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Abstract

A simple ana]ysis;method~based upon a transverse shear defofmation theory
and a sublaminate approé@h is utilized to analyze a Mixed-Mode edge delamination
specimen. The ana]ysié provides closed form expressions for the inter]amiﬁar
shear stresses ahead of thé crack, the total energy release rate, and the en%rgy
fe]ease rate components. The parameters controlling the behavior are ident¥fied.
The effect of specimen stacking sequence and delamination interface on the strain
gnergy release rate cohponents is investigated. Results are_compared with a
finite element simulation for reference. The simple nature of the method makes -
it suitable for preliminary design analyses which require a large number of

configurations to be evaluated quickly and economically.
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Introduction

Delaminations aioﬁg the free edges of laminates subjected to tensile
loading have beenAobserved during testing and seriiée; The presence of
delamination, iﬁitiated by interlaminar stresses, causes redistribution of
the stresses amonQ plies in a laminate and, therefore, usually results in a
reduction of stiffness and strength. The edge delamination (ED) test has
been proposed by Pagano and Pipes1 to characterize the interlaminar peel
strength'of iamiﬁéfed composite materials. O'Brien2 extended the scope of
the testxto inyestigate delamination onset and growth in graphite/epoxy
Taminates Qﬁde%iuﬁiform extension. . A simple expréssion was also developed
for the total energy release rate. The energy release rate components GI’
GII and» GIII associated wifh the opening, sheéring and fegring modes,
respectively, were estimated based on a finite element simulation and the
crack-closure methodz’a.

A similar approach was used to study delaminations around an open hole

in composite 1aminates4. Discrete locations around the hole boundary were

‘modeled as straight edges, with the ply orientations rotated by an

appropriate angle. Delamination was found to be governed by the percentage
of Mode I for a given geometry under static loading for the graphite/epoxy
material systems under cénsideration.

Whitney and Knight5 developed an ED specimen which produces Mode I
bebavior. The anaéysis was based on classical laminated plate theory and
continuity of displacements, force resultants, and moment resultanrts
betwéen the cracked and uncracked regioné of the plate were not satisfied.

In addition, such an approach precludes any reasonable determination of the

effect of specimgn geometry on GI.



Recent]y6 Whitney developed a higher order laminated plate theory which
includes transverse shear deformation and a thickness-stretch mode to
analyze a Mode I ED specimen. The effect of specimen geometry on strain
energy release rate was also jnvestigated far 12 ply laminates of the class
[e/-62/6/902]s and for the class [03/903]5.

It is the purpose of the present work to deveTop a simple model for
the analysis of Mixed-Mode ED specimens. Such a model provides closed-form
estimatesxof G GII and GIII and hence allows one to establish appropriate

I’
fajlure crifér1a7’?

for delamination.

Preliminary Remarks

Consider the ED specimen shown in Figure 1 subjected to a uniform
strain €, = €. Due to symmetry one quarter of the laminate is analyzed as
shown in Figure 2. The response is only a function of Y and Z. The
laminate is divided into sublaminates with thicknesses h1 and h0 and local

coordinate systems 205 ¥ and z_, Yo The crack length is denoted by a.

0
Sublaminates 1 and 2, and 0 and 3 represent the groups of plies above and
below the interface along which delamination occurs, respectively.

In order to provide an accurate estimate of interlaminar stresses, a
higher-order théory should be considerea since classical laminated plate
theory predicts zero interlaminar stresses. A shear deformation theory can
be used for this purpose. This theory provides a good estimate for
interlaminar shear stresses Tyz and Tyz' However, the interlaminar peel

stress o, is not accurate. The reason for that is the absence of

thickness strain. i
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From symmetry, the transverse displacement w is zero at Z=0, hence the
prescription of{w at the middle plane Z;O.fixes w everywhere. In this
case, the vertical shearing force resultant at both ends cannot be
prescribed and the distribution of the peel stress will not be correct.
Inspite of this simplification, reliable energy release rate cémponents can
be estimated based on interlaminar shear stresses. GI is evaluated as GT -
(GII+GIII), where ‘theé total energy release rate is denoted py GT'

In the present formu]ation‘ thickness strain 1is neglected and
consequenp]y considerable simplification in the analysis is achieved.

Anothe?-soyrce of simplification in the present approach is due to the

modeling of the structure as sub]aminates--Fgroup of plies that are

conveniently treated as laminated units. This approach can be applied with

confidence if the characteristic length of the response is large compared

.to the individual sublaminate thickness.9

OQverview of the Analytical Solution

In the following sections a step by step procedure is provided for the
solution of the ED specimen. Intermediate results are also provided. The
governing equations are derived in Appendix I. Expression for the
interlaminar stresses, total energy re}ease rate and energy release rate
components are given in Equations (34),A(40) and (42)-(43), respectively.
The parameters associated with these equations are provided explicitly in
terms of the stiffness coefficients in Appendix II.

A solution based on Classical Lamination Theory is given in Appendix
[II. This solution represents the behavior in the interior of the

laminate. ~Application of the present analysis and comparison with a finite



element simulatﬁoh for 63 test cases is presented under the section
entitled Results and Discussion.
The reader interested in results and comparison can refer directly to
the "Results and Discussion" section on paée 28.
Analysis

Assume the folliowing displacement field within each sublaminate:

e
o

u=xe +U(y) + z8 (y)
vE () +zB (y) ' (1)
- w = W(y)

where u,v, and w denote displacements relative to the x, y, and z axes,
respectively, and € is a uniform axial strain. -Coordinates y and z are
local coordinates as shown in Figure 2. 'The present formulation recognizes
shear deformation througﬁ the rotations Bx and By. The corresponding

straijns are

éxx =€

Syy T Voy t 2By Ly
€, = 0

Yay = Uy + 2By y
Y.)(Z = BX

Vyy = Byt W

(2)

The variables associated with sublaminates 0 through 3 will be written with

subscripts 0 through 3, respectively.
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From symmetry

wo(y,-ho/z)

_or W

From continuity of displacements

and (0)

u,(y, h,/2)
vo(y, ho/2)
w, (Y, ho/2)

Substitute from Equation (1)

5 13/
Uo - Ul
Vo = Vl
wl = wo

Governing Equations

The governing equations for
using a virtual work approach.

convenience.

. (3)
at the interface between sublaminate (1)
uy(¥,-h,/2)
u,(y,=h,/2)
w,(y,-h,/2)
(4)

into (4) to get

hy My
2 le 2 Tox

(5)

each sublaminate are derived in Appendix I

These equations are written below for



Constitutive Relationship

i Ny Ali P2 P1e Bia Bie €
Ny Ao Raa Roe Bpp Byg Vay
Ny | 7 A6 P26 Pes Bas Bes | | Uty
" " Bi1 Bip Big D12 Dig | | By,y
" 812 B22 B2 D22 D6 Bx’fl

T | Bi6 B2 Be6 D26 D5 |
2, 3 | Ras P4s By * W,y
% Aas - Pss K

(6)
Edui]ibrium Eduations
xy,y T "™ 7
Ny,y +n =20
Qy’y +qg=0
My " O Fm =0
My,y = *m =0

where
nx, ny X

The equilibrium equations can

variables by substitution from Equation (6) into Equation (7).

is

e

be written in

(7)

, 4, m_ and my are defined in Equation (I-9) of Appendix I.

terms of kinematic

The result



U ] )
X
Azolyy SYM v n,
0 Agalyy | Wi=- | -g
Batyy ~Pasty (Dgglyy = Ass) | Bx My
Boolyy “Aggly (Dpglyy = Rgg) (Dyplyy - Agg) | | By m,
2,2
= d%/d
Lyy /dy
L = d/d
y =y
N (8)

Solution Methodongy

The above collection of equations are to be applied’ to individual

plies of a laminate or to groups of plies...

subiaminates. The SO]ution-

steps are summarized in the following:

1.

Divide tHe laminate into sublaminates accbrding to geometry and
loading condition. The sublaminate length is selected such that
within the sublaminate the geometry and loading are continuous as
is coﬁmoh1y done in engineering analysis of simple structures.

The displacements, resultant forces and moments, and interlaminar
stresses in each sublaminate are governed by the equilibrium
(6)

Write these equations for each

constitutive and the

the relations

Equation(7),
displacement distributions (1).

sublaminate in the analysis model.
Apply 1nfer]aminar continuity conditions and enforce traction or

displacement conditions at the extreme upper and lower surfaces

of the laminate.



4, Solve the system of coupled ordinary differential equations for
the element variables.

5. Enforce the boundary conditions at constant values of y, the
]aminateszsections, as well as continuity requirements between
sublaminate ends in order to find the values of the arbitrary
constanté resulting from the solution in step 4.

6. Determine interlaminar stresses, resultant forces and moments

displacement distribution and energy release rate.

Application to the ED Specimen

Thé ED configuration is divided into- four sublaminates as shown in
Figure 2. The response associated‘with sublaminates 1 and 0 is coupled
through the cont{nuity coﬁditions at theif ;ommon interface. Hence, the
variables associated with both sublaminates are to be solved
simulataneously. The situation is different with sublaminates 2 and 3
where the cbntinuity conditioqs are relaxed due to the présence of the
crack. Therefore, thé variables associated with these sublaminates are not
coup]ed: |

The so]dtion procedure for sublaminates 1 and 0--the uncracked portion
of the laminate---is presented first, followed by the cracked portion
represented by sublaminates 2 and 3.

Uncracked Region of the Laminate:

(i) Sublaminate 1

The upper surface of this sﬁb]aminate is stress free. Denote the
shear and peel strgss at the bottom surface by tx’ ty and p, respectively,

The transverse displacement W is zero from Equation (5). Hence, the

l’
equilibrium equation in terms of the displacement variable takes the form

.



Ass Ly A2s Ly
A261Lyy A221Lyy
0 0
8661L BZGILyy (D
___EéGlLyy BZZlLyy (0

(ii) Sublaminate 0

1 .
66_Lyy

1

26 U

vy

1, 1, 1
Ags ) (Dyg Ly ~Ags™)

1

1,,: a1
A45 )(DZZ Lyy A44_2__

(9)

From symmetry condition at the sublaminate bottom surface the shear

stresses tlx'and tly are zero. From reciprocity of stresses at the interface

between sublaminates O and 1, the interlaminar stresses at the upper surface

of sublaminate 0 areitx, ty

bottom surface by p,. Hence the equ]ibfium equation takes the form
1 .

and p.

0 . 0 o}
Ae6 Lyy A2 Lyy Bo6 Lyy B26 Lyy
0 [0} 0 0
A26 Lyy A2z Lyy B2g Lyy B22 Lyy
» 0 _a O
0 0 Agg Ly Agq Ly
0 o 0 ) 0, _, O
B66 Lyy B26 Lyy (DG6 Lyy A55 ) (026 Lyy A45 )
0 0 0 ) 0, _, ©
26 byy  Baa Ly (DpgbyyRgs ) (Dpp'by Ay, BJ

Denote the peel stress at the sublaminate

10

‘

(10)




Equations (9),. (10) and (5) can be combined to yield the following
form:

r———— ) l ] [ ]
(FiibyyAeq ) > Py
0 _
Failyy (FaolyyRag ) Boy | O
1 1
(Fa1byy~Aas) Faolyy (FyalyyAss ) Biy
- 0 - 0 '
Farlyy (FaolyyRgs ) Faslyy  (Faglyy™Rss )| | Box |
(11)

The_parameters\in Equation (11) are defined in Equation (II-1) of Appendix
I1.

Assume an exponential solution of the form

_ * * * *) sy (12)
(Bly’ Boy’ lea BOX) - (Bly 5 Boy ’ le ’ BOX €

Substitute from Equation (12) into Equation (11) to get the following

characteristic equation

8 6 4 2 -
E85 + E65 + E4s + Ezs + E0 =0 (13)

Coefficients Eg through E, are defined in Equation (II-5) of Appendix II.

Parameter E, represents the determinant of the coefficients of Lyy in matrix

8
equation (11) while E, is the determinant when Lyy is set to zero. Parameter Eg
depends solely on the stiffness coefficients A44, A55 and A45 for both
-sub1aminates while E8 is predominantly influenced by the bending and coupling

coefficients Dij and Bi Hence its numerical value can be orders of magnitude

j-
smaller than the remainirg coefficients. This fact results in the presence of a

boundary zone in the response.

11



Typical values of a nondimensional form of the coefficients E8 through
Eg 1s given in ~Table II for three laminates made of T300/5208
graphite/epoxy maferia]. The nondimensional form of the coefficients is

obtained by making the following substitution
s= sb (14)

Where b is the 1aminateAsemi~width. The arrows in the layups of Table II
indicateuphe interfaces containing delaminations. The material properties
and geomet}y*appear in Table 1.

The charac;erisfic roots controlling the behaQior are determined from
Equation~(13), which has a ¢losed-form solution. However when Aj6’ Bj6’

D.. (j = 1,2) and A45 are neglected, Equation (11) takes an uncoupled form

j6
and consequently the characteristic equation (13) can be factorized into
two biquadratic equations. The stiffness coefficients Aj6’ Bj6 and Dj6

represent coupling interaction while A45 depends predominantly on the shear

-modulii G31 and G23. For a cdmposite material where these shear modulii

are approximately the same,AA45 can be neglected.

The uncoupled form of the characteristic equation is

2. 4 0 1, 2 1. o
[(Fy1FopFor ) =(Fyqhgy * Fop Agg )s™ + Agy Ay, ]

2, .4

0 1, 2 o} 1, _
[(F33Fgq-Fas3 )s =(Fyghgs + Fyahpp )s™ + AggAgg] = 0

(15)

12



“  The first_bra%ket in Equation (15) control V and By behavior while the
second U and BX. The -absoTute values of the roots in Equation (15) will be
denoted by s

s and Sy2 These can be regarded as a good

yl’. sy2’ x1
approximation for the roots of the coupled equation (13). A comparison
between the coupled and uncoupled roots for a typical laminate is provided
in Table III. These roots are found to be real for the material system and
layup used. The predictions of the uncoupled equation (15) are in good
approximation with the coupled equation (13). Also, the Tlarger
characterjstic ﬁdots Syl and syl corfespond to bending behavior while the
smaller s*z\and sy2 control the membrane behavior. This is shown in the

following section.

Membrane behavior can be modeled by setting
M =M =M =0 ' (16)

in the equilibrium equations for sublaminates 1 and 0. The chabacteristic

equation (13) réduces to

2 1 2 _

(FiimS = Pgg ) (Fopps™ = Agg™) = 0 (17)
The membrane parameters F11m and F22m are defined in Equation (II-9)
of Appendix II. They depend on Aij and Bij coefficients. The

characteristic roots predicted by Equation (17) are included in Table III.
By comparison with the roots of Equation (15), bending behavior is moré
localized than the membrane behavior as the characteristic roots
controlling bending are larger. This fact is expected since Classical
Lamination Theory (CLT), which predicts membrane-type behavior, prevails

in the interior of the laminate.
13



Since the laminate width is large compared to its thickness and to the
crack length, the response in sublaminates 1 and 0 is predominantly
decaying from the crack tip and, therefore, only the roots with a negative
sign will be considered in this solution. |
Cracked Region of the Laminate:

Sublaminate 2

This sublaminate represents the upper group of plies in the cracked
portion of the 1amiﬁate. Since there is no.reStfiction on the transverse
displacemgnt W, boundary conditions on Q can be specified.

The prer and lower surfaces in this sublaminate are stress-free and

aﬁ’yl=-a there is & free edge. The equilibrium equation (7) reduces to

(18)
By substituting these conditions into the constitutive relations (6), to a

single differential equation in ferms of BZx obtained.

0. .L+ 8, tcd. +8.,.cd,, +D,.Cd.,) B S W k. - EL PY
66 26 712 66 22 26 327 T2x,yy 55 A 1 2X
‘ 44
(19)
Parameters Cdlz, Cd22 and Cd32 are defined in Equation (II-10) of Appendix
II. Solution of Equation (18) leads to
sy -s y
B?x - Hl e C 1 + H2e c’1 |
where 0<y;£-a

14




1/2
1.2, 1
Ace™ = (Agg )"/Agy

66 Cdpp * D

26 32)

(20)

Since the crack length 'a' can be small, positive as well as negative
signs of the root Se have been considered. The arbitrary constants H1 and

H2 are determined from the boundary condit{on at
u”y{.= -a | Mxyz(-a) =0 (21)

and continuity conditions at yi = 0 with sublaminate 1.

The displacements at the bottom surface of sublaminate 2 are

h | h
- = -1 - S
Vplyys Thy/2) = vy(0) * (Cdyy = 57 Cdyy) eyy = (Cdypm 57 Cdgp)

sy -sy
[Hy (1-e 1) + Hy(1-e 1))
hy .scyl S
u2(y1-h1/2) = ui(O) + Cd21 €y - (Cd22 - E_) [Hl(l-e ) + Hz(l-e )]
(22)
where
o Vi(o) = VZ(O,@hl/Z)
ui(O) = u2(0 - h1/2)

The linear terms in ¥, in Equation (22) represent the displacement

when Bsz 0.

15



(i1) Sublaminate 3

The upper surfdce of this sublaminate is stress-free, while the
interlaminar shear stresses on the lower surface are zero from symmetry
conditions. Moreover, there is a free edge.at Yo = @ The equilibrium

equation (7) reduces to

N = =
XYy Ny3 0

M - - Q =0

XYq,Y Xq

M. -Q =0 3
y3,y \Qy3 ’ » (2 )

By substituting these conditions into the constitutive relations (6),

two coupTed differential equations in BBy and'B3x is obtained

o] [o}
A J 45 B3y

44 26"

Yooty vy A

A,° J °

J 45 66-yy” Ass Bax (24)

L

26-yy~

Parameters J22 , J26 and J66 in Equation (24) are defined in Equation
(11-12) of Appendix II.

Solve the differential equations for‘s3y and B3x'

.$8,Y, -sS,Y

SS,Y
o + 1 270

~SS,y
e + I3 e + I4 e 270

=1

B3y 1

-ssly sszyo .,-sszyo)

B3X = nl (Il e + n2 (13 e o+ I4e

where ‘ -a £ Yo <0

16
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2

1 2 _a O _ 0
Ny = 7 (05885 =Ag)/ (Jpgssy = Ayg)

(25)
The constants Il through I4 are found from the boundary conditions at
Y= -a , My3(-a) = Mxy3(-a) =0 (26)
and continuity conditions at Yo © 0 with sublaminate 0.
The roots ss|

1
characteristic equation resulting from equation (24).

and sS, in Equation (25) are found by solving the

The 'displacements at the upper surface of sublaminate 3 are given by

~ .

ho 55190 .
-v3(yo, ho/2) = vi(o) + wd11 ey, + (wd12+ 5+ nlwd13) [Il(e -1)
, -ss,y ’ h SS,Y
170 _ 0 270_
+ I, (e 1)] + (wdy, + — + nywd;5) [I5 (e 1)
~sS,y. .
+1, (e 2% 1)]
oy : ho SS1¥e
us(y,> ho/?} = u;(0) * wdyy ey, + [wdy, + nl_(wd23.+ 5-) 1 [1;(e - 1)
~ss.y h Ss,y
: 190 _ _0 2°0_
+ 12 (e 1)] + [Wd22 + nz (Wd23 + 2)] [13(9 1)
~ss,y '
+1, (e Z0-1)] (27)

Parameters Wdll’ Wd12’ Wd13’ wd21, wd22, and wd23 are defined in Equation
(I1-12) of Appendix II.

In order to determine the energy release rate components by the
virtual crack-closure methoqlo, the relative displacements at the crack
surface as well as the interlaminar stresses at the crack tip are needed.

From Equations (22) and (27) the relative displacements are

17



Av = vy (¥ h/2) = vylyy, = hy/2)
h1 ho
= (wdyy - Cdyy + 5= Cdyy) ye #(wdp, + 5+ 0y wdyj)
S -$S,Y
[I1 (e - 1) + 12 (e - 1)]
_ho SS,Y =SS,y
+ (wd12 t3 ot wd13) [13(e -1) + 14(e - 1)]
+ (\,d12 -5 Cd32) [H1 (1-e )} + H2 (1 -e )]
du fwu%(yo, ho/2) = u,ly;, = hy/2)
‘ h, ss1¥
= (WdZI - Cle)yE + [Wdzz + nl (Wd23 + 'Z—-)J [Il(e - 1)
-ssy
+ 12 (e -1)]
ho T $S,Y =SS,y
+ [ Wd22 +'n2 (Wd23 + 2_) [13 (e - l) + 14 (e = l)]
h1 Sy Sy
+ (Cdy, - 57) [Hy(1 - e ) +Hy, (1 -e 7))
-aly<o
(28)

The linear terms in Equation (28) represent the relative displacements
when the shear deformations_BZX, B3x and B3y are neglected. The remaining
terms are exponential, énd their effect on the predictions are depicted in
AFigures 4 and 5, for two typical laminates. The dotted lines denoted by
AU, and AVL in the figures correspond to the Tinear contribution, while the

L
solid lines AU and AV include the exponential terms. The crack length 'a

in figures is 10 percent of the laminate semi-width and the applied strain

is 1000 micro in/in. The simple linear distribution represents a good

18



approximation for the test cases considered.

Due to the simplicity and

accuracy of the linear displacement distribution, the energy release rate

computations will be based on the linear displacement contribution only.

A

discussion of the effect of the exponential terms on the calculation of the

total energy release rate will be provided later.

Interlaminar Stresses

Denote the absolute values of the roots in Equation (13) by s

1,4). The response can be written in the form

NP
Bly" Gje
. -5.y
le = Gjaje J
) AN
Boy = B3%5 ©
-s.y
Box™ 85Y5¢ ’
~s.y
Ul,y = C - SjVjGje J
-s.y
Vl,y =C - SjujGje J

Summation over the range of

index J

is

1,4; o

implied

<

J

y<b
(29)

in Equation

. (J

(29).

Parameters «., V., Y:, V., and ui are defined in Equation (II-14) of

J J J J

Appendix II. The arbitrary constants of integration associated with the

displacements are CV and Cu.

19



Substitute from Equation (29) into the constitutive relationship for

sublaminates 1 and 0 to get

1 1 1
N 1Al a A c N
xl 11 12 16 x1j
-s.y
1 1 1 i
Nyl A12 A22 A26 Cv‘ Nylj stJe
T 1 1 '
Yy, | = | Me R Pes IRTEE B
1 1 1
"y, Biow Bap Bog Mylj
1 1.1
Mxy1 Bie Bos Bes Mxle
Q
y 1 1 -s.y
1 ) Aag™ Pys 1 | ge
= ‘ i
: A loal o
Q, 45 Ass 3
1
0 0 0 €
Nxo Al A Mg X0J
0 0 [0} CV
N A0 AC A -N
Y, 12 P2 Pos c, Y14
LY oy
_ (0] (0] [0} - - J
ny0 N A16 A26 A66 nylj SJGJe
0 0 (o] .
"y Bioo By By Myoj
. 0 0 0
Xy, Bi6 B26 Beo "Xy
L — = o
Y, Aag A4;_1 b
= G.e >3Y
Q A% A ° !
X0 45 55 Yj
L | L i — — (30)

20



The parameters associated with Equation (30) are defined in Equation

(II-15) of Appendix II.

There are twelve arbitrary constants of integration namely: Gj (j=

1,4), C C H, and I These can be found from the

v ou’? Hl’ 2 1 4
boundary condition at the free edge of sublaminates 2 and 3 expressed in

through I

Equations (21) and (26) and from the:  continuity conditions between

sublaminates 1 and 2, and 0 and 3 at y = 0. - These are:

-~ o Nyl(O) = Nyz(o} =0
.nyl(O) : nyZ(O) =0
Myl(O) = My2(0) =0
NyO(O) = Ny3(0) =0
N;yo(O) = ny3(0) = 0
(0 = My ()
MXyO(O) = Mxy3(0)
MyO(O) =.My3(0)
82x(05 = By, (0)
Box(0) = B3, (0)
Boy(0) = B3,(0) (31)

21



Boundary conditions on Qy cannot be specifiéd in sub]aminap;s 1 and O
as a result of neglecting the' transverse -normal strain in the assumed
displacement function. Equations (21), (26) and (31) rebresent 14 boundary
conditions for twelve constants. However, the last two continuity
conditions at the interface between sublaminates 0 and 3 in Equation (31)
lead to

37
12

. 0 0 = o 0
Rgg Boy(0) * Agg™ Boy(0) = Agp” By (0) + Ags™ 85, (0)

that fs,K
0 Y3 ' (32)

which cannot bé_specified. Therefore, the conditions BOX(O) = B3X(0) and
de(o).= B3y (0) cannot be prescribed for con§istency.

Substitute for the resultant forces and moments in sublaminates 0
through 3 into fhe first ngne equat%ons in (31) aﬁd solve for the-arbitrary
constants. As CV and_Cu are easily obta{ned, their expressions are listed

below for convenience.

Cy = (kyg Kig = Kggkyp) €/D
Cy = (kogkyp = kpp kig) €/D
where
- 1 0
kjp = Ao A
k,. = A 1 +a 0 (33)
16 * P :

16

. Parameters k26; k66’ k22 and D are defined in Equations (II-3) and
(I1-4).

22



The resultant axial forces and moments in Equation (30) consist of two
parts: a constant term and an exponentially decaying term. In the
interior of the']aminate thevsecond ferm is negligible and fhe response is
controlled by the first term. Since CLT is retrieved in the interior of
the laminate, the first term can be recognized as the CLTvprediction. This
is shown 1in Appendix III where a CLT solution is derived for the ED
specimen. This' solution is simple and can be derivéd on a ply-by-ply
basis. Moreover, the sign of tHe resultant axial force Ny determines the
sign of the interlaminar peel stress. A ;ompressive peel stress tend to
retard de]éﬁination at a given interface.

Infer]aminar stresses at the interface between sublaminates 1 and 0

are found from equilibrium.

t, =N

=N © G.e I
X T wypy o xgg 53 S°
_s‘y
- = 2 J
t, =N, =N . s° G,
v ooyey T vd %3 S
1 1 -s.y
p=Q = -s.(A + A a.) G.e 7] _
VoY j44 45 737 7 (34)

¥ ~

The distribution of the peel stress p is not in equilibrium since the

boundary condition on the shear force Qy(O) cannot be prescribed.
1

b

b
pdy = Q dy = Q, (b) - Q, (0)
. ¥i.¥ y y
J0 J 0 1 1 1 (35)

Qy (b) = 0 as Qy is an exponentially decaying function, however Qy(O)
, 1 , - 1
7 0.
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A comparison of the interlaminar shear -stress distribution ty along
the interface between sublaminates 1 and O appears in Figure 6 for three

laminates. The applied uniform strain is 1000 micro in/in.

Energy Release Rate

The total energy release rate can be determined by considering the
“work done by external forcess. For a uniform applied strain €, = €

throughout the laminate this can be written as

N

N e 3 R o
where P is the axial applied force and is given by
(b-a) | 0
P = IO(NX + Nx ) dy + J—;NXZ + NX3 )dy.

1 o (37)

The axial forces Nx and Nx in sublaminate 1 and O respectively are

1 o}
given in Equation (30) while the axial forces in sublaminate 2 and 3 are

given by

Pl 1 - ScY Sy
1o Cdyq + Ajm Cdyy +Byy” Cdygde + Jys (Hie ™ - Hye ™)

x2 =
o ss,y -ss,y

o) ) (o) :
= (Ryy" * Ay wdyy + A wdyy)e + (3 + 0y Jg)ssy (The Ie )

=
1

x3

SS,Y ~$S,Y
+ (J2 +n, J3) ss, (I3e - I4e )

- (38)

o
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o1 1 1 9
Jp = Blg * A Udp t A Cdpp + By Cdyy
_ 0 o] 0
Jp = Bypm A wdi, A wdy,
_ 0 0 0
Jg T Bjg *t A3 wdjy AT wdy, (39)

Substitute from Equations (30) and (38) into Equation (36) and using

Equation (37) to get

1 ocd. +.a tcd,. +8.0

a E -
G [Kyp Cy * KigCy - (Rpy 11 ¥ A Cdpp + By

T 2 K Gy Cdsy)e

16

~ .

(o]

- (A, .0 wd 16 Wdy) €]+ Gy

12 Wdyjp + A

(40)

where Gp is an équnentia] function of the crack Tength. For a crack
length 1larger than a few ply thicknesses, the contribution of GR is
negligible. This situation is depicted in Figure 7 where a normalized
total energy release rate for a typical tlaminate is plotted against the
crack length divided by ply thicgness. The laminate thickness is denoted
by t in the figure and the ply thickness is h. In this case, GT reaches
the constant value prédicted by the first term in Equation (40) for a value
of crack length larger than four ply thickness. Also appearing in figure 7
is a comparison with a finite element solution presented in Figure 6 of
Réference 4.

The total energy release rate is a g1§ba1 parameter which does not
depend strongly on the local details at the crack tip. This is the reason

why relatively simple modeling approaches yield adequate predictions for

the total energy release rate.
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This finding checks the results of References 4 and 8 where simple

A

closed-form expressions- for GT are in good agreement with predictions based

on refined theories or on finite element simulation.

Energy Release Rate Components

Using the virﬁﬁai-crack-c]osure‘method GII_and GIII are given by

)
T }
'GII = Lim I ty(s r)Av(r)dr-

. §
_ s 1 j .
G = Lim 5% t_(s-r)au(r)dr
IT1I 650 28 . 0. X ‘

(41)

where § is a virtual cfack step size. Unless a singularly exists in the
stress field, Equation (41) yieids the trivial result (GII= GIII = 0) when
the 1imit as § tends to zero is determined.9 Consequently, a sufficiently
.large finite ﬁtep size is essential to get an answer when usiﬁg models that
do not exhibit singular behavior.

Subsitute from Equation (34) for the interlaminar stresses in term of
force resultants into Equation (41) and use the linear terms in Equation

(28) for the relative displacements to get
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where

- - 1
0, = wdyy- Cdyy + 57 Cdgy
Oy T Wd oy Cd 5
A
- 1
F = = J N dy
y b Jg ¥
P21
X A Nx dy ‘
CJo M (42)

The fiﬁitg crack step size is denoted by A. The resultant forces Nyl

and NX exhibit a boundary layer behavior. This is shown in Figures 8 and

yl
9 where the resultant force distributions are plotted along the laminate

width. In the interior a constant value correspohding to the CLT
prediction is reached.

The averagé resultant force values Ey and ?x depends on the selected
value of the crack step A. Recommended ad hoc values as a percentage of

the "initial .crack Tlength have been suggested in the finite element

11

representation of the crack-closure method. However, within the boundary

Tayer region Ny1 aad nyl have steep gradients and consequently a small

variation in the selection of A leads to large variations in ?y and ?x'
distributions at the crack tip are controllied by the

Since N and NX

y1 yl .
boundary layer decay length, the crack step size A should be selected based

on the boundary ]éyer length rather than a percentage of the initial crack
length.
Mode I energy release rate is found from

Gp = Gp - (Gpp * Gyqyp) (43)
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GII and GIII are given in Equation (42) and‘GT in Equation (40).

The energy release rate components predicted by this approach show a
good correlation with finite element solutions when the crack step size a

is selected as

o>

Cr o o4z ez |
= [sq {5y + 55 *53)] (44)

where §j (j=1,4) are ehe eharacteristic roots ‘in increasing. magnitude
nondimensjona]ized.by the‘ply thickness h.- The dfstinct roots sj control
the decay‘fength‘essociated with different physical vériab]es; "It has been
found empirica1l&'thet the combination above gives very geod correlation
with finite element simﬁ]étions for over  sixty cases that have been
compared. Although the functioha1 form is not simply identified with a
boundary length it nevertheless contains the proper information.

For a genere1 layup the crack size A is inf]ueneed by all four roots.
However, for laminates where Mode III is neg]igib]e the crack step size is
influenced by fhe charaeteristic foots S, and Sg that control V and By

behavior. For this situation, the following crack step size expression

provides good correlation with the finite element solution:

2
g Sp)

ol

= 2.6 (s

Results and Discussion

An extensive comparison between the energy release rate components
pred1cted by the present approach and a quasi 3-D finite element solution
has been performed. The results appears in Tables IV through X and in

Figures 10 through 28. The finite element results in Tables V through X

[¢¢]
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are related to the work of Reference 4 and were provided by the authors.
The properties and geometry used appear in.Table I. The applied uniform
strain is one micro in/in.

In Table IV a comparison is provided for six Taminates. The first
three layups weke reported in Reference 3. The GIII component in these
layups are neg]igib]e. The remaining layups represent éases where‘GI, GII
and GIII componeﬁts are all finite.

The laminates presented in Tables V-X are rotated stacking sequences
for two qyasi-isotropic layups. The first is a [0/90/i45]s and the second
is a [45/907f45/0]s. The results of the first laminate appear in Tables
V-VII while in Tables VIII-X the results of the second laminate are
provided. The;e laminates were used in Reference 4 to investigate.
delaminations around an open hole. The strain energy release rate
distribution aro&nd the hole boundary, for de1amfnations growing in a
'prescribed interface, was calculated by assuming that each circumferencial
portion acts as a: straight edge subjected to an appropriate uniform
circumferencial strain. Hence, at each circumferencial angle o the
Taminate reflects a new stacking sequence wheré the load is applied in fhe
0-direction tangént to the hole. >The angular position corresponding fo
each stacking sequence is provided in Tables V-X.

The results in Table V are plotted in Figures 10-12. In Figures 10
and 11 the percentages of GII and GIII are plotted against the angﬁ]ar
position, 'o, around a hole in the first laminate. The finite element
resuits are shown in solid lines while fhe results of fhe present analysis
appear in dotted lines. A comparison of GT is shown in Figure 12.

Similarly, the results in Table VI and VII are plotted in Figures 13-16 and
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17-19, respectively. The results of the second laminate are provided in
Tables VIII-X. The results in Table VIII are shown in Figures 20-22.
Similarly the results of Tables IX and X are plotted in Figures 23-25 and
26-28. In Figures 22, 25 and 28 as well as in Tables VIII-X the values of
GT from the simple expression derived 'by O'Brien4 are included for
comparison. The plots in Figures 26-28 have been discontinued at o = -45°

as compressive peel stress occurs at the 45/90 interface. 'The sign-of the

L9}
“

peej stress at a given interface can be determined from a simple
membrane-type que1. This is shown in Appendix III. Under compressive
peel strese“the crack surfaces tend to close and a épecia] mode]ing
approach should pe used. One possible approach was proposed in Refefence 9
in connecfion with a double cracked-lap-shear sbecimen tested under

compression loading.
Conclusion

InterTaminar s$trésses and energy release rates are estimated for the
ED test using a shear-type deformation theory and a sublaminate approach.
The predictions are obtaineq in closed form and the parameters controlling
the behavior are identified. The Qoverning equations are derived using-a
virtual work appreach. Due to the absence of transverse strain the
| interlaminar peel. stress distribution is not in equilibrium. The
interlaminar shear stresses, however, show reliable trends. The energy
release rate components GII and GIII are .estimated. based on the
interlaminar shear stresses and relative displacements using the virtual

crack closure method. The total energy release, GT’ is determined from the
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rate of change-of the work done by the external forces with crack length.
Then GI is obtained as the difference between GT and (GII + GIII)‘

An extensive comparison between the energy release rates predicted by
the present approach and a quasi 3-D finite element solution for over sixty
test cases, is performed. The agreement is good. Thé methodology outlined
in .this work ﬁs. simple and the results are generated using a Hewlett

Packard 9845B desktop computer.
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Appendix 1

Derivation of the Governing Equations

In this Appendix the governing equations for the sublaminate shown in Figure
3 are derived using the principle of virtual work.

Consider a sublaminate... a single ply or group of plies conveniently
: treated as laminated units of thickness h. The origin of a cartesian coordinate
system is located within the central plane (x-y) with the z-axis being normal to
this pléne.A Thg material of each ply is assumed to possess a plane of elastic
syhmetry para]]ei‘to Xy as shown in Figure 3.

Stress and moment resultants,

h/2 |
(Nys Nys Nyys Qs Q) = J (0,5 0y Typs Ty,) 42
“h/2
- n2 ;
M M M) = [ oy 0 T )2dz (1-1)
“h/2 ~

Because of the eﬁistence of a plane of elastic symmetry, the constitutive

relations are given by

L - - .-
ox Cll X
€
o, _ ¢y Cpy SYM y
€
°, C13 Co3 C33 z
: Y
| x| | %16 %26 %36 Ce6 | | N
e | Chq SYM -
T C C Y
| xz 45 755 Xz (1-2)
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where Cij are components of the anisotropic stiffness matrix and ny’ sz
énd Y, are engineering shear strains
The displacements are assumed to be of the form
u = U(x,y) + z8,(y)
v=V(y) + z8,(y)
w = W(y) | - - - (1-3)

where u,v and w are the displacement components in the x, y and z
directions, ~ respectively. Equation (I-3) in conjunction with the
strain-displacement relations of classical theory of elasticity leads to

the following kinematic relations

€X)( = U,X
fyy = oyt ZBy?y
€5 = 0 ‘
Yay Ty 2By
. Y)(Z = BX
Yyz = By * W,y (1-4)

_ Substitute Equation (I-4) into Equation (I-2) and put the results into
Equation (I-1). This yields the following constitutive

relations:
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where

The usual' coupling between bending and extensioha] modes for a laminate of

arbitrary construction occurs in Equation (I-5) through the stiffness terms

B_ij.

and &w is

sV =

Vv

Q 1 | Pa Pas By + U,
Q Ags R | | By
h/2 .
i 2
(Aij, By Dij) = J Cij (1, z, z7)dz
-h/2

+ g + v
J (0X Gsx oyésy + ozéez + Txy Gny Tyzész+ Tz

34

At Az Pe By By B
Rz Ry Py B By By
Ae A6 Mes Bie P26 Pes
© By B, By Dy Dy 1016,'
Biz By By D1y Dy Dy
%16 %26 %6 P16 P26 Des

(I-5)

The variation of the strain energy due to virtual displacements éu, év

SYXZ)dV

(1-6)



Xy’ Gsz and Gsz are the strains associated with

the virtual displacenients. Substitute from ‘Equation (I-3) and integrate

where Gex, Gsy, GEZ, Sy

through the thickness using Equation (I-1) to get

s0 = jA[Nx s, + Nyav,y+ ny au,y+ Qx 88, + Qy (asy + aw,y) + ansx,x

+ + dA
My éﬁy,y Mxy GBX,YJ

(I-7)

The variation of the work done by the external forces and by the

surface fractions is

W = IA (nx sU + ny 8V + q8W + mXGBX + my dsy) dA

+ IS(Nn 5Un + an aus + Mn 8, * Mnsass)ds (1-8)

where a bar denotes values on the boundary, n and s are coordinates normal

and tangential to the edge, and

X 2X 1x

ny = t2y - tly

q9=p, - P

m = h (t,., + t..)
X 2 2x 1x

mo=0 ot +t,) (1-9)
y 22y ly

where Ny and ny can be regarded as effective distributed axial forces, m,

and my effective distributed moments and q an effective 1atera1'pressure.

35




From the principle of virtual work the equations of equilibrium and
boundary conditions are determined from the Euler equations and boundary

conditions of the variational equation.
sV = &W : : (I-10)

Substitution of Equations (I-7) and (I-8) into Equation (I-10) leads the

following equations of equilibrium:

XX Yy,y
Mok Mey,y =t =0
+ - +m = '
Meyoxt My,y Q@ *my =0 (I-11)

and one member of the following five products must be prescribed on the

sublaminate edges

N, Up> N UG, Mg, M

ns Bg and Q W (1-12)

ns

For the ED specimen under uniform extension, U(x,y) in Equation (I-3)-

is given by
U(x,y) = xe + U*(y) (1-13)

and the response is a function of y and z coordinates only. For this case

the equilibrium equations (I-11) take the form
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Substitution of the constitutive relations

(I-14)

in Equation (I-5) into Equation

*
A66Lyy (— U
. v
A26Lyy A22Lyy, SYM
: W
A44Lyy
Boslyy  Baslyy  Aasty  (Dggbyy™ Ass) By
Boglyy  Baotyy  TAagly  (Dpglyym Ags)  (DyplyymhAgy) 3
N —_— L —
(I-15)
where the operators l
2, 2
L =4d-/d
vy /dy
Ly = d/dy (I-16)
and for the boundary conditions at y = constant prescribe
x .
ny or U*, Ny or V, Qy or W, My or By and Mxy or Bx (1-17)
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Appendix 11

Definition of Parameters

In this appendix the parameters in Equations (11) - (30) are defined
in terms of the sublaminates thickness and Aij’ Bij and Dij coefficients.

Sublaminates 1 and O:

The Fij parameters (i=1-3, j=1-4) in Equation (11) are defined as

Ee)
12

=

IO A (P |
Pl = Dpp™ o 5 Byy™ + oo vy + hpg Uy
Fa1 = hap Vip _ Nog Uyp
Fap = Dol + El Bl # hoy via * ho U
31 ° Dpg” 57 Bpg * Ny, vig t hog Uy
Fa1 = Doy vig * hog Uyg-
F,, =D,,° - EQ B,,2 + Cop vy + C u
22 = Dpp =5 By  * Ly vyp Lo Ugp
Faz = Nag V12 * Mee U1
Faz = Npg Vig + Ngg U1g

h

a1, Mo
Fa3 * Dgg™ * 37 Bgg * Nog V13 N U13
F =DO-E—B°+C'V +C,. U
42 = Dog 5 Bog * Coo Vig * Cop Uig
Fpg = D..° - EQ 8O +c¢ v‘ +C
a4 = Dgg 5 Bes * Ca Vig -

66 Y14 ‘ (1I-1)
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Parameters u,. and v

1 1

(i= 1-4) in Equation (II-1) relate the

displacements U1 and Vl to the rotations through the following equation

K

v L V. .L V..l
- 1 13
Vl’yy i 11 “yy 27yy yy
Yy | Uibyy  Uiabyy  tastyy
(Kog g ~ Kgg Npp)/D + hy/2

(KogCog™ Kgg Cpp)/ D + hy/2

h h D

Kee C26)/0

(Kyg hgg ~ Kgg Nog)/

(Kog Cop -

h

(Koghop = Kpohog)/D

(K,eC

26022~ K72C,6)/D

(Koghog™ Kophgg)/D + hy/2

(KogCop™ Koplggl/D *+ hy/2
2

Kog

22566 ~
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Vig

Uig

L

L

yy

yy

Bly

Boy

le

| Pox_|

(II-2)
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and

.
) 1, Mo
hyp = Bya™ + 37 Ay
h |
I L
hoe = Brg * 7 Ayg
h
. 1. Mo
Res = Bog * 3 Agg
h
_n 0, o 1
Cop = 822‘~f\ 7 Ay
.
- 0 o 1
Cog = Bog .+ 7 A
h
_ o, o 1
Cs6 ~ Bes * 7 Pss
_ 1 0
Kag = Azp™ * Ay
_ 1 0
Kog = Pag * Pog
Kee = Acet + Acgl O (11-8)

66 66 66

The coefficients E8 through E0 in Equation (13) are defined as

Eg = Fyqy = FapXp * For ¥y - F4121

) 1 i
Eg = Frolp = Agy” Wy = Fay K5 + Ry xl Py Yot Fay 4

- 0, o© 0,2 2, . 0 0
Eq = [Agg Ags = (Rgg )71 (FyFag = Fop) + (Fpp Agg + Fuy Ay

1

- 1 -
2Py Ags ) (FiqA 55 F31“45 Yo By Wy ¥ RgT Xy ¥ Py Yo By 25
- . ] o _ o 2 1 1 _ 1
Ey = -[Ayy  Ags )71 [FyyAgs + Fag Mgy = 2F31Ry57 ]
- 1 1 l 2 - o
[Ryg” Agg )T (Fophas” + Fuahyq” = 2Fg, Ays®)

o 0o _ 0 1 1,2
0 = [Agq  Agg (Rgg") ]‘[A44 Agg = (Agg )7 ]

[al
1
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- F

N N
Fa3 (Fao Fag = Fag ) = Fyp Fug * 2F43 Fyp
o} o, . 1
33 (Faohss” + Faahas” = 245 Ags®) = Agg
2 2 0
Fig® Ags = 2Fuafaphys’ + Fus” Ay
Fay (FooFaa = Faol) = Fao (Foy Fag = FooF
31 (FaoFag = Fyp 32 (Fa1 Fag = Fagfap
-F o, o _ 0,_ 1
P31 (Faohss * Faghaa = 2Faohes )™ Pgs” (F
0 0
Fap (FyrAgs® = Faphgs) - 43(F21 a5 " Fay
(F32 a0 " FaaFap) = Fag(FpiFag = FyiFyp)
et (FaoF,, ) - Fay (Faohecl - F
45 (FaoFaq = FasFgp) — Fyp (Faphgs = Fyy
Apst (FoiFuy - 4 Fay (FyA - F
55 (Fo1Faa = Fa1Fap) + Faz (Fpihss 41
1 : o a0y _ a1 o _
A5 (Faohss = Faghys ) = Asg” (Fpphes = F
F31(F32F42 = FaaFan) = Fag(FaiFapm Fuifop) *
Fyp(Fgsh 44 Faohas’) = A5 (FaoFap = Fagfo
o - , 0
33(Fg1hag ~ Fa1Rg5 )
1 o . 1 o _
a5 (Faghag. = Faghys ) + Agg (Fgqhgg” - F

41

) + F

22Fa4

A, ,°)

44

* Fag

0]
Agg )

0,.
Ags )

(o]
41P45

43

(F

- F

(F

)

2iFa2

2
42 )

21Fa3 -

REVAPIIEY

Fap) + A

21ha5°

1
55

%)

(Fa1Fg0

- F

41F22)

41 32)

Fg1F32)

- FyqF

41 22

(II-5)
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.when the coefficients

we have
Vig

and

Fay = F

31 - T4y

for this\pase

~

Y1,y

U
1,yy

Aser Bis
Y11 T Y12
F32 = Fg”

Equation (II-2) is

Vittyy

0.

Vi2

0

Dj6 (j=1,2) and A45 are neg]ected.

(I1-6)

0

Lyy 0 :

U, L u, L oy
137yy 14"yy-

and Equation (11) takes the uncoupled form

1

(F a)

L A

11°yy ~

F21Lyy

0
0

SYM

1

L 55 )

(F A

vy

F43Lyy

33

‘ 0
(Faqlyy = Ag5 )

(11-8)
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By neglecting bending effects in sublaminates 1 and 0, the rotations

g . and Box can be expressed in terms of Bly and le and the characteristic

oy
equation reduces to

2,1 2 .1
(Frms™ = Pag™) (Foon®™= A5 ) = g
where
1
h h A
- S o _ 44 1
“Foam = 3 DAy (vyg +vgp 5 )+ Byl
1 A
S a4
1
. h h A -
_h ho  Ass 1
Foom = 3 [Rgg (U3 * Uy o ¥ Bgg
1Al

Parameters Fllm

do not depend on the bending coefficients Di

J--
Sublaminate 2:

The elements of

8¢

— .
Ay SYM
o 1 1
[Cdl3yp = Are  Pgs
1 1 1
Booo  Byg Dy

-1'

A

A

L__—B

12
16
12

1

1

1

(1I-9)

and F22m represent a membrane behavior and therefore

the matrix Cd in Equation (19) are defined as

(11-10)

Displacements U2 and V2 and rotation BZy in sublaminate 2 are related

to the applied uniform strain € and the rotation BZx through the matrix Cd

by
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Sub]aminate>3:

= [Cd]

B2x,y

Parameters J22’ J26 and J66 in Equation (24) are definéd by

J

22

g T

Jos =

where

I:Wd]2x3 B

°©+8,,° wd, +B

(o]
22 12 wd

26 22

° wd..

* By, wdyq

(0]
* By Wdyg

© wd.. +B..°% wd

* Byg wdyjg * Bgg wdyg

-1
)
26
)
66

o]
Ao
A 0

[0} o]
A A2 By

0 0
26 A e Bag

16

(I1-11)

0

26

(o]
Bee

(I1-12)

B

Displacements U3 and V3 in sublaminate 3 are related to the app]ied'

uniform strain € and the rotations B3x and B3y through the matrix wd by

€

B3y,y

B3x,y

. ——

44
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Interlaminar Stresses:

- Parameters @5 wj and Y5 in Equation (29) are defined as

g — _-l [
] 2 1 2 2 2
aj (F315j A45 ) F21Sj F4lsj (Fllsj A
_ 2 . 1 2. 2 2
2 2 0 2 o} 2
| Y5 (F328; (Fop 557 = Agg ) (Fapsym=RAgg) | | FapS;
Vi T Vit oy Vi T ¥V YV
Uj = Upp ooy Uiz T U, gl
(11-14)

The parameters associated with the resuitant force and moment distributions in

sublaminates 1 and 0, Equation (30) are given by

BN 1 1 1 1] 7]

Ny1j Az As. Bro Big Y3
Ny1; Aot Rag Byl Bag | g
1.
Ney1j | = Ay’ Aes  Bog Bgg .,
R o 3
M5 | By By Dppt Do L L
| Mey1j | ___Egé Beg  Dgg Eggi_
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Appendix II1

Classical Lamination Theory.(CLT)‘Solution

In the interior of the laminate CLT prevails that is, a membrane
solution controls the behavior. The resultant forces Ny and ny are easily
determined. In the following a ply-by-ply model is constructed.

The constitutive relationship for each ply for a membrance behavior is

given byxn
kL Kk k
Ny | P R A €
N | Alé A2z Aae €y
L Ny | | A6 P26 Pes | [ x| (111-1)

Superscript k denotes the kth ply. According to the present formulation

e, * V(y),y

"

Yy U(.V),y' . (111-2)

Since Ey and P are functions of y only, therefore, from continuity of

‘displacements at the interfaces between the kth and (k+1)th plies we have

uk(y, 2) =y e

o opk k+1
vily, 3 ) = v oy, =) (I11-3)

Substitute for the displacements from Equation (1) into Equation (III-3)

and differentiate w.r.t. y to get
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k k+l _

¥ k _ y k+l _ . ) | ’ (111_4)

From symmetry, consider one guarter of the laminate. From equilibrium

of forces get

e

N N '
- k \ k
= = - -5
2\\ NE ) My 0 (111-5)

substitute from Equation (I1I-1) into (111-5) to get

Spp €y T S26 Yx T %12 © 7 0
Sy6 €y * 566 Yx T 516 © 0
where
N
< = Vop K L =12 m=2and6 (111-6)
am [ ’ '
k=1

Solving for €y and v, from Equation (I11-6) to get

m
i

y = (526516 ~ SgeS12)c/S

W,
1

<= (Sa6512 ~ Sp2516)¢/S
2 (111-7)

n
[}

= 5,5 Sgg ~ (S26)
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Substituting from Equation (III-7) into Equation (III-1) to get

k

k k )
26 Yx

N ™ = (A e + A

y 12 27 €y t A

kK _ ., k k « i
ny = ‘A16 e + A26 €y + A66 YX) | | (I11-8)

By comparing the expressions fos C anﬂ C in Equation (33) with Equation
(ITII-7), we find that for sublaminates 1 and 0

and

Therefore the first term in Equation (30) fgf Nx’ Ny and'NXy'in sublaminate
1 and 0 is the CLT prediction.

From equilibrium considerations the sigh of the resultant axial force
Ny k in each ply determines the sign of the interlaminar peel stress. .This
is jllustrated for a [0445/90/-45]s with a de]aminafion at the 0/45 inter-
face. With reference to Figure 26, this Tlayup corresponds to é
[45490/-45/0]s laminate rotated at an angle 0 = -45 .

For the prgpé}ties shown in Table I and using Equations (III-7) and
(ITI-8) the resultant forces Ny and ny.in each -ply can be deterﬁinéd.
These are shown in Table XI.

Consider the free body diagram of the top ply shown in Figure 29. From
equilibrium of forces 1in the vertical direction the peel stress
distribution should reverse its sign such that its resultant’ is zero.

Furthermore, the peel stress at the crack tip should be compressive in

order to balance the moment of the compressive resultant force Ny.
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Table I. Material Properties and Geometry of the ED Specimen

Ply thickness (h) = 0.14 x 10°

E

E

G

v

G

11 - 134 Gpa

20 = 10.2 GPa

12 = 5.52 GPa

12 - 0.3

31 = G5 = 3.1 GPa

Semi-Width (b) = 140h

Crack length (a) =

6h

3m

(S
[g

Table II. Comparison of Characteristic Equation Coefficients
-9 -9 -9 -9 -9
Laminate E8 x 10 E6 x 10 E4 x 10 E2 x 10 E0 x 10
(15{60/-75/-30]_ | 0.143 -6.940 x 105 | 9.089 x 107 | -3.132 x 10! | 3.103 x 10%*
4 8 12 14
[-35/55{10/-80]_ | 2.282 -6.049 x 107 | 4.614 x 10° | -1.155 x 10 5.676 x 10
[40/-50/85/-5]_ | 0.095 -6.389 x 10° | 1.071 x 10® | -4.006 x 10! | 3.193 x 10%*

Table III. Comparison of the Characteristic Roots for a [35/804-55/-10]S Layup
Model s s s s
X1 Y1 Y7
Coupled 5547 4286 2714 2438
Uncoupled 5538 3737 2427 2108
Membrane 2802 2162
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Table XI. Resultant Forces for a [0445/90/-45]s Laminate

Ply Angle | N, (N/m) ' Ny (N/m)
0 , ~0.008 0
45 2.671 3.031
90 -5.335 ' 0
-45 2.671 -3.031
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INTERLAMINAR SHEAR STRESS IN MPA
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4 s
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FIGURE 6. COMPARISON OF INTERLAMINAR SHEAR STRESS
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