is the report by Harrington and Mautz (Harrington and Mautz, 1976)
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It should be noted that the definition of the mutual admittance
parameters is quite arbitrary. It can be chosen as the coupling co-
efficient between the nth basis function in the aperture i and the mth
testing function in the aperture j. The various choices of basis and
testing functions used will then give different expressions for the
admittance parameters. As a general rule, the scattering matrix re-
lating the amplitudes of the propagating modes in the waveguides is
a desired end result so the evaluation of the admittance parameters
is often only an intermediate step.

The main disadvantage of the TE and TM mode technique is the fact
that each coefficient will have to be split into an a, and an a, term.
As we will see in the next section, the vector potential approach
overcomes this difficulty. The reason for not choosing the local
basis functions is that the size of the matrix that would have to be
inverted for arrays of square apertures would become very large for

modest sized arrays. This would severly limit the cases that could

be solved.

2.4 Vector Potential Approach

The vector potential approach is very similar to the methods
discussed in the last section. The main difference is in the modal
expansions used to determine the fields and the approximation for the
magnetic currents. The approximation uses vector potential modes for
basis functions. This allows the equations to be solved by first find-
ing the magnetic vector potentials, which are more straight-forward and

easier to work with. The TE and TM modes in the waveguides can be



found later if this information is required.

Consider again the single aperture case (see Fig. 2.2). There
exists a I (magnetic current) on both sides of the aperture surface

equal to a X-Ea’ where E 1is the aperture E field. The form of this

current using the vector potential modal functions (also called a hy-

’

brid mode set; Harrington, 1961, Sec. 4.4) is:

n] m n2 mp
J = C_ 4 D (2.24)
where
€, € 1y . nrx mry
v = ( 21>Om) 2 sin (_Z—) cos ( b ) a, (2.25)
€~ € 1/9
= (On0Om o (ATY nmx, a
o ( o ) sin ( 5 ) cos ( 3 ) =y

These modal functions are orthogonal so that:

_/.fwnmwn'm' ds =0 for n#n' or m#m'

This relation also holds for Qnm and for any combination of the two

sets of functions.

The next step is to set up the integral equations using the

magnetic vector potential. E and H are found using

(2.26)

. _ 2 .
Juugeg B = (kg + T9)A,
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The continuity of H across the aperture gives:

INC

2 N WG HS
(xo + gy )(ém + A

) = (ké + g7 A (2.27)

where

WG . e s .

A = Vector potential due to J inside guide.
-m ~m

HS . e .

A = Vector potential due to -J radiating into
~m -m

free space.
INC ,
A = Vector potential due to the sources under

short circuit aperture conditions.

These three vector potentials are the quantities that need to be
solved for in terms of the J .
~m
Using the magnetic vector potential integral (Harrington, 1961

Sec. 2.10), duality, and image theory:

-jk.R
Hs _ =%o e %0 .
ES h[fzirm - ds (2.28)
where R = Lgfr'f(z = field vector and r'= source vector).

For the vector potential in the waveguide due to the gm it's Green's
function needs to be found. Using duality again the form of the

i
equation to be solved is (Collin, 1960 Chap. 2)

02 + kB)aiC .

o)ém = -Zgolm (2.29)
ansb
. . WG
which gives A =ffG'J dy’'dx’
- = —m -
oo

Since there are only x and v directed currents the required Green's

function should be a dyadic of the form:
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G=G aa +G aa (2.30)
= XXX yyy-y
where WP +k2) 6 = =26 § (x=x") § (y=y') & (z) (2.31)
0] XX 0 y=3 :

2 2
+ = - -x' —y!
(v ko) ny 250 §(x-x")8(y-y")8(z)
For Gxx we may assume an expansion of the form

.38 lz] (2.32)

where the Gnm are unknown amplitudes (Collin, 1960, Chapter 2).

When we substitute this into (2.31) we obtain

2
2 _ mn.2  mm.2 3 -j !Z!
z: Gnm lpnm [kO ( a ) ( b )T+ 522 e " nm
n,m
= ~2e. 8§ (x~x") 6 (v-y') § (2) (2.33)

0

Multiplying this by wnm(x,y ) and integrating with respect to x and

y gives:
G (82 82 ) e‘jBnmlzI = =2e. ¢__(x3y") d(2) (2.34)
nm nm 322 EO Y .

Integrating this equation over z from 07 to ot gives

o-i8no|z|

- = = 1,1y = 93 ~ .
Gnm 3z 28Olpnm(x’y ) ZJBnmbnm (2.35)




so finally

,
'Z!

£ .
G = Z O I 1'1\538 f 2 6
XX am 38 unm(x,y) wnm <1y ) nm (2.36)
nm
Similarly va is found to be given byv:
€ . !
G 0 . vory =38 iz (2.37)
sve L5 fan () sty @an
n,m nm

Therefore, the A at z = 0 is:
~m

WG _ g a b
— 1. ! ' ' A '
Am - ‘/; v/; (Gxxcnm‘bnnl(x’y ) éx * ny Dnm@nm(x » )

€
' et £0%hm,, 0 9
a) dv'ox’ = 3 - v (x,y) + 2 75 Pantan(®y) (2.38)
n,m nm n,m nm

NC
Finally, for the éi under short circuit conditions we have

INC _ , =38 .192 iB,n2 )
=49 Y49 (e °7107 + e”77107) (2.39)
where AlO is a known amplitude constant.
This makes g.INC a TE., mode that is zero at =z = O.

10
The substitution of (2.39), (2.38) and (2.28) into (2.27) gives:

9 bl o IkR
(ol + 7, 70 fz(;[ T TiR (B YR
070

(1]

)i (2.40)

2
t ! L OO R, o (= :
J (x}y')dv'dx (kO I+ vtvt) ( 2A10 blO S

where the Zt is used since only the tangential fields are being

analyzed (z has been set to zero), and I is the unit dyadic.
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This is the integral equation that is solved by the method of
moments. A finite expansion of J  in terms of  and ¢ is an
-m ~nm -nm
appropriate approximation for use in this method. The basis and test-
i i d . i
ing functions are chosen as the same &nm an gnm The following

inner product is used:

<a,b> = ff E'E ds - (2.41)

S
where the integration is over the aperture opening.

This choice of inner product, basis functions and testing func-
tions yields a set of admittance parameters for the elements of the
(2] matrix. This can be seen by looking at the integral equation
that results for these elements.

-m’ = -m -

S
a

where E} = H field in aperture #1
J2 = Current of aperture #2
<o
Sa = Area of aperture # 2

By definition, this is the reaction integral. (Harrington, 1961,

Sec. 7-7). It is related to an admittance by (2.4). So after testing
(2.40) with the 3 and ¢ the resulting matrix equation will be of
the following form:

[yl[vl = [1]

with the proper choice of umits for C__ and D (volts).
nm om
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Q
The (¥] is, in fact, the sum of two matrices, [YH'] + [\“G];
. L. HS N . .

each due to the respective magnetic field (H = and E ") that is being
tested. The [I] is the tested incident magnetic fields, while the

[V] is the amplitude matrix that needs to be determined.

In order to make the documentation and further manipulation of

the tested eqns. easier, the following admittance parameters are

introduced (where and éoq are the testing functions):
Pq

XX,
S = Coefficient of testi i Y
pq oM o Cnm esting gpq against inm
;XY Coefficient of D ‘

Yl = icient o testing i :
oq.am esting _Jpq against m

Yix) Coefficient of C test

BRL = n i $ i Y
pq,nm o nm esting ipq against 2m

yi¥: = Coefficient of D__ testing ¢  against °
pq,nm nm —Pq —rn

Using these admittances in writing the resulting equations we get:

2 [ 2 N ooy Z‘ (x “171p ) = 22310

p>4 i pq,nm  -nm n,m pq,nm nm =)
2 2.5 5
(kO az) pl g0
' 1
y. X v, Vv
y -1 71 + Yy -1 -1 = 2./
pd [n,m (pq,nm nm) n,m (pq,nm am O:I (2.42)




1]
where Z is over the ¥ values and Z is over the ¥ values,
D,q ' Pq P-4 pq
and likewise for Z and Z .
n,m n,m

A typical term in the tested equation is of the form

ffw £ 9.7 -A(J) ds
—Tnm tt m—m

is given by an integral in certain cases (A
we use the following integration

(2.43)

HS). To make

where A
-—m
these integrals easier to carry out

by parts procedure. Consider:

o D = . . . . 2.4
GRS AT [CAT R SR AT
which when applied to (2.42) vields
. v . - v - VA =
_{B Yog Teohy 4l ff——t*‘b-nm—t—mds-
C
- T « .. g .
feapsos, a-ffors s o
C
Note that n +A = H'AINC = 0 on the boundary.
- 'm - m

Using (2.42), (2.45) and the orthogonality of the modal functions
in solving for the four admittance parameters we get

—‘Lz—zﬁz) 2,2 [2 [P
a S S O -l
pn qm 0 a“ o Jo

-JK R 3y -
" (X', }_v) d_V'dX'] dy dx - f _:__Eq. (.\,_ 3
nm o X
C

1y ,)7 [ f f 711'R
Pa 0 Jo




-JK R
[ ~—5 & ﬂnm(x"y’) dy'd:! ] d1 (2.46)
X1V ingn? . aj|b
Y = =BT 5 g P——— 5q (5¥)
Pq,0m aoqu pn  gm

e-jkOR 5o
S lam GO @'ax’ | a4y ax - f e o)

C
—JK : 1 '
—wR -~ o ¢nm dy  dx dl (2.47)

X X7y 5
TIFL Y 1’1 with the v and ¢'s interchanged and the ;%

~J

Pq,am pq.,nm
replaced by 5; (2.48)
. ViV X1® ) . oo 3
Y “4L =Y with the . and 3's interchanged, the —
pg,nam pq,nm cx

2

2-2
replaced by —% and the two (ké - E;f—)'s replaced

by (k LT-) 's (2.49)

The next step in the analysis is the multi-aperture problem. The
two aperture case is shown in Fig. 2.4. Let Cnml and Dné be the
modal amplitudes of aperture #1 and Cni and Dni be the amplitudes

of aperture #2. The currents for aperture #2 are then:

ny m] ny m2
2 ' 2 . 2
J_ = E C ; (X,,Y,) T E E D = 9 (x,,¥,)
m . Xn « 2°?
n=l = nm o 2’72 =0 & om nm "2 2




" 2
T #Y 3a . = .
Also the A of #2 is: 2A10 lO(XZ’V ) at z =0. If we define
, X32X) . . 1 ) , .
pq.nm 328 the coefficient of C, for -!qu(xz,}z) tested against !

wnm(xl.yl) and the remaining aperture to aperture admittances in a ‘

similar manner the resulting tested equations are:

X X X X |
Z Z S, Crln+ch11im nm +Z pqnm Dim+ ‘
,Am N
54 mm P9 |
1
xlyz 2) = 2Alo (k 2_ 72 )
pg,nm - nm 2 pl "q0 "% T 32
v v
Z' Z Yylxl cly Y % 2 +Z(Y'11 I,
e~ ~ pg,Nm  nm pPg,nm nm e~ PQ,nm nm
y
172 2 -
) 0
pq,Nm nm

P.q pq,nm m pq,nm nm n,m pg,nm “nm
- 2

Y xzyz ") 2 ) = i\lo_ 5 5 (k 2__ 2 )-I

pg,nm T nm 6 pl "q0 70 ~ aZ J

. gy ox y x ' vy
oo 21l ¢t opy 22 2y g > o 2lp Ly
o,m

£, pg,nm nm pq,nm nm vy PqQ,nm nm
y v 2
2 2
qu,nm Dnrn ) = O (2.50)
i%i i
where qu,nm s qu,nm , etc. do not depend on whether i = 1 or 2.
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#1

1N

‘4——a—)‘

/,

Figure 2.4 Two Aperture Problem.

Using R = \[le—xz'—Dx)z + (yl-_v'z—Dy)2 and solving for the new

admittance parameters we find that:

~JkQR 50 (x¥,) b
e~ v __ . ' ' ot ' _ D 171
77R Yom (XZ’Y ) dys dx, dy, dx, “f?“‘“‘“

o X 0Jo

C 1
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(DENEH“AL Fy“§g

)

OF pPog is
R QUALITY
e-jkOR
27R 2 om (x£9 Y; ) dy; dx£ dll (2.51)
X,y a2 |3 a b _5k R
qulmzn = _L__:b épq (Xl’yl) /[———ez RO o (xé.y'z
’ 0Jo oJo “T nm
2o ( ) a rb
dy; dx) dyldxl-f -l R S [/
%y Jo Jo
C
e—jkOR
7R n-g (xé, yé ) dyé dx. 1, (2.52)
YiX2 X1¥2 .
qu - qu om with the y's and %'s interchanged and the
=2 replaced by =2 (2.53)
ox) A )
Yy x1x2
12 with the ¢'s and ¢'s interchanged, the
pg,nm pq,nm
242
—— replaced by <= and the (kOZ_ E-z—- ) replaced by
c 1 oyl a
’ 2.2
(k,* - ﬂb—z— ) (2.54)

For the other 4 terms reciprocity shows that:

xiyj
pq,nm

yixj

pq,nm

Y%
nm, pq

X.V¥.
J 1

nm, pq



X.X, X.X.
13 _ ji
pq,nm nn, pq
v, . s .
.1YJ _ nyl ) ey
pq,nm nm, pq (2.53
By using (2.45) - (2.55) 1itwould be a straight forward task to extend

this analvsis to the cases of three or more apertures. So those

situations will not be presented here.

These equations completelyv describe the system of several aper-
tures in a ground plane and can be solved directly for the Cnm's and
Dnm's There is still one remaining problem with them and that is the
three and four-fold integrations that need to be carried out numeri-
callv. If Simpson's rule is used and n or m were allowed to be as
large as 3 then the minimum number of intervals for an acceptable
approximation would be 6 (4 points per period of sinusoid being in-
tegrated). So, if 8 were used, for somewhat better accuracv, then
each four-fold integration needs 84; 4000 operations, where each
operation involves both exponentiation and trigonometric computations.
Considering that each guide can have several modes and there are
several guides and the number of terms to be integrated before sym-
metrv is considered is the square of the product of the number of
modes times the number of apertures, this rapidly leads to an enor-
mous amount of cpu time. So the integrals need to be reduced as far
as possible. A double integral using 20 points would onlv use 1/10

the computing time, so by reducing these integrals to double integrals
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fairly accurate results can be had at a fraction of the cpu time.
The reduction of these terms analytically will be outlined in the
next section.

At this point some of the advantages of using the vector poten-
tial method and an expansion of it can be readily appreciated. First
of all there is a single set of amplitude coefficients aloug with the
X and y components of the vector potential. In contrast an expan-
sion of the aperture field in terms of TE and TM modes results in
two sets of amplitudes associated with each component of the electric
field. This results in a splitting of the admittance parameters into
sets representing coupling between TE-TE modes, TM-TM modes, and
TE-TM modes. As a result the notational complexity is increased sub-
stantially. 1In the vector potential approach no distinction between

TE and TM modes needs to be made. Luzwick and Harrington use both
the vector and scalar potentials and do one integration by parts
(Luzwick and Harrington, 1982). 1In the approach given above, two
integrations by parts is carried out which leads to simpler final

integrals to evaluate.

2.5 Reduction of the Three and Four-Fold Integrals

By making a change of variables it is possible to reduce the
three and four-fold integrals encountered at the end of the last
section to double integrals. This greatly eases the computational
costs by reducing run times and reducing the needed programming tasks.

The first step will be to analyze the coupling terms between modes

within a single guide. The steps used to solve this case can then be
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applied to the coupling terms between different guides.

Consider the following integral:

a b
f’\bpq(x,y) g(x,%x; y,v' ) u_ (xiy') dvdxdy dx'
0

where:
' ' e-JkOR
g(X,X, y Yo ¥ ) = ——-Z—TTT
R = [(e=x)? + gy 12
Let u = x-x' and v = x+x'. This gives x = v:u and ¥ =
and
¢X 3X l/2 1/,
ou ov -
' _ = =
dxdx = 3¢ ax' dudv 1/, 1/2 dudv
du SV -
The new limits of integration are:
x = 0 corresponds to Vv = -u
% = a corresponds to v = Za-u
X =0 corresponds to v =u
x'= a corresponds to v = u + 2a

= dudv

Thus the mapping into u-v space is a parallelogram as shown in

Fig. 2.5
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w+2z

L]
Now let y-v =w and y+v' = z , so that y = and v' = == |

NI

A similar mapping takes place here. These two changes, when made to

(2.56) yield

1l v+u Wtz v-u, z-w -
fofﬁpq (T, T) - g(u,w) ‘bnm( 3 ) ) dudv dwdz (2.37)

Equation (2.57) can now be integrated analytically over v and =z.
. . . 2 2}/-
The g(u,w) is an even function of u and w since R = (u” +w

while the other term in (2.54) is:

( eOnEOmEOQEOq) V2 . pT . nm q-
— sin ( (u+v)) sin (5—=(v-u))cos ( (w+z2))
a2b2 2a 2a 2b

cos (%%(z—w)) (2.58)

To integrate out the v term, start by looking at:

sin (g&(u+v)) sin (%%(v—u)) = sin (g%g) cos (%%P) sin (%&i)

pTV, _ _._ (pPTu . nmu pTv nry pTu
cos ( 2a) sin (57 ) sin (2a ) cos (2a ) cos (EE_) + cos (2a )

cos (2%5) sin (3;:) sin (%;X) - sin (%%3) cos (g%g)cos(gif)
sin (520 (2.59)
a

This is multiplied by g(u,w) and integrated. Since g(u,w)
is even in u, onlv the terms that are also even in u will contribute.

Expanding these terms gives:

'% { [cos(-gz2 Tu) -cos (%i? Tu)} [cos(-gzE ™) + cos (%iﬂ v)]
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+ [ cos (gzg) Tu) + cos (gg?—ﬂu)] [-cos (g§E1TV) + cos (g§E7TV)]l

J

(2.60)

The integral over v is then over the strip shown in Fig. 2.6

v =-u + 2a

$ —_— - - =

Figure 2.6 Integration Limits

Since it is an even function in u 1et[ { }du ='2f { } du .
a 0

The only terms left to be integrated are cosines, where a typical term

yields:

2a-u
.}r cos (sv)dv = - sin (su)(l *+ cos (2as) ] (2.51)

S
u

where s =(£§§l-n or ( ;2) m. Using (2.61) in integrating (2.60) over

v leaves:

sin[iggglﬁu J{1 + cos ((p+n)n) |

N =

(p-n)
{ cos{ 2a 7 u]

(pn) T
2a
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-cos [ip—*z%)ﬁ }sin[-(—%m-][l-‘cos((p-n)w)]} T (u) a

(Egz)n \[36;36;_ (2.62)
2a+u

)
Note that integrating over the LHP strip in the u-v space ( d/' {j du)
-u

would give Tl(-u) for u< 0 So the result in (2.62) should be—3— -

VEOnEOp
Tl([ul).

For the cos (%% (w + 2)) cos (%% (z-w)) term the even functions

in w are:

{COS (L%ﬁ?l T W) cos (L%i?lvvz) + cos (S%i?l17w) cos (i%i?l T 2)

(2.63)

———

i
2

Integrating (2.63) over z using (2.61) yields:

: {- cos (Lo u) sin AL ofwl) [ 1+ cos ((qtmm)]
(q+m) 7
2b
- cos (27w sin (S o) [ 1+ cos ((emmm) T T,((widb
(gz-bm) ™ }= \ Som foq
(2.64)

. 1 vtu wtz v+u  zZ-W
For the integral 5— /:/U Q)pq( > 3 Y. g(u,w) Qnm( 70 2 )

dudv dwdz the two equations that we get after integrating over v and

2 are:

]
~~
e
N

1

Tz(lul) with b replaced by a.

3
£~
—~
£
~
h

= Tl(iw[) with a replaced by b. (2.65)
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Let
£ £
Tﬁg (t/h) ;f:ggEQIL— {-+ cos[—E—ElEE][l+cos ((p#+n)7m) ] sin]
(ptn)
2h
- COSILB%ELEE] n[ig:%%llgl][l + COS((p—n)w)]}
(p-n)
2h
Then Tl([u[) = Tp: (u/a)
T, ([w]) = Tq;l (w/b)
T,(fu)) = Tp; (u/a)
T, (v = Tq; (w/b)

Using the same techniques and variable changes the t

can be reduced also. This then gives:

(E+“)”lth

2h

(2.66)

(2.67)

riple integrals

2_ n2q? a b
X.X -i(k ——)
1*1 -3 &g E J[
pqg,nm N B dpn <Sqm 21 0
nm
e-Jk (w+u?2) 2 1
(u/a) T n W/P) 7~ dwdu + €onfon) | 2
(W2+U2) 2 n p
1
Sk (x Zwd) 2 —ik ((a-x) 24y /2
p e 0'"1 ) 0 1
3 5 717 - cos (pr : 2717
2a (xi- +w) ‘2 [(a—xl)+W ]
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nﬂx '
(_l) : Tqm (w/b) dwdxl (2.68)
X,y 2
171 = m i@_ _
qusnm - Bnm ab 8 pn qm 2ab f (u/a) T (W/b)
1
% et M 0 ) o oIk, (w+y, 2) /;
2 1 dwdu + %m D ( 2 1
(whu) 2 Yo Jo Zab (w7 Y

o3k P+ o-3)2) 1

(P +(o-3)?) 2

y1%; .2 . ! )
= _J nm - Pq a +
qu,nm '3n ab 6pn 5qm 22b o Jo Tpn (u/a) Tqm (w/b)

220 1
s 2 2 l/ a b e ¢ 1 ~3k(x12 %) ’
ok (uP4r) 2dwdu+ff<0n0p)ch [ ekl

- cos (qm)

] sin (BT Tp'n (u/a) dy; du  (2.69)

(U2+‘W2) 1/2 0Yo0 2ab (}i?-_’_wz) 1

. "2 2, 1/
- cos(pm) e‘Jko((a—)fl) +w) T2

sin (— . Tqm (w/b) dex'
((a—x'l)2 +w2) 1/ 1

nnxl)

(2.70)

2wt n2 P a [b
§ & + -4 L 5~
¥pq,am Bj_nm (kg- L 2 ) oJo o T a(v/a)
-Jk

O(u+w ) Y

2 2 . 1/
j 2 afb (e e )y
T (b & 5 s dwdu +)I [ _.Qm_‘«‘;}___g
" (u™+ (w) 72 0.Jo 2 2




43

1

.
2 2"
2,V ik (T by )?

. 2 L} |
: e-JkO(u +y ) 2- cos (gqm ] cin (mgm )
(u2+yiz)y2 (u2+(b—y')2)LE
T;n(u/a) dyidu (2.71)

These are the integral equations that are to be solved numerically.
It should be noted that these four integral equations must

be further manipulated before applying any of the standard numerical

integration techniques. First, if p=n in (2.66) then there exists

a singularity in one of the terms where 1/(p-n) = l/O. The Tpﬁ (t/h)

a
is incorrect at that point. The reason being that ./;cos (0 u) du

a . a
should be.lﬁ 1 du = a not §i2£%$1—1 . So for these special
0 0
cases the p+n or p-n equal to zero should be substituted in first
before integrating over the v or z . This gives:
- 1 - |
To £/ = 2/n(h-ed) (2.72)
+
Tog (t/h) = 0
+ _ 1 jlcos(@pm + 1] sin(pﬂ|t|/h)
Top (/M) = 3§ P=2 cos (ome/n) ([ |-

pn/h

sin(Egygb[l + cos (anﬁ}

T _ =

=l

{ cos RﬁE)(Zh-—2|t|)-

With this change in (2.60) a new problem arises. That of what to do
about the singularities that now occur in the integral equations at

u=w =0 for the three non-zero cases listed above. The term is:
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. 2 2.1/
T i (u) T _-t (‘\7) e-J ko(u +w ) 2
pn Sm dudw (2.73) .

(u2+w2) L&

-

and when integrated numerically the u = w = 0 point is a singular point
. + + .

since Tﬁ; and qu are no longer equal to zero in these cases. To

get around this difficulty, the singularity must be subtracted out.

This is accomplished by adding and subtracting

+ +
ff Tpn(o) Tam(o) dudw from (2.73) leaving:

Vuz -l-w2

N . + " + *
ff TPH () T&E (w) - TPE © TQE © dudw +ff§>§(o> Tqm(o) dudw
W +wh) Y (Pt V2

The first term then equals zero at u = w = 0 and the second term's

denominator can be integrated analytically to yield:

v

2) 4+aln (b + (a2 + bZ)U

b In (a + (a2+b2) 2) -b In(b) - a 1n (a)

Note that for p # n in (2.66) that the numerator is zero in the
integrals given in (2.73), so no singularity exists.
The last step then is to reduce the equations for coupling
between different guides. First, it should be noted that (2.66) is
no longer sufficient to cover these 4 cases since g(u, w) is
no longer symmetric in u and w, since a typical R here is ((u—DX)2 +

Yy

+
(w - Dy)z) So a second term needs to be added to the Tp;(t/h)

to include the non-symmetric terms dropped earlier. The (2.59) non-
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symmetric terms are:

- :21— sin [-(—E;L) 7 u] sin [.(Bz'aL) v ] + % sin [_(Ez—an) mul sin [_(g;an) Tv]

and for (2.63) we have: (2.74)

= sin [( )ﬂz] sin [(%i?}nw] +-% sin [@%%1MTZ] sin [(%ﬁ?)nw] (2.75)

Solving (2.71) and (2.72) using:

2a-u
d/. sin (sv) dv = cos (su) (l-cos(2as)) (2.76)

s
u

with s = (pin)n/2a results in the following:

+ h
R~ (t/h) = [+ = . TEy ant 1- cos ((p+n)m )
o (£7 (sin BLY - sin @50 Lemm
- —-[ sin (E——) + sin ( ) ] [1 cos ((p=n)m) ]' On (2.77)

(p~n) 7w

The admittance parameters representing coupling between different

apertures are found to be:

1*2 2
T . ) R WDIT L /) +

- pm 1/ e 0T
qu (w/p)] G(u—Dx, w-Dy) dwdu +-£;§ (eonaop) 2 _b~/~ sin ( 3 )

[6(0-x-D_,w-Dy)-cos (pm) G(a-x, —DX,w—Dy][Tq-m (/) + Rq;(w/b)] dxdw

(2.78)




X
Y2 _-pr q - + ’
pq,nm 4abff ~(ufy) + an (u/ )1 1 Tqm (w/p) + ‘
-a

a b
R ¥ (w/p)] Glu-D_, w-D.) dwdu  + P (e e )2
qm x’ y 2ab " 0m Oq -avY 0

ony.,!
sin (—=-) [ G(u-D_, 0-}"2 - Dy) - cos (qm) G(u-D_, b-y, -Dy )]
- - i
[ TPn (u/a) + an (u/a) ] dy2 du (2.79)
Y1¥2 -pan” )
qu,nm = 4 ab _a ) (U/a) + R (u/a)] [ T o W/b) + qu (w/b) ]

2

qr 1/ b [a nx,)’
G(u—DX,w-Dy) dwdu + 5o (€0n€Op) 2 fb'/(; sin (

( G(O—x'z-Dx, w—Dy)— cos(pm) G(a—x'z—Dx, w—Dy)][ Tqm (w/b) + R (W/b)]

dx'zdw (2.80)

pq,nm u/a)+ R (U/a)] [ Tqm (w/b) +
+ L ]/2 a b miyq'
qu (w/b)] G(u—Dx. w—-Dy) dwdu + ;qb—z (EOmEOq) [f sin (—Xl--b )
aJo

[ G(u-DX, 0-y2'—Dy) - cos (qn) G(u-D_, b-y2' -Dy)] [ TP; (u/a) +

Rp; (u/a) ] d_vl2 du (2.81)
. 2 2.1
e-JkO(u +07) T2

2 n(ui?) L/

where G(uw) =
2

It should also be noted that in looking at the equations, it can be




seen that

X,V yq X
271 7172 (2.82)
pq,nm nm, pq

For aperture to aperture coupling there is no need to worry
about singularities since R will never equal zero. The only way it
can happen is if the distance between the apertures exactly equals the
size of the apertures with zero wall thickness, but then there wouldn't
be two apertures only one larger one.

This concludes the mathematical manipulations needed to reduce
the integral equations. The terms are now all double integrals that

can be easily evaluated by Simpson's rule.

2.6 Scattering Parameters and Radiation Patterns

By using ény of the techniques described in the earlier sectiouns
the amplitudes of the equivalent magnetic currents (or of the Ea in
the case of the Fourier transform approaches) can be found. Once
these are known the information must be put into a form usable by the
antenna designer. The parameters that can be solved for using these
quantities are the scattering parameters and the radiation patterns
(which provide the side lobe levels, cross-polarization, etc.). By
using the Cnm and Dnm solved for in the vector potential approach
the equations for the S parameters and the ¢ = 0, 45° and 90° co-
and cross-polarization patterns will be derived in this section. The
Cnm and Dnm are chosen since the vector potential approach is the one
used in this report.

First we consider 2 guides each driven by the TE., mode. Let

10
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V1+ and Vl_ be the incident and reflected voltages in guide 1 and
V2+ and Vz- in guide 2. These are related as follows:
- + +
= +
17 511N
- + +
Y27 Syu% 5 Y

Where theSij are the scattering matrix elements.

The equivalent voltages are proportional to the amplitude of the

+
incident and reflected 10 vector potential modes. so Vl « AlOl and

+ 2 . . ,
The reflected vector potential mode is proportional to

V2 &« AlO .
Alol plus that contributed by the aperture currents using the Greens
€

dyadic derived in Sec. 2.3, The latter contributes

1
®_ . C0 -
- 1 EO 1 10
Thus V., « - (A + = C,,~) where the negative sign is due to
1 10 " 38, ‘10

electric field's dependence on the derivative with respect to 2z of

the A"S. Knowing this, then:
—m

€
- 1,_0 1y - 1 2
(Ao * B, Clo) = S11%10 * 512 407 (2.83)
€
2 0 2 1 2
A2+ =2 . 2 =5 A
10 T3, 0 21 %10 + 5,4,

If only the lst guide is driven the following holds:

jclozeo 'Cloleo
S = —— and S =‘L——— -1 (2.84
21 5 A 11 A B -84)
10710 10°10

Using this the coupled power from 1 to 2 is 20 log(|521|) and the

reflection coefficient in guide #1 is 8,1
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In practice the only scattering matrix parameters that are useful

are those that relate the amplitudes of the dominant propagating modes
in each waveguide. Therefore the scattering matrix parameters for the
other modes that may exist in the aperture aren't included. For the

cases where there are more than two apertures the scattering parameters

(s S

21° 831, 41’ .) are found by exciting one guide and computing

the amplitude of the propagating modes excited in the other guides
and then solving for the Sij one at a time. The procedure is a
straightforward extension of that described above for obtaining 521.
The next topic in this discussion is the derivation of the far
zone radiation patterns of the array. We use the fact that the far

zone radiated magnetic field H_ is given by the 3 and ¢ components

F
. AHS _ ,
of -jwA =~ and that E.=-Z; a =xHg (Stutzman and Theile, 1981).

The equation for the éis has alreadv been presented in (2.28) and

it's far zone form is:

‘Jk r
émus_ mp X fje E Jki x ds' (2.85)

which is a two dimensional Fourier transform where

1]

. = i : + - si i (x! + y'
T ( sin 6 cos ¢ éy sin 9 sin ¢).(x a +ty éy)

a a
-r -

= x' sin © cos ¢ + y' sin O sin ¢

; . . H . s
In this situation then the two éms terms for a single radiating

element (A S a and A HS a ) are proportional to the following two
m,X —x m,y —y

s ’

terms




50

= fa 1, ik x'+ jk_v')
Jm,x [ﬁ chm Yam (%) Y')e(J x 7 y © “dy'dx’
0Y0 n,m

(2.86)

= [2 ! vy GGk, x" + 3k ¥') v
Jm,V '[[hz Dnm ®om (' y") e % y dy’ dx
0 Y0

n,m
(2.87)

where kx = ko sin § cos ¢ and ky = ko sin 8sin ¢

Once these two have been solved they can be substituted into the
following two equations to find E<I> and Ee in the far zone region.

(Stutzman and Thiele, 1981, Sec. 8.1):

L
= 30 KT (g

Ee 27 m,y cos ¢ = Jm,x sing¢ ) ES
(2.88)
-jkg  ~ikor
E =-— e J cos ¢+ J sing) a cos?
=0 2nr m, X m,y e
(2.89)

For the multi aperture problem the J _ and terms need to be changed
m, x ¥ &

to account for the added current terms.
Terms due to the other aperture currents, shifted in phase due to

their physical spacing must be included. This gives for (2.86) and

(2.837):

b ' '
= E J(k x' +ky") i ' '
Jm,x ,F[ © o v [Cnm Ibnm (x%y") +
n.m 0

0
5 il p +kDp)
cty (x,yye XX Y

o +. . .1 dy'dx’ (2.90)
am o i
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- 1] ]
l; a {b J(.k‘{x +k vy )_ 1
p— “ y 1] T
Jm.-y -Z f_/; © L Dnm @nm(x,y )+

n,m 0

9 j(kxDx + kD)
Do o (x.v) e VY o4 L L] dy dy! (2.91)

where the spacings are all referenced to guide #1. These, when added
to (2.85) and (2.86) give the far zone field patterns for the given
array.

The co-and cross-polarization fields as defined by Ludwig are the
fields measured by a horn polarized in the same direction as the rad-
iating antenna for the former and as the fields measured by a horn
polarized at right angles to the source for the latter (Ludwig, 1973).
The co- and cross-polarized patterns provide an important set of pat-
terns for use in analyzing the cross polarizaticon interference between

adjacent scanning areas. The definitions of the two are:

R(8,) =E(e.¢:)'(Sin¢_a_e+ cos<p_a_¢) (2.92)

C(8.,¢) E(e,¢)-(cos¢_ge ~ sind a )

-9
where R(8,4) is the reference or co-polarization field and C(g,¢) the

cross-polarization pattern (Ludwig, 1973). Using this the resulting

pattern equations are:

R(9.¢),¢= o= ok oS 8 (2.93)

= J
Clostdfy g ¥




R(e,dp)l¢ = 45° = i%fz (1-cos8 )- £%§§ (1+cos 8) (2.94)
C(€,¢)1¢ = 45° = i%%l (l+cos9) + Jn;x (cos 8 =1)
R(G.:)IQ = 90° = Jux (2.95)
C(8,9) [0 _ ggo - T,y ©08 0

jko e—jkOr

factor was not included in the equations.

where the common

27r

With the equations now defined, the only problem remaining is the
solution for the J and J terms.
9x m’

Using the following:

ax, .,
./~sin(bx) 3%y = 8 (asinbx — b cos bx)

a2 + b2

P

ax - eax(a cos bx+b sin bx)
~/ cos (bx) e “dx a2 + b2

(2.86) and (2.87) can be solved to yield:

€onom 1/2 nr  [l-cos (nw) ekaa] jk
In,x = £ Yan ( ab ) “a 2 2 y
92 PR
[,am -k 7]
(= X
a
(e3P cos (m)z-l] } (2.96)
2 -k
[(rr‘:r) v ]
;5 = S Zon"om, & {M [1-cos_(um) e3P x
m,y é?ﬁ nm ab b [@%32 _ kyzl Y X

[ejkxacos (nm) -17]

[am)? -k ?
X

a

(2.97)
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The only problem with the use of these equations ((2.9%) and (2.97})
is the case where k = k =0 (8 = 0°). At that point J =0
. v X m, X

except when m = 0 also, then Jm,x = %. So this situation
must be tested for and when it arises, the result, found by using
1'Hospital's rule substituted in it's place.

That concludes the pattern analysis. Since the 2 sets of terms
are the same for each current (different modes in different guides)
except for the DX,Dy phase terms the patterns can easily be calculated
as a sum of these quantities.

These two sets of parameters then conclude the analysis of an
antenna array with mutual coupling. The S parameters yield coupled

power and reflection coefficients while the patterns calculations yield

the side lobe levels, cross-polarization and scan affects.

2.7 First Order Coupling

Since the computer time needed to solve large arrays can be con-
siderable, future work in ways to approximate the problem is needed.
One possible technique is the idea of first order coupling.

First order coupling solves for the coupling from a driven guide
to it's surrounding undriven guides and ignores any fields that might
be coupled back due to the undriven guides re-radiating the fields.
The possible use of this technique could reduce computational costs
significantly, but needs further study before it can be considerecd
complete.

The main idea behind this technique is that the magnitude of

a field that is coupled to a neighboring guide from a driven guide
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and then re-radiated back again should be small enough to be ignored.
Figure 2.7 may help explain it better. For the two aperture case

(guides 1 and 2) only the Y is considered. The Y;, is ignored.

21

Y

/_3\
Y21 Y39
(1 > (2) —> | 3
- <
Y12 Y3
Y13

Figure 2.7 Coupling in a Three Aperture Array.

For the case where only one aperture is driven the results
taken using the computer model for 2 and 3 apertures seem to support
this theory (see Chapter 3). It was also found that for the 3 aper-
ture case with the first ome driven, that the coupling from the
second to the third aperture must also be included to accurately
predict the field in the third. Looking at Figure 2.7 this means
Y and Y must be accounted for. The reason for

YZl' 31 32

including Y32 is that (3) is closer to (2) than (1). So the re-

that the

radiated field from (2) is large enough compared to the field from
(1) that it cannot be ignored in the case presented here where all
three apertures are in a straight line.

The incorporation of this idea into the computer model is very
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easy. Basically all the terms for coupling from (2) to (1), (3) to
(1) and (3) to (2) are set to zero.

This is shown below:

o — = -

11 Y2 Y3 9 0

Yo Yoo Vo3 Y12 Yo 0

Y13 Y23 Y33 | i3 Yoz Ve
Full Coupling First Order Coupling

(reciprocity is used in these matrices). This is for the case of a
single driven element.

The advantage of this approach is that for large arrays with
only wlO modes in the current approximation, the resulting matrix
is a lower triangular matrix, like the one shown above. These types
of matrices are very easy to solve using back substitution {(Cheney
and Kincaid, 1980), which does not require a matrix inversion. Also,
the number of needed storage locations is cut almost in half. So
a given computer could handle larger arrays. Using these results
then, the S parameters and the radiation pattern of a single
radiating element in a large array could be found quite rapidly,
even if more than a single mode is used the computation time is
still reduced in large arrays because the number of admittance
terms to solve for is smaller.

To use this idea in a large array with several guides driven

is not as easy to do. This is a part that needs further study.




A possible technique may be to solve for the currents in a few rep-

resentative cases (guides on the edge, on a corner and in the middle)
using this approximation in smaller arrays. Then applying super-
position, the entire array solution could be found. A second and
maybe more promising idea would start by breaking the large array
up into a smaller one. The coupling terms from this smaller array
could then be substituted into the complete larger matrix which would
then be inverted. This says that if first order coupling is all that's
needed then coupling from far away guides (several rows away) and
from re-radiated fields can be ignored. This idea would consider-
ably reduce the time needed to calculate the admittance matrix.
Further tests on this subject need to be run before it can be
considered a valid approach. Some tests for 2 and 3 aperture arrays

are presented in the next chapter.

2.8 Conclusion

In this chapter four techniques for solving for the mutual
coupling between open ended waveguide elements in an array were pre-
sented. They were (1) Fourier transform method, which solves directly
for field amplitudes in the transform domain, (2) the TE and TM mode
and (3) sinusoidal-piecewise aperture field expansion methods which
use the method of moments to solve for the amplitude of equivalent
magnetic currents, and (4) the vector potential approach which is similar

to (2) except in the choice of basis functions and the manner in which

the integral equations are derived.
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In looking at the various approaches many similarities between
them appear. The Fourier transform method used by Bailev (1972) is
very similar to the TE and T modal function approach.

They both solve for the admittance matrix that relates the inputs
(the source modes of the driven guides) to the resulting fields which
are approximated by TE and TM modal functions. The latter uses the
method of moments to derive the admittance equations and the former
solves the reaction integral for admittance directly, using Fourier
transforms.

The three method of moments approaches set up the same problem,
but differ in choice of basis functions. Harrington and Luzwick and
the vector potential approach use modal functions to reduce the size
of the resulting matrix. The sinusoidal~piecewise basis functions
used by Fenn et al, on the other hand, are used because the resulting
integral equations are easier to evaluate. Another advantage of this
approach is that for large numbers of basis functions per aperture
the guide edge singularities can be analyzed (see Fenn et al, 1982).
The main drawback with it though is that for square guides large
numbers of patches are needed (24 was found to be necessary) per
aperture. This results in very large matrices that must be solved
for and inverted, preventing the solution of large arrays.

The vector potential approach was the one chosen for use in
the computer model presented in this report and was derived in

greater detail. The reason for it's choice was that by using the
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vector potential modal functions the integral equations were more
straight-forward to work with and solve. It is also easier to in-
clude several, including orthogonal modes, in the solution, and
finally, the resulting equivalent magnetic corrents are easy to work
with in solving for the radiation patterns.

The rest of the chapter (the last three sections) present math-
ematical techniques and parameter derivations that were used in
designing the computer model along with a possible method for ap-

proximating large arrays.




CHAPTER 3

COUPLING EFFECTS

3.1 Introduction

A computer program was written to solve the equations derived
in the last chapter using Simpson's Rule (see Appendices A and B for
listing and user instructions). It is a very flexible program that
can accept any reasonable number of modes and array elements. It can
also be configured to output [irst order coupling results. In this
chapter samples of data run on this program will be presented.
Some of it will be compared against published data to test the valid-
ity of the model, while the rest will be used to provide more insight

into the mutual coupling problem.

3.2 Single Aperture

The analysis of a single aperture in a ground plane provides
much needed information for use in computer runs involving larger
arrays. The results provide a means for determining the best mag-
netic current approximation to use (which modes). The data also
provides insight into the problem of a waveguide to free space inter-
face by showing the types and magnitude of the fields excited there
and the size of the reflected wave.

The determination of the number of modes needed for a good
approximation is the first topic to be considered. The symmetry
of the incident TElO E field is even about the midplane of the y axis

and even about the midplane of the x axis. The only fields excited in

the aperture then should be ones of like symmetry (Borgiotti, Nov.

59




1968). It follows then that the testing and basis functions should
be y withn=1, 3,5, .. .andm=0, 2, 4, . . . and 2 _ with

nm nm
n=1, 3,5, ...andm=2, 4, 6, . . Table I shows the results
of computer runs made using various combinations of these modes. The
aperture is square and 0.6) in width. Shown are the normalized aper-
ture E field modal amplitudes. (see Appendix C for normalization used).
Table II shows the results for a like set of modes for a rectangular
aperture where a = 0.8\ and b = 0.4% using the same normalization.
It can be seen from these two tables that wlO’ w12’ w30 and @12
appears to be the best choice. It has the fewest number of modes
that shows no change in C,, when additional modes are included. Also

10

any added modes are of magnitudes that are 3% or less of ClO'

It should be noted when looking at these tables that there appears
to be a strong interaction between orthogonal modes of identical n

and m. In Table I C12 changed by almost 50% when ®19 was added. This

happened for all such cases listed in both tables. This interdepen-
dence is expected due to the fact that for a given nm waveguide mode
where m # O there is both an x and y component to the E field. Tt

" should be included in rectan-

is because of this phenomenon that ®12

gular waveguide solutions (Table II). The magnitude of D12 is less

than 2% of C., but it's addition means a large change in C

10 So

12°
when using a wnm wvith m # 0 it's corresponding Qnm should be included
to insure proper results.

After the number of modes was determined a comparison of reflec-
tion coefficients, found using the vector potential approach, against

.

ones, found by Fenn et al. using the piecewise sinusoidal functions.,
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was run. The first set of points is for a rectangular aperture vary-
ing the width (measured in number of X ) but not the width to length
ratio. Plots of the results are shown in Fig. 3.1. The comparison
data is read off a graph included in the article (Fenn et al, 1982)
for 7 sinusoidal patches all x directed. The next case was a square
aperture, again varying the width. It is shown in Fig. 3.2, Fenn
et al's data were also read off a plot included in their article.
These two sets of plots show the excellent agreement that exists
between the two models.

Finally the plots of the radiation patterns for a single square
aperture are presented in Figures 3.3, 3.4, and 3.5, Each plot is
for a given phi angle (0°, 45° or 90°) with the theta varying from
-90 to 90°. The coordinate system is shown in Fig, 2.1. The phi = 0°
is equivalent to an H~plane pattern and phi = 90° to an E-plane
pattern. The phi = 45° plot shows both the co- and cross-polarized
patterns. For ¢ =90° and 0° there is no cross-pol. pattern due to the
symmetry of the single aperture antenna. These plots are included here

for comparison against results presented in l2ter sectione,

3.3 Two Aperture Analysis

In this section further comparisons of computer derived results
against published data will be presented. These will be followed by
a look as some tests of the first order coupling hypothesis for two
aperture arrays.

The first comparison presented is one between results from this

model and some of the results presented by Luzwick and Harrington
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(Luzwick and Harrington, 1982). They presented plots of the YHS

admittance term (see Section 2.4) for coupling between two apertures
at a constant distance but at varying angles referenced to each other.
The comparisons are shown in Fig. 3.6, where dimensions are given in
terms of A. The computer data used a single mode approximation
(wlo), similar to what was used by Harrington and Luzwick. The agree-
ment here is very good.

The next comparison is against data published by Mailloux
(Mailloux, Nov. 1969). 1In his article, results are presented for
coupling between two apertures that each support two orthogonal modes
(TE

and TE The S parameters for coupling from the dominant

10 01"

TE,, mode in the driven guide to the TElO and TEOl modes in the un-

10
driven neighboring guide are plotted. The results are for two aper-

tures at constant distance, but with varying angles again. Compari-

sons of S..1 , 2 and S..1 , 2 are shown in Fig's 3.7,
TEio" TEig TE1o" TEop

3.8, 3.9, and 3.10, for two different spacings. Dimensions are in
terms of ) . Here again good agreement can be seen. Y10 and

~

< modes were used in the computer approximation.

01

It should be noted that the agreement with Harrington and
Luzwick's results appears to be better than the agreement with
Mailloux's results. Harrington's plots were larger and easier to
read data off of and that is the reason for the better fit on rthose
plots.

Now that the validity of the computer model has been established

a few tests of the first order coupling hypothesis, whose validity

needs to be checked, will be presented. As a reminder, the idea
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behind this approximation technique is to assume that the fields re-
radiated by neighboring undriven elements are small enough to be left
out of the calculation, for a more detailed discussion see Sec. 2.8.

To test the first order coupling idea, computer runs were made
for two co-linear apertures mounted horizontally using the four mode
approximation determined in the last section. Figures 3.11, 3.12,
3.13 and 3.14 show comparisons of the mode amplitudes found using
first order coupling against the mode amplitudes found using the
complete matrix. It can be seen that the effects seem to be larger
on the driven element than on the neighboring undriven one. This is
because the effect on the undriven element due to the removal of the
re-radiated fields is a second order effect so, it's change will be
small., Since it is so small the next set of plots will loock only at
the driven aperture amplitudes.

Figures 3.15, 3.16, 3.17 and 3.18 show the comparison of first
order mode amplitudes verses the complete matrix amplitudes for two
different aperture arrangements. Figures 3.19 and 3.20 show the same
set of amplitudes but for a pair of rectangular apertures.

Finally to test the effect on the patterms, Fig. 3.21, 3.22,
and 3.23 show a comparison of the patterns for the three configu-
rations with square guides and 0.8X spacings. All are for only one
element driven. The dashed curves which are the first order coupled
plots are almost indistinguishable from the sclid curves which are the
cémplete plots. Therefore these patterns can be considered virtually

identical.
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This concludes the two aperture analysis which helped to provide
some validity to the computer model derived using the vector potential
approach. Further testing of first order coupling will be presented

in the next section on three aperture arrays, and any comment on it

will be with-held till that time.

3.4 Three Aperture Arrays

The results shown in this section will help to further test the
first order coupling hypothesis. Computer data for three co-linear,
horizontally mounted apertures were collected. These data show that
the first order coupling approximation does give wvalid results. Also
included in this section will be a few plots of the patterns of three
different arrays where the beam is being scanned. These patterns
illustrate the beam forming capability of the computer model.

The first ordgr coupling tests performed were similar to the
ones presented in the previous section but with three apertures. In
this case the co-linear apertures were mounted horizontally at various
spacings. The first set of plots is for the left most amerture
driven. The 4 mode approximation discussed in Sec. 3.1 (wlo, wlz’
*30 and ¢12) is used here for all the data in this section. Figures
3.24-3.29 show the mode amplitude results for all three apertures of
this test. Figures 3.24 and 3.25 show the mode amplitudes of the
driven guide while Fig's. 3.26-3.29 show the same for the middle and
right most guides. In this situation only, coupling between the
second and third apertures was included. Preliminary tests showed

that without it large errors in the third aperture's field resulted.

C -




90

The reason for this is that the coupling from the driven to the third
is small enough that the re-~radiated fields from the second aperture
could have a sizable affect on it.

The next set of data is for the same aperture arrangement, but
with the middle guide driven. Shown in Fig's. 3.30-3.31 are the mode
amplitudes of the driven guide. With no coupling between the end ele-
ments their amplitudes should be similar to the two aperture case
of Fig's. 3.13 and 3.14 and will not be repeated here.

Finally, Fig's. 3.32 and 3.33 shows the comparisons of the radia-
tion patterns for the two cases described above. Each shows the full
coupling patterns and the first order coupling patterns for three
aperture arrays with 0.7) spacings. There appears to be little
difference between the first order and the full coupling plots. This
is an expected result due to the near identical patterns found in the
two aperture case, Fig's. 3.22 and 3.23.

This concludes the computer tests for the first order coupling
idea. Some experimental tests were performed and are presented in
the next chapter. These experimental results agree with the computer
data presented so far. The preliminary conclusion to be made from
this testing is that the theory gives a fairly accurate solution to
the mutual coupling problem, at least in the cases presented here.
The largest difference found was less than 5% for the magnitudes and
a few degrees for the phase. It was also found to have very little

affect on the dominant TE,., mode, which is the largest mode present.

10

These encouraging results warrent further testing of the theory and
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more work on formulating a viable way to apoly it to the types of
antenna problems encountered today.

The final set of plots in this section are examples of the beam
scanning properties of a three element array. The proper phase shifts
in the driving modes of each aperture were entered to give 10° and
20° scans for a colinear array of three apertures at three different
spacings. The results are shown in Fig's. 3.34 to 3.39 (again the
4-mode solution was used here). The plots are for ¢ = 45° and ¢ = 0°
(each normalized by it's own largest value). Since there is only a
single row of apertures the change in the shape of the patterns for the
¢ = 90° was slight. There was an overall reduction in level, but the
shape didn't change with change in scan angle. So these patterns will
not be presented here.

Before leaving scanned beams a look at the patterns show some
interesting, even though expected results. First it's easy to see the
super-imposed single aperture radiation patterns. These are products
of the array factor, and can be seen in Fig's. 3.4, 3.5, and 3.6. The
characteristic three aperture array factor can also be seen with it's
single side lobe between main and grating lobes. Due to the large spac-
ings necessary in an aperture antenna the grating lobe becomes sizable
with very small scans of the beam. Therefore the resulting patterns
do exhibit the general behavior of array antennas.

This concludes the three aperture results and the first order
coupling computer testing. As was stated, the first order theorv
appears to provide an adequate approximation to the mutual coupling

and should be studied further.
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3.5 Modest Sized Arrays

The results to be presented in this section are patterns of
modestly sized arrays. The purpose is to compare the ideal array
patterns with ones that include mutual coupling. These comparisons
will help to show the necessity of including mutual coupling in larger
arrays. A final note on edge effects will complete the discussion.

The first set of plots is the radation patterns of a 3 x 3 array
of square apertures (0.6)1 x 0.61) in a rectangular lattice with 0.7A
row and column spacings. The plots show a comparison of the ideally
derived patterns (no coupling present) with the patterns found using
the mutual coupling. These are shown in Fig's. 3.40, 3.41 and 3.42.
Figures 3.43, 3.44 and 3.45 are the patterns for a 5 x 5 array of
square apertures with like spacings. The 7 x 7 array case is shown
in Fig's.3.46, 3.47 and 3.48. For the 3 x 3 and 5 x 5 array cases,
and ¢

a 5 mode solution (wlo, ) was used. For the

Y120 Y300 %01

7 x 7 array only, a single mode, the dominant TElO mode was used

12

due to the limited matrix size of the program. All of the patterns
are for the case of all the apertures equally driven with equal phases
and amplitudes.

In looking at these plots the first conclusion to be drawn is
that the coupling between columns must be smaller than the coupling
between rows. This is seen in the fact that all of the ¢ = 0° (H-
plane) comparisons show little dirfference between the patterns wicn

and without coupling. There is a slight difference, but it didn't
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alwa?s show up when the two sets of plots were superimposed. In look-
ing at the data presented in Sec. 3.3 at Figures such as 3.7 or 3.9
it can in fact, be seen that coupling is smaller into an aperture next
to the driven element then into one directly above it. So these
patterns bear that out.

It can also be seen in these figures that the effect on the co-
polarized main lobe and the first side lobe (in the larger cases) seem |
to be small. It wasn't until the second and higher side lobes that
there seemed to be a difference. So the mutual coupling affects seem
to be greater on the sidelobes that are at modest angles from the main
lobe. The effect on the cross-polarized signal (¢ = 45°) though was
considerable. The coupling not only caused amplitude changes, but
also shifted the position of the nulls. This result is due to the
fact that the mutual coupling terms allow for additional energy in
orthogonally directed fields to be present in the apertures that are
cross—-polarized in nature (of different symmetry than the incident
fields). This additional energy, unaccounted for in the ideal case,
then caused the large changes. It also seems that the differences in
the 7 x 7 case are small. This is due to the fact that only one mode
was used in the computer solution, thus not accurately predicting all
of the coupling present. This shows the need for including more than

just the dominant TE, , mode in the aperture field approximations.

10
The next comparison is that of the E-plane (¢ = 90° ) pattern nf

a single aperture radiating in various sized arrays, where all other

elements are terminated in matching loads but not driven. Figure 3.49
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shows these patterns for three array sizes. The first is that of
a single element array. The other two are for a 5 x 5 and an 11 x 11
array where the center element is the driven aperture. These are all
square apertures with the arrays in a rectangular lattice with 0.7
row and column spacings. For the single and 5 x 5 array case, the 5
mode solution discussed above was used while a single mode was used
in the 11 x 11 array case.

It is easy to see the effects that mutual coupling has’on the
patterns as more apertures are added. Tnese additional apertures
absorb energy that would normally be present in the pattern and
scatter energy that then interacts with the original radiated fields.
These two effects then account for the changes seen. It is interest-
ing to note that as more elements are added, the pattern gets slightly
more directive.

The analysis of the E-plane patterns of the center element of
a large array was also looked into by Amitay, Galindo and Wu (Amitay,
Galindo and Wu, 1972). They experimentally measured this pattern for
the center element of a 19 x 19 array of square apertures. The array
had slightly closer spacings than that used above. Their results
show that at approximately 30° and 70° a sharp null appears in the
pattern. The beginnings of this null can be seen in the 11 x 11 plot
shown in the figure. While not as sharp, there are dips in the
pattern chat are 4 dB velow tnhe single apercure pattern. So it seems
that the computer derived patterns do in fact give a fairly accurate

picture of tne true patterns.
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Turning to the topic of edge effects, it is necessary to loock
at the early work on mutual coupling. In the early analysis the
finite arrays were approximated by arrays with an infinite number of
rows and columns. This allowed the radiated fields to be represented
by Floquet modes and was thus easier to analyze. (see Amitay,
Galindo and Wu, 1972 for complete analysis). The problem with this
type of solution is that it predicts the effects on central elements
in a large array fairly well, but it doesn't give accurate results for
elements closer to the edge. This difference between coupling affects
of center verses edge elements is known as the edge effect. It can
be explained intuitively by considering the neighboring apertures that
an element "sees'. Center elements are surrounded on all sides by
apertures while edge elements ''see' fewer closely spaced aper-
tures. To illustrate this point the patterns of the center element
and the upper right hand corner element of a 5 X 5 arrays are compared
in Fig's. 3.50 and 3.51. The elements are square (92.6X x 0.6}) with
.7Xx row and column spacings in a rectangular lattice. A single mode
approximation was used here. From these plots it can be seen that
the edge element's patterns are shifted to one side due to the fact
that it doesn't have neighboring elements on two of it's sides.
So it can be concluded that due to the edge effects, the finite
array type of analysis performed here is necessary to insure proper

results.
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3.6 Conclusion

In this chapter various computer derived data, found using the
vector potential approach, were presented. These results helped to
shed some light on the mutual coupling problem by looking at it
from several points of view.

First the single aperture array data was used to determine the
proper approximation to use in the later analysis. After this, the
validity of the computer model was established by comparing the
results with those of several published articles. These comparisons
along with the data to be presented in the next chapter show that
the model is in fact reasonably accurate.

Some preliminary testing of the first order coupling idea was
then presented. The two and three aperture tests showed that the
first order coupling approximation did yield valid results. The
testing, while incomplete, was sufficient to warrant further study
on this idea.

The rest of the chapter dealt with various sized arrays and how
mutual coupling affected their performance. This included a look
at the beam scanning properties of small arrays and concluded with
a discussion on edge effects.

Finally, a word regarding the radiation patterns presented here.
The patterns were each normalized by their own largest value. That means
that the ¢= 90°, ¢ = 0° and ¢= 45° patterns were each normalized by their
own peak values. The co- and cross—polarized patterns for ¢ = -3° were
both normalized by the same value. This shouldn't cause any problems

for the non-scanned plots as the peaks for all three coincide at 6 = 0.
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In the scanned plots of Fig.'s 3.34-3.39 though this is not the case.
If the ¢ = 45° and ¢ = 0° plots of each figure were normalized by the
same value, the overall level of the ¢= 45° plots would be slightly
lower. The shapes of the patterns wouldn't change though, so the effect

of scanning the beams is still properly illustrated by these plots.




CHAPTER 4

EXPERIMENTAL VERIFICATION

An experiment was conducted to test the accuracy of the computer
derived results. The tests measured the coupling (Sp;) between two
apertures in various configurations on a large copper plate. The
measurements were made with a Hewlett Packard 8409B Automatic Network
Analyzer with version 11863D software. The test stand was a 2 ft.
square ground plate with the waveguide fed apertures radiating to a
room covered with absorber material.

To facilitate ease of manufacture and to reduce set-up times, a
general purpose test stand was constructed. A 1/4" copper plate
2 feet square was milled so as to allow 5 X-band waveguides to be
soldered directly to it. The hole configuration is shown in Fig. 4.1.
The spacings were chosen by taking into consideration the waveguide
flange sizes and the amount of material necessary to assure a strong

plate that wouldn't warp during soldering.

Ad,

Vi A

034 2 | 4

.029 5 A

|
34 —m—. 029 — =

VIEW AA

rry

i

™
c
~
)]

4.1 Test Set-up. Distance in Meters.

126




127

Two tests were run on this set-up. The first measured the
coupling between two apertures at various spacings and angles in terms
of 521, for direct comparison against the computer data. The second
was a test of first order coupling. The 821 and Sll was measured
between two apertures with a third aperture present. This third
aperture's waveguide was terminated in a matched load. These measured
scattering parameters were then compared against the parameters
measured for the coupling with no third aperture present. The differ-
ence then would be the re-radiated third aperture fields and thus the
relative effects of the re-radiated fields could be determined.

In all these tests the unused apertures in the plate were covered
with foil, so as not to interfere with the coupling between the two
apertures being tested. For example to test the coupling between two
apertures side by side at .034m spacing, the analyzer would be con-
nected to the guides for apertures 1 and 2. Apertures 3, 4, and
5 would then be covered with foil.

The first set of data is shown in Fig's. 4.2 and 4.3. 1t com—
pares the experimental results for two co-linear apertures, mounted
side by side at 3 different spacings, against data from the computer.
The computer results for the tests in this section used the four mode
approximation discussed in Sec. 3.2 (wlo, w12’ w30 and ®12). Figures
4.4, 4.5, 4.6 and 4.7 show the same comparison but for two other
apercure coniigurations. 1In these tests the frequency was scanned
from 8 to 12 GHz to give a set of data points for each arrangement.
By aoing this, the size of the apertures and their spacings would in-

crease in terms of wavelength with each increase in frequency.




128

The test data seemed to deviate from the computer results most
at 9-10 GHz. At first it was thought that resonances in the set-up
might be responsible, but after a more complete run was made, the true
cause became apparent. Figures 4.8 and 4.9 show the 521 and Sll mag-
nitude plots taken directly off the network analyzer for runs with
very small spacing between data points. The experimental curves are
seen to oscillate about the drawn in computer derived lines. The ver-
tical axis is dB of loss so they are in fact negative quantities.

The cause of the oscillations is probably due to the irregular-
ities in the system. One possible reason being the fact that the
ground plane wasn't infinite. This could account for part of the
oscillations since the amount of interference would depend on the
distance between the source and the diffracting edge in wavelengths.
This would then vary as the testing frequency is scanned. A second
source of error is the test set-up itself. It was calibrated for a
given location of the cables and their connections. These cables
are then moved and connected to the test stand, destroying the calib-
ration. This would explain the fact that the plots in Fig's. 4.8 and
4.9 give slightly different numbers then the data shown in Fig's.
4,2-4.7 at specific frequencies. While the average liné for the
experimental data was always about the same the overriding noise
seemed to move up and down this line, depending on the day the
test was run. Tests run on the same day with the same calibration
didn't show this variation. If the noise could be averaged or filtered
out of the experimental data, it would produce a set of curves that

appears to be close to the computer derived data. So it seems possible
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at this point to say that the tests agree with the computer data within
the limits of the system noise.

The second test was performed for two co-linear apertures with
a third undriven one present. The result for two different aperture
arrangements are shown in Fig's. 4.10 and 4.11. The data measured
with a third aperture present is compared against that found in the
previous test. These plots are consistent with the first order
computer tests presented in the last chapter. The presence of the

and S in

third aperture seemed to have little affect on the 821 11

Fig. 4.10, while the variation in Sll in Fig. 4.11 could be explained
by the irregularities seen at 9-10 GHz discussed above.

The final measurements made tested the level of the analyzer's
internal noise. It was measured by terminating the analyzer's out-
puts in matched loads and measuring the amount of signal present.

The tests showed the worst case noise to be at approximately -60dB.
This would explain the large differences seen in the d = .063 side-
by-side test (Fig's. 4.2 and 4.3). 1It's magnitudes were approacging
the point where the analyzer noise was large enough to have an effect.
Also tested was the amount of reflected signal from the absorber in
the measuring room. It showed that the reflection was buried in the
level of the analyzer noise. So these two noise sources are small
enough not to have much effect on the results.

This concludes the experimental analysis of mutual coupling be-
tween apertures in a ground plane. The results for the most part arve
consistent with the data found by the computer using a 4 mode solutiomn.

While the test results were slightly irregular, they were sufficient
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enough to verify the accuracy of the analytical model.
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CHAPTER 5

CONCLUSIONS AND RECOMMENDATIONS

5.1 Conclusion

The work described dealt with the analysis of mutual coupling in
finite arrays of rectangular apertures. The analysis started with a
discussion of the theoretical nature of the problem. It followed that
with a look at the coupling effects in various arrays, which included
comparisons against both published and experimental results. The con-
clusion to be drawn from this work is that the analysis and approxima-
tions used do in fact vield accurate results for the mutual coupling
problem.

The various methods used to analyze the mutual coupling in arrays
were discussed. From this discussion it was concluded that the vector
potential approach was the best one to use for the type of array being
analyzed. The required mathematical manipulations used in deriving
the computer program are also included.

Using the computer programs, results were obtained for various
sized arrays. The single element array data determined the best modal
approximations to use. The two aperture case compared the computer
data against published data. The othe? configurations looked at pre-
sented results that showed the effects of mutual coupling on larger
arrays. It also looked at beam scanning in the three aperture antennas.

Included with all this analysis was a considerable amount cf data

e

[}

testing the first order coupling theory. This data showed that the
first order coupling theory could be used to approximate the coupling

in arrays fairly accurately. It was included here for use in future

141 !
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studies on antenna arrays in the hopes of reducing the computational
time needed to solve large arrays.

Finally, in the last chapter the results from an experiment that
was carried out was compared against computer derived data. While the
experimental data was affected by system irregularities it did seem to

show that the computer-derived results were correct.

5.2 Recommendations

Future study on the mutual coupling problem should:

1) include the non~matched source to waveguide case.

2) study arrays of circular apertures.

3} 1look at flared horns, both circular and rectangular.

4) consider the no-ground plane case.

5) 1look at possibly formulating a viablé technique that uses

the first order coupling.

The non-matched load case is one that can be easily included in
the currvrent computer model. If the waveguide is 1 meters long and the
guide to source interface has a known reflection coefficient (I), then
to include it's affect a factor (1 + FTe-j81022) must be multiplied
by the Green's Function term for the TElO part of the waveguide field
(G4x for nm = 10 in eqn. 2.36). In this factor, T is the total am-
plitude of the dominant mode excited in the guide due to reflection
at the aperture and coupling from all the other guides. Once this
has been done, tests could be run to see if the eifect of this on the
system results is large enough to warrant the inclusion of this type
of mismatch in future studies.

The other problems are much more involved and would require con-
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siderable amounts of work. The no-ground plane analysis should be
conducted to determine if the affects of removing it are large enough
to require that théy be accounted for in antennas where the ground
plane isn't present. If the effects are small enough, then the easier
to solve infinite ground plane case could be used as an acceptable
model. The circular aperture and flared horn elements in arrays should
also be analyzed since these are also common array elements in use
today. The final topic, the first order coupling theory, is one that
needs further computer testing and much theoretical analysis before

it can be considered complete. This analysis should be performed
since it may lead to more efficient numerical procedures for analyzing

mutual coupling effects in large arrays.
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APPENDIX B
USER INSTRUCTIONS

The computer program discussed in this report and presented in
Appendix A is currently on the Research Computer Labs VAX under the
file name: MCOUPL. It is written in FORTRAN and can handle large
matrices, on the order of 300 x 300 (the user is warned that tests of
matrices larger than 125 x 125 have never been done and round-off
error may be a problem). The following is the user instructions, and
before proceeding the notation used must be explained. 1In the exam-
ples shown, the underlined terms are the user entered responses, while
the rest are the computer generated phrases and questions. The *
signifies a return. The examples to be discussed are presented at
the end of this section, with added circled numbers signifying the
step numbers referred to in the text.

The program is written so that the computer will prompt the user
for the necessary data. There are a few factors that are held constant
throughout the array and they are entered first. The constant factors
are the a and b dimensions of the apertures entered in wavelengths,
the spacing between each row and between each element in each row again
in wavelengths, the wavelength entered in meters and finally the num-
ber of and type of wnm and Qnm to be used in the approximation.

These are values that typically remain constant throughout standard
waveguide arrays. In the sample rums, shown at the end of this section,
steps 1-3 are the ones where the above mentioned data is entered. In
step 1, after inputting the number of ¢ and ¢ the computer will ask

for the mode index nm one at a time. The order that these are entered
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should be remembered because it will be important later. The wlO
must always be the first modal function entered. Steps 2 and 3 are
self explanatory.

Step 4 is the point where the user has the choice of whether to
take advantage of an array configuration entry system that is designed
specifically for arrays of rectangular or triangular lattice or to use
the general entry system. In the steps that will follow, the user
enters the array configuration and if it is one of the regular lattices
it can be entered much easier under the system mentioned above. As we
will see later, this approach will also allow for easier entrv of
regular phase shifts in the driven fields used when scanning the beam.
The regular lattice approach will be looked at first and the general
method will be discussed in a later example (see steps 12 and 13)

The array must have at least 2 rows to use the regular lattice method.

After a "Y" is entered (note: 1in all the Y/N questions, the Y must
be upper case) the computer is in the regular lattice mode. Under this
system the user enters the number of apertures and the row off-
set (in A) for the even numbered rows and for the odd numbered rows
once each. The way the computer numbers rows and apertures is shown
in Fig. A.l The rows always count up and the apertures from left to
right. The configuration entered in step 4 is the one shown in Fig.
A.la. Figure A.lb shows what is meant by a row off-set and as to how
it allows for entry of triangular lattice arrays. If the array of
Fig. A.1b were eutered instead, 3 -ows would nave been =ntersg in
step 3 and for the odd numbered rows an offset of .5 would have been

entered. Figure A.l also illustrates the types of arrays that can be
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handled by each configuration entry system.

After this, the computer will print out the Dx and Dy of each
aperture in meters in the order of the aperture numbers. The first
number is the aperture number, the next the DX and the last the D
After this the computer will calculate the admittance parameters.

Once this is complete, the user has the opportunity to view them by
entering a "Y" in step 5. The computer will then print first the
column number and then the row number of each parameter's location in
the admittance matrix. The value of the admittance is given in
standard FORTRAN complex number representation (the real part comes
first, followed by the imaginary part, seperated by a comma). Tf

a "N" 1is entered the computer would go directly to Step 6.

Step 6 is where the user tells the computer how to drive the
array in calculating the modal amplitudes and then the radiation
patterns. The user must enter how many elements, and if it's less
than the total number which elements are to be driven. Also the phase
of the driving field of the elements must be entered. The computer
always drives the first wnm of each driven aperture with a TElO
mode, so the user must make sure to always enter the 10 mode first in
step 1 as was done here. Under the regular lattice system the user has
3 different ways to enter the driven element data. The first is shown
in steps 6 and 7. If the number of driven elements equals the total
number of elements then the computer will ask if a constant phase for
each shouid be used. If "Y" 1is entered here, then all will be

equally driven with zero phase. The case of '"N" entered under con-




158

stant phase is shown in step 11. Here the computer asks for the phase
shift between each element in a row (call it 8 here) and the phase
shift between each row (call it o here), both entered in degrees.
The added phase for each aperture then equals (n-1)8 + (m-1)a where
n is the column number and m is the row number of the aperture. This
way, aperture #1 will always have 0° of added phase shift. For
rectangular lattices this allows the user to easily scan the beam.
There is a problem with this system when using a triangular lattice.
Since the computer always assigns the first aperture of each row to
column #1 and since the apertures aren't co-linear in the vertical
direction this will cause problems in these cases. This will be
corrected in the next update of the software, but for now if you wish
to scan beams in a triangular lattice use the general approach and
enter the phase of each aperture one at a time. The third and final
situation is shown in step 10. TIf less than the total number of
elements is entered then the user must enter the element number and it's
added phase for each element to be driven. After each element number
and it's corresponding phase, a return must be entered as shown '=z2re or
else the computer will not input the data properly. The steps tha - follow
each of these situations are the same and will be discussed next, using
the example steps 7-10.

Shown after step 7 is the next question: That of whether teo view
the tested incident magnetic field column matrix (see page 27.) If
a "Y" 1is entered, the elements are printed out in order, as shown.
Notice how it's the first modal function of each aperture that is

driven and with zero phase in this example. Directly after this, or




after a "N" 1is entered above, the computer prints out the normalized
modal amplitudes of each modal function. The order of these amplitudes
is the order of the apertures (as numbered before), where within each
aperture the order of the modal functions is the same order as entered
in Step 1. In this example, there were 4 modes per aperture so the
first 4 amplitudes are the ones of aperture #1, the next &4 for aperture
#2 and so on. The modes of each aperture then are in the order of

¥ and 9 as entered in Step # 1. So the first ampli-

10° Y12 Y300 12

tude is the of aperture #1, the second u,, and so on.

‘10 12

In Step 9, the user decides whether to view the plots of the
radiation pattern. If a "Y" is entered, then the patterns will
appear one at a time in the following order. 1) ¢ = 90° co-polarized,
2) ¢ = 0° co-polarized, 3) ¢ = 45° co-polarized and, 4) ¢ = 45° cross-
polarized. After each plot has been viewed, hitting the return will
bring up the next pattern until the last plot. Hitting the return
after viewing the last plot brings back the program.

After the plot question, the user has a choice, to input a new
set of values for the driven elements or to exit the program (see
Step 10). A "N'" entered here and the program exists. A "Y" and the
computer returns to Step 6 and proceeds exactly as before. In the example
shown, a "Y" was entered in Steps 10, and right before Step 11 in
order to enter different sets of driven elements for the same array.
This way the user can scan the beam or change the number of driven
elements several times on the same array configuration without going

through the redundant procedure of having the computer recompute the

admittance parameters.
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Finally Steps 12 and 13 show how the general array configuration
entry system works. If a "N" was entered when the computer asked
if the regular lattice approach was to be used, the user will be promp-
ted to input the number of elements and row offset for each row in the
array one at a time. The example shown in 12 and 13 is the array of
Figure A.1lb. After these steps the computer proceeds exactly as before
with one exception. When the user drives all the elements as in Step
6 he has the choice to drive all with constant phase, as before, but
if a "N" 1is entered there the user then must enter the element num-
bers and their phases one at a time similar to what was done in Step
10. The user does not have the option to use the phase method shown
in Step 11. If less then the total number are driven, it is handled
exactly as before.

As a final comment, the meaning of the normalized modal ampli-
tudes will be discussed. The printed values are the normalized equi-
valent magnetic current amplitudes (gm), not the normalized aperture
field amplitudes (see Appendix C for the differences between the two).

The currents are always normalized by an incident term of 0°

Y10

added phase, so when entering the phases of the driven modes always
make the reference phase 0°. The usefulness of this type of result

is readily apparent (see App. C). If only aperture i 1is driven (with
0° phase), then the resulting values of the normalized wlO amplitude

ze s j  is t . T arravs of
cerm of aperture j 1is the STEloi, TEloj erm or 3

square apertures the value of the normalized mcdal amplitude of the

i i i Finally, th -
601 term in aperture j then is the STElOi, TEOlj inally € nor

malized value of the driven aperture'’s wlO amplitude gives 1 + Fi for




that guide. So by driving only one guide with zero phase the computer

will output the scattering parameters for coupling between the driven
guide and it's neighboring undriven guides and the reflection co-

efficient of the driven aperture.
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INPUT.THE # PSI AND PHI FUNCTIONS

1%

INPUT THE 1PSI COEFF.: <:>
INPUT THE 2PSI COEFF.:

l1,2%

INPUT THE 3PSI COEFF.:

20*

INPUT THE 1PHI COEFF.:

1.2% -

INPUT A/LAMBDA ,B/LAMBDA AND LAMBDA

6,.6,.015%

6,.6,
ALL SPACINGS ARE TO BE GIVEN IN FRACTIONS OF LAMBDA
INPUT THE # OF ROWS AND SPACING BETWEEN THE ROWS
2,1. *
NPUT THE SPACING BETWEEN ELEMENTS WITHIN A ROW

N
7

:
@®

o 4

EGULAR LATTICE ARRAY? (Y/N)

NPUT THE EVEN ROWS # OF GUIDES & ROW OFFSET

®

[}

3.0

INPUT THE ODD ROWS # OF GUIDES & ROW OFFSET
3.0%

DX ,DY 1 0.0000000E+00 0.000000CE+00
DX ,DY 2 1.5000000E-02 ©0.0000000E+00
DX ,DY 3 2.9999999E-02 0.0000000E+00
DX,DY 4 0.0000000E+00 1.5000000E-02
DX ,DY 5 1.5000000E-02 1.5000000E-02
DX,DY 6 2.9999999E-02 1.5000000E-02
PRINT MATPIX? (Y/N)

o2

MATRIX

1 1 (12.27046966552734,-517.9987182617188)
MATRIX 1 2 (-30.51866722106934,54.47422790527344)
MATRIX 1 3 (53.73537826538086,-70.30246734619141)
MATRIX 1 4 (71.57903289794922,~-26.945293426512367)
MATRIX 1 S (1.308216094970703,19.72079845243164)
INPUT TBE # OF DRIVEN GUIDES
®
CONSTANT PHASE FOR EACH? (Y/N)
5 @
PRINT COLUMN MATRIX?.(Y/N)
X *

VI: (-1.2110380771835904E+16,0.0000000000000000E+00)
VIi: (0.0000000000000000E+00,0.0000000000000000E+0Q)
Vl: (0.0000000000000000E+00,0.0000000000000000E+00)
Vi: (0.0000000000000000E+00,0.0000000000000000E+00)
VI: (-1.2110380771835904E+16,0.0000000000000000E+00Q)
VvI: (0.0000000000000000E+00,0.0000000000000000E+00)
vi: 10.0000000000000000E+00,0.0000000000000000E+0G)
vi: (0.0000000000000000E+00,0.0000000000000000E+0Q)
VI: (-1.2110380771835904E+16,0.0000000000000000E+00)
vi: (€.C00000000000CGGCE+C0,0.000000000C0CGC0GCOE+GQ)
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- ORIGINAL ppgE g
POOR QuaLITY
THE NORMALIZED OUTPUT VECTOR 1IS:
v 1)= (0.9525498,-6.5083817e-02), 0.9547706 -3.906711
v( 2)= (0.1387619,-9.7904637E~-G2), 0.1698240.. . - -35,20520
V( 3)= (2.6979776E-02,-4.0551741E-02), 4,8706800E-02 -56.36349
v ( 4)= (-2.4122884E-02,6.4293578E-02), 6.867C064E~C2 =-6S.433¢7
V{( S)= (06.9735299,-4.6621375E-02), 0.9746456 -2.741743
Vi 6)= (0.1327942,-9.0362079E-02), 0.1606225 -34,23400
Vi 7)= (2.4720680E-02,-4.1649926E-02}, 4.8433751E~02 -=59.20940
vV 8§)= (-1.8278474E-02,7.0564717E-02), 7.2893634E~02 <-75.47779
V( 9)= (0,9525498 ,-6.5083809E-02}, 0.9547706 -3.90871¢C
10)= (0.1387620,-9,.7904630E-02), 0.1698240 «25,20%20
11)= (2,.6979776E-02,-4.0551744E-02), 4,8706800E~02 <-56.36234¢
12)= (-2.4122884E-02,6.4293578E~02), 6.8670064E~C2Z =-6€.42397
13)= (0.,9525498,-6.5083809E-02), 0.9547706 -3,90871¢C
14)= (0.1387620,-9.7904630E-02), 0.1698240 ~25.208520

CcCC<dCCCCECC<<<
B e e e e

(Y/N)

s
3

ANOTHEF SET OF INPUT VALUES? (Y/N)
y*
INPUT THE # OF DRIVEN GUIDES

15)= (2.6979776E~-02,-4.0551744E-02),
1l6)= (-2.4122884E-02,6.4293576E-02),
17)= (0.9735299,~4.6621375E-02), 0.9746456 -2.741743
18)= (0.1327942,~9.0362075E-02), 0.1606225 -34.23400
19)= (2.4720680E~02,-4.1649926E-02),
20)= (-1.8278474E-02,7.0564717e~-G2},
21)= (0.9525498,~6.5083817E-02), 0.9547706 ~3.908711
22)= (0.1387619,~9.7504637E-02), 0.1698240 ~35.20820
23)= (2.6979776E~02,-4.0551741E-02),
24)= (-2,4122884E-02,6.4293578E-02),

4.87C6600E-06Z ~56.36349
6.8670064E~02 ~65.43397

4.8433751E~02 ~-59.30940
7,26893634E-G2 ~-75.47779

4.8706800E-02 -56.36349
6.8670064E-02z -69.43397

©)
O

INPUT THE GUIDE #'S THAT ARE DRIVEN &IT'S PHASE(DEG)

1,0%

2,0 %

-

WILL ASSUME TE1l0 MODE IN EACH
PRINT COLUMN MATRIX? (Y/N)

N =

THE NORMALIZED OUTPUT VECTOR IS:

v{ 1)= (0.9562839,-2.7126919E-02), 0.9566686 -1.624875
VAl 2)= (0.1217258,-8.5655443E-02), 0.1488423 -35.13311
v( 3)= (2.2908077E-~02,-3.8559444E-02), 4.4850983E-02 ~-59.28555

Vi 4)= (-1.3244004E-03,5.0520133e-02),

ANOTHER SET OF INPUT VALUES? (Y/N)

Y %

INPUT THE # OF DRIVEN GUIDES
6 %

CONSTANT PHASE FOR EACH? (Y/N)
N %

NPUT THE PHASE SHIFT BETWEEN ELEMENTS IN A ROW
0

NPUT THE PHASE SHIFT BETWEEN ROWS
9

S

Lo
b

%

) =4

PRINT COLUMN MATRIX? (Y/N)

5.,0537493E-02 -88.49832

O
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ALL SPACINGS ARE TO BE GIVEN IN FRACTIONS OF LAMBDA
INPUT THE # OF ROWS AND SPACING BETWEEN THE ROWS

INPUT THE SPACING BETWEEN ELEMENTS WITHIN A ROW

1 %

TREGULAR LATTICE ARRAY? (Y/N)

INPUT THE # OF APP. IN ROW# 1

2.0

INPUT THE # OF APP. IN ROW§# 2

INPUT THE § OF APP. IN ROW# 3

3,0%
DX, DY
DX, DY
DX, DY
DX, DY
DX, DY
DX,DY
DX,DY
DX,DY
DX,DY

1

WOIO D W

0.0000C00E+00
1,5000000E-02
2,9999999E-02
0.0000000E+00
1.5000000E-02
2,9999999E~-02
0.0000000E+00
1.5000000E-02
2.9999999€E-02

AND THE ROW OFFSET
AND THE ROW OFFSET
AND THE ROW OFFSET

0.0000000E+00
0.0000000E+Q0
0.0000000E+00
1.5000000E-02
1.5000000E~02
1.5000000E~02
2.9999999E-02
2.9999999E-02
2.9999999E-02




APPENDIX C

RESULT NORMALIZATION
The results shown in Chap. 3 are the normalized aperture electric
field modal amplitudes, normalized by the incident field amplitude.
The program, on the other hand, will output the normalized magnetic
current (gm) modal amplitudes. The differences between the two and
the reason for outputting the normalized currents is the topic of this
appendix.

The computer model solves for the im modal amplitudes. Since

E = a J d J = +
—apert. I W 2: cnm wnm 2¢ Z: Dnm <I>nm éy
n,m a.m
?
then E = - E C_ ¢ a + Z D ¢ a
apert. Aom nm nm —y it am  nm —X
INC X \ . . . .
The E normalization term has an extra minus sign relative to the Jm

normalization term. The difference between the normalized In and the
normalized Ea is that the signs on the Dnm terms are changed and the
a, and gy's interchanged. Thus taking the negative of the ¢ m
amplitude terms from the computer outputs and assigning the proper gxand
éy is required to get the normalized Ea functions.

The reason for outputting the results in terms of normalized gm
is that this leads directly to the scattering parameters. Scattering
matrix parameters are defined using the TE waveguide modal functions.
These modal functions by definition have opposite signs for the a,
and éy terms (see the modal function used by Harrington in Sec. 2.3
for example). This negative sign cancels the 2ne needed to convert

the currents to field quantities. So by leaving it this way, if only

one aperture is driven in an array of square guides, the value of the

166




167

normalized & amplitude in a neighboring guide gives the scattering

01
parameter for coupling between the TElO of the driven guide and the
TEOl of the undriven guide. If Ea terms were outputted it would

equal the negative of this S parameter. The value of the normalized

Y amplitudes are the scattering parameters between the driven TE
10 i g

and the undriven TElO in both cases. It must be remembered that

10

this is only so if only one guide is driven in the array with zero
degrees added phase.

The value of the amplicude used to normalize the Ea term is:

e P10t

E = .
3%






