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PART I - PROJECT IDENTIFICATION INFORMATION

Principal Investigator: Dr. S.P. Lin, Professor, Mechanical and Industrial
Engineering

Institution: Clarkson University, Division of Research, Potsdam, NY 13676
NASA Program:v NASA-Ames Cooperative Program, NCC2-280

Award Period: From 1/1/84 to 2/28/86

Cumulative Award Amount: $80,063

Project Title: Separated Flows Near the Nose of a Body of Revolution

Technical Program Officer: Dr. Gary Chapman, NASA-Ames



PART II - SUMMARY OF COMPLETED PROJECT

The solution of tﬁe Navier-Stokes equations for the problem of cross-flow
separation about a deforming cylinder is achieved by a novel method of
iteration. It is shown that the separation starts at the rear stagnation point
and the point of primary separation moves upétream along the cylinder surface.
The solution clearly indicates how the secondary separation may follow in time
the primary separation. By invoking the analogy between the cross=flow
structure around a three-dimensional body of revolution and the two-dimensional
flow around a deforming cylinder, we postulate that the flow separation does not
originate at the nose-tip. We also postulate how the open separation ﬁay
originate near the nose-tip. |

A general method of linear stability analysis for non-parallel external
flows has been constructed. It consists of representing the eigenfunctions with
éomplete orthogonal sets and forming characteristic equations with the Galerkin
method. The method is applied to the Kovasznay flow which is an exact solution
of the Navier—Stokes equation. The results show that when the critical
parameter is exceeded, there are only a few isolated unstable
eigen—frequencies. Hence the concept of neutral curve which is useful for
parallel flows becomes irrelevant. Another exact solution, i.e. Taylor's vortex
array is shown to be absolutely and monotonically stable with respect to
infinitesimal disturbances of all frequencies. The flow is also globally,
asymptotically and monotonically stable in the mean with respect to
three-dimensional disturbances. This result forms the sound foundation of
rigorous stability analysis for non-parallel flows, and provides an invaluable
test ground for future studies of non-parallel flows in which the basic states
do not possess exact solutions. The application of this method to the study of
the formation of spiral vorticies near the nose of a rotating body of revolution

is underway. The same method will be applied to the stability analysis of the



reversed flow over a plate with suction. This flow is an exact solution of the

Navier-Stokes equations, and was obtained by us.



PART III - TECHNICAL INFORMATION
1. Scientific Collaborators

The following individuals have collaborated with the principal
investigator, Dr. S.P. Lin on this project:

David Mekala - Graduate Research Assistant, completed his M.S. thesis in
June 1985

H.B, Chen - Graduate Research Assistant, completed his M.S. thesis in
January 1986

K. El-Rais - Ph.D. Candidate
E. Ibrahim - Ph.D. Graduate Research Assistant

Prof. R. Hessel and Prof. D. Valentine of Clarkson University have been
collaborating with the principal investigator on some numerical aspects of
the project

M. Tobak and G. Chapman of NASA-Ames have provided valuable physical
insight and scrutinized some technical detail.

2. Abstracts of Theses

A, "Migration of the Separation Point on a Deforming Cylinder"
M.S. Thesis by David Mekala

An iterative scheme of solving the Navier—-Stokes equations for the
two—dimensional cross—~flow about a deforming cylinder is given. In the
first approximation, the effect of vorticity convection is neglected.
This effect is taken into account by successive iterations. Thus in
the k-th iteration, the convected vorticity field appears as the source
term in an equation of transient diffusion of vorticity. A novel
integral transform is used to reduce this transient vorticity equatiom
into a k-dimensional heat equation. The bounded solution of this
equation with the appropriate boundary conditions is given. Based on
analytically obtained flow field, the equation which gives the
locations of zero shear stress at the surface of the deforming cylinder
is found. The final solution for the separation angle is expressed as
the sum of integrals involving, explicitly, the Reynolds number, and,
implicitly the dimensionless cylinder deformation. Gauss—quadrature is
used to evaluate these integrals for numerical evaluation. The
specific forms of the cylinder motion used in the present numerical
calculations include impulsively started uniform motion about a rigid
cylinder, motion consisting of constant acceleration about a deforming
cylinder and motion consisting of impulsively started uniform motion
about deforming and contracting cylinders. The general solution is
applied at the surface of the cylinder to determine the locations of
primary separation points based on the first two iteratioms.



"Stability of a Non-Parallel Flow," M.S. Thesis by H.B. Chen

There have been many brilliant works on the stability of parallel flows
during the past decades. Unlike the stability analysis of parallel
flows, the stability analysis of non-parallel flows is not yet firmly
established. Among other difficulties, the stability analysis of
non-parallel flows suffers from some serious uncertainty associated
with the approximate nature of the basic state of the non-parallel
flows. Kovasznay obtained an exact solution to the Navier—Stokes
equations for a non-parallel flow. He suggested that this flow may be
used to describe the flow downstream of a two dimensional grid. We
take this full non-parallel flow as our basic flow of stability.
analysis. The linear stability of the Kovasznay flow is analyzed. The
solution to the obtained governing equation of the linear stability is
expanded in two complete sets of orthogonal functions which satisfy the
appropriate boundary conditions, The characteristic equation is then
obtained by the Galerkin method. The stability of the flow is
characterized by the Reynolds number R and another parameter B
representing the length of the closed wake. It is shown that the
Kovasznay flow is absolutely stable when B = O for any R. The
numerical results show that there exists a critical B below which the
flow is stable for a given R. Above the critical B, the flow becomes
unstable only with respect to finite number of discrete frequencies of
1nf1n1tesxma1 distrubances.

3. Publication Citations

a.

b.

S.P, Lin and M.. Tobak, "Reversed Flow Above a Plate with Suction," AIAA
Journal 24, 334, 1986.

S.P. Lin, D. Mekala, G. Chapman and M. Tobak, "Migration of the
Separation Point on a Deforming Cylinder,"™ submitted to AIAA Journal.

S.P. Lin and M. Tobak, "Spectral Stability of Taylor's Vortex Array,"
to appear in Physics of Fluids.

S.P. Lin and M. Tobak, "Stability of Taylor's Vortex Array," submitted
to J. of Fluid Mech.

S.P. Lin, H.B. Chen and M. Tobak, "Stability of Non-Parallel Flows,"
submitted to Physical Review Letters.

The technical details of the above works are given in the Appendix.

4., Continuing Work

Building upon the results of the completed work listed above, we will
complete the following unfinished works.

a. "Separated Flows about a rotating Body" (see Appendix for detailed

b.

description)

"Formation of Secondary Vorticies on a Circular Cylinder."
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Instability of Non-parallel Flows

S. P. Lin and H. B. Chen

Clarkson University, Potsdam, NY 13676
and

M. Tobak
NASA Ames Research Center

Moffett Field, CA 94035

This letter gives a general method of stability analysis of non-parallel
flows which varies in the direction of flows. The solution to the governing
partial differential equation is constructed with two complete orthogonal
sets. The charactefistic equation of disturbances is then obtained with the
Galerkin method. The modified Kovasznay non—parallél flow which is an exact
solution of the Navier-Stokes equation is used to demonstrate the method.' The
results show that there are countably infinite numbers of stable eigenmoues
but only a few isolated unstable modes. Unlike the parallel flows, a neutral

curve does not exist.



Stability analysis for parallel flows is quite well developed, as can be
seen from recent books on the subjectl_s. A far less developed analysis is
that for non-parallel flows which are encoﬁntered, in almost every external
flow. The importance of the non-parallel flow effect even on almost parailel

6-11. In linear stability analysis of

flows are increasingly recognized
parallel flows, one obtains the neutral curve which divides the parameter
space into stable and unstsble regions. In such an analysis, the disturbance
may be represented by the Fourier integral, and the governing equation of
stability is reduced to an ordinary differential equation. This implies that
the wave length of tﬂe Fourier component of disturbances may be varied
continuously. Consequently, a continuous neutral curve may be obtained in the
wave number wvs. flow parameter space. In weakly non—paréllel flows, the
concept of a neutral curve is still applicable. However, | in truely.
non-parallel flows the basic flow varies in the flow direction as well as in
other directions, and the disturbance ;annot be decomposed into indeﬁendent
Fourier components with arbitrarily close neighboring wave lengths. As a
conéequence. a continuous neutral curve does not exist in general. In fact,
the disturbance must satisfy the partial differential equation which may admit
only isolated eigen-modes. A general method of stsbility analysis for
non-parallel flows has not yet appeared. Existing stability analysis for
weakly non-parallel flows appear to be all applied to the basic states which
can be described only approximately. While these studies are motivated by
practical needs, they entail the theoretical disadvantage of having to tailor
the method of _analysis to fit the degree of approximation involved in the
basic state. Thus, if we are to seek a general method of linear stability
analysis for non-pérallel flows, it may be more advantageous to try it on a
non-parallel basic state which is an exact solution of the Navier-Stokes

equation. This will free us from concern. over the possible inadequency of the



approximation involved in the basic state. Motivated by this thought, we
apply our general method of lineér stability analysis to the modified
Kovasznaylz wake flow which is an exact solution of the Navier-Stokes
equation. Our method consists of constructing the disturbance with two
complete orthogonal sets and solving the .characteristic equation obtained by
use of the Galerkin method. A simi;ar method has been given by Orszag13 for
internal flows.

Consider two-dimensional flows of an incompressible Newtonian fluid. The
X and Z Cartesian components of the velocity field are related respectively to
the Stokes stream function ¥ by

U = YZ’ V= -?x,

where subscripts X and Z denote partial differentiations. In terms of ¥, the

governing equation is

20020 _ o o2
(3, -~vv?whr = v %y, - v 7%y (1)

X s
where t is time, v the kinematic viscosity, Z? is the Laplacian operator, the
- subscripts X and Z denote partial differentiations with respect to the space
variables. Bybuse of the following dimensionless variables

¥=2/0) , (2,2 = (RD/(@ ,

v=9(d) , T = t/(d/U) ,
where U and d are respectively the characteristic velocity and length, (1) can

be rewritten as

o1 .22 2. 2
(aT 2 VWY = ¢xv ¥, ¢zv v o (2)

where R = Ud/v is the Reynolds number.

Kovasznay found the following exact solution of (2)

v =z - B sin (2nz) exp(Mx) , (3)



where
M = %(R-/ R%+1672) < O .

He chose B to be 1/2n so that the stagnation points are located at x=o

and z=+n, n being any integers; Here, we chose B to be a free parameter, and
consider only the region x>0 so that ;he velocity is bounded everywhere. The
stream line pattern of this flow for R=40 and B=10.0 is given in Fig. 1.

‘Note that the length of the closed wake, i.e. the distance between r=0 and the

stagnation point is given by

_1 1
L= M f.r* _ZTTB‘ .

Since M<O, for the existence of the closed w#ke‘we must have 2nB>1, Thus, B
is an independent parameter which represents the stténgth of suction and blow
at x=0. When B=0, the flow is a uniform stream of speed U in the
x—~direction, When O0<BK1/2n, the flow is sucked around z=n toward x=0 but
blown away from x=0 around z=2n-1; however it is not large emnough to form a
closed wake. Kovasznay suggested that this solution can be used to desctiﬁe
the wake flow behind a grid of wires with uniform spacing d.

The stability of this modified Kovasznay flow is now analysed. Let the

perturbed stream function ¢ be written as

vy=9 +4¢ ’ (4)
where ¢ is the stream function perturbation., Substituting (4) into (2) and
neglecting nonlinear terms, we have

0 -5V )v% = 3 v% -3 0% + MG -Ds_- ¥4 ] , (5)

T R x 'z z 'x z x X z

It follows from (3) that

;; = $¥°B sin (27z) and ;z =1 -EZOB cos (2mz) , (6)

where

E;xo = -HF(X)' ;ZO = hF(x) ’ F(x) = exp (Hx) .

4



The coefficients in (5) are functions of x and z. Thus, it cannot be
reduced to an ordinary differential equation by Fourier decomposition as is
customarily done in the parallel flow stability analysis. We seek the

solution of (5) in the form
N N
¢ = L cCn(r,x) sin 2nwz + I Dn(r,x) cos 2nnz
n=1 n=1
The solution is expected to approach the exact solution as N>, The chosen
z—~dependence in the above solution ensures that the stability behavior is the
same in each wake, Physically, this implies that the disturbances are

distributed randomly without preference of any particular wake. Substituting

this assumed form of solution into (5), we have

(a3 - 1 E z)E 2(Cn sin 2nmz + Dn cos 2nwz)
T R n n

Znnﬁ;o Bsin 2™ z(En2 - M){(Cn cos 2nwz - Dn sin 2nmz)
-[MP Becos 2mz + (L -§  cos 20z)E 2](Ca sin 2uvz
zo zo n

+ Dn cos 2n1rz)x , (7)

where

E2=5 - (2am? .
n XXX

The solution of (7) will be achieved by use of the Galerkin method.
Multiplying (7) by each member of the orthogonal set sin 2mmz, m=1 to N, then
integrating over one period in z and demanding the weighted residual over this
period to be zero, we have

2 _ 13T 2 _ - 2 _
[(ar—i Em Em + Em D]cln = + B[r(m 1)zpm(1:m_1 M) + %wzo(xm-l \H)D]cm_l ,

+ Bl-v(m-1)y, (B2 -M) + %9 _ (B2 -mDlc .. (8)

where D = ax and N > m > 1. Note Co = 0,

5



Similarly, multiplying (10) by cos 2mnz and integrating over ome period

in z, we have

122 2 BT D - — 2
[('{;i EE" +EDID =Bl D - w(mly 1(E WD,
v - 2
X - - -
+Blsy D - ®w-)y 1€ _,-MD 1] 9)

where N > m >0, and Dj’= 0if j < 0. °

Thus the odd mode and even mode disturbancés are decoupled. The odd mode
solution can be obtained from (8) which is a set of N 1linear fourth order
ordinary differential equations in N unknowns Cm(m=1 to N). (9) is a set of
(N+1) linear fourth order ordinary differential equations for the even mode
solution Dm (m=0 to N). Note that thé m-th Fourier mode is weakly coupled
with its two immediate neighboring modes in (8) and (9).

The instability of the basic flow with respect to the even mode
disfurbance will be investigated first. We as sume tﬁat the ultimate stability
or instability does not depend on the initial transience but depends. on the

property of the discrete modes

D = g explut)¥> (x) BE ' (10)
m k=0 k m ’

where © is the complex eigenrfrequencylnk¢:(x) is the complex disturbance
: m

amplitude which varies with x. We assume that the disturbance does not occur

at x=0 but vanishes at infinity, and thus chose the representation
02 = [x® exp-0 1T L)/ [KIT (st ]?

where T is the Gama function, and szx) is the modified Lagurre polynomial14

of order k. s is chosen to be 4 in this analysis. Note that ¢: form a

complete orthonormal set of functions which satisfy the vanishing boundary
/

conditions at x=0 ind x+»o, The eigen—frequency and the amplitude coefficient

K .
Iﬁmwill be determined by use of the Galerkin method. Substituting (10) into

(8), we have



R0 (11)

k . 8, _ k 8
Lo1 (Bgi) = BRIL (B 19 ¥ By

where the summation sign over k is omitted, and

L., = (mR-Ez)EZ + Re’D .

ml m m m

L _ = n(m I)QIXO(E‘F_‘I M) + Bsq,zo(zm_l M)D |,
=% 7 (22 ) - - (g2 -

L 5 % q;zo(z 1 M)D n(m-!-l)tpxo(E 1 M)

Multiplying (11) with da; (2=0 to K), and integrating over 0{x{ =, we have

K kK K -k
QuceBu-1 * BokeBn ¥ SuaceBorr ~ RO BBy = 0 (12)

where
® 8 S
= BR L (p.)d R
Ut Io Vo Lpg ¥y dx
_ s s = _ (™ s 2 s
Royg = Jo¥gl (0dx , R, = [ $E@Ix , | (13)

[7;]
|

® 8 s
ukg ~ BR J'o v, L (¥ ldx .

It can be seen from (12) that the Fourier modes (m) are weakly coupled
but the Lagurre modes (k) are strongly coupled. The system (12) can be

written in a matrix form as

{[G] + R mi[H]}(V) =0 , (14)
[
where
— - r_- -
R
okf okf okf
le} = Qukce Roke Smice »  [H]= R ks ,
Q B R
Nkt L
L - RHkl
and (V) is the eigen—vector defined by
T .,k _k k Kk _k k k
(v)" = (Bo,.Bl 1;m_1, e Bl - BN_I, BN) ,

in which the superscript T demotes transpose, and in each m-th mode k ranges
from 0 to K. (14) is a system of (K+1)xzN equations in (K+1)x(N) unknown

\ 7



eigen—vector components. NoteBF1= 0, and B§+1 are truncated to form a
determinate system (14). The non—-trivial solution of (14) exists only if the
determinant of its coefficient matrix vanishes, i.e.

(61 + wR(HI| =0 . | (15)

The solution of (15) was achieved by use of the IMSL routine EIGZF. The
required integrals given in (13) were evaluated with the adaptive Gauss
quadraturels. All computations have been carried out with double precision on
the Gould PN9780. Table I gives the complex eigen-frequencies of unstable
modes for which the real parts are positive. The rest of eigen—-frequencies,
which are not listed, have negative real parts. At R=1000, no unstable modes
with finite frequencies exist for values of ﬁ smaller than 6. Hence for
R=1000, the critical value of B below which the flow remains stable with
respect to the even mode of disturbances is 6. However, referring to Table I,
we note that when the flow becomes unstable it does so only at a few .isolated
frequencies. This 1is quite different from the situation in parallel flows.
When the flow parameter exceeds the critical value in a parallel flow, the
flow becomes unstable with ‘respect to disturbances of infinitely many
frequencies within a given band-width. Comparing the eigenvalues in Table 1
obtained with two different 'seté of K and N, we see that K=N=10 is not yet
large enough to yield accurate eigenvalues. However, the convergence of the
method is expected. The main point in this letter is to point the irrelevance
of the notion of neutfal curve in non-parallel flows, énd that there are only
a few eigen freqpencies at the onset of instability. |

The stability analysis for odd mode can be carried out along the same
line starting with (8). It turns out that the flow is more stable with
respect to the o&d mode disturbances. Exﬁct eigenvalues for both modes will

~ be obtained with more extensive computation and reported elsewhere in the near

future.
This work was supported in part by a NASA Grant CC~280.
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TABLE I. Unstable modes, R=1000.
B N,K w, w;
9 - -
6
10 0.16 10.4
-9 0.10 10.0
8 A
10 0.69 13.8
9 0.60 12.3
10
10 1.18 17.3
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Figure Caption

m of Kovasznay flow, =40, B=10.

Figure 1. streamline patte
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Spectral stability of Taylor's vortex array
S.P. Lin
Mechanical and Industrial Engineering Department
Clarkson University, Potsdam, NY 13676
M. Tobak
NASA Ames Research Center

Moffett Field, CA 94035

Abstract

It is proved that the two—dimensional Taylor vortex array, which is an
exact solution of the Navier~Stokes equation, is absolutely and monotomnically
stable with respect to infinitesimal disturbamnces of all discrete frequencies.

PACS (47,51,44)



Consider the two-dimensional flows of an incompressible Newtonian fluid.,
The governing Navier—Stokes equations written in terms of the Stokes stream

function is

7 eta o v’ LLP(
v opsi(Geph) T T EATR T VAR T VR L
 )) nu

where t is time, (X, Z) are the Cartesian coordinates, v is the kinematic
viscosity, v2 is the Laplacian operator, the subscripts stand for partial
differentiation, and n is the sole component of the vorticity perpendicular to

the X-Z plane of flow, i.e.
n = vg( (2)
In terms of the following dimensionless variables
z v =t/ , (R2) = (x2)/d, y =yl . ¢ =0/d%), VAIONEZS

Touw 'g }&ﬁk

where d is the characteristic length, (1) can be written as

Cr+wzcx_¢C=V¢;. _ (3)

'Taylorl obtained an exact solution of (3) given by

¥ = A cos nx cos nz exp(-ZnZt) . (4) mope

where A is a constant representing the strength of the flow. This stream



function represents a time dependent two—dimensional array of counter-rotating
vorticies enclosed in squares of a dimensional side—length d. Note that
= (K+1)/2 and z = (K+1)/2 are stream lines, where K is any integers. Note

also that the - and z-components of the velocity are respectively given by

-Ancosnx sinnz exp(—2n2t)

el

]
<

i

and

~Ansinnx cosnz exp(-ant) .

<|
i
!
<
i

Hence the above mentioned two sets of stream lines intersect at saddle points,
and the centers of vorticies are located at the stagnation points (x,z) = (M,N)
where M and N are any integers.

The stability analysis of this flow does not seem to have yet appeared,
Most of the exact solutions of the Navier-Stokes equations represent parallel
flows, Tﬁe linear stability of parallel flows is governed by the well-known Orr
~ Sommerfeld type ordinary differential equation.z‘3 The linear stability of the

non-parallel flow described by (4) is governed by the partial differential

equation

A+ wz\c* VTL ULt T it TV (5)

where [ = Vza, and ¢’ and ;' are respectively the perturbation stream function

and vorticity. (5) is obtained by substituting

Y=y +y' andg =g +¢’



into (3) and retaining only the linear terms. ConSiaéxfai§turbances with the ) : .

characteristic frequency w, i.e,

It is also assumed that the perturbation vanishes at infinity.

(6) into (5) yields

_ — - — 2,
Wi+ @0 =GR, 6D - 6D, —TE =0,

f-2-. Multiplying (7) with {*, where the upper

RN
(6) - 2; ’;zx

Substitution of

(7

star denotes the

complex conjugate, and then taking the sum of the resulting equation with its

complex conjugate, we have

i— )~ - * = 2,
2uy8E (%0 8) - ey B+ 8o D) - (e D) -E/EYr . (8)

+ {c.c} =0,
where w_ is the real part of w. Integration of (8) gives

- <2w EEE> = <y (RS + § E*) +u (&S A

- T(ER o+ B 6 ¢ T(ES o+ E 0% ) ERVVE - £T LT (9)

where <.> signifies integration over the infinite domain, In arriving at (9),

integration by parts was applied to every term in (8) except the first cme, and

then the condition that the perturbation vanishes at infinity was invoked.

_Inteyrating bv parts once again, and invoking the divergence theorem we have from (9)



- <2u_|& 2|>= <avEsves (10)

where & is the absolute value of E. Hence

r <|£|2> (11)

This completes the proof that Taylor's vortex array is absolutely and
monotonically stable with respect to infinitesimal disturbances of all
frequencies as long as the viscosity is positive. The last condition follows
from the definition of t and (6).

The convective diffusion of perturbed vorticity happens to cancel out in
Taylor’'s vortex array to yield (11). The perturbed flow is dominantly
dissipative, However, this is not obvious a priori, It should be pointed out
that the stability we have proved is the large time asymptotic stability of the
discrete spectrum, The extension of the notion of asymptotic stability of
steady basic flow to the unsteady mean flow demonstrated in this note does not
involve any physical or mathematical ambiguity.
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Stability of Taylor's Vortex Array
S.P. Lin
Mechanical and Industrial Engineering Department
Clarkson University, Potsdam, NY 13676
M. Tobak
NASA Ames Research Center

Moffett Field, CA 94035

Abstract
It is proved that the two-dimensional Taylor vortex array, which is an
exact solution of the Navier-Stokes equation, is globally, asymtotically
and monotonically stable in the mean with respect to three-dimensional

disturbances.



2

Consider the two-dimensional flows of an incompressible Newtonian fluid.
The governing Navier-Stokes equations written in terms of the Stokes stream

function is

n, + Wznx - Wxnz = vV (1

where t is time, (X, Z) are the Cartesian coordinates, v is the kinematic

. 2 . , . .
viscosity, V° is the Laplacian operator, the subscripts stand for partial
differentiation, and n is the sole component of the vorticity perpendicular

to the X-Z plane of flow, i.e.

n o= vy . ' ' (2)

In terms of the following dimensionless variables

T o= /(2N (x,2) = (Ry2)/d, ¥ =¥/, ¢ =n/(v/dD)

where d is the characteristic length, (1) can be written as

te v o -, =V (3)

z = 9%y

Taylor (1923) obtained an exact solution of (3) given by

Y = A cos Tx cos Tz exp(-ZNZT) . (4)

where A is a constant representing the strength of the flow. Without loss
of generality, A is taken to be positive. This stream function represents
a time dependent two-dimensional array of counter-rotating vorticies
enclosed in squares of a-dimensional side-length d. Note that

x = (K+1)/2 and z = (K+1)/2 are stream lines, where K is an integer .



Note also that the x- and z-components of the velocity are respectively

given by

-ATcosTx sinmz exp(-2n21)

e
]
<1
n

and

-&x = AmsinTx cosTz exp(-Zﬂzr)

<
]

Hence the above mentioned two sets of stream lines intersect at saddle
points, and the centers of vorticies are located at the stagnation points
(x,z) = (M,N) where M and N are any integérs.

The nonlinear stability analysis of this flow does ndt seem to have
yet appeared. Most of the exact solutions of the Navier-Stokes equaﬁions
represent parallel flows. The linear stability of parallel flows is giverned
by the well-known Orr - Somerfeld type ordinary differenfial equation.
(Joseph, 1976; Drazin and Reid, 1983)  The linear stability of the
non-parallel flow described by (4) is giverned by the partial differential

equation
g' o, (5)

. - 2-
where £ = V'§, and ¢' and ' are respectively the perturbation stream function

and vorticity. (5) is obtained by substituting

y=¢+y' and T ¢+

into (3) and retaining only the linear terms. Based on this equation, it
was shown recently by Lin and Tobak (1986) that Taylor's vortex array is
absolutely and monotonically stable with respect to two-dimensional infinitesimal

disturbances which vanish at infinity for all frequencies.



It turns out that Taylor's vortex array is also globally stable with respect
to three- as well as two-dimensional disturbances of any finite amplitude.

This will be proved presently. The Navier-Stokesvequations can be written as
1 2
9, (U+u) + (U+u) -V(U+u) = -;Z(P+p)+\)v (U+u) (6)

0, : - | (7)

<
~~
c
+
e
SN
]

where U is the basic flow field the stability of which is of interest, u
is the velocity perturbation, p is the density, p is the pressure field in

the basic flow and p is the pressure perturbation. The basic flow field

satisfies
%U + U-VU = - lvp + \)VZU (8)
- T2y o~ =
V-u =0 (9)

Substrating (8) from (6), forming the inner product of the resulting equation

with u and using the fact that the velocity field is divergence -free, we have

[8, + (U+u)-Vlelt) = -ulu-9)U-Y.(up) + {Y-(u.Vul-Yu:%u} , - (10)

g T OANITU/YCNL) T omuluevIutyY g-v/’a

where e(t) = u-u/2 is the kinetic energy of the disturbance per unit mass
of fluid. Integrating (10) over the entire flow domain, using the divergence

. theorem and the boundary condition

where the subscript s denotes that u is to be evaluated at the boundary s of

the flow domain, we have

EE%Z = =y<Vu:Yu> - <u:(u-V)U> , (12)



where d/dt = Bt + (U+u).¥. For two dimensional basic flows, such as the

Taylor vortex array, we have

2

<u-(u-V)U> = <u33 U+ vi3 V+ uv(3d,V+3,U0), (13)
= === X z z

where U and V are respectively the X- and Z-compbnents of the basic flow
field U, and u and v are the corresponding components of the disturbances.
It should be pointed out that u was not assumed to be two-dimensional in
(13). It can be seen from the Taylor solution (4) that the shear rate of

deformation in the basic flow vanishes, i.e.,
v+ =
3y 3,U 0, (14)
and
2 : 2 2
dgl = -3,V =y (n/d" )Acos(T1X/d).cos(wZ/d)exp(-2n1"vt/d")

Hence the minimum of 34U and 3,V is -(vﬂ/dZ)Aexp(-Zﬂzvt/dz). It follows

from (13) and (14) that

Cur (@D > <o/’ (w2rvD)nexp (=212t /a2)> > -(vr/a?)

2

<(ul+v +w2)>A exp(-anvt/dz) . (15)

On the other hand, it can be shown by use of Schwarz's inequality that (see

e.g. Joseph 1976)

— —

Wu:vw > & uew> (16)
L

where £ = Kd, K being any arbitrarily large integer, is the distance
between any arbitrarily far apart parallel boundaries of the Taylor
vortex array where condition (11) is invoked. It follows from (12), (15)

and (16) that



4
dt

35 + 1A exp(-2ﬂ2vt/d2)]. o (17)
A d2

KE> < -2<BE> [

Integration of this inequality yields

<E(t)> < <E(0)> expl[I(t)] , ' o (18)
4 A 2
I(t) = - Kzzz €= (1 - exp(-ZHth/d )1,

where <E(0)> is the energy integral of any kinematically admissible initial
aisturbances. Since the inequalities (15) and (16) used go arrive at (18)
hold for both two- and three-~dimensional disturbances, the decay law
described by (18) holds for both types of disturbances.

In summary, we state the following results. Taylor's two-dimensional
vortex array, which is an exact solution of the Navier-Stokes equations, is

asymptotically stable in the mean in a sense that

Lim <E(t)>/<E(0)> > 0 . (1_9)

Lo

with respect to two-.as well as three-dimensional disturbances satisfying

the kinematic conditions

Yu=0, u =0, v>0 and <E(0)> <= . (20)

Moreover, the right side of (17) is negative for all t. Hence the
disturbance energy integral decays monotonically. The stability is global
in a sense that the initial disturbance is allowed to exié; everywhere in
the infinite flow domain without limitation excépt that given by (20). This
can be seen easily from the fact that (19) remains true even when K+e. It
can be shown easily from (4) and (18) that as K»», the initial decay rate of
the disturbance is greater than that of the basic flow if A>m. If A<w,

the converse is true. It follows from (18) that the decay rate decreases

as K and d increase, but never vanishes for finite d.



Finally, we note that this work, as far as the authors are aware,
is the first nonlinear staﬁility analysis of a non-parallel flow which
is an exact solution of the Navier-Stokes equation. For this reason
this work will probably serve as a valuable testing ground for any method
of stability analysis of non-para;lel flows for which an exact solution
is not available. Unlike the parallel flow theory, the general method
of stability analysis of non-parallel flow is yet to be firmly established.
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Introduction

Most of the known exact analytical solutions of the Navier-Stokes
equations have been obtained for parallel laminar flows for which
the Navier-Stokes equations can be linearized. G.I. Taylor;
observed that the nonlinear convective terms in the two-dimensional
Navier-Stokes equations vanish when the vorticity is a function
of the Stokes stream.function alone. For the special case of
vorticity being proportional to the stream function, he obtained

\

an exact solution which represented a double infinite array of vorticies
decaying exponentially with time. Kovasznay2 extended G.I. Taylor's
“method, and considered the flow in which the local vorticity is
proportional to the stream function perturbed by a uniform stream.
He was able to linearize the Navier-Stokes equation and obtained

an exact solution which may be used to represent the flow down stream

of a two-dimensional grid.

-
-~

In this note we make a minor extension of Kovasznay's solution,
and present.an exact solution of the Navier-Stokes equations, which
may represent the reversed flow above a flat plate with suction.

The present exact solution grew out of our search for a simple exact
solution which may serve as an exact basic flow for a model stability
analysis of non-parallel flqws involving a flow reversal. Unlike

the stability analysis of parallel flows, the stability analysis

of non-parallel flows is not yet firmly established. Among other
difficulties, the stability analysis of nonparallel flows suffers
from some serious uncertainty associaﬁed with the approximate nature

of non-parallel basic flows.



Exact Solution

Consider two-dimensional flows of an incompressible Newtonian
fluid. The X and Z Cartesian components of the velocity field are '

relaced respectively to the Stokes stream function Y by

where subscripts X and Z denote partial differentiations. In terms

of ¥, the governing equation is

2,52, _ 2 2 :
(3,-vIT)T™Y = ¥ 97¥, - ¥ v ¥, : (L

. L ; . 2, ‘ .
where t is time, v the kinematic viscosity, V is the Laplacian
operator, the subscripts X and Z denote partial differentiations
with respect to the space variables. By use of the following dimension-

less variables

-

v=¥N o, (2) = (X,2)/0/0)

TEI0/W, rs /ey
where U is the characteristic velocity, Eq. (1) can be rewritten as’

(at - vz)vzw = wxvzwz - IPZVZ\DX . (2)
This nonlinear equation can be linearized for flows with the following

particular vorticity distributionm

%

7%y = k(p=Rz) , N (3)

where k is a constant to be determined, and R is a flow parameter to

be explained. Substitution of Eq. (3) into Eq. (2) gives the following

Linear cvquation

(5%



2

- v = - : 4
(aT = wa_ , (4)
A special steady solutionm, ¢, of Eq. (4) is given by
g = Rz + B exp(mx-nz) , (5)

where B and n are constants, and
<1 2, 2

m = %(R + /R~4n") . (6)

The coefficient of vorticity'distribution, k, appearing in Eq. (3),
can now be deCermined'by substituting Eqs. (5) and (6) into Eq.

(3). It is found that

k = mR.

When n=2wi, and R is identified as the Reynolds number, thé
solution given by Eqs. (5) and (6) reduces to the Kovasznay flow.
Kovasznay suggested that the solution corresponding to the negative

- ——
~root of m in Eq. (6), i.e. m = 0.5 (R-/R2+16W2), can be used to
describe the wake flow in the region x>0 behind a grid at x=0.
The solution corresponding to the positive root of m, i.e.
m = 0.5(R+/R2+16n2), can be used to describe the two-dimensional
uniform flow, in x<0, perturbed byva grid of blunt bodies yith suction
or blowing whose magnitude is proportional to B near the fromt stagnation
points.

When n is real, the new exact solution‘given by Eqs. (5) and

(6) represents flows over a plate with suction or blowing of fluid

2 2
at the plate. For example, when n>0 and R -4n >0 the exact solution

describes the flow over a porous plate 2=0, x<0 with velocity components



given by
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v =y = -mB exp(mx-nz) . (8)

It is seen from Eqs. (7) and (8) that R can be put to 1 without
loss of generality, since it amounts to rescaling ﬁhe velocity by
a factor of R. It is seen from Eq. (8) that B>0 corresponds to
suction and B<O corresponds to blowing at the bottom plate z=0.
Fig. 1 gives the streamlines of the flow for R=1l, n=0.05 and B=80.
Note the flow reversal due to suction near the trailing edge. It
should be pointed out that the flow reversal may not‘take place
when B is sufficiently small.

_When n>0 but Rz-hn2 = -q2<0, the real part of Eq. (5) gives

Y = Rz + B exp(Rx/2-nz) cos qx.
Hence g
u = R-nB exp(Rx/Z-nz)vcos qx ,
v = -B[(R/2)cos gx - q-sin qx] exp(Rx/2-nz) .

This solution represents the wavy flow over a plate z=0, x<0 with a
periodic variation of suction and blowing along the plate. The possible

flow represented by Eqs. (5) and (6), with n neal, are delineated in Fig. 2.

Note that R is put to 1l without loss of gemerality.

Discussion
A new exact solution of‘the Navier-Stokes equation is given.
The solution can be used to describe the flow with or without flow
reversal above a plate with suction and/or blowing. Aside from

its own intrinsic interest, it provides us with a simple but exact



non-parallel basic flow which could be used for a model analysis
of stability of non-parallel flow. The stability analysis of non-
parallel flows usually suffers from the uncertainty associated with

modeling the non-parallel flows with approximate solutions.
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1. Introduction

The lawinar boundary-layer oscillation on a rotating disk was
investigated by Smith (1947). The spiral vortices on a rotating
disk were discovered by Gregory, Stuart & Walker (1955). They
theorized that the sprial vorticies were the products of flow
ins;ability. Their study has been expanded and impfoved by many authors
Gregory & Walker, 1960; Brown, 1961; Tobak, 1973; Kobayashi, 1980). The
agreement between theories and experiments remain inconclusive. Similar
spiral vortex motions are observed on other surfaces where the centrifugal
force plays an important role; spiral vorticies on a swept wing are an
example (see Chapman & Tobak, 1984). The boundary-layer and side force
characteristics of a spinning axisymmetric body were investigated
experimentally by Kegelman, Nelson, & Muller (1980) and Muller et al.
(1981). They observed, in addition to the Tollmien Schlichting waves,
regular vortices roping tightly around the rotating come-cylinder.
Similat'voréé#iﬁbcion has been observed by Kobayashi (1980), Kobayashi
and Izumi (1983), Kobayashi et al. (1983) on a roc#ting cone. They also
analyzed the flow with the aid of linear stability theories. Definitive
comparisons between theories and experiments cannot yet be made.

The lack of definitive comparisons between experiments and theories

M. — .
mentioned in the previous paragraph is not surprising.

This is because
in all of the theoretical studies, flow instability was assumed to be a
local phenomena. The basic flows were "frozen'" locally in the analys;s
which disregards the possible up-stream and down-stream influence. The
concern over this type of analysis for non-parallel flows has already

been raised by Morkovin (1979). Note that all of the basic flows

mentioned in the previous paragraph are non-parallel. The stabilicty



theories fou: parallel tiows ate far more weil developed than the theories
for non-parallel flows (Joseéh, 1976);! The parallel basic flows pos;ess
translational invariance ;n.the direction of flow. No such invariance
exists for non-parallei basic flows. While it is reasonable to assume
that the physical characteristics of the disturbance retains the same
invariance in the case of parallel flows, no such assumption can be made
for the case of non-parallel fiows. The mathematical consequence is that
the governing equation of stability is an ordinary differential equation
for the former case but it is a partial differential equation for the
latter one. The analysis of the latter case is made even more difficult
by the fact that while the parallel basic flow is indepéndenc of the
parameter, the critical value of which is to be determined by stability
analysis, the non-parallel basic flow depends crucially on the stabi}ity
parameter itself. Stability analysis.for non-parallel flows is still in
an exploration stage (Goldstein, 1981; Goldstein €t al., 1983; Hall, 1983):
Thebpurpo;e of this work is to investigate the precise mechanism of
the flow separac}on from a rotating body of revolution. The spiral vortices

around a rotating body are viewed as the consequence of the instability

of the steady non-parallel laminar basic flow about a body of revolutionm.
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© 2. Basic Flouws
Two different basic flows are cqnsidered. The first is the flow’

around an axisymmetric body rotating at a const;nc angular velocity

2 in an otherwise quiescent fluid of infinite extent as shown in figure

1. The second is the flow around the same body placed in a coaxial

cylinder of infinite length. The axial stream far from the nose-tip

may be imposed externally for this latter flow. For sufficiently small

Reynolds numbers based on Qa, a being the maximum radius of the body,

the flow is laminar and axisymmetric. For these basic flows the Navier-

Stokes equations are reduced to

2

b _v .. 1 2, . L (1)
Dt r . P ¥R (v 2
~~

DV uv 1 2 v
—— o — I - - — (2)
Dt r R (vv 2) !

r
DW 1 .2
— = - + = (3)
Dt azP R VW,
3_(eU) + 3 (W) =0, (4)
T z

where E is the time nondimensionalized by Q-l, (U,v,W) are the radial,

tangential and axial velocity components nondimensionalized by Qa
in the cylindrical coordinates (r,8,z); all lengths are normalized with
a, R is the Reynolds number Qaz/v, v being the fluid kinematic viscosity,

and

D 23 vus +¥y +wa (5)
Dt t r r 8 z
2 1 1
9 = + = $o— . (6)
arr r ar ’rZ 386 * azz

The pressure terms in (1) and (3) can be eliminated by cross-differentiation

which yields, upon utilizing (4), the vorticity equation



¢ U 2V 1
== - - === 3V + = (V
Lt r & r az R (

>
<

-~
~d4
N

1 3
Zlﬁ

r

where £ is the vorticity given by
£ = azu - arw

The velocity components can be. obtained from (2), (4) and (7). Then,
if desired, the pressure field is obtainable from (1) and (3).

A Galérkin method similar to that used by Munson & Joseph (1971),
Munson & Menguturk (1975), Yakushin (1969, 1972, 1973) and Khlebutin
(1968) will be used to construct the solution. The velocity components
will be represented by a complete set of o;thogonal functions which
satisfy the no-slip boundary conditions on the rigid surface. For
the convenience of applying the boundary condition, we ipcroduce the new
variable y = r-h(z,t). Thus r and 3_ in (1) to (6) must be replaced
by y+h and Jdy fespectively, and the differentiation with respect to

el -
z must be transformed according to

(3_) =D - h'd
z'r,T

2
(3 ) = (D-h'd)(D-h'd) = DZ-2h'dD + h' d°
2z'r,t

- h'd, etc.
where primes denote differentiation with respect to z, and

D= (3 ) and d = (3 )
zZ y,T y z,t7

2.1. Unbounded domain
Consider the steady axisymmetric flow around a body of revolution
in an unbounded fluid as shown in figure 1. The velocity components are

represented by a complete orthogonal set
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V- F = Va(z) Yn(y) . F = h"j(y+h) - ) (8)
W = Wn(z) Ynly) .
where the double indecies imply summation over n, from n=l to N, and

LA
(yse-s)ans(y)

[n!T(s+n+l) |72

= s>~ : . : (9)
Yn(y) s>-1 .

1

Lns(y) in (8) is the generalized Laguerre polynomial (Aizenshtadt, 1966)
possessing the following orhtogonality relation

@ - s o , n#m
/ ys e ° L °L dy = {
o m‘ n n!l(s+n+l), o = m;

and F(s¥n+l) denotes the Gama function.
T(s+n-1) = (s+n)!.

Note that the velocity components given in (7) satisfies the boundary

condicion act the bady surface,
U=w=20 and Vv = h at y- =0,

and the condition that the velocity vanishes at infinity.

Substituting (8) into (2), (4) and (7), we have
‘i) 2ed’ -2 D Fd)+u l}(v Y +F) = 0
(((D-h'd)"+d +d/r-r “]-R[U Y d+W_Yn(D-h Q¥n/TlHV Yy ,
dUnYn+UnYn/r+(D-h‘d)wnYn =0,
' 2 2 -2 s - ‘ -h ! -
([(D-h"d)"+d +d/c-r 7]-R(U_Yqd+é ¥ (D-h'd)-U ¥ /cl}((D-h'd)U, Y, aw v 1

+ (2R(vnvn+F)/c1(n-h'd)(vnyn+s) =0



Multiplying ach of the previous three equations with Ym,{ntegrating

over 0  y < », and using the orthogonality property of Y we have
- m

v "§ =2n'V'SfYY'-V/SY iy
n- mn n m n m n
' <h! —
+ R V"W, SY Y Y+ V(U -h'W Y Y YotU S(Y Y ¥ /1))
+ R /Y Y [U dF +-W (DF = h'dF) + -FU /r]
n.mn; n - nv

- s (&2+DZ-2h'dD)FYm . _ (10)

=
o
n

h'Wo /Y - ulfY Y gy /)] (11)

N
mYn

2

U™S =U"3mSYY' -U '[20'2fY ¥ "-20" Y Y "+/Y d%¥n]
n  mn n on n mn mn o

2

= U_[-h"'/Y Y dy-h'SY d°Y +2h'n"Y Y "] + W "[Y ¥ !
n m n m n “mn n-‘’ mn

W_'-2h'SY Y, + W SY 3%y !
n m n m n
+ an, )
R(U_"-W_ .Y ¥,

‘o t . tf t o
+U U SY Y Yy, 2W h'IY ye¥ U JSY Y Y /x

bW SY Y ] | ;



-1 2. A
- ' "w_t. ! ' 1 "
+ U[-Uh {mee?n h'U_fr " ¥ Ye¥ '+h'TW_[Y YeY

" ]
WYy Y]

+

Wn'[-We /Y v ¥n']

-1
", - T oh! "
W U /Yy Y, "-U St Y Y Y '-h'W Sy YeY ']

2V VIV Y Y 40 YFY Y )
n e m e mn

' ' P | ‘v ot
+ Zvn[h VemeYeYn +h'Sr ~FYmYl'1

JY Y DF+/Y Y h'dF]
mn m g

fr-l

YmF(DF-h'dF) =0., (12)

where primes denote differentiation with respect to the arguments of the
functions, the integration is understood to be between y=0 and y+~, each of e

m and n range from 0 to N, and

-2 2 d 2 9

P =d"+S+n"d" - nma -l

(10), (11) and (12) are a system of 3N equations in 3N unknowns Un, Yn
and Wn (n=1 to N). The independent variable is z. This ;;stem is third
order in Un’ second order in Vn and first order in Wn. N6te the second
order term of Wn in (12) can be reduced to the first order terms by

use of (11). This system can be reduced to a system of the first order

differential equations given by



(v 1© = .

m m

Co(2) ), (1), . (2) (1) ,
[Um ] sl(un, Un, ‘ Un » Voo Vo v W z), (13)
voroay (D

m m

[v(1)1'=s(u,v,v(“,w,z),

o] 2 o n n n

(W' = 8500 , W, 2)

where S,, S, and Sy are given respectively by the right sides of (12),

(10) and (l1). The solution of this system with appropriate upstream
conditions has been attempted by the use of the Runge-Kutta method, for
various values of R. Seveor numerical instability has been encountgred,
possibly because of the extreme spatial resolution required. Note that
(13) is a dynamical system in the variable z. The fixed points of the system
in the phase space are given by the solution of (13) Qith all elements on
the left side put to zero. Note that this system is non-autonomous, since

z appears explicitely through the body surface r = h(z). Thus the character
of the fixed péints is éxpected to depend on z. To overcome the numerical
instability encountered with the Runge-Kutta method, we expand the amplitude
functions in (8) 'in terms of another complete orthonormal set Py(z) and

apply the Galerkin method in the z-direction. Hence

[Uv(z)?-vn(z), Wn(z)] = [unk, vnk, wnk] ?k(z) (14)

where the coefficients of Pk(z) are constants, and the repeated subscript
k denotes summation over k. Subscituting (14) into (10) to (12), multiplying

the resulting equations with PQ(Z)’ and integrating from z=-» to z=+®, we have
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| Sy(m,n, k)P, ) . (15)

[
——
=
<
~
]

s f unkpk P, = f S3(m,n, k)P,

where Si, 82 and S, are the respectively the right side of (10), (11) and (12)

3
with the velocity amplitude functions properly expanded in terms of Pk' Pk
can be any set of orthonormal functions which vanish at infinity and render
the right side of (14) integrable over -=<z<=. (1l5) is a system of nonlinearl
algebra equations in the amplitude functions Ukn’ an and wkn. The

solution of this system can be achieved in principle By the Newton-Raphson
method. For the convergence of this method, as usual, a sufficiently close
initial gueés of the solution is required. For steady nonlinear flows,

such a close initial guess is difficult. To avoid this difficulty, we may
treat the amplitude functions as time dependent and solve the initial value
problem. The solution then may be started from any kinematically compatible
initial condifion without the need of a close initial guess. For the

initial value problem, we need only to add to the left sides of the first

and the last of (15) respectively the following terms,

\'4
mndklar kn °’
and

] ' - '
[dkl [ n Y 'Y smn [ e pllatunk ,

The resulting equations form a system of ordinary differential equations in

(U (t), v (x), W (t)]. The solution of this system can be achieved by
nk nk nk

use of the finite difference method successfully employed by Aidun (1985).



2.2 Bounded domain

For the flow around a?%Qdy of revolution, bounded internally by a
CoToye T g -

cylinder of radius b.as shown in figure 2, we represent each velocity
component by an orthogonal set, each member of which satisfies the no-

slip condition at solid walls. Thus

u = U (2)Y (y,h)
n n
V~F f Vn(z)Yn(y,h) ' (16)
W-G =W (2)Y (y,h)
n n
where

=2 i _L
Yn sin nn (b-h)

| . 2 2
ACy+h) + B/(y+h), A = -h>/(b2-h?), B = b2n%/(b%-0’);

F =

G = (1-H)(1-y/b)IamH (=)
l.s ZZO

H= €7
0 ’ Z<0

Note that G is so chosen that the axial velocity is allowed to exist at

z=+=, and dWw/dy = 0 in z S 0. F is so chosen that the circumferential

velocity at z== approaches that between two concentric cylinders with

the inner cylinder rocating and the outer one fixed. The forms of Yn and

F allow the no-slip condition to be satisfied at the solid surfaces.
Substituting (16) into (2), (4) and (7) and integrating between ny-

and y=b-h with che'weighcing function Ym

v."s (b-h)/2 =V '(2h [dynym-zfuynym]

P

=2 2 - ' - 2_ ' +'2 Y
- Vn[fd YnYm+fD YnYm Zh deYnYm] (D" -2h'dD+d")F m

v "W ‘ Yot +V (U JY dY y W, Y DY,
* R{Vn [JheYe\nYm Gémn] n[be xe nkm e’ e tatm



- h'weerdYnYm-h'deYnYm+fCDYnYm

sufely v v )+ (W SY Y (D-h'd)F
e enam noam

L

+ JGYn(D=h'd)F + U [r FY Y +U JY Y,dF) (17)

' = ' _ ~1,”
W 6, (b-h)/2 = W [h [y Y +[DY v ] un([dynym+fr YY)
- f(p>-n")ey_ | (18)

"y - - ‘ " ' L 42
U "'s (-bh)/2 = 3U "[h'[dY ¥ +[DY Y ]+3U ' [(aDY v

2 . -3
/D Ynym+2h deYnYm]+un[ fdl Yoy,

: 2 _
ID3Y Y +3h'/dD Y Y -3f(d2)DY Y -
n'nm nm 0 m

+ W "/dy Y +W'[-2h‘fd2Y Yot2/dDY Y]
n no n n

-2 2 , .2
+ wn[fd2 dYnYm+fD dYnYm 2h'[fd DYnYm]

I(D—zh'dn+&2)dcym

+ R(-U "[W /Y Y Y +/GY_Y_]
n e a0 m n m
1 L} 1
*+ U [20'WeS¥odY Y +2h'fGAY YotU [YdY ¥ .

- U Ir-l

e YeYnYm‘ZWeerDYnYm'ZfGDYnYm]

1 2

- ) -h' Y
+ U, (U SY dDY Yu-U Sr °Y DY Y -h'U [Y.d7Y To

y ay v +rv 42
e n o

+ h'U fr oY -fr- Yy doy
e m n m

] ]
+ 2h WeerDdYnYm+2h fGDdYnYm

- 2 2
IR R A

+ W (W fY . dY vy _+fCdY_Y |
n e n M@ O m




2

S _
+ W (Uefr Y dY Y-/ Yed Yo Y HW Y DdY v

2

- 2
-4, ' - '
[GDAY ¥p-W,/Yeh'd"Y ¥ -sCn'd

+

¥ Y Hn Y (D-h'd)dGY ]

1 1 1 -1
Y DY Y +/r "EDY,Y

v (v S ) - )
q [Ve/r Y Y Y #/c CFY Y 1-2V [V Sx

t -1 - ' -1
h Vefr YedYnYm-h Sr FdYnYm

-1 o, - . .
+ [r Yn(D-h d)FYm‘th 1F(d-h d)FYm} (19)

where

813 = -(h'+h'3)d3+(3h'h"'r-lh')dz-h"'d

Again the differential system can be casted into a system of 6N nonlinear
ordinary differential equations of the first order of the same form as

(13) where S1» S, and Sq are now respectively given by the right sides

2
of (19), (17) and (18).

The exc;egely high spatial resolution required for the Runge-Kutta
method to converge was also enCOuQCered in the bounded domain. The
alternate methods of minimizing the residual over the entire flow domain
and treating the flow establishment as an initial value problem described

for the unbounded domain can be equally applied to the bounded case.

3. Stability Analysis

The solution to the differential system given in the previous subsection
depends on fhe flow parameter R. The assumed axiaymmetric.flov may not
exist due to instability at Reynolds numbers exceeding a critical value

R The Rc at the onset of instability may be, in principle, determined

c-

from extensive repetitive solutions of the differential system for different

increasingly large R values until the axisymmetric solution becomes




impossible. New bifurcated non-axisvmmetric solutions must be found.
However, such computation is costly and not physically very revealing.
For this reason, we will invescigate the vortex structure in the
separated flow as the consequence of the instability-of the basic flow
given by (8) and (l6).
According to the known observations (Muller et gl., 1981, Kobayashi

et al., 1983), the perturbed flow is not axisymmetric. Hence the .

governing equations of the non-axisymmetric flow perturbations are

-

Du 2Vv 1 2 u 2

— + W U + w3 U‘—=-3p+—(‘7u- - a.vl]

Dt <+h »
y N y. R (y+m? g+ ®

g% +ud V+wd V+ U;::u = - yih aep + % [Vzv - X > + Z 3 3eu],
z
(y+h) (y+h)
Dw - . _l 2 : .
Bt + uay W+ wazw = sz + R Vow (20)

dr(ru) + 3 (rw) + 3_ v = 0
3 6

-
-

where (u,v,w) are perturbations of (U,V,W). The continuous septrum of the
above system is assumed to be damped, and the discrete spectrum which
portrays the spiral vorticies is periodic in 8. Hence, we represent

the qolution by the complete set

u = un(r,z)Ynexp[iBGI ,

(21)

<
"

v (r.z)Ynexp(isel .
n

£
]

wﬂ(r::)Ynexp[iBBI .

where 8 is the real wave number in the tangential direction. Note that
(21) satisfies the no-slip condition at the solid surface and/or the

vanishing of discturbances at y==. Substitucion of (!} into {2y) and



¢limination of the pressure terms by cross-differentiaticn then yicld a
system of 3N partial differential equations Qith (Un. Voo Un)'as )
dependent variablés and 1t and z as indeperdent variables. Solution
of this system with an appropriate initial condition and an upstream
condition but without specifying the downstream condition yields the
information sought about the instability.

An alternate approach is to solve (21) as an eigenvalue problem.

To do this, we expand the amplitude functions in a complete orthonormal

set Pk(Z)’

= P
u U k(z)exp(wr) s

<
(1]

vnkPk(z)exp(mr) R

w_o= WnkPk(Z)exp(mT) , (22)

where w is the complex eigen-frequency. Substituting (21) and (22) into (20),

multiplying thé;resulting equations by Pl and integrating from z=-=» to +=,

i i i i v w . The
we obtain a system of homogeneous linear equations in [unk, ak’ nk]

existence condition of the solution then determined the eigen-frequency
which determines the stability criteria. The details of this approach

are demonstrated in the accompanying report "Stability of the Kovasznay Flow.'



AIDUM, C., "Finite element analysis of froced convection and conJugate heat
transfe:,” Ph.D. Dissertaticn, Clarkson University, 1985.

BRCWN, W B., "A Stability criteria for three-dimensional boundary layers.'
In boundary layer and flow control (Lachman, G.V. ed.) 2, 913-923. Pergamon
1961.

CHAPMAN, G.T. & TOBAK, M., 1984, Nonlinear Problems in flight dynamics,
NASA, T.M. 85940.

GREGORY, N., STUARI, J.T., WALKER, W.S., "On the stability of three
dimensional boundary layers with application to the flow due to a
rotating disk.'" Phil. Trans. 248, 155-199 (1955).

GOLDSTEIN, M.E., "The coupling between flow instabilities and incident
digturbances at a leading edge" J. Fluid Mech. 104, 217-246, 1981.

GOLDSTEIN, M.E., SOCKOL, P.M. and SANZ, J. "The evolution of Tollmien-
schlichting waves near a leading edge" J. Fluid Mech. 129, 443-453, 1983.

GREGORY, N., WALKER, W.S., “Experiments on the effect of suction on the
flow due to a rotating disk." J. Fluid Mech. 9, 225-234, 1960.

HALL, P., "The linear development of Gortler vortices in growing boundary
layers,"” J. Fluid Mech. 130, 41-58, 1983.

JOSEPH, D.D., "Stability of Fluid Motion" Springer Tracts in Natural
Phylosophy Volume 27, Springer-Verlag, New York 1976.

KOBAYASHI, R., KOHAMA, Y. AND TAKAMADATE, CH., "Spiral Vortices in Boundary
Layer Transxclon ‘Regime on a Rotating Disk" Acta. Mechanca 35, 71-82, 1980.
KEGELMAN, J.T., NELSON R.C. and MULLER, T.J., "Boundary layer and side
force charactgristics of a spinning axlsymmecric body,'" AIAA paper 80-1584,
1980.

KOBAYASHI, R., '"Linear stability theory of a boundary-layer along a cone
rotating in axial flow." Bulletin of J. SME. 24, 931-9401, 1980.

KOBAYASHI, R. and IZUMI, H. "Boundary-layer transition on a rotating cone
in still fluid," J. Fluid Mech. 127, 353-364, 1983.

KOBAYASHI, R., KOHAMA, Y. and KUROSAWA, M., "Boundary-layer traasition
on a rotating cone in axial flow," J. Fluid Mech. 127, 341-352, 1983.

MULLER, T.J., NELSON, R.C., KEGELMAN, J.T. and MORKOVIN, M.V., "Smoke
visualization of boundary-layer transition on a spinning axisymmetric body

AIAA J. 19, 1607-1608, 1981.

MORKOVIN, M.B., '"On the question of instabilities upstream of cylinder
bodies NASA Contractor Report 3231, 1979.

MUNSON, B.R. and JOSEPH, D.D., "Viscous incompressible flow between
concentric rotating spheres,'" part 1. Basic flow. J. Fluid Mech. 49,
289, 1971.

MUNSON, B.R. and JOSEPH, D.D., same as (33}, Part 2, Hydrodynamic stability.
J.. Fluid Mech. 49, 305, 1971.



SHMITH, N.H., "Exploration investigations of laminar-boundary-layer
oscillations on a veotating disk."” NACA Tech. Note Ne. 1227, 1947.

TOBAK, M., "“On local inflectional instability in Boundary-layer flows,"
ZAMP, 24, 330-354, 1973.

YAKUSHIN, V.I., "Instability of fluid motion of a liquid in a thin
spherical layer." Eng. Trans: Fluid Dyn. 4, 83 (1969).

YAKUSHIN, V.I., "Same as above" Eng. Trans: Fluid Dyn. 4, 1, 1972.

YAKUSHIN, V.I., "Instability of the motion of a liquid between two
rotating spherical surfaces,” Eng. Trans. Fluid Dyn. 5, 4, 1973.



. . *hk
Migration of the Separation Point on a Deforming Cylinder -

by

S.P. Lin* D. Makala®
Clarkson University, Potsdam, New York 13676

and

G.T. Chapaman**, M. Tobak ™
NASA Ames Research Center
Moffet Field, California

Abstract

An iterative scheme of solving the Navier-Stokes equations for
unsteady two-digensional flow about a deforming and translating
cylinder is given. In the k-th iteration, the convected vorticity
appears as the ;ource term in an equation‘of transient diffusion of
vorticity. A novel integral transform is used to reduce this transient
vorticity equation to a k-dimensional heat equation. The bounded
solution of this equation is obtained with a general method of
superposition for problems involving a moving boundary. An equation
describing the migration of the separation point on a deforming
cylinder in GH;teady cross-flows is derived from the analytically
obtained velocity field. The radial contraction of the cylinder
surface is shown to pdstpone the separation time and to reduce the
separation anéle. The results are applied to infer that the
separation on a body of revolutionm translating steadily with an

angle of attack in a fluid does not originate at the nose-tip of

the body.

*Professor, Department of Mechanical and Industrial Engineering

tGraduate Research Assistant, Department of Mechanical and Industrial
Engineering

**Staff Scientist, Member AIAA

t+Research Scientist, Fellow AIAA

***Being revised for publication in AIAA Journal



I. INTRODUCTION

THE unsteady flow separation about a radially deforming cylinder
starting an arbitrary translation from rest is analyzed. This
'problem is relevant to several fundamental issues of considerable
importance. These issues include the control of flow separation
'.by moving an aerodynamic surface1 the possible drag' reduction
by surface deformation2 and tﬁe issue on the appropriate
definition of an unsteady flow separation point3.
However, this study was originally motivated by
the need‘tp understand the origin of flow separation in
a steady three-dimensional flow about a body of revolution translating
with an angle of attack in an otherwise quiescent Newtonian fluid. As
one moves downstream along the axis of revolution and views the flow
pattern on successive planes perpendicular to the axis, one sees the
evolution of a sectionally two-dimensional vortical flow structure
about a circle whose radius varies with time. Thus there is a
certain analogy between the steady three-dimensional flow about a
slender body of revolution and the unsteady two dimensional flow about
a circular cylinder whose radius changes with time in a cross-flow.
This topological analogy was demonstrated by Tobak and Peaka,
aﬁd Chapmaﬁ and Tobaks-

Creeping flow around a defor@ing sphere was studied by
Lin and Gautesen2 on the basis of the unsteady
Stokes equation. The linear unsteady Stokes equation is known to
be also a valid first order approximate equation even at finite Reynolds
numbers for small amplitude high frequency fluctuating flows678

L. 9 . ,
as well as for initial transient flows . The nonlinear convective acceleratic

"~

ey -



terms were la;er treated as source terms in perturbation solutions to
the Navier-Stokes equation by Tseng and Linlo’11 in their
study of transient heat transfer from a heated wire and for constructing
a theory of a heat sensing velocimeter. While these perturbation
solutions are useful for describing the initial transience of flows in
which the convective acceleration is weaker than the local acceleration,
they are obviously inadequate for the description of separated flows
in which the convective and local accelerations may become equally
important at a later stage of the flow development.

An iterative scheme of solving the Navier-Stokes equations for
unsteady two-dimensional. flow about a deforming and translating
cylinder is given in the next section. The method is novel to the
best knowledge of the writerslz. In the first
approximation, the effect of vorticity convection is neglected. This
effect is taken into account by successive iterations. Thus, in the
k-th iteration, the convected vorticity appears.as the source term
in an equation of transient diffusion of vorticity. A novel integral
transform is used to reduce this transient vorticity equation to a
k-dimensional heat equation. The bounded solution of this equation with
the appropriate boundary conditions is given in section 3. A general
method of superposition for problems involving a moving boundary is
given in the Appendix. An equation which describes the migration of
the separation point on a deforming cylinder is obtained in section
4. The numerical results are then presented and discussed. The present
iterative solution is expected to be valid during the initial transience
before a large amount of vorticity is convected to infinity. Then the
well known difficulty associated with the Whithead paradoxl'3

surfaces. The numerical results show that the flow separation establishes

ORIGINAL PAGE IS
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itself long ‘before the vorticity has time to populate itself at infinity.

IT. Formulatiou
Cousider the flow of an incompressible Newtonian fluid about a
~circular cylinder. The fluid is initially quiescent. The translational
_velocity of the cylinder is -iU(t), where t is time and i is the unit
vector in the negative x-direction as shown in Fig. 1. The instantaneous
radius of the deforﬁing'cylinder is given by al(t).
The govérning equations with respect to a réference frame attached
to the cylinder are
vy =0,

(L

3 Y+ VTV == 2 7p + w0V + 1 (D) - g

O |

where V is the veloéity, P is the pressure, p is density, v is the
kinematic viscosity, and jg is the gravitational force per unit mass of
fluid. Let tHé’characteristic time and distance be respectively m-l and
§. The corresponding characteristic velocity is w§. Nondimensionalizing

. . , . .2
the distance, time, velocity and pressure respectively by a, a, /v,

2
wé and p(wd) ", Eq. (1) can be written as

3.y + eR(¥-V)v = -eRVp + sz , (2a)

vv=0 , (2b)
where

v = V/wé T = t/ta 2/\)] e =68/a

> ’ ' o ’ o’

. 9 9

p=(P+ gy - U(t)x)(ws), R = wa, /v,
and a_ is the average cvlinder radius i.e., a = (a_._ + a Y/2.

o 0 min max

Equation (2b) is the necessarv and sufficient condition for cthe

=~



existence of the stream function ¢ such that the radial and tangential
velocity components of two-dimensional velocity can be written respectively

as

[€))

where

2 2
J = 3 Y3V Y = 343, VY .
The initial condition is

w(r,e,r) =0 3 TSO .

-
P

The boundary conditions are

, (4).

and

-C%aew)r*w = u(t) cos 6§ , (arw)r*m = -u(t) sin 8 , (5)

where u(t) = U(t)/[U(t)]maX

The iterative solution of Eqs. (3), (4) and (5) will be obtained
for the case of symmetric flow. The generalization of the method
to the case of asymmetric flows will be mentioned later. The

m-th iterated solution will be written as



m ' : ) ,
¢(m) = I (e:R)k_l w(m) sin k8 - aah 6)
k=1 k | |

Substituting Eq. (6) into the Jacobian in Eq. (3), we have

3D 5@ 2 ™Dy e,

m-1 m-1
= I z (sR)(qH‘-Z){A(rE-l) sin q8 cos 48

q=1 2=1 -4 | ‘

(m-1) m-1 9-1 (m~-1)
-B cos q8 sin 16}+ r (eR)” C sin 26, (7)
ql _ £
=1
where
(m-1) _ (m-1) 2 (m-1) (m-1) . ‘ 2 (m-1)
Aql = (3r¢q )(QDZ‘PZ ) ’ C?‘ = aaar DZ‘DZ 3

(m=1) _ (m=-1), n 2 (m-1) :
By = (v " )@ ope," ), me2

- - 92,72 (0)
L rr T Lo

By use of the relation sin q® cos 29 = [sin (q+2)8 + sin (q~2)8]/2, we can
rewrite Eq. (7) as

m=-1

J(m—l) = T (ER)?'-lC(m_l) sin 8
g=1 %
m~1 m=1
+% L (eR)(q+2'2)'{(A(m'l) - 8™ ysin(a+e)e
q=1 2=l a’ a2
+(A:;l) + B:z-l))sinéq—z)e} ®

Equation (8) can be rearranged into a form of truncated Fourier series



m-1
FAC L T cém D sin ko
k=1
2m-2 k-1~
k-2 (m-1) (m-1) e .
+ % I £  (eR) (A(k-z)z - B(k—z)i)SIH k¢ hk(2+m) hl(m)
k=2 =1
m-2 m-l-k
29+k-2, (m-1) (m-1) .
+% I =z (eR) (A + B ) sin k8
k=1 g=1 (k+2)¢ (k+2)2
m-2 m-1l-k
2q+k =2, (m-1) B(m—l) in (-k8) . 9
+ 4 kil qil (eR) (Aq(q+k) q(q+k)) sin (-k8) (9
Equation (9) can be further reduced to
Sl |0 keaf o el kzl[(l 50 GED )
N kil (eR)™ " (eRIC k@ o) (k-2)2 72 (k-2
m-1-k
A(m-1) (m-1)
* zil CoRet GHoz T B ) Pr(a-1)
m-1-k
- (m-1) (m-1) .
l C ke o) ¥ Bl(l+k))hk(m-l)1}51n ke
2m=-2 m 1 1 -1
sy oz £ (e (AEE 2;2 - Béﬁ_lgz)h(k_l)(m)sin k8 , (10)

k=m+l £=1+k-m
where

l lf \\<m
hk(m) 0 if k>m.

We assume that the coefficients of sin k6 with k>m are negligibly small

in the (m-1)-th iteration, and write J(m—l) as
(m-1) % k=2 _(m-1)
J = I (eR) JN gin ke , (11)
k
k=1
(m-1)
where J is given by the sum of terms in the curly bracket in Egq. (10).

Thus, the last double summation term in Eq. (10) will be neglected.
Substituting Eq. (6) and Eq. (ll) respectively into the left and right
sides of Egq. (3), and equating the coefficients of the same harmonics on

on both sides we have



(a_ - b’ D, ¢(m) = -r'lJim'l) : (k>1) (12)

By use of the following transform

2k~-1

(m )(s T)s ds , (13)

wém) = U(r)(azr_l-r)skl + ¢ [a

Eq. (12) can be reduced to the 2k-dimensional heat equation

- (m) (m-l) - ' :
(3. ) G, (14)7

where

r . .
c@1) _ _J L C S D

k a(t) K
2 1-2k 2k-1
vk T ar(r : ar)

- Note that Eq. (6) with Eq. (13) satisfies the first condition of-Eq. (4).

In order to satisfy the second condition of Eq. (4), we must have

(m)
X

Substituting the bounded solution of Eq- (14) with Eq. (l5) into the boundary

la(rd,e] = 2u(o)a ™ 08 15)

condition Eq. (5), we have

-(;'3%) = u(t)cos 8 + £(t)cos k8 ,

(%%) = -u(t)sin & + g(t)sin k9 ,

o>
where £(t) and g(tr) are the "penalty functions' given by

-k-1 (m) 2k-1

N ds) ,

f(r) = lim (r (s,Tt)s

T

r
fa X

g(r) = lim (-kr-k‘1

Tre

/T (m)(S o)s lds + x(m)(r,r)rk-l)
a k _ k .

Thus the bounded solution of Eq. (14) with Eq. (15) will not satisfyv the bounda

condition (5) unless f(7)~0 and g(iv)=0. For the special case of harmonic

o



oscillation with m=k=1, it was shown by Lin6 that £(7)+0 and
g(t)+0. 1In general, it is expected, on a physical ground, that there exists
a small time T, below which £(t) and g(1) remain much smaller than u(r). In -

any event this expectation can be verified .rigorously aposteriori.

3. Solution III. Solution

The solution of Eq. (14) with its boundary condition Eq. (15) can be
achieved as follows. First, the solution of Eq. (l4) which satisfies the
quasi steady boundary condition corresponding to Eq. (15) will be obtained.

This solution can be obtained from

2, (m)

_ A(m=-1)
(3T v Xy (r,2,7) = G (r,2,1) , (16)
R laln),2,0] = 2u@at (s B (17)
where H(t) is the Heaviside unit step function, i.e.
1, >0,
H(t) = {O, t<o.

It is shown in the Appendix that the solution of Eq. (14) with the unsteady

boundary condition is then given by

(m) (m)

T
Xy (r,t) = f arxk fr,2,7-2]d2 . : (18)

o

Equation (14) can be solved by use of the Laplace transform. The Laplace

transform of Eq. (14) is

2 2 -1, - - (m-
(v? - a4 % - (x-L)x dr]xé‘” - clg‘“ v (19)

2,
where v~ is the Laplace transform variable. By use of the new variables

Eq. (19) can be reduced to the non-homogeneous modified Bessel equation of

the (k-1) - th order.



2 -1 2 =2 (m) =(m~1) k-1 =2
{d + - k-1 = -G . .
¢+t dC [l+(k-1) "z ]}Sk Ck rv (21)

The solution of this equation is given by

S(m)

2= ™o B‘“" o)L, _, (vr)

(22)
+ [cém)(v) + Cém)(vr)]Kk_l(vr)

where
g@ _ Tk w)E® D (6,034
k = . ] Kk-l vs % S, S,
C(m) = (r k (v )a(m—l)(s v)ds
k Jo S Ik-]. S K ’ .

(m)

For the bounded solution, we chose b (v) = 0. Taking the inverse
Laplace transform of Eq. (20), and applying the convolution theorem, we have

from Eq. (20) and Eq. (22)

xém) = rl'k{f (m)(z ) H (z,T=))dA (23)
. . " o
» T (m-1) k
+ [ f vV, (r,s,t=-1) G (s,X)s dsdAr}
k k
0’0o
where q(m) lslthe inverse Laplace transform of v Kk l[a(l)v]c(m)(v), i.e.

(m) = GZL Kk 1[a(£)v]C(m) (v), and

(vr) -
lik(r,r) =Of-l Kk_l s ‘.{k(r,r)H(r)
IS("l [a(Q)V] v

(ur)Y [a(l)u]-Yk_l(ur)Jk_l[a(ﬁ)u] 4

. ( ,T) = EJQ - ZT k i
_ T T o explma ] 3% la(w)u] + Y2 [a(2)u]
k 1 k-l

k
K_,(vp), i.e.,

and V. is the inverse Laplace transform of Ik_l(vr)Kk_l(vs) and Ik_l(vs)

10



-~ ;1 &s/Zr)exp[-(r2+sz)/4r]H(r)
(m)

I'..a

Vk =

In order to satisfy the boundary condition (17)

[3%)

v q  in Eq. (23) must satisfy

the following integral equation
0™ (a(w),a) B (a(2),t-A1dA = 20(2)6
all),al H lald),t %0

o qk
(24)

T ® )
éfofa(l) Vi fa(e),s,t=A} Gém 1')(s,SL,A)skdsdl)\

(24) is changed

L]
Note the lower integration limit in the last integral in Eq

from 0 to a(2), since Gém-l) vanishes for s<a.

Recall that

(m-1) -
(£.2,0) = =[ gy s

The solution of Eq. (24) for qém) can be easily obtained by differentiating

both sides of Eq. (24) with 1

r arqém)[a(z),A]ﬁk[a(l),r-xl[H(X)-H(A-ledx = 2u(0)6(1)6,
-0 s HOD-HQ-OT v [, s,ea 06" (s, 2,085
a(e)

-co
Performing the differentiation

" where 6(1) is the Dirac delta function.

and using the relations ﬁk[a(l),O] = 1, Vv(a(2),s,0] = 0, we reduce this

equation to

(m) _

9y [a(L),t] = Zu(Z)dklé(r)
T [=-]

- ) - k-

-l arvk[a(l),s,r-llcim (s,2,x)s dsdA

0 al)

L1

(25)



It follows from Eq. (23) that

k-1 (m) -
LA O (r,2,1) = 2u(2)6klﬁk(r,r)
T (m-1) - k -
-5 [ r BAVk[a(l) S,A- A]G (s,Q,A)Hk(r,Trx)s dsdAdi
0 0 0 a(g)
e (n-1) K .
+/ J vV (r,s,t- A)G (s,2,))s dsdx . (26)
k ,
0 a(g)

Substituting this intc EBq. (18), we have after some simple manipulation

T

rk L (m)(r t) = [ 2u(2)8 H (r,2,1- E)dzdkl
o -]

TT-2 A (m=-1) N N

- s I r 3AVk[a(2) S,A- X]G (s,1,A)Srﬁk(r,l,r-l-k)dsdkdkd
00 0 a(g)
T ‘l"?. @ (m ].) k

+ [ 3 Vk(r S, T-%~ A)G (s,2,A)s dsdide . (27)
00 a(2)’ . .

With xim)(r,r) given by Eq. (27), the m~th iterative solution given by Eqs. (6)

and (13) is néw complete. The convergence of the iterative .solution (6)

may be proved by showing that there exists a time T, below which (gk)

w(m)

K < M, M being a bounded constant, for given U(tr) and a(x).

The extension of the present method to non-symmetric flow is immediate.

In place of Eq. (6), the sélution now can be written as

m

o™ o _aze 4+ 1 (sR)k L™ gin ke
k
k=1
n
+ I (ER) (m) cos k8 .
k=1

Z -9

The Jacobian in Egs. (7) to {il) will have to be mocified to include cos k8-

terms. A set of integral transforms similar to that given by Eq. (13) will

then reduce the partial differential equations for wim) and @ém) into a
c g . . . ) Am) (m) |
set of lk-dimensional heat equations. The solution of ) and i, bv

the Laplace transform method will follow the line described for the solution

(
of wkm) given above.-

.y —



IV. Separation Point

An appropriate definition of separation points in unsteady two-
dimensional flows is of great current interest. For the discussions on
the controversy and the relevant references, we refer the readers to the

3 . . ,
work of Ho . Here, we are concerned with the separation points on a
radially deforming cylindrical surface. With respect to this surface

the velocity components (vr',ve') are given by

If we define a separation point at such a surface to be the point where
the flow relative to the moving surface just starts to reverse its direction,

then we must have

f = =
arve 0 at r = a(r)

Since v ' = v

5 g’ this condition can be written as

-

@ ¥ ., =0

It follows from Eq. (6) that at the separation points we must have

Ek-l(a Rk-lw(m)

sin ké(t) =0 , (29)
rr k

m
g )
- r=a

k=1

where, with the aid oi Eq. (13),

(m) _ 2u(zt) _ k=2 (m) k-1 (m)
(arrwk )r=a YOOl dkl a” "Xy (a,t) + a (arxk )r=a . (30)

It is easily verified that at r=a(r), the last two integrals in Eq. (27)

vanish, and Eq. (27) gives
k-1 (m) _
a’ Tx fa(t),t] = 2u(r)6ik

as is required bv the boundary condition Eq. (15). Thus the first two terms

in Eq. (30) cancel each other. The last term in Eq. (30) can be obtained from

13



Eq. (27) by a simple differentiation. It can be shown that the shear

stress also vanishes at the separation points for this particular problem.
For the ease of comparisons with some known results, we define a

new Reynolds number based on the uniform velocity U = wé and the radius

a i.e.,

o’

(mé)a° 5 . wa 2
. = (—)(—=2) = eR.
\Y) ao v

Combination of Eqs. (29) and (30) then gives

(R 3 (™) sinke =0 . (31)

1 r=a

U4~ 8

Several comments concerning the general feature of two-dimensional flow
separation can now be made. In the limiting case of creeping flows Re*O,

and Eq. (31) is reduced to

(m)

r Xl ) sin 8 = 0

r=a

(3

-

Thus the onl; points on the cylinder where shear stress vanish are at

the forward and rear "stagnation' points respectively at 8=7 and 6=0.

For a moderately large Re such that the secona term in Eq. (31) is comparable
to the first ome, only the second iteration may be adequate to approximate
the separated flow. Eq. (31) then gives

. (2) 12)
+
sin 8 (3r X 2R Brx2

cos 6)
r=a

0 (32)

Thus, in addition to the 'stagnation" points there will be two symmetrically

positioned primary separation points given by

ar XiZ) ' :
cos 8 = - (——77) : (33)
2R, x2 =

Eq. (33) has a solution onlv after a finite separation time is reached when

the quotient in Eq. (33) becomes less than one in absolute value. At higher

14



Reynolds numbers, higher harmonic terms in 9 must be retained. This may
allow secondary and further separation points to be obtained as the roots
of the transcendental equation of order higher than two. It is obvious
that separation may occur in mid-stream. This can be seen easily from

Eq. (29) when r is evaluated at a point inside the flow rather than at r=a.

It should be pointed out that if vortex shedding takes place, the flow
is no longer symmetric, and separated flow must be based on Eq. (28).

Asymmetric flow separation is not included in this study.

V. Results

To-obtain numerical results, we used short-time expansions of Bessel
functions appearing in the integrands of the analytical results given
in the previous sections. For the evaluation of the multiple integrals,
we used the M-point Gauss quadrature formulal4- For |
each integration interval, the value of M was increased until the values
of the given integral corresponding to the two successive values of
M differ from each other by less than 100th of a percent. All numerical

computation was carried out with double precision omn an IBM 4341.

To compare our iterative solution with some known experimental
and theoretical results, we obtained numerical results for the case of
a rigid cylinder first. The time dependent angle of separation was
determined from Eq. (33) for the case of an impulsively started uniform motion
of a rigid cylinder. The results are given in Fig. 2 together with
ocher known results. The finite separation times for various values
of Re are all slightly larger than those given by Collins & Dennis15
and Thoman & Szewezyle. The difference may be due to the different
initial conditions used. The initial flow obtained by Collins & Dennis was
based on a boundary-laver approximactioan. Thoman & Szewczvk .and others who

used pure numerical sclutions assumed either that the flow was initially

L5



irrotational everywhere or at some finite distance from the cylinder. The
initial condition used in this study is that the fluid is completely quiescent
everywhere. The separation angle for a given Re increases rapidly after the
onset of separation and approaches an almost steady value within a small
fraction of viscous diffusion time. Noﬁe that the dimensionless time 3

of the quoted theoretical studies are related to ours by r=t1/Re.' The
authors are not aware of any measurements of separation angles for the initial

" time smaller than t=0.1. We extrapolate the measurements of Coutanceau and
Bouard17 for Re=20 in a tank whose diameter is 8.3 times that of the test
cylinder. OQur predicted angle is considerably larger than their measured value.
This is quite to be expected, since the wall of the test tank was shown by
them to have the effect of reducing the separation angles. There is also
considerable uncertainty involved in the extrapolation. It should be pointed
out that the non-dimensional time t* of Coutanceau & Bouard is related to
ours by T=2t*/Re.

Figure 3 demonstrates the effect of ,the radial deformation qf the

cylinder, which impulsively starts a constant velociﬁy translation, on

the separation angle. It is seen that, for a given L the radial expansion
has an effect of reducing the onéec time of separation and increasing the
separation angle at ché same instant. The larger the rate of expansion

the laurger is the effect. The earlier separation and larger separation

angle are all associated with larger deceleration of fluid induced by

radial expansion. Figure 4 shows that radial contraction has an

opposite effect. Figure 5 shows the same effect demonstrated in PFigs. 3

and &4 except that the cylinder translation is now not an impulsively started
uniform motion but is given by a constant acceleration followed by a

constant velocity after some finite time T, .This latter cylinder

motion is obviously more easily attainable in experiments.

16



VI. Discussion
An equation which describes the evolution of the separation angle on
a deforming cylinder in an unsteady cross-flow was derived from an

iterative solution of the Navier-Stokes equation for finite Reynolds

numbers. The validity of the iterative solution hinges on the condition
that the penalty functions remain negligible. This can be verified
aposteriéti. These penalty functions were found to be negligible in a
larger period of time for the case of constént acceleration than for the
case of impulsively started motion. Thus the time periods during which
the iterative solution is valid can be ascertained aposteriori at each
iteration. The advantage of the present method over other known methods
1s that only one computer program needs to be written for any u(t) and a(r1).
The solutions of the evolﬁtin equation of separation point on a

circular cylinder reveal that a radial con;raction retards separation
due to the enhanced acceleration along the wall. The converse is true

for the case of radial expansion. In the limit of Re+0, it was shown

-

V)

that no separation at the wall other than that at the rear "stagnation"

point can take place. All these results suggest that the flow separatiom

on the body of revolution translating at an angle of attack in a fluid does
nto originate at the nose-tip of the body, but originaCes somewhere downstream

from the tip of the body. The results reported in this work were based on the.

second interative solution. Hence only the primary flow separation points

were found . For the follow-up work, we intend to investigate the onset and

evolution of the symmetric secondary flow separation21 at the deforming wall

as well as.in the mid-stream and the growth of the closed-wake, by use of the
third iterative solution. The iterative solution of the form given by Eq.'
(28) for asymmetric flows will also bg developed to study the breakup of

a closed-wake and the ensuing vortex shedding.
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Appendix
‘A General Method of Superposition for Problems Involving

a Moving Boundary

We wish to solve for the unknown function F from the following

partial differential equation
(aT'L)F(E’T) = 6(r,1) , : (A-1)

with the boundary condition
2u(t) >0

Fla(t),t] = { (A-2)
0- s riO

and the initial condition
F(r,1) = 0, <0, (a-3)

where T is time, r is a positién vector, G(r,t) is a given function,
L is any lidear differential operator in space variables, and r=a(t)
specifies the instantaneous position of the moving boundary at
any time 1.

It is presently shown that the solution of this system is

given by

T .
SR A3 Sht oy Sur il ae FE 2% £ 71+ Ahrat (&=4)
Q

where F(r,%,t) is the solution of (A-1) subject to a fixed boundary

condition

Fla(2),2,7] = 2u(2)H(x) , H(x) = { , (A-5)

and the intrial condition
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= T

F{r,2,1] = 0 , 1<0 (A-6)

where £ is a constant parameter. Since the differential system (A-1)

(A-5) and (A-6) is invariant with respect to time translation,

F(r,2,1-4) and F(r,%,1-2-d2)

are also solution of (A-1). Each satisfies (A-5) and (A-6) with t
in both of them replaced respectively by t-%2 and t-2-d2. It follows

that dF given by

dr F(r,2,7-2) - F(r,2,7-2~d2)

= 3 F(r,%,t-2)d2
o £

satisfies (A-1), since it is merely a linear superposition of two

solutions of (A~1). Moreover (A~7) satisfies the boundary condition

dF(a(2),2,t-2] = 20(L)[H(r-2)-H(r-2-d2)]

-

and the initial condition

dF

[}
o

<2 .

The integral of dF from 2=0 to %=T1, i.e.

T

RAS TP EL L L
Q

b}

(a-7)

(a-8)

(A-9)

“(A107”

being merely a linear superposition of solutioms of (A-1), each satisfying

(A-8) instantaneously from 2=0 to 2=t for any t>0, is itself a solution

of (A-1). Moreover it satisfies the boundary condition (A-2), since the

integration of (A-8) gives

T T

FdrFla(2), 2. c~%)du= fa(e),t] = 7 2u(2)Y[H(r~2)-H(r-2-de)]dy = 2u{:)

o 0

Te also follows from (aA-9), (A-10) and the fact that €20, the inictial
condition (A-3) is satisfied by (A-10).

1Y



Note that (A-2) is the Dirichlet boundary condition. It is obvious
that the same method applies to the Neumann or mixed boundary-value
problems when the boundafy conditions (A-2) and (A-5) are replaced by .
byoundary conditions specifying the spatial derivative of F or the

linear combination of F and its spatial derivative.
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Figure 1.

Figure 2.

Figure 3.

Figure 4.

Figure 5.

Figure Captions

Definition sketch.

Migration of separation point for the case of impulsively
started uniform velocity.

Effect of radial expansion on separation angle for the case of
impulsively started uniform velocity. Rigid cylinder,
Deforming cylinder: — — —, a(t)=1+0.0lt; ——,
a(t)=1+0.02t.

Effect of radial contraction on separation angle. Rigid cylinder,
—. Deforming cylinder: —— —, a(1)=1-0.1lt; — — —,
a(r)=1-0.02t.

Effects of acceleration of a deforming cylinder on separation
angle; a(tr)=1+0.0lt. =-=---, rc=0.1; _— - — rc=0.01.
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