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Abstract

This quarterly report deals with the development of a two-dimensional
analytical model that describes the dynamics of an n-mass vertical tethered
system. Two different approaches ﬁre described: in the~first one the.control
quantities are the independent variables while in the second one the Cartesian
coordinates of each mass expressed in the orbiting reference frame are the
independent variables. The latter model has been used in the 3-mass version to
simulate the dynamics of the tethered system 1n applications involving the
displacement of the middle mass along the tether. 1In particular the issues
related to reproducing predetermined acceleration profiles and "g-tuning" are

reported.
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Figure Captions

Figure 2.1.1 Geometry and generalized coordinates for the n-mass
tethered system.

Figure 2.3.1 Geometry and Cartesian coordinates for the n-mass
tethered systen.

Figure 2.3.2 Schematic of the tension forces acting on a single
mass of an n-mass tethered system.

Figure 2.3.3 Geometrical relations between generalized coordinates
and Cartesian coordinates.

Figure 2.5.1 a-1 Dynamic response of the 3-mass tethered system for a
sinusoidal motion of the middle mass with a peak-to-peak
amplitude of 2000 m and an angular frequency of 103
rad/sec.

Figure 2.5.2 a-1 Same as in Figure 2.5.1 with a peak-to-peak amplitude of
the motion of the middle mass equal to 8000 m.

Figure 2.6.1 a-m Dynamic response of the 3-mass tethered system during a
transfer maneuver of the middle mass designed for achleving
a predetermined, steady state g-level ("g-tuning"). The
control law is a half cycle sinusoid with a peak-to-peak
amplitude of 2000 m.

Figure 2.6.2 a-m Same as in Figure 2.6.1 with a control law of different type.
A modified hyperbolic tangent is used to perform the transfer
maneuver instead of the half cycle sinusoid.
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1.0 INTRODUCTION

This 1s the third Quarterly Report submitted by SAO under contract NASS8-
36606, "Analytical Investigation of the Dynamics of Tethered Constellations in
Earth Orbit (Phase II)," Dr. Enrico Lorenzini, PI. It covers the period from 22

Septembér 1985 through 21 December 1985.

2.0 TECHNICAL ACTIVITY DURING REPORTING PERIOD AND PROGRAM STATUS

2.1 Two-Dimensional Equations Of Motion For The N-Mass System

The Lagrangian formulation has been used to derive the two-dimensional
equations of motion for an n-mass tethered system. The equations of motion are
expressed in the orbiting reference frame formed by the local vertical (z) and
the local horizon (x) centered at the system C.M. The Lagfangian coordinates,
shown in Figure 2.1.1, are the tether lengths (£;), the deflections (€;) of each
mass from the line connecting the first mass to the last mass and the angle (4)
between that line and the local vertical. The assumptions are like those used
for the 3-mass system, namely: point masses, circular orbit of the C.M., second
order gravity potential expansion, elastic tethers. Following a procedure simi-
lar to the-one in Quarterly Report #1 and referring to Figure 2.1.1, the kinetic

energy of the system is given by:
1¢ S 2
T = 521 m | Vry | (2.1.1)

In equation (2.1.1) the velocity of the i*"-mass is given by:
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Figure 2.1.1
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Viu = V1 + (0 x Ty) (2.1.2)

and since we have:
Gy = Vs + (F x Poy) (2.1.3)
¥y =3 + gy (2.1.4)

we can write equation (2.1.2) as follows:
Vis = Vps + (ﬁ X 5) + (5 + ﬁ) X Ppi (2.1.5)
so that:
-~ |2 . 2 . . : 2
|vn| = [xu + Qacosf + (é—ﬂ)zn] + [zm + flasinf - (0—0)x51] (2.1.6)
Since the body reference frame 1is centered at the system C.M. we have:
n n
Emi Xpi =Zm1 zpy = O (2.1.7)
1 1

Moreover, since the C.M. remains, through time, at the center of the orbiting

reference frame we also have:

n n '
Z my )'(31 = Z my égi =0 (2.1.8)
1 1

By manipulating equation (2.1.6) we finally get:
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1 n
T = 321: my {*812 + 2812 + (0—0)2 (X512 + Zaiz) +
+ 2(6 - Q) (%mszes — xaiz'm)} + % meotfl2a (2.1.9)

where the last term is the kinetic energy of the system concentrated at the C.M.

The potential energy of the system is given by:

n
- _ I .
vV = #¥|"1| (2.1.10)

where:

1/2

Iril =[x13 + (a - Z:.)z] (2.1.11)

We can therefore write the potential energy as:

vV = - “2:‘:!“ [1 + ? _ xmzz:zzmz + % ;—a%i] (2.1.12)
where:
xp1? + zm? = xi + zi (2.1.13)°
Since:
B = N12a3
Zy = 2zpy cosf — xpsiné (2.1.14)

after algebraic manipulations and because of equations (2.1.7) we finally get:
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V= - %Zm;{ﬂa(&:os 20 — 1)zg? + 02 (3sin 26 —1)xp?
1

—6 02sinf cos ¥ xmzn)} — meoef22a? (2.1.15)

In equation (2.1.15) the last term is the potential energy of the system when
the total mass is concentrated at the C.M.; its value is constant for a circu-

lar orbit.

Assuming that €; << ¢; and defining Ry = m;/me+ wWe can write:

Zpr T T Zpoa

Zps = el'zBCHI

Zpy -"-'Z: ej T ZpoMi

{2.1.16)

n-1
Zpn =z Zj ~ ZpcMi

=1

and:
XB1 = ~ XpoMa
Xpa = €3 ~ Xpai
y (2.1.17)

Xp1t = €1 - Xpowm

Xpn * ~ XsoM1



Page 10

where zpgq and Xpoan are the coordinates, in a body reference frame with the

origin at m;, of the system C.M. They can be expressed as follows:

Zses = Ra,....n) &1 + .... + Rnlna
(2.1.18)
. n-2
XpeM1 =Z Rj*l €J
=1
where:
n
Rt,...,my = D Ry (2.1.19)
3=t

Equations (2.1.16) and (2.1.17) relate the coordinates of the masses in body

axis to the Lagranglan coordinates.

The Lagrangian function (L) is readily obtained by subtracting the potential

energy from the kinetic energy so that the equatlons of motion are given by:

d (dL dL _ _

It (311) E Ql; i=1,...,n

d (9L oL _ _ _

E(a_ﬁ) 'a—ez—-Qei i=1, ,n-1 (2.1.20)

4 (oL _ oL _
dt \af 39 =

After many algebraic manipulations the final structure of the'equations of mo-

tion is as follows:
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A[Z + vt] + 2(6-0)Bé + (f -d) Ce = Qg /meor
D[é + ge] + 2(-0) EL + (f+4d) F £ = Q,,/meor (2.1.21)
G[#, 2(4 -0), 302sinfcosf, 302 (sin 26 — cos 26)]" + eHE + LLé = Qp/meoe

In equations (2.1.21) ¢, §&, € are column vectors of dimension n-1 and e, &€, &
are also column vectors of dimension n-1 with the last row equal to zero. The
matrices A, B, C, D, E, F, H, L are non dimensioﬁal matrices and G is on the
contrary dimensional, being a function of €, €&, £, . Their complex expressions
are not reported in this quarterly report for the sake of brevity. The coeffi-

clents in equations (2.1.21) are given by:

b = 02 (1-3 cos2f) - (§-Q)2
d = 32sinfcosf (2.1.22)

02 (1-3 sin2f) - (4-0)2

(']
I

The equations of motion (2.1.21) together with (2.1.22) will be fully developed
in the next section for the case n=3. Note that equations (2.1.22) are a set of
2(n-1) equations while in general the degrees of freedom of n masses in a two-
dimensional space are 2n. In our case, however, the motion of the systemvC.M.

is constrained so that the total degrees of freedom of the system are 2n-2.
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2.2 Revised Two-Dimensional Equations Of Motion For The 3-Mass System

From the generallzed case of the previous section we derive in thls section
the equations of motion for a 3-mass system. The tedious computation of the
matrix components in equation (2.1.21) is not reported. The equations of motion

finally result in:

Ry (1-R;) [y + bfy] + ReR; [£; + bl;] - 2(6-Q)RiRzé- (f-d)RyRze = th/mm
R3(1-R3) [£2 + bli] + RyRy [£; + bl + 2(0-Q)R;R3é + (§-d)RiRze = Qg /meot
Ra(1-R3) [€ + ge] - 2(6-Q)Ryv - (f+d)Rv = Qc/meor (2.1.23)

5{R1£1 [81+V] *R;,l; [lz'V] +R3 (l'Rz) € 2}+
+ 2(4-0) {R;t;[ilﬂ"] +R3€3[€;-Vv] +R3(1-R3) eé}+
+ 30281n0C080{R121 [81+V] +R3£3 [Zz'V] "'Rz (l'Rz) € 2}+

+ 302 (sinzﬂ-cos20.)R;ve-Rge{lel-Rgz;}-RzEv = Q¢/Meot

where b, d and g are given by equations (2.1.22) while v and Vv are given by:
v = Rils - Rily
. v = Rsé; - R4, (2.1.24)
The generalized forces had already been derived in Quarterly Report #1; they

are given by:

Qel = -T
Q,, = "Ta . (2.1.25)
Qe = ~¢(Ty/€y + Ta/L3)

Qg = 0
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A comparison of equations (2.1.23) with equations (2.1.15) of Quarterly Report
#1, taking into account the different notation, shows that some inaccuracies
were present in the latter equations. However those inaccuracles involved terms
which multiplied v or v. v and v represent the distance of m; from the system
C.M. and its rate of change respectively. In all the simulations reported in
Quarterly Reports #1 and #2 the values of v and v were zéro or close to it so
that the results shown in those reports are correct. As a confirmation of this
we ran with the new model one of the case reported in Quarterly Report #2
obtaining the same results. When simulating the middle mass travelling along
the tether the incorrect terms are, on the contrary, important and the use of

the new model is therefore mandatory.

In equations (2.1.23) the independent variables are the controlled or the
observed parameters. To assoclate control 1laws to the system equations is
therefore a stréight forward process. Equations (2.1.23), however, have the
disadvantage of being non-normalized. In matrix form the equations (2.1.23) can

be written:

Ax =D (2.1.26)
where X = [5, €, Zl, ZﬂT, A is a symmetric 4x4 matrix and b = [b;, bi, b,
bs4])*. The numerical integratién of equations (2.1.26) implies the inversion of
matrix A. Even if it is not a problem for a 4x4 matrix, the inverslion becomes
more and more time consuming for bigger matrices (greater number of masses).
For this reason a different model in Cartesian coordinates has been derived, as
shown in the next section. For the sake of completeness the components of

matrices A and b are given below:



b,

b;
b

b,
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an = Rify[€,+v]+R3€,[€3-v] +Ra(1-R3) €2

azz = R3(1-R;)

a3 = Ri(1-R;)

ags = R3(1-Ry)

ajs = ax;x = -Ryv (2.1.27)
a;3 = an = -RiRe

ajq4 = asm = RzRje

az = an = o

azg = a4 = O

a3a = aa3 = RiR;

~2(8-) {Rya [£1+9] +Rals [£3-¥] +Rs (1-R2) eé}-

d{R1£1 [£3+v] +Rs€2[£2-v] -Ra (1-R3) ez}-302 (sin2f-cos20)Ryev

Qe/Meo - Ra(1-Rz)g € + 2 (6-0)Ryv + dRav (2.1.28)
Qp,/meor = B[Ry (1-Ry) £, + RyR3€;] + 2(§-Q)RyRzé - dR;R;¢

Qez/mtog - be;(l'Ra) £3+R1R3£1] - 2(0‘0)R2R3€' + dRzRj¢

Equations (2.1.27) and (2.1.28) are complemented by equations (2.1.25), (2.1.24)

and (2.1.22).
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2.3 Another Model For The N-Mass System. Cartesian Coordinate Equations Of
Motion

The model derived in the previous section is very convenient from the con-
trol viewpoint since the variables of the system equations are the control pa-
ramete;s. However, because of the difficulty of invertiné large matrices, this
model's numerical integration is not efficient. In this section, we will there-
fore develop the equations of motion for a two-dimensional, n-mass tethered
system in Cartesian coordinates relative to the orbiting reference frame. The
equations in this form can be directly integrated without matrix inversion; on
the other end the relations between the system variables and the con-

trolled/observed variables are much more complex.

Referring to Figure 2.3.1 let us define the radius vector of the generic

ith-pass as follows:

¥y = 38 + ;)’1 - (2.3.1)

where:
51=X1I+21f2
(2.3.2)
3 = -ak
In the case of I = constant we can write the ilnertial acceleration of the ith-

mass as follows:

Fri = fr + 20 x By + 0 x (@ x 7y) (2.3.3)
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Figure 2.3.1
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This equation can also be expressed as:
= = a £ 2 /8.2 = 2
Fiao= B4+ 20 x By + O (D7) - 7 (2.3.3)

Since in the two dimensional case {1 is always perpendicular to F¥; the third term
in equation (2.3.4) is equal to zero. By using equations (2.3.2) we finally

have:
P o= [® - 202, - 02x,)T + [2. + 20%, - 02 (z; -a)]k (2.3.5)
The equation of motion for the ith-mass is therefore:
mFry = Fgr + Fra + Epy (z‘.3.5)

In equation (2.3.6) f¢ denotes the gravity force acting upon the ith-mass while
fri is the net force due to tether tension acting upon the same mass and Epi is

the perturbation force.

-

Without limiting the generality of the model we assume FEp = O. The gravita-

tional force 1s obtained from the potential energy as follows:
Fg = -V Vs (2.3.7)

where V; can be readily derived from equation (2.1.12) obtaining:

<
™
Il

N

mi[202a2 + 20%azy — 02 (xq2 +242) + 30222 (2.3.8)

Substituting in equation (2.3.7) and performing the derivatives we get:
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—

Fo = m[(-02x,)T + (02a + 202z,)k] (2.3.9)

The two scalar equations of motion for the i*®-mass can be finally written as

follows:

X3 — 2Q Zg = Epa/m
(2.3.10)
2y — 302 zy + 20 %4 = Fryi/mg
These equations are usually called the Hill's equations.
Referring to Figure 2.3.2 the force fu is given by:
Fyy = — [Txi + Tx.i-l]I - [Tu - Tz.i-l]l-z : (2.3.11)

where T,;, T;1 are the components of the tension Ty in the tether connecting

the i*M-mass to the i+1*™-mass; they are respectively given by:

Txi = Ti coOs ﬂi = Ti Xi+3 T X4 12
[(an + x1)2 4+ (24 + 21)"]
(2.3.12)
Ty = Ty sinfly = Ty S 1/2
[(Xhl -x1)2 + (2141 —Zx)z]
Referring to Quarterly Report #1 the tension T; is given by:
E A
Ty = % (s — Loy — Leoy) = ke Loy (2.3.13)
- Lecl

In equation (2.3.13), £; is the geometric distance between the i*P-mass and the

i+1th-mass, £€.; is the controlled length of that tether segment, {4 the length
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of the associate.d longitudinal damper and £.; the tether stretch. The 1length
£,y can follow a’ prescribed control law if that particular tether segment is
actually controlled or it is the tether length at rest if that tether segment is
uncontrolled. Tﬁe length £4; is obtained by solving the following equation:

boy = Ket (s — Loy — €oy) — l}:;“- Las (2.3.14)

kag ai

Equation (2.3.14) is the generalization of equation (2.2.5) in Quarterly Report
#2. Kgqi1 and Ky are the stiffness and damping coefficient of the ith—longitud__i-

nal damper respectively.

We must now derive the expressions that relate the system quantities'
(X1,....Xns  Z1,.:+3Zn, X1, ...Xn, Z1y e sZn) to the output quantities 9,
€y, ..y lny, €1,...€n-2, b1,..., bn1, €1y 00y €n-2) . In this report we will
derive the expreissions that relate the variables while the first derivatives,
when necessary, are Vnumerical ly computed in the computer program. Referring to

Figure 2.3.3 we have:

§ =ty [Xa"Xn
2] — Znp
(2.3.15)

€ = [(x1e1=%1)2 + (Zye1 — 21) 2]1/2

The lateral displacement €¢; is derived by computing the coordinates of the point
of intersection ‘between the straight line through m; and m, énd the straight
line perpendicular to it passing through m;. The equations of the above men-
tioned lines are respectively given by:

Zn — 2y

z—zy = BT (o x
1 xn_xl( 1)

Xn — X3
Zn — 2y

(x = X141) (2.3.16)

Z — Zj4]
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Figure 2.3.2
Figure 2.3.3
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' The solution of equations (2.3.16) are the coordinates of the point of intersec-

tion Xci1, Zes. After some manipulations we get:

Xet = [X1 — x1e1 tg20 + (2in — Z1)tg0) ]/ (1 — t420)

(2.3.17)
Zey T [Xcs - Xul] tgfd + zin
So that finally €; is given by:
: 1/3. ‘
€ = [(x1e1 = Xe1)? + (Zen1 — Za1) 2]’ 'sign (Xge1 = Xes) (2.3.18)

Equation (2.3.18) and equations (2.3.17) provide the relations between system

variables and output variables.
2.4 The 3-Mass System. Carteslan Coordinate Equations Of Motion

The equations derived in the previous section for an n-mass system are

reported, in this section, for a 3-mass system. The equations of motion become

as follows:

%, = 20 2, + Ty (x2-x1)/(mé;)

X3 = 20 23 + T3 (%3-x3)/(ma€3) + Ti(x1-%2)/(m3é;)

%3 = 2023 + Tz (x3-%X3)/ (mal3)

5, = 3022,-20%, + Ti(z2-21)/ (mfy) (2.4.1)
Z3 = 302z3-20%3 + T3(23-2z3)/ (maf3) +T1 (21-23) / (m2f1)

23 = 302253-20x; + Tz(Zz"Za)/(m3e3)
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where:
Ty = EiMiler/Les
Ta = EjAz8ca/8ca
ey = £1-ar-lay (2.4.2)
by = ez‘edg'tcz

£ay = Keiler/Kar-Kailar/ka

€43 = Kealez/Kaz - kazlaz/Kaz

The relations between system variables and output variables become:

0 = tg [ (x1-x3)/ (21-23) ]

& = [(xa-x1) 2 + (22'21)3]1/2
€3 = [(x3-x2) 2 + (Z:i‘zz)z:|1/2 (2.4.3)
€1 = [(xa=%c1) 2 + '(Zz'zcx)2]1/2.519"(X2‘xc1)
where:
Xc1 = [xl-xz'tgzﬁ + (z;-zl)tgﬂ]/(l-tgzﬂ)
Zer = [Xa-xa2]tgl + z3 (2.4.4)

Equations (2.4.1) through (2.4.4) have been numerically integrated in a newly
developed computer code to obtain the results illustrated in the following sec-

tions.
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2.5 Generating Sinusoidal Acceleration Profiles

A unique feature of a 3-mass, vertical, tethered system is the capability
of providing a variable-g level in the middle platform by simply moving the
platform along the tether. The middle platform experiences a vertical accelera-
tion, linearly dependent upon the distance from the system C.M., given in g-unit

by the following formula:
ay = 9.81 x 302¢&c.y. (2.5.1)

By controlling the distance {c.u, it is possible, in principle, to produce a
desired vertical acceleration profile. Actually the scenério is more complex:
~any displacement of the middle mass from a rest condition generates a transient
response‘bf the tethered system. Namely, the motion of the middle mass induces
longitudinal osclllatlons of the elastic tethers and its non-zero veloclty in-
teracts with the orbital rate producing a Coriolis force that deflects, away
from the vertical, the acceleration measured at the middle platform. During the
acceleration or deceleration phase, moreover, the non-zero acceleration of the
platfofmvis added to the gravity gradient acceleration. The acceleration pro-
file obtained 1s therefore a result of many parameters, its departure from the
nominal profile depending primarily upon the control laws adopted and the effec-

tiveness of the dampers.

The first case that we analyze is the generation of sinusoidai acceleration
profiles with the middle mass starting from the system C.M. and moving in be-
tween the upper end mass and the initial C.M. position. ‘The Space Station mass
adoptéd in the following simulations is consistent with the post-IOC phase of

the Space Station program. The other parameters of the micro-g/variable-g labo-
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ratory are not intended to be definitive: they provide a possible configuration
of the system that is not based upon optimization criteria. The system parame-

ters are as follows:

Space Station Mass (m,): 3.06752 x 10% kg

Middle Mass (m3): 5 x 103 kg
End Mass (mj): 104 kg : (2.5.2)
Tether Length: 10 km
Orbital Height at the
System C.M.: 450 km
The tether is a 2. mm diameter kevlar tether. In these partiéular simulations

the longitudinal dampers are non-adaptative; they are tuned respectively to the
longitudinal frequency of the associated tether segments at their initial tether

length. The angular frequenices are given by:

wey = VEA/ (Lciomy)

(2.5.3)

wez = VE A/ (Lcaom;)

where £.0 and €.y are the initial, controlled tether lengths for tether #1 and
tether #2 respectively. The damping coefficlent in both the longitudinal damp-
ers is assumed equal to .9. The rotational (§) and lateral (€) active damping
algorithms are operated according to the description given in section 2.3 and

2.4 of Quarterly Report #2.

The control laws adopted for the sinusoidal acceleration variation are as

follows:
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3
Z,:l = cho + Alc [1 + sin (wct + 2

|
3
S
| F————— ]

Loy = €0 — AL [1 + sin (wet + g (2.5.4)

|
3
N
| S — ]

In equations (2.5.4) Af. is the amplitude of the sinusoldal displacement so that
the peak-to-peak displacement is 2Af. and w. is the angular frequency. Neglect-
ing effects such asvtether elasticity and lateral displacement of the mass m,,
the resulting vertical acceleration measured at the ﬁiddle platform, in zero

order approximation, is given by:
ay = 30%fcy - Alwlsin (wet + % ) (2.5.5)

Assuming that the position of the C.M. does not move appreciably during the
motion of the middle platform (as is the case In zero order approximation) we

have:
Loem. o~ AL, [1 + siﬁ (wet + % w)] (2.5.6)
Finally we get:
ay = 30280, + Afl. (302 —wl) sin (wet + % o3 (2.5.7)

The resulting vertical acceleration variation is therefore dependent upon both Q
and w.. The point of zero acceleration is no longer the system C.M. but occurs

according to the following formula:

wet = sin? [1/(we/302 —1)] - % T + k2 kK =1,2,... (2.5.8)
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If we < 1 then the second term in equation (2.5.5) is negligible. Since the
effects of tether elasticity and Coriolis acceleration are also smaller for low

values of w., the resulting acceleration variations of m; are closer to nominal.

In the following set of simuiations we assume we = 1073 rad/sec while the
effect of a different amplitude Af{. is explored. The first group of plots shown
in Figure 2.5.1 a-1 is relevant to a peak-to-peak displacement 2Af. = 2000 m.
All the dampers are active. The simulation has been run for 11000 sec which is
approximately 2 orbits. Figure 2.5.1la shows the sinusoidal length variation of
tether #1 vs. time. Figure 2.5.1b represents the longitudinal damper length
varliation for the same tether. Figure 2.5.1c is the in-plane (f) angle vs. time
while Figure 2.5.1d is the phase plane 9-4. Figure 2.5.1le is the phase plane €-
¢ where ¢ 1s the lateral displacement of m; from the lineAthrough m; and mj3.
These last two figures show that the tethered system, after dissipating the
initial transient motion, follows a steady state limit cycle sustained by the
motlion of my. Figure 2.5.1f shows the components of the acceleration measured
at the middle platform. The vertical component (a,) is sinusoidal in shape but,
as mentloned Sefore, the zero-g acceleration point is no longer at the crossing
of the system C.M. Because of the middle mass self acceleration the vertical
component (a,) overshoots towards the positive values (acceleration directed
downwards). Note also that a much smaller, but not negligible, horizon;al com=-
ponént (an) appears. It is related to the Corlolis force. Figure 2.5.1g is an
isometric, polar diagram of the acceleration. The vector connecting the 0,0
point to any point along the curve gives the actual orientation and modulus of
the acceleration. After the transient phase 1s over the acceleration vector
rotgtes steadily around the C.M. of the middle platform at the angular frequency
'“k. Figure 2.5.1h is the isometric side view trajectory of the middle mass with

respect to the system C.M. Negative numbers in the z axis meaning upwards. For
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c&mpleteness Figures 2.5.1 1 and 1 show the tension in tethers #1 and #2 respec-

tively.

A second case with a peak-to-peak tether length equal to 8000m is shown in
Figure 2.5.2 a-1. Comments similar to those for Figure 2.5.1 hold true in this
case. The shape of the trajectory side view of mass m; is less symmetrical with
respect to the local vertical; in general, however, the behavior is qualita-
tively very similar to the previous case. Quantitatively the acceleration com-
ponents show a dependence with Af, so that they are 4 times bigger than in the

previous simulation.

2.6 G-Tuning

The possibility of varying the acceleration level in the middle platform
provides a "g-tuning" capability. This means that the middle platform is moved
from the zero-g point of the tethered system and is placedAat the appropriate
distance in order to have the requested g-level according to equation (2.5.1) .
Two different control laws are shown here. They are both open loop control laws
in the sense that the acceleration in the middle mass is not fed back into the
control system. The final acceleration value, therefore, depends only upon the
final distance (£c.y.) achieved. The first control law adopted is a sinusoidal
control laﬁ, similar to the one illustrated in the previous section, that has
been truncated after half a cycle. In Figure 2.6.la-m the dynamlc response of
the system is shown in a case with a peak-to-peak displacement of the middle
platfofm equal to 2000 m. Figure 2.6.l1la depicts the tether length for tether #1
vs. time: the sinusoidal control law is clearly visible. .Figure 2.6.1b is the

‘length variation of the longitudinal damper. Further comments on the figure
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will be provided later on. Eigures 2.6.1c and d are the in-plane angle vs. time
and the phase plane 6-6 respectively. These two figures show that after 7200
sec there is still a small residual in-plane oscillation decreasing to =zero.
Similar commeﬁts are applicable to Figure 2.6.l1le and f which represent the lat-
eral deflection € and the phase plane €-é respectively. Figure 2.6.1g shows the
acceleration components, along the orbiting reference frame, measured at the
middle mass. In this "g-tuning" simulation the horizontal component disappears
after the transient ﬁhase is over. The vertical component is however experienc-
ing a steep varlation at the time when the final distance from the C.M. has been
reached because of the non-zero acceleration provided by the control law at that
point. This effect accounts for the similar steep variation in the longitudinal
damper's length. The system, therefore, needs additional time to reach a steady
state acceleration condition. Figure 2.6.1h shows the isomeiric, polar diagram
of the acceleration; it stresses again the negative effect of using a control
law (sinusoidal) that has non-zero acceleration at the beginning and at the end.
Figure 2.6.11 is an isometric plot of the trajectory side view of mass m; with
the zero point located at the initial position of the system C.M. Figure 2.6.1%
and m show the tension in. tether #l1 and tether #2 respectively. The larger
oscillations in tether #2 tension are due to the expanded plotting scale. The
results obtained by using the sinusoidal control law for "g-tuning” prompted us
to adopt a control law with zero acceleration at the end of the maneuver. The
new control law is a modified hyperbolic tangent; the tether lengths are con-

trolled according to:

tl = elo + Aic (l—e'ﬁ'-) tanh(at)

(2.6.1)

23 ezo - Alc (l—e'p“) tanh(at)
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The two constants a and B set the slope of the curve, § having been introduced
in particular‘to slow down the acceleration phase (initial phase) of the control
law. Results from a simulation with 2A¢. = 2000 m, a = 1/2000 sec™, f = 1/1000
sec™! are shown in Figure 2.6.2a-m. The sequence of plots is equivalent to the
one previously 1llustrated. Note that the transient phase at the end of the
maneuver has disappeared. In the same 7200 sec time frame the system reaches a
quieter state than in the previous simulation. The 1nitigl transient phase is
still there; it is partially due to the imperfect initial conditionst Figure
2.6.2g shows the acceleration components in the local orbiting reference frame
at the middle platform. Note that at the end of the maneuver the horizontal
acceleration component has completely disappeared while the vertical component

has reached its steady state value.

2.7 Concluding Remarks

The newly developed Cartesian coordinate model provideé a very convenient
tool for analyzing multi-mass tethered systems. The new model of the 3-mass
tethered constellation has been used to perform simulations which show the capa-
bilities and the limitations of the tether system with respect to the reproduc-
tion of predetermined acceleration profiles on board the middle platform. Si-
nusoidal vertical acceleration variations of the desired frequency and amplitude
can be oﬁt#ined at the expense of a smaller horizontal acceleration component.
This‘component deflects the total acceleration from the local vertical during

the sinusoidal motion of the middle platform.

The "g-tuning" capablility has been also demonstrated. An open loop control

law that provides a satisfactory dynamic response has been devised. The middle
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mass is moved from the system C.M. to the desired location along the tether
according to a modified hyperbolic tangent control law. Time constants for the
control law have been derived in order to have a satisfactory transient re-

sponse.

3.0 PROBLEMS ENCOUNTERED DURING THE REPORTING PERIOD

None

4.0 ACTIVITY PLANNED FOR THE NEXT REPORTING PERIOD

During the ngxt reporting period further studies will be performed on the
"g-tuning." We will investigate the case of displacing the middle mass from a
position near the Space Statlon to the zero-g point in ordgr to achleve a zero
acceleration condition. We will also investigate the effect, upon the overall
dynamics of the constellation, of a fast displacement of the middle mass from

one tether tip to the other.





