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PREFACE 

The NASA A i  r c r a f t  Noise P r e d i c t  i o n  Program (ANOPP) was devel  oped 
o r i g i n a l l y  f o r  t h e  p r e d i c t i o n  o f  a i r p o r t  community n o i s e  f rom turbofan-  
powered a i r c r a f t .  The t h e o r e t i c a l  manuals f o r  t h e  o r i g i n a l  p r e d i c t i o n  
system were pub l ished as NASA TM-83199, p a r t s  1 and 2, i n  February 1982. 
P a r t  1 descr ibes  program modules which dg f ine  t h e  atmosphere, t h e  f l i g h t  
o f  t h e  a i r c r a f t ,  t h e  propagat ion o f  t h e  noise,  and t h e  s u b j e c t i v e  
e f f e c t s  o f  t h e  no ise  on t h e  r e c e i v e r .  P a r t  2 descr ibes  program modules 
which d e f i n e  t h e  t u r b o f a n  engine n o i s e  sources and t h e  a i r f r a m e  n o i s e  
sources of CTOL a i r c r a f t .  

The purpose o f  p a r t  3 o f  t h e  t h e o r e t i c a l  manual i s  t o  descr ibe  
those a d d i t i o n a l  program modules which are  used t o  d e f i n e  p r o p e l l e r  
n o i s e  sources and t h e  propagat ion  of  pure tones. Even though t h i s  p a r t  
begins w i t h  chapter  10 t o  f o l l o w  t h e  numbered chapters  of p a r t s  1 and 2, 
t h e  manual i s  w i r i t ten  such t h a t  t h e  chapters  have minimal in terdepen-  
dence. The program user  may r e l y  on t h i s  p a r t  o f  t h e  manual t o  d e f i n e  
t h e  p r o p e l l e r  no ise  sources and then r e f e r  t o  p a r t s  1 and 2 t o  f i n d  t h e  
e f f e c t  o f  these sources on t h e  a i r p o r t  community. 
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10.1 PROPELLER ANALYSIS SYSTEM 

W i l l i a m  E. Zorumski 
Lanyl  ey Research Center 

SUMMARY 

The NASA A i r c r a f t  Noise P r e d i c t i o n  Program (ANOPP) P r o p e l l e r  
Ana lys is  System i s  a se t  o f  computat ional  modules f o r  p r e d i c t i n g  t h e  
aerodynami cs,, performance, and n o i  se o f  p rope l  1 ers.  Propel  1 e r  b lade 
geometry i s  g iven i n  terms o f  b lade sur face  coord ina tes  der ived  from a 
Joukowski t ransform of t h e  b lade sect ions.  P o t e n t i a l  f l o w  around t h e  
b lade sectionls i s  computed by Theodorsen's method by us ing  t h e  K u t t a  
c o n d i t i o n  t o  f i x  t h e  c i r c u l a t i o n .  Blade boundary l a y e r s  are computed 
by u s i n g  t h e  Hols te in-Bohlen method i n  t h e  laminar  r e y i o n  and t h e  
Truckenbrodt method i n  the  t u r b u l e n t  reg ion.  
by t h e  method o f  Young and Squires. Performance and induced f l o w  are 
computed by Lock 's  method w i t h  t h e  Prandt l  c i r c u l a t i o n  f u n c t i o n  near 
t h e  b lade t i p .  D i s c r e t e  tone noise i s  p r e d i c t e d  from b lade shape and 
aerodynamic loads by us ing  F a r a s s a t ' s  methods: t h e  b lade sur face  
i n t e g r a l  method f o r  subsonic propel  1 e r s  and t h e  co l  1 aps i  ng sphere 
method f o r  t r a n s o n i c  p r o p e l l e r s .  Broadband t r a i l i n g - e d g e  no ise  i s  
computed by t h e  method of S c h l i n k e r  and Amiet. The r e s u l t s  o f  t h i s  
p r e d i  c t i  on system are compared w i t h  measurements on two propel  1 e r s :  
one subsonic and one t r a n s o n i c .  N e a r - f i e l d  l e v e l s  on t h e  subsonic 
p rope l  1 e r  are a c c u r a t e l y  p r e d i  c t e d  if the p r e d i c t e d  power coef f i c i  e n t  
i s  ad jus ted  t o  match t h e  measured power c o e f f i c i e n t  o f  t h e  p r o p e l l e r .  
The lower frequency harmonics o f  t h e  subsonic p r o p e l l e r  spectrum match 
t h e  measured values bu t  t h e  h i g h  frequency harmonics are under- 
p r e d i c t e d .  
omission o f  unsteady l o a d i n g  e f f e c t s  i n  t h e  p r e d i c t i o n s .  ,The f a r - f i e l d  
o r  f l y o v e r  no ise  of the  subsonic p r o p e l l e r  i s  s c a t t e r e d  by atmospheric 
and ground e f f e c t s  but  t h e  general t r e n d  o f  t h e  data i n d i c a t e s  over-  
p r e d i c t i o n  o f  f a r - f i e l d  l e v e l s .  Transonic p r o p e l l e r  no ise  measured on 
t h e  f u s e l  age o f  t h e  a i  r c r a f t  i s  s i  gni  f i c a n t l y  i n f  1 uenced by t h e  r e f  rac-  
t i o n  e f f e c t s  of t h e  boundary l a y e r  on t h e  fuselage. When these e f f e c t s  
a r e  i n c l u d e d  and when t h e  power i s  matched, t h e  t r a n s o n i c  p r e d i c t i o n s  
agree w i t h  t h e  data except i n  a small  reg ion  j u s t  behind t h e  p r o p e l l e r  
p lane on t h e  a i r c r a f t  surface. 
e f f e c t s  may be t h e  cause o f  t h i s  discrepancy. 

P r o f i l e  drag i s  p r e d i c t e d  

Thlis u n d e r p r e d i c t i o n  i s  be l ieved t o  be caused by t h e  

It i s  b e l i e v e d  t h a t  fuse lage s c a t t e r i n g  

INTRODUCTION 

P r o p e l l e r  no ise  p r e d i c t i o n  i s  based on two d i s c i p l i n e s :  aero- 
dynamics and acoust ics .  NASA has developed t h e  A i r c r a f t  Noise 
Predi  c t i o n  Program (ANOPP) f o r  a i  r c r a f t  no i  se p r e d i c t i o n .  This  p a r t  o f  
t h e  manual develops t h e  methods f o r  p r o p e l l e r  no ise  p r e d i c t i o n  by u s i n g  
t h e  assumption t h a t  these d i s c i p l i n e s  are separable; t h a t  i s ,  t h e  f l o w  
f i e l d  can be separated i n t o  an aerodynamic p a r t  and a c o u s t i c  p a r t .  
Th is  separa t ion  a l lows t h e  computations t o  be made s e q u e n t i a l l y .  
C l a s s i c a l  aerodynamic theory  i s  used t o  f i n d  t h e  sur face  pressures and 
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f r i c t i o n a l  s t resses  on the  b lade surfaces, and then acous t ic  t heo r ies  
a re  used t o  p r e d i c t  t he  noise. 

The ANOPP p r o p e l l e r  no ise  p r e d i c t i o n  system i s  diagrammed i n  
f i g u r e  1. The d i f f e r e n t  computat ional  tasks are  assigned t o  
independent b locks  o f  computer code c a l l e d  f u n c t i o n a l  modules. These 
modules are managed by an execu t i ve  system, the  ANOPP execu t i ve  program 
( r e f .  1). One group o f  modules deals  w i t h  the aerodynamic computa- 
t i o n s .  Not shown are modules which compute atmospheric p r o p e r t i e s  and 
f l i g h t  dynamics. These modules are  descr ibed i n  re fe rence 2. The end 
produc ts  o f  the aerodynamics modules are  the p r o p e l l e r  b lade motions 
and loads. Motions i n c l u d e  on ly  the a i r c r a f t  mot ion and r o t a t i o n a l  
e f f e c t s .  F l e x i n g  and v i b r a t i o n ,  w h i l e  p o s s i b l y  impor tan t ,  a re  no t  
i nc luded  a t  t h i s  t ime. The loads are the pressure and f r i c t i o n a l  
s t r e s s  on the p r o p e l l e r  b lade sur face.  These loads are g e n e r a l l y  a 
f u n c t i o n  o f  bo th  sur face  p o s i t i o n  and time. Given the blade mot ions 
and loads, i t  i s  t h e o r e t i c a l l y  p o s s i b l e  t o  p r e d i c t  the noise. As a 
p r a c t i c a l  rclatter, however, t h i s  p r e d i c t i o n  i s  impossib le .  The loads 
are  r e a l l y  nons ta t i ona ry  random processes, and the re  i s  p r e s e n t l y  no 
f e a s i b l e  computational procedure which w i  11 produce a complete desc r ip -  
t i o n  o f  the noise. The approx imat ion i s  made t h a t  the noise may be 
d i v i d e d  i n t o  two p a r t s :  d i s c r e t e  and random. The d i s c r e t e  ( tone )  
no i se  i s  computed d i r e c t l y  from the  b lade mot ions and loads,  whereas 
the randan (broadband) no i  se i s  es t imated  by semi -empi r i  ca l  methods. 
The d i s c r e t e  no ise  computations are  made e n t i r e l y  w i t h  t ime domain 
techniques, and random no ise  es t imates  use a b lend o f  frequency and 
t ime domai n concepts. 

Noise p r e d i c t i o n s  are needed i n  bo th  the  near and f a r  f i e l d s .  
N e a r - f i e l d  no ise  p r e d i c t i o n s  are needed t o  f i n d  the  noise t r a n s m i t t e d  
t o  the i n t e r i o r  o f  an a i r c r a f t .  There are  two impor tan t  n e a r - f i e l d  
e f f e c t s  on propel  1 er-generated noise.  These e f f e c t s  are the  r e f r a c t i o n  
caused by nonuniform f l o w  over  the  a i r c r a f t  and the s c a t t e r i n g  by the  
a i r c r a f t  body. F a r - f i e l d  e f f e c t s  are needed t o  accu ra te l y  p r e d i c t  
community noise. These e f f e c t s  a re  the atmospheric a t t e n u a t i o n  and 
r e f r a c t i o n ,  and the  ground e f f e c t s  o f  r e f l e c t i o n  and absorp t ion .  
F u r t h e r  i n f o r m a t i o n  on the  f a r - f i e l d  propagat ion modules may be found 
i n  re fe rence  2 .  Modules f o r  the n e a r - f i e l d  e f f e c t s  a re  descr ibed i n  
d e t a i  1 he re i  n. 

Agreement w i t h  experiment i s  the u l t i m a t e  goal o f  a p r e d i c t i o n  
system. Any p r e d i c t i o n  method - a guess, a curve f i t ,  or  a s o l u t i o n  t o  
a p a r t i a l  d i f f e r e n t i a l  equat ion  - i s  acceptable i f  i t  agrees w i t h  
exper imenta l  da ta  accord ing t o  some o b j e c t i v e  r u l e .  The ques t ion  i s  
how many experiments and how good must the agreement be t o  prove t h a t  a 
p r e d i c t i o n  i s  c o r r e c t .  Th is  ques t ion  r a i s e s  another ques t ion :  prove 
i t  t o  whom? You cannot prove t o  a member o f  the  F l a t  Ear th  Soc ie ty  
t h a t  the  Ear th  i s  round. 

Desp i te  these minor  d i f f i c u l t i e s ,  we gather  data from experiments 
i n  the hope o f  p rov ing  t h a t  the p r e d i c t i o n  system i s  c o r r e c t .  These 
are  descr ibed as f l i g h t  data and tunnel  da ta  t o  denote the  two types o f  
f a c i l i t i e s  most f r e q u e n t l y  used t o  conduct the experiments. The f l i g h t  
da ta  a re  u s u a l l y  b u t  no t  always f u l l - s c a l e .  Resu l ts  w i l l  be shown 
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l a t e r  f o r  two p r o p e l l e r s :  one subsonic des ign and one t ranson ic  
design. The subsonic p r o p e l l e r  i s  made by the  TRW H a r t z e l l  P r o p e l l e r  
Products D i v i s i o n  and i t s  no i se  was measured by a wing-mounted boom 
microphone i n  f l i g h t .  The t r a n s o n i c  p r o p e l l e r  i s  the  NASA SR-3 Propfan 
design. Th is  roughly  qua r te r - sca le  p r o p e l l e r  was t e s t e d  i n  f l i g h t  
mounted atop a J e t S t a r  a i r c r a f t .  

SYMBOLS 

a rad ius  o f  p e r f e c t  c i r c l e  

b Joukowski t ransform parameter 

C b lade s e c t i o n  chord 

CD energy d i  s s i  p a t i  on c o e f f i c i e n t  

b lade s e c t i o n  drag c o e f f i c i e n t ,  r e  s e c t i o n  dynamic 
pressure and chord 

cd 

c f s k i n  f r i c t i o n  c o e f f i c i e n t ,  r e  s e c t i o n  dynamic pressure 

b lade  s e c t i o n  l i f t  c o e f f i c i e n t ,  r e  s e c t i o n  dynamic 
pressure and chord 

c!2 

Cn Theodorsen transform c o e f f i c i e n t s  

CP power c o e f f i c i e n t  

CP c o e f f i c i e n t  o f  pressure, r e  s e c t i o n  dynamic pressure 

w a l l  shear s t r e s s  c o e f f i c i e n t ,  r e  l o c a l  dynamic 
pressure 

CT 

‘a0 

D d rag  

ambi ent speed o f  sound 

F 

H 

P rand t l  t i p  v o r t i c i t y  f u n c t i o n  

a1 t i  tude 

H i  j 

Hm 9 m 

J advance r a t i o ,  V,/nD 

boundary- layer shape f a c t o r s ,  i f j = 1, 2, 3 

( l )  H(* )  Hankel f unc t i ons  o f  the  f i r s t  and second k i n d s  
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k 

k x  ,ky ,kr 

L 

R 
-& 
R 

l Y  

M 

M f 

Mh 

Mn 

M r  

M t  

m 
M 

m 

N 

n 

n’ 

OASPL 

P 

P rms 

u 
R 

.5 

r 

= OIC, 

wave numbers 

l i f t  

1 oadi  ng i n t e n s i t y  v e c t o r  

component o f  i n r a d i  a t  i on d i  r e c t i  on 

e m p i r i c a l  broadband c o r r e l a t i o n  l e n g t h  

b lade s e c t i o n  Mach number 

forward Mach number 

t i p  h e l i c a l  Mach number 

normal Mach number 

r a d i  a t  i on Mach number 

t i p  r o t a t i o n a l  Mach number 

f ree-st ream o r  forward Mach number 

c i r c u m f e r e n t i a l  harmonic number 

number o f  b lades 

r e v o l  u t i  ons per  second 

normal t o  b lade sur face  

o v e r a l l  sound pressure 1 eve1 

a c o u s t i c  pressure 

r o o t  -mean -s qu a r e  pres s u r e  

t o r q u e  

p r o p e l l e r  d i s k  r a d i u s  

cy1 i n d r i  c a l  coord inates 

r a d i a t i o n  vector ,  x’ - y’ 

u n i t  r a d i  a t  i on vec tor  
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sound pressure l e v e l  a t  a s i n g l e  frequency 

sur face  area 

empi r i  c a l  broadband spectrum 

t h r u s t ,  p e r i o d  o f  s i g n a l ,  or t r a n s f e r  f u n c t i o n  

t i m e  

tangents t o  b lade sur face  i n  spanwise and chordwise 
d i r e c t i o n s ,  r e s p e c t i v e l y  

v e l o c i t y  a t  edge o f  boundary l a y e r  

l o c a l  Mach number i n  boundary l a y e r  

f ree-s t  ream vel  o c i  t y  

normal acous t ic  vel  o c i  t y  

a c o u s t i c  v e l o c i t y  vec tor  

normal a c o u s t i c  v e l o c i t y  a t  edge o f  boundary l a y e r  

compl ex ve l  o c i  t y  f i e l d  around p e r f e c t  c i  r c l  e 

d i s t a n c e  along chord o r  d i s t a n c e  a long a i r f o i l  s u r f a c e  
measured from s tagnat ion  p o i n t ;  coord ina te  i n  f l o w  
d i  r e c t i  on 

observer p o s i t i o n  i n  media- f ixed re fe rence frame 

coord i  na te  normal t o  f l  ow d i  r e c t i  on 

erence frame 

on 

source p o s i t i o n  i n  media- f ixed r e  

complex plane o f  t h e  a i  r f o i l  sec t  

b lade s e c t i o n  angle o f  a t t a c k  

any le -o f -a t tack  p e r t u r b a t i o n  

b lade p i t c h  a t  3 / 4  span 

c i r c u l a t i o n  around a i r f o i l  s e c t i o n  o r  curve o f  
i n t e r s e c t i o n  o f  c o l l  aps i  ng sphere and prope l  1 e r  h l  ade 
sur face  

boundary-1 ayer t h i c k n e s s  

boundary-1 ayer  d i  s p l  acement th ickness  

boundary-1 ayer momentum th ickness  

boundary-1 ayer  energy th ickness  
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E 

5 

5’ 

8 

A 

51, 5 2  

P W  

0 

T 

0 

$ 

n 

0 

Subscr ip ts :  

i 

L 

r 

S 

S 

T 

tr 

p o l a r  coord i  na te  angle d i f f e r e n c e  between near c i  r c l e  
and p e r f e c t  c i r c l e  

complex p lane of a i r f o i l  s e c t i o n  represented as a 
p e r f e c t  c i  r c l  e 

complex p lane o f  a i r f o i l  s e c t i o n  represented as a 
near -c i  r c l e  

p i t c h  ax i s  coord ina tes  f i x e d  t o  p r o p e l l e r ;  q2 i s  
a long p i t c h  a x i s  and q 3  i s  a long forward s h a f t  a x i s  

angle between normal vec to r  and r a d i  a t i  on vec tor  

advance r a t i o ,  M /Mt 

b lade sur face  coord inates;  c1 v a r i e s  w i t h  span, c2 
v a r i e s  w i t h  chord 

W 

ambient d e n s i t y  

p rope l  1 e r  sol i d i  t y  

re ta rded  t i m e  

b lade s e c t i o n  i n f l o w  ang le  

e l  1 i p t i  c b lade th i ckness  f u n c t i  on 

prope l  1 e r  anyul a r  v e l o c i t y  

angu lar  frequency 

induced 

lead ing  edge 

r e f r a c t  i on e f f e c t  

s tagna t ion  p o i n t  

s c a t t e r i n g  e f f e c t  

t r a i  1 i ng edge 

t r a n s i t i o n  poi  n t  

m f r e e  stream 
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Not a t  i on : 
- t ime dependent 

- mean 

-b v e c t o r  

I d e r i v a t i v e  w i t h  respect  t o  argument 

AERODYNAMIC PREDICTION 

Geome t r y  

Al though geometry i s  g iven r a t h e r  than pred ic ted ,  i t  i s  wor thwh i le  
t o  c a r e f u l l y  cons ider  the way geometr ic data are u t i l i z e d .  Two 
coord ina tes  are  r e q u i r e d  t o  s p e c i f y  a p o i n t  on a surface. It i s  
impor tan t  t o  choose sur face  coord ina tes  such t h a t  the f u n c t i o n s  o f  
these coord inates w i l l  be s i n g l e  valued and f r e e  o f  s i n g u l a r i t i e s  a t  
l e a s t  up t o  t h e i r  second d e r i v a t i v e s ;  t h a t  i s ,  f u n c t i o n s  of the s u r f a c e  
coord ina tes  w i l l  be of c l a s s  C2. The se lec ted  sur face  coord ina tes  
should a l s o  prov ide  a convenient  computat ional  g r i d .  

F i g u r e  2 shows the  bas ic  coord ina te  system (y1,y2,y3) used t o  
d e s c r i b e  the p r o p e l l e r .  A t  t ime t = 0, a r o t a t i n g  coord ina te  system 
(nl,n2,n3) co inc ides  w i t h  the  (y1,y2,y3) system. The s h a f t  a x i s  i s  
n 3 ,  the  b lade p i t c h  a x i s  i s  n 2 ,  and the ql-axis completes an 
or thogonal  t r i a d .  Sect ion A-A through the  blade a t  constant  span 
pos i  t i o n s  g ives  the f i r s t  sur face  coord ina te  

5 1  = n2 

A t  each sect ion,  a Joukowski t ransform (see r e f .  3, f o r  example) 

b2 
2 = 5' +s' 

where 

z = n l  + i n 3  ( 3 )  

i s  used t o  i n t r o d u c e  the second sur face  c o o r d i n a t e  
s e c t i o n  e l l i p t i c a l  coord ina te  $ ( c 2 )  r e s u l t i n g  from t h i s  t ransforma- 
t i o n  i s  shown i n  f i g u r e  3. The b lade s e c t i o n  i s  descr ibed by the  func-  
t i o n  $ ( 5 2 ) .  The b lade surface i s  unwrapped by the Joukowski t rans form 
if the f i r s t  sur face  c o o r d i n a t e  51 i s  chosen t o  equal n2. The 
sur face  f u n c t i o n  $( 5 1 , 5 2 )  i s  s i n g l e  valued, cont inuous, and s l o w l y  
v a r y i n g  i n  the sur face  coord ina tes  (c1,c2) as shown i n  f i g u r e  3. The 
computat ion g r i d  s t r e t c h e s  the  r e g i o n  near t h e  l e a d i n g  edge, 52 = 0.5, 

c2. The b lade 
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so t h a t  aerodynamic f u n c t i o n s  such as t h e  c o e f f i c i e n t  o f  pressure Cp w i l l  be s l o w l y  v a r y i n g  i n  t h i s  region. I n  t h i s  computat ional  space, 
b i c u b i c  s p l i n e s  are s u i t a b l e  i n t e r p o l a t i n g  f u n c t i o n s  and w i l l  be used 
i n  a l l  subsequent computations. 

P o t e n t i  a1 F ie1  d 

The p o t e n t i a l  f l o w  f i e l d  around each a i r f o i l  s e c t i o n  
t1 = Constant 
around a p e r f e c t  c y l i n d e r  ( r e f .  3) .  The b lade geometry a n a l y s i s  has 
a1 ready produced p a r t  o f  t h e  des i  red t r a n s f o r m a t i o n  by mappiny t h e  
a i r f o i l  s e c t i o n  i n  t h e  z-plane as shown i n  f i g u r e  4. Recal l  t h a t  t h e  
a i r f o i l  th ickness  f u n c t i o n  $( c1,c2) was generated by i n v e r t i n g  t h e  
Joukowski t rans format ion :  

i s  given by a conformal t r a n s f o r m a t i o n  o f  t h e  f l o w  

b2 z = +-I- 
C 

This  t r a n s f o r m a t i o n  may now be used d i r e c t l y  t o  map a g iven f l o w  around 
t h e  n e a r - c i r c l e  i n t o  a f l o w  around t h e  a i r f o i l  sec t ion .  

Theodorsen's t r a n s f o r m a t i o n  ( r e f .  4 )  maps t h e  <-plane o f  t h e  
p e r f e c t  c i r c l e  i n t o  t h e  < ' -p lane o f  t h e  near-c i  r c l e  

m 

n = l  5 

The constants  Cn i n  Theodorsen's t r a n s f o r m a t i o n  are found from t h e  
shape o f  t h e  a i r f o i l  i n  t h e  < ' -p lane.  A f t e r  n u m e r i c a l l y  s o l v i n g  f o r  
these constants,  i t  i s  found t h a t  t h e  t r a i l i n g - e d g e  p o i n t  o f  t h e  
a i r f o i l  i s  d isp laced by a small  angle E f rom t h e  r e a l  a x i s  o f  
t h e  <-plane. This  p o i n t  i s  r e q u i r e d  t o  &e a s tagnat ion  p o i n t  f o r  t h e  
f low around t h e  c y l i n d e r  i n  order  t o  s a t i s f y  t h e  K u t t a  c o n d i t i o n  t h a t  
t r a i l i n g - e d g e  v e l o c i t i e s  are f i n i t e .  

The complex f l o w  f u n c t i o n  around t h e  p e r f e c t  c i r c l e  i s  

where M i s  t h e  l o c a l  Mach number ( f o r  t h e  s e c t i o n ) ,  a i s  t h e  angle 
o f  a t t a c k ,  a i s  t h e  rad ius  o f  t h e  c i r c l e ,  and r i s  t h e  c i r c u l a -  
t i o n .  The t r a i l i n g - e d y e  s tagnat ion  p o i n t  i s  

which, w i t h  W(cST) = 0, g ives t h e  c i r c u l a t i o n  r as 

r = 4naM s i n ( a  - E ~ )  
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The leading-edge s tagnat ion  p o i n t ,  a second s o l u t i o n  t o  t h e  equat ion 
f o r  W( is )  i s  

i ( ~ ~ - E ~ + I T )  
5SL = ae ( 9 )  

The cross product  o f  t h e  v e l o c i t y  v e c t o r  and t h e  c i r c u l a t i o n  vec tor  
g ives t h e  l i f t .  

(10) 
4a C = 2~ - s i n  (a - cT) R C 

The c o e f f i c i e n t  o f  pressure i s  found from t h e  v e l o c i t y  i n  t h e  
z -p l  ane of t h e  a i  r f o i  1 : 

The complex v e l o c i t y  i n  t h e  z-plane i s  found by us ing  t h e  d e r i v a t i v e s  
o f  t h e  t r a n s f o r m a t i o n s  

A t  t h e  s t a g n a t i o n  p o i n t s  i n  t h e  <-plane, t h e  l i m i t  o f  equat ion (12) i s  
used: 

S ince t h e  Joukowski t r a n s f o r m a t i o n  has a s i n g u l a r i t y  a t  t h e  t r a i l i n g  
edge, W ( 5 )  w i l l  have a f i n i t e  nonzero l i m i t  a t  t h i s  p o i n t .  Th is  
l i m i t  causes t h e  c o e f f i c i e n t  o f  pressure a t  t h e  t r a i l i n g  edge t o  have 
magnitude l e s s  than 1. 

F i g u r e  5 shows t h e  b lade s e c t i o n  da ta  computed by t h e  b lade 
s e c t i o n  p o t e n t i a l  f l o w  ana lys is .  The c o e f f i c i e n t  o f  pressure Cp 
has a maximum o f  u n i t y  a t  t h e  leading-edge s t a g n a t i o n  p o i n t  c2s. 
The lower  sur face  
va lue  near t h e  t r a i l i n g  edge c 2  = 1.0, where t h e  a i r f o i l  sur face  
v e l o c i t y  i s  near t h e  f ree-st ream v e l o c i t y .  The upper sur face  Cp 
may become negat ive  w i t h  h i g h  v e l o c i t i e s  around t h e  h i  g h l y  curved 
l e a d i n g  edge. The upper sur face  Cp then approaches a smal l  
n e g a t i v e  va lue a t  t h e  t r a i l i n g  edge 
CL has a s lope o f  approx imate ly  2~ when p l o t t e d  as a f u n c t i o n  of 

Cp i s  g e n e r a l l y  p o s i t i v e ,  decreas ing t o  a smal l  

c 2  = 0. The l i f t  c o e f f i c i e n t  

a. 

The f u n c t i o n  o f  t h e  Blade Sect ion Aerodynamics Module i s  
summarized as f o l l o w s .  I n p u t  i s  t h e  b lade shape f u n c t i o n  
and t h e  parameters a and M. The module maps t h e  f low around a 
p e r f e c t  c y l i n d e r  i n t o  t h e  f l o w  around t h e  b lade by u s i n g  t h e  Theodorsen 
and Joukowski t ransforms.  Outputs are t h e  s e c t i o n  l i f t  c o e f f i c i e n t  
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and leading-edge s tagna t ion  p o i n t  c2s as a func t i on  o f  span 
p o s i t i o n  c1 and the  parameters a and M. The ou tpu t  c o e f f i c i e n t  o f  
pressure depends on surface p o s i t i o n  (51,52) and the  parameters a 
and M. The s tagna t ion -po in t  l o c a t i o n  and the  c o e f f i c i e n t  o f  pressure 
are used i n  the boundary-layer ana lys i s  which fo l l ows .  

Boundary Layer 

The B1 ade Sect ion  Boundary-Layer Module computes the 
two-dimensional boundary l a y e r  on each a i r f o i l  s e c t i o n  as shown i n  
f i g u r e  6. The b lade arc  l e n g t h  x i s  measured from the  s tagna t ion  
p o i n t  on the  l ead ing  edge. The i n i t i a l  p o r t i o n  o f  the  boundary l a y e r  
i s  laminar .  T r a n s i t i o n  t o  t u r b u l e n t  f low occurs near the p o i n t  where 
the  ex te rna l  v e l o c i t y  U(x) i s  a maximum. Th is  t u r b u l e n t  l a y e r  
cont inues  t o  the t r a i l i n g  edge unless separa t i on  occurs. 

The govern i  ng equat ions f o r  the  boundary-1 ayer th icknesses are  the  
i n t e g r a l  momentum equat ion f o r  62(x )  and the  i n t e g r a l  energy equat ion  
f o r  63 (x ) .  The displacement th ickness  61(x) i s  r e l a t e d  t o  the  
momentum and energy th icknesses through the  assumed p r o f i l e  U(y )  f o r  
t h e  boundary l aye r .  

The govern ing equat ions f o r  t i2(x)  

d62(x> (2 + H12 
U + 

dx 

The shape f a c t o r  H12 i s  a g 

6 3  and the  ex te rna l  v e l o c i t y  

and 63 (x )  a re  

= CT (14)  

ven f u n c t  on o f  the  th icknesses 62 and 

g rad ien t  . The c o e f f i c i e n t  CT i s  dU 

t h e  l o c a l  w a l l  shear s t r e s s  c o e f f i c i e n t  and the  c o e f f i c i e n t  Cg i s  
t he  energy d i s s i p a t i o n  c o e f f i c i e n t .  

I n  the  laminar  l aye r ,  CT i s  known from the  assumed 
boundary-1 ayer  v e l  o c i  t y  p r o f  i 1 e and equat ion  (14) can be i n t e g r a t e d  t o  
f i n d  S2(x) w i t h o u t  s o l v i n g  f o r  the energy th ickness.  The method o f  
H o l s t e i n  and Bohlen (ch. X o f  r e f .  5) i s  used t o  i n t e g r a t e  t h i s  
equat ion.  T r a n s i t i o n  i s  assumed t o  occur when the  ex te rna l  v e l o c i t y  i s  
a maximum; t h a t  i s ,  where 

Both equat ions must be i n t e g r a t e d  i n  the t u r b u l e n t  reg ion.  
Truckenbrodt ' s  method (ch. X X I I  o f  r e f .  5) i s  used f o r  t h i s  purpose. 
The c o e f f i c i e n t s  CT and CD a re  g iven by emp i r i ca l  func t ions  i n  
t h e  t u r b u l  e n t  reg ion.  
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The s e c t i o n  p r o f i l e  dray c o e f f i c i e n t  i s  computed by the method o f  
Young and Squ i re  (ch. X X V  o f  r e f .  5) .  I n  t h i s  method, the  wake 
th ickness  a t  i n f i n i t y  i s  es t imated  by the  emp i r i ca l  formula 

and the  s e c t i o n  drag c o e f f i c i e n t ,  r e f e r r e d  t o  the chord, i s  

The Blade Sect ion  Boundary-Layer Module computes the  sk in  f r i c t i o n  
c o e f f i c i e n t  C f  ( f i g .  7 )  f o r  use l a t e r  i n  the P r o p e l l e r  Loading 
Module. I t  prov ides  the  drag c o e f f i c i e n t  cd ' f o r  p r o p e l l e r  
performance a n a l y s i s  and f o r  the  computat ion o f  l i f t i n g  l i n e  (compact 
source) 1 oads. The t r a i  1 i ng-edge th icknesses 6 ,  (x  ) and 
6*!xT) 
no1 se. 

a re  used i n  the  s c a l i n g  laws f o r  t r a i l i n g - e 8 g e  broadband 

Propel l e r  Performance 

Computation o f  the propel  1 e r  performance depends on a sol u t i o n  f o r  
the  induced v e l o c i t y  f i e l d .  Th i s  induced f i e l d  a t  a b lade s e c t i o n  i s  
shown i n  f i g u r e  8. P r o p e l l e r  performance i s  p r e d i c t e d  by the  method o f  
Lock ( r e f .  6 ) .  The Blade Sect ion  Aerodynamic Module g ives  tab les  o f  
s e c t i o n  l i f t  f u n c t i o n s  CE(cl,a,M). The Blade Sect ion  Boundary-Layer 
Module g i ves  tab les  o f  Cd(cl,a,M). These t a b l e s  a re  used i n  the  
p r e d i c t i o n  o f  p r o p e l l e r  performance c o e f f i c i e n t s  Cp and CT f o r  
g i v e n  t i p  and forward Mach numbers M t  and M o f  the  p r o p e l l e r ,  
The h e l i c a l  Mach number a t  a b lade s e c t i o n  Mhm ( f i g .  9) i s  known 
f rom i t s  Components. These components a re  the  a x i a l  Mach number o f  the  
p r o p e l l e r  Mm and the  r o t a t i o n a l  Mach number a t  the s e c t i o n  
EIMt, where M t  i s  the  t i p  r o t a t i o n a l  Mach number Rnlc,. The 
l o c a l  induced Mach v e c t o r  M i  must be found t o  compute the  t o t a l  
l o c a l  Mach v e c t o r  by 

+ +  -b 

Mh= Mi + M 

This  vec to r  i s  represented by i t s  magnitude M and the  i n f l o w  d i r e c t i o n  
ang le  Q as :shown i n  f i g u r e  9. D i f f e r e n t i a l  components o f  l i f t  dL and 
drag dD on the s e c t i o n  are r o t a t e d  through the i n f l o w  angle Q t o  
g i v e  the  d i f f e r e n t i a l  t h r u s t  f o r c e  dT and to rque f o r c e  dQ. These 
d i f f e r e n t i a l s  are then i n t e g r a t e d  over the b lade l e n g t h  and conver ted 
t o  performance c o e f f i c i e n t s :  t h e  torque o r  power c o e f f i c i e n t  Cp 
and the thrust; c o e f f i c i e n t  CT. The two components o f  the  induced 
Mach v e c t o r  a re  supp l ied  by s o l v i n g  the two equat ions f o r  the change o f  
momentum i n  the  f a r  wake o f  the p r o p e l l e r .  The increase i n  a x i a l  
momentum, the  va lue  downstream minus the  va lue  upstream, i s  equal t o  
the  t h r u s t  force.  The increase i n  angular momentum i s  equal t o  t h e  
prope l  1 e r  torque. These bal  ance equat ions are  
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The f a c t o r  o f  2 on t h e  l e f t  s i d e  o f  these equat ions represents  t h e  
f a c t  t h a t  v e l o c i t i e s  i n  t h e  f a r  wake are t w i c e  those a t  t h e  p r o p e l l e r  
d i s k .  The f a c t o r  M s i n  Q represents  t h e  mass f l o w  through t h e  d isk .  
The f a c t o r  (M s i n  Q - M,) 
ax ia l - induced Mach number and t h e  f a c t o r  (clMt - M cos Q) 
angular- induced Mach number. The Prandt l  c i r c u l a t i o n  f u n c t i o n  F ( E ~ , X )  
( r e f .  7 )  i s  der ived  from v o r t i c i t y  theory.  

i n  t h e  t h r u s t  equat ion i s  t h e  
i s  t h e  

It i s  de f ined by 

x 
2 F = - Arccos 
IT 

and i s  an approximate way o f  represent ing  G o l d s t e i n ' s  c i r c u l a t i o n  
f u n c t i o n  ( r e f .  8). 
Lock ( r e f .  6 ) .  

This  s o l u t i o n  procedure was developed i n  1930 by 

Loading 

Blade loads are computed by combining r e s u l t s  o f  t h e  aerodynamics, 
boundary layer ,  and performance modules as shown i n  f i g u r e  10. The 
l i f t  and drag c o e f f i c i e n t s  are three-d imensional  t a b l e s  i n  terms o f  
span p o s i t i o n  e l ,  angle o f  a t t a c k  a, and Mach number M. The sur face 
s t r e s s  c o e f f i c i e n t s  Cp and Cf  are four-d imensional  t a b l e s  i n  
terms o f  sur face  p o s i t i o n  c1 and c2, angle o f  a t t a c k  a, and s e c t i o n  
Mach number M. The performance a n a l y s i s  produces ac tua l  values a(cl)  
and M(cl) f o r  t h e  p r o p e l l e r  opera t ing  c o n d i t i o n s  M, and M t .  
There may be an a d d i t i o n a l  angle-of -at tack p e r t u r b a t i o n  a ' (S l , t )  due 
t o  small  n o n u n i f o r m i t i e s  i n  t h e  p r o p e l l e r  i n f l o w .  

When t h e  s t r e s s  and 1 oadi ng c o e f f  i c i  en t  tab1 es are i n t e r p o l  a ted  
w i t h  these func t ions ,  t h e  c o e f f i c i e n t s  become ac tua l  time-dependent 
values 

where 
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Replac ing the  paramet r ic  arguments ci and M by ac tua l  arguments 
reduces t h e  l i f t  and drag t a b l e s  t o  two dimensions and the s t r e s s  
c o e f f i c i e n t  t ab les  t o  th ree  dimensions. I f  steady l oad ings  are  
assumed, the  ' loading t a b l e s  are  reduced by a f u r t h e r  dimension. 
l o a d i n g  t a b l e s  are  passed t o  the d i s c r e t e  no ise  p r e d i c t i o n  module f o r  
no i se  p r e d i c t i o n .  The l i n e  loads CR(cl,t) and C d ( c l , t )  a re  
used i n  compact source t h e o r i e s  and the d i s t r i b u t e d  loads 
Cp(e1,c2,t) and Cf(c1,c2,t) a re  used i n  the  general noncompact 
source theo r ies .  A s i m i l a r  t rans fo rma t ion  o f  t he  boundary-layer 
th icknesses  i s  used t o  supply data t o  the  P r o p e l l e r  Tra i l ing-Edge Noise 
Modul e. 

These 

ACOUSTIC P R E D I C T I O N  

D i s c r e t e  Tone Noise 

Subsonic Noise.- D i s c r e t e  tone noise i s  p r e d i c t e d  by the method 
o f  Farassat  ( r e f .  9) .  Fa rassa t ' s  equat ion  f o r  the  no ise  o f  a subsonic 
p rope l  1 e r  i s 

Qnp(Z,t) = a 1 (52) dS + ( Rr ) dS (28) 
at b lade r l l - M r l  b lade  r 2 ( l - M r l  'r 

The terms i n  equat ion  (28) a re  i l l u s t r a t e d  '2  f i g u r e  11. 
computed a t  $3 p a r t i c u l a r  observer  p o s i t i o n  x and t ime t. Two 
i n t e g r a l s  a re  evaluated t o  g i v e  the  t o t a l  pressure. 
over  the  sur face  area o f  the  p r o p e l l e r  b lade and the in tegrands  are  
eva lua ted  $t the t ime 
p o s i t i o n  y ( ~ ) .  The r a d i a t i o n  vec to r  r i s  t h e  d i f f e r e n c e  between the  
observer  and source p o s i t i o n s  

Pressure i s  

The i n t e g r a l s  a re  

T when the  soun$ i s  em i t ted  a t  the su r face  

; = x ' ( t )  - y ' ( T )  ( 2 9 )  

-+ The normal v e c t o r  n and sur face  area dS are g iven by 

+ a; 6 
a61 X;, 

ndS = - x - 

and the v e l o c i t y  v e c t o r  i s  

-b 
$ = M  + $ x :  

01 

The load ing  v e c t o r  i s  

(32)  

where the  p o s i t i v e  s i g n  i s  used on the lower  su r face  between the  s tag-  
n a t i o n  p o i n t  on the  lower  su r face  and the t r a i l i n g  edge. The base 
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v e c t o r  t2 
A u n i t  v e c t o r  i n  the  r a d i a t i o n  d i r e c t i o n  r^ i s  used t o  d e f i n e  

i s  tangent t o  the  sur face and i n  the  chordwise d i r e c t i o n .  

and - +  R = r e g  (34)  

I n t e g r a t i o n  o f  equat ion (28)  i s  s t r a i g h t f o r w a r d  except f o r  t he  
s o l u t i o n  f o r  re ta rded  t ime. The bas i c  re tarded- t ime equat ion r e q u i r e s  
t h e  d i s t a n c e  from the  source t o  the  observer t o  be compat ib le w i t h  the  
propagat ion t ime:  

I n  the  case o f  a p r o p e l l e r  moving along i t s  own ax is ,  t he  re ta rded  t ime  
equa t ion  can be reduced t o  

A,(t - T ) ~  + 2 B o ( t  - r )  + C o  + C ,  COS T = 0 (36)  

Equat ion (36) has the  appearance o f  a quadra t i c  equat ion i n  ( t  - T) 
except f o r  t he  c o e f f i c i e n t  C = C o  + C, cos T. It can be shown, 
however, t h a t  t h e r e  i s  a s i n g l e  r e a l  s o l u t i o n  T < t t o  t h i s  equat ion 
as l ong  as the  mot ion o f  the  p r o p e l l e r  i s  subsonic. 

Transonic  noise.- Supersonic no i se  i s  computed by F a r a s s a t ' s  
c o l  laps ing-sphere method. The subsonic equat ion cannot he used on any 
p o r t i o n  o f  the  b lade when 
11 - M r a  s i n g u l a r i t y .  
I u l  t i  p l  roo ts .  The co l  1 apsi  ng-sphere method i s  ill u s t r a t e d  i n  
f i g u r e  12. The c o l l a p s i n g  sphere i n t e r s e c t s  the blade sur face i n  a 
curve c a l l e d  the  r-curve. Farassat  has shown t h a t  

M r  may exceed u n i t y  because o f  t he  
I n  a d d i t i o n ,  t he  re ta rded  t ime equat ion has 

The i n t e g r a l s  f o r  no i se  a re  thus evaluated by choosing a se t  o f  
t imes T and i n t e g r a t i n g  f i r s t  a long t h e  r -curves w i t h  f i x e d  source 
t ime  and then over source time. 
and Farassat  i n  re fe rence  10. 

Th is  method was developed by Nystrom 

Recent advances.- The t ime d e r i v a t i v e  at a i n  Fa rassa t ' s  a c o u s t i c  

equa t ion  increases the  computat ion t ime  because a t  l e a s t  two i n t e g r a l s  
must be evaluated t o  numerical  l y  compute the  d e r i v a t i v e .  Numerical 
d i f f e r e n t i a t i o n  a l s o  i n t roduces  some spur ious wiggles i n  the  pressure 
s i g n a t u r e  which appear as increases i n  t h e  h ighe r  harmonics o f  t h e  
t ransformed s i g n a l .  Recent ly,  Farassat ( r e f .  11) has taken the  
d e r i v a t i v e s  i n s i d e  the  i n t e g r a l  f o r  both the  subsonic and supersonic 
cases. The d i f f e r e n t i a t i o n  under the  i n t e g r a l  has shown t h a t  t he  no ise  
depends on b lade su r face  curvatures.  The f u l l  i m p l i c a t i o n s  o f  t h i s  
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e x c i t i n g  new r e s u l t  are no t  comple te ly  known a t  t h i s  t ime  and are  a 
sub jec t  o f  c o n t i n u i n g  research. 
d e r i v a t i v e s  taken i n s i d e  t h e  i n t e g r a l .  
d e r i v a t i v e  l e f t  o u t s i d e  t h e  i n t e g r a l .  

The subsonic method used here has t h e  
The t r a n s o n i c  method has t h e  

Broadband Noise 

Broadband no ise  i s  generated by tu rbu lence  convected past  t h e  
t r a i l i n g  edge o f  t h e  a i r f o i l  as shown i n  f i g u r e  13. 
pressure spectrum i s  g iven by Sch l i nke r  and Amiet ( r e f .  12) as 

The mean-square 

where 

w - 
k x  - u (39)  

and a i s  t h e  c o m p r e s s i b i l i t y  f a c t o r  ( = ( l  - M2)1/2). The f u n c t i o n  
L i s  t h e  " e f f e c t i v e  l i f t "  f u n c t i o n  de r i ved  by Amiet ( r e f .  12) f o r  an 
observer  a t  re ta rded  p o s i t i o n  (x,y,z). The f u n c t i o n  tY (w)  i s  an 
e m p i r i c a l  c o r r e l a t i o n  l e n g t h  

2. l uc  
(41)  R ( w )  = - Y w 

where Uc i s  t h e  tu rbu lence  convec t ion  v e l o c i t y  which i s  about 0.8U. 

The spectrum f u n c t i o n  S ( W )  i s  an e m p i r i c a l  f u n c t i o n  f o r  t h e  
b lade su r face  pressure spectrum a t  t h e  t r a i l i n g  edge: 

F(;) = 33.28; ( 1  - 5.49; + 36.7i2 + O.151k4)'l (43)  

Near -F ie ld  E f f e c t s  

Two e f f e c t s  a re  present  i n  t h e  near f i e l d  o f  t h e  p r o p e l l e r  which 
may s i g n i f i c a n t l y  a l t e r  t h e  rece ived noise. These e f f e c t s  a re  t h e  
s c a t t e r i n g  by t h e  a i r c r a f t  wings and fuse lage and t h e  r e f r a c t i o n  by t h e  
boundary l a y e r  on t h e  surface of t h e  a i r c r a f t .  
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Scat ter ing. -  The s c a t t e r i n g  e f f e c t  i s  i l l u s t r a t e d  i n  f i g u r e  14 f o r  
a c y l i n d r i c a l  fuselage, The f r e e - f i e l d  l e v e l s  on t h e  sur face o f  a 
cy1 i n d r i  c a l  f u s e l  aye are c a l c u l a t e d  by one o f  t h e  p r e v i o u s l y  descr i  bed 
methods f o r  d i s c r e t e  noise. Th is  i n c i d e n t  f i e l d  Pi(o,e,X) i s  
t ransformed by 

t o  g i v e  t h e  i n c i d e n t  f i e l d  i n  a wave-number space. The s o l u t i o n  f o r  
t h e  t o t a l  pressure on t h e  fuselage sur face  can then be found by 
superimposi ng t h e  general so l  u t i  ons f o r  i n c i  dent  and s c a t t e r e d  
c y l i n d r i c a l  waves such t h a t  the  boundary c o n d i t i o n  

i s  s a t i s f i e d .  The r e s u l t  f o r  t h e  t o t a l  sur face  pressure can be y i v e n  
by t h e  t r a n s f e r  f u n c t i o n :  

~ ~ ( w , m , k ~ )  = 2Ts(w,m,kx) pi (w,m,kx) ( 4 6 )  

i r k  a (1) '  -1 where 
r 

Ts(W,m,kx) = - - 2 H, (',a) 

k = (w2 - k X 2 )  1 / 2  
r 

(47 )  

The f a c t o r  o f  2 i n  equat ion (46)  i s  shown e x p l i c i t l y  t o  represent  
t h e  e f f e c t  o f  pressure doubl iny.  With t h i s  form, t h e  t r a n s f e r  f u n c t i o n  
f o r  s c a t t e r i n g  approaches u n i t y  f o r  h i g h  f requencies as may be seen 
from t h e  asymptot ic  forms f o r  t h e  Hankel f u n c t i o n s .  F o l l o w i n g  t h e  
computat ion o f  t o t a l  pressure p t  i n  wave-number space, an i n v e r s e  
t r a n s f o r m  i s  used t o  f i n d  t h e  sur face  pressure as a f u n c t i o n  o f  
p o s i t i o n  (e,x) .  

Refract ion. -  The boundary-1 ayer v e l o c i t y  p r o f i l e  a1 t e r s  t h e  sound 
pressure  l e v e l  on t h e  sur face  of t h e  fuselage by t u r n i n g  t h e  waves 
propayated upstream away from t h e  sur face  and t u r n i n g  waves propagated 
downstream i n t o  t h e  sur face.  Th is  e f f e c t  i s  dep ic ted  i n  f i g u r e  15. 
T h i s  r e f r a c t i o n  e f f e c t  i s  small  f o r  a i r c r a f t  i n  low speed f l i g h t  b u t  
becomes s i  g n i  f i cant  a t  t h e  h i g h e r  subsoni c Mach numbers. 

A s imple model o f  t h e  r e f r a c t i o n  e f f e c t  neg lec ts  s c a t t e r i n g  and 
uses t h e  two-dimensional wave equat ion i n  a sheared f low as t h e  b a s i s  
f o r  f i n d i n g  a t r a n s f e r  f u n c t i o n .  The sheared-f low wave equat ion i s  
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This  equat ion can be i n t e g r a t e d  , g i  ven t h e  boundary-1 ayer  v e l o c i t y  
p r o f i l e  U(y),  from t h e  sur face  where y = 0 t o  t h e  edge o f  t h e  
boundary l a y e r  where y = 6. I n i t i a l  c o n d i t i o n s  a t  t h e  sur face  are an 
assumed u n i t  pressure and zero pressure grad ien t :  

P(0) = 1 ( 50a) 

I n t e g r a t i n g  equat ion (49) w i t h  i n i t i a l  c o n d i t i o n s  (eqs. (50 ) )  g ives t h e  
pressure p6 and v e l o c i t y  v 6  a t  t h e  edge o f  t h e  boundary l a y e r .  
These r e s u l t s  must be scaled t o  match t h e  pressure i n  t h e  known 
i n c i d e n t  wave f i e l d .  The process o f  matching t h e  i n c i d e n t  f i e l d  
produces a t r a n s f e r  f u n c t i o n  f o r  r e f r a c t i o n :  

kY 
T r ( W ' k 9 k x )  = k k x )  - ( W  - Ukx) v6(w,kx) 

Y 6  

Numerical i n t e g r a t i o n  o f  t h e  sheared f l o w  equat ion breaks down a t  t h e  
r e g u l a r  s i n g u l a r  p o i n t  w - Uk, = 0, which corresponds t o  t h e  
co inc idence o f  wave speed w i t h  f l o w  speed i n  t h e  boundary l a y e r .  
Specia l  techniques beyond t h e  scope o f  t h i s  paper have been used t o  
i n t e g r a t e  t h e  sheared-f low wave equat ion (49) i n  these cases. 

Combined e f f e c t s . -  The combined e f f e c t s  o f  s c a t t e r i n g  and 
r e f r a c t i o n  m a y f o u n d  by i n t e g r a t i n g  t h e  sheared-f low equat ion i n  
cy1 i n d r i  c a l  coord inates t o  f i n d  t h e  cy1 i n d r i  c a l  wave pressure 
and v e l o c i t y  v6 a t  t h e  edge of t h e  boundary l a y e r .  Matching t h e  
e x t e r n a l  f i e l d  then g ives a combined t r a n s f e r  f u n c t i o n :  

p6 

where 

N 

z = k r ( a  

i s e  propagated t 
atmospheric a t t e n u a t i o n  
phase i n f o r m a t i o n  tends 

(53) 

F a r - F i e l d  E f f e c t s  

t h e  f a r  f i e l d  i s  m o d i f i e d  by t h e  e f f e c t s  o f  
and ground r e f l e c t i o n s  and a t t e n u a t i o n .  S ince 
t o  be l o s t  a f t e r  propagat ion over l o n g  

d is tances,  f a r - f i e l d  no ise  e f f e c t s  are a p p l i e d  t o  t h e  mean-squared 
pressure spectrum o f  t h e  no ise  r a t h e r  than t o  t h e  pressure i t s e l f  
( r e f .  2 ) .  

Atmospheric a t tenuat ion. -  The e f f e c t  o f  atmospheric a t t e n u a t i o n  i s  
computed by t h e  ANSI  method descr ibed i n  s e c t i o n  3.1 o f  re ference 2. 
The mean-squared pressure on a source sphere o f  f i x e d  r a d i u s  rs i s  
reduced by t h e  spher ica l  spreading e f f e c t  and atmospheric a t t e n u a t i o n .  
The t r a n s f e r  f u n c t i o n  f o r  a t t e n u a t i o n  Ta i s  a decaying exponent ia l  
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f u n c t i o n  exp(-2ctr). The a t t e n u a t i o n  r a t e  a i s  a f u n c t i o n  o f  
frequency. 
n i t r o g e n  re1 a x a t i  on. 
r e l a x a t i o n  e f f e c t s  and t h e  h i y h e r  f requencies are  dominated by t h e  
c l a s s i c a l  absorp t ion  e f f e c t s  o f  c o n d u c t i v i t y ,  v i s c o s i t y ,  and r o t a t i o n a l  
modes o f  mol ecul  a r  v i  b r a t i  on. 
used f o r  t h e  c a l c u l a t i o n  o f  a t t e n u a t i o n  e f f e c t s  f o r  both s tandard and 
nonstandard condi t i ons. 

The lower  f requenc ies  are dominated by t h e  e f f e c t  o f  
Mid f requenc ies  are usual l y  domi nated by oxygen 

The ANSI-proposed standard method i s  

Ground e f fec ts . -  The f a r - f i e l d  no ise  i s  r e f l e c t e d  and a t tenua ted  
by t h e  ground. This  e f f e c t  may be represented i n  t h e  t r a n s f e r  f u n c t i o n  
Tg  t r g n s f e r  f u n c t i o n  i s  based on t h e  complex r e f l e c t i o n  c o e f f i c i e n t  
Re' 4 f o r  a spher i ca l  wave over an impedance plane. The f a c t o r  R i s  
t h e  magnitude o f  t h e  r e f l e c t i o n  which i s  equal t o  o r  l e s s  than u n i t y .  
The f a c t o r  
waves. 
d i f f e r e n c e  i n  t h e  l eng ths  o f  t h e  d i r e c t  ray  pa th  and t h e  r e f l e c t e d  o r  
image ray path. 
s l i g h t l y  by t h e  l o s s  o f  coherence o f  t h e  d i r e c t  and r e f l e c t e d  s igna ls .  
Th i s  coherence l o s s  a l so  depends on t h e  pa th  l e n g t h  d i f f e r e n c e .  

developed by Pao, Wenzel , and Oncley i n  re fe rence 13. Th is  

+- i s  t h e  phase s h i f t  between t h e  r e f l e c t e d  and i n c i d e n t  

The magnitude o f  t h e  rece ived no ise  i s  d imin ished 

The magnitude o f  t h e  no ise  a t  t h e  observer  depends on t h e  

COMPARISONS WITH EXPERIMENTS 

Subsonic Propel 1 e r  

Noise p r e d i c t e d  by t h i s  system has been compared w i t h  no i se  
measured d u r i  ng t h e  f l  i gh t  o f  t h e  t w i  n-engi ned a i  r c r a f t  shown i n  
f i y u r e  16. The a i r c r a f t  was f i t t e d  w i t h  a w 
which cou ld  be moved t o  measure t h e  no ise  i n  
p r o p e l l e r  plane. Noise was a l so  measured on 
f l  i ghts  over t h e  measurement po in t .  

P r o p e l l e r  performance.- An i n t e r m e d i a t e  
system was made by Block and M a r t i n  ( r e f .  14 

ng-mounted m i  crophone boom 
f r o n t  o f  and behind t h e  
the  ground w i t h  l e v e l  

check o f  t h e  p r e d i c t i o n  
by us ing  a 1/4-scale 

model o f  t h e   twin^ a i r c r a f t  p r o p e l l e r  on a p r o p e l l e r  t e s t  s tand ( f i g .  
17)  a t  t h e  Langley Research Center. 

Computed and measured power c o e f f i c i e n t s  a re  shown i n  f i g u r e  18 as 

The p r e d i c t e d  power c o e f f i c i e n t  i s  near t h e  measured values a t  
a f u n c t i o n  o f  advance r a t i o  J = V,/nD and 3/4-span p i t c h  s e t t i n g  
B .  75'  
t h e  lower  p i t c h  s e t t i n g s  bu t  r i s e s  above t h e  measured power a t  t h e  
h ighe r  s e t t i n g s  where it i s  be l i eved  t h a t  t h e  p r o p e l l e r  i s  i n  a 
c o n d i t i o n  o f  p a r t i a l  s t a l l .  S i m i l a r l y ,  t h e  p r e d i c t e d  t h r u s t  
c o e f f i c i e n t  CT ( f i g .  19) i s  above t h e  measured va lue w i t h  f a i r  
agreement a t  t h e  low p i t c h  s e t t i n g s  and poor agreement a t  t he  h i g h  
p i t c h  and t h r u s t  Val ues. 

a i r c r a f t  when t h e  no ise  was measured. 
va lue  f o r  t h e  p i t c h  s e t t i n g  @.75 
measured power i n  f l i g h t  was used t o  compute t h e  power c o e f f i c i e n t  
Cp. An e f f e c t i v e  p i t c h  s e t t i n g  ( ~ . ~ ~ ) e f f  was then found such 

t h a t  t h e  p r e d i c t e d  power c o e f f i c i e n t  matched t h e  measured value. 

E f f e c t i v e  p i tch . -  P i t c h  was no t  measured d u r i n g  t h e  f l i g h t  o f  t h e  
I n  o rder  t o  f i n d  an e f f e c t i v e  

t o  use i n  no ise  p r e d i c t i o n s ,  t h e  

T h i s  
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e f f e c t i v e  p i t c h  w i l l  be l e s s  than t h e  p i t c h  s e t t i n g  on t h e  1/4-scale 
model f o r  t h e  same Cp. 

P r o p e l l e r  noise. N e a r - f i e l d  no ise  measured i n  f l i g h t  i s  shown i n  
f i q u r e  20. The measured no ise  da ta  were sampled w i t h  da ta  b locks  o f  96 
t ime  p o i n t s  per s h a f t  r e v o l u t i o n  which yave 32 p o i n t s  per b lade f o r  t h e  
t h r e e - b l  ade propel  1 e r .  
f i n d  t h e  mea.n s igna l  p ( t )  shown i n  f i g u r e  20. S ignal  number 1 i s  f o r  
o n e - t h i r d  o f  a p r o p e l l e r  r e v o l u t i o n .  S igna ls  2 and 3 which complete 
t h e  r e v o l u t i o n  are s i m i l a r .  The s tandard d e v i a t i o n  u ( t )  was n e a r l y  
constant ,  i n d i c a t i n g  t h a t  t h e  measured no ise  cou ld  be decomposed i n t o  
d i s c r e t e  and random p a r t s  as f o l l o w s :  

F i  f t y  b locks  o f  da ta  were ensemble averaged t o  

where p ' ( t )  i s  a s t a t  
were generated f o r  each 

The d i s c r e t e  spectrum 
added t o  g i ve  t h e  t o t a l  

onary random s igna l .  Sound pressure spec t ra  
data b l  ock and f o r  t he  ensembl e-averaged data.  

p (w) i2  and the  random spectrum ( P l ( d 1 2  are  
spec rum ( P ( d  I 2. 

The spec t ra l  data shown i n  f i g u r e  21 are  r e l a t i v e  t o  t h e  o v e r a l l  
mean-squared pressure 

T -  I <pa> = l i m  - I p 2 ( t )  d t  2T 
I T+oD 

- 1  

The o v e r a l l  mean-squared pressure i n  f i g u r e  21 i s  w i t h i n  1.8 dB o f  t h e  
measured value. Th is  agreement may be, due i n  p a r t  t o  t h e  matching of 
power th rough t h e  e f f e c t i v e  p i t c h  s e t t i n g  procedure. 

The p r e d i c t e d  spectrum agrees we l l  w i t h  t h e  da ta  f o r  t h e  f i r s t  few 
harmonics. S t a r t i n g  a t  about t h e  5th harmonic, t h e  measured d i s c r e t e  
spectrum shows a c y c l i c  p a t t e r n  suggest i  ve of cancel 1 a t i o n  and 
re in fo rcement  which i s  no t  p red ic ted .  Th is  p a t t e r n  g ives  l e v e l s  f rom 
t h e  10th and 15th harmonics which are more than 20 dB above t h e  
p r e d i c t e d  values. A s i g n i f i c a n t  p a r t  o f  t h i s  underp red ic t i on  i s  
p robab ly  due t o  t h e  omission o f  unsteady loads i n  t h e  ana lys i s .  
Desp i te  these h i  gh- f  requency e r ro rs ,  t h e  pred i  c t e d  A-wei yhted sound 
pressure  l e v e l  w i l l  be i n  good agreement w i t h  t h e  measured values 
because o f  t h e  r a p i d  decay o f  t h e  l e v e l s  w i t h  frequency. 

The e r r o r  i n  t h e  d i s c r e t e  spectrum may be due t o  any of severa l  
e f fec ts ,  i n c l u d i n g  t h e  obvious p o s s i b i l i t y  o f  an e r r o r  i n  t h e  
p r e d i c t i o n  method. S c a t t e r i n g  from t h e  wing and fuse lage was no t  
i nc luded  i n  these computations. 
p r o p e l l e r  and t h e r e  may be a small  c o n t r i b u t i o n  from t h e  second 
prope l  1 e r  which c o n t r i b u t e s  t o  t h e  e r r o r .  

Computations are  made f o r  one 
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I n  making t h e  p r e d i c t i o n s ,  i t  was assumed t h a t  a l l  blades are 
i d e n t i c a l ,  whereas, i n  p r a c t i c e ,  t h e r e  are s l i g h t  b lade- to-b lade 
d i f f e r e n c e s  which may r e s u l t  i n  t h e  re in forcement  p a t t e r n s  seen here. 
There i s  r e g r e t t a b l y  no way t o  examine these p o s s i b l e  sources o f  e r r o r  
w i t h o u t  f u r t h e r  d e t a i l e d  exper imentat ion.  

F a r - f i  e l  d no i  se from t h e  f ' lyover  o f  t h e  t w i  n-propel1 e r  a i  r c r a f t  i s  
shown i n  f i g u r e s  22 and 23. The l i m i t e d  data shown i n  f i g u r e  22 are  
f o r  f l y o v e r s  w i t h  t h e  r e c e p t i o n  angle e = 90" be ing  t h e  d i r e c t i v i t y  
angle when t h e  sound i s  received. The p r e d i c t i o n  i s  5 t o  6 dBA above 
t h e  average o f  t h e  measured l e v e l s .  
i s  shown i n  f i g u r e  23. The l e v e l  f o r  t h e  f i r s t  harmonic, which 
dominates t h e  p r e d i c t e d  source spectrum, i s  i n d i c a t e d  by t h e  data t o  be 
l e s s  than t h e  second harmonic. The reason f o r  t h i s  e f f e c t  i s  unknown 
and a much l a r g e r  data s e t  should be examined be fore  any conclus ions 
are  drawn. F lyover  no ise data f o r  p r o p e l l e r s  t y p i c a l l y  s c a t t e r  over a 
range o f  about 10 dB (see r e f .  15) so t h a t  s t a t i s t i c a l  methods must be 
used t o  assess t h e  accuracy o f  p r e d i c t i o n s .  

The reason f o r  t h e  o v e r p r e d i c t i o n  

Advanced Turboprop 

P r e d i c t i o n s  have been made f o r  t h e  e i  y h t - b l  aded advanced tu rboprop 
p r o p e l l e r  designated as SR-3. Since t h i s  p r o p e l l e r  was opera t ing  a t  
t r a n s o n i c  cond i t ions ,  t h e  elementary aerodynamics and 1 oadi ng methods 
descr ibed e a r l i e r  cou ld  not  be used. A l o a d i n g  d i s t r i b u t i o n  was 
es t imated  by t h e  p r o p e l l e r  manufacturer and t h i s  d i s t r i b u t i o n  was 
ad jus ted  such t h a t  t h e  computed power matched t h e  power measured d u r i n g  
t h e  f l i g h t  t e s t  o f  t h e  p r o p e l l e r .  

The p r o p e l l e r  was t e s t e d  i n  f l i g h t  atop t h e  J e t S t a r  a i r c r a f t  shown 
i n  f i g u r e  24. Performance data were a l s o  obta ined i n  t h e  wind tunne l  
as shown i n  f i g u r e  25. Microphones were mounted i n  t h e  sur face  o f  t h e  
fuse lage a long a l i n e  under t h e  a x i s  o f  t h e  p r o p e l l e r .  Measured no ise  
da ta  were reduced by u s i  ny ensemble-averayi ng techniques as d e s c r i  bed 
e a r l i e r .  Only t h e  r e s u l t s  o f  t h e  d i s c r e t e  no ise  data and p r e d i c t i o n s  
are shown here in .  

F i g u r e  26 shows a comparison o f  t h e  measured and p r e d i c t e d  n o i s e  
a t  t h e  c r u i s e  Mach number o f  0.80. The h e l i c a l  Mach number o f  t h e  
b lade t i p  i s  1.13 f o r  t h i s  example. Levels  shown are f o r  t h e  b lade 
pass i  ng harmonic which, rernemberi ng t h e  subsoni c r e s u l t s ,  i s  expected 
t o  g i v e  t h e  best  agreement w i t h  t h e  measured data. Nystrom and 
F a r a s s a t ' s  PROPFAN program ( r e f .  10) was used t o  p r e d i c t  t h e  f r e e - f i e l d  
no ise  a t  t h e  t o p  o f  t h e  boundary l a y e r .  The boundary- layer p r o f i l e  was 
measured w i t h  rakes mounted on t h e  fuselage o f  t h e  Je tStar .  The 
two-dimensional t r a n s f e r  f u n c t i o n  f o r  t h e  boundary l a y e r  was then used 
t o  p r e d i c t  t h e  no ise  on t h e  sur face  beneath t h e  boundary layer .  It i s  
apparent t h a t  t h e  boundary l a y e r  has a s i g n i f i c a n t  e f f e c t  on t h e  
s u r f a c e  no ise  a t  t h i s  f l i g h t  speed. The p r e d i c t i o n s  agree b e t t e r  w i t h  
t h e  data both i n  f r o n t  o f  and behind t h e  plane o f  t h e  p r o p e l l e r .  
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The causes o f  t h e  discrepancy between p r e d i  c t e d  and measured 
l e v e l s  on t h e  J e t S t a r  j u s t  behind t h e  p r o p e l l e r  p lane are  being 
i n v e s t i g a t e d  at; t h i s  t ime. The s c a t t e r i n g  e f f e c t  g iven by equat ion 
( 4 7 )  w i l l  be evaluated f i r s t  t o  see how s c a t t e r i n g  m o d i f i e s  t h e  
p r e d i c t e d  sur face  pressures i n  t h e  absence o f  a boundary l a y e r .  
F o l l  owing t h i s  t h e  combi ned e f f e c t s  o f  s c a t t e r i  ng and r e f r a c t i o n  w i  11 
be computed by us ing  t h e  t r a n s f e r  f u n c t i o n  (eq. ( 5 2 ) ) .  

CONCLUDING REMARKS 

NASA ANOPF' system f o r  p r e d i c t i n g  propel  1 e r  no i  se has been 
descr ibed i n  t h i s  sec t ion .  The o b j e c t i v e  of t h i s  system i s  t o  p r e d i c t  
n o i s e  d i r e c t l y  from t h e  shape and mot ion o f  t h e  p r o p e l l e r  blades. This  
o b j e c t i v e  r e q u i r e s  aerodynamic computations t o  be made as a bas is  f o r  
t h e  a c o u s t i c  computations. The aerodynamic t h e o r i e s  used are s imple 
c l  a s s i  ca l  met hods. 

These methods overpred i  c t  t h e  performance o f  t h e  prope l  1 e rs  which 
r e s u l t s  i n  an e r r o r  i n  t h e  a c o u s t i c  p r e d i c t i o n s .  An e m p i r i c a l  
c o r r e c t i o n  procedure o f  matchi  ny p r e d i c t e d  and measured power was used 
t o  compensate f o r  t h e  known e r r o r  i n  aerodynamic performance. The 
a c o u s t i c  predic : t ions g i v e  good ayreement w i t h  the  low-frequency 
d i s c r e t e  n o i s e  when they are ad jus ted  by t h e  power matching procedure. 
It i s  b e l i e v e d  t h a t  improved aerodynamic t h e o r i e s  w i l l  g i v e  good 
1 ow-f requency p r e d i c t i o n s  f o r  subsonic propel  1 e r s  w i t h o u t  an empi r i  c a l  
c o r r e c t i o n  f o r  power. 

The accuracy o f  t h e  a c o u s t i c  p r e d i c t i o n s  decreases w i t h  i n c r e a s i  ng 
f requency. E r r o r s  o f  10 dB o r  more may occur a t  o r  above t h e  l U t h  
harmonic o f  the b lade passing frequency i n  t h e  case o f  subsonic 
p rope l  1 ers .  When t h e  propel  1 e r  has n e a r l y  steady l o a d i  ng, these e r r o r s  
do n o t  s e r i o u s l y  a f f e c t  i n t e g r a t e d  measures o f  no ise such as t h e  
A-weighted sound pressure l e v e l  because t h e  A- level  i s  dominated by 
lower  harmonics. The p r e d i c t i o n  methods used are b e l i e v e d  t o  be 
adequate f o r  subsonic p r o p e l l e r s  o p e r a t i n g  i n  a t r a c t o r  c o n f i g u r a t i o n  
where t h e  loads are n e a r l y  steady. There is  a need f o r  f u r t h e r  
i n v e s t i g a t i o n  o f  no ise f rom subsonic propel  l e r s  o p e r a t i n g  as pushers 
where t h e  unsteady loads inc rease t h e  l e v e l s  o f  t h e  h i y h e r  harmonics 
r e l a t i v e  t o  t h e  fundamental. 

N e a r - f i e l d  e f f e c t s  o f  S c a t t e r i n g  and boundary- layer r e f r a c t i o n  
s i  gn i  f i c a n t l y  a1 t e r  t h e  no; se 1 eve ls  o f  t h e  f u s e l  age o f  t h e  a i  r c r a f t  . 
The boundary- layer r e f r a c t i o n  e f f e c t  reduces t h e  sur face  no ise  i n  f r o n t  
of t h e  p r o p e l l e r  and increases t h e  no ise  behind t h e  p r o p e l l e r .  T h i s  
e f f e c t  i s  s i g n i f i c a n t  f o r  an a i r c r a f t  w i t h  h i g h  subsonic Mach number 
such as t h e  0.80 Mach number env is ioned f o r  advanced turboprop-powered 
a i r c r a f t .  The two-dimensional model o f  t h e  boundary l a y e r  f a i l s  t o  
exp l  a i  n a si gni  f i cant d i  screpancy between p r e d i  c t e d  and measured da ta  
j u s t  behind t h e  p lane o f  t h e  SR-3 tu rboprop on t h e  J e t S t a r  a i r c r a f t .  
Three-dimensional r e f r a c t i o n  and s c a t t e r i  ng e f f e c t s  are be ing s t u d i e d  
i n  an at tempt  t o  reso lve  t h i s  discrepancy. 
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F a r - f i e l d  e f f e c t s  o f  atmospheric a t t e n u a t i o n  and yround 
r e f l e c t i o n s  modify the  noise measured d u r i n y  t h e  f l y o v e r  o f  a p r o p e l l e r  
a i r c r a f t .  The l a r g e s t  e f f e c t  i s  t h a t  o f  ground r e f l e c t i o n  which 
in t roduces  t h e  "ground-di p" i n  t h e  measured f l y o v e r  noise. Avai 1 a b l e  
t h e o r i e s  and methods are adequate f o r  p r e d i c t i n g  these e f f e c t s  when t h e  
yround r e f l e c t i o n  angle i s  l a r g e .  Al though measurements from outdoor 
f l y o v e r  t e s t s  have a t y p i c a l l y  l a r g e  s c a t t e r  o f  data, t h e  f l y o v e r  no ise  
from p r o p e l l e r s  can u s u a l l y  be p r e d i c t e d  w i t h i n  a standard d e v i a t i o n  o f  
about 4 dB. 
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10.2 BLADE SHAPE MODULE 

John W. Rawls, Jr. 
PKC Kentron, Inc.  

INTRODUCTION 

A numerical  d e s c r i p t i o n  of t h e  a i r f o i l  sur face  i s  t h e  f i r s t  s tep  
i n  r o t o r  no ise  p r e d i c t i o n .  V i r t u a l l y  every c a l c u l a t i o n  i n  t h e  process 
o f  r o t o r  no ise  p r e d i c t i o n  depends on t h e  accuracy of t h e  blade sur face  
model. The purpose o f  t h e  Blade Shape Module i s  t o  formulate a func-  
t i o n a l  r e p r e s e n t a t i o n  o f  t h e  b lade sur face  s u i t a b l e  f o r  aeroacoust ic  
and aerodynami c c a l  c u l  a t i  ons. 

Blade sec t ions  are generated by c u t t i n g  planes normal t o  t h e  p i t c h  
a x i s  q2 as shown i n  f i g u r e  1. A s e c t i o n a l  view l o o k i n g  outward i s  
shown i n  f i g u r e  2. The p o s i t i o n  and o r i e n t a t i o n  of t h e  s e c t i o n  a r e  
g iven by t h e  c.oordinates of t h e  l e a d i n g  edge ql,R and q3 and 
by t h e  t w i s t  alngle 
t h e  ql-q2.plane. 
( f i g .  3 )  i n  terms o f  upper sur face  yu and lower  sur face  y~ 
values as a f u n c t i o n  o f  d i s t a n c e  a long t h e  chord 

t r a n s f o r m  t h e  a i r f o i l  s e c t i o n  data supp l ied  as i n p u t  from a Car tes ian 
c o o r d i n a t e  system t o  an e l l i p t i c a l  coord ina te  system def ined by an 
i n v e r s e  Joukowski t r a n s f o r m a t i o n  ( f i g .  4) .  The Joukowski t r a n s f o r -  
mation, used bay Theodorsen ( r e f .  1) i n  t h e  e a r l y  1930's t o  so lve  f o r  
incompress ib le  f low over a i r f o i l s  o f  a r b i t r a r y  shape, o f f e r s  two 
advantages i n  model ing t h e  b lade surface. 
i s  i n  t h e  d e s c r i p t i o n  o f  t h e  l e a d i n g  edge. The a i r  f l o w i n g  over t h e  
b lade sur face  .is d i s t u r b e d  by t h e  l e a d i n g  edye, r e s u l t i n y  i n  t h e  
emission of sound waves. 
very  impor tan t  i n  t h e  noise c a l c u l a t i o n .  I n  the  e l l i p t i c a l  c o o r d i -  
nates, 20 t o  30 percent  o f  t h e  a i r f o i l  shape, s t a r t i n g  a t  t h e  l e a d i n g  
edge, can be approximated by a s i n g l e  e l l i p s e .  As a r e s u l t ,  i n t e r -  
p o l a t i o n  between data p o i n t s  on such a smooth f u n c t i o n  g ives good 
agreement w i t h  t h e  ac tua l  a i r f o i l  shape. 

8T which i s  t h e  angle between t h e  chord l i n e  and 
The shape o f  t h e  s e c t i o n  i s  assumed t o  be g iven 

xc. 

The f i r s t  s tep i n  t h e  model ing o f  the  a i r f o i l  sur face  i s  t o  

The most impor tan t  advantage 

Thus, t h e  d e s c r i p t i o n  o f  t h e  l e a d i n g  edge i s  

A second advantage i s  t h a t  e l l i p t i c a l  coord inates a l l o w  t h e  b lade 
s e c t i o n  t o  be represented a n a l y t i c a l l y  by a s i n g l e  monoton ica l l y  
i n c r e a s i n g  parameter. I n  t h e  Car tes ian  coord ina te  system ( f i g .  3 ) ,  t h e  
a i r f o i l  s e c t i o n  i s  a m u l t i v a l u e d  f u n c t i o n  o f  t h e  chord. That i s ,  f o r  a 
g iven value on t h e  chord l i n e ,  two values of t h e  sur face  are  given, one 
f o r  t h e  upper sur face  and a second f o r  t h e  lower  sur face.  The e l l i p -  
t i  cal  coord i  nates e l  i m i  nate t h e  problem of hav ing separate a n a l y t i c a l  
representa t ions  f o r  t h e  upper and lower  surfaces. The b lade sur face  i s  
represented by t h e  f u n c t i o n  
shown i n  f i g u r e  5. 

$( c1,c2) i n  t h e  computat ional  space as 
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A f t e r  t h e  sec t i on  da ta  have been t ransformed t o  t h e  e l l i p t i c a l  
coord inates,  a cub ic  s p l i n e  i s  f i t  i n  the  chordwise d i r e c t i o n .  T h i s  
f i t  i s  made i n  t h e  least -squares sense and a we igh t i ng  may be app l i ed  
t o  t h e  i n p u t  po in ts .  With t h e  cub ic  s p l i n e  i n t e r p o l a t i o n ,  t h e  b lade 
su r face  i s  represented by a two-dimensional computational g r i d  so t h a t  
any p o i n t  on t h e  sur face  can be determined by s p e c i f y i n g  two indepen- 
dent  sur face  parameters, E l  and c2 .  These parameters g i ve  t h e  
spanwise p o s i t i o n  n2 = e l  and t h e  e l l i p t i c a l  coord ina tes  e = 2 1 ~ s ~  
and $ ( 5 1 , e 2 ) *  

The f i n a l  s tep  i s  t o  t rans fo rm t h e  sur face  p o i n t s  t o  t h e  p i t c h  
a x i s  coord ina te  system. Th is  coo rd ina te  system i s  the  re fe rence 
coo rd ina te  system f o r  t h e  aeroacoust ic  c a l c u l a t i o n s .  

SY MROLS 

A b lade s e c t i o n  area, r e  R 2  

AF a c t i v i t y  f a c t o r  

AR aspect r a t i o  

b Joukowski t rans fo rma t ion  parameter 

C chord length ,  r e  R 

NE1 number o f  ou tpu t  spanwise s t a t i o n s  

number o f  ou tpu t  chordwise s t a t i o n s  Ne2 

R b lade l e n g t h  measured from a x i s  t o  t i p ,  
m ( f t )  

r r a d i u s  o f  curva ture ,  r e  C 

a r 

X,Y 

leading-edge rad ius ,  r e  C 

sur face  coord ina tes  i n  complex z-p l  ane 

X R  absc issa o f  l ead ing  edge i n  complex 
z-plane, r e  C 

X t  absc issa o f  t r a i  1 i ng edge i n  complex 
z-plane, r e  C 

V blade volume, r e  R 3  

6 bas i  s f u n c t  i on coef f i c i  en t  

5 complex p lane o f  a i  r f o i l  sec t i on  represented 
as a n e a r - c i r c l e  

‘11 Y r72, 0 3  p i t c h  a x i s  coord inates,  r e  R 
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5 1  

52 

cb 

J, 

Subsc r ip t s :  

L 

U 

coord ina tes  of o r i g i n  o f  e l l i p t i c a l  ax i s  
system i n  p i t c h  a x i s  system, r e  R 

coord ina tes  of l ead ing  edge i n  p i t c h  a x i s  
system, r e  R 

e l l i p t i c  angular  coord ina te ,  ’2rs2, rad  

b lade t w i s t  angle measured p o s i t i v e  c lockwise  
1 ook i  ng outboard, rad 

spanwise sur face  coord inate,  0 - < c 1  - < 1 

chordwise sur face  coord ina te ,  0 - < c 2  - < 1 

bas ic  f u n c t i o n  

e l l i p t i c  system r a d i a l  coo rd ina te  

lower sur face  

upper su r face  

INPUT 

D e s c r i p t i o n  o f  t he  a i r f o i l  sur face  begins by d e f i n i n g  a sequence 
o f  c ross  sec t ions ,  each o f  which i s  de f i ned  i n  a Car tes ian  coo rd ina te  
system. The lead ing  edge i s  the  o r i g i n ,  w i t h  the  chord l i n e  being t h e  
xc-ax is .  The upper and lower sur face  coord ina tes  are  des ignated w i t h  
respec t  t o  the  chord l i n e  along w i t h  a leading-edge rad ius .  Th is  
s e c t i o n  da ta  i s  g iven i n  percent  chord length ,  so t h a t  the ac tua l  s i z e  
o f  the b lade s e c t i o n  i s  determined by the  chord l e n g t h  C. F igu re  3 
shows a t y p i c a l  a i r f o i l  sec t i on  i n  the  i n p u t  Car tes ian  coo rd ina te  
sys tern. 

Associated w i t h  each b lade s e c t i o n  i s  a t w i s t  angle, de f i ned  as 
The t h e  angle between the  chord l i n e  and the  n1-n2 re fe rence plane. 

re fe rence  coord ina te  system ( t h e  p i t c h  a x i s  coord ina te  system) i s  a 
r ight -handed s y s t m  w i t h  axes ql, n2, and q3. As shown i n  f i g u r e  1, 
t h e  b lade i s  o r i e n t e d  spanwise a long the  n2-axis, w i t h  the  o r i g i n  
through the  center  o f  the  hub. The d e s c r i p t i o n  o f  the  b lade sur face  i s  
completed by des igna t ing  the  coord ina tes  of the  l ead ing  edge and the 
b lade l e n g t h  R. 

The inpu t  c o n s i s t s  o f  parameters which are  f u n c t i o n s  o f  span and 
t h e  b lade s e c t i o n  t a b l e  which i s  a f u n c t i o n  o f  bo th  span and chord. 
The b lade sec t i on  t a b l e  i s  i n p u t  such t h a t  the  f i r s t  p o i n t  i s  the 
t r a i l i n g  edge, corresponding t o  and e n t e r i n g  upper sur face  
p o i n t s  w i t h  x c  decreas ing t o  xc  = 0 o r  the  l ead ing  edge. The 

xc = 1 
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process i s  cont inued over the  lower  sur face  w i t h  x c  i nc reas ing  
u n t i l  again xc = 1. 
d i s c o n t i n u i t y  o f  the s lope a t  the  t r a i l i n g  edge. I f  the leading-edge 
o r d i n a t e  yu(xc  = 0) i s  no t  e x a c t l y  zero, the  chord l i n e  w i l l  be 
r o t a t e d  t o  make yu (0 )  = 0, and a l l  o the r  o rd ina tes  w i l l  be ad jus ted  
accord ing ly .  

The t r a i l i n g  edge i s  entered tw ice  due t o  t h e  

The i n t e r p o l a t i o n  o f  sur face  p o i n t s  i s  accomplished by a 
one-dimensional cub ic  sp l i ne .  The ou tpu t  c o n t r o l s  s p e c i f y  the  node 
l o c a t i o n s  i n  the chordwise d i r e c t i o n  through the  parameters NS2 and 
52. 

Spanwi se Funct ions 

number o f  i n p u t  sec t i ons  

a r r a y  of spanwise coord inates,  r e  R 

1 eadi  ng-edge absci ssa, r e  R 

leading-edge ord ina te ,  r e  R 

chord length ,  r e  R 

leading-edge rad ius ,  r e  C(q2) 

b lade t w i s t  ang e measured p o s i t i v e  c lockwise  look  
outboard, rad 

Blade Sect ion Tables 

number o f  i n p u t  p o i n t s  on upper sur face  

a r r a y  o f  upper sur face  abscissa values, 

a r r a y  o f  upper sur face  o r d i n a t e  values, 

a r r a y  o f  upper sur face  we igh t i ng  constants  

number o f  i n p u t  p o i n t s  on lower su r face  

a r r a y  o f  lower  sur face  abscissa values, 

a r r a y  o f  lower  sur face  o r d i n a t e  values, 

a r r a y  o f  lower  sur face  we igh t i ng  cons tan ts  

r e  C(n2) 

r e  C(n2) 

r e  C(n2) 

r e  C(n2) 
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Output Con t ro l s  

number o f  chordwise s t a t i o n s  

a r r a y  o f  chordwise s t a t i o n s ,  0 c 2  5 1 

OUTPUT 

The ou tpu ts  o f  t h i s  module a re  t w i c e - d i f f e r e n t i a b l e  f u n c t i o n s  o f  
t h e  su r face  coord inates.  These f u n c t i o n s  are  t h e  su r face  p o s i t i o n  
vec to r  q i (c1,6*) ,  t h e  leadiny-edge p o s i t i o n  vec to r  v i  R(~l), 
and t h e  e l l i p t i c  coo rd ina te  system da ta  n i ,e(c l ) ,  b(e l f ,  C ( c 1 ) ,  
and 0 ~ (  cl). 
by b i c u b i c  sp l ines .  Th is  module a l s o  ou tpu ts  t h e  f i r s t  d e r i v a t i v e s  o f  
t h e  cub ic  s p l i n e  bas i s  f u n c t i o n s  a t  t he  node po in ts .  

A1 1 f u n c t i o n s  have cont inuous second d e r i v a t i v e s  de f i ned  

The aspect r a t i o ,  a c t i v i t y  f a c t o r ,  and b lade volume computations 
a r e  d e f i n e d  i n  appendix A. 

a c t i v i t y  f a c t o r  

aspect r a t i o  

number o f  spanwi se s t a t  i ons 

number o f  chordwise s t a t i o n s  

111 ade vo l  utne, r e  R 3  

ar ray  o f  spanwise s t a t i o n s ,  r e  R ,  0 < c1 < 1 

a r r a y  o f  chordwise s t a t i o n s ,  r e  Z T ,  0 < 52 < 1 

Funct i ons o f  Span 

l e a d i  ng-edge absc i  ssa, r e  R 

leading-edge o rd ina te ,  r e  R 

Joukowski t rans fo rma t ion  parameter, r e  R 

chord length ,  r e  R 

e l l i p t i c  system o r i g i n  abscissa, r e  R 

e l l i p t i c  system o r i g i n  o rd ina te ,  r e  R 

b lade e l l i p t i c  a x i s  t w i s t  angle, measured p o s i t i v e  

b lade s e c t i o n  area, r e  R 2  

c lockw ise  l o o k i n g  outboard, rad  
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Funct ions o f  Span and 

'11(51,52) b lade sur face  abscissa, r e  R 

rl3(51,52) b lade sur face  ord ina te ,  r e  R 

J,(51,52) b lade sur face  e l l i p t i c  r a d i a  

The model 
The f i r s t  s tep 
system through 
second step f 
t h e  chordwi se 
sur face  coord 
Each o f  these 

Chord 

coord 

Bas i s Funct i on S1 opes 

( i , j  = 1,2 ,..., N ) 

( i , j  = 1,2,...,N ) 
= + i j ( < l i )  51  

= e i j ( 5 2 i )  52 

METHOD 

nate, rad  

ng o f  t h e  a i r f o i l  sur face  f o l l o w s  t h r e e  bas ic  steps. 
t ransforms t h e  s e c t i o n  data i n t o  an e l l i p t i c  c o o r d i n a t e  
t h e  use o f  t h e  i n v e r s e  Joukowski t rans format ion .  The 
s t h e  b lade sur face  coord ina tes  w i t h  cub ic  s p l i n e s  i n  

d i  r e c t i  on. F i n a l  l y  , t h e  t h i  r d  s tep t ransforms t h e  
nates from t h e  e l l i p t i c  system t o  t h e  p i t c h  a x i s  system. 
steps are discussed i n  d e t a i l .  

Development o f  E l  1 i p t i c  Coordi nate System 

The Joukowski t rans format ion ,  de f ined by 

b2  
z = 5 + - T  

maps t h e  a i r f o i l  s e c t i o n  f rom t h e  complex z-plane t o  t h e  complex 
<-plane, where < i s  g iven by 

Jr'i e < = be 

I n  t h e  <-plane t h e  a i r f o i l  shape i s  n e a r l y  c i r c u l a r .  Recal l  f rom 
complex v a r i a b l e s  t h a t  z = re1e i s  t h e  equat ion o f  a c i r c l e .  I f  J, 
i s  constant  i n  equat ion ( Z ) ,  t h e  a i r f o i l  shape i n  t h e  <-plane i s  
e x a c t l y  a c i r c l e .  I n  general,  however, J, i s  not  constant  bu t  i s  
r a t h e r  a f u n c t i o n  of e. The values of J, are  very small  so t h a t  5 
does not  d e v i a t e  very f a r  from a c i r c l e .  

To f i n d  t h e  r e p r e s e n t a t i o n  o f  an a i r f o i l  s e c t i o n  i n  terms o f  $ 
and e, z can be r e w r i t t e n  as 

o r  i n  terms o f  h y p e r b o l i c  f u n c t i o n s  as 

z = 2b cosh I$ cos e + i 2 b  s i n h  J, s i n  e ( 4 )  
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Since 
a i r f o i l  s e c t i o n  x,y are g iven by 

z = x + i y  i n  Car tes ian  coord inates,  t h e  coord ina tes  o f  t h e  

x = 21s cosh J, COS e 

y = 21s s i n h  J, s i n  e 

S o l v i n g  f o r  cos e and s i n  e i n  terms o f  x, y, and 11, gives t h e  
f o l l o w i n g  two r e l a t i o n s :  

X 
‘Os = 2b cosh J, 

Y 
2b s i n h  IJJ 

s i n  e = . 

Using t h e  i d e n t i t y  
y i  e l  ds 

cos2 e + s i n 2  e = 1 t o g e t h e r  w i t h  equat ions ( 6 )  

2 
X 

(2b  C O S I ~ ) ~  + (2b srnh J,)  = 

For cons tan t  JI, equat ion ( 7 )  i s  t h e  equat ion on an e l l i p s e  w i t h  f o c i  
l o c a t e d  a t  +2b. Consequently, l i n e s  o f  constant  J, form e l l i p s e s  i n  
t h e  z-plane. Simi lar ly,  a r e l a t i o n  f o r  cosh J, and s i n h  J, can be 
found by s o l v i n g  equat ions (5 )  i n  terms o f  x, y, and e t o  y i e l d  

X 
‘Osh = 2b cos e 

Y 
s i n  e s i n h  J, = 2b 

Using t h e  h y p e r b o l i c  i d e n t i t y  cosh2 J, - s i n h 2  J, = 1 r e s u l t s  i n  

Equat ion (9 )  i s  t h e  equat ion o f  a hyperbola w i t h  f o c i  a l s o  l o c a t e d  a t  
o f  constant  e form an i n f i n i t e  s e t  o f  hyperbolas i n  t h e  - +2b. L ines  

z-p l  ane. 

F i g u r e  
w i t h  t h e  e l  
a i r f o i l .  A 
coord ina tes  

4 shows an a i r f o i l  s e c t i o n  
i p t i c  and h y p e r b o l i c  coord 
d e s c r i p t i o n  o f  t h e  a i  r f o i  1 

J, and e r a t h e r  than x 

Transformat ion t o  E l l  

p l o t t e d  i n  t h e  complex z-plane 
nates superimposed on t h e  
sur face  i s  sought i n  terms o f  

and y . 
p t i  c . Coordi nates 

I n  mapping ,the a i r f o i l  t o  t h e  complex z-plane, t h e  l e a d i n g  and 
t r a i l i n g  edges must be l o c a t e d  i n  t h e  e l l i p t i c  coord ina te  system. 
t h a t  t h e  d e r i v a t i v e  o f  t h e  Joukowski t r a n s f o r m a t i o n  

Note 

10.2-7 



becomes i n f i n i t e  f o r  c=O and zero f o r  e= - +b. By choosing et = b, 

t h e  t r a i l i n g  edge becomes a s tagnat ion  p o i n t .  Th is  choice s a t i s f i e s  
t h e  Kutta-Joukowski c o n d i t i o n ,  which r e q u i r e s  t h e  f l o w  f i e l d  i n  t h e  
neighborhood o f  t h e  t r a i l i n g  edge t o  be f i n i t e  even though t h e r e  i s  a 
d i s c o n t i n u i t y  i n  t h e  s lope o f  t h e  sur face  a t  t h e  t r a i l i n g  edge. 
z-plane, t h e  t r a i l i n g  edge i s  mapped t o  t h e  p o i n t  

I n  t h e  

xt = 2b (11)  

Next, t h e  l e a d i n g  edge must be l o c a t e d  such t h a t  t h e  remaining 
d i s c o n t i n u i t y  i s  w i t h i n  t h e  a i r f o i l  and, thus, w i l l  no t  cause a 
s i n g u l a r i t y  i n  t h e  f l o w  f i e l d .  

K e c a l l  from equat ion ( 7 )  t h a t  l i n e s  o f  constant  J, form e l l i p s e s  
i n  t h e  z-plane. The r a d i u s  o f  c u r v a t u r e  a long J, = Constant i s  g iven  
bY 

2b (cosh2 J, s i n 2  e + s i n h 2  J, cos2 1 3 ) ~ ’ ~  
s i n h  J, cosh I) 

r =  

With t h e  l e a d i n g  edge l o c a t e d  a t  e = T, t h e  rad ius  o f  c u r v a t u r e  
becomes 

2b s i n h 2  J, 
cosh J, 

r =  R 

R e t a i n i n g  terms o f  order  
s i n h  J, and cosh J,, t h e  rad ius  o f  c u r v a t u r e  i s  approx imate ly  g iven by 

J , ~  i n  t h e  Tay lo r  s e r i e s  expansions f o r  

r = 2b$2 R 

The l o c a t i o n  o f  t h e  l e a d i n g  edge i n  t h e  z-plane can be found by 
s u b s t i t u t i n g  y = 0 i n t o  equat ion ( 7 )  and s o l v i n g  f o r  x t o  y i e l d  

x = -2b COSh J, (15)  R 

Again by us ing  t h e  Tay lo r  s e r i e s  expansion f o r  cosh $, equat ion (15) 
becomes 

x = - 2 b ( l  + r) $2 R 

o r  i n  terms o f  t h e  rad ius  o f  c u r v a t u r e  t h e  l o c a t  
i s  g iven by 
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Now the  chord l e n g t h  o f  the a i r f o i l  s e c t i o n  can be found from 

Since the  chord l e n g t h  i s  normal ized t o  u n i t y  i n  terms o f  s e c t i o n  i n p u t  
data,  

X t  - X R  = 1 

The Joukowski t r a n s f o r m a t i o n  parameter i s  g iven  by 

R r 

- 8  
1 b = v  

Before the  a i r f o i l  coord inates can be computed i n  the <-plane, the 
a i r f o i l  coord ina tes  must be transformed t o  the z-plane by the f o l l o w i n g  
t r a n s f o r m a t i o n s :  

x = xc + X L  

and 

= x t i y  

S o l u t i o n  f o r  E l  l i p t i c  Coordinates 

Now t h a t  the a i r f o i l  coord ina tes  have been transformed t o  the 
z-plane a s o l u t i o n  can be found f o r  the  coord ina tes  i n  the <-plane. 
s o l v e  f o r  the e l l i p t i c  coord inates,  v a r i a b l e  z i s  normal ized by 2b 
and i s  normal ized by b such t h a t  

To 

x + i y  z =  -7 

and 

$+i 8 < =  e 
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R e w r i t i n g  equat ion (1) i n  terms o f  z and 5, 

5 2  - 2 z y  + 1 = 0 

and s o l v i n g  f o r  5 y i e l d s  

s = z r J z 2 - 1  

The negat ive  r o o t  i n  equat ion  ( 2 7 )  can be w r i t t e n  as 

1 
= 2 - L T ,  

I 

z + J z 2  - 1 

Consequently, t h e  second s o l u t i o n  t o  equat ion  (26)  i s  t he  r e c i p r o c a l  o f  
t h e  f i  r s t  s o l u t i o n .  The e l  1 i p t i c a l  coord ina tes  f o r  t h e  sur face  p o i n t s  
z may t h e r e f o r e  be found by t a k i n g  

It i s  assumed t h a t  t h e  f u n c t i o n  
c u t  on t h e  negat ive  r e a l  ax is ,  t h a t  i s ,  
I f  t h e  p o i n t  i s  an upper s u r f a c e  p o i n t ,  

I n  5 i s  un ique ly  de f i ned  by a branch 
-'II < a rg  ( I n  5) < 'II. 
e i s  always posTt ive,  so 

where s i g n  i s  de f i ned  as 

s i g n  ( A )  = 

S i m i l a r l y ,  f o r  t h e  lower  surface, e i s  always negat ive  so t h a t  

e = - e  s i g n  [a rg  ( I n  c ) ]  

J, = -J,  s i g n  [a rg  ( l n  s ) ]  
( 3 3 )  

( 3 4 )  

For  
o f  o on t h e  lower  sur face.  Th is  corresponds t o  p l a c i n g  t h e  branch 
c u t  f o r  

e t o  be mono ton ica l l y  i nc reas ing ,  Z'II must be added t o  t h e  va lue  

I n  5 on t h e  p o s i t i v e  a x i s  such t h a t  0 < a rg  ( I n  5) < 2 ~ .  - 

Cubic Sp l i ne  

Now t h a t  t h e  sec t i ons  are  descr ibed i n  e l l i p t i c  coord inates,  t h e  
a i r f o i l  parameters a re  f i t  w i t h  a cub ic  sp l i ne .  
procedure i s  descr ibed i n  d e t a i l  i n  appendix B.)  I n t r o d u c i n g  new 
v a r i  ab1 es 

(The i n t e r p o l a t i o n  
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t o  descr ibe  t h e  spanwise d i r e c t i o n  and 

t2 := e / 2 ~  (36) 

t o  descr i  be t h e  chordwi se d i  r e c t i  on, a computat i onal  g r i d  i s  formed. 
The NS2 values o f  c2 are i n p u t  so t h a t  

0 < 5 2 < 1  (37 1 
As i n d i c a t e d  i n  appendix 6, t h e  v a r i a b l e s  c1 and do no t  have t o  
be evenly  spaced. 

The cub ic  s p l i n e  i n t e r p o l a t i o n  procedure a l l o w s  f o r  two o p t i o n a l  
boundary cond i t ions ,  one w i t h  zero s lope o r  one w i t h  zero curva ture .  
The zero s lope c o n d i t i o n  g ives a rounded edge on t h e  t r a i l i n g  edge, 
whereas t h e  zero c u r v a t u r e  c o n d i t i o n  g ives a sharp t r a i l i n g  edge. A 
c u b i c  s p l i n e  i s  f i t  i n  t h e  chordwise d i r e c t i o n  t 2  f o r  + ( 5 1 ! 5 2 )  i n  a 
leas t -squares  sense f o r  t h e  case where t h e  number o f  i n p u t  p o i n t s  are 
g r e a t e r  than t h e  number o f  ou tpu t  p o i n t s .  The f i t  a l s o  a l lows f o r  
w e i g h t i n g  o f  s p e c i f i c  i n p u t  sur face  p o i n t s .  
p o i n t s  i s  equal t o  o r  g r e a t e r  than t h e  number of i n p u t  po in ts ,  then t h e  
i n p u t  g r i d  i s  used f o r  i n t e r p o l a t i o n .  

I f  t h e  number o f  o u t p u t  

Sol u t i  on f o r  P i t c h  Axis Coordi nates 

The next  s tep  i s  t o  f i n d  t h e  p i t c h  a x i s  coord ina tes  o f  t h e  g r i d  
p o i n t s  ( C ~ , E ~ ) .  A l l  l eng ths  i n  t h e  p i t c h  a x i s  coord ina tes  are 
r e f e r r e d  t o  t h e  b lade l e n g t h  R so t h a t  t h e  Joukowski parameter i s  
sca led  by 

The p i t c h  a x i s  coord ina tes  are g iven by 

and 

L e t  ,e, r12,es and n3,e denote t h e  l o c a t i o n  o f  t h e  o r i g i n  of  
t h e  e l j i p t i c  coord ina te  system i n  t h e  p i t c h  a x i s  system. Then 
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where x i s  t h e  l o c a t i o n  o f  t h e  l ead ing  edge g iven by R 

The components o f  t h e  su r face  p o i n t s  i n  t h e  p i t c h  a x i s  system are g i ven  
by 

F i n a l l y ,  t h e  blade s e c t i o n  area s computed by 
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APPENDIX A 

ASPECT RATIO, ACTIVITY FACTOR, AND BLADE VOLUME 

The aspect r a t i o  i s  d e f i n e d  as t h e  b lade l e n g t h  squared d i v i d e d  by 
t h e  b lade sur face  area. The equat ion used i n  t h i s  module i s  

where E l , ,  is  t h e  minimum value o f  tl. 

The a c t i v i t y  f a c t o r  i s  a measure o f  t h e  capac i ty  o f  t h e  b lade t o  
absorb power. It i s  de f ined as 

1 
c ( s l )  t13 d t l  

100 000 
32 AF = 

The b lade volume i s  computed by i n t e g r a t i n g  t h e  b lade s e c t i o n  area 
as 



APPENDIX B 

SPLINE INTERPOLATION PKOCEOUKE 

T h i s  appendi x descr i  bes t h e  basi  c cub ic  s p l  i ne i n t e r p o l  a t i o n  

The one-dimensi onal  case i s  descr i  bed i n  
procedure and then extends it t o  a p iecewise l i n e a r  f i n i t e - e l e m e n t  
approxi  mat i  on ( r e f .  2). 
d e t a i l ,  which a l lows f o r  t h e  types o f  boundary cond i t ions .  
f i n i t e - e l e m e n t  approach, t h e  i n t e r p o l a t i o n  procedure i s  then e a s i l y  
extended t o  two d i  mensi ons. 

With t h e  

One-Dimensi onal Cubic Spl i ne I n t e r p o l  a t i  on 

One o f  t h e  s imp les t  ways t o  i n t e r p o l a t e  between two data p o i n t s  i s  
t o  c o n s t r u c t  a po lynomia l .  
f u n c t i o n  a t  two p o i n t s  x i  and X i + $  a re  known, a cub ic  
po lynomia l  can be cons t ruc ted  which i s  un ique ly  de f ined by 

Assuming t h a t  t h e  s lope and magnitude o f  a 

+ 

where 

and 

(x  - Xi)3 
F;+l + F; 

-2 A F i + l  + 
-  xi+^^ 'xi + l2 

F(xi )  = Fi ( B 2 )  

- AX i - xi - Ximl 

Fi -1 AFi = Fi - 

Adding an a d d i t i o n a l  p o i n t ,  two separate cub ic  polynomials,  t h a t  i s ,  
p i  ecewi se polynomi a1 s, can be cons t ruc ted  whi ch have c o n t i  nuous f i  r s t  
and second d e r i v a t i v e s  a t  X i  Assume f ( x )  i s  a cub ic  polynomial  
on t h e  i n t e r v a l  X i - 1  - < x - < X i  and g ( x )  i s  a cub ic  polynomial  
t h e  i n t e r v a l  
i n f o r m a t i o n  i s  known concerning f ( x )  and g ( x ) :  

X i  f x 5 X i + l .  F u r t h e r  assume t h e  f o l l o w i n g  

f ' ( ~ ~ - ~ )  = F 1  i -1 
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and 

S e t t i n g  

g( :c i+ l )  = F i + l  

S ' (X i+$  = F;+1 

sting equat ion  (131) tw ice  and e v a l u a t i n g  bo th  f u n c t  
a t  xi y i e l d s  

2 AF 

@i & x i  
f " j X i )  = - [ 3 -  

- 2F;  - F;+l 1 $ l ( X i )  = - 

This  equat ion  r e l a t e s  the  s lope a t  i n te rmed ia te  nodes t o  the  magnitudes 
a t  t he  nodes and the  s lope boundary c o n d i t i o n  such t h a t  f i r s t  and 
second d e r i v a t i v e s  are continuous. Equat ion (€39) can be extended t o  I 
va lues  of x i ,  r e s u l t i n g  i n  I - 2 simultaneous equations. The two 
a d d i t i o n a l  equat ions are prov ided by the boundary cond i t ions .  Two 
o p t i o n s  are  considered, one w i t h  zero s lope on the boundary and one 

)oundary . w i t h  zero cu rva tu re  on the 

For  zero slople, t he  two add 

F i  = 0 

F i  := O 

For  zero curva ture ,  the  two 

t i  onal  equat ions are  simp1 y 

a d d i t i o n a l  equat ions are  found by s e t t i n g  
f " ( x 1 )  = 0 i n  equat ion  ( R 6 )  and g " (x1 )  = 0 i n  equat ion (B7). 
From equat ion  (97) an express ion f o r  zero cu rva tu re  on the  x i  
boundary i s  g iven by 



3 AF2 - - -  - F; F i  + s  2 A X 2  

and from equat ion (B6) an equat ion f o r  zero c u r v a t u r e  on t h e  XI 
boundary i s  g iven by 

Having so 

3 A F ~  
(813) Fi-i + - 

2 Fi Z A X 1  

ved f o r  F;, i = l , Z , .  , . I ,  then any va lue o f  F ( x )  can be 

determined by l o c a t i n g  

and s o l v i n y  equat ion ( B l ) .  This  procedure, which uses a cub ic  
polynomi a1 as t h e  i n t e r p o l a t i n g  f u n c t i o n  and requ i  r e s  c o n t i n u i t y  o f  
f i r s t  and second d e r i v a t i v e s  a t  t h e  nodes, i s  commonly r e f e r r e d  t o  as a 
cubi  c sp l  i ne. 

The cub ic  s p l i n e  i n t e r p o l a t i o n  procedure can be extended t o  a 
p i  ecewi se 1 i near f i  n i  t e - e l  ement approach where F( x)  i s  g i  ven by 

where J i s  t h e  number o f  nodes. The f u n c t i o n  F ( x )  i s  d e f i n e d  i n  
terms o f  a s e t  o f  c o e f f i c i e n t s  6 -  and a s e t  of bas is  f u n c t i o n s  
$ j ( x ) .  The bas is  f u n c t i o n s  have $he f o l l o w i n y  c o n d i t i o n s  

and a l i n e a r  homoyeneous boundary c o n d i t i o n  such t h a t  

( j  = 1, 2, ..., J )  (817) 

The index i r e f e r s  t o  t h e  node and t h e  index j r e f e r s  t o  t h e  bas is  
f u n c t i o n .  For J = 3,  note i n  f i g u r e  6 t h a t  $1 i s  u n i t y  a t  xl, 
whereas t h e  remaining bas is  f u n c t i o n s  $2  and are zero. The 
c o e f f i c i e n t  B~ i s  t h e r e f o r e  t h e  magnitude o f  F t x )  a t  xl. 
S i m i l a r l y ,  t h e  c o e f f i c i e n t s  ~j are  t h e  magnitude o f  F ( x )  a t  t h e  
corresponding node. Note, a l s o  t h a t  t h e  nodes X i  do no t  have t o  be 
evenly  spaced. 
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The s e t  o f  bas is  f u n c t i o n s  g j ( X )  a r e  p iecewise cont inuous 
c u b i c  po lynomia ls  over t h e  e n t i r e  range o f  x. Consequently an a r r a y  
o f  magnitudes and slopes must be determined f o r  each bas is  f u n c t i o n  
$ j ( x )  a t  each node X i .  Th is  r e s u l t s  i n  two matr ices,  

" j  = a j 0 q  ( i ,  j = 1, 2, ..., J )  (t318) 

and 

( i ,  j = 1, 2, ..., J )  (B19) d 
= - $.(Xi) @ij dx J 

The magnitude m a t r i x  4 i j  
equat ion  (B16). The s lope m a t r i x  

f o l l o w i n g  equat ions f o r  t h e  s lopes of each bas is  f u n c t i o n  

i s  s imply  t h e  i d e n t i t y  m a t r i x  d e f i n e d  by 

$ij i s  computed by s o l v i n g  t h e  

[ A k i l  [@,!jl = r B k j l  ( i ,  j, k = 1, 2, ..., J )  (B20) 

The s lope vec tor  s o l u t i o n s  from equat ion (B20) are c o l l e c t e d  t o  fo rm 
t h e  s lope m a t r i x .  Equat ion (B20) i s  cons t ruc ted  f o r  t h e  two o p t i o n a l  
boundary c o n d i t i o n s  by choosing M = 0 and K = 1 f o r  zero s lope o r  
M = 1 and K = 0 f o r  zero curvature.  The k = 1 row o f  
equat ion  (B20) i s  g iven by 

The i n t e r m e d i a t e  rows o f  equat ion (B20) are given by 

3 "i +1 
( 6 i j  - 'i-1,j - 6. . )  + - 

1J AX i 

( i  = 2, 3, ..., I - 1; j = 1, 2, ..., 3) (B22) 

and f i n a l l y  t h e  k = J row of equat ion (B20) i s  g iven by 

With t h e  s lope m a t r i x  determined, each bas is  f u n c t i o n  can be eva lua ted  
by c a l c u l a t i n g  i such t h a t  

and e v a l u a t i n g  + by 
j 
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$ j ( x )  = q j  + $ i j ( X  - Xi) 

7 

The c o e f f i c i e n t s  
t h e  equat ion  

~j are  determined by a least -squares s o l u t i o n  

j = 1, 2, ...,J 
i ' = 1, 2, ..., I '  > J [$jO(J] { B j j  = { F ( X j l ) }  

where $ j ( x i  I )  

t h e  data po in ts .  
i s  t h e  m a t r i x  o f  values o f  t h e  bas is  f u n c t i o n  a 

Two-Di mensi onal Cubic Spl i ne I n t e r p o l  a t i  on 

The one-dimensi onal i n t e r p o l  a t i  on procedure may be extendc 
dimensions through t h e  bas i s  func t i ons .  The f u n c t i o n  F(xl,x2: 
y i  ven by 

The bas i s  f u n c t i o n s  (plj(xl) and $ 2 j ( x 2 )  a re  p iecewise cubic 
po lynomia ls ,  each a f u n c t i o n  o f  on l y  one va r iab le .  Therefore,  
bas is  f u n c t i o n s  are  eva lua ted  i n  e x a c t l y  t h e  same manner as i n  
one-dimensional case. The c o e f f i c i e n t s  fij I j 2  a re  determined 
1 eas t  -squares so l  u t i  on o f  a g i  ven se t  o f  po i  n t s  
Wli ,x*i  1 = F i 1 i P  
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10.3 BLADE SECTION AERODYNAMICS MODULE 

W i l l i a m  E. Zorumski 
Langley Research Center 

INTRODUCTION 

D e t a i l e d  knowledge o f  t h e  aerodynamic l o a d i n g  on a r o t a t i n g  blade 
i s  impor tan t  for t h e  p r e d i c t i o n  o f  r o t a t i o n a l  and broadband noise. 
Rlade Sect ion  Aerodynamics Module computes t h e  pressure  forces a c t i n g  
on t h e  upper and lower surfaces o f  a two-dimensional a i r f o i l  f o r  
s p e c i f i e d  angle o f  a t t a c k  and Mach number values. This  aerodynamic 
ou tpu t  p rov ides  i n p u t  i n f o r m a t i o n  t o  t h e  P r o p e l l e r  Loading Module, 
which compute!; t h e  t ime  dependent aerodynamic l o a d i n g  on t h e  r o t a t i n g  
blade. 

The 

The l o c a l  f l o w  f i e l d  on a blade s e c t i o n  can be subsonic, 
t ransoni  c, or supersoni c, dependi ng upon t h e  f ree -s t  ream ve l  o c i  ty  and 
l o c a t i o n  f rom t h e  hub. 
computation methodologies are i nc luded  i n  t h i s  module. 

Only t h e  incompress ib le  and low subsonic 

Th is  modlule produces a t a b l e  o f  t h e  pressure  c o e f f i c i e n t  as a 
f u n c t i o n  o f  blade coord ina tes ,  angle o f  a t tack ,  and Mach number. 
Theodorsen's method ( r e f .  1) o f  successive conformal mapping, which 
y i e l d s  good comparison w i t h  experiments f o r  incompress ib le  f l o w  ( i  .e., 
M < 0.4), i s  used. 
i n - e l l i p t i c  coord ina tes .  
t rans fo rma t ion  maps t h i s  a i r f o i l  i n t o  a n e a r l y  c i r c u l a r  curve. An 
i n v e r s i o n  o f  t h e  Theodorsen mapping f u n c t i o n  t rans forms t h i s  near-  
c i r c l e  i n t o  a p e r f e c t  c i r c l e  on another complex plane. 
v e l o c i t y  p o t e n t i a l  f o r  f l o w  around a c i r c l e  i s  well-known, two 
successive t rans forms produce t h e  f l o w  f i e l d  around t h e  a i r f o i l .  
C i r c u l a t i o n  i s  determined by the  Ku t ta  c o n d i t i o n  a t  t he  t r a i l i n g  edge, 
and t h e  leading-edge s tagna t ion  p o i n t  i s  found by t h e  mapping from t h e  
p e r f e c t  c i r c l e .  The s e c t i o n  l i f t  c o e f f i c i e n t  i s  found from t h e  
Kutta-Joukowski theorem. The su r face  v e l o c i t y  on t h e  a i r f o i l  i s  found 
by t h e  mapping f u n c t i o n s  and t h e  c o e f f i c i e n t  o f  p ressure  i s  then found 
by R e r n o u l l i ' s  equation. The incompress ib le  p ressure  c o e f f i c i e n t  i s  
extended t o  subsonic f low (i.e., M - < 0.7) by t h e  s imple Karman-Tsien 
camp r e s s i  b i  1 i t y  c o r r e c t  i on. 

The Blade Shape Module p rov ides  t h e  a i r f o i l  shape 
An a p p l i c a t i o n  of t h e  i n v e r s e  Joukowski 

Since t h e  

SYMBOLS 

An SBn 

a 

b 

C 

conformal mapping c o e f f i c i e n t s  from 5- t o  < ' -p lane 

r a d i u s  o f  p e r f e c t  c i r c l e ,  r e  R 

Joukowski t r a n s f o r m a t i o n  parameter, r e  R 

chord l e n g t h  
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Cm,c 

R 

M 

m 

r 

R 

Z 

a 

r 

E 

ET 

5 

5 '  

R s e c t i o n  1 i f t  coef  f i c i  e n t  , 

s e c t i o n  moment c o e f f i c i e n t  about aerodynamic center ,  

p v 2 c  
m o o  

m p o s i t i v e  when nose up, 
p v 2 c 2  7 m o o  

D - D  
' m  

l o c a l  pressure c o e f f i c i e n t  , 
7 pmVf 

compl ex ve l  o c i  t y  po ten t  i a1 f u n c t i o n  i n  5-pl ane 

s e c t i o n  l i f t  

Mach number 

s e c t i o n  aerodynamic moment 

1 oca1 aerodynamic pressure 

r a d i a l  d i s t a n c e  i n  p o l  a r  coord ina tes  

b lade length,  m ( f t )  

f ree-s t  ream v e l o c i t y  

compl ex ve l  o c i  ty  i n  z -p l  ane 

complex v e l o c i t y  i n  <-plane 

phys i  c a l  p l  ane of a i  rf o i  1 i n e l  1 i p t  i c a l  coord i  nates 
( $3 52) 

b lade s e c t i o n  angle o f  a t tack ,  measured froin absc issa 
o f  a i r f o i l  e l l i p t i c  coord inate,  deg 

c i r c u l a t i o n ,  p o s i t i v e  c lockwise  when viewed f rom huh, 
m-m/s ( f t - f t / s )  

= e - 2 rs2 ,  rad 

E: eva lua ted  a t  a i r f o i l  t r a i l i n g  edge, r a d  

complex q u a n t i t y  d e f i n i n g  t r a n s f o r m a t i o n  p l a n e  

c o n t a i n i n g  p e r f e c t  c i r c l e  5 = be Q0+i e 

complex q u a n t i t y  d e f i n i n g  t r a n s f o r m a t i o n  p lane 
c o n t a i n i n g  an almost c i r c u l a r  curve, be vzri 52 

10.3-2 



$0 

P 

Subscr ip ts :  

S 

T 

abscissa o f  aerodynamic center ,  r e  R 

o r d i n a t e  o f  aerodynamic center ,  r e  R 

1 eadi  ng-edge abscissa , r e  R 

1 eadi  ng-edge ord ina te ,  r e  R 

spanwise sur face  coord ina te  

chordwise sur face  c o o r d i n a t e  

p o l a r  angle i n  t r a n s f o r m a t i o n  p lane 5 ,  rad 

b lade sur face  e l l i p t i c  r a d i a l  c o o r d i n a t e  
r 2 a  

" 
a i  r d e n s i t y  , kg/m3 ( S I  u g / f t  3, 

s t a g n a t i o n  p o i n t  

t r a i  1 i ng edge 

ambient 

INPUT 

The b a s i c  independent v a r i a b l e s  are  t h e  a i r f o i l  e l l i p t i c a l  
coord ina tes  $(c1,e2) and ar rays  o f  Mach numbers and angles o f  a t tack .  

B1 ade Geometry 

a r r a y  o f  spanwi se sur face  coord ina tes  

a r r a y  o f  chordwi se sur face  coord ina tes  

1 eadi ng-edge abscissa, r e  R 

l e a d i  ng-edge ord ina te ,  r e  R 

Joukowski t r a n s f o r m a t i o n  parameter, r e  R 

chord l e n g t h ,  r e  R 

b lade sur face  e l l i p t i c  r a d i a l  coord ina te  
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Output Cont ro ls  

a N 

NM 

a 

M 

number of angles o f  a t t a c k  

number o f  Mach numbers 

a r r a y  o f  angles o f  a t tack ,  deg 

a r r a y  o f  Mach numbers 

OlJTPUT 

This  module produces t a b l e s  of Cp as func t ions  of sur face  
p o s i t i o n ,  angle of a t tack ,  and Mach number. Th is  module a l s o  computes 
t h e  s e c t i o n  aerodynamic l i f t  c o e f f i c i e n t s  C,, moment c o e f f i c i e n t s  
C,,,, t h e  aerodynamic-center l o c a t i o n s ,  and t h e  leading-edge 
s t a g n a t i o n  p o i n t .  

a r r a y  o f  spanwise sur face  coord ina tes  

a r r a y  o f  chordwise surface coord ina tes  

a r r a y  o f  angles o f  a t t a c k ,  deg 

a r r a y  o f  Mach numbers 

l o c a l  pressure c o e f f i c i e n t  

s e c t  i on 1 i ft coef  f i c i  e n t  

s e c t i o n  moment c o e f f i c i e n t  about aerodynamic c e n t e r  

abscissa o f  aerodynamic center ,  r e  R 

o r d i n a t e  o f  aerodynamic center ,  r e  R 

1 eadi  ng-edge s t a g n a t i o n  p o i n t  , rad 

METHOD 

This  module computes a i r f o i l  s e c t i o n  aerodynamics f o r  subsonic 
f low.  Theodorsen’s method ( r e f .  1) i s  adopted f o r  low subsonic f l o w  
w i t h  a pressure c o m p r e s s i b i l i t y  c o r r e c t i o n  f o r  h i g h  subsonic f low. 

Conformal Mapping 

The Theodorsen method s t a r t s  w i t h  an a i r f o i l  l o c a t e d  i n  an e l l i p -  
t i c a l  coord ina te  system i n  t h e  z-plane. l lnder an i n v e r s e  Joukowski 
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t rans form,  an e l l i p s e  i n  t h e  z-plane o f  t h e  a i r f o i l  w i l l  be mapped on to  
a c i r c l e .  Thus, an a i r f o i l  w i l l  be mapped on to  a < ' -p lane as a 
near -c i  r c l e .  The Joukowski t r a n s f o r m a t i o n  i s  g iven  by 

z = 5' + b 2 / g l  (1) 

A second t r a n s f o r m  w i l l  map t h e  n e a r - c i r c l e  on to  another  plane, 
<-plane, as a p e r f e c t  c i r c l e .  

L e t t  i ng 

be t h e  n e a r - c i r c l e  and 

i e  5 = be'lo e 

be t h e  p e r f e c t  c i r c l e  w i t h  as i t s  rad ius,  a general  t r a n s -  
form from t h e  n lear -c i rc le  t o  t h e  p e r f e c t  c i r c l e  can be w r i t t e n  as 

beJIo 

Combining equat ions ( 2 )  and (3) g ives  

Equat ions ( 4 )  and ( 5 )  y i e l d  

OD 

J, - + i ( 2 n c 2  - e) = 1 (A,,, + iBn) /Sn 
n=l 

( 3 )  

A genera l  p o i n t  on t h e  r;-plane can a l s o  be represented i n  p o l a r  
coord ina tes  as 

i e  5 = r e  

Hence, equat ing  r e a l  and imaginary p a r t s  i n  equat ion ( 6 )  g ives  

1 Bn 

r 

OD 

+ - q, = 1 [$cos ne + s i n  n e  
0 

n = l  
- 

s i n  n e  An [$ cos ne - - 
rn n = l  - 

OD 

2nE2 - e = 
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I n  equat ion (81, 
f o r  J,; thus 

J , ~  i s  t h e  zero th  term o f  F o u r i e r  s e r i e s  expansion 

$0 = x21T J, de 

That i s ,  t h e  rad ius  o f  t h e  p e r f e c t  c i r c l e  i s  an average o f  t h e  r a d i i  o f  
t h e  n e a r - c i r c l e .  We f u r t h e r  have 

- *n - - 1'' J, cos ne de n r 

21T Bn - .= 1 J, s i n  ne de n r 

Equat ions (8) through (12)  c o n s t i t u t e  a system o f  equat ions which under 
i t e r a t i o n  y i e l d s  2 n c 2  - e. Theodorsen adopted t h e  symbol E: t o  
denote t h e  s h i f t  i n  arguments going from t h e  5 ' -  t o  <-plane, t h a t  i s ,  

E: = e - 2mc2 (13)  

I t e r a t i v e  S o l u t i o n  f o r  E( c 2 )  

From t h e  t a b u l a t e d  values o f  J, and c2, repeated i t e r a t i o n  w i l l  
y i e l d  new values o f  J, and e, o r  e q u i v a l e n t l y ,  t h e  d i f f e r e n c e  o f  
e - ?ne2 .  

1. Assume an i n i t i a l  approximat ion,  e ( e 2 )  = 2 1 ~ 6 ~  

The i t e r a t i o n  procedure i s  

2lT 

2. Evaluate J , ~  = - [ $ ( e 2 (  0 ) )  de; no te  t h a t  numerical  
2lT 

i n t e g r a t i o n  w i l l  
e i s  a f u n c t i o n  

3. Eva lua te  7 An - - 
r 

4. Evaluate 2rc2 - 

JO 
i n v o l  ve uneven increments o f  A e  because 
o f  c 2  which has even increments AS2 

: [lT J,( c 2 (  e ) )  cos ne d e  and 

5. Loop from s tep  b 

6. I t e r a t i o n  s tops when E ( s ~ )  converges 
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t h e  sur face  o f  t h e  p e r f e c t  c i r c l e  i s  

i e  5 = ae 

where 

a = be $0 

The v e l o c i t y  p o t e n t i a l  i n  t h e  <-plane i s  

C o e f f i c i e n t  o f  L i f t  

The f l o w  f i e l d  about t h e  p e r f e c t  c i r c l e  i s  used t o  f i n d  t h e  
pressure  d i s t r i b u t i o n  on t h e  a i r f o i l  sec t ion .  An a r b i t r a r y  p o i n t  on 

where a i s  t h e  angle o f  a t t a c k  as measured 
( a i r f o i l  chordl) i n  bo th  t h e  <-and z-planes. 
determi  ned f rolm t h e  ve l  o c i  t y  po ten t  i a1 by 

from t h e  r e a l  axes 
The complex v e l o c i t y  i s  

The s t a g n a t i o n  p o i n t s  a re  determined by t h e  c o n d i t i o n  t h a t  t h e  complex 
v e l o c i t y  i s  zero on t h e  p e r f e c t  c i r c l e :  

Th is  i s  e q u i v a l e n t  t o  

s i n  ( e  - a) + - = o  
m 

4 TaV 

The K u t t a  c o n d i t i o n  r e q u i r e s  t h a t  t h e  complex v e l o c i t y  a t  t h e  t r a i l i n g  
edge i n  t h e  z-plane be f i n i t e .  
t r a i l i n g  edge i n  t h e  <-plane t o  be a s tagnat ion  p o i n t  because t h e  
Joukowski t r a n s f o r m a t i o n  i s  s i n g u l a r  a t  t h e  t r a i l i n g  edge. 
t r a i l i n g  edge, e = cT so t h a t  t h e  c i r c u l a t i o n  r i s  

T h i s  i s  e q u i v a l e n t  t o  r e q u i r i n g  t h e  

A t  t h e  

The leading-edge s t a g n a t i o n  p o i n t  i s  a s o l u t i o n  t o  equat ion  (19) w i t h  
t h e  c i r c u l a t i o n  g iven by equat ion (20). The r e l a t i o n s h i p  i s  

(21)  s i n  ( e s  - a) + s i n  ( a  - cT) = O 
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O f  t h e  two s o l u t i o n s  t o  t h e  a r c s i n  f u n c t i o n ,  one i s  t h e  t r a i l i n g - e d g e  
s tagnat ion  p o i n t  

The 1 eadi ng-edge s tagnat ion  p o i  n t  i s  found f rom 

s i n  ( e s  - a) + s i n  (IT - (a - E ~ ) )  = 0 

o r  
= I T +  2a - ET 

'5 

The s e c t i o n  l i f t  i s  g iven by t h e  Kutta-Joukowski law 

II = Pv,r 

so t h a t  t h e  c o e f f i c i e n t  o f  l i f t  f o r  t h e  s e c t i o n  becomes 

4a C, = 2 y s i n  ( a  - 

C o e f f i c i e n t  o f  Pressure 

The c o e f f i c i e n t  o f  pressure i s  found from B e r n o u l l i ' s  equat ion  and 
t h e  complex v e l o c i t y  i n  t h e  z-plane. B e r n o u l l i ' s  equat ion g ives  

To a d j u s t  f o r  c o m p r e s s i b i l i t y  e f f e c t s ,  t h e  Karman-Tsien pressure 
c o r r e c t i o n  formula 

M 2  

1 + m  

i s  app l ied ,  and t h e  complex v e l o c i t y  W(z) i s  found by t h e  t r a n s f o r m  

The independent v a r i a b l e  i n  equat ion (28)  i s  
i n  t h e  Joukowski plane. Both 5 and z are g iven func t ions  o f  5 '  
as discussed e a r l i e r .  The d e r i v a t i v e  of z w i t h  respect  t o  5'  i s  

c ' ,  t h e  complex p o s i t i o n  
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so t h a t  t h e  express ion f o r  t h e  complex v e l o c i t y  becomes 

I 

The complex v e l o c i t y  W ( 5 )  i n  equat ion  (30) i s  

and f o r  p o i n t s  on t h e  a i r f o i l  sur face  

Primes denote d i f f e r e n t i a t i o n  w i t h  respect  t o  E 2 .  For p o i n t s  near 
5 '  = +b, equat ion (30) must be eva lua ted  i n  t h e  l i m i t  as 5' 
approaches +b. 

T r a i l  i n  e*.- F i r s t  cons ider  t h e  t r a i  1 ing-edge p o i n t  where 
5 '  - - += 5 ( b )  = cT. Near t h i s  p o i n t ,  

and 

- 
Since W(sT) = 0 by d e f i n i t i o n ,  

where 

Leading edge.- For p o i n t s  on t h e  l e a d i n g  edye near bo th  
5'  = -b and the-s tagnat ion  p o i n t  c;, an expansion around 5' = -b 
g ives  
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w i t h  

I 

The expansion f o r  W(5) i n  terms o f  5 '  i s  then 

I 

If t h e  s t a g n a t i o n  p o i n t  5; i s  near -b; t h a t  i s ,  i f  

I 

then equat ion (39) may be used I t o  s o l v e  f o r  W[G(-b)] and t h e  
r e s u l t i n g  express ion f o r  W( s)  becomes 

(37)  

(38)  

The express ion f o r  W(z) i s  then 
I 

The l a s t  term i n  equat ion (41) i s  o f  o rder  u n i t y  as l o n g  as 
<< b i n  accordance w i t h  t h e  assumption f o r  W(5). 

p o i n t  5 '  must a l s o  be near -b i n  o rder  f o r  expansion (39) t o  be 
used. The two c o n d i t i o n s  are  shown i n  t h e  f o l l o w i n g  sketch: 

The f i e l d  15; + b l  
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2-plane I 
The l a r g e s t  s i d e  o f  t h e  t r i a n g l e  (-b,<',<L) i n  t h e  Joukowski p lane must 

us o f  
s i  des 

have a l e n g t h  t h a t  i s  smal l  compared wi th '  b, t h e  approximate rad  
t h e  n e a r - c i r c l e  i n  o r d e r  f o r  equat ion (41) t o  be used. S ince two 
o f  t h e  t r i a n g l e  determine t h e  t h i r d  s ide,  we p l a c e  t h e  c o n d i t i o n s  
on 151 + b l  and I<; + b l .  The l a t t e r  c o n d i t i o n  l i m i t s  t h e  ang 

a t t a c k  a. 

e o f  

The angle E( c 2 )  i s  t y p i c a l l y  small  everywhere and $( c 2 )  i s  smal 1, 
e s p e c i a l l y  i iear t h e  l e a d i n g  edge where s t a g n a t i o n  i s  l i k e l y  t o  occur. 
Wi th  t h e  use o f  equat ion  (23),  c o n d i t i o n  (42)  i s  t h e r e f o r e  approximated 
bY 

o r  

Consequently, equat ion  (41) may be used near t h e  l e a d i n g  edge when 
i s  small .  

a 

Based on t h e  f o r e g o i n g  d iscuss ion,  t h e  f o l l o w i n g  sequence o f  
computations are used t o  compute Cp(c1,c2,a). The s teps a r e  t h e  
same f o r  each doub le t  o f  values (cl,a) and are  as f o l l o w s :  

1. Compute a by equat ion  (15 )  

2. F i n d  t h e  s t a g n a t i o n  p o i n t  5 2 , s  by equat ion  (23) 
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3. F i n d  5 '  by equat ion (2 )  

4. Begin a loop on i n c r e a s i n g  values o f  c 2  

5. Compute 5 '  by equat ion ( 2 )  

S 

6 .  Compute e by equat ion ( 1 3 ) ,  i n t e r p o l a t i n g  on ~ ( 5 ~ )  i f  
n eces sa ry 

7. Compute 5 by equat ion (14)  

8. Compute --I- de by equat ion (32)  
d e  

9. I f  1 5 '  - bl << b, then 

de(!) by equat ion (32)  Compute 

Compute - - dW(e) by equat ion (36)  

d5  - 
v m ds 

Compute - '(') by equat ion (35) 
W 

V 

10. If 1e'tbl < < b, then 

de(-?)  by equat ion (32)  
de 

Compute 

I f  (<;+bl < < b, then  

I 

dWC5( -b )1  by equat ion  (36)  Compute - 
de W 

V 

Compute - by equat ion (41)  
m 

V 

E l s e  g i v e  warning t h a t  si i s  ou t  o f  range f o r  t h i s  
angle o f  a t t a c k  and s t a t i o n  

11. E l s e  compute wO by equat ion (31) 
W 
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12. Compute '(') by equat ion (30)  
Eo 

13. Compute C by equat ions (26)  and (27) 
P 

14. Cont inue l o o p i n g  s teps 4 through 13 u n t i l  a l l  c 2  va lues are 
completed 

Cal c u l  a t  i on o f  C and Aerodynamic Center 
m,c 

The aerodynamic c e n t e r  i s  d e f i n e d  as t h e  chordwise l o c a t i o n  where 
dC 

aa 
quar te r -chord  f rom t h e  l e a d i  ng edge accord ing t o  t h e  f o l  l o w i n g  
t r a n s l  a t i  on: 

m,c = 0. For  t h i n  a i r f o i l s ,  i t s  l o c a t i o n  i s  observed t o  be about 

- b s i n  eT 
3, ri = 11 3,c 

The moment about t h e  aerodynamic c e n t e r  can be computed from t h e  
pressure  c o e f f i c i e n t  Cp(c2) and t h e  complex c o o r d i n a t e  5 by t h e  
i n t e g r a l  

where t h e  aerodynamic c e n t e r  i s  taken a t  x = -b and Re denotes t h e  
r e a l  p a r t  o f  t h e  complex number. 
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10.4 BLADE SECTION BOUNDARY-LAYER MODULE 

Donald S. Weir 
PRC Kentron, Inc. 

INTRODUCTION 

The Blade Sect ion  Boundary-Layer '4odule computes t h e  two- 
dimensional  boundary 1 ayer on a i r f o i l  s e c t i o n s  u s i n g  i n t e g r a l  
f o r m u l a t i o n s  f o r  t h e  boundary- layer th icknesses.  The methods here are  
taken d i  rect1.y f rom S c h l i c h t i n g ' s  Boundary-Layer Theory ( r e f .  1 ) .  The 
b lade sur face  a r c  l e n g t h  i s  d e r i v e d  f rom data  s u p p l i e d  by t h e  Blade 
Shape Module and t h e  e x t e r n a l  v e l o c i t y  d i s t r i b u t i o n  i s  s u p p l i e d  by t h e  
B1 ade Sect ion  Aerodynami cs Modul e f o r  each s e c t i o n  angl e o f  a t t a c k  and 
Mach number. The method o f  H o l s t e i n  and Bohlen i s  used t o  i n t e g r a t e  
t h e  inomentum equat ion i n  t h e  laminar  regime. T r a n s i t i o n  i s  assumed t o  
occur  a t  e i t h e r  
l o c a t i o n  xtr '  s u p p l i e d  by t h e  user, whichever i s  t h e  lesser .  
T ruckenbrodt ' s  method i s  used t o  i n t e g r a t e  t h e  energy equat ion  f rom t h e  
t r a n s i t i o n  p o i n t  t o  t h e  t r a i l i n g  edge. E r r o r  messages are  g iven i f  
s e p a r a t i o n  occurs i n  t h e  laminar  regime. 
by t h e  method o f  Squ i re  and Young. The module ou tpu ts  t h e  displacement 
and momentum thicknesses, t h e  s k i n  f r i c t i o n  c o e f f i c i e n t ,  and t h e  

xm, where t h e  v e l o c i t y  i s  maximum, o r  a t  a t r i p  

The p r o f i l e  dray i s  computed 

p r o f i l e  drag c o e f f  

b J ou k OW s k 

c i e n t  f o r  t h e  sect ion.  

SYMBOLS 

t r a n s f o r m a t i o n  parameter, r e  R 

C chord length ,  r e  R 

CD t i r r b u l e n t  energy d i s s i p a t i o n  c o e f f i c i e n t ,  

C f  

CT 

C, 

Q22 

H 

T l o c a l  s k i n  f r i c t i o n  c o e f f i c i e n t ,  
7pM2c: 
T l o c a l  s k i n  f r i c t i o n  c o e f f i c i e n t ,  - 

pu 2c: 

ambient speed o f  sound, m/s ( f t / s )  

m e t r i c  c o e f f i c i e n t  f o r  s u r f a c e  a r c  length ,  r e  R 

m o d i f i e d  shape f a c t o r  
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Hi j 

M 

R 

R2 

R 3  

R, 

U 

U 

X 

62 

63 

V 

51 

52 

P 

r 

dJ 

= 6 p j  

Mach number o f  b lade s e c t i o n  

b lade l e n g t h  measured f rom a x i s  t o  t i p ,  m ( f t )  

Reynolds number based on momentum th ickness,  - 

Reynolds number based on energy th ickness,  - 

U 6 2  

V 

"63 

V 
C R  

03 Reynolds number, - 

p o t e n t i a l  f l o w  v e l o c i t y ,  r e  c, 

V 

v e l o c i t y  i n s i d e  boundary l a y e r ,  r e  c, 

a r c  l e n g t h  measured from s t a g n a t i o n  p o i n t ,  r e  C 

angle o f  a t tack ,  rad  

s k i n  f r i c t i o n  f u n c t i o n  

energy d i s s i p a t i o n  f u n c t i o n  

boundary-1 ayer  th ickness ,  r e  C 

d isplacement th ickness,  

momentum th ickness ,  (1 - u) dy, r e  C 

6 u  
(1 - u) dy, r e  C 

0 
u u  

0 
6 

energy th ickness ,  j [l - (+ )2 ]  + dy, r e  C 
0 

k inemat ic  v i s c o s i t y  

spanwise sur face  c o o r d i n a t e  

chordwise sur face  coord ina te  

dens i ty ,  kg/m3 ( s l  u g s / f t  3, 

s k i n  f r i c t i o n  s t ress ,  N/m2 ( 1 b / f t 2 )  

b lade t h i c k n e s s  f u n c t i o n ,  rad  

10.4-2 



Subscr ip ts :  

R 1 ower s u r f a c e  

in ma.ximum v e l o c i t y  po i  n t  

S s t a g n a t i o n  p o i n t  

t t r a i l i n g  edge 

t r  t r i p  l o c a t i o n  

U upper sur face  

00 anibi e n t  

a 

M 

INPUT 

User Pa ramet e r 

Reynolds number based on b lade length ,  speed o f  sound, 
and ambi en t  v i  scos i  ty, Rc,/ u 

Funct ions  o f  Span 

a r r a y  o f  spanwise sur face  coord ina tes  

Joukowski t r a n s f o r m a t i o n  parameter, r e  R 

a i r f o i l  s e c t i o n  chord, r e  R 

upper sur face  t r i p  l o c a t i o n ,  rad  

lower  sur face  t r i p  l o c a t i o n ,  rad  

Func t ions  o f  Span and Chord 

a r r a y  o f  spanwi se sur face coord i  nates 

a r r a y  o f  chordwise sur face  coord ina tes  

J blade sur face  e l l i p t i c  system r a d i a l  coord, !?ates 

Funct ions o f  P o s i t i o n ,  Angle of At tack,  and Mach Number 

a r r a y  o f  angles o f  a t t a c k  

a r r a y  o f  Mach numbers 
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s t a g n a t i o n  p o i n t  l o c a t i o n ,  rad 

c o e f f i c i e n t  o f  pressure 

OUTPUT 

a r r a y  o f  spanwi se sur face  coord ina tes  

a r r a y  o f  chordwi se sur face  coord ina tes  

a r r a y  o f  angles o f  a t tack ,  deg 

a r r a y  o f  Mach numbers 

p r o f  i 1 e drag coef f i c i  e n t  

upper sur face  t r a i l i n g - e d g e  displacement th ickness ,  
r e  c ( 5 1 )  

upper sur face  t r a i  1 ing-edge momentum th ickness,  
r e  c(5,) 

1 ower s u r f  ace t r a i  1 i ng-edge d i  s p l  acement t h i c k n e s s  , 

lower  sur face  t r a i l i n g - e d g e  momentum th ickness ,  

r e  C k J  

r e  c (51)  

s k i n  f r i c t i o n  c o e f f i c i e n t  

METHOD 

8 ou n d a ry - L aye r Eq u a t  i on s 

The i n t e g r a l  equat ions ( r e f .  1) f o r  boundary l a y e r s  a re  based on 
severa l  th ickness  f u n c t i o n s ,  shape f a c t o r s ,  and c o e f f i c i e n t s  d e f i n e d  
here  f o r  l a t e r  use i n  a n a l y s i s  and computation. The bas ic  t h i c k n e s s  
f u n c t i o n s  a r e  t h e  displacement t h i c k n e s s  

t h e  momentum t h i c k n e s s  
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and t h e  energy th ickness  

Reynolds numbers based on these th icknesses are  de f ined by 

U6i 
Ri = - 

V 
( i  = 1, 2, 3 )  ( 4 )  

Shape f a c t o r s  which g i v e  t h e  r a t i o s  o f  these th icknesses are  

The s k i n  f r i c t i o n  c o e f f i c i e n t  based on l o c a l  v e l o c i t y  a t  t h e  edge o f  
t h e  boundary l a y e r  i s  

and t h e  s k i n  f r i c t i o n  c o e f f i c i e n t  based on t h e  b lade s e c t i o n  v e l o c i t y  
i s  

so t h a t  

The energy d i s s i p a t i o n  c o e f f i c i e n t  i s  
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The bas ic  govern ing equat ions f o r  momentum and energy i n  t h e  
boundary l a y e r  a re  

and 

6, dU d63 
- +  3 u  dx - z  = 2CD 

The displacement th i ckness  i s  found from these th icknesses and an 
assumed form o f  t h e  boundary- layer  p r o f i l e .  Th i s  p r o f i l e  i s  d i f f e r e n t  
i n  t h e  laminar  and t u r b u l e n t  cases and i s  de f i ned  l a t e r .  

Arc Length.- The boundary- layer  a n a l y s i s  i s  c a r r i e d  ou t  on bo th  
t h e  upper su r face  and lower  su r face  o f  t h e  a i r f o i l .  
these two sur faces  are  de f i ned  i n  terms o f  two cont inuous arcs measured 
from t h e  s tagna t ion  p o i n t .  The arc  l e n g t h  on t h e  a i r f o i l  su r face  i s  

I n  t h i s  ana lys i s ,  

where t h e  m e t r i c  c o e f f i c i e n t  f o r  a rc  l e n g t h  i s  
c 

(5, = Constant )  (13) 

The a rc  l e n g t h  begins w i t h  x = 0 a t  t h e  s tagna t ion  p o i n t  52s. 
Equat ion  (12) i s  i n t e g r a t e d  on t h e  upper surface w i t h  t h e  nega t i ve  s i g n  
i n  equat ion  (12)  be ing  used because t h e  arc  l e n g t h  increases as 
decreases t o  0 a t  t h e  t r a i l i n g  edge. On t h e  lower  sur face,  t h e  
p o s i t i v e  s i g n  o f  equat ion  (12) i s  used w i t h  c 2  i n c r e a s i n g  t o  1 a t  t h e  
t r a i l i n g  edge. 

c 2  

Local  ve loc i t y . -  The l o c a l  v e l o c i t y  i s  found f rom t h e  c o e f f i c i e n t  
o f  p ressure  cP bY 

U(X) = M J 1 - C ( x )  (14)  P 

T h i s  v e l o c i t y  i s  a c t u a l l y  a Mach number s ince  t h e  speed o f  sound c, 
i s  used f o r  a re ference.  The symbol M i s  saved f o r  t h e  l o c a l  s e c t i o n  
Mach number which does no t  depend on chord p o s i t i o n .  

Maximum ve loc i t y . -  Both U(x)  and U ' ( x )  a re  used i n  t h e  
computation. A f t e r  f i n d i n g  U ' ( x ) ,  t h e  maximum p o i n t  f o r  U i s  found 
f rom 
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Local  Reynolds number.- With U(x)  g iven r e l a t i v e  t o  c, and 
S(x) g iven  r e l a t i v e  t o  chord l e n g t h  C, t h e  k inemat ic  v i s c o s i t y  must 
be r e l a t i v e  t o  Cc,. Thus t h e  l o c a l  k inemat ic  v i s c o s i t y  i s  g iven i n  
terms of t h e  i n p u t  Reynolds number parameter R, = RcJv by 

1 
V = R C  Q) 

The l o c a l  Reynolds number i s  

M R = MCR, = - 
V 

Laminar Boundary Layer 

The 1 ami nar  boundary-1 ayer equat ions are  i n t e g r a t e d  by t h e  method 
o f  H o l s t e i n  and Rohlen as descr ibed i n  chapter  X of re fe rence 1. The 
i n t e g r a t i o n  i s  c a r r i e d  ou t  w i t h  a shape f u n c t i o n  K(x )  de f ined by 

and a f u n c t i o n  o f  t h e  momentum t h i c k n e s s  

Four a u x i l i a r y  f u n c t i o n s  of K a r e  used i n  t h e  i n t e g r a t i o n .  These are  
g iven i n  t a b l e  10.2 of re ference 1 and here as t a b l e  I and f i g u r e  1. 
The a u x i l i a r y  f u n c t i o n s  are Pohlhausen's shape f a c t o r  A 

t h e  shape f a c t o r  H12 

HI;! = f,(K) 

t h e  w a l l  s t r e s s  f a c t o r  f 2 ( K )  which g ives CT by 

R 2 5  = f 2 ( K ) 

and a f u n c t i o n  F(K) i n  t h e  f o l l o w i n g  d i f f e r e n t i a l  equat ion  f o r  Z 
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AS equat ion (23) i s  i n t e g r a t e d ,  K i s  c a l c u l a t e d  from 

dU K = Z -  dx 

The l i m i t  A = -12 i n d i c a t e s  separa t ion  and t h e  l i m i t  A = 12 
c o n s t r a i n s  t h e  boundary- layer p r o f i l e  such t h a t  max [ u ( y ) / U I  < 1. 

Stagnat ion po in t . -  The va lue of Z a t  t h e  s tagnat ion  p o i n t  i s  

where 

The boundary- layer momentum th ickness  a t  t h e  s t a g n a t i o n  p o i n t  i s  

and t h e  displacement th ickness  i s  

S l ( 0 )  = f l ( K 0 )  62(0) (28) 

The s k i n  f r i c t i o n  c o e f f i c i e n t  a t  t h e  s t a g n a t i o n  p o i n t  i s  

Laminar range.- Equat ion (23) i s  i n t e g r a t e d  over t h e  laminar  range 
u n t i l  e i t h e r  (1) t h e  t r a i l i n g  edge i s  reached o r  ( 2 )  A i s  ou t  of 
range, \A\>12.0. The end o f  t h i s  reg ion  i s  denoted XL and saved 
f o r  f u t u r e ' r e f e r e n c e .  I n  t h e  laminar  range 
boundary-1 ayer  parameters a re  

0 < x < XL, t h e  

and 

2 U b )  v f,(K(x)) 

M262(x) 
C,(X) = (32)  

The s k i n  f r i c t i o n  c o e f f i c i e n t  i s  taken t o  be negat ive  on t h e  upper 
sur face  where 
52,s < t2  < 1. 
t h e  d i  rectTon of c 2  everywhere. 

0 < c 2  < c2,s and p o s i t i v e  on t h e  lower  sur face  where 
TEis convent ion a l lows t h e  f r i c t i o n  s t r e s s  t o  be i n  
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T r a n s i t  i on 

The t r a n s i t i o n  f rom laminar  t o  t u r b u l e n t  f l o w  i s  i n f l u e n c e d  by a 
number o f  f a c t o r s ,  b u t  t h e  s t ronges t  i n f l u e n c e  (Ch. X V I I  of re f .  1 )  i s  
t h e  pressure g r a d i e n t  i n  t h e  boundary layer .  
p o s i t i v e ,  t h e  tioundary l a y e r  i s  uns tab le  and t r a n s i t i o n  t o  t u r b u l e n t  
f l o w  soon fol lc iws. 
p o i n t  o f  minimum pressure or t h e  p o i n t  o f  maximum v e l o c i t y .  
p o i n t  o f  t r a n s i t i o n  X t r  i s  found by s o l v i n g  

When t h i s  g r a d i e n t  i s  

It i s  assumed here t h a t  t h e  t r a n s i t i o n  p o i n t  i s  t h e  
Thus, t h e  

f o r  the  t r a n s i t i o n  p o i n t  X t r .  
equat ion  (15),  we use X t r  = Xm. 

Since equat ion (33) i s  i d e n t i c a l  t o  

Turbu len t  Boundary Layer 

M o d i f i e d  shape fac to r . -  An a d d i t i o n a l  shape f a c t o r  in t roduced by 
Truckenbrodt (Cih. X X I I  o f  r e f .  1)  i s  used i n  t h e  c a l c u l a t i o n s  f o r  
t u r b u l e n t  bound,ary layers .  
d e f  i ned by 

Truckenbrodt 's  m o d i f i e d  shape f a c t o r  i s  

The v e l o c i t y  p r o f i l e  assumed f o r  t h e  t u r b u l e n t  boundary l a y e r  i s  such 
t h a t  

so t h a t  equat ion (34) can be i n t e g r a t e d .  
p l a t e  i s  denoted H32,- and i s  t h e  lower  
equat i on (34). 

Truckenbrodt 's  modi f ied shape f a c t o r  

I H 2 3  

J H 2 3  - G l  
H = GmH23 

where 

he v a l u e  o f  H,, f 
i m i t  o f  t h e  i n t e g r a  

s then 

G = 0.5442 G 1  = 0.5049 m 
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are  e m p i r i c a l l y  determined constants .  
s o l v i n g  a cub ic  equat ion i n  

Equat ion (36 )  may be i n v e r t e d  by 
The s o l u t i o n  i s  g iven i n  two s teps H z 3 .  

1 
4 = Arctan 

m 

and 

Energy method.- Truckenbrodt 's  energy method i s  based on 
i n t e g r a t i n g  d i f f e r e n t i a l  equat ions f o r  t h e  energy Reynolds number 
and t h e  m o d i f i e d  shape f a c t o r  H. The d i f f e r e n t i a l  equat ions are a 
t r a n s f o r m a t i o n  o f  equat ions (10) and (11). 

9 ,  

The f u n c t i o n s  o(R3,H) and y(R3,H) a re  e m p i r i c a l  func t ions  which a r e  
descr ibed 1 a te r .  

I n i t i a l  condi t ions. -  The i n i t i a l  c o n d i t i o n s  f o r  these d i f f e r e n t i a l  
a t  t h e  end o f  t h e  laminar  equat ions are found f rom H,, = f l(K) - AHl2 

range where x = Xm = X t r :  The c o r r e c t i o n   AH^, i s  an e m p i r i c a l  
f u n c t i o n  r e l a t i n g  t h e  laminar  and t u r b u l e n t  shape f a c t o r s  and i s  g iven  
i n  t a b l e  I 1  and f i g u r e  2. From 

and, f rom equat ion  (36)  , 

equat ion ( 3 5 )  , 

( 4 2 )  
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The boundary- layer t h i c k n e s s  i s  

and t h e  Reynolds number i s  

Equat ion (45) g ives t h e  i n i t i a l  c o n d i t i o n  f o r  
g ives t h e  i n i t i a l  c o n d i t i o n  f o r  H(x) .  

t h e  s k i n  f r i c t i o n  and energy d i s s i p a t i o n  c o e f f i c i e n t s  i n  equat ions (10)  
and (11).  These f u n c t i o n s  are  d e f i n e d  i n  re fe rence 1 as 

R 3 ( x )  and equat ion  (43) 

E m p i r i c a l  funct ions. -  The e m p i r i c a l  f u n c t i o n s  g i v e  t h e  e f f e c t s  o f  

2cD 
03 =: - V 

and 

H 2cD - H32CT 
V H 1 2  - 1 y3 == - (47)  

The shape f a c t o r  q 3 2  i s  found froin equat ion (39) and H,, i s  found 
f rom equat ion (35).  The c o e f f i c i e n t s  CT and Cg are d e f i n e d  as 

and 

w i t h  a, a, b, and B g iven as 

a = 0.268 (50)  

(51)  

(52)  

(53) 

a = 0.245(1 - 2.007 l o g  H,2)1=705 

b = 0.2317H3, - 0.2544 - (0.896 x 10’) ( 2  - H32)20 

B =: C0.00481 + 0.0822(H3, - 1.5)4*81]H32b 

Turbu len t  separation.- The p o i n t  o f  separa t ion  f o r  t h e  t u r b u l e n t  
boundary l a y e r  i s  a f u n c t i o n  o f  t h e  m o d i f i e d  shape f a c t o r  H. T h i s  
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f a c t o r  i s  near u n i t y  a t  t h e  t r a n s i t i o n  p o i n t  and g e n e r a l l y  decreases 
w i t h  d i s t a n c e  a long t h e  a i r f o i l .  
boundary l a y e r  i s  thus 

The c o n d i t i o n  f o r  attachment o f  t h e  

H > HS= 0.723 (54)  

The boundary l a y e r  i s  prone t o  separa t ion  a t  s l i g h t l y  l a r g e r  values o f  
Hs, r e f e r r e d  t o  as H; where 

Hk = 0.761 (55) 

The separa t ion  p o i n t  should be s e t  by t h e  user w i t h  a parameter 
0.723 < Hs < 0.761. 

P r o f i l e  Drag 

The p r o f i l e  drag o r  t o t a l  drag o f  an a i r f o i l  i s  t h e  sum of t h e  
s k i n  f r i c t i o n  drag and t h e  pressure drag or form drag (ch. X X V  o f  
r e f .  1). The method of Squi re and Young presented i n  reference 1 i s  
based on t h e  wake momentum th ickness  a t  t h e  t r a i l i n g  edge: 

The p r o f i l e  drag c o e f f i c i e n t  i s  g iven by t h e  wake momentum t h i c k n e s s  
f a r  from t h e  t r a i l i n g  edge as 

2'2 ,m 

C Cd = 

The method o f  Squi re and Young r e l a t e s  t h e  f a r  wake momentum 
t o  t h e  t r a i l i n g  edge th ickness  by t h e  e m p i r i c a l  formula 

(57) 

th ickness  

(58)  

where U, i s  t h e  p o t e n t i a l  v e l o c i t y  a t  t h e  t r a i l i n g  edge. Since t h e r e  
may be smal l  numerical d i f f e r e n c e s  between U ( x t )  on t h e  upper and 
lower  surfaces, I J ,  i s  d e f i n e d  here as t h e  average: 
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Comput a t  i on Met hod 

1. For each sect ion,  angle of a t tack ,  and Mach number, 

Compute t h e  l o c a l  v i s c o s i t y  v 

Compute U(E,) from equat ion  (14)  

dU Compute a t  t h e  s t a g n a t i o n  p o i n t  
52  

2. Compute t h e  a r c  l e n g t h s  on t h e  upper and lower  sur faces 

3. Locate t h e  p o i n t  o f  maximum v e l o c i t y  Xm on t h e  upper and lower 
surfaces. Repeat s teps 4 t o  7 f o r  each s e c t i o n  

4. F i n d  t h e  i n i t i a l  c o n d i t i o n s  a t  t h e  s t a g n a t i o n  p o i n t  x = 0 f o r  t h e  
laminar- f u n c t i o n s  K and Z 

5. I n t e g r a t e  t h e  laminar  equat ion t o  t h e  t r a n s i t i o n  p o i n t  x t r  = x, 
o r  a p o i n t  x t r  Xm s p e c i f i e d  by t h e  user, s top  t h e  
i n t e g r a t i o n  and i s s u e  an e r r o r  i f  laminar  separa t ion  occurs 

6 .  F i n d  t h e  i n i t i a l  c o n d i t i o n s  f o r  t h e  t u r b u l e n t  equat ions a t  X t r  

7. I n t e g r a t e  t h e  t u r b u l e n t  equat ions t o  t h e  t r a i l i n g  edge o r  u n t i l  
separat. ion occurs as i n d i c a t e d  by t h e  l i m i t i n g  shape f a c t o r  
“ S  

8. Compute t h e  p r o f i l e  drag c o e f f i c i e n t .  

REFERENCE 

1. S c h l i c h t i n g ,  Hermann (J.  Kest in ,  t r a n s 1  .): Roundary-Layer Theory, 
Seventh ed. McGraw-Hill Book Co., c.1979. 
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K 

-0.1567 
-0.1474 
-0.1369 
-0.1254 
-0.1130 
-0.0999 
-0.0862 
-0.0720 
-0.0575 
-0.0429 
-0.0284 
-0 .0140 

0 
0.0135 
0.0264 
0.0385 
0.0497 
0.0599 
0.0689 
0.0706 
0.0721 
0.0737 
0.0752 
0.0767 
0.0770 
0.0781 
0.0794 
0.0807 
0.0819 
0.0831 
0.0882 
0.0919 
0.0941 
0.0948 

TABLE 1.- AUXILIARY FUNCTIONS FOR LAMINAR 
BOUNDARY-LAYER COMPUTATION 

-12 
-11 
-10 

-9 
-8 
-7 
-6 
- 5  
-4 
-3 
-2 
-1 
0 
1 
2 
3 
4 
5 
6 
6.2 
6.4 
6.6 
6.8 
7 
7.052 
7.2 
7.4 
7.6 
7 .8 
8 
9 

10 
11 
12 

F ( K )  

1.7241 
1.6257 
1.5229 
1.4167 
1.3080 
1.1981 
1.0877 
0.9750 
0.8698 
0.7640 
0.6609 
0.5633 
0.4698 
0.3820 
0.3004 
0.2255 

0.0979 
0.0459 
0.0363 
0.0274 
0.0186 
0.0102 
0.0021 
0 

-0.0051 
-0.0132 
-0.0203 
-0.027 1 
-0.0335 
-0.0608 
-0.0800 
-0.0912 
-0.0948 

0.1579 

- 

f l ( K )  

3.500 
3.383 
3.276 
3.176 
3.085 
2.999 
2.921 
2.847 
2.779 
2.716 
2.647 
2.604 
2.554 
2.508 
2.466 
2.427 
2.392 
2.361 
2.333 
2 i328 
2.323 
2.318 
2.314 
2.309 
2.308 
2.305 
2.301 
2.297 
2.293 
2.289 
2.273 
2.260 
2.253 
2.250 

0 
0.019 
0.039 
0.059 
0.079 
3.100 
0.120 
0.140 
0.160 
0.179 
0.199 
0.217 
0.235 
0.252 
0.268 
0.283 
0.297 
0.310 
0.321 
0.324 
0.326 
0.328 
0.330 
0.331 
0.332 
0.333 
0.335 
0.337 
0.338 
0.340 
0.347 
0.351 
0.355 
0.356 
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T A B L E  11.- V A R I A T I O N  OF SHAPE FACTOR H,, AT  T R A N S I T I O N  
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10.5 PROPELLER PERFORMANCE MODULE 

O l l i e  J. Rose 
PRC Kentron, Inc. 

INTRODUCTION 

A knowledge of t h e  e f f e c t i v e  v e l o c i t y  f i e l d  i n  which a p r o p e l l e r  
operates i s  e s s e n t i a l  i n  o rder  t o  p r e d i c t  t h e  b lade l o a d i n g  and noise.  
A p r e d i c t i o n  o f  t h r u s t  and e f f i c i e n c y  i s  needed f o r  f l i g h t  pa th  
c a l c u l a t i o n s  and f o r  comparison w i t h  experiments. 
r e q u i r e d  f o r  these purposes i s  t h e  induced v e l o c i t y  f i e l d .  Thus, t h e  
purpose o f  t h e  P r o p e l l e r  Performance Module i s  t o  compute t h e  induced 
v e l o c i t y  f i e l d  and then t h e  t h r u s t  c o e f f i c i e n t ,  power c o e f f i c i e n t ,  and 
e f f i c i e n c y  f o r  a g iven p r o p e l l e r  under s p e c i f i e d  o p e r a t i n g  c o n d i t i o n s .  
The induced f l o w  c a l c u l a t i o n  i s  performed w i t h  t h e  p r o p e l l e r  a x i s  
o p e r a t i n g  ai: zero angle o f  a t tack .  Then, t h e  k inemat ic  e f f e c t  of 
p r o p e l l e r  angle o f  a t t a c k  i s  inc luded by a r o t a t i o n a l  t r a n s f o r m a t i o n  o f  
t h e  t o t a l  v e l o c i t y  f i e l d .  

The unknown q u a n t i t y  

SYMBOLS 

d l  induced a x i a l  v e l o c i t y  component, r e  xRQ 

a2 induced t a n g e n t i a l  v e l o c i t y  component, r e  r R Q  

C b lade s e c t i o n  chord, r e  R 

s e c t i o n  drag coef f i c i  e n t  ‘d 

s e c t i o n  l i f t  c o e f f i c i e n t  

power coef f i c i  en t  cP 

t o r q u e  c o e f f i c i e n t ,  CQ = Cp 
CQ 

sec t  i on t o r q u e  coef f i c i  ent  
cq 

cT 

Ct 

t h r u s t  coef f i c i  e n t  

s e c t i o n  t h r u s t  c o e f f i c i e n t  

co3 speed of sound, m/s ( f t / s )  

F t i p  re1 i e f  f a c t o r  

M Mach number 
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I t  

MZ 
N 

P 

Q 
R 

r 

T 

V 

vz 

4J V 

a 

P 
a 

E 

rl 

0 

x 
- x 

4J 

n 

Rn blade t i p  Mach number, - 
i n f l o w  Mach number normal t o  d i s k  p lane 

‘m 

number o f  p rope l  1 e r  b l  ades 

power, r e  pmR5n3 

torque, r e  pmR5n2 

rad ius  o f  p r o p e l l e r  d isk ,  in ( f t )  

r a d i a l  p o s i t i o n  on blade, r e  R 

t h r u s t ,  r e  pmR4n2 

e f f e c t i v e  v e l o c i t y  r e l a t i v e  t o  b lade sect ion,  r e  Rn 

r e s u l t a n t  v e l o c i t y  o f  f l u i d  i n  t h r u s t  d i r e c t i o n  

r e s u l t a n t  v e l o c i t y  o f  f l u i d  i n  d i s k  p lane i n  d i r e c t i o n  
o f  r o t a t i o n  

r igh t -hand re fe rence coord ina te  system, z i n  t h r u s t  
d i  r e c t i  on 

blade s e c t i o n  angle o f  a t tack ,  r a d  

p r o p e l l e r  angle o f  a t tack ,  r a d  

re1  a t  i ve e r r o r  

p rope l  1 e r  e f  f i c i  erlcy 

b lade t w i s t  angle, rad 

r o o t  p i t c h  s e t t i n g ,  rad  

l o c a l  advance r a t i o  

average advance r a t i o  

ambient dens i ty ,  kg/m3 ( s l u g / f t  3, 

W r )  b lade element s o l i d i t y ,  - 2 m- 

i n f l o w  angle, rad  

b lade r o t a t i o n  angle, rad  

angular  v e l o c i t y  o f  blade, rad/s  
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Subscr ip ts :  

,M p a r t i a l  d e r i v a t i v e  w i t h  respect  t o  M 

, a  p a r t i a l  d e r i v a t i v e  w i t h  respect  t o  a 

INPUT 

The q u a n t i t i e s  r e q u i r e d  by t h i s  inodule a re  grouped i n t o  f o u r  b a s i c  
c lasses: b lade geometry, f l o w  f i e l d ,  o p e r a t i n g  parameters, and 
aerodynamic c h a r a c t e r i s t i c s .  
can be speci  f i ed. 

A u n i f o r m  o r  r a d i a l l y  v a r y i n g  f l o w  f i e l d  

B1 ade Geoinet ry 

Nr 

N 

Mt 

number o f  spanwise s t a t i o n s  

a r r a y  o f  spanwise s t a t i o n s ,  r e  R 

b lade chord array,  r e  R 

s e c t i o n  t w i s t  angle, rad 

Flow F i e l d  

number o f  spanwise s t a t i o n s  

ar ray  o f  spanwise s t a t i o n s ,  re R 

i n f  1 ow Mach number perpendi c u l  a r  t o  propel  1 e r  
r o t a t i o n  d i s k  

Opera t ing  Parameters 

iwmber o f  b l  ades 

RCl b lade t i p  Mach number, - 

r o o t  p i t c h  s e t t i n g ,  r a d  
cco 

r a t i o  o f  s o l i d i t y  t o  t i p  l o s s  f a c t o r  a t  t h e  b lade 
( g ) t  i p t i p  
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p r o p e l l e r  angle o f  a t tack ,  rad 
P 

a 

E e r r o r  parameter 

Aerodynamic C h a r a c t e r i s t i c s  

number o f  spanwise s t a t i o n s  Nr 

r a r r a y  o f  spanwise s t a t i o n s  

a 
N number of angl e -o f -a t tack  values i n  aerodynamic 

tab1 e 

a a r r a y  of any1 e-o f -a t tack  values, deg 

number o f  Mach number values i n  aerodynamic t a b l e  NM 

M a r r a y  o f  Yach numbers 

cd ( 9 

c, ( r, a,M) 

s e c t i o n  drag c o e f f i c i e n t  

s e c t i o n  l i f t  c o e f f i c i e n t  

OUTPUT 

power c o e f f i c i e n t  

t h r u s t  c o e f f i c i e n t  

CP 

cT  
- x advance r a t i o  

11 prope l  1 e r  e f  f i c i  ency 

a(r ,$)  1 oca1 angl e -o f -a t tack ,  rad 

M(r,JI) l o c a l  Mach number 

v* ( r  9 $1 r e s u l t a n t  v e l o c i t y  o f  f l u i d  i n  t h e  t h r u s t  d i r e c t i o n ,  
r e  R R  

V $ (  r, $) r e s u l t a n t  v e l o c i t y  o f  f l u i d  i n  d i s k  p lane i n  d i r e c t i o n  
of r o t a t i o n ,  r e  R n  

a l ( r ,$ )x ( r )  induced a x i a l  v e l o c i t y ,  r e  R R  

a & - ,  $1 induced angular  v e l o c i t y ,  r e  Q 

d r , $ )  i n f l o w  angle, rad 
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METHOD 

Induced Flow 

Components o f  t h e  incoming f low f i e l d  a r e  p rov ided r e l a t i v e  t o  t h e  
p r o p e l l e r  d isk .  Radia l  v e l o c i t y  components and o t h e r  three-d imensional  
e f f e c t s  are neglected; thus  t h e  use o f  b lade element-momentum t h e o r y  
t o g e t h e r  w i t h  two-dimensional aerodynamic c h a r a c t e r i s t i c s  i s  a1 lowed. 
I n  a d d i t i o n ,  t h e  p r i n c i p l e  of momentum conserva t ion  i s  a p p l i e d  t o  
annular  c o n t r o l  volumes and any i n t e r f e r e n c e  e f f e c t s  between adjacent  
a n n u l i  a r e  neglected. A f u r t h e r  s i m p l i f i c a t i o n  i s  achieved by i g n o r i n g  
i n t e r f e r e n c e  e f f e c t s  between successive blades; thus,  t h e  theory  i s  
r e s t r i c t e d  t o  a x i a l l y  symmetric i n f l o w s  and induced v e l o c i t i e s .  The 
e f f e c t s  o f  p r o p e l l e r  angle o f  a t t a c k  are  i n c o r p o r a t e d  by a s imp le  
r o t a t i o n  o f  t h e  r e s u l t i n g  f l o w  f i e l d .  

An examinat ion o f  f i g u r e s  1 and 2 revea ls  t h a t  t h e  r e l a t i v e  
s e c t i o n  v e l o c i t y  a t  r a d i a l  s t a t i o n  r i s  g iven by 

where 

The l o c a l  i n f l o w  angle and angle o f  a t t a c k  are  g iven by 

A(1 + a J  
t a n  Q = r ( l  - a,) 

and 

The q u a n t i t i e s  e , e ( r ) ,  and x ( r ) ,  a re  presumed known, whereas a, 
and a2 a r e  t o  b8 ca lcu la ted .  

Equat ions f o r  a, and a 2  

Consider an annular  c o n t r o l  volume a t  s t a t i o n  r and o f  w i d t h  d r  
as i n d i c a t e d  i n  f i g u r e  3. The element o f  t h r u s t  on t h i s  annulus i s  
g iven  by 

dT = $V2N C(r)[C, cos Q - Cd s i n  $1 d r  ( 4 )  

S i m i l a r l y ,  t h e  element of t o r q u e  on t h e  same annular  r e g i o n  i s  

dQ = T V ~ N  C(r)CC, s i n  Q + cd cos $Ir d r  ( 5 )  
1 
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On t h e  o t h e r  hand, l i n e a r  and angular  momentum increase through t h e  
annulus g i v e  t h e  f o l l o w i n g  expressions f o r  t h e  element t h r u s t  and 
torque: 

dT = 4 1 ~ r x ~ a ~ ( l  + a,)F d r  

dQ = 4nr3xa2(1  + al)F d r  

Equat ing t h e  two expressions f o r  t h r u s t  and to rque g ives  

1 4 1 ~ r h ~ a ~ ( 1  + al)F = V2N C ( r )  [C, cos Q - Cd s i n  411 

1 4 v r 2 x a 2 ( l  + a,)F = 7 V2N C ( r )  [C, s i n  Q + Cd cos $11 

D i v i s i o n  o f  equat ion  (9 )  by equat ion (8) g ives  

C, s i n  Q + c d  cos Q 

C, cos Q - Cd s i n  Q 
- - -  r a 2  

xa 1 

Using t h e  n o t a t i o n  

C = C, s i n  Q + C d  cos Q 
9 

and 

C = C cos Q - Cd s i n  0 
t E  

a l l o w s  equat ion (10) t o  be w r i t t e n  as 

C 
a 2  = A X  al 

Ct 

S i m i  1 a r l y ,  equat ion  (8) becomes 

4A2al(l + al)F = V 2 d t  

The s o l i d i t y  a ( r )  i s  d e f i n e d  as 

The t i p  r e l i e f  f a c t o r  F 
element-momentum theory.  
three-d imensional  e f f e c t s .  The P r a n d t l  theory  ( r e f s .  1 and 2) g ives  

i s  taken t o  be u n i t y  f o r  t h e  b lade 
A second o p t i o n  e x i s t s  t o  account f o r  

10.5-6 



an approx imat ion f o r  t h e  r a d i a l  f l o w  e f f e c t s  based on t h e  p o t e n t i a l  
f l o w  around t h e  edge o f  a s e t  of s e m i - i n f i n i t e  v o r t e x  sheets. The 
r e s u l t i n g  va lue o f  t h e  t i p  r e l i e f  f a c t o r  i s  

Note t h a t  F approaches zero w i t h  i n f i n i t e  s lope as r approaches 
u n i t y .  For  a n o n t r i v i a l  s o l u t i o n  t o  equat ion  (14),  t h e  r a t i o  o f  u/F 
must remain f i n i t e  a t  t h e  t i p .  If t h e  chord C ( r )  approaches zero 
w i t h  f i n i t e  s lope a t  t h e  t i p ,  then by L ' H G p i t a l ' s  r u l e ,  t h e  r a t i o  
approaches zero a t  t h e  t i p .  The user  may s p e c i f y  a nonzero l i m i t  f o r  
t h e  r a t i o  ( U / F ' ) ~ ~ ~ .  

u/F 

S o l u t i o n  Procedure 

S o l u t i o n s  t o  eqluations (13) and (14) correspond t o  zeros o f  t h e  
f o l l  owing f u n c t i o n s  

Hl(al,a,) C 4 Aa, - rCta2 (17) 

and 

H2(al,a2) E 4h2al( l  + a,)F - V2a Ct (18)  

T h i s  system o f  equat ions i s  so lved i t e r a t i v e l y  us ing  a general  form o f  
Newton's method. The procedure i s  w r i t t e n  i n  v e c t o r  form as 

The elements J i j ,  i,j = 1, 2, o f  t h e  Jacobian m a t r i x  a re  determined 
from equat ions (17)  and (18) as 

r ~ a ,  

V E, a d, a 
+ -  [cos 4 (cos c - s i n  4 C + cq)  
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ra 2 

+ -  V [ s i n  4 (cos 4 c R, a - 

+ V o A [ C O S  4 (cos 4 c - s 
R, a 

- M s i n  4 (cos 4 C - s i n  
2,M 

C t  s i n  4 

J 2 , h  a,> = - 
aa2 

+ M COS 4 (COS 4 C,,M - s i n  4 C d ,M + 2Ct COS +)I  (23)  

- - V o r [ s i n  + (cos 4 c E, a - s i n  0 c d ,  a + cq) 

With t h e  i n i t i a l  values a, (0) = a ( o )  2 = 0, t h e  i t e r a t i o n  d e f i n e d  by 
equat ion  (18) i s  performed u n t i l  t h e  f o l l o w i n g  e r r o r  c r i t e r i o n  i s  met: 

Once t h e  induced v e l o c i t y  al and a 2  are  obtained, t h e  
remaining ou tpu t  q u a n t i t i e s  are computed by d i r e c t  a n a l y t i c a l  means as 
i n d i c a t e d  i n  t h e  t h e  f o l l o w i n g  formulas:  

1 - 
A = IT j’ 

0 
x ( r )  d r  

J v 2  C ( r )  ( c R  cos + - cd s i n  4 )  d r  
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1 
2 P = - - N  

CT = 7r2T/4 

cp  = T3P/4 

- 
TI = XTIP 

1 

rCV2(C s i n  @ + C cos 4) d r  II d 
0 

P r o p e l l e r  Angle o f  A t t a c k  

To s i m u l a t e  t h e  e f f e c t s  o f  a p r o p e l l e r  angle o f  a t t a c k  up, t h e  
r e s u l t i n g  f l o w  f i e l d  i s  ro ta ted .  T h i s  in t roduces  an angu lar  dependence 
o f  t h e  i n p l a n e  angle J, on t h e  ou tpu t  q u a n t i t i e s .  Therefore,  t h e  
t h r u s t  and i n p l  ane components o f  v e l o c i t y  become 

VJ,(r,$) = - [ ( r  + x s i n  a cos J,) ( 1  - a,)] (36) 
P 

VZ(r,+) = -[A cos a (1 + a,)] (37)  P 

Then, by u s i n g  V$(r,$) and Vz(r,$), t h e  remain ing angu lar  
dependent ou tpu t  i s  expressed as 

and 

1. Glauer t ,  H.: 

M(r,$) = (Vz2 + V , ) l j2  
J, 

REFERENCES 
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2. Goldste in ,  Sydney: On t h e  Vor tex Theory o f  Screw P r o p e l l e r s .  
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440-465. 
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F i g u r e  3.- Combined b lade element and momentum theory.  
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10.6 PROPELLER LOADING MODULE 

O l l i e  ,J. Rose 
PRC Kentron, Inc .  

INTRODUCTION 

Noise p r e d i c t i o n  f o r  r o t a t i n g  blades r e q u i r e s  a knowledge o f  t h e  
f o r c e s  exer ted  by t h e  f l u i d  on t h e  blades. 
a t  s p e c i f i e d  p o i n t s  on t h e  b lade and f o r  t i m e  i n t e r v a l s  i d e n t i f i e d  by 
bas ic  p e r i o d i c i t y  assumptions so t h a t  a va lue  a t  any space/t ime p o i n t  
i s  a v a i l a b l e  by i n t e r p o l a t i o n .  
Loading Mo,dule i s  t o  produce an a r r a y  o f  load ings  a t  s p e c i f i e d  b l a d e  
sur face  p o i n t s  and f o r  s p e c i f i e d  t imes. 

These q u a n t i t i e s  a re  needed 

Thus t h e  purpose o f  t h e  P r o p e l l e r  

SYMBOLS 

a 

b 

C 

‘d 

Cf 

innermost r a d i a l  s t a t i o n ,  r e  R 

outermost r a d i a l  s t a t i o n ,  r e  R 

b lade chord, r e  R 

s e c t i o n  drag c o e f f i c i e n t  

1 oca1 f r i  c t  i on coef  f i c i  e n t  on b l  ade s u r f  ace 

s e c t i o n  1 i f t  coef f i c i  en t  

l o c a l  pressure c o e f f i c i e n t  

speed o f  sound, m/s ( f t / s )  

s e c t i o n  drag fo rce ,  r e  pR3s22 

s e c t i o n  l i f t  force,  r e  fi3n2 

n e t  t o r q u e  fo rce  a c t i n g  on blade, r e  pR4n2, Q/rq 

s e c t i o n  t o r q u e  force,  r e  f13n2 

n e t  t h r u s t  f o r c e  a c t i n g  on blade, r e  f i4~2, T 
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Ft 

Su bsc r i p t  s : 

t 

s e c t i o n  t h r u s t  force, r e  pR3n2 

Mach number 

pressure,  r e  p ~ ~ n ~  

to rque,  r e  p ~ ~ n ~  

prope l  1 e r  d i s k  r a d i u s  

d i s t a n c e  o f  b lade element from r o t o r  ax is ,  r e  R 

t h r u s t ,  r e  pR4n2 

v e l o c i t y ,  r e  Rn 

induced a x i a l  v e l o c i t y  component, r e  Rn 

induced t a n g e n t i  a1 ve l  o c i  t y  component, r e  Rn 

n o n r o t a t i n g  coord ina te  system moving w i t h  p r o p e l l e r  

b lade s e c t i o n  angle o f  a t tack ,  r a d  

b lade sur face  coord inates 

f l u i d  mass dens i ty ,  kg/m3 (s l  u g / f t  3 ,  

s k i n  f r i c t i o n  t a n g e n t i a l  s t ress ,  r e  pR2n2 

i n f l o w  angle, rad 

azimuth angle of blade, rad 

angular  speed o f  r o t o r ,  rad /s  

hub 

va lue a t  b lade t i p  

INPUT 

The q u a n t i t i e s  r e q u i r e d  by t h i s  module can be conven ien t ly  grouped 
i n t o  t h r e e  bas ic  c lasses: b lade geometry, f l o w  and o p e r a t i n g  
parameters, and aerodyqamic c h a r a c t e r i s t i c s .  
f u r n i s h e d  i n  t h e  form o f  t a b l e s  by t h e  Blade Shape Module, t h e  f l o w  

Blade geometry i s  
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f i e 1  d by t h e  Propel 1 e r  Performance Module, and aerodynamic 
c h a r a c t e r i s t i c s  by t h e  Rlade Sect ion  Aerodynamics and Rlade Sect ion  
Boundary-Layer Modules. Operat ing parameters a re  p rov ided by t h e  user. 

Ne 1 

2 

5 2  

B1 ade Geometry 

number of spanwise s t a t i o n s  

a r r a y  o f  spanwise s t a t i o n s ,  r e  R 

number of chordwi se s t a t i o n s  

a r r a y  of chordwise s t a t i o n s ,  r e  2 n  

blade chord, r e  R 

F1 ow and Operat ing Parameters 

Rn t i p  r o t a t i o n a l  Mach number, - 
number o f  b lades 

CaY 

number o f  r o t a t i o n  angles 

a r r a y  o f  r o t a t i o n  angles 

l o c a l  e f f e c t i v e  Mach number o f  b lade element 

l o c a l  angle o f  a t tack ,  rad 

l o c a l  i n f l o w  angle, rad 

Aerodynamic C h a r a c t e r i s t i c s  

Cd(Sl,a,M) s e c t i o n  drag c o e f f i c i e n t  

C f  ( t l  ,S2,anM) 

C,(5 1 ,a,M) 

Cp(~l,e2,a,,M) l o c a l  pressure c o e f f i c i e n t  

l o c a l  s k i n  f r i c t i o n  c o e f f i c i e n t  

s e c t i o n  l i f t  c o e f f i c i e n t  
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OUTPUT 

The ou tpu t  of t h i s  module i s  a t a b l e  of pressure and f r i c t i o n  
l o a d i n g  t o g e t h e r  w i t h  l i f t i n g - l i n e  forces.  

number of spanwise s t a t i o n s  
1 

5 1  a r r a y  of spanwise s t a t i o n s ,  r e  R 

number of chordwise s t a t i o n s  
2 

5 2  a r r a y  of chordwise s t a t i o n s ,  r e  2~ 

P(51,52,$) pressure load ing ,  r e  pR2n2 

d51,52,$) s k i n  f r i c t i o n  loading,  r e  pR2n2 

number of r o t a t i o n  angles 
N$ 
$ a r r a y  o f  r o t a t i o n  angles, rad 

Ft (5 1 ,$) 

Fq ( 5  1 ,@) 

FT($) 

F p  

r,(@) 

s e c t i o n  t h r u s t  force, r e  pR%' 

s e c t i o n  t o r q u e  force, r e  pR%' 

n e t  t h r u s t  fo rce ,  r e  pR4R2 

n e t  t o r q u e  force, r e  pR4n2 

e f f e c t i v e  b lade rad ius  where ne t  t h r u s t  force ac ts ,  
r e  R 

r a (  $1 e f f e c t i v e  b lade rad ius  where ne t  to rque f o r c e  a c t s ,  
r e  R 

METHOD 

The P r o p e l l e r  Loading Module computes aerodynamic loads on a r i g i d  
p r o p e l l e r  blade, which a r i s e  as t h e  b lade operates i n  a g iven  f l o w  
environment. 
terms o f  an a i r c r a f t  f i x e d  c y l i n d r i c a l  coord ina te  system as shown i n  
f i g u r e  1. Radia l  Mach number and o t h e r  three-dimensional  e f f e c t s  a r e  
assumed t o  have a n e g l i g i b l e  e f f e c t  on t h e  load ing ,  and t h i s  a l l o w s  t h e  
a l g o r i t h m  t o  be based on b lade element theory  t o g e t h e r  w i t h  
two-dimensional aerodynamic c h a r a c t e r i s t i c s .  

Local  Mach number and angle o f  a t t a c k  are  prov ided i n  
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W 
1 oads 
w i d t h  
a x i  s. 

i t h  f i g u r e s  1 t o  3 as guides, equat ions f o r  t h e  r e s u l t a n t  b lade 

dr and chord C ( r )  l o c a t e d  a d i s t a n c e  r froin t h e  r o t a t i o n  
The l 'oca l  v e l o c i t y  seen by t h i s  element i s  g iven  by 

are  immediate ly  w r i t t e n .  Consider a t y p i c a l  b lade s e c t i o n  of 

V(r,+) = M(r,+)/Mt (1) 

From f i g u r e  3, i t  i s  e v i d e n t  t h a t  t h e  t h r u s t  and t o r q u e  components o f  
t h e  s e c t i o n  l o a d i n g  can be w r i t t e n  as 

4 - Fd s i n  4 ( 2 )  

0 + Fd cos 4 ( 3 )  

The sec t  

Ft = F cos 

Fq = F, s i n  

on l i f t  and drag are  w r  

F , - v2ct  C ( r )  

II 

- 1 

- 1 'Fd - 7 v2cd C ( r )  

t t e n  i n  terms o f  c o e f f i c i e n t s  as 

I n  a s i m i l a r  way, equat ions f o r  t h e  s u r f a c e  p ressu re  and t a n g e n t i a l  
s t r e s s  are  d e r i v e d  as 

Net t h r u s t  and t o r q u e  f o r c e s  are  ob ta ined by i n t e g r a t i n g  w i t h  respec t  
t o  t h e  r a d i a l  v a r i a b l e .  The r e s u l t s  a r e  g iven  as f o l l o w s :  

10.6-5 



E f f e c t i v e  r a d i i  based on t h e  n e t  t h r u s t  and t o r q u e  f o r c e s  are  
c a l c u l a t e d  by t h e  f o l l o w i n g  equat ions:  
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-"II, 

F i g u r e  3.- Blade s e c t i o n  v e c t o r  diagram. 

10.6-9 





11. PROPELLER NOISE 





11.1 SUBSONIC PROPELLER NOISE MODULE 

Sharon L. Padula 
Langley Research Center 

INTRODUCTION 

The Subsonic P r o p e l l e r  Noise Module computes t h e  p e r i o d i c  a c o u s t i c  
p ressure  s i g n a t u r e  and spectrum o f  a p r o p e l l e r  w i t h  subsonic t i p  
speed. The computat ion i s  based on a s o l u t i o n  of t h e  FforJcs 
W i  11 iams-Hawkings (FW-H) equat ion w i t h o u t  t h e  quadrupole source term. 
(See r e f s .  1 t o  3.) The b lade sur face  pressure and geometry a re  
assumed known. The 
observer  i s  always assumed t o  be moving w i t h  t h e  a i r c r a f t ;  o n l y  i n  such 
a frame i s  t h e  acous t ic  pressure p e r i o d i c .  
f o r m u l a t i o n  uses t h e  source d i s t r i b u t i o n  on t h e  ac tua l  b lade surface. 
Several approximat ions t o  t h e  f u l l  s o l u t i o n  are a l s o  i n c l u d e d  as 
o p t i o n s  . 

The surface pressure can a l s o  be p e r i o d i c  i n  t ime. 

The main a c o u s t i c  

SYMBOLS 

A 

C 

dX 

d 
Y 

F 

FFT 

f 

fk 

G 

9 

H 

area o f  b lade sect ion,  m2 ( f t 2 )  

ambient speed o f  sound, m/s ( f t / s )  

r a d i a l  d i s t a n c e  o f  observer f rom x3-axis,  m ( f t )  

r a d i a l  d i s t a n c e  o f  source from x3-axis,  m ( f t )  

symbol s u b s t i t u t e d  f o r  in tegrands  i n  equat ion (41)  

Fas t  F o u r i e r  Transform 

f u n c t i o n  d e f i n i n g  b lade s u r f a c e  

frequency, Hz 

symbol s u b s t i t u t e d  f o r  in tegrands  i n  equat ion (45a) 

equat ion g = 0 descr ibes r e l a t i o n s h i p  between source 
and observer  t i m e  

azimuthal  f o r c e  on s i n g l e  blade, N ( l b f )  
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k 

i 
i l  

harmonic number 

-b 

II 

M 

m 

Nb 

NS 

Nt 

n 

P 

AP 

P O  

P r e f  

P '  

RE 

r 

n e t  f o r c e  o f  b lade a c t i n g  on f l u i d ,  N ( l b f )  

n e t  f o r c e  per  u n i t  r a d i a l  d is tance,  N/m 
( l b f / m )  

l o c a l  f o r c e  per  u n i t  area o f  b lade a c t i n g  on 
f l u i d ,  Pa ( l b f / f t 2 )  

source Mach number 

exponent; 2m i s  number o f  t i m e  p o i n t s  used 
by FFT r o u t i n e  

number o f  b lades 

maximum harmonic number i n  c a l c u l a t i o n s  

number o f  t imes 

b lade sur face  normal v e c t o r  

s u r f a c e  pressure p a - po, Pa ( l b f / f t 2 )  

d i f f e r e n c e  between lower  and upper sur face  
pressure,  Pa ( 1 b f / f t 2 )  

a b s o l u t e  sur face  pressure,  Pa ( l b f / f t 2 )  

a c o u s t i c  pressure produced by load ing ,  
Pa ( l b f / f t 2 )  

ambient pressure,  Pa ( 1  b f / f t  2, 

re fe rence pressure f o r  d e f i n i t i o n  o f  dB, 

a c o u s t i c  pressure,  Pa ( l b f / f t 2 )  

20 UPa 

t o t a l  a c o u s t i c  pressure produced by p r o p e l l e r ,  
r e  P,'.,~, Pa ( l b f / f t 2 )  

root-mean-square a c o u s t i c  pressure 

a c o u s t i c  pressure produced by th ickness ,  
Pa ( l b f / f t 2 )  

e f f e c t i v e  r a d i a l  d i s t a n c e  t o  be used i n  
p o i n t  source approximat ion,  m ( f t )  

d i s t a n c e  f rom sourc$ p o i n t  a t  emission t i m e  t o  
observer,  ( r  = I x  - y ( ~ * ) l ) ,  m ( f t )  
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s u r f a c e  area 

a c o u s t i c  spectrum, dB 

A 

t 

"F 
V 

;i 

3 

0 

0' 

T 

T* 

T 

cb 

net  t h r u s t  f rom s i n g l e  blade, N ( l b f )  

t i m e  a t  which no ise  s i g n a l  i s  rece ived by 
observer,  s 

b lade sur face  u n i t  tangent  v e c t o r  

forward v e l o c i t y  o f  a i r c r a f t ,  m/s ( f t / s )  

source v e l o c i t y ,  m/s ( f t / s )  

observer p o s i t i o n  i n  a i r c r a f t - f i x e d  frame, 
m ( f t )  

observer  p o s i t i o n  i n  ground- f ixed frame, m ( f t )  

source p o s i t i o n  i n  ground- f ixed frame, m ( f t )  

O i rac  d e l t a  f u n c t i o n  

source p o s i t i o n  i n  b l a d e - f i x e d  frame, m ( f t )  

angle between r a d i  a t  i on v e c t o r  and s u r f  ace normal 
vector ,  r a d  

angle between r a d i a t i o n  vec tor  and sur face  tangent  
vec tor ,  rad  

r o o t  p i t c h  change angle, r a d  

e l l i p t i c  s u r f a c e  coord ina tes  

ambient dens i ty ,  kg/m3 ( s l u g / f t  3 ,  

l o c a l  t a n g e n t i a l  s t ress ,  N/m2 ( l b f / f t 2 )  

t i m e  a t  which no ise  s i g n a l  i s  e m i t t e d  a t  source 
p o s i t i o n ,  s 

s o l u t i o n  t o  re ta rded t i m e  equat ion,  g = 0, f o r  
g iven  observer t ime, s 

parameter d e f i n e d  by equat ions 27 

s o l u t i o n  t o  r e t a r d e d  t i m e  equat ion  as so lved by 
Newton's method, Q ( T  - t ) ,  r a d  

b lade volume, m3 ( f t 3 )  

angle between xl- and nl-axes, r a d  

angu lar  v e l o c i t y  o f  blade, rad/s  
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Subscr ip ts :  

i 

L 

nl 

n 

0 

r 

T 

Nota t ion :  

A 

* 

component a1 ong i t h  coord i  na te  a x i  s 
( a i f i  i m p l i e s  summation convent ion) ;  a l s o  
i n n e r  r a d i u s  

1 oadi  ng 

p r o p e r t y  o f  mean b lade sur face  

component i n  d i r e c t i o n  o f  sur face  normal 

ambient c o n d i t i o n ;  a1 so o u t e r  r a d i  us 

component i n  d i  r e c t i  on o f  r a d i  a t i  on v e c t o r  

t h i c k n e s s  

mean 

u n i t  vec tor  

t i m e  d e r i v a t i v e  

complex conjugate;  s p e c i f i c  s o l u t i o n  t o  r e t a r d e d  
t irne equat ion 

INPUT 

The computat ion o f  subsonic p r o p e l l e r  no ise  r e q u i r e s  data o f  t h e  
b lade shape c h a r a c t e r i s t i c s ,  aerodynamic c h a r a c t e r i s t i c s ,  f l o w  and 
o p e r a t i n g  parameters, and observer geometry. The no ise  s i g n a t u r e  i s  
c a l c u l a t e d  by u s i n g  t h e  f o l l o w i n g  methods: (1) f u l l  b lade f o r m u l a t i o n ,  
( 2 )  mean sur face  approximat ion,  ( 3 )  compact chord approximat ion,  o r  
( 4 )  compact source approximat ion.  Opt ion numbers i n  parentheses 
i d e n t i f y  t h e  i n p u t s  which correspond t o  each method. 

Nb 

NS 

R 

"F 

User Parameters (1, 2, 3, 4) 

number o f  b lades 

h i g h e s t  harmonic number d e s i r e d  

b lade l e n g t h  measured f rom a x i s  t o  t i p ,  m ( f t )  

a i r c r a f t  forward v e l o c i t y ,  m/s ( f t / s )  
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$0 

n 

Y 

C 

r o o t  p i t c h  change angle, rad 

i n i t i a l  azimuth angle o f  f i r s t  b lade, rad 

angu lar  v e l o c i t y  of blade, rad/s 

b lade volume, r e  R 3  

Blade Shape Table (1, 2)  

spanwise l o c a t i o n ,  r e  R 

chordwi se 1 ocat  i on, rad 

b lade s u r f a c e  abscissa, r e  9 

b lade surface o r d i n a t e ,  r e  R 

slopes of bas is  func t ions  a t  nodes 

Spanwi se Func t ion  Tab1 e ( 3 )  

b lade s e c t i o n  area, r e  R 2  

absc issa of l e a d i n g  edge, r e  R 

o r d i n a t e  o f  l e a d i n g  edge, r e  R 

Aerodynamic C h a r a c t e r i s t i c s  Table (1, 2) 

spanwise l o c a t i o n ,  r e  R 

chordwi se 1 ocat  i on, rad 

azimuthal  l o c a t i o n ,  r a d  

pressure load ing ,  r e  P ~ ( R ~ ) ~  

s k i n  f r i c t i o n  load ing ,  r e  po(Rn)2 

Observer Table (1, 2, 3, 4 )  

i n i t i a l  observer  p o s i t i o n ,  m ( f t )  

Atmospheric P r o p e r t i e s  Table (1, 2, 3, 4 )  

ambient f l u i d  d e n s i t y ,  

l o c a l  sound speed, m/s ( f t / s )  

kg/m3 ( s l u g s / f t  3 ,  
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Performance C h a r a c t e r i s t i c s  Table 

a x i a l  s e c t i o n  force,  r e  p0R3Q2 

azimuthal  s e c t i o n  fo rce ,  r e  p0R3Q2 

ne t  t h r u s t  f o r  a s i n g l e  blade, r e  p0R4Q2 

n e t  azimuthal  f o r c e  f o r  a s i n g l e  blade, 

( 3 )  

( 3 )  

( 4 )  

r e  pOR4Q2 ( 4 )  

e f f e c t i v e  r a d i u s  based on ne t  t h r u s t ,  r e  R ( 4 )  

e f f e c t i v e  r a d i u s  based on azimuthal  fo rce ,  r e  R (4 )  

OUTPUT 

Th i  s module p rov ides  t h e  compl ex pressure spectrum and pressure  
t i m e  h i s t o r y  a t  a f i x e d  observer l o c a t i o n  measured.frorn t h e  c e n t e r  o f  
t h e  hub. Complex pressures are  g iven w i t h  t h e  t i m e  harmonic 
convent ion  and a l l  s p e c t r a  a re  understood t o  be two s ided w i t h  
pp(x,-k) = p;(x,k). 
2pppp*p f o r  each harmonic (where 2p 'p ' *  = p;,,). 

With t h i s  convent ion,  t h e  mean-squared pressure i s  

P P  

k 

Complex Pressure Spectrum 

harmonic number 

frequency, Hz 

complex a c o u s t i c  pressure,  r e  pO(Rn) 

sound pressure l e v e l  assoc ia ted  w i t h  Ck(x') 

Pressure Time H i s t o r y  

t ime, s 

a c o u s t i c  pressure, r e  prms 
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METHOD 

Acoust ic  Formul a t  i on 

The governi  ng a c o u s t i c  equat ion  i s  t h e  f o l l  ow? ng inhomogeneous 
wave equat i on : 

This  i s  t h e  FW-l-i equat ion  w i thout+ the  quadrupole source term. 
b lade s u r f a c e  i s  descr ibed by 
genoted by p '  , Vn i s  t h e  l o c a l  normal v e l o c i t y  o f  t h e  blade, and 
a i  
f l u i d .  
a r e  denoted as po and c y  r e s p e c t i v e l y .  The symbol 6 ( f )  stands 
f o r  t h e  D i r a c  d e l t a  func t ion .  
equat ion  (1) a r e  known as t h e  t h i c k n e s s  and l o a d i n g  n o i s e  sources, 
r e s p e c t i v e l y .  Note t h a t  equat ion (1) i s  w r i t t e n  i n  a Car tes ian  frame 

The 
f ( x , t )  = 0. The a c o u s t i c  pressure i s  

The d e n s i t y  and t h e  speed o f  sound i n  t h e  und is tu rbed medium 
i s  t h e  l o c a l  f o r c e  p e r  u n i t  area of t h e  b lade a c t i n g  on t h e  

The two terms on t h e  r i g h t  o f  

f i x e d  t o  t h e  und is tu rbed medium which i s  c a l l e d  t h e  ground- f i xed  
frame. ~~ Two o t h e r  frames o f  re fe rence are  more s u i t a b l e  f o r  d e s c r i b i n g  
t h e  s o l u t i o n  and computat ion o f  t h e  noise.  

The FW-H t2quation i s  v a l i d  i n  t h e  e n t i r e  three-d imensional  
unbounded space. 
unbounded space i s  6 ( g ) / 4 ~ r  where g = T - t + r / c  and r = I x  - y' 
Here T and t a r e  t h e  source and t h e  observer  t imes and y' and x' 
a r e  t h e  source and observer  p o s i t i o n s ,  r e s p e c t i v e l y .  Wi th  t h i s  Green 
f u n c t i o n ,  t h e  formal s o l u t i o n  o f  equat ion (1) i s  

The Green's f u n c t i o n  o f  t h e  wave equat ion  f o r  $he 

S 

Note t h a t  t h e  i n t e g r a l s  i n  equat ion  ( 2 )  a re  four-d imensional  as w r i t t e n  
b e l  ow: 

Before i n t e g r a t i n g  equat ion  ( Z ) ,  t h e  f o l l o w i n g  i d e n t i t y ,  
e s t a b l i s h e d  by d i f f e r e n t i a t i o n ,  i s  used 
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where ?i = ( X i  - Y i ) / r  i s  t h e  u n i t  v e c t o r  i n  r a d i $ t i o n  d i r e c t i o n .  
Since o n l y  t h e  f u n c t i o n  
equat ion  ( 2 )  may be r e w r i t t e n  as 

6 ( g ) / r  i s  dependent on x, t h e  second te rm i n  

+ er(of l  6 ( f )  6(g) d$ d-c ( 5 )  
r 2  

A 

where R r  = a i r i .  Us ing equat ion  ( 5 )  i n  equat ion  (2 )  g ives  

Now a Car tes ian  frame, denoted as t h e  &frame, f i x e d  t o  t h e  b l a d e  
i s  in t roduced.  T h i s  frame i s  r e f e r r e d  t o  as t h e  b l a d e - f i x e d  frame. It 
i s  agsumed t h a t  t h e  b lade i s  r i g i d  so t h a t  i t s  sur face  d e s c r i p t i o n  i n  
t h e  n-frame i s  t i m e  independent. To i n t e g r a t e  equat ion  (6), t h e  
f o l l o w i n g  s teps a r e  employed: 

( 1 )  Use t h e  t r a n s f o r m a t i o n  o f  v a r i a b l e  y' + 

( 2 )  Use t h e  t r a n s f o r m a t i o n  T + g t o  i n t e g r a t e  w i t h  respec t  t o  
t h e  v a r i a b l e  g 

( 3 )  I n t e g r a t e  t h e  remain ing d e l t a  f u n c t i o n s  

Step 1: S ince  t h e  Jacobian of t h e  t r a n s f o r m a t i o n  i s  1, i t  f o l l o w s  
t h a t  the+volume elements i n  t h e  two spaces a r e  equal. 
i n  t h e  n-frame t h e  equat ion o f  t h e  b lade sur face  depends on n on ly .  
T h i s  i s  ob ta ined as f o l l o w s :  

A l s o  no$e t h a t  

That i s ,  t h e  equat ion+of  t h e  b lade s u I f a c e  i n  t h e  $-frame i s  ob ta ined 
by s u b s t i t u t i n g  f o r  y i n  terms o f  q and T. Not$ t h $ t  s i n c e  t h e  
b l a d e - f i x e d  fram+e i$ i n  motion, t h e  t r a n s f o r m a t i o n  y + n i s  t i i n g  
dependent and y = y(n,-c). To reduce confus ion,  t h e  t i l d e  on f ( n )  i s  
dropped i n  t h e  f o l l o w i n g  r e s u l t s .  The f u n c t i o n  g i s  d e f i n e d  as 
f o l l o w s :  
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Ste  2: Now f i x  and use t h e  t r a n s f o r m a t i o n  T + g. The 
Jacobian + o t h e  t r a n s f o r m a t i o n  i s  

1 1 

where M r  = V i ? i / $ .  Here $ i s  t h e  v e l o c i t y  o f  t h e  p o i n t  w i t h  
p o s i t i o n  v e c t o r  TI i n  t h e  b l a d e - f i x e d  frame r e l a t i v e  t o  t h e  
ground- f ixed frame. 
c a r e f u l l y .  

I n  s tep 3, t h i s  v e l o c i t y  w i l l  be d e f i n e d  more 
The r e s u l t  o f  s teps 1 and 2 i s  

Here t h e  i n t e g r a l s  a r e  evaluated i n  t h e  b l a d e - f i x e d  frame over  t h e  
e n t i r e  space. The source t i m e  T* i s  t h e  emission t i m e  ob ta ined by 
f i n d i n g  t h e  r o o t  o f  t h e  equat ion  

g = T* - t t I x '  - ;(;,T*)l/c = 0 (11)  

For  subsonic p r o p e l l e r s  considered here in ,  t h i s  equat ion  has o n l y  one 
r o o t .  

Step 3: I n  t h i s  step, t h e  i n t e g r a t i o n s  over  t h e  d e l t a  f u n c t i o n s  
i n  equat ion  (10) a r e  performed by us ing  t h e  r e l a t i o n  

where a t  t h i s  ,stage dS i s  t h e  element o f  sur face  area o f  t h e  s u r f a c e  
f = Constant. Th is  r e l a t i o n  i s  d e r i v e d  i n  re fe rence 2. S u b s t i t u t i n g  
equat ion  (12)  i n t o  equat ion  (10) and i n t e g r a t i n g  w i t h  respect  t o  f 
r e s u l t  i n  t h e  f o l l o w i n g  equat ion:  

Here, M r  = V i ? i / C ,  where $ i s  t h e  l o c a l  v e l o c i t y  o f  p o i n t s  on 
t h e  b lade s u r f a c e  i t s e l f .  Since Flr < 1 f o r  a l l  p o i n t s  on a 
subsonic blade, t h e  abso lu te  va lue  s igns  about 1 - M r  
t h e  f o l l o w i n g  formulas. 

a re  dropped i n  
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Equat ion (13)  has been used f o r  h i  gh-speed propel  1 e r  no i  se 
c a l c u l a t i o n s  by Farassat .  (See r e f .  4.) Since f o r  subsonic p r o p e l l e r s  
M r  < 1, t h e  t ime  d e r i v a t i v e  can be taken i n s i d e  t h e  i n t e g r a l .  
f o l l o w i n g  terms are  f u n c t i o n s  of t ime  i n  t h e  f i r s t  i n t e g r a l  o f  equat ion  
(13 ) :  

The 

‘i 
1 

The chain r u l e  o f  d i f f e r e n t i a t i o n  i s  then used t o  d i f f e r e n t i a t e  t h e  
i n teg rand  o f  t he  f i r s t  i n t e g r a l  i n  equat ion  (13 ) :  

a -  aT* a 
a t  a t  aT* 
- - - -  

From equat ion  ( l l ) ,  by d i f f e r e n t i a t i n g  w i t h  respec t  t o  t, t h e  
f o l 1  owing i s  obta ined:  

aT* - 1 
a t  1 - ~~e 

- -  

Therefore, from equa t ion  (14), 

a -  1 a 
a t  1 - Mr aT* 
_ _ -  - 

The f o l l o w i n g  r e l a t i o n s  are  thus  es tab l i shed :  

r . v  - vi i r  ari 
a T* r 

- - -  

avi 
.- i. v; - v 2 ]  aMr - 1 

aT*  c r  L r i  aT* 
- - -  

By us ing  equat ions (16)  th rough ( 1 9 ) ,  t h e  t i m e  d e r i v a t i v e  i n  
equat ion  (13)  i s  c a r r i e d  out  e x p l i c i t l y  t o  g ive :  
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and 

where p l  and p '  denote t h e  l o a d i n g  and t h i c k n e s s  noise,  
r e s p e c t i v e l y .  Equat ions (20) a r e  used when t h e  sources on t h e  
f u l l - b l a d e  sur face  are  s p e c i f i e d .  They are r e l a t e d  t o  an equat ion 
d e r i v e d  by Woati and Gregorek. (See r e f s .  4 and 5.) 

L T 

The symbols Mi and ii are def ined as fo l lows:  

i V 
M. = - 1 c  

. vi 
M. = - 

1 c  

Note t h a t  v .  and 'ji a r e  t h e  l o c a l  v e l o c i t y  and a c c e l e r a t i o n  o f  t h e  
b lade w i t h  rAspect t o  t h e  ground- f ixed frame. It i s  assumed here t h a t  
t h e  p r o p e l l e r  blades a r e  r i g i d .  It i s  impor tan t  t o  no te  t h a t  ii i s  
t h e  r a t e  o f  change of t h e  v e c t o r  ti 
frame. T h i s  means t h a t  even i f  S i  i s  steady i n  t h e  b l a d e - f i x e d  
frame, ii i s  not  zero. 

as seen f rom t h e  ground- f ixed 

The f o r c e  i n t e n s i t y  v e c t o r  S i  can be w r i t t e n  as 

A A 

Ri  = pni + i 

where p i s  t h e  sur face  pressure d e f i n e d  as Pa - po. Here Pa 
i s  t h e  abso lu te  s u r f a c e  pressure and po i s  t h e  ambient pressure i n  
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t h e  und is tu rbed medium. The l o c a l  t a n g e n t i a l  s t r e s s  i s  denoted by u 
and t h e  u n i t  tangent  vec tor  p o i n t i n g  toward t h e  s e c t i o n  l e a d i n g  edge i s  
denoted by f i e  From equat ion ( 2 3 ) ,  t h e  r a t e  o f  change o f  a i  i s  
found t o  be 

. 
* A  

A 

ai = pni + pni + ;ii t gi 

It can be shown t h a t  

. + 
6 = (n x 6)i i 

ii = (6 x i ) i  

From equat ions (25) and (24) ,  t h e  f o l l o w i n g  r e s u l t s  are obta ined:  

. 
= p' cos 0 + cos O ' +  pT1  + uT2 

A 

airi = p cos o + u cos 0' 

"Mi = pMn + oMt 

Note t h a t  o i s  t h e  angle between n̂  and r^, o' i s  t h e  angle 
between fi and pi, and 'r1 and T2 a r e  d e f i n e d  as f o l l o w s :  

A 

Also  M t  i s  de f ined as V i t i / C .  Equat ions (26)  are s u b s t i t u t e d  
i n t o  equat ions (20) and t h e  r e s u l t  i s  so lved numer ica l l y .  

A u s e f u l  approx imat ion t o  equat ions (20) i s  w r i t t e n  next.  
p r o p e l l e r  b lades are assumed t o  be t h i n ,  t h e  a c o u s t i c  sources can be 
moved t o  t h e  mean sur face  o f  t h e  blades. The mean sur face  i s  d e f i n e d  
t o  be t h a t  sur face  formed by genera t ing  t h e  s e c t i o n  mean curves a long 
t t e  leading-edge curve. 
fm ( x , t )  = 0. The FW-H equat ion becomes 

I f  t h e  

L e t  t h e  sur face  be denoted by t h e  equat ion  
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where AP = Plower - P u f l e r  and nim i s  t h e  u n i t  normal t o  
f = 0 p o i n t i n g  toward e upper s i d e  o f  t h e  blade. Here vn i s  t h e  
l 8 c a l  normal v e l o c i t y  o f  t h e  b lade on one s i d e  o f  t h e  mean sur face  due 
t o  t h i c k n e s s  d i s t r i b u t i o n  a lone ( i  .e., t h e  camber e f f e c t  i s  ignored) .  
Note t h a t  Vn i s  c a l c u l a t e d  by e v a l u a t i n g  Vn a t  each upper 
sur face  p o i n t  and Vn 
s u r f a c e  and then averaging. Furthermore, s k i n  f r i c t i o n  i s  neglected. 

a t  t h e  corresponding p o i n t  on t h e  lower  

F o l l o w i n g  a procedure s i m i l a r  t o  t h a t  l e a d i n g  t o  equat ions (20) ,  
an express ion f o r  p ' ( x , t )  i s  

1 A; COS 0 + APT1 ], dS 

4np;(Z,t) = - - 1 [ 
fm=O r ( 1  - M ~ ) ~  

0 

AP cos o (rYiFi + C M ~  - C M ~ )  
dS (29a) 

fm=O r2  ( 1  - I T* 1 - -  

+ I n  equat ion  (29a),  8 i s  t h e  angle between t h e  r a d i a t i o n  v e c t o r  r 
and I?~,,,. 

Two compact-source approx imat ions f o r  t h e  subsonic p r o p e l l e r  no ise  
I n  t h e  f i r s t  approximat ion,  each b lade i s  c a l c u l a t i o n  are  a l s o  used. 

rep laced by a s i n g l e  p o i n t  source i n v o l v i n g  b o t h  t h e  t h i c k n e s s  and 
l o a d i n g  e f f e c t s .  
n o i s e  formula o f  Succi are used. (See r e f s .  6 and 7.) L e t  L i  be 
t h e  ne t  f o r c e  by each b lade on t h e  f l u i d  and Y be t h e  ne t  volume o f  
each blade. Then t h e  l o a d i n g  and th ickness  n o i s e  a r e  

The l o a d i n g  no ise  formula of Lowson and t h e  t h i c k n e s s  

b 
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+ 3 ( i p  - f M 2 ) 2  t - c .  ( Y r  - 

= FT(x+'t,RE) 

r 

Here t h e  sources are  assumed t o  be l o c a t e d  a t  some e f f e c t i v e  r a d i a l  
d i s t a n c e  RE 
o f  each b lade i s  computed separa te ly  and summed t o  get t h e  t o t a l  noise.  

( u s u a l l y  about 0.8 r a d i u s  o f  . the p r o p e l l e r ) .  The e f f e c t  

A second compact-source f o r m u l a t i o n  i s  ob ta ined by assuming t h a t  
each b lade can be approximated by a l i n e  source (chordwise compactness 
assumption). I n  equat ions (30)  and (31),  l e t  L ! ( s l )  and A ( c l )  be 
s u b s t i t u t e d  f o r  L .  and Y, r e s p e c t i v e l y ,  and d p r e s e n t  t h e  f o r c e  p e r  
u n i t  d i s t a n c e  and a lade volume p e r  u n i t  d is tance.  Here s1 i s  t h e  
r a d i a l  d i s t a n c e  i n  t h e  b l a d e - f i x e d  frame. The no ise  due t o  l o a d i n g  and 
th ickness  o f  t h e  p r o p e l l e r  i s  then g iven by 

where t h e  in tegrands  F; and F; a re  d e f i n e d  by 

11.1-14 



and 

c + s  0 .  

F; (x+,t,h) = *(") Ll - Mr)(Mr - 3 - r MOM) + 3 ( 5  Mr)2 
r ( l  - My) '  

0 

+ 3 (Mr - 
The symbols R i  and R o  
t h e  o u t e r  r a d i i  o f  t h e  b 
i n t o  account by a method 
d iscussed l a t e r ,  

-11 c 2 2  ) t - c 0  (Mr - M 2 ) ( 1  + 4Mr + M:g (32c)  r r 

i n  equat ion  (32a) represent  t h e  i n n e r  and 
ade. The e f f e c t  of severa l  b lades i s  taken 
r e q u i  r i n g  a s i  n g l e  b l  ade c a l  c u l  a t i  on as 

Frames o f  Reference 

I n  t h i s  sec t ion ,  t h e  c o o r d i n a t e  systems used i n  t h e  a c o u s t i c  
c a l c u l a t i o n s  w i l l  be d iscus jed.  B a s i c a l l y  t h e r e  a r e  t y o  re fe rence 
frames: t h e  ground-f ixed x-frame and t h e  b lade- f i xed  q-frame. The 
x-frame which remains f i x e d  t o  t h e  und is tu rbed medium i s  s e t  up as 
f 01 1 ows : 

+ 

The o r i g i n  o f  t h i s  frame i s  a t  t h e  p r o p e l l e r  c e n t e r  a t  t i m e  
t = O  

The p r o p e l l e r  d i s k  i s  i n  t h e  x1xzTplane and t h e  x 3 - a x i s  
coinc. ides w i t h  t h e  p r o p e l l e r  a x i s ,  w i t h  p o s i t i v e  d i r e c t i o n  i n  
t h e  f l i g h t  d i r e c t i o n  

The xl-.axis i s  assumed t o  be or thogonal  t o  t h e  xp-ax is ,  upward 

The x2-ax is  i s  de f ined i n  such a way t h a t  t h e  :-frame i s  

and p a r a l l e l  t o  t h e  p lane of symmetry o f  t h e  a i r c r a f t  

r ight -handed (see f i g .  1) 

The observer  p o s i t i o n  i s  always s p e c i f i e d  i n  t h i s  frame as i s  exp la ined 
s h o r t  1 y . 

The b l a d e - f i x e d  frame i s  s e t  up as f o l l o w s :  

The o r i g i n  co inc ides  w i t h  t h e  o r i g i n  o f  t h e  ;-frame a t  t = 0 

The n3-ax is  co inc ides  w i t h  t h e  x3-ax is  

The n,-axis l i e s  on t h e  p i t c h  change a x i s  of t h e  b l a d e  

The nln2-plane i s  normal t o  t h e  p r o p e l l e r  sha f t  

The nl-axis i s  d e f i n e d  t o  make t h e  &frame r ight -handed (see 
f i g .  2)  

i 
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Note t h a t  t h e  b lade mean sur face  does no t  l i e  i n  t h e  '1,q,-plane bu t  
makes an angle equal t o  t h e  ge2metr ic p i t c h  angle a t  each r a d i a l  
p o s i t i o n .  Note a l s o  t h a t  t h e  11-frame r o t a t e s  w i t h  angular  v e l o c i t y  a. 

I n  t h e  a c o u s t i c  formulas presented i n  t h e  prev ious  sect ion,  many 
opera t ions  i n v o l v i n g  do t  products  o r  cross products  o f  two vec tors  a re  
requ i  red. 
pressures, i t  i s  convenient t o  t r a n s f o r m  t h e  components o f  these 
vec tors  t o  t h e  n-frame an$ then per form t h e  operat ion.  
t h a t  the  source p o s i t i o n  y a lwtys  r e f e r s  t o  a source p o i n t  i n  t h e  
x-frame with+a k?own+posit ion n+in t h e  b l a d e - f i x e d  frame. 
q u a n t i t i e s  and ? = r/r 
then t h e  vec tor  components are c a l c u l a t e d  i n  t h e  n-frame. 
f o r  any v a r i a b l e  which has a v e l o c i t y  term, such as+ M r  = M i F i  
and 
words 

When t h e  products  i n v o l  ve b lade normals o r  sur face  

However, no te  

The 

Note t h a t  
r = x - y a r e  ca lcu lated+ i n  t h e  ;-frame, and 

Vn = vu;, t h e  v e l o c i t y  i s  w i t h  respect  t o  t h e  x-frame. I n  o t h e r  

The components o f  t h i s  vec tor  must then be c a l c u l a t e d  i n  t h e  &frame t o  
ge t  M r  and Vn. 

Another frame o f  re fe rence which i s  used conceptua l l y  i s  - t h e  
a i r c r a f t - f i x e d + n o n r o t a t i n g  $-frame. 
g round- f i xed  x-frame a t  t = 0. The a c o u s t i c  pressure p ' ( f , t )  f o r  
an observer i n  t h e  a i r c r a f t - f i x e d  frame w i t h  t h e  p o s i t i o n  v e c t o r  it i s  
found as f o l l o w s :  S ince bo th  $ and t are knovJn, t h e  r e l a t i v e  
p o s i t i o n  o f  t h e  ground- f ixed frame and t h e  a i r c r a f t - f i x e d  frame i s  
known. From t h i s ,  c a l c u l a t e  t h e  o b s y v e r  p o s i t i o n  x' i n  t h e +  
ground- f ixed frame. By u s i n g  t h i s  x and t, c a l c u l a t e  p ' ( x , t )  
which i s  t h e  same as t h e  a c o u s t i c  pressure a t  p o s i t i o n  f i n  t h e  
a i r c r a f t - f i x e d  frame and a t  t i m e  t. 
used i n  a c o u s t i c  c a l c u l a t i o n s ,  even though t h e  pressure s i  gnal which 
r e s u l t s  i s  p ' ( t , t ) .  

T h i s  frame co inc ides  w i t h  t h e  

Thus, t h e  $-frame i t s e l f  i s  never  

The t r a n s f o r m a t i o n  f rom one frame t o  t h e  o t h e r  a t  t i m e  t, i n  
m a t r i x  n o t a t i o n  i s  

- 

s i n  Q 

0 0 '13 - 
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where (TI~,TI,,TI~) i s  a p o i n t  i n  t h e  r o t a t i n g  &frame, (Xl,X,,X3) i s  t h e  
corresponding p o i n t  i n  t h e  moving ?-frame, (x1,x2,x3) i s  t h e  
corresponding p o i n t  i n  t h e  ground-f ixed frame, and J, ( =  szt) 
angle between t h e  X,- and n,-axes. 

changes i n  t h e  r o o t  p i t c h  s e t t i n g .  T h i s  r o t a t i o n  through a smal l  
angle i s  a p p l i e d  t o  t h e  b lade surface coord ina tes ,  which a r e  
c a l  c u l  a ted  by t h e  B1 ade Shape Modul e: 

i s  t h e  

A f i n a l  c o o r d i n a t e  t r a n s f o r m a t i o n  i s  necessary t o  account f o r  

8 ,  

- s i n  e o  0 cos e 
U .  

Whenever t h e  &frame o r  p i t c h  a x i s  coord ina te  system i s  mentioned 
here in,  i t  i s  assumed t h a t  t h e  above c o r r e c t i v e  t r a n s f o r m a t i o n  has 
occurred. Often t h e  Blade Shape Vodule and Subsonic P r o p e l l e r  Noise 
Module w i l l  be executed w i t h o u t  change t o  t h e  c o l l e c t i v e  p i t c h  
s e t t i n g .  Thus, e,  = 0 and t h e  l a s t  t r a n s f o r m a t i o n  i s  unnecessary. 

Comput a t  i onal S t  r a t  egy 

A pressure t i m e  h i s t o r y  o f  a m u l t i b l a d e d  p r o p e l l e r  i s  c a l c u l a t e d  
by summing t h e  a c o u s t i c  pressures of each b lade as a f u n c t i o n  o f  t ime.  
The s i g n a l s  'are p e r i o d i c  because t h e  observer  p o s i t i o n  i s  a f i x e d  
d i s t a n c e  f rom t h e  hub a t  a l l  t imes. Thus, t h e  s i g n a l  produced by 1 
r e v o l u t i o n  o f  a s i n g l e  b lade can be used t o  determine t h e  t i m e  h i s t o r y  
and spectrum of t h e  p r o p e l l e r .  The general  computat ional  s t r a t e g y  i s  
o u t l i n e d  below. D e t a i l s  concern ing t h e  d i f f e r e n t  methods f o r  
c a l c u l a t i n g  p ' ( f , t )  a r e  conta ined i n  l a t e r  sect ions.  

The s teps i n v o l v e d  i n  c a l c u l a t i n g  t h e  a c o u s t i c  t i m e  s i g n a t u r e  f o r  
a s i n g l e  b lade are  as f o l l o w s .  
a x i s  o f  t h e  b lade i s  a l i g n e d  w i t h  t h e  X,-axis. 

Assume t h a t  t h e  i n i t i a l  p i t c h  change 
That i s ,  assume 
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-b 

t = J, = 0 
t i m e  r e q u i r e d  f o r  1 f u l l  r e v o l u t i o n  o f  t h e  b lade i n t o  even t i m e  
increments such t h a t  

and t h e  ;-frame, X-frame, and $frame coinc ide.  D i v i d e  t h e  

t .  = 2 n  ( i  = 1, 2, ..., (i - ') 
1 Nt 

-b 
L ikewise,  represent  t h e  b lade by a se t  o f  source p o i n t s  
t h e  number and l o c a t i o n  o f  t h e  source p o i n t s  depend on which method f o r  
c a l c u l a t i n g  no ise  i s  se lected.  Then, f o r  $ach t i m e  t i  and+each 
source p o i n t  q(j), determine t h e  source y and observer x 
l o c a t i o n s  i n  t h e  ground- f ixed frame. Wi th these, so lve  t h e  r e t a r d e d  
t i m e  equat ion and c a l c u l a t e  d is tances  and v e l o c i t i e s  a t  em+ission 
t ime. Next, c a l c u l a t e  vec tor  components i n  t h e  r o t a t i n g  q-frame and 
c a l c u l a t e  t h e  i n f l u e n c e  o f  t h i s  source p o i n t  on t h e  t o t a l  noise. 
F i n a l l y ,  accumulate t h e  i n f o r m a t i o n  f o r  each t i m e  and source p o i n t  i n t o  
a complete t i m e  h i s t o r y .  

n(j), where 

The s teps i n v o l v e d  i n  producing a t i m e  h i s t o r y  and spectrum f o r  
t h e  p r o p e l l e r  are as f o l l o w s :  

Tabulate t h e  t i m e  h i s t o r y  f o r  one b lade so t h a t  i n t e r m e d i a t e  
values can be obta ined by i n t e r p o l a t i o n .  

Decide how many evenly  spaced t i m e  p o i n t s  are r e q u i r e d  by t h e  
Fast F o u r i e r  Transform (FFT) procedure. I f  Ns i s  t h e  
h i g h e s t  harmonic number o f  i n t e r e s t  and N t  t h e  number o f  
t i m e  po in ts ,  f i n d  an i n t e g e r  :n such t h a t  Zm i s  a t  l e a s t  
as l a r g e  as N t  2 2Ns. 

C a l c u l a t e  t h e  t o t a l  a c o u s t i c  pressure t i m e  h i s t o r y  by add 
t h e  cont  r i  b u t  i on f roin each b l  ade. 

F i n a l l y ,  per form an FFT t o  get  t h e  pressure spectrum. 

The above process can be s t a t e d  mathemat ica l l y  as f o l l o w s  
t i m e  r e q u i r e d  f o r  1 r e v o l u t i o n  o f  t h e  b lade i s  d i v i d e d  e q u a l l y  
Zm p o i n t s  such t h a t  

( k  - ' )"  (k  = 1, 2,  ..., 2") 

ng 

The 
i n t o  

( 3 6 )  

where t h e  I N T  f u n c t i o n , t u r n s  a r e a l  number i n t o  t h e  l a r g e s t  i n t e g e r  n o t  
exceeding t h e  r e a l  number. 
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The a c o u s t i c  s i g n a l  generated by a p r o p e l l e r  i s  j u s t  t h e  sum o f  
t h e  pressures produced by each blade. The pressure produced a t  t i m e  t 
by b lade b, 'which had an i n i t i a l  angle & = $o + . 2 ~ ( b  - 1)/Nb 
r e l a t i v e  t o  t h e  X, axis ,  can be found by i n t e r p o l a t i n g  i n t o  t h e  s i n g l e  
b lade pressure t a b l e  f o r  p ' ( f , t + $ b / n ) .  Thus, t h e  t o t a l  a c o u s t i c  
s i g n a l  i s  

+ 
where X i s  t h e  observer p o s i t i o n  i n  t h e  a i r c r a f t  f i x e d  frame, Nb i s  
t h e  number o f  blades, and $b i s  t h e  i n i t i a l  p o s i t i o n  o f  each 
blade. The spectrum associated w i t h  t h i s  t i m e  h i s t o r y  i s  c a l c u l a t e d  by 
u s i n g  a s tandard FFT r o u t i n e .  Appendix A con ta ins  f u r t h e r  d e t a i l s .  

Retarded Time Equat ion 

T h i s  s e c t i o n  descr ibes a method f o r  s o l v i n g  t h e  r e t a r d e d  t i m e  
equat ion,  g = T - t + r / c  = 0. As noted p r e v i o u s l y ,  t h e  r o o t  T = T* 

o f  t h i s  equat ion  must be found f o r  each source p o i n t  used t o  represent  
t h e  b lade and %or each observer t ime t. Since t h e  r o o t s  o f  t h e  
equat ion  a r e  c a l c u l a t e d  repeated ly  i t  i s  i m p e r a t i v e  t o  s o l v e  t h e  
equat ion i n  an e f f i c i e n t  way. 
reserved f o r  appendix B. 

D e t a i l s  o f  t h e  s o l u t i o n  technique are  

The problem can be+stated i n  terms o f  a r b i t r a r y  r e c e i v e r  l o c a t i o n  + 
x and source l o c a t i o n  y 
a t  t i m e  t. As descr ibed i n  re fe rence 4, t h e  equat ion  i s  w r i t t e n  

d e f i n e d  i n  t h e  ground- f ixed coord ina te  system 

where dx and dy are  t h e  r a d i a l  d is tances  between t h e  x3-ax is  

observer  and source angles of r o t a t i o n  a t  t = 0. ?! o r  are instance,  the i f  t h e  
and t h e  observer and source p o i n t s ,  and $x and . 

qY = 0. (See f i g .  2.) A f t e r  some man ipu la t ion ,  
source p o i n t  i s  l o c a t e d  on t h e  p i t c h  change a x i s  then dy - - n2 and 

r2 = ( x 3  - V F t ) 2  + d: + d 2  - 2d d COS [ Q ( T  - t) + $y - ($x - s X ) ]  
Y X Y  

+ v:(T - t ) 2  - 2vF(x3 - V F t ) ( T  - t )  

= c 2 ( T  - t ) 2  (39)  

11.1-19 



L e t t i n g  $ = Q ( T  - t ) ,  equat ion  (39)  i s  w r i t t e n  as 

A $ 2 + B $ + C + c o ~  ( $ + D ) = O  (40)  

where 

A = ( c 2  - Vi ) /2Q2dxdy (A ' 0)  

B = VF(x3 - VFt)/sadxdy 

- v F t ) '  + d 2  + d2]/2dxdy 
X Y  

c = - [ ( x ,  

Based on t h e  t r a n s f o r m a t i o n  g iven i n  equat ion (34b),  t h e  t e r m  
( x j  - VFt) can be rep laced by t h e  constant  X ,  f o r  a l l  t imes. 
Consequently, t h e  c o e f f i c i e n t s  A, R,  and C i n  equat ion  (40) change o n l y  
i f  source p o s i t i o n  changes. Thus, t h e  s o l u t i o n  t o  equat ion (40) f o r  
one source p o i n t  and source t i m e  w i l l  be a good i n i t i a l  guess f o r  t h e  
same source p o i n t  a t  a s l i g h t l y  l a t e r  t ime. 

Equat ion (40) can be so lved very e f f i c i e n t l y  by us ing  Newton's 
method. Only one r o o t  such t h a t  ( T  - t )  < 0 i s  p h y s i c a l l y  p o s s i b l e  
i n  t h e  subsonic case. With t h e  i n i t i a l  guess o u t l i n e d  i n  appendix B, 
Newton's method w i l l  converge t o  t h e  proper  roo t .  

F u l l  B1 ade Formula t ion  

T h i s  s e c t i o n  discusses t h e  c a l c u l a t i o n  of t h e  p e r i o d i c  a c o u s t i c  
pressure s i g n a l  f o r  a s i n g l e  r o t a t i n g  b lade w i t h  subsonic t i p  speed. 
The method descr ibed r e q u i r e s  a d e t a i l e d  knowledge of t h e  b lade 
geometry and b lade sur face pressures.  The t h r e e  s e c t i o n s  which f o l l o w  
d iscuss simp1 i f y i n g  approximat ions t o  t h e  f u l l  b lade f o r m u l a t i o n  which 
are  used i n  t h e  absence o f  f u l l  b lade in format ion.  

The a c o u s t i c  pressure a t  t i m e  t f o r  an observer a t  p o i n t  x' i s  
g i v e n  by equat ions (20) as 
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471p;(jt,t) = - 1 [ 'iyiMr)J dS 

?* 
f= o r ( 1  

+ J l r  - :i"i .J dS 

f=O r 2 ( 1  Mr) 

n r ( r i i  ii + CM, - C M ~ ~  
+ -  dS (41a) 

f=O [ r 2 ( 1  - T* 

l o v n  ( r i i i i  + C M ~  - 
4np;(jt,t) = J dS (41b) 

f=O r 2 ( 1  - ?* 

w i t h  

Using symbols F L ~ ,  F L ~ ,  and F L ~  t o  s tand f o r  t h e  in tegrands  
which are evaluated a t  re ta rded t i m e  
w r i t t e n  i n  s h o r t  form as 

T*, a l lows equat ions (41) t o  be 

(42h) 

Using t h e  Blade Shape Module, t h e  sur face  o f  a p r o p e l l e r  b lade i s  
i e s c r i b e d  by d s e t  o f  p o i n t s  
n ( j )  
parameters t 1  and t2. (See f i g .  3.) Thus each te rm i n  equat ions 
(42) may be rep laced by an e q u i v a l e n t  double i n t e g r a l  over  
c 2 .  For instance, 

q(j). The t h r e e  components o f  each p o i n t  
are t a b u l a t e d  w i t h  respect  t o  spanwise and chordwise s t a t i o n  

c 1  and 

where J i s  t h e  Jacobian o f  t h e  t r a n s f o r m a t i o n ,  
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Equat ion (43) i s  evaluated by us ing  a compound r u l e .  Thus, 

where 

Each o f  t h e  i n t e g r a l s  over  a s i n g l e  parameter i s  evaluated by u s i n g  a 
s tandard procedure based on cub ic  s p l  i nes. 

Conceptual ly,  t h e  process of e v a l u a t i n g  equat ions (41) t o  ge t  
p'(;,t) 
b lade sur face  p o i n t s  
a s u f f i c i e n t l y  good approx imat ion t o  t h e  i n t e g r a l .  

i n v o l v e s  c a l c y l a t i n g  t h e  values of each i n t e g r a n d  a t  a s e t  o f  
and accumulat ing them i n  a way which g i v e s  q ( j )  

Mean Surface Approximat ioo 

I n  t h i s  sect ion,  approx imat ion formulas f o r  no ise  c a l c u l a t i o n s  
based on t h e  assumption o f  a t h i n  a i r f o i l  are presented. 
b lade surface i s  def ined t o  be t h a t  surface generated by t h e  mean 
s e c t i o n  curves. The c a l c u l a t i o n  procedure i s  d e r i v e d  f rom 
equat ions ( 2 9 )  which a r e  

The mean 

r ( 1  - M r I 2  1 T* dS 

4sp;(Z,t) = - - 1 J [ A; cos 0 + Ap TL 
f = O  m 

cos e (rtiiFi + c~ - 
dS (47a) r 

r2 ( 1  - m 

1 - -  

- * *  
2 p o  vn(rMiri -I cyr - c M z q  dS 

T* 
f =o r ' ( 1  - m 

4np$,t) = 

Equat ions f o r  t h e  var ious  terms of t h e  in tegrands  as f u n c t i o n s  of known 
q u a n t i t i e s  are determined as fo l lows:  
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Coord inates o f  mean sur face:  

For a g iven r a d i a l  d is tance,  
0 5 c 2  5 T a.nd d e f i n e s  a mean s e c t i o n  l i n e  as 

E ~ ,  E ?  v a r i e s  i n  t h e  range 

D i f f e r e n t i a l  element on mean sur face :  

I n  terms of t h e  independent v a r i a b l e s  e l  and ~ c2, t h e  d i f f e r e n t i a l  
area element dS i s  g iven  as 

dS = 5(51,t;2’) dE1 de2 = dEl dE2 (49 )  

The symbols E, F, and G a r e  w r i t t e n  i n  terms o f  t h e  mean s u r f a c e  
coord ina tes  ‘as 

E =  (27 + (z)2 + (z)2 

Since n 2  = 5 1  and T2 i s  independent o f  c2, equat ions (50) and (51) 
s i m p l i f y  t o  

and 

Vel o c i  t i es and Mach numbers : 

The p o s i t i o n  o f  a p o i n t  on t h e  b lade i s  ob ta ined by u s i n g  t h e  
t ransformat  i on d e f  i ned by equat ions (34)  
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cos fit - s i n  fit 

The v e l o c i t y  o f  t h e  p o i n t  i s  

- 
- s i n  fit -cos s2t 

cos fit - s i n  

0 0 - 

+ 

'13 

0 

0 

"F t  - -  

+ 

(55) 

The p o s i t i o n  of a source p o i n t  on t h e  mean sur face i s ,  by analogy w i t h  
equat ion  ( 5 5 )  , 

- 
cos at  - s i n  s2t 0 

s i n  fit cos 0 

0 0 1 

= [ 
- 

The u n i t  normal t o  t h e  mean su r face  i s  

A X - 1 ag  2 n =  
i +  + I  

0 ( 5 7 )  

and t h e  u n i t  v e c t o r  i n  t h e  r a d i a t i o n  d i r e c t i o n  from a p o i n t  on t h e  mean 
su r face  i s  w r i t t e n  as 

- A x - y  
r =  1; - $1 

By analogy w i t h  equat ion  (56 ) ,  t h e  v e l o c i t y  o f  a p o i n t  on t h e  mean 
su r face  i s  

(59 )  
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-h -. 
v = n  

- s i n  nt -cos nt 0 

cos nt - s i n  nt 0 

The a c c e l e r a t i o n  t h e r e f o r e  becomes 

- 
-cos nt s i n  nt 

- s i n  nt -cos nt 

0 0 
- 

0 3 
+ 

Hence t h e  l o c a l  Mach number and i t s  t i m e  r a t e  o f  change a r e  

- [ i n  nt - cos nt 

cos a t  - s i n  nt ’ - 

0 0 

and 

-cos nt r s i n  s2t 01 
0 

- s i n  Q t  -cos fit 

0 

1 
+ E  

The mean normal v e l o c i t y  and r a d i a t i o n  Mach number a re  w r i t t e n  as 
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Miscel laneous i n t e g r a n d  terms: 

The d i f f e r e n t i a l  pressure ~p i s  de f ined as 

AP = P(S1,SJ - P(S&-S2) 

The r a d i a t i o n  angle i s  g iven by 

A A  - -  
C O S ~  = n o r  

and t h e  symbol T1 i s  de f ined t o  be 

I n  summary, equat ions (47) are expressed as double i n t e g r a l s  i n  t h e  
v a r i a b l e s  c 1  and c2. The equat ions a re  

where J = /EG - F 2  , w i t h  E, G, and F hav ing  t h e  d e f i n i t i o n s  g i ven  
by equat ions (50) t o  (51). 

and 

Compact Chord Approximat ion 

I n  t h i s  sec t i on ,  approx imat ion formulas based on t h e  assumption o f  
a l i n e  source are presented. 
i s  t h e  s e t  o f  equat ions found i n  equat ions (32) :  

The bas i s  f o r  t h e  c a l c u l a t i o n  procedure 
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where 

and 

0 

( 1  - Mr)( Mr - 3 - M O M )  c + +  + 3 ( 7  C My)'  
r 

P O A ( E l )  
FS(z,t,E1) =: 

r ( l  - Mr)' 

c o  
r r r  + 3((r - $ M 2 ) 2  + - (Yr- 4 M z ) ( l  + 4M + fq2) 

+ +  
I n  equat ion  (71),  t h e  q u a n t i t i e s  M, M, M r ,  and r a r e  computed as 
i n  equat ions ( 5 5 )  t o  (64) o f  t h e  mean-surface approx imat ion sec t ion .  
The leading-edge curie o f  t h e  p r o p e l l e r  i s  taken as t h e  l i n e  source, so  
t h a t  a l l  pos i t ioms r are  on t h e  leading-edge curve. The q u a n t i t y  
A ( c l )  

+ The key q u a n t i t i e s  t o  be c a l c u l a t e d  i n  equat ion  (72) a re  L '  and 
d L ' / d t ,  which represent  t h e  l o a d i n g  per  u n i t  l e n g t h  and i t s  t ime r a t e  
o f  change. 

i s  t h e  c r o s s - s e c t i o n a l  area o f  a g iven b lade sec t ion .  
+ 

The l o a d i n g  p e r  u n i t  l e n g t h  i s  g iven by 

where FQ and F, a r e  p r o v i d e d  by t h e  P r o p e l l e r  
The t i m e  r a t e  o f  change o f  L '  becomes 
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d 
d t  - 

- 
-0 s i n  s2t F + cos M 3 

$ "$1 
aF J, +n COS nt F + s i n  Q t  7 

J, 

aFz - -  a t  - 

(75)  

The q u a n t i t i e s  aF,@ and aF,/at must be c a l c u l a t e d  as needed. 

P o i n t  Source Approximat ion 

I n  t h i s  sec t ion ,  approx imat ion formulas based on t h e  assumption o f  
The b a s i s  a s i n g l e  no ise  source represent ing  each b lade are  presented. 

f o r  t h e  c a l c u l a t i o n  procedure i s  equat ions (30) and (31) which a r e  

ri Li C 
i i 'm) r + -  r ( 1  - M 2 q  

and 

. 
c + +  C - Mr) (Mr - 3 -  r MOM) + 3 ( r  My)' 

c 2 2  c *  - 5 M 2 ) ( 1  + 4Mr + + 3(Mr - - r M ) + ~ ( ~ r -  r (77)  

The l o c a l  q u a n t i t i e s  such as r, M, and M, a r e  evaluated a t  some 
e f f e c t i v e  r a d i a l  d is tance,  
p r o p e l l e r  r a d i u s  (appendix C) .  

c 1  = RE, u s u a l l y  about 0.8 o f  t h e  
The e f f e c t i v e  b lade l o a d  i s  g iven  by 
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where H and T a re  t h e  az imuthal  f o r c e  and ne t  t h r u s t  f rom a s i n g l e  
b lade and are  prov iQed by t h e  P r o p e l l e r  Loading Module. 
r a t e  o f  change ' o f  L becomes 

The t i m e  

. 

e 

-s2H s i n  M + H cos nt 

+ M  cos M + H s i n  M 
. 

-T 
- - 

(79 )  

The q u a n t i t i e s  H and T must be c a l c u l a t e d  as 
assumed t h a t  t h e  e f f e c t i v e  source p o i n t  i s  l o c a t e d  on t h e  n?-ax is  a t  
t h e  e f f e c t i v e  rad ius  RE, then  t h e  l o c a l  Mach number a t  t h i s  p o i n t  
i s  g iven  by 

The f i r s t  and 

- 
- s i n  nt -cos M I] 
cos M - s i n  stt 

0 0 0 
- 

second t i m e  d e r i v a t i v e s  are  

- 
-cos nt s i n  nt 

-.sin nt -cos nt 

0 0 
- 

- 
s i n  nt cos nt 

-c:os nt s i n  nt 

0 0 - 
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The p o s i t i o n  o f  t h e  source i s  

and t h e  u n i t  vec to r  i n  t h e  r a d i a t i o n  d i r e c t i o n  i s  g iven  by t h e  
express ion 



APPENDIX A 

ACOUSTIC SPECTRUM CALCULATION 

The acous t i c  spectrum i s  c a l c u l a t e d  from t h e  y p l i t u d e  of t h e  
complex c o e f f i c i e n t s  o f  t h e  F o u r i e r  s e r i e s  f o r  pb(x, t ) .  
Fas t  F o u r i e r  Transform r o u t i n e  based on t h e  Cooley-Tukey a l g o r i t h m  i s  
used f o r  t h i s  purpose. 

A s tandard  

L e t  Ns ble t h e  number of harmonics des i red.  F i n d  m such t h a t  
2"-1 < 2Ns - < 2rl and form t h e  complex a r ray :  

where 

m Nt = 2 t j = (2a j /Nt )  

Now f i n d  t h e  i n v e r s e  F o u r i e r  t rans form 

- 2 a i  k j /Nt  Nt -1 

C Z j e  ( k  = 0, 1, ..., N t )  (A3) 
1 

'k = T t j = O  

The acous t i c  spectrum i s  g iven  by 

SPLk = lo l o g  (2(cklz/p:ef) ( k  = 1, 2, ..., NS (A4) 

1 
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ROOTS OF 

APPENDIX 5 

RETAKOED T I M E  EQUATION 

The re ta rded t 

where o n l y  t h e  r o o t  

me equat on i s  w r i t t e n  as 

+ B+  + C + cos ($I + D) = 0 (81)  

( $ I / Q )  < 0 i s  o f  i n t e r e s t .  Since both 
equat ion  -(B1) and i t s  f i r s t  d e r i v a t i v e  have an o s c i l l a t i n g  term, a 
c l o s e  i n i t i a l  guess i s  r e q u i r e d  t o  ensure t h e  convergence o f  Newton's 
method. T h i s  guess i s  accompl i s h e d  by r e p l a c i n g  t h e  cos ine term by a 
parabola and s o l v i n g  t h e  r e s u l t i n g  q u a d r a t i c  equat ion.  
g iven  as f o l l o w s .  

D e t a i l s  a r e  

Step 1 - Bracket  t h e  r o o t :  

F i g u r e  B 1  i l l u s t r a t e s  t h a t  t h e  r o o t s  o f  equat ion  ( B l )  a r e  t h e  
i n t e r s e c t i o n  o f  a parabola and a cos ine curve. 
approx imat ion t o  t h e  roo t ,  f i n d  such t h a t  

As a f i r s t  

Next determine which ha l f ' cyc le  o f  t h e  cos ine  curve t o  rep lace  by a 
quadra t ic .  

L e t  

where 
t runcat  i on i nteger  f u n c t  i on. 

a. i s  t h e  i n t e g e r  h a l f - c y c l e  number and I N T  stands f o r  t h e  

Step '2 - Determine i n i t i a l  guess: 

The cos ine  te rm i s  rep laced e i t h e r  by a s t r a i g h t  l i n e  or by a 
parabola depending on whether a. i s  an even i n t e g e r  or an odd i n t e g e r :  

} (54)  
- D + ( E +  1 / 2 ) ~  ( a. even) 

( a .  odd) 
cos ( 4  + D) 

1 - 4[+ t D + ( i  + ~ ) T ] ~ / I T ~  

With  t h i s  s u b s t i t u t i o n ,  equat ion (91) i s  so lved by u s i n g  t h e  q u a d r a t i c  
formula t o  g i v e  an i n i t i a l  guess cb2. 
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Step 3 - Newton’s method: 

The r o o t s  o f  equat ion  (91)  a re  determined through an i t e r a t i v e  
process , 

[A+: + 94, + C + cos (+,, + D ) ]  

[2A6, + €3 - s i n  (+n  + D)] 
(B5) - - 

+n+1 - 

which te rmina tes  w’hen J,+n+l - +nJ, i s  s m a l l e r  than a user-  
s p e c i f i e d  convergence c i t e r i o n  o i f  t h e  number o f  i t e r a t i o n s  exceeds 
a l i m i t  s e t  by t h e  user.  

Step 4 - Return  answer: 

does no t  r e t u r n  a va lue  l e s s  i n  magnitude than a u s e r - s p e c i f i e d  
to le rance,  then an e r r o r  c o n d i t i o n  r e s u l t s ;  otherwise, 

$n+l 

Note t h a t  t h e  r e t a r d e d  t i m e  equat ion  i s  so lved f o r  one source 
p o i n t  a t  many r e c e i v e r  t imes. Thus, +?+I  may be a c l o s e  i n i t i a l  
guess t o  t h e  next  r e q u i r e d  roo t .  I n  t h i s  case, Steps 1 and 2 a r e  
omi t ted.  

I f  (+n+l /Q) > 0 o r  i f  $n+l s u b s t i t u t e d  i n  equat ion  ( B l )  

= Q ( T *  - t ) .  
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APPENDIX C 

EFFECTIVE POINT SOURCE R A D I U S  

L e t  T be t h e  ne t  t h r u s t  f o r  a s i n g l e  b lade loca ted  a t  r a d i u s  R T  

and corresponding e f f e c t i v e  rad igs  RE a re  c a l c u l a t e d  based 
and H t h e  ne t  i n p l a n e  f o r c e  l o c a t e d  a t  R ( f i g .  Cl). A r e s u l t a n t  
f o r c e  F 
on t h e  cbncepts o f  equ iva len t  fo rces  and moments. 

-b 

An express ion f o r  t h e  equ iva len t  f o r c e  F E  i s  

-b - b +  

F E = T t H  

-b -b -b 

S ince T and H a re  or thogonal ,  t h e  magnitude o f  FE i s  

-b -b 
The magnitude o f  t h e  t o t a l  moment supp l i ed  by T and H i s  g iven  

On t h e  o t h e r  hand, t h e  magn 
d i s t a n c e  RE i s  

(C3) M = ( T ~ R , ~  + H ~ R ~ ~ )  1 / 2  +I 
tude o f  t h e  moment due t o  FE a c t i n g  a t  

M = REFE 

Equat i  ng t h e  two moment express ions,  

1 / 2  
R~ F~ = ( T ~ R , ~  + H~ R$ 

o r  

1 / 2  
R~ = ( T ~ R ~ ~  + t i 2  R ~ ~ )  F~ 

Us ing  equat ion  (E'), 
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o r  i n  terms o f  d imensionless q u a n t i t i e s  

1 / 2  
SE = (T26; + H2 56) 'I2 / (T2 + H 2 )  

Equat ion (C8) represents  t h e  e f f e c t i v e  r a d i u s  va lue used by t h e  
Subsoni c Propel  1 e r  Noise Modul e. 
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F igu re  1.- Trans format ion  of coord inates.  
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F i g u r e  2.- Geometry O F  source and observer  p o s i t i o n  used f o r  
c a l c u l a t i o n  o f  emission t ime. 
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f 9 Upper surface 

Leading edge 

F i g u r e  3.- Blade sur face  c o o r d i n a t e  system. 
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R =  I - '  -1 

F i g u r e  A1.-  Roots o f  t h e  re ta rded  t ime  equat ion.  
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F i g u r e  C1.- R e l a t i o n s h i p s  of e f f e c t i v e  Forces on a s i n g l e  blade. 
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11.2 TRANSONIC PROPELLER NOISE MODULE 

Sharon L. Padula 
Langley Research Center  

INTRODUCTION 

The Transonic  P r o p e l l e r  Noise Module computes t h e  p e r i o d i c  
a c o u s t i c  pressure s i g n a t u r e  and spectrum o f  a p r o p e l l e r  w i t h  t r a n s o n i c  
t i p  speed. 
Wil l iams-Hawkings (FW-H) equat ion  w i t h o u t  t h e  quadrupole source term. 
(See r e f s .  1 t o  3.) The b lade sur face pressure i s  assumed t o  be s teady 
and must be s p e c i f i e d  on a g r i d  of p o i n t s  cover ing  t h e  b lade sur face.  
The observer  i s  always assumed t o  be moving w i t h  t h e  a i r c r a f t ;  o n l y  i n  
such a frame i s  t h e  a c o u s t i c  pressure p e r i o d i c .  
FW-H equat ion  i s  g iven by two d i f f e r e n t  f o r m u l a t i o n s  t h a t  assume a 
source d i s t r i b u t i o n  on t h e  f u l l  b lade surface. The f o r m u l a t i o n  t h a t  i s  
s u i t a b l e  f o r  b lade s e c t i o n s  moving a t  t r a n s o n i c  speeds i s  used o n l y  
when necessary. 

The computat ion i s  based on a s o l u t i o n  o f  t h e  Ffowcs 

The s o l u t i o r l  t o  t h e  

SYMBOLS 

C 

f 

9 

k 
-+ 
!L 

M 

Nb 

NS 

N t  

n 

P 

ambient speed of sound, m/s ( f t / s )  

f u n c t i o n  d e f i n i n g  b lade sur face  S 

= 0 (descr ibes  r e l a t i o n s h i p  between source and 
observer  t i m e )  

harmonic number 

l o c a l  f o r c e  p e r  u n i t  a’rea o f  b lade a c t i n g  on f l u i d ,  
Pa ( l b f / f t 2 )  

source Mach number 

number o f  b lades 

maximum harmonic number o f  i n t e r e s t  

number o f  t i m e  p o i n t s  i n  t i m e  h i s t o r y  

b l  ade-su rf ace normal v e c t o r  

s u r f a c e  pressure,  pa - po, Pa ( 1 b f / f t 2 )  
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Pa 

PO 

P r e f  

r 

SPL 

t 

"F 
V 

X 

a c o u s t i c  pressure, Pa ( l b f / f t 2 )  

a c o u s t i c  pressure produced by loading,  Pa ( l b f / f t 2 )  

t o t a l  a c o u s t i c  pressure produced by p r o p e l l e r ,  
Pa ( l b f / f t 2 )  

a c o u s t i c  pressure produced by th ickness ,  
Pa ( l b f / f t 2 )  

abso lu te  sur face  pressure, Pa ( 1  b f j f t  ') 

ambient pressure,  Pa ( 1  b f / f t  ') 

re fe rence pressure f o r  d e f i n i t i o n  o f  dec ibe ls ,  
2 x Pa 

d is tances  f rom source po;int a t  emission t i m e  t o  
observer, ' r  = ix '  - y ( ~ * ) l ,  m ( f t )  

sound pressure l e v e l  w i t h  respect  t o  pref, dB 

t i m e  a t  which no ise  s i g n a l  i s  rece ived by 
observer, s 

fo rward  v e l o c i t y  o f  a i r c r a f t ,  m/s ( f t / s )  

source v e l o c i t y ,  m/s ( f t / s )  

observer  p o s i t i o n  i n  a i r c r a f t - f i x e d  frame, m ( f t )  

observer  p o s i t i o n  i n  y round- f i xed  frame, m ( f t )  

source p o s i t i o n  i n  ground- f ixed frame, m ( f t )  

l o c u s  o f  p o i n t s  assoc iated w i t h  emiss ion t i m e  T 

source p o s i t i o n  i n  b l a d e - f i x e d  frame, m ( f t )  

angl e between r a d i a t i o n  v e c t o r  and s u r f  ace 
normal vector ,  rad  

p i t c h  change angle a t  r o o t ,  rad  

e l  1 i p t i  c sur face  coord inates 

ambient dens i ty ,  kg/m3 ( s l u g / f t  3 ,  
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T 

T* 

J, 

R 

Subscr i  p t  s: 

i 

n 

0 

r 

Nota t ion :  

+ 

A 

. 
* 

t i m e  a t  which no ise  s i g n a l  i s  e m i t t e d  a t  source 
p o s i t i o n ,  s 

s o l u t i o n  t o  r e t a r d e d  t i m e  equat ion,  g = 0, f o r  a 
g iven observer  t ime, s 

s o l u t i o n  t o  r e t a r d e d  t i m e  equat ion  as so lved by 
Newton's method, n ( ~  - t )  

angl e between a i  r c r a f t - f  i xed x l-axi s and 

angu lar  v e l o c i t y  o f  blade, rad/s  

b l a d e - f i x e d  nl-axis, r a d  

component a long i t h  c o o r d i n a t e  a x i s  

component i n  d i r e c t i o n  o f  sur face  normal 

(note:  ti ii i m p l i e s  summation convent ion)  

ambient c o n d i t i o n  

component i n  d i  r e c t i  on o f  r a d i  a t  i on v e c t o r  

v e c t o r  

u n i t  v e c t o r  

t i m e  d e r i v a t i v e  

complex conjugate; s p e c i f i c  s o l u t i o n  t o  r e t a r d e d  
t i m e  equat ion  

INPUT 

The comput,ation o f  t r a n s o n i c  p r o p e l l e r  no ise  r e q u i r e s  d e f i n i t i o n  
o f  t h e  b lade shape c h a r a c t e r i s t i c s ,  aerodynamic c h a r a c t e r i s t i c s ,  f l o w  
and o p e r a t i n g  parameters, and observer  coord inates.  The no ise  
s i g n a t u r e  i s  c a l c u l a t e d  by u s i n g  two d i f f e r e n t  f u l l - b l a d e  f o r m u l a t i o n s ,  
depending on t h e  r a d i a t i o n  Mach number o f  t h e  b lade sect ion.  The i n p u t  
i s  c o n s i s t e n t  w i t h  t h a t  f o r  t h e  Subsonic P r o p e l l e r  Noise Flodule, and 
t h e  two module:; w i l l  g i v e  i d e n t i c a l  r e s u l t s  f o r  subsonic cases. 
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Nb 

NS 

Nt 

MZ 

R 

$0 
n 

User Parameters 

number of b lades 

h i g h e s t  harmonic number des i  red  

number o f  t i m e  p o i n t s  i n  t i m e  h i s t o r y  

a i r c r a f t  Mach number 

b lade l e n g t h  measured from a x i s  t o  t i p ,  m ( f t )  

p i t c h  change angle a t  r o o t ,  rad  

i n i t i a l  azimuth angle o f  f i r s t  b lade, rad 

angu lar  v e l o c i t y  o f  blade, rad/s  

Blade Shape Table 

spanwise l o c a t i o n ,  r e  R 

chordwise 1 ocat  i on, rad 

b lade sur face abscissa, re R 

b lade sur face  ord ina te ,  r e  R 

slopes o f  bas is  f u n c t i o n s  a t  nodes 

Aerodynamic C h a r a c t e r i s t i c s  Table 

spanwise l o c a t i o n ,  r e  R 

chordwise l o c a t i o n ,  rad  

azimuth l o c a t i o n ,  rad 

pressure  loading,  r e  P ~ ( R Q ) ~  

Observer Tab1 e 

i n i t i a l  observer  p o s i t i o n ,  m ( f t )  
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Atmospheric P r o p e r t i e s  Table 

ambient f l u i d  dens i ty ,  kg/m3 ( s l u g s / f t  3 ,  PO 

C l o c a l  sound speed, m/s ( f t / s )  

OUTPUT 

Th is  module p rov ides  t h e  complex pressure spectrum and pressure  
t i m e  h i s t o r y  a t  a f i x e d  observer  l o c a t i o n  measured from t h e  center  o f  
t h e  hub. 
convent ion,  and a l l  spec t ra  a r e  understood t o  be two-sided w i t h  
pb(x,-k) = pi*(:c,k). With t h i s  convent ion,  t h e  mean-squared pressure  
i s  2pbpi*  (where t h e  square r o o t  o f  2 pbpb* i s  p Ims)  f o r  each 

harmonic. 

Complex pressures are  g iven w i t h  t h e  e - l a  t i m e  harmonic 

k 

fk 

ck 

SPLk (Z)  

Complex Pressure Spectrum 

harmonic number 

frequency , Hz 
complex a c o u s t i c  pressure, r e  P,(RQ) 

sound pressure l e v e l  assoc iated w i t h  Ck(x') 

Pressure Time H i s t o r y  

t ime, s 

a c o u s t i c  pressure,  r e  prms 

METHOD 

Acoust ic  Formula t ion  

The equat ion  used t o  c a l c u l a t e  t h e  a c o u s t i c  p ressure  t i m e  
s i g n a t u r e  of a high-speed p r o p e l l e r  (see r e f .  4), d e r i v e d  i n  t h e  
Subsonic P r o p e l l e r  Noise Module, i s  
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Equat ion (1) conta ins  a p o t e n t i a l l y  s i n g u l a r  term, a1 - M r b ,  i n  
t h e  denominator. 
i n  t h e  d i r e c t i o n  of t h e  observer, t h e  s o l u t i o n  behaves n i c e l y .  
case, equat ion  ( 1 )  can be w r i t t e n  i n  t h e  f o l l o w i n g  computa t iona l l y  
e f f i c i e n t  form: 

As l o n g  as each p o i n t  on t h e  b lade mov s subs n i c a l l y  
I n  t h i s  

+ ,- ['. ( A i  ii + 
CM -N) r 

f=O r2(1 - 

v (rMiii + cM - cM2) IT* dS 

r 

f=O r2(1 - Mr)3 

and 

where p i  and p i  denote t h e  l o a d i n g  and th ickness  noise ,  
r e s p e c t i v e l y .  The symbols Mi, Mi, ti, and ti are  d e f i n e d  as f o l l o w s :  

Mi = vi/c ( 3 )  

. 
Mi = < . /c  1 (4 )  

L, 

ti = pni 

. 
. A  

A - 
Ei - pni + pni 

where 

+ A  

hi = (n x n)i ( 7 )  

When t h e  r a d i a t i o n  Mach number approaches o r  exceeds u n i t y  f o r  a 
g i v e n  p o i n t  on t h e  b lade a t  a g iven t ime, then t h e  f o l l o w i n g  equat ion  
i s  used i n  p l a c e  o f  equat ions ( 2 ) :  
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d r  dT (8a)  ‘r 
d r  d r  + s a 

f =o f=O r2  s i n  o 
g=o g=o 

$ d r  d r  4 n  p+(x, t )  = + r s i n  o 

p+) = pL(x’,t) + p+(x+,t) 

where o+ i s  t h e  angle between t h e  b lade normal n’ and t h e  r a d i a t i o n  
v e c t o r  r. The !jymbOl r i s  used t o  denote t h e  locus o f  p o i n t s  on t h e  
b lade t h a t  a r e  ai; a d i s t a n c e  r f rom t h e  observer a t  emission t i m e  T. 

In o t h e r  words, r i s  t h e  curve o f  t h e  i n t e r s e c t i o n  o f  t h e  sur faces 
f = 0 and g = ‘r - t t ( r / c )  = 0. 

The Transonic  P r o p e l l e r  Noise Module uses equat ions ( 2 )  and (8 )  
t o  c a l c u l a t e  p ’ ( i t , t ) .  
t h e  computer implementat ion i s  s imple and e f f i c i e n t .  A thorough 
d i s c u s s i o n  o f  these and o t h e r  a c o u s t i c  formulas f o r  c a l c u l a t i n g  
p r o p e l l e r  no ise  -is conta ined i n  re fe rence 3. 

Equat ions ( 2 )  are used whenever p o s s i b l e  because 

Frames o f  Reference 

I n  t h i s  s e c t i o n  t h e  coord ina te  frames used i n  t h e  a c o u s t i c  
c a l c u l a t i o n s  w i l l  be discussed. 
frames: 
x-frame, which remains f i x e d  t o  t h e  und is tu rbed medium, i s  s e t  up as 
f o l l o w s :  

B a s i c a l l y ,  t h e r e  a r e  $wo re fe rence 
The t h e  ground-f i xed z-f rame and t h e  b l  ade-f i x e d  n-f rame. 

The o r i g i n  o f  t h i s  frame i s  a t  t h e  p r o p e l l e r  c e n t e r  a t  t i m e  
t = 0. 

The prope’ l ler  d i s k  i s  i n  t h e  x,x,;plane and t h e  x,-axis 
co inc ides  w i t h  t h e  p r o p e l l e r  ax is ,  w i t h  t h e  p o s i t i v e  d i r e c t i o n  
i n  t h e  f l i g h t  d i r e c t i o n .  

The x,-axis i s  assumed t o  be or thogonal  t o  x 3 ,  upward and 

The x,-axis i s  d e f i n e d  i n  such a way t h a t  t h e  $-frame i s  

p a r a l l e l l  t o  t h e  p lane o f  symmetry of t h e  a i r c r a f t .  

r ight-handed. 

The observer  p o s i t i o n  i s  always s p e c i f i e d  i n  t h i s  frame as w i l l  be 
exp la ined s h o r t l y .  
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The b l a d e - f i x e d  frame i s  s e t  up as fo l lows:  

The o r i g i n  co inc ides  w i t h  t h e  o r i g i n  o f  t h e  ?-frame a t  t = 0. 

The q3-ax is  co inc ides  w i t h  t h e  x,-axis. 

The q,-axis l i e s  on t h e  p i t c h  change a x i s  o f  t h e  blade. 

The q,n,-plane i s  normal t o  t h e  p r o p e l l e r  s h a f t .  

The nl-axis i s  d e f i n e d  t o  make t h e  ;-frame r ight-handed. 

Note t h a t  t h e  b lade mean sur face  does no t  l i e  i n  t h e  q1q2-plane b u t  
makes an angle equal t o  t h e  geTmetric p i t c h  angle a t  each r a d i a l  
p o s i t i o n .  Note a l s o  t h a t  t h e  n-frame r o t a t e s  w i t h  angular  v e l o c i t y  n. 

I n  t h e  a c o u s t i c  formulas presented i n  t h e  prev ious  sec t ion ,  many 
opera t ions  i n v o l v i n g  d o t  products  o r  cross products  o f  two vec tors  a r e  
requi red.  
pressures,  it is, convenient t o  t r a n s f o r m  t h e  components o f  t h e s e  
vectors  t o  t h e  q-frame and+ then per form t h e  operat ion.  
kha t  t h e  source p o s i t i o n  y alw$ys r e f e r s  t o  a source p o i n t  i n  t h e  
x-frame w i t :  a $now; posi t_ ion+n i n  t h e  b l a d e - f i x e d  f r a m p  
q u a n t i t i e s  r = x - y and r = r/r are c a l c u l a t e d  i?  t he  x-frame, and 
then t h e  v e c t o r  components a r e  c a l c u l a t e d  i n  t h e  0-frame. 
f o r  any v p r i a b l e  t h a t  has a v e l o c i t y  term, such as 
and Vn = v n^, t h e  v e l o c i t y  i s  w i t h  respect  t o  t h e  x-frame. 
o t h e r  words, 

When t h e  produc ts  i n v o l v e  b lade normals o r  s u r f a c e  

However, n o t e  

The 

Note t h a t  

I n  
$r = ?4i r^ i  

The components o f  t h i s  v e c t o r  must then be c a l c u l a t e d  i n  t h e  &frame t o  
ge t  M r  and Vn. 

Another frame o f  re fe rence t h a t  i s  used conceptua l l y  i s  - t h e  
a i r c r a f t - f i x e d ,  n o n r o t a t i n g  f-frame. 
g round- f i xed  ;-frame a t  t = 0. The a c o u s t i c  pressure p ' ( f , t )  f o r  an 
observer  i n  t h e  a i r c r a f t - f i x e d  frame vJith t h e  p o s i t i o n  v e c t o r  f i s  
found as f o l l o w s :  S ince bo th  and t are  known, t h e  r e l a t i v e  p o s i t i o n  
o f  t h e  ground- f ixed frame and t h e  a i r c r $ f t - f i x e d  frame i s  known. From 
t h i s ,  c a l c u l p t e  t h e  observer  p o s i t i o n +  x i n  t h e  ground- f ixed frame. 
Using t h i s  x and t, c a l c u l a t e  p I ( x , t ) ,  which i s  t h e  same as t h e  
a c o u s t i c  pressure a t  p o s i t i o n  f i n  t h e  a i r c r a f t - f i x e d  frame and a t  
t i m e  t. Thus, t h e  f - f rame i t s e l f  i s  never used i n  a c o u s t i c  c a l c u l a -  
t i o n s ,  even though t h e  pressure s i g n a l  t h a t  r e s u l t s  i s  

T h i s  frame c o i n c i d e s  w i t h  t h e  

p ' ( f , t ) .  
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The t r a n s f o r m a t i o n  f rom one frame t o  t h e  o t h e r  a t  t i m e  t can be 
w r i t t e n  i n  m a t r i x  n o t a t i o n  as 

where (q1,y2,n3) i s  a p o i n t  i n  the,rotating &frame, (Xl,X2,X3) i s  t h e  
corresponding p o i n t  i n  t h e  moving X-frame, (x1,x2,x3), i s  t h e  
corresponding p o i n t  i n  t h e  ground- f ixed frame, and 
t h e  angle between t h e  Xl- and nl-axes. 

changes i n  t h e  r o o t  p i t c h  s e t t i n g .  
angle 
c a l c u l a t e d  by t h e  Blade Shape Module. 

JI (where $=a) i s  

A f i n a l  c o o r d i n a t e  t r a n s f o r m a t i o n  i s  necessary t o  account f o r  

eo, i s  a p p l i e d  t o  t h e  b lade sur face  coord ina tes  t h a t  a re  
T h i s  r o t a t i o n  th'rough a smal l  

Thus, 

Whenever t h e  &frame o r  p i t c h - a x i s  c o o r d i n a t e  system i s  mentioned 
here in,  it i s  assumed t h a t  t h e  p r e v i o u s l y  g iven  c o r r e c t i v e  
t r a n s f o r m a t i o n  has occurred. 
Transonic  P r o p e l l e r  Noise Module w i l l  be executed w i t h o u t  change t o  t h e  
c o l l e c t i v e  p i t c h  s e t t i n g .  and t h e  l a s t  t r a n s f o r m a t i o n  i s  
unnecessary. 

Of ten  t h e  Blade Shape Module and 

Thus, eo = 0 

Computat i onal S t ra tegy  

Three elements t h a t  i n f l u e n c e  t h e  computat ional  s t r a t e g y  f o r  n o i s e  
p r e d i c t i o n  are numerical  accuracy, computat ional  e f f i c i e n c y ,  and 
conceptual  s i m p l i c i t y .  The t r a d e - o f f s  a re  never s t r a i g h t f o r w a r d ,  b u t  
t h e  s i m p l e s t  method t h a t  g ives  n u m e r i c a l l y  s t a b l e  answers i n  a 
reasonable amotunt o f  computer t i m e  i s  des i red.  A good balance i s  
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p a r t i c u l a r l y  c r u c i a l  t o  t h e  Transonic P r o p e l l e r  Noise Module. 
Moreover, i t  i s  impor tan t  t h a t  t h e  t r a n s o n i c  and subsonic p r o p e l l e r  
n o i s e  methods g i v e  i d e n t i c a l  r e s u l t s  f o r  p r o p e l l e r s  w i t h  subsonic Mach 
numbers. These o b j e c t i v e s  guide t h e  computat ional  s t r a t e g y .  

The f i r s t  s tep  i n  computing an a c o u s t i c  pressure t i m e  h i s t o r y  i s  

Even though t h e  t i p  o f  t h e  b lade i s  moving superson ica l l y ,  some 
It w i l l  be h e l p f u l  t o  d e f i n e  a 

t o  d i s c r e t i z e  one f u l l  r e v o l u t i o n  o f  t h e  b lade i n t o  even t i m e  
increments t i  
q ( j ) .  
p o r t i o n  o f  t h e  b lade i s  sTbsonic. 
subset of source p o i n t s  qs t h a t  move subs'onical ly.  That i s ,  

and t o  represent  t h e  b lade by a s e t  o f  source p o i n t s  
-+ 

For each t i m e  p o i n t ,  t h e  n o i s e  produced by t h e  p a r t  o f  t h e  b l a d e  
represented by qs can be c a l c u l a t e d  by u s i n g  equat ions ( 2 ) .  
numerical  e v a l u a t i o n  o f  equat ions ( 2 )  i s  d iscussed i n  d e t a i l  i n  t h e  
Subsonic P r o p e l l e r  Noise Module. 
t i p  o f  t h e  blade i s  c a l c u l a t e d  by e i t h e r  equat ions (2 )  o r  equat ions 
(8 ) ,  depending on t h e  va lue o f  M r  f o r  each source p o i n t .  
exceeds some t r a n s i t i o n a l  va lue ( u s u a l l y  0.98) f o r  any source p o i n t ,  
then equat ions (8) a r e  used f o r  t h e  e n t i r e  supersonic  t i p  a t  t h a t  
t ime. I n  p r a c t i c e ,  equat ions (8) a re  used f o r  l e s s  than one- four th  o f  
t h e  t i m e  p o i n t s  even i n  t h e  worst  case. 

The 

The no ise  produced by t h e  supersonic  

I f  Y r  

Equat ions (8) a re  evaluated by d i v i d i n g  t h e  b lade t i p  i n t o  panels 
and by d e f i n i n g  a s e t  o f  p o s s i b l e  emission t imes { T j } .  Each 
i n t e g r a l  I,[] d r  d-r i s  approximated by a p p l y i n g  a one-dimensional 
t r a p e z o i d a l  r u l e  f o r  a f i x e d  Tj and then a p p l y i n g  another  
one-dimensional t r a p e z o i d a l  r u l e  as T j  var ies .  The p a r t i a l  
d e r i v a t i G e  w i t h  respect  t o  source t i m e  i s  approximated by u s i n g  a 
c e n t r a l  d i f f e r e n c e  formula a f t e r  t h e  i n t e g r a l  over  t h e  supersonic t i p  
has been c a l c u l a t e d  a t  t imes ( t i  + At)  and ( t i  - At) .  

t 

The execut ion  t i m e  r e q u i r e d  t o  compute equat ions (8) i s  g r e a t l y  
i n f l u e n c e d  by t h e  s e t  o f  emission t imes T j  t h a t  a re  chosen. If t h e  
span o f  a l l  p o s s i b l e  emission t imes i s  d i v i d e d  evenly,  a very l a r g e  
number o f  t imes w i l l  be requi red.  A b e t t e r  p l a n  i s  t o  determine one, 
two, o r  t h r e e  t i m e  i n t e r v a l s  d u r i n g  which t h e  r curve  i n t e r s e c t s  t h e  
c u r r e n t  panel. Each o f  these i n t e r v a l s  can then be d i v i d e d  evenly.  
The t i m e  i n t e r v a l s  themselves can be determined by s o l v i n g  t h e  r e t a r d e d  
t i m e  equat ion a t  t h e  f o u r  corners o f  t h e  panel. Th is  g ives  a t  l e a s t  
4, and a t  most 1 2 ,  t imes TJ' a t  which t h e  r curve  i s  t o u c h i n g  a 
s i n g l e  p o i n t  on t h e  panel. The t i m e  i n t e r v a l  [T*, TJ'+l] w i l l  c o n t r i -  
b u t e  t o  t h e  i n t e g r a l  over  t h e  c u r r e n t  panel if t i e  
t h e  panel d u r i n g  t h a t  t ime. It i s  s u f f i c i e n t  t o  t e s t  t h e  l o c a t i o n  of 
t h e  curve a t  t h e  median t i m e  ( T J  + -rJ'+l)/2. I f  t h e  d i s t a n c e  froin t h e  
observer  t o  t h e  r curve  i s  i n  t h e  same range as t h e  d i s t a n c e  f rom t h e  
observer t o  each o f  t h e  f o u r  corners of t h e  panel, then t h e  t i m e  
i n t e r v a l  w i l l  c o n t r i b u t e .  

r curve  i s  i n s i d e  
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There a r e  severa l  sources o f  e r r o r  i n  t h i s  p r e d i c t i o n  method t h a t  
t h e  user  must understand. 
?ode1 o f  t h e  blade. The b lade p o s i t i o n  vec tors  T-I and nornal  v e c t o r s  
n 
o f  t h e  supersonic  t i p  i s  a c t u a l l y  a curved surface. 
t r a p e z o i d a l  r u l e  i s  used t o  approximate t h e  i n t e g r a l s  and s i n c e  l i n e a r  
i n t e r p o l a t i o n  i s  used t o  c a l c u l a t e  t h e  in tegrands  a t  p o i n t s  a long 
t h e  edges o f  t h e  panel, computa t iona l l y  t h e  curved panel i s  rep laced by 
a f l a t  p l a t e .  It i s  very important that the user supply a grid that 
has a large number o f  nodes i n  those regions where the blade i s  highly 
curved. One good way t o  accompl ish t h i s  i s  t o  use t h e  same chordwise 
g r i d  t h a t  was used f o r  t h e  Blade Shape Module bu t  add e x t r a  p o i n t s  near 
t h e  l e a d i n g  edge. 
p o i n t s  as w e l l .  It i s  wise t o  have a t  l e a s t  f i v e  spanwise g r i d  p o i n t s  
i n  t h e  subsonic reg ion  and f i v e  i n  t h e  supersonic t i p .  
user  must t a k e  care t o  s p e c i f y  enough t i m e  p o i n t s  
t h e  pressure t i m e  h i s t o r y  accura te ly .  U n f o r t u n a t e l y ,  t h e  computat ion 
t i m e  w i l l  i nc rease d r a m a t i c a l l y  as t h e  number o f  t i m e  p o i n t s  and g r i d  
p o i n t s  inc reaser .  

The most impor tan t  i n v 2 l v e s  t h e  geometr ic 

descr ibe  t h e  b lade shape very smoothly and a c c u r a t e l y .  Each panel 
However, s ince  t h e  

It may be necessary t o  add e x t r a  spanwise g r i d  

F i n a l l y ,  t h e  
Nt t o  represent  

The Retarded Time Equat ion 

As discussed i n  t h e  Subsonic P r o p e l l e r  Noise Module, The re ta rded 
t i m e  equat ion  can be w r i t t e n  i n  t h e  form 

f ( $ )  = A$*  + B$  + C + c o s ( $  + D )  = 0 (13)  

where o n l y  t h e  r o o t s  ($/n) < 0 a r e  o f  i n t e r e s t .  F i g u r e  1 i s  a t y p i c a l  
graph o f  t h e  r e t a r d e d  t i m e  equat ion  t h a t  o f t e n  r e s u l t s  when t h e  source 
p o i n t s  a re  moving a t  c l o s e  t o  son ic  speeds. It i s  n o t  c l e a r  f rom t h e  
f i g u r e  whether t h i s  graph has one o r  more negat ive  roots .  I n  o rder  t o  
s o l v e  n u m e r i c a l l y  f o r  t h e  r o o t s  u s i n g  Newton's method, t h e  number and 
approximate l o c a t i o n  o f  t h e  r o o t s  must be determined. 

N o t i c e  t h a t  equat ion  (13) cou ld  be e a s i l y  so lved i f  t h e  cos ine  
term were absent. The f i r s t  s tep  i n  f i n d i n g  approximate r o o t s  i s  t o  
s e t  c o s ( $  + D)  = -1 and s o l v e  f o r  t h e  negat ive  r o o t  
o f  t h e  a c t u a l  r o o t s  must be i n  t h e  i n t e r v a l  [ $  ,O] beciuse t h e  cos ine  
te rm cannot have a va lue s m a l l e r  than -1. 
curve  by a parabola t h a t  has t h e  same minimum p o i n t  and t h e  same 
i n t e r c e p t s ,  and then s o l v e  again. The r e s u l t i n g  approximate r e t a r d e d  
t i m e  equat ion may have one, two, o r  no r e a l  r o o t s  i n  t h e  i n t e r v a l  
[$,,O]. 
i s  a good i n i t i a l  guess t o  t h e  one n e g a t i v e  r o o t  o f  equat ion  (13) .  
t h e r e  a r e  no r e a l  r o o t s  t o  t h e  approximate equat ion,  then 
good i n i t i a l  guess t o  t h e  one r o o t  o f  equat ion  (13).  I f ,  however, 
t h e r e  a r e  two r o o t s  t o  t h e  approximate equat ion,  then t h e  s i t u a t i o n  
must be f u r t h e r  c l a r i f i e d .  

$ . T h e  l oca t ion  

Nex?, approximate t h e  cos ine  

I f  t h e r e  i s  o n l y  one r o o t  t o  t h e  approximate equat ion,  then i t  

+o w i l l  be a 
I f  
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F i g u r e  2 i s  an exploded view o f  t h e  graph i n  f i g u r e  1. Yote t h a t  
t h e r e  are t h r e e  r o o t s  i n  t h i s  p a r t i c u l a r  case. The best  way t o  f i n d  
them i s  t o  f i n d  f i r s t  t h e  l o c a l  minimum and maximum p o i n t s  on t h e  
curve. That i s ,  s o l v e  

- -  df  - ZA$ + B - s i n ( +  + D )  = o 
d4 

Approximate s o l u t i o n s ,  $1 and $I?, t o  equat ion (14) a re  adequate. I f  
f ( $ l )  and f ( 4 1 ~ )  have oppos i te  s igns, then t h e r e  i s  a r o o t  o f  f 
between them. S i m i l a r l y ,  i f  f($i)) and f ( + l )  have oppos i te  
s igns,  then a r o o t  e x i s t s  between them. I f  i t  i s  determined t h a t  t h r e e  
r o o t s  e x i s t ,  then (+o  + $1)/2,  ( 4 ;  + ~ + ~ ) / 2 ,  and $2/2 w i l l  be very good 
i n i t i a l  guesses f o r  use by Newton s method. 
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11.3 PROPELLER TRAILING-EDGE NOISE MODULE 

Donald S .  Weir 
PRC Kentron, Inc. 

INTRODUCTION 

T h i s  module computes t h e  t r a i l i n g - e d g e  no ise  produced by a 
p r o p e l l e r  based on t h e  method developed by S c h l i n k e r  and Amiet ( r e f .  
1). The prope l  'I e r  geoinet ry and f 1 ow c h a r a c t e r i  s t i  cs a re  p rov ided by 
t h e  Blade Shape Module, t h e  Blade Sect ion  Boundary-Layer Module, and 
t h e  P r o p e l l e r  Performance Module. The observer  i s  assumed t o  be moving 
w i t h  t h e  a i r c r a f t ,  and t h e  p r o p e l l e r  i s  modeled as a noncompact 
source. 
broadband no ise  source a t  each observer p o s i t i o n .  

The module produces a 1/3-octave-band spectrum due t o  t h e  

SYMBOLS 

b b lade s e c t i o n  semichord, m ( f t )  

C b lade chord length ,  r e  R 

C OD 

D 

ambient speed o f  sound, m/s ( f t / s )  

d i  r e c t i  v i  t y  f u n c t i o n  

E* combi n a t  i on o f  Fresnel  i n t e g r a l  s 

F spectrum f u n c t  i on 

f frequency , Hz 

g r  a c c e l e r a t i o n  due t o  g r a v i t y ,  m/s2  
( f t / s  2 >  

wave number, w/U, m - l  ( f t - l )  kx  
L chordwise i n t e g r a l  o f  sur face  l o a d i n g  

t u r b u l e n c e  c o r r e l a t i o n  length,  m ( f t )  Il" J 
M Mach number 

Mach number o f  
t o  f l u i d  

r e f e r e n c e  Mach 
MO 

a i  r f o i  1 s e c t i o n  re1 a t  i ve 

number 
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Mf 

MO 

Mr 

m 

N 

<p2> 

R 

Ra 
r 

-+ 
r 

s 

St 

S 

Tr 
t 

U 

-+ 
X 

X,Y ,Z 
-b 
X 

Mach number o f  a i r f o i l  s e c t i o n  r e l a t i v e  
t o  f l u i d  

re fe rence  Mach number 

Mach number o f  a i r f o i l  s e c t i o n  r e l a t i v e  
t o  observer  

mo lecu la r  weight  o f  a i  r 

number o f  p o i n t s  

number o f  b l  ades 

number o f  spanwise s t a t i o n s  

mean-square acous t i c  pressure, Pa2 
( l b 2 / f t 4 )  

b lade length ,  rn ( f t )  

gas cons tan t  f o r  a i  r, m2/K-s  ( f t  2/oR-s 2, 

magnitude o f  

p o s i t i o n  vec tor ,  m ( f t )  

su r face  pressure  spectrum, Pa *-s 
(1  b 2 - s / f t  4, 

S t rouha l  number, f 1 / 3 ~ / U  

span o f  a i r f o i l  segment, m ( f t )  

s tandard sea l e v e l  temperature, K (OR) 

t ime,  s 

v e l o c i t y ,  m/s ( f t / s )  

coord ina tes  o f  X 
-+ 

n o n r o t a t i  ng coo rd ina te  system f i x e d  t o  

coord ina tes  o f  x’ 
p r o p e l l e r  hub, m ( f t )  

coord i  na te  system f i xed t o  b l  ade t r a i  1 i ng 
edge, m ( f t )  
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Subscr ip ts :  

b 

C 

e 

f 

1 / 2  
c o m p r e s s i b i l i t y  f a c t o r ,  (1 - M 2 )  

boundary- layer th ickness ,  rn ( f t )  

boundary-1 ayer displacement th ickness,  m 
( f t )  

1 / 2  
= u ( x 2  + B 2 Z 2 )  / a  

coord ina tes  o f  

r o t a t i n g  coord ina te  system centered on 
p r o p e l l e r  hub, rn ( f t )  
- -  

= A + 1-1 ( M  - ~ / a )  

p o l  a r  d i  r e c t i  v i  t y  angl e, deg 

r o o t  p i t c h  angle, rad 

b lade t w i s t  angle, rad 

wave number, w/Uc 

= Mkx/B2 

spanwise p o s i t i o n ,  r e  R 

ambient dens i ty ,  kg/m3 ( s l u g / f t  3, 

1 / 2  
= [ x 2  + B2(Y2 + z ’ ) ]  

azimuthal  d i r e c t i v i t y  angle, deg 

b lade r o t a t i o n  angle, rad 

b lade angu lar  r o t a t i o n  frequency, rad/s  

angular  frequency, rad/s  

S t  rouhal  number, ws*/U 

b lade 

convec t ion  

emiss ion t i m e  

due t o  M. R. F ink  
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h 

R 

0 

t 

113 

Not a t  i on: 

- 
A 

I 

h i  gh-f requency approx imat ion 

1 ow-f requency approx i  m a t  i on 

observer  

t r a i  1 i ng edge 

113-octave-band va lue 

normal i zed 

u n i t  v e c t o r  

m o d i f i e d  

INPUT 

The computat ion o f  propel  1 e r  t r a i  1 i ng-edge no ise  requ i  r e s  
knowledge o f  t h e  b lade shape c h a r a c t e r i s t i c s ,  f l o w  and o p e r a t i n g  
c h a r a c t e r i  s t i  cs, boundary-1 ayer  th ickness ,  and observer geometry. The 
b lade shape c h a r a c t e r i s t i c s  can be computed by t h e  Blade Shape Module, 
t h e  boundary- layer t h i c k n e s s  can be computed by t h e  Blade S e c t i o n  
Boundary-Layer Module, and t h e  f 1 ow c h a r a c t e r i s t i c s  can be computed by 
t h e  P r o p e l l e r  Performance Module. 

U s e r  Pa ramet e r  s 

MC 

MO 

NS 

Nb 

R 

Z 

'b 

tu rbu lence convect ion Mach number, r e  M 

re fe rence Mach number, m/c, 

number o f  b l  ades 

h i g h e s t  harmonic number des i  r e d  

b lade length,  m ( f t )  

a i r c r a f t  a l t i t u d e ,  m ( f t )  

r o o t  p i t c h  change angle, r a d  

a r r a y  o f  b lade i n i t i a l  azimuth angles, r a d  
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Blade Shape Data 

spanwise s t a t i o n ,  r e  R 

blade chord length ,  r e  R 

b lade t w i s t  angle, rad  

b l  ade t r a i  1 i ng-edge absci ssa, r e  R 

b lade t r a i l i n g - e d g e  ord ina te ,  r e  R 

Observer Geometry 

a r r a y  o f  observer coord inates,  m ( f t )  

Propel  l e r  Performance Data 

spanwise s t a t i o n ,  r e  R 

l o c a l  Mach number 

angle o f  a t tack ,  rad 

Boundary -L ayer Data 

spanwise s t a t i o n ,  r e  R 

angle of a t tack ,  r a d  

Mach number 

boundary-1 ayer  displacement t h i  ckness, 
( f t )  

Atmospheri c Data 

a l t i t u d e ,  r e  RaTr/mgr 

ambient speed o f  sound, r e  cr 

ambient dens i ty ,  r e  pr 
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Independent V a r i  ab1 e Arrays 

f 
I/ 3 

f 
I /  3 

x’ 

a r r a y  o f  spanwise s t a t i o n s ,  r e  R 

a r r a y  o f  1/3-octave-band c e n t e r  
f requency , Hz 

OUTPUT 

This  module produces broadband no ise  da ta  due t o  t h e  source. 

Broadband Noise Data 

1/3-octave-band c e n t e r  f requencies,  Hz 

observer  l o c a t i o n ,  in ( f t )  

mean-s uare pressure spectrum, 
<P2(Lfl,,)> r e  P,C, 9 4  

METHOD 

The methodology o f  t h i s  module i s  based on t h e  work o f  S c h l i n k e r  
and Amiet ( r e f .  1 )  , who present  a technique f o r  p r e d i c t i n g  h e l i c o p t e r  
r o t o r  t r a i l i n g - e d g e  noise.  Several re f inements have been made f o r  
improved accuracy and c o m p a t i b i l i t y  w i t h  t h e  p r o p e l l e r  p r e d i c t i o n  
problem t o  i n c l u d e  

1. A change o f  coord ina te  systems t o  m a i n t a i n  consis tency w i t h  
o t h e r  p rope l  1 e r  a n a l y s i s  modules 

2. A m o d i f i c a t i o n  o f  t h e  problem d e f i n i t i o n  t o  extend i t s  
v a l i d i t y  t o  t h e  geometr ic near f i e l d  

The present  a t  i on o f  t h e  rnethodol ogy i s  d i  v i  ded i n t o  severa l  
p a r t s .  
two-dimensional a i  r f o i  1 i s  presented. Second, an empi r i c a l  
two-dimensional  a i r f o i l  n o i s e  p r e d i c t i o n  method i s  presented f o r  
comparison. Then, a d e s c r i p t i o n  o f  t h e  var ious  o p t i o n s  f o r  
d i r e c t i v i t y  and spectrum f u n c t i o n s  i s  presented. 
two-dimensional t r a i l i n g - e d g e  no ise  model i s  a p p l i e d  t o  p r e d i c t  
p r o p e l l e r  noise.  

F i r s t ,  a d e s c r i p t i o n  o f  t h e  t h e o r e t i c a l  no ise  p r e d i c t i o n  f o r  a 

F i n a l l y ,  t h e  

T h e o r e t i c a l  Noise P r e d i c t i o n  f o r  Two-Dimensional A i  r f o i  1 

For t h e  c o o r d i n a t e  system shown i n  f i g u r e  1, t h e  mean-square 
a c o u s t i c  pressure p e r  u n i t  f requency due t o  t r a i l i n g - e d g e  n o i s e  i s  
g i  ven by 
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This  r e s u l t  was developed i n  p rev ious  t h e o r e t i c a l  i n v e s t i g a t i o n s  by 
Amiet ( r e f s .  2, 3, and 4). It i s  based on model ing t h e  t u r b u l e n t  f l o w  
pas t  t h e  t r a i l i n g  edge o f  an a i r f o i l  as a f rozen sur face  pressure 
p a t t e r n  which convects downstream a t  a Vach number Mc 
t r a i l i n g  edge. The pressure jump must be f o r c e d  t o  zero a t  t h e  
t r a i l i n g  edge t o  s a t i s f y  t h e  K u t t a  c o n d i t i o n ;  thus,  an induced pressure  
f i e l d  t h a t  propagates away f rom t h e  a i r f o i l  i s  produced. 
o f  t h e  d e r i v a t i o n  o f  equat ion (1) are  presented i n  re fe rence 1. 

pas t  t h e  

The d e t a i l s  

Several terms i n  equat ion (1) r e q u i r e  f u r t h e r  explanat ion.  The 
wave number kx i s  de f ined as 

w 
k x  = TJ 

and t h e  l e n g t h  s c a l e  u i s  

(3) 
1 / 2  

(3 = [x2  + B2(Y + z 2 )  J 

The chordwise i n t e g r a l  o f  t h e  sur face  l o a d i n g  1 ~ 1  i s  expressed as 

I L I  = $ I ei2’ (1 - (1 + i ) E * [ 2 ( 7  + YW + T o ) ] }  

where 

x = w / u c  

u = Y k x / B 2  

and t h e  overbar denotes normal ized by t h e  a i r f o i l  semichord b. The 
f u n c t i o n  €*[XI i s  t h e  complex conjugate of t h e  i n t e g r a l  

it d t  E [ x ]  = 1 e 
0 
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A l t e r n a t e l y ,  E * [ x ]  can be w r i t t e n  as a 
i n t e g r a l s  as 

E * [ x \  = C i ( x )  - i S i ( x )  

where C i ( x )  and S i ( x )  a r e  t h e  Fresne 
r e s p e c t i v e l y  . 

combi n a t i o n  o f  Fresnel  

cos ine and s i n e  i n t e g r a  

The sur face  pressure spectrum f u n c t i o n  S( U) i s  approximated by 
t h e  e m p i r i c a l  r e l a t i o n  

(11)  
-5 1 6* S ( w )  = 2 x 10 ( F  ij- F(;) 

where t h e  f u n c t i o n  F(;) i s  de f ined as 

1 
F ( i )  = ( 1  t i t 0.217G2 t 0.00562;4) 

and t h e  Strouhal  number i s  

I; =w6* 
U 

Th is  sur face  pressure spectrum f u n c t i o n  was obta ined from t h e  e m p i r i c a l  
da ta  o f  W i l  l m a r t h  and Roos ( r e f .  5). The spanwise t u r b u l e n t  
c o r r e l a t i o n  l e n g t h  gY(w) i s  est imated f rom data obta ined by Corcos 
( r e f .  6) as 

By c o l l e c t i n g  a l l  terms i n  equat ion (1) t h a t  a r e  a f u n c t i o n  o f  
p o s i t i o n ,  a d i r e c t i v i t y  f u n c t i o n  can be de f ined as 

where t h e  re ta rded source r a d i u s  r e  i s  in t roduced f o r  dimensional  
cons is tency  and 0 and (p a r e  t h e  p o l a r  and azimuthal  d i r e c t i v i t y  
angles, r e s p e c t i v e l y  ( f i g .  1). S u b s t i t u t i n g  equat ion  (15) i n t o  
equat ion  (1 )  y i e l d s  

Note t h a t  t h e  d i r e c t i v i t y  f u n c t i o n  0 i s  a f u n c t i o n  o f  f requency i n  
a d d i t i o n  t o  t h e  two d i r e c t i v i t y  angles. I t  w i l l  be shown l a t e r  t h a t  
when p r o p e r l y  normal ized, t h e  f requency dependence can be removed. 
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Equat ion (16) i s  t h e  pr imary  r e s u l t  o f  t h e  t h e o r e t i c a l  a n a l y s i s  o f  
re fe rence (1) .  I t s  d i r e c t i v i t y  and spectrum c h a r a c t e r i s t i c s  a r e  
discussed i n  1ati.r sect ions.  I n  a d d i t i o n ,  comparisons are  made between 
t h e  t h e o r e t i c a l  p r e d i c t i o n  and t h e  e m p i r i c a l  t r a i l i n g - e d g e  no ise  
p red  i c t  i on met hod. 

Empi r i ca l  Noise P r e d i c t i o n  f o r  Two-Dimensional A i r f o i l  

S c h l i n k e r  aind Amiet ( re f .  1) a l s o  present  a s c a l i n g  law f o r  t h e  
t r a i l i n g - e d g e  no,ise o f  a two-dimensional a i r f o i l .  From a n a l y s i s  of t h e  
t h e o r e t i c a l  approach and a v a i l a b l e  exper imental  data, t h e y  conclude 
t h a t  t h e  dependeiqce of t h e  mean-square pressure on f l o w  parameters i s  

‘ e  

where TT i s  t h e  normal ized d i r e c t i v i t y  f u n c t i o n  g iven by 
D( e,+ ,O( .rr/2, .rr/2,d 

The normal ized spectrum f u n c t i o n  developed by F ink  ( r e f .  7) f o r  
1/3-octave-band data 

- 3 / 2  -4 
Ff(St)  = 0.613(10St)4[(10St) + 0.51 

where t h e  Strouhal  number S t  def ined as 

- 1 / 2  
St - u 

a c c u r a t e l y  p r e d i c t e d  t h e  avai  1 a b l e  spectrum data  f o r  c l  ean a i  rf rame 
n o i s e  where t r a i  1 i ng-edge n o i  se was assumed t o  dominate. 
p r e d i c t i o n  equat ion i s  

The r e s u l t i n g  

-- 
5.279 x l o m 7  M5 6s D F f  -- ‘p2’1/3 = 

2 4  2 
pco cco re 

where t h e  p r o p o r t i o n a l i t y  constant  was ob ta ined from exper imenta l  data. 

D i r e c t i v i t y  Funct ions f o r  Two-Dimensional A i  r f o i  1 

Both p r e d i c t i o n  equat ions (16) and (20) r e q u i r e  usage o f  a 
d i r e c t i v i t y  func t ion .  
f u n c t i o n  are  

The t h r e e  op t ions  a v a i l a b l e  f o r  a d i r e c t i v i t y  
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1. High-frequency l i m i t  t o  equat ion (15) 

2. Low-frequency l i m i t  t o  equat ion (15)  

3. M o d i f i e d  d i r e c t i v i t y  f u n c t i o n  proposed by F ink ( re f .  7 )  

F i r s t ,  some a n a l y s i s  o f  t h e  geometry o f  t h e  problem i s  require$. 
Equat ion (1) was d e r i v e d  i n  terms o f  t h e  present  a i r f o i l  p o s i t i o n  x, 
t h a t  i s ,  t h e  p o s i t i o n  of t h e  a i r f o i l  when t h e  sound i s  received. As 
can be seen f rom f i g u r e  1, f o r  an a i r f o i l  moving i n  t h e  - x - d i r e c t i o n ,  
t h e  observer coord ina te  a t  t h e  t i m e  of sound emission i s  

re cos e = x - U t e  ( 2 1 )  

where 
observer. 

t, = re/Cm i s  t h e  propagat ion t i m e  f rom source t o  
Thus, t h e  present  source p o s i t i o n  i s  

x = re(M + cos e) (22)  

and t h e  y and z observer  coord ina tes  remain unchanged by t h e  
a i r f o i l  motion. Expressing these i n  t h e  s p h e r i c a l  coord ina tes  of 
f i g u r e  1 y i e l d s  

y = re s i n  e cos 0 ( 2 3 )  

and 

z = re s i n  8 s i n  4 (24)  

S u b s t i t u t i n g  equat ions (22)  t o  ( 2 4 )  i n t o  equat ion ( 3 )  f o r  CJ y i e l d s  

CJ = r e ( l  + M cos e)  (25 )  

and equat ions (22)  t o  (25) a l l o w  equat ion (15) t o  be w r i t t e n  as 

lLl s i n 2  e s i n 2  4 
(1 + M cos e ) 4  

D ( W w )  = 

Equat ion (26) serves as a more u s e f u l  form t o  eva lua te  t h e  f o u r  
d i  r e c t i  v i t y  opt ions.  

F u l l  t h e o r e t i c a l  d i r e c t i v i t y .  S u b s t i t u t i n g  equat ion ( 4 )  f o r  t h e  
chordwise i n t e g r a l  o f  t h e  surface l o a d i n g  i n t o  equat ion  (26) y i e l d s  
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The normalization of equation (27)  requires the evaluation of 
D ( I T / ~ , T / ~ , W ) .  Substituting 8 =  IT/^ and 4 = d 2  into equations (22 )  
t o  (25) gives x = Mre, y 2 0, z = re, and u = re. Then from 
equations (5)  and  (8),  o = x and c0 = p; therefore, 

Dividing equat'on (27)  by equation (28) yields,  for the normalized 

di rect i  vi ty  

sin' e sin' + W w d  = - 
(1 + M cos 8' 

A + VM + co '1' 
Ieiz0(l - (1 + i)E*[2(T + TM + y o ) ] }  + ( LIx,(J + ) (1 + i ) E *  [2(Tx/o +yo)] 

0 

i 2T + '(' ;)'"'''(l + i)E*[2T(M + 1)1( 2 (29 )  e 11 - (1 + .i)E*[2T + 2T(M + l)]} + [ v ( M  + 

Since A ,  p, co, and o are a l l  proportional t o  W, the only 
frequency dependency i n  equation (29)  i s  in the arguments of the 
exponential and E* functions. 

Equation (29) i s  obviously awkward and time consuming t o  use for 
multiple calculations. Fortunately, simplifying assumptions can be 
made without s8i gni f i cant 1 oss in accuracy. 

High-frequency approximation.- For a case where & >> 1, 
corresponding t o  a large chord length o r  high frequency, the arguments 
of E* in equation (29)  become large. Since 

1 - i  lim E*[x]  = - 2 
X +a 
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equat ion (29) i n  t h e  h i  gh-f  requency 1 i m i  t becomes 

Note t h a t  i n  t h e  h igh- f requency l i m i t ,  t h e  d i r e c t i v i t y  f u n c t i o n  i s  
independent o f  frequency. 

A d d i t i o n a l  i n s i g h t  i n t o  t h e  high-frequency approx imat ion can be 
gained by examining Dh(e,r/Z). S e t t i n g  $ = n / 2 ,  s u b s t i t u t i n g  
equat ions ( 5 )  t o  (8) and (22)  t o  (25)  i n t o  equat ion ( 3 1 ) ,  and 
rear rang ing  y i e l d  

2 s i n ’  ( e / z )  

(1 + M cos e )  [l + ( M  - Mc)  COS^]^ 
(32)  

- 
Dh(e,n/2) = 

The n o r m a l i z a t i o n  f a c t o r  Dh(r /z , r /Z) ,  which i s  r e q u i r e d  f o r  
s u b s t i t u t i n g  equat ion  (31)  i n t o  equat ion ( Z O ) ,  i s  

D h ( ” / 2 , ~ / 2 , ~ )  = ( 3 3 )  

Low-frequency approximat ion.  - For a case where & << 1, 
corresponding t o  a smal l  chord l e n g t h  o r  smal l  frequency, t h e  va lue  o f  
E*[x] approaches zero. Therefore, i n  t h e  low-frequency 1 i m i t ,  
equat i on (29) becomes 

s i n 2  e s in ’  9 - T‘ 
(1 + M cos e ) 4  0’ 

D2(e,a) = (34 )  

Agai n , t h e  d i  r e c t i  v i  t y  f unc t  i on i s  i ndependent o f  frequency . 
t h e  same l o g i c  as f o r  t h e  high-frequency case, 

Fol 1 owi ng 

(35)  
- sin ‘  e 
D,(e,d2) = 

(1 + M COS 8) ’  [1+ (M - Mc) COS e ] ’  

1 DE( I T / ~ , I T / ~ , u )  = - 
T’ 
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The 1 ow-f requency 
f u n c t i o n  i s  a l s o  shown 
between equat i on s (32) 

approx imat ion o f  t h e  normal ized d i r e c t i v i t y  
i n  f i g u r e  2 f o r  comparison. 
and (35) shows t h a t  

D i r e c t  comparison 

- 1 + M cos e - 
1 + cos e (37)  

and t h a t  i n  t h e  l i m i t  as t h e  Mach number approaches zero, t h e  two 
normal ized d i r e c t i v i t y  f u n c t i o n s  become i d e n t i c a l  a t  0 = d 2 .  I n  
a d d i t i o n  t o  t h e  d i f f e r e n c e  i n  d i r e c t i v i t y  shape, t h e  two d i r e c t i v i t y  
f u n c t i o n s  have d i f f e r e n t  normal iza t ions .  The r a t i o  o f  equat ions (33) 
and (36) i s  

Thus, i f  t h e  tu rbu lence  convect ion Mach number i s  se t  equal t o  t h e  
f ree-st ream Mach number, t h e  peak o v e r a l l  sound pressure l e v e l  i n  t h e  
h igh- f requency approx imat ion i s  1 / M  l a r g e r  than t h e  low-frequency 
approx imat ion o v e r a l l  sound pressure l e v e l .  

M o d i f i e d  d i r e c t i v i t y  by Fink.  - I n  t h e  p r e d i c t i o n  method f o r  
a i  rf raine no ise  developed by F i  nk ( r e f .  7 ) ,  t h e  normal i zed d i  r e c t i  v i  t y  
f u n c t i o n  f o r  wing t r a i l i n g - e d g e  no ise  i s  

D,(e, ,+) = s i n 2  ( 8 / 2 )  s i n 2  0 (39)  

Th is  f u n c t i o n  was mod i f i ed  f o r  t h e  Doppler a m p l i f i c a t i o n  o f  a p o i n t  
source w i t h  v e l o c i t y  M i n  t h e  ANOPP A i r f rame Noise Module ( r e f .  8, 
sec. 8.8) t o  y i e l d  

which, s ince  
d i  r e c t i  v i  t y  

D , r ( ~ / 2 , ~ / 2 )  = 1/2, r e s u l t s  i n  t h e  normal ized 

T h i s  f u n c t i o n  i s  s i m i l a r  i n  shape t o  t h e  o t h e r  approximate d i r e c t i v i t y  
f u n c t i o n s  shown i n  f i g u r e  2. It d i f f e r s  i n  shape from t h e  
h i g h - f  requency approx imat ion by t h e  r a t i o  

[I + (M - M ~ )  COS e l 2  
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Note t h a t  t h e  F ink  d i r e c t i v i t y  f u n c t i o n  Df has no frequency 
dependence, whereas D, Dh, and D, a r e  a l l  p r o p o r t i o n a l  t o  1 / w 2  
b e f o r e  normal iza t ion .  Since t h e  F ink  d i r e c t i v i t y  f u n c t i o n  was ob ta ined 
independent o f  t h e  Amiet t h e o r e t i c a l  ana lys is ,  i t  i s  no t  s u r p r i s i n g  
t h a t  i t  i s  not  compat ib le  w i t h  equat ion  (16).  Therefore,  equat ion  (41)  
w i l l  on ly  be a p p l i e d  t o  t h e  e m p i r i c a l  p r e d i c t i o n  g iven by equat ion  
(20) 

Spect rum Funct i ons f o r  Two-Dimens i onal A i  rf 0.i 1 

The t h e o r e t i c a l  n o i s e  p r e d i c t i o n  equat ion  (16)  has severa l  terms 
which are  a f u n c t i o n  of frequency. If i t  i s  assumed t h a t  t h e  
high-frequency approx imat ion i s  v a l i d ,  s u b s t i t u t i n g  equat ions (Z), 
( l l ) ,  (14),  (32),  and (33) i n t o  equat ion  (16) and c o l l e c t i n g  a l l  
f requency terms y i e l  d 

Equat ion (43) descr ibes  a narrow-band spectrum. It i s  o f ten  convenient  
t o  examine t h e  1/3-octave-band spectrum f o r  comparison t o  exper imenta l  
data. The d e f i n i t i o n  of t h e  1/3-octave-band spectrum f u n c t i o n  i s  

where E? and u r e f e r  t o  t h e  lower  and upper l i m i t s  of t h e  band. 
E v a l u a t i n g  t h e  i n t e g r a l ,  assliming t h a t  t h e  mean va lue o f  t h e  spectrum 
equals t h e  c e n t e r  value, y i e l d s  f o r  t h e  1/3-octave-band spectrum 
f u n c t  i on 

F l / 3  (G) = 0.23077F(G) (45)  

where ZI i s  understood t o  be a 1/3-octave-band c e n t e r  f requency 
value. Therefore,  f rom t h e  d e f i n i t i o n  o f  F(G), 

0.23077 
F 1 / p  = 

1 + G + 0.217 G2 + 0.00562G4 

or ,  expressed i n  terms of t h e  Strouhal  number S t  = f s/U, and 
c o n v e r t i n g  t h e  l e f t - h a n d  s i d e  from an ZI spectrum t o ' i 3 f r e q u e n c y  
spectrum 
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(47)  
0 2 3 0 7 7  

F ( S )  = 
1 / 3  t 1 + 0.785St + 0.134s; + 0.00213S: 

To conver t  f rom W t o  S t ,  i t  i s  assumed t h a t  6* = 6/8, which i s  
t y p i c a l  f o r  a f l a t - p l a t e  - boundary l a y e r .  From equat ion  (47) ,  a 
normal ized spectrum F,/,(St) can be d e f i n e d  such t h a t  

_- 

where t h e  sumination i s  over a l l  1 /3  octave bands. I n  a d d i t i o n ,  t h e  
o r i g i n a l  spec.trum f u n c t i o n  was a two-sided spectrum f o r  -00 < W < a. 
Conver t ing t o  a one-sided spectrum, m u l t i p l y i n g  by two f o r  bo th  s ides  
o f  t h e  a i r f o i l ,  and a p p l y i n g  t h e  n o r m a l i z a t i o n  c o n d i t i o n  y i e l d  

(49)  
0.0754 - - 

F & t )  - 1 + 0.785St + 0.134s; + 0.00213s: 

Therefore,  f o r  a 1/3-octave-band ana lys is ,  t h e  F ( w ) / w  t e r m  should be 
S t ) ,  where 

= 12.243 F1/,(St) 

ven by equat ion  (49).  

Schl i nker  and A m i  e t  ( r e f .  1)  made comparisons o f  t h e  spectrum 
f u n c t i o n  F(G) w i t h  a v a i l a b l e  exper imental  data f o r  t h e  sur face  
pressure spectrum o f  an a i r f o i l .  They determined t h a t  equat ion  (11),  
which i s  based on f l a t - p l a t e  sur face  pressure  data, tended t o  
underest imate t h e  a i r f o i l  data by as much as 7.0 dB. They determined 
t h e  d i f f e r e n c e  between t h e  f l a t  p l a t e  and a i r f o i l  data. T h i s  
d i f f e r e n c e  f u n c t i o n  AF(i3) i s  def ined i n  t a b l e  I .  They recommended a 
m o d i f i e d  sur face  pressure spectrum f u n c t i o n  F '  (W) as 

F ' ( G )  = F(W) AF(W) (51)  

Th is  can be conver ted t o  a normal ized 1/3-octave-band spectrum, 
f o l l o w i n g  t h e  procedure o f  equat ions (44) t o  (47),  w i t h  t h e  r e s u l t  

(52)  
- 0.0215 AF(St) 
F;/, ( S t )  = 1 + 0.785St + 0.134s; + 0.0022lS: 

Therefore, f o r  t h e  S c h l i n k e r  and Amiet m o d i f i e d  spectrum f u n c t i o n ,  t h e  
t e r m  F ( w ) / w  should be rep laced by F '  ( S t ) ,  where 

1/ 3 
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( S  ) = 42.923 F;/3(St) F'1/3 t (53)  

I n  summary, t h e  t h r e e  normal ized 1/3-octave-band spectrum 
f u n c t i o n s  a v a i l a b l e  f o r  t r a i l i n g - e d g e  no ise  p r e d i c t i o n  a r e  

- 
1. F,/,(St) g iven  by equat ion (47) based on f l a t - p l a t e  

sur face pressure spectrum data  

- 
2. F',/,(St) g iven  by equat ion (52) based on a i r f o i l  

s u r f a c e  pressure da ta  

- 
3. F f ( S t )  g iven  by equat ion (18) obta ined by F ink  ( r e f .  7) 

A l l  t h r e e  spectrum func t ions  may be used f o r  t h e  e m p i r i c a l  
t r a i l i n g - e d g e  no ise  p r e d i c t i d n  method. Only t h e  f i r s t  two can be used 
f o r  t h e  t h e o r e t i c a l  method s i n c e  t h e  constant  f o r  n o r m a l i z a t i o n  o f  t h e  
F ink  spectrum f u n c t i o n  i s  unknown. A comparison of t h e  t h r e e  
normal ized spectrum f u n c t i o n s  i s  g iven  i n  f i g u r e  3. 

The 1/3-octave-band mean-square pressure f o r  t h e  f u l l  t h e o r e t i c a l  
d i r e c t i v i t y  and t h e  low-frequency approx imat ion can be determined i n  
t h e  same manner. I n  general ,  t h e  1/3-octave-band form of t h e  
t h e o r e t i c a l  p r e d i c t i o n  equat ion  (16) i s  

where convers ion t o  a one-sided spectrum and bo th  s ides  o f  t h e  a i r f o i l  
a re  taken i n t o  account. The frequency w i s  assumed t o  be a 
1/3-octave-band c e n t e r  frequency value. 

Comparison o f  Two-Dimensional P r e d i c t i o n  Flethods 

The t h e o r e t i c a l  p r e d i c t i o n  i n  t h e  high-frequency approx imat ion 
g iven by equat ion (43)  can now be d i r e c t l y  compared w i t h  t h e  e m p i r i c a l  
p r e d i c t i o n  method. Assuming t h a t  t h e  convec t ion  Mach number !dC 
equals  t h e  f ree-stream Mach number Y ,  t h e  boundary-1 ayer  displacement 
t h i c k n e s s  6* equals 6 / 8 ,  and t h e  modi f ied spectrum f u n c t i o n  o f  
S c h l i n k e r  and Amiet g iven  by equat ions (52) and (53) i s  v a l i d ,  equat ion  
(43) i s  w r i t t e n  i n  1/3-octave-band form as 
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Using t h e  h igh- f requency approx imat ion f o r  t h e  normal ized d i r e c t i v i t y  
f u n c t i o n  b, t h e  e m p i r i c a l  p r e d i c t i o n  equat ion (20) i s  w r i t t e n  as 

Comparison o f  equat ions (55) and (56) shows t h a t  t h e  t h e o r e t i c a l  
tnethod p r e d i c t s  an o v e r a l l  mean-square pressure about 1.3 dB h i g h e r  
than t h e  e m p i r i c a l  method and t h e  spectrum shapes d i f f e r  as shown i n  
f i g u r e  3. It should be noted, however, t h a t  equat ion  (54) ,  n o t  
equat ion  (55), represents  t h e  f u l l  t h e o r e t i c a l  model. 

Geometry f o r  Propel  1 e r  Appl i c a t i  on 

A p p l i c a t i o n  o f  t h e  two-dimensional a i r f o i l  t r a i l i n g - e d g e  n o i s e  
p r e d i c t i o n  t o  a p r o p e l l e r  i s  accomplished by model ing t h e  p r o p e l l e r  as 
t h e  sum o f  i n d i v i d u a l  a i r f o i l  segments. The n o i s e  c o n t r i b u t e d  by each 
segment i s  summed a t  t h e  observer  t o  produce t h e  n o i s e  s i g n a t u r e  a t  a 
f i x e d  t ime. As t i m e  changes, t h e  observed n o i s e  spectrum changes 
because t h e  r e l a t i v e  mot ion o f  t h e  b lade about t h e  hub. The r e s u l t i n g  
time-dependent; n o i s e  s p e c t r a  must be f u r t h e r  analyzed t o  produce t h e  
complete n o i  se s ignature .  

The geometry o f  t h e  p r o p e l l e r  a p p l i c a t i o n  i s  shown i n  f i g u r e  4. 
The n o n r o t a t i n g  c o o r d i n a t e  system f i x e d  t o  t h e  p r o p e l l e r  hub i s  denoted 
by ? = ( X , Y , Z ) .  
l o c a t i o n  denoted by ro = (Xo,Yo,Z, )  i n  t h e  f c o o r d i n a t e  
system. The p o s i t i o n  o f+ the  t r a i l i n g  edge o f  a s p e c i f i c  a i r f o i l  
segment i s  denoted by rb. The components o f  t h e  t r a i l i n g - e d g e  
l o c a t i o n  a r e  provide+d by t h e  Biade Shape Module i n  t h e  r o t a t i n g  
c o o r d i n a t e  system n, where r b  = ( ~ l t ( 6 1 ) , 5 1 , ~ 1 3 t ( 5 1 ) )  and E l  
i s  t h e  spanwise b lade coord inate.  The b lade p o s i t i o n  r b  must be 
t ransformed t w i c e  t o  express i n  t h e  f c o o r d i n a t e  system. The 
f i r s t  t r a n s f o r m a t i o n  t o  t h e  n c o o r d i n a t e  system accounts f o r  t h e  
b lade r o o t  p i t c h  0, as 

The gbserver  i s  f i x e d  r e l a t i v e  t o  t h e  hub and i t s  

-b 

bl+l n 

- - 
cos 8, 0 s i n  eo 

0 1 0 

- s i n  8, 0 cos eo 
- - 

+ 

rbL (57)  

The second t r a n s f o r m a t i o n  removes t h e  r o t a t i o n  o f  t h e  ;’ c o o r d i n a t e  
system, which r e s u l t s  i n  
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+ 

'b/i = 

- 
cos Q - s i n  J, 0 

s i n  J, cos J, 0 

where Q i s  t h e  b lade r o t a t i o n  angle d e f i n e d  i n  f i g u r e  4. 

The observe5 p o s i t i o n  r e l a t i v e  t o  t h e  a i r f o i l  segment i s  now 
d e f i n e d  i n  t h e  X-coordinate system a t  t h e  t i m e  o f  sound emission as 

-b -+ - - ro - rb (59) 
+ 
X 

The O i r f o i l  t r a i l i n g - e d g e  no ise  p r e d i c t i o n s  are  expressed i n  terms o f  
t h e  x = ( x  y,z) c o o r d i n a t e  system. Thus, re must be t ransformed 
t o  t h i s  coord ina te  system. 
158) can be used t o  t r a n s f o r m  t o  t h e  
x-coord inate system i s  t ransformed t o  t h e  
Blade Shape Module by 

The i n v e r s g  o f  t h e  t rans format ions  (57) and 
Data i n  t h e  0-coocdinate system. 

n-coord inate system i n  t h e  

r 

-f 
wherej eT i s  t h e  b lade t w i s t  angle. Thus, re i s  expressed i n  
t h e  x coord ina te  system as 
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S u b s t i t u t i n g  equat ions ( 5 7 )  t o  (59) i n t o  
t h e  i n v e r s e  o f  t h e  m a t r i c e s  y i e l d  

cos ( e T  + eo) 0 - s i n  ( e T  + e,) 

0 1 0 

s i n  ( e T  + eo) 0 cos ( e T  + eo) i + 
r,(cl,$) = 

equat ion  (61) and e v a l u a t i n g  

Note t h a t  equat ion  (62) i s  conven ien t ly  w r i t t e n  i n  terms o f  i n p u t  
q u a n t i t i e s .  

The p o s i t i o n  o f  t h e  a i r f o i l  a t  t h e  observer  t i m e  i s  

where t h e  a i r f o i l  i s  assumed t o  have r e c t i l i n e a r  mot ion a f t e r  sound 
emission. S ince A t  = ( $  - JIe)/s2 and t = $/Sly equat ion  (63) can 
be w r i t t e n  as 

The t i m e  o f  sound emiss ion 
t i m e  equat ion  

t e  = JIe/Q i s  found f rom t h e  re ta rded 

= t  re 
t e  +< 

o r  

+ 
where r e  i s  t h e  magnitude o f  re. Thus, f o r  each observer  t ime, 
equat ion  (66) i s  so lved f o r  t h e  emission t i m e  t e  = $e'e/Sl. 
t h e  present  a i  r f o i  1 +pos i t  i on i s  determi ned from equat ion  (64) . 
r e s u l t i n g  va lue o f  r i s  used f o r  t h e  a i r f o i l  segment no ise  p r e d i c t i o n s .  

Then, 
The 
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and 

I n  t h e  p r o p e l l e r  a p p l i c a t i o n ,  t h e  d i r e c t i v i t y  angles e and Q 
are no t  r e l a t e d  t o  x, y, and z i n  t h e  same manner as equat ions (22 )  
40 (24). They are d e f i n e d  i n  terms o f  t h e  coord inates 
r e  = (Xes Ye, Ze) as 

‘e cos e = - r 
‘ e  

Ye 
r s i n  0 cos Q = 
e 

The present  source coord inates a r e  

x ’ =  re(M + cos e )  

y = re s i n  e cos Q 

z = re s i n  e s i n  $ (71)  

Note t h a t  t h e  mot ion of t h e  a i r f o i l  r e l a t i v e  t o  t h e  observer does not  
equal t h e  mot ion o f  t h e  a i r f o i l  r e l a t i v e  t o  t h e  f l u i d .  

Computation of Acoust ic  Pressure 

The 1/3-octave-band mean-square a c o u s t i c  pressure f o r  each a i  r f o i  1 

The des i  red  d i  r e c t i  v i  t y  and spectrum func t ions  must a1 so 

segment can be computed by e i t h e r  equat ion  (20) or equat ion (54 ) ,  
depending on whether t h e  user  d e s i r e s  an e m p i r i c a l  o r  t h e o r e t i c a l  
p r e d i c t  i on. 
be se lected.  Then, t h e  t o t a l  mean-square pressure a t  a g iven  t i m e  f o r  
a s i n g l e  b lade i s  

where t h e  n o r m a l i z a t i o n  by p:c’ i s  assumed. The c o r r e c t e d  St rouha l  
number S t ’  
f o r  t h e  Doppler f requency s h i f t  due t o  t h e  r e l a t i v e  mot ion o f  each 
b lade segment t o  t h e  observer.  Th is  frequency s h i f t  i s ,  i n  general  a 
f u n c t i o n  o f  c 1  and j ~ .  

has been i n t r o d u c e 2  because i t  i s  necessary t o  account 

11.3-20 



The general equat ion  f o r  t h e  frequency s h i f t  of a source i n  a f l o w  
o f  Mach number. flf and r e l a t i v e  source t o  observer  mot ion flr i s  

+ A 

Mr re fi, = 1 +  
w + 

l - M f * F  e 

F o r  t h e  case o f  t h e  mot ion of t h e  a i r f o i l  segment, 

-+ R a re - Mr - - -  
cm a+ 

and 

+ 
Mf = (-M,O,O) 

where i s  t h e  u n i t  v e c t o r  i n  t h e  ;?e d i r e c t i o n .  S u b s t i t u t i n g  

y i  e l  d 
equat ions (74)  and (75) i n t o  (73) and n o t i n g  t h a t  -+ r e  =(xe,ye,ze) 

x axe ye aye z e az 

03 re a+ re a+ 
$(e + -  - + -  e) 

. - 1 +  0 - -  
w ' 1 - Mxe/re 

(73 )  

(74)  

(75 )  

Therefore,  t h e  c o r r e c t e d  St rouha l  number i s  

s i n  8 s i n  4 aze s i n  8 cos 4 + - 
a+ 

1 - M cos e 

For  m u l t i p l e  blades, each w i t h  an angle +b r e l a t i v e  t o  t h e  
i n i t i a l  blade, t h e  c o n t r i b u t i o n  o f  each b lade i s  summed by t h e  r e l a t i o n  

(78) 
% + Nb 

< p i !  (Xo,St; t ) >  = 1 <p2 ( i o , S ; ;  t + -)> 
1/ 3 b= 1 ' 1 / 3  

where t h e  i n i t , i a l  b lade p o s i t i o n  q~~ i s  zero. S ince equat ion  (72) i s  
eva lua ted  a t  values o f  + g i v e n  by 

ZIT 
(79)  JI = T ( i  - 1 )  ( i  = 1, 2, ..., 4) 
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Equat ion (78) can be eva lua ted  f o r  an even number o f  b lades by s imply  
t i m e  s h i f t i n g  t h e  s i n g l e  b lade s o l u t i o n .  For an odd number o f  b lades, 

requi red.  The r e s u l t i n g  t ime-dependent spectrum 
represents  t h e  no ise  s i g n a t u r e  o f  t h e  

p r o p e l l e r  t o  t r a i l i n g - e d g e  n o i s e  which i s  averaged by t h e  r e l a t i o n  

t o  y i e l d  t h e  mean-square a c o u s t i c  pressure a t  t h e  observer. 
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TABLE I.- MODIFIED SPECTRUM FUNCTION AF(;) 

- 
w 

0.034 
0.040 
0 . 050 
0.060 
0.070 
0.080 
0.090 
0.100 
0.200 
0.300 
0.400 
0.500 
0.600 
0.700 
0.800 
0.900 
1.000 
2.000 
3.000 
4.000 
5.000 
6.000 
7.000 
8.000 
9.000 

10.000 

AF 

1.000 
1.585 
2.292 
2.883 
3.467 
3.803 
3.980 
4.170 
4.787 
4.364 
3.803 
3.629 
3.467 
3.312 
3.161 
3.161 
3.021 
2.631 
2.292 
2.088 
1.997 
1.904 
1.820 
1.737 
1.659 
1.585 
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F i g u r e  4.- Coord inate system f o r  p r o p e l l e r  
t r a i  1 i ng-edge n o i s e  p r e d i  c t i  on. 
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12. TONE PROPAGATION EFFECTS 



12.1 BOUNDARY-LAYER PROPAGATION MODULE 

Gerry  L. McAninch 
Langley Research Center 

INTRODUCTION 

The presence o f  a boundary l a y e r ,  hydrodynamic o r  thermal,  over a 
s u r f a c e  causes r e f r a c t i o n  and r e f l e c t i o n  o f  any a c o u s t i c  wave i n c i d e n t  
upon t h e  boundary layer .  Consequently, t h e  sound f i e l d  a t  t h e  s u r f a c e  
d i f f e r s  f rom t h a t  which would be expected i f  t h e  boundary l a y e r  was n o t  
present.  The Boundary-Layer Propagat ion Module c a l  c u l  a t e s  t h e  complex 
a c o u s t i c  pressure a t  a p lane sur face  o f  u n i f o r m  admi t tance due t o  a 
s p e c i f i e d  a c o u s t i c  f i e l d  i n c i d e n t  upon t h e  boundary l a y e r .  

SYMBOLS 

COD sound speed i n  und is tu rbed f r e e  stream, m/s ( f t / s )  

C* l o c a l  sound speed, r e  coo 

F ( g )  Fou r i  e r  t r a n s  form operat  o r  

f 1 fundamental f requency, Hz 

i =J-1 

K i n t e g e r ,  number o f  p o i n t s  f o r  which i n i t i a l  
da ta  a r e  g iven 

k*x x-component o f  wave propagat ion  vector ,  r e  l / s  

y-component o f  wave propagat ion vec tor ,  r e  l / 6  k3 
L d i s t a n c e  over which i n i t i a l  da ta  a r e  given, r e  6 

m i n t e g e r  exponent o f  2 

N i n t e g e r ,  number o f  harmonics o f  i n t e r e s t  

n harmonic number 

P 

P r  

P* 

l o c a l  pressure, N/m2 (1 b / f t  2, 

re fe rence pressure,  N/m2 ( 1  b / f t  2, 

t o t a l  a c o u s t i c  pressure, r e  p,cm 2 
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P; 

p; 

m 
T 

T* 

U* 

U* 

V* 

W* 

X,Y ,Z 

AX 

x* ,y* , z* 

xo ,Yo 9 zo 

X 1  

x2 

YS 

a 

B 

Y 

6 

6* 

E 

lJ 

V 

i V 

r V 

2 i n c i d e n t  a c o u s t i c  pressure, r e  pmcm 

i n c i d e n t  a c o u s t i c  pressure evaluated a t  y* = 1, r e  p c 2  

und is tu rbed f r e e  stream temperature, 
m m  

K ( O R )  

l o c a l  temperature,  r e  T m  

l o c a l  f l o w  v e l o c i t y ,  r e  cm 

x-component o f  complex a c o u s t i c  v e l o c i t y ,  r e  

y-component o f  complex a c o u s t i c  v e l o c i t y ,  r e  

z-component o f  complex a c o u s t i c  v e l o c i t y ,  r e  cm 

C a r t e s i a n  coord inates,  m ( f t )  

d i s t a n c e  between data p o i n t s ,  m ( f t )  

cm 

cm 

nondimensional Car tes ian  coord inates,  r e  6 

observer  coord inates,  m ( f t )  

lowest  va lue o f  x f o r  which da ta  are provided, m ( f t )  

h i g h e s t  va lue o f  x f o r  which data a r e  provided, m ( f t )  

l o c a t i o n  o f  s i n g u l a r  p o i n t  

d i s t a n c e  from s i n g u l a r  p o i n t  a t  which numerical  
i n t e g r a t i o n  i s  r e i n s t a t e d  

s u r f a c e  admi t tance,  r e  

r a t i o  o f  speci  f i c heats 

1/ p,cm 

boundary- layer th ickness ,  m ( f t )  

complex a c o u s t i c  p e r t u r b a t i o n  dens i ty ,  r e  p, 

r a d i u s  o f  n e i  ghborhood around s i  ngul  a r  p o i n t  where 
Frobenius s o l u t i o n  i s  used 

F o u r i e r  

F o u r i e r  

F o u r i e r  
acous 

F o u r i e r  
norma 

t ransform,  w i t h  respect  t o  x, o f  u* 

t ransform,  w i t h  respect  t o  x, o f  v*  

t ransform,  w i t h  respect  t o  x, o f  i n c i d e n t  normal 
i c  v e l o c i t y  a t  t o p  o f  boundary l a y e r  

t ransform,  w i t h  respect  t o  x, o f  t h e  r e f l e c t e d  
a c o u s t i c  v e l o c i t y  a t  t o p  o f  boundary l a y e r  
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"T 

rI 

'i 

'r 

rIT 

=1 

P 

Pm 

P* 

w* n 

F o u r i e r  t ransform,  w i t h  respect  t o  x, o f  t o t a l  normal 
a c o u s t i c  v e l o c i t y  a t  t o p  o f  boundary l a y e r  

F o u r i e r  t ransform,  w i t h  respect  t o  x, o f  p* 

F o u r i e r  t ransform,  w i t h  respect  t o  x, o f  i n c i d e n t  
a c o u s t i c  pressure a t  t o p  o f  boundary l a y e r  

F o u r i e r  t ransform,  w i t h  respect  t o  x, o f  r e f l e c t e d  
a c o u s t i c  p ressure  a t  t o p  o f  boundary l a y e r  

F o u r i e r  t ransform,  w i t h  respect  t o  x, o f  t o t a l  a c o u s t i c  
pressure a t  t o p  o f  boundary l a y e r  

F o u r i e r  t ransform,  w i t h  respect  t o  x, o f  pz  

l o c a l  dens i ty ,  kg/m3 ( s l u g / f t  3 ,  

und is tu rbed f ree-st ream dens i ty ,  kg/m3 ( s l u g / f t  3, 

nondimensi onal 1 oca1 dens i ty ,  r e  p, 

c i  r c u l  a r  f requency, r e  6/c, 

INPUT 

I n p u t  t o  t h e  module must s p e c i f y  t h e  i n c i d e n t  complex a c o u s t i c  
p ressure  a t  t h e  t o p  o f  t h e  boundary l a y e r ,  t h e  a c o u s t i c  admit tance o f  
t h e  sur face at. t h e  bottom o f  t h e  boundary l a y e r ,  t h e  boundary- layer 
th ickness ,  t h e  l o c a l  temperature w i t h i n  t h e  boundary l a y e r ,  and t h e  
p r o p e r t i e s  o f  t h e  und is tu rbed f r e e  stream. 

For  each observer,  t h e  observer  coord ina tes  must be s p e c i f i e d .  
F u r t h e r ,  t h e  complex a c o u s t i c  pressure, assoc ia ted  w i t h  t h e  i n c i d e n t  
wave, must be prov ided a t  K = Zm 
l i n e  (x,y,z) = (x,6,z0), where zo i s  t he  observer 's  z-coord inate,  
and 6 i s  t h e  boundary- layer th ickness.  The lowest  va lue o f  x, xl, 
a t  which t h e  pressure i s  prov ided,  and 
p o i n t s ,  must a l s o  be s p e c i f i e d ,  as must be 
p o i n t s  f o r  which i n i t i a l  da ta  a r e  given. 
l o c a t e d  a t  xo = x1 + ( n  - 1) Ax. 

e q u a l l y  spaced p o i n t s  a long t h e  

AX, t h e  d i s t a n c e  between 
K, the.number o f  data 

The observers should be 

A t a b l e  o f  t h e  l o c a l  temperature as a f u n c t i o n  o f  y f o r  
0 < y < 6 
f - is  y e q u i  red. 

and a t a b l e  o f  t h e  sur face  admi t tance B as a f u n c t i o n  o f  

Parameters r e q u i r e d  a r e  6, Urn, Tm, and p,, t h e  boundary- 
l a y e r  th ickness,  und is tu rbed f ree-s t ream v e l o c i t y ,  temperature,  and 
dens i ty ,  r e s p e c t i v e l y .  The frequency conten t  o f  t h e  i n c i d e n t  wave i s  
s p e c i f i e d  by s u p p l y i n g  f 1, t h e  fundamental source frequency, and N,  
t h e  number o f  harmonics o f  i n t e r e s t .  
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I n i t i a l -  D a t a  Table 

f frequency, Hz 

xo ,Yo J0 observer coord inates,  m ( f t  ) 

f 

B 

6 

U 

T 

P, 

f 1 

m 

m 

N 

X I  

AX 

K 

i n c i d e n t  complex a c o u s t i c  pressure,  N/m2 
( 1  b / f t  ’) 

Surface Admittance Table 

frequency, Hz 

s u r f a c e  admit tance, r e  l /pmcm 

Boundary-Layer Mean-State P r o f i l e  

d i s t a n c e  above surface, m ( f t )  

l o c a l  temperature,  K (OR) 

Pa ramet e r s  

boundary- layer th ickness ,  m ( f t )  

und is tu rbed f ree-st ream v e l o c i t y ,  m/s ( f t / s )  

und is tu rbed f ree-st  ream temperature,  K ( O R )  

und is tu rbed free-stream dens i ty ,  

fundamental frequency, Hz 

number o f  harmonics 

lowest  va lue of x-coord inate,  m ( f t )  

d i s t a n c e  between da ta  p o i n t s ,  m ( f t )  

number o f  data p o i n t s  r e q u i r e d  

kg/m3 ( s l  u g / f t  3 ,  
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OUTPUT 

Output o f  t h e  module c o n s i s t s  o f  t h e  complex a c o u s t i c  pressure and 
t h e  mean-square i I c o u s t i c  pressure a t  t h e  sur face  as a f u n c t i o n  o f  
and frequency f. 

x 

Acoust ic-Pressure Table 

f frequency, Hz 

X p o s i t i o n  on surface, m ( f t )  

complex a c o u s t i c  pressure, r e  p,c, 2 P*( f , X 1 
<p* ( f ,x )>2  mean-square a c o u s t i c  pressure, r e  p,c, 2 4  

METHOD 

The complex a c o u s t i c  pressure a t  t h e  sur face  i s  t o  be determined 
from a knowledge o f  t h e  i n c i d e n t  pressure a t  t h e  t o p  o f  t h e  boundary 
l a y e r ,  p?, and t h e  complex sur face  admittance, B ( f ) .  The problem i s  
i l l u s t r a t A d  i n  f i g u r e  1. The equat ions govern ing t h e  propagat ion o f  
harmonic a c o u s t i c  d is tu rbances  i n  a s t r a t i f i e d  moving medium a r e  
( r e f s .  1 and 2)  

( 1 )  
- i W * i j *  + U* - au* + - dU* v* + C * 2 a p "  = 0 

ax* dY * ax* n 

( 3 )  -iu," 6* + U* - a 6* + -  dP* 
ax* dY * 

v* + p*(au* + - )  av* = o  
ax* ay* 

a6* dp* 

ax* ax* dy* 
- i w i  p * + u* ap* - c*2 (-IW: 6* + U* - + - v*) = 0 ( 4 )  

Equat ions ( 1 )  and (2 )  a r e  t h e  x- and y-components o f  t h e  l i n e a r i z e d  
momentum equation. The z-component i s  no t  requi red,  as it i s  assumed 
t h a t  t h e  problem i s  s t r i c t l y  two-dimensional; hence, w* and t h e  
d e r i v a t i v e s  o f  a l l  q u a n t i t i e s  w i t h  respect  t o  z* a r e  i d e n t i c a l l y  
zero. Fur ther ,  t h e  body-force terms and t h e  viscous terms have been 
neglected. Equat ion (3)  i s  t h e  l i n e a r i z e d  mass conserva t ion  equat ion,  
w h i l e  equat ion ( 4 )  i s  ob ta ined by assuming t h a t  t h e  propagat ion  process 
i s  i s e n t r o p i c .  As a r e s u l t  o f  n e g l e c t i n g  t h e  g r a v i t a t i o n a l  fo rce ,  
c*2 = l / p * ,  s i n c e  c 2  = yP/p ,  and s ince  bo th  y and P a r e  constant .  
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I n  equat ions (1 )  through ( 4 ) ,  U*, c*, and p* a r e  t h e  mean f l o w  
v e l o c i t y ,  l o c a l  sound speed, and dens i ty ,  r e s p e c t i v e l y ,  and a l l  a r e  
f u n c t i o n s  o f  y* alone. The a c o u s t i c  p e r t u r b a t i o n  q u a n t i t i e s  a re  u* 
and v*, t h e  x and y p e r t u r b a t i o n  v e l o c i t y  components, 6*, t h e  
d e n s i t y  p e r t u r b a t i o n ,  and p*, t h e  a c o u s t i c  pressure. 

Fur ther ,  a l l  q u a n t i t i e s  have been nondimensional ized, t h e  
v e l o c i t i e s  w i t h  c,, 
stream, x* and y* w i t h  6, t h e  boundary- layer th ickness,  and t h e  
d e n s i t i e s  p* and 6* w i t h  p,, w h i l e  

t h e  speed o f  sound i n  t h e  und is tu rbed f r e e  

where f, i s  t h e  fundamental frequency, and n, t h e  harmonic number, 
i s  such t h a t  

and N i s  t h e  number o f  harmonics o f  i n t e r e s t .  

The problem statement i s  completed by s p e c i f y i n g  t h e  i n c i d e n t  
pressure  a t  y* = 1 

p y x * ,  1; a;) = p y x * ,  u;) ( 7 )  

where p*(x*, o*) 
t o p  o f  t h e  boufldary l a y e r ,  p . ( x , f ) ,  i n  nondimensional form 
and t h e  admi t tance o f  t h e  s u t f a c e  a t  y* = 0 

i s  t h e  complex i n c i d e n t  a c o u s t i c  pressure a t  t h e  

where a change o f  v a r i a b l e s  f rom f t o  O* has been accomplished f o r  
t h e  independent v a r i a b l e  o f  t h e  boundary aamittance. 

The a c o u s t i c  d e n s i t y  p e r t u r b a t i o n  may be e l i m i n a t e d  between 
equat ions (3 )  and ( 4 )  t o  y i e l d  

av* 

ax* ax* ay* 
-iu; p * + "*W + (au* +-) = o  ( 9 )  

Equat ions ( l ) ,  (Z), and ( 9 )  form a complete s e t  f o r  t h e  unknown 
f u n c t i o n s  
a u x i l i a r y  c o n d i t i o n s  g iven i n  equat ions ( 7 )  and (8). 

p*, u*, and v*, which i s  t o  be so lved sub jec t  t o  t h e  
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The f i r s t  s tep  i n  t h e  s o l u t i o n  procedure i s  t o  per fo rm a F o u r i e r  
t ransform, i n  t h e  v a r i a b l e  x*, on equat ions ( l ) ,  ( 2 ) ,  and (9 ) ,  and on 
t h e  a u x i l i a r y  c o n d i t i o n s  o f  equat ions ( 7 )  and (8). The t rans form of g 
i s  de f ined as 

w i th  x2 > xl. 

The r e s u l t i n g  system o f  equat ions i s  

d IJ* (a,* - U*k;)p + i v  - - k;c*'n. = 0 
dY * 

where 

p(y";k;,uE) = F(u*)  (14)  

v(y*;k*,o*) = F(v* )  x n  

and t h e  pr ime n o t a t i o n  i n d i c a t e s  o r d i n a r y  d i f f e r e n t i a t i o n  o f  t h e  
dependent v a r i a b l e s  w i t h  respect  t o  y*.- 

Equat ions (11) through (13) a r e  t o  be solved s u b j e c t  t o  t h e  
a u x i l i a r y  c o n d i t i o n s  

where 

The unknown f u n c t i o n  p can be e l i m i n a t e d  between equat ions (11)  and 
(13)  to p r o v i d e  t h e  system o f  equat ions 

ic*'n.' + (u; - U*k;)v = 0 (20) 
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dU* 

X dy* 

- 
i(uG - U*k:)v' + i k *  v + [(u: - U*k;)2 - c*2kz2] lT= 0 ( 2 1 )  

The i n i t i a l  data, p * ( x * ; ~ i ) ,  must be g iven a t  K = 2n evenly  
xl - < x* < x2, 

Use o f  t h e  t rans form,  as d e f i n e 3  i n  equat ion ( l o ) ,  i m p l i e s  
spaced p o i n t s  over t h e  i n i e r v a l  
x* = xl. 
t h a t  t h e  problem i s  so lved f o r  t h e  p e r i o d i c  ex tens ion  o f  pz(x*;w*) 
f ro in  -00 < x < a. T h i s  f u n c t i o n  has t h e  p e r i o d  L = x 2  - xl. Note 
t h a t  L i s  d imensionless and g ives t h e  number o f  boundary- layer 
th icknesses  over which da ta  a re  provided. 
n,(kE;u:) w i l l  be known f o r  K values o f  k i  i n  t h e  range 

w i t h  t h e  f i r s t  p o i n t  a t  

A f t e r  t h e  t ransform,  

IT(K - 1 )  

L 
-ITK - < k* < 

x -  - c 

These values o f  k: a re  e q u a l l y  spaced a t  increments 2 d L .  The 
i n t e g r a t i o n  o f  equat ions (20) and (21) f rom y* = 0 t o  y* = 1 w i t h  
t h e  a u x i l i a r y  c o n d i t i o n s  

ensure t h a t  t h e  i n i t i a l  c o n d i t i o n  g iven by equat ion  (19) i s  s a t i s f i e d .  
The i n i t i a l - v a l u e  problem g iven by equat ions (20), (21),  (23) and (24) 
can be so lved by numerical  i n t e g r a t i o n ,  as l o n g  as t h e  equat ion  

i s  - not s a t i s f i e d  f o r  any value o f  y* i n  t h e  range 0 < y* < 1. F o r  
t h e  purposes o f  t h e  c u r r e n t  d iscuss ion,  t h i s  w i l l  be assumed-to be t h e  
case. I f ,  a t  y* = ys, equat ion  (25) i s  s a t i s f i e d ,  y i s  a 
s i n g u l a r  p o i n t  o f  t h e  system o f  equat ions (20) and (217. The 
d i s c u s s i o n  o f  t h i s  case i s  p rov ided i n  appendix A. 

The s o l u t i o n  o f  equat ions (20) and (21), s u b j e c t  t o  t h e  i n i t i a l  
c o n d i t i o n s  g iven by equat ions (23) and (24), p rov ides  values o f  
n(l;kE,w,*) E ?I-,- and v(l;k*,u*) x n  E u,-, t h e  t r a n s f o r m  o f  t o t a l  
a c o u s t i c  pressure p and t o t a l  a c o u s t i c  v e l o c i t y  v a t  t h e  t o p  of t h e  
boundary layer .  It i s  necessary t o  decompose TI and 3 
i n t o  components p ropagat ing  i n  t h e  p o s i t i v e  and Xegat ive y - d i  r e c t i o n s .  
These may be denoted t h e  r e f l e c t e d  and t h e  i n c i d e n t  f i e l d s ,  respec- 
t i v e l y .  Thus, 

and 
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The q u a n t i t i e s  ni and vi a r e  r e l a t e d  t o  each o t h e r  through t h e  
equat i on 

w h i l e  nr and 'or a r e  r e l a t e d  through 

I n  these equat ions,  k; i s  g iven b y  

1/2 
k* Y = { [(u: - U*(y*)k;)'/~*'] - k;'} 

S ince equat ions (28) through 
c* = 1, they  may be w r i t t e n  

-k* II 
Y i  v =  

i (a; - U*k;) 

and: 

(30) a re  r e q u i r e d  o n l y  a t  y* = 1 where 
as 

(31)  
y * = l  

1 / 2  
k* = {[.,* - U*(l)k;12 - kc2} 
Y ( 3 3 )  

Equat ions (26) ,  (27) ,  (31),  and (32)  can be so lved f o r  ni t o  y i e l d  

I nTk* - (u; - U*kc) vT 
n, =: (34) I 2k; I y * = l  

Equat ion 34 g ives  t h e  magnitude of t h e  
pressure f i e l d  which i s  r e q u i r e d  t o  produce a component a t  t h e  s u r f a c e  
of u n i t  magnitude. The a c t u a l  magnitude of t h i s  component a t  t h e  t o p  

(u:, k:) component of t h e  
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o f  t h e  boundary l a y e r  i s  known f rom t h e  F o u r i e r  t r a n s f o r m  o f  t h e  i n p u t  
pressure and i s  g iven  i n  equat ion  (17).  The value o f  x(O;k:,ui) i s  
t h e r e f o r e  g iven by 

2k*  TI^( k c ,  m i )  
n(O;kg,u;) = 

y * = l  k* T[ - ( m i  - U*k*,) 3 Y T  

(35) 

Once n(0; k:,ui) i s  found f o r  a l l  values o f  k:, t h e  i n v e r s e  
t r a n s f o r m  determines t h e  t ime-harmonic components of t h e  pressure f i e l d  
a t  t h e  surface. 

The sound speed a t  any p o i n t  w i t h i n  t h e  boundary l a y e r ,  i n  
nondimensional form, i s  found f rom 

where T* i s  t h e  l o c a l  temperature T ( y )  nondimensional ized by Tm. 

t h e  Pohlhausen ( r e f .  3) p r o f i l e  
I n  t h i s  module, t h e  v e l o c i t y  w i t h i n  t h e  boundary l a y e r  i s  g iven  by 

The mean-square pressure i s  g iven by 

<p*>2 = 2 p * p  

where t h e  bar  i n d i c a t e s  t h e  complex conjugate. 
pressure l e v e l  (SPL) i s  g iven  by 

F i n a l l y ,  t h e  sound 

SPL = 10 log(<p*>2)  + 20 l o g (  p m a ,  c q - 20 l o g ( p r )  (39) 

where 

or 

= 4.1777 x l b / f t 2  Pr 
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APPENDIX A 

SINGULAR POINT CALCULATION 

The d i s c u s s i o n  i n  t h e  s e c t i o n  e n t i t l e d  "Method" i s  presented w i t h  

When t h i s  i s  no! t h e  case, equat ions (20) and (21) 
t h e  assumption t h a t  t h e  q u a n t i t y  
r e g i o n  
cannot be Tntegra ted  n u m e r i c a l l y  across t h e  p o i n t  y* = ys  where 

( u* - U*k:) i s  never zero i n  t h e  
0 < y* < 1. 

I n  o r d e r  t o  t r a n s f e r  t h e  s o l u t i o n  across t h e  s i n g u l a r  p o i n t  
y* = ys, i t  i s  necessary t o  expand t h e  f u n c t i o n s  II and v i n  s e r i e s  
about t h e  p o i n t  y* = ys. The d e t e r m i n a t i o n  o f  these s e r i e s  i s ,  
perhaps, e a s i e r  i f  t h e  unknown f u n c t i o n s  v and V I  a r e  e l i m i n a t e d  
f rom equat ions (20) and (21) t o  o b t a i n  t h e  second-order o r d i n a r y  
d i f f e r e n t i a l  equat ion  

f o r  t h e  f u n c t i o n  n. The f u n c t i o n  v i s  then determined f rom t h e  
equat ion  

As a f i r s t  s tep i n  t h e  s o l u t i o n  procedure f o r  equat ion  ( A l ) ,  t h e  
c o e f f i c i e n t s  of t h i s  equat ion a r e  expanded i n  a T a y l o r  s e r i e s  about t h e  
p o i n t  y* = ys. Thus, 

00 

(A4) 2 [(:*'E k: + c* - dc* ( u i  - U*k:)] = c a T j 
j=O 1j dY * dY * 

00 

where 

Y S  
T = y * -  
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Equat ions (20) and (21) o f  t h e  s e c t i o n  e n t i t l e d  "Method" are 
i n t e g r a t e d  n u m e r i c a l l y  f rom y* = 0 t o  y* = y - E, 0 < E << 1. The 
s o l u t i o n s  n(ys - E) and 
values f o r  equat ion ( A l ) .  Here, 

v(ys - E) a re  used t o  p rov ide  i n i t i a l  

i ( u G  - U*k;) 
II' (ys-E) = V 

C* 2 y*=ys- E 
( A 7  

The s e r i e s  s o l u t i o n  o f  equat ion ( A l )  about y* = ys  
determine n ( y s  + a), w h i l e  v(ys + a> i s  found f rom 

i s  then used t o  

Equat ions (20) and (21) a re  then i n t e g r a t e d  n u m e r i c a l l y  f rom 
y* = ys + a t o  y* = 1, sub jec t  t o  t h e  i n i t i a l  c o n d i t i o n s  g iven by 
equat ion (A8) and t o  t h e  known value o f  r[ a t  y* = ys + a. 
(See f i g .  2.) 

The parameter a i s  such t h a t  

O < ~ < E  - -  (A91 

and 

Y S  

I f  t h e  inequa 

Y S  

i s  s a t i s f i e d ,  

i t y  

+ E < l  - 

a i s  se t  equal t o  E. Otherwise cc i s  g iven by 

Since E << 1, it i s  assumed t h a t  s u f f i c i e n t  accuracy i s  ma in ta ined i n  
t h e  s o l u t i o n  f o r  n, even i f  t h e  s e r i e s  o f  equat ions (A3) and (A4) a r e  
t r u n c a t e d  a f t e r  t h e  te rm m u l t i p l y i n g  T ~ .  i t  i s  
assumed t h a t  II i s  g iven by s o l u t i o n s  o f  t h e  equat ion  

Thus, f o r  0 < T - < E, 

b o p  + a02T 2 3 T4)  TI' ' + 
+ a03T + a04 
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The c o e f f i c i e n t s ,  a i j  
U*(y*) and c*(y*)  i n  appendix B. These c o e f f i c i e n t s  a re  a l s o  
presented i n  appendix C f o r  t h e  s p e c i a l  case where U*(y*) i s  g iven  by 
t h e  Pohlhausen s o l u t i o n  ( r e f .  3) f o r  f l o w  over a f l a t  p l a t e  

o f  t h i s  equat ion  a r e  r e l a t e d  t o  t h e  f u n c t i o n s  

and c*(y*)  = 1 . 
The s o l u t i o n  o f  equat ion (A13) i n  t h e  neighborhood o f  T = 0 can be 
determined by t h e  method o f  Frobenius ( r e f s .  4 and 5) and i s  o f  t h e  
fo rm 

n ( ~ )  = A n , ( ~ )  + B T I I 2 (  T) (A15) 

where n , ( ~ )  aind n,( T) are  independent s o l u t i o n s  g iven by ( r e f s .  5 
and 6) 

m 
n n , ( ~ )  = T~ C bnT 

n=O 

Here, t h e  cons tan t  d i s  g iven by 

and t h e  constants  bn and Cn can be determined through use o f  
t h e  equat ions presented i n  appendixes D and E. It should be noted t h a t  
t h i s  s o l u t i o n  i s  i n v a l i d  whenever 

a01 = -k;(C*2 dy) y*'ys = o  
dU* I 

Equat ion (A19) can be s a t i s f i e d  o n l y  when 

$ 1  = o  
Y S  

F o r  t h e  Pohlhausen v e l o c i t y  p r o f i l e ,  t h i s  i m p l i e s  t h a t  ys = 1. 
equat ion  (A19) i s  s a t i s f i e d ,  t h e  s o l u t i o n  procedure i s  terminated.  

I f  
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The values of Il(ys+a) and v(yS+a)  can be determined f rom 
equat ion  ( A 1 5 )  once t h e  constants  A and B a r e  found. These 
constants  are r e l a t e d  t o  n(yS-&) and v(ys-s)  by 

~ * ~ n n ;  - i(w: - U*k*,) vn2 
A =  

The q u a n t i t i e s  n(ys+aj  and v ( ~ ~ + ~ )  can be determined f rom 
equat ions (A15) and ( A  ).  

p o i n t s .  
The s o l u t i o n  i s  now complete except f o r  l o c a t i n g  t h e  s i n g u l a r  

These p o i n t s  a re  g iven by t h e  s o l u t i o n  o f  t h e  equat ion  

( m i  - U*k*) = 0 ( A 2 3 )  
ys 

For  t h e  Pohlhausen s o l u t i o n ,  t h i s  i m p l i e s  t h a t  

m 
U 

U* = (2ys - 2ys” + 

Thus, 

= o  c ma: 
y; - 2ys” + 2ys - - 

U k *  
m X  

L e t t  i ng 

c w* a n  
+ = -  

U k* cox 

i t  i s  c l e a r  t h a t  

s i n c e  
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For  y and 6 w i t h i n  t h i s  range, t h e  s o l u t i o n  o f  equat ion  (A25) f o r  
ma$ be w r i t t e n  as ( r e f .  7)  

Y S  

where 

z = AS + Bs (A301 

The s o l u t i o n  g iven i s  v a l i d  as l o n g  as + and y, a r e  r e s t r i c t e d  t o  
t h e  reg ions  g iven i n  equat ions (A27) and (A28). 
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APPENDIX B 

CONSTANTS a i  j FOR GENERAL CASE’ 

* 
aO1 = -k;(c*’U1) 

* *  * -k* 
= ’ X(C*’U, + 4C*C’U1) a02 z 

c*‘ux, * *  * *  
a = - k c [  + (c:’ + c*c2) IJ, + c*c1U2] 03 

-k; * *  * * * * *  * 
c*’U; + 8c*clU, + 12U,(c:’ + c*C2) + 8 U l ( 3 ~ l c 2  + C*Cs)] 

a04 = -d 
a10 = -2aO1 

a l l  = 2(c*’U2 + c*clUl)k; 

a = (3U,c*cl + U,*c*‘)k; 

* * *  

* *  
1 2  

k* $ [8(c,*’ + c*c2*)U3* + 7c*c1*U4* + c*’US*] 

a 21 = -k:’aO1 

aZ2 = -k*2a x 02 

a23 = -k:2[a03 + k c U l * 3 ]  

aZ4 = -kc2[aO4 + 3 (U1*’U,*)k;] 
2 

‘The f u n c t i o n s  U; and c; a re  de f i ned  by t he  equat ions 

c* = - dit* f o r  i = 1, 2,  3, 4, 5. 
dy* 1 

and d i  U* 
dy* 

U t  = - 

2 A l l  func t ions  a r e  t o  be eva lua ted  a t  y* = ys.  
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APPENDIX C 

CONSTANTS aij FOR POHLHAUSEN FLOW AND CONSTANT' SOUNII SPEED 

00 
U 

aO4 = -k; - 
C W 

air) = -2a01 

all = -4aO2 

a12 = -6aO3 

a13 = -8a04 

a14 = 0 

aZ1 = -k*'a x 01 

a22 = -k;2a02 

a23 = -k*'a 3 
x 03 + a O 1  

a24 = 3aila o2 - k;'aO4 

'For these equat ions,  y, i s  de f i ned  by equat ion  (A29). 
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APPENDIX I7 

FORMULAS FOR CALCULATION OF THE CONSTANTS bn 

bo = 1 

For n - > 5, bn i s  calculated as follows: 

12.1-18 



APPENDIX E 

FORMULAS FOR CALCULATION OF THE CONSTATNS cn 1 2 

c1 = 0 

a21 c 2  = - 
aO1 

c3 = Arbitrary 

For n - > 7, cn i s  g iven by 

(Equat i on cont  i nued on next  page. ) 

'The a r b i t r a r y  constant  c3 may be se t  equal t o  zero. 

*The constant  d i s  g iven  i n  equat ion  (A18). 
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12.2 TONE PROPAGATION MODULE 

Gerry L. McAninch 
Langley Research Center 

INTRODUCTION 

The t r a n s f o r m a t i o n  o f  pure tone data from t h e  source frame of 
re fe rence t o  thie observer frame o f  re fe rence and t h e  d e t e r m i n a t i o n  o f  
t h e  sound f i e l d  a t  each observer l o c a t i o n  i s  accomplished i n  a 
d i f f e r e n t  manner than t h e  same t r a n s f o r m a t i o n  of broadband data. The 
Tone Propagat ion Module performs t h i s  t r a n s f o r m a t i o n  f o r  pure tone 
data, whereas t h e  Propagat ion Module (PRO) must be used f o r  t h e  
t r a n s f o r m a t i o n  o f  broadband data. 

The f i v e  steps r e q u i r e d  t o  t r a n s f o r m  pure tone data from t h e  
source re fe rence frame t o  t h e  observer  re fe rence frame, i n  t h e  order  i n  
which they  a r e  performed, a r e  

1. I n t e r p o l a t i o n  of t h e  i n p u t  source no ise  data, g iven  as a 
f u n c t i o n  o f  emiss ion t i m e  and observer d i r e c t i v i t y  angle, t o  
p r o v i d e  t h e  mean-square a c o u s t i c  pressure a t  t h e  observer  
l o c a t i o n  as a f u n c t i o n  o f  observer t i m e  and source frequency 

2. Doppler s h i f t  o f  t h e  source frequencies t o  g i v e  t h e  
mean-square a c o u s t i c  pressure a t  t h e  observer l o c a t i o n  as a 
f u n c t i o n  o f  observer t i m e  and observed frequency 

3. Determiination o f  s p h e r i c a l  spreading losses and 
c h a r a c t e r i s t i c  impedance change e f f e c t s  

4. Determinat ion  o f  atmospheric absorp t ion  1 osses 

5. Determinat ion  o f  ground r e f l e c t i o r l  and a t t e n u a t i o n  losses  

The r e s u l t i n g  ou tpu t  t a b l e  prov ides t h e  mean-square a c o u s t i c  
p ressure  as a f u n c t i o n  of frequency, r e c e p t i o n  t ime,  and observer. 

SYMBOLS 

a incoherence cons tan t  

C coherence coef  f i c i  e n t  

C speed o f  sound, m/s ( f t / s )  

f frequency , Hz 
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G 

g r  

H 

h 

k 

M 

Ma 
n 

0 

<p2> 

<p2>* labs 

R 

K 
r 

a 

Y 

ground e f f e c t s  f a c t o r  

a c c e l e r a t i o n  due t o  g r a v i t y ,  m/s2 ( f t / s 2 )  

a l t i t u d e ,  m ( f t )  

observer  he igh t ,  m ( f t )  

wave number, 21~f /c ,  l/m ( l / f t )  

source Mach number a t  emission t i m e  

mol ecu l  a r  wei ght  of a i  r 

frequency harmon3 c number 

observer  index 

mean-square a c o u s t i c  pressure,  N2/m4 ( l b 2 / f t ' 4 )  

mean-square a c o u s t i c  pressure account ing f o r  
atmospher ic a b s o r p t i o n  

mean-square a c o u s t i c  pressure account ing f o r  
ground e f f e c t s  

magnitude o f  spher3 c a l  wave r e f  1 e c t  i on coef f i c i  e n t  

u n i v e r s a l  gas constant ,  rn2/(K-s2) ( f t2 / (OR-s2) )  

d is tance,  m ( f t )  

pa th  l e n g t h  d i f fe rence,  rn ( f t )  

source-to-image d is tance,  m ( f t )  

sound pressure l e v e l ,  dR 

temperature,  K (OR) 

t ime,  s 

u n i t  s tep  f u n c t i o n  

compl ex e r r o r  f u n c t i o n  

c o o r d i n a t e  

argument o f  s p h e r i c a l  wave r e f  1 e c t  i on coef  f i c i  e n t  

e l  e v a t i  on angle 
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V 

P 

U 

Subscr ip ts :  

a 

e 

0 

r 

dimensionless frequency; 2 r p f o /  o 

i n c i  dence angl e, deg 

p o l  a r  d i  r e c t i  v i  ty  angl e, deg 

a b s o r p t i o n  c o e f f i c i e n t ,  nepers 

average absorp t ion  c o e f f i c i e n t ,  nepers 

normal ized ground admi t tance 

angle between source v e l o c i t y  v e c t o r  and v e c t o r  
j o i n i n g  source and observer  a t  emiss ion t ime 

s p e c i f i c  f l o w  r e s i s t a n c e  o f  grourld, kg/(m3-s) 
( s l u g /  ( f t  %) ) 

az imuthal  d i  r e c t i  v i  t y  angl e, deg 

s o l i d  angle, s r  

ambient 

emiss ion 

observed 

s tandard sea l e v e l  

S source 

Superscr ip t :  

.k d imensionless q u a n t i t y  

I N P U T  

The i n p u t  t o  t h i s  module c o n s i s t s  o f  one o r  more source no ise  d a t a  
t a b l e s  computed f o r  t h e  same source c o o r d i n a t e  system on t h e  a i r c r a f t .  
These da ta  t a b l e s  c o n s i s t  o f  pure tone data. When two or  more da ta  
t a b l e s  are  i n p u t  they  are  merged p r i o r  t o  t h e  t r a n s f o r m a t i o n  t o  t h e  
observer  frame o f  reference. 

source rad ius,  m ( f t )  
rS 

U s p e c i f i c  f l o w  r e s i s t a n c e  o f  ground, 
kg/  (m3-s) ( s l u g /  ( f t  3-s))  
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A f  f requency bandwidth , Hz 

Source Noise Data Table 

source frequency , Hz 

p o l  a r  d i  r e c t i  v i  t y  angl e, deg 

azimuthal  d i  r e c t i  v i  t y  angl e, deg 

emission t ime,  s 

mean-square a c o u s t i c  pressure,  r e  paca 

f S  

'e 

+e 

te  
2 4  

< p 2 ( f s  ,ee,+e,te)>* 

t 

Source Geometry Tabl e 

r e c e p t i o n  t ime,  s 

observer index  

d is tance,  m (ft) 

emiss ion t ime,  s 

p o l a r  d i r e c t i v i t y  angle, deg 

e l  e v a t i  on angle, deg 

observer  he igh t ,  m ( f t )  

Wind Axes Geometry Table 

angle between source v e l o c i t y  v e c t o r  and v e c t o r  
j o i n i n g  source and observer  

Atmospheric P r o p e r t i e s  Tabl e 

a l t i t u d e ,  Magr(H - H,)/m r 
speed o f  sound, r e  cr 

c h a r a c t e r i s t i c  impedance, r e  p r r  c 

d e n s i t y ,  r e  pr 
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Absorpt ion C o e f f i c i e n t  Table 

f frequency, Hz 

Y a l t i t u d e ,  Magr(H - H1)/FTr 

average absorp t ion  c o e f f i c i e n t ,  nepers/wavelength 

Engi ne V a r i  ab1 e Tab1 e 

t source t ime,  s 

M( t  1 a i r c r a f t  Mach number 

OUTPIJT 

Th is  module produces a t a b l e  o f  t h e  mean-square a c o u s t i c  pressure 
as a f u n c t i o n  o f  observed frequency, t ime, and observer. 

Received Noise nata Table 

n f requency harmonic number 

t observa t ion  t ime,  s 

0 observer  index 

C p )  speed o f  sound a t  observer,  r e  cr 

P,* (O)  d e n s i t y  a t  observer,  r e  pr 

fob Y t  9 0 )  observed frequency, Hz 

<p2 (n ,t ,o)>* mean-square a c o u s t i c  p r e s s u r e ,  r e  p2c4 a a  

METHOD 

Noise Data I n t e r p o l a t i o n  

Data t a b l e s  f rom two o r  more sources i n  t h e  same re fe rence frame 
may be i n p u t  s imul taneously .  
a r e  f i r s t  merged, w i t h  components a t  equal f requencies summed, t o  
p r o v i d e  a s i n g l e  t a b l e  of mean-square a c o u s t i c  pressure as a f u n c t i o n  
o f  source frequency fs, emiss ion t i m e  t e ,  p o l a r  d i r e c t i v i t y  
angle e, and azi inuthal  d i r e c t i v i t y  angle 0. That i s ,  t h i s  i n p u t  
tab1 e prov ides  

I f  two o r  more da ta  t a b l e s  a r e  i n p u t  t h e y  

<pz (f, ,e,, $e,te)>*. 

The t rans format ion  t o  t h e  observer  l o c a t i o n  i s  accomplished by 
u s i n g  ee(t,O), $e(t,O), and te ( t ,O) ,  as p rov ided by t h e  
Geometry Module, t o  conver t  <P2(fs,Be,$e,te)>* t o  
<p2(fs ,t , ob* .  
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Doppler Shi f t  

Because o f  t h e  r e l a t i v e  v e l o c i t y  between t h e  source and t h e  
observer,  t h e  observed f requencies are  no t  t h e  same as t h e  source 
frequencies.  The observer f requency i s  r e l a t e d  t o  t h e  source frequency 
through t h e  equat ion 

where M i s  t h e  source Mach number, and ow i s  t h e  angle t h e  source 
v e l o c i t y  vec tor  makes w i t h  t h e  vec tor  j o i n i n g  t h e  source and observer,  
bo th  q u a n t i t i e s  d e f i n e d  a t  t h e  emission t ime, as shown i n  f i g u r e  1. 
T h i s  s tep  y i e l d s  a t a b l e  o f  mean-square a c o u s t i c  pressure, uncor rec ted  
f o r  t h e  var ious  a t t e n u a t i o n  mechanisms, as a f u n c t i o n  o f  harmonic 
number and - o b s e r v a t i o n  t i m e  f o r  each observer <p2(n,t,o)>*. 

Spher ica l  Spreading and C h a r a c t e r i s t i c  Impedance Change E f f e c t s  

The next s tep  i s  t o  account f o r  t h e  a t t e n u a t i o n  due t o  s p h e r i c a l  
spreading and t h e  change i n  mean-square pressure a t t r i b u t a b l e  t o  t h e  
d i f f e r e n c e  i n  t h e  c h a r a c t e r i s t i c  impedance between t h e  source and 
observer  l o c a t i o n s .  
a c o u s t i c  energy. 

These are  determined by r e q u i  r i n g  conserva t ion  o f  

F i g u r e  2 prov ides  a schematic diagram o f  a c o n i c a l  ray  tube o f  
s o l i d  angle dn. The a c o u s t i c  energy pass ing through any c ross  s e c t i o n  
o f  t h e  ray tube, p e r  u n i t  t ime,  i s  t h e  product  o f  t h e  a c o u s t i c  
i n t e n s i t y  and t h e  c ross-sec t iona l  area o f  t h e  tube. Conservat ion o f  
energy c o n s i d e r a t i o n s  i m p l i e s  t h a t  t h i s  product  must be independent o f  
t h e  cross s e c t i o n  o f  t h e  tube considered. T h i s  i s  expressed by t h e  
equat i on 

where rs and ro i n d i c a t e  source and observer l o c a t i o n s ,  
r e s p e c t i v e l y .  

Equat ion (2 )  may be so lved f o r  t h e  mean-square a c o u s t i c  p ressure  
a t  t h e  observer l o c a t i o n  i n  terms o f  t h e  mean-square a c o u s t i c  p ressure  
a t  t h e  source l o c a t i o n ,  t h e  c h a r a c t e r i s t i c  impedance r a t i o  

and t h e  s p h e r i c a l  spreading o r  area r a t i o  te rm 

I n  dimens 

‘P 

on less form, t h i s  r e l a t i o n s h i p  i s  

r )>* = 
0 ( 3 )  
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where p*c*(yo) and p*c*(ys) a r e  determined from t h e  Atmospheric 
P r o p e r t i e s  Table f o r  t h e  observer  h e i g h t  and source he igh t ,  
r e s p e c t i v e l y .  The dimensionless h e i g h t s  a t  t h e  source and observer a r e  
g iven by 

and 

ys = Magr ( r  s i n  y + h) /TrK ( 5 )  

The observer  d i s t a n c e  r, observer  h e i g h t  h, and e l e v a t i o n  angle y, 
a r e  found i n  t h e  Geometry Table. 

Atmospheric Absorpt ion Losses 

The atmospher ic absorp t ion  losses are  now determined. The 
atmospher ic absorp t ion  c o e f f i c i e n t  p i s  a f u n c t i o n  o f  f requency  
fo(n, t ,o)  and a l t i t u d e  y. The average absorp t ion  c o e f f i c i e n t  p 
i s  d e f i n e d  as 

where yo and ys are  g iven by equat ions ( 4 )  and ( 5 )  , r e s p e c t i v e l y ,  
and < i s  ob ta ined f rom t h e  Atmospheric Absorp t ion  Table. The 
equat i on 

p r o v i d e s  t h e  mean-square pressure a t  t h e  observer.  Equat ions (6 )  and 
( 7 )  must be eva lua ted  by u s i n g  t h e  observed frequency fo(n, t ,o) .  

Ground E f f e c t s  

The ground e f f e c t  model used i n  ANOPP i s  based on t h e  Chien-Soroka 
t h e o r y  ( re f .  l ) ,  coupled w i t h  t h e  impedance f u n c t i o n  o f  Delany and 
Bazley ( r e f .  2 ) .  
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The geometry r e q u i r e d  f o r  t h e  c a l c u l a t i o n  o f  t h e  ground e f f e c t s  i s  
shown i n  f i g u r e  3. The source i s  l o c a t e d  a t  an a l t i t u d e  H above a 
ground plane. The observer, l o c a t e d  a t  a h e i g h t  h f rom t h e  ground 
plane, rece ives  sound which propagates a long a d i r e c t  pa th  r and 
a long a r e f l e c t e d  pa th  r2. The pa th  l e n g t h  d i f f e r e n c e  A r  = r - r 
i s  t h e  most s i g n i f i c a n t  parameter used i n  t h e  ground e f f e c t s  
c a l c u l a t i o n .  Use o f  t h e  law o f  cosines shows t h a t  A r  i s  g iven by 

2 

( 8 )  
1/2 

A r  = ( r 2  + 4h2 + 4 rh  s i n  y) - r 

The d e r i v a t i o n  o f  t h e  Chien-Soroka theo ry  i s  presented i n  
re fe rence  1. The r e s u l t i n g  express ion  f o r  t h e  mean-square pressure  
w i t h  ground e f f e c t s  i s  

where <P2>*labs i s  t h e  f r e e - f  i e l  d mean-square acoust i c pressure, i n  
t h i s  case co r e c t e d  f o r  spher i ca l  spreading, c h a r a c t e r i s t i c  impedance 
change e f f e c t s ,  and atmospheric absorp t ion .  Fu r the r ,  C i s  t h e  
coherence c o e f f i c i e n t ,  and k i s  t h e  wave number based on observed 
f requency . 

k = 2~ f (n , t ,o ) /c (o )  (10)  0 

where c ( o )  i s  t h e  sound speed a t  t h e  observer. The q u a n t i t i e s  R 
and a a r e  t h e  magnitude and argument, r e s p e c t i v e l y ,  o f  t h e  complex 
spher i  ca l  wave r e f  1 e c t i  on c o e f f i c i e n t .  The bracketed  te rm i n 
equat ion  (9)  

G = 1 + R 2  + 2RC COS ( a  + k A r )  (11)  

i s  t h e  ground e f f e c t s  f a c t o r .  

The coherence c o e f f i c i e n t  i s  t h e  f r a c t i o n  o f  t h e  i n i t i a l  a c o u s t i c  
energy which remains i n  phase throughout  t h e  propagat ion  process. A 
reasonable approx imat ion  f o r  t h e  coherence c o e f f i c i e n t  i s  made by 
assumi ng a Gaussian d i s t r i b u t i o n  o f  t h e  form 

C = exp [ - (ak ~ r ) ’ ]  (12)  

where a i s  t h e  incoherence constant .  Genera l ly ,  a i s  g iven  t h e  
va lue  0.01 which y i e l d s  a va lue  o f  0.37 f o r  C a t  k A r  = 3 2 ~ .  
S u b s t i t u t i n g  equat ion  (12)  i n t o  equat ion  (11)  y i e l d s  

G = 1 + R 2  + 2R exp [ - ( a k A r ) * ]  cos ( a  + k At-) (13)  
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To account f o r  a f i n i t e  bandwidth, equat ion (13) must be averaged over 
t h e  frequency w i d t h  A f  t o  p r o v i d e  t h e  r e l a t i o n  

(14) cos ( a  + k Ar) s i n  (Ak Ar/2) 
(Ak h r / 2 )  G = 1 + R 2  + 2R exp [-(ak 

where Ak = 2:n Af /c(o) .  

The complex spher ica l  wave r e f l e c t i o n  c o e f f i c i e n t ,  as determined 
i n  re fe rence 1, i s  

Reia = r + (1 - r )  F ( T )  

where r i s  t h e  p lane wave r e f l e c t i o n  c o e f f i c i e n t  

cos 0 - u  
cos 0 + u  r =  

and F(T) i s  g iven by 

F ( T )  = 1 - 4;; T W(iT) 

w i t h  

and W i s  t h e  complex e r r o r  f u n c t i o n  

m -t 
i e d t  ( I m ( z >  > 0)  

2 - t  W(2) = ;; 1 
-m 

Fur ther ,  cos o i s  g iven by 

r s i n  y + 2h cos 0 = 
r 2  

For  T > l o ,  an asympto t ic  approx imat ion f o r  t h e  complex e r r o r  
f u n c t i o n  ar 1 ows F ( T )  t o  be expressed as 

2 1  3 F ( T )  = -24; U(-R,T) .reT + - - 
2 T2 ( 2 T 2 ) 2  

where U i s  t h e  u n i t  s tep f u n c t i o n  
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The remaining parameter t o  be determined i s  t h e  normal ized ground 
admit tance U. The empi r i  ca l  express ion 

- 0 * 7 3 1 - 1  
-0.75 

v = [l i- ( 6 . 8 6 ~ )  + i ( 4 . 3 6 ~ )  

developed by Delany and Bazley ( r e f .  2) i s  used t o  determine U. I n  
equat ion (23) ,  Q i s  t h e  dimensionless frequency de f ined as 

Q = 2npfo/a (24 )  

Here p i s  t h e  a i r  d e n s i t y  a t  t h e  observer l o c a t i o n  and u i s  t h e  
s p e c i f i c  f l o w  r e s i s t a n c e  o f  t h e  ground. 
admit tance i s  g iven i n  f i g u r e  4. 

A graph o f  t h e  ground 

With t h e  r e l a t i o n s  f o r  r and F ( T ) ,  t h e  magnitude and phase o f  
t h e  complex s p h e r i c a l  wave r e f l e c t i o n  c o e f f i c i e n t  are computed th rough 
use o f  t h e  equat ions 

R = r i- ( 1  - r )  F ( T ) ~  l (25 )  

and 

a = a r y [ r  + (1 - r )  F(T)] ( 2 6 )  

For  an a c o u s t i c a l l y  hard sur face  ( q  = 0), 
s i m p l i f i e d  s i n c e  q = 0, r = 1, R = 1, and a = 0. The express ion 
f o r  t h e  ground e f f e c t s  f a c t o r  (eq. (14 ) )  reduces t o  

t h e  theory  i s  g r e a t l y  

(27)  
cos ( k  Ar) s i n  ( Ak Ar/2) 

(Ak Ar/2) G = 2 + 2 exp[-(ak ~ r ) ~ ]  

The mean-square pressure, w i t h  ground e f f e c t s ,  i s  now c a l c u l a t e d  
through use o f  t h e  r e l a t i o n  

<p2>* = <p2>*labsG I g r  

T h i s  f i n a l  c a l c u l a t i o n  prov ides  a t a b l e  o f  mean-square pressure a t  
t h e  observer l o c a t i o n s  as a f u n c t i o n  o f  harmonic number, o b s e r v a t i o n  
t ime, and observer index, t h a t  i s  <p2(n,t,o)>*. 

User Opt ions 

The Tone Propagat ion Module always performs t h e  s p h e r i c a l  
spreading and c h a r a c t e r i s t i c  impedance change c a l c u l a t i o n s .  
has f o u r  o p t i o n s  concerning t h e  a p p l i c a t i o n  o f  atmospher ic a t t e n u a t i o n  
and ground e f f e c t s :  

The user  
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1. N o  atmospheric a t t e n u a t i o n  o r  ground e f f e c t s  

2. Atmospheric a t t e n u a t i o n  o n l y  

3. Ground e f f e c t s  o n l y  

4. Both atmospher ic a t t e n u a t i o n  and ground e f f e c t s  

The s tandard ou tpu t  form f o r  t h e  no ise  data a t  t h e  observer  i s  t h e  
dimensionless mean-square a c o u s t i c  pressure <p2>* as a f u n c t i o n  o f  
observed frequency. 

Fur ther ,  t h e  user  may request  p r i n t e d  ou tpu t  o f  t h e  sound pressure 
l e v e l  (SPL), i n  dec ibe ls ,  d e f i n e d  as 

SPL = 10 log,, <p2>* + 20 loglo [~:(C:)~I + 197 

Here p* and c* a re  determined from t h e  Atmospheric P r o p e r t i e s  Table 
a t  t h e  8bserver 2 l t i t u d e  yo. 

Appl i cabi  1 i t y  o f  Modul e 

I n  general t h e  s o l u t i o n  f o r  t h e  pressure f i e l d  o f  a moving source 
c o n t a i n s  two terms: one o f  which corresponds t o  t h e  r a d i a t i o n  f i e l d  
w h i l e  t h e  o t h e r  i s  n e g l i g i b l e  a t  d is tances  f rom t h e  source which a r e  
l a r g e  i n  comparison w i t h  both t h e  source dimensions and t h e  
wavelength. The assumptions used t o  develop t h e  t h e o r y  used i n  t h i s  
module imp ly  t h a t  t h e  observer i s  i n  t h e  r a d i a t i o n  f i e l d  o f  t h e  
source. Fur ther ,  i t  i s  assumed t h a t  t h e  observer i s  much c l o s e r  t o  t h e  
ground than t o  t h e  source, t h a t  i s  h / r  << 1. 
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