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OPTIMAL CURE CYCLE DESIGN 
OF A RESIN-FIBER COMPOSITE LAMINATE 

Jean W. HOU* and Jeenson Sheen** 
Old Dominion Un ive rs i t y ,  Nor fo lk ,  VA 23508 

ABSTRACT 

High performance polymeric composites have been exper ienc ing  

i n c r e a s i n g  usage i n  the aerospace and automobi le  i n d u s t r i e s .  Such 

m a t e r i a l s  a r e  commonly composed o f  l ong  o r  chopped f i b e r s  embedded i n  

the thermoset t ing  r e s i n  ma t r i x .  Changes i n  p h y s i c a l  and chemical  

p r o p e r t i e s  o f  such composite ma te r ia l s  d u r i n g  the  cure process a r e  

r a t h e r  complex. Thus, i t  i s  not a t r i v i a l  task t o  p r o p e r l y  des ign a 

cure  c y c l e  ( temperature and pressure p r o f i l e s )  f o r  a cure process. The 

m a t e r i a l  should be cured uni formly and complete ly  w i t h  the lowest  v o i d  

conten t ;  the temperature i n s i d e  t h e  l am ina te  must n o t  exceed some 

maximum value; and the cure process should be completed w i t h i n  the 

s h o r t e s t  amount o f  t ime. I n  the past, most cure c y c l e  designs f o r  newly 

developed composite systems a re  based upon the technique o f  t r i a l  and 

e r r o r .  Such approach has long been recogn ized a s  c o s t l y  and 

i n e f f i c i e n t .  Several s imu la t i on  models have been developed r e c e n t l y  f o r  

c u r i n g  va r ious  epoxy m a t r i x  composites. Th is  development represents  a 

s i g n i f i c a n t  advancement i n  computer iz ing the cure  c y c l e  design. The 

n e x t  ques t  comes n a t u r a l l y  t o  be the search of the "bes t "  cure c y c l e  f o r  

* A s s i s t a n t  Professor,  Department o f  Mechanical Engineer ing and 
Mechanics 

Graduate Student 
** 
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cu re  c y c l e  des ign process i n t o  a proper  mathematical  form i s  recognized 

i n  t h i s  study. Various opt imal des ign problems a r e  fo rmula ted  t o  

address these aspects. The opt imal s o l u t i o n s  of these fo rmula t ions  a r e  

- 2  

a g iven composite laminate.  The major t h r u s t  o f  t h i s  t h e s i s  i s  t o  s tudy 

a u n i f i e d  Computer-Aided Design method f o r  the cure  c y c l e  des ign t h a t  

i nco rpo ra tes  an op t ima l  design technique w i t h  the a n a l y t i c a l  model o f  a 

composite cure process. The p re l im ina ry  r e s u l t s  o f  us ing  t h i s  proposed 

method f o r  op t ima l  cure cyc le  design a re  r e p o r t e d  and d iscussed i n  t h i s  

thes i s .  

The cure process o f  i n t e r e s t  i s  the  compression mold ing o f  a 

p o l y e s t e r  which i s  descr ibed by a d i f f u s i o n - r e a c t i o n  system. The f i n i t e  

element method i s  employed t o  conver t  the i n i  t ia l -boundary  va lue problem 

i n t o  a s e t  o f  f i r s t  o rde r  d i f f e r e n t i a l  equat ions  which a r e  so lved 

s imu l taneous ly  by the DE program. The equat ions f o r  thermal des ign 

s e n s i t i v i t i e s  a r e  der ived  by using the  d i r e c t  d i f f e r e n t i a t i o n  method and 

a r e  so lved by the DE program. F i n a l l y ,  a r e c u r s i v e  quadra t i c  

programming a l g o r i t h m  w i t h  an ac t i ve  s e t  s t r a t e g y  c a l l e d  a l i n e a r i z a t i o n  

method i s  used t o  o p t i m a l l y  design the  cure  cyc le ,  subjected t o  the 

g i ven  des ign performance requirements. The d i f f i c u l t y  o f  c a s t i n g  the  

compared and discussed, and the major parameters which p l a y  major r o l e s  

i n  the  cure c y c l e  design f o r  a given composite laminate  are  i d e n t i f i e d .  
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CHAPTER 1 

INTRODUCTION 

Continuous f i b e r s  r e i n f o r c e d  polymer ic  composites a r e  used i n  m n y  

a p p l i c a t i o n s  where h igh  s t r e n g t h  and low we igh t  a r e  impor tan t ,  such as 

i n  the aerospace i n d u s t r y .  These composites a r e  produced by embedding 

l o n g  o r  chopped h i g h  s t r e n g t h  r e i n f o r c i n g  f i b e r s  i n  a po l ymer i c  

m a t r i x .  The m a t r i x  i s  impor tant  n o t  on l y  f o r  t r a n s f e r r i n g  the l o a d  

between f i be rs ,  b u t  a l s o  f o r  p rov id ing  r e s i s t a n c e  t o  f r a c t u r e  i n  the 

composite and t o  d i s t o r t i o n s  caused by the environment. One means t o  

manufacture the composite laminate w i t h  cont inuous f i b e r  i s  by combining 

u n i d i r e c t i o n a l  l y  o r i e n t e d  l aye rs  o f  f i b e r s  pre-impregnated w i t h  the 

uncured r e s i n  m a t r i x  and subsequently l a y i n g  these up i n  the d e s i r e d  

d i r e c t i o n s .  T h i s  pre-impregnated composite p recu rso r  i s  c a l l e d  a 

prepreg. The composite p a r t s  and s t r u c t u r e s  a r e  then manufactured by 

c u r i n g  the prepreg m a t e r i a l .  The cure process i s  accomplished by 

exposing the prepreg m a t e r i a l  t o  the e l e v a t e d  temperatures and pressures 

f o r  a predetermined l e n g t h  o f  time. These e l e v a t e d  temperatures and 

pressures t o  which the prepreg ma te r ia l  i s  subjected a r e  r e f e r r e d  t o  as 

the  cure temperature and the cure pressure. The cure temperature 

p r o v i d e s  the heat  r e q u i r e d  f o r  i n i t i a t i n g  and m a i n t a i n i n g  the chemical 

r e a c t i o n s  i n  the r e s i n  d u r i n g  the cure process. Once the r e a c t i v e  

m a t r i x  r e s i n  i s  heated, po l ymer i za t i on  r e a c t i o n s  s t a r t  t o  occur.  

Polymer chains a r e  extended and l a t e r  c ross l i nked .  I n t e r a c t i o n s  between 
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the heat  generated from the r e a c t i o n s  and the heat  t r a n s m i t t e d  by  

conduct ion and convect ion from the  surrounding environment c r e a t e  a 

h i g h l y  non - l i nea r  chernoviscosity p r o f i l e  which can d i c t a t e  the r e s i n  

f low c h a r a c t e r i s t i c s  d u r i n g  the cure process. A f t e r  the r e s i n  i s  

melted, by a p p l y i n g  the cure pressure, the excess r e s i n  i s  squeezed o u t  

of the m a t e r i a l .  Consequently, the i n d i v i d u a l  p l i e s  a r e  c o n s o l i d a t e d  

and the vapor bubbles a re  compressed. 

The magnitudes and durat ions o f  the cure temperature and the cure 

pressure a p p l i e d  d u r i n g  the cure process have s i g n i f i c a n t  consequences 

on the  performance o f  the f i n i s h e d  product .  I t  i s  n o t  a t r i v i a l  task t o  

des ign a proper  cure cyc le ,  t h a t  i s ,  t o  determine a cure temperature and 

a cure pressure, due t o  the complex na tu re  o f  the changes i n  p h y s i c a l  

and chemical p r o p e r t i e s  o f  the composite m a t e r i a l  d u r i n g  the cure 

process. The composite ma te r ia l  should be cured u n i f o r m l y  and 

complete ly  w i t h  the l owes t  void content ;  temperatures i n s i d e  the 

l a m i n a t e  must n o t  exceed some maximum value; and the c u r i n g  process 

should be completed i n  the s h o r t e s t  amount of t i m e  [l]. I n  the past,  

t he  cure c y c l e  i s  se lec ted  e m p i r i c a l l y  f o r  newly developed composite 

systems. Th is  t r i a l  and e r r o r  type of e m p i r i c a l  approach has l o n g  been 

recognized as c o s t l y  and i n e f f i c i e n t .  The shortcomings o f  the e m p i r i c a l  

approach c o u l d  be overcome, however, by the use of an a n a l y t i c a l  

model. The r e c e n t l y  developed model f o r  c u r i n g  epoxy m a t r i x  composites 

by Loos and Spr inger  [l] represented .a s i g n i f i c a n t  advancement i n  t h i s  

aspect.  The cure c y c l e  can now be designed i n  a systemat ic  manner t o  

meet the major cons ide ra t i ons  mentioned e a r l i e r  f o r  va r ious  composite 

r e s i n / f i b e r  systems. As f o r  the composite w i t h  chopped f i b e r s ,  i t s  

manufactur ing process E21 may be d i f f e r e n t  from the one s t a t e d  above. 
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I 

However, the process can s t i l l  be c h a r a c t e r i z e d  s i m i l a r l y  by the r e s i n  

f low,  chemical k i n e t i c s ,  chemoviscosity, e t c .  The c o n s i d e r a t i o n s  i n  the 

s e l e c t i o n  of the proper cure cycle a r e  a l s o  very s i m i l a r .  

1.1 Ob j e c  ti ve and Mo ti va ti on 

As mentioned above, c u r r e n t l y  the method f o r  the cure c y c l e  des ign 

i s  a type o f  parametr ic  study conducted by e i t h e r  p h y s i c a l  exper iments 

o r  numerical  s i m u l a t i o n  [1,2]. T h i s  type o f  approach i s  c o s t l y  and 

i n e f f i c i e n t ;  and the t r u e  opt imal c o n d i t i o n  may never be found. 

Therefore,  the development o f  a u n i f i e d  and systemat ic  approach t o  

o b t a i n  an " o p t i m a l "  cure cyc le  f o r  a g iven composite m a t e r i a l  i s  

needed. I n  t h i s  study, a u n i f i e d  Computer-Aided Design (CAD) method i s  

proposed, which i n c o r p o r a t e s  an opt imal  design technique w i t h  an 

a n a l y t i c a l  model o f  a composite cure process. 

The o p t i m i z a t i o n  technique i s  n o t  new and has been s u c c e s s f u l l y  

a p p l i e d  t o  many t r a n s i e n t  problems i n  v a r i o u s  d i s c i p l i n e s  such as  

mechanical systems C31, s t r u c t u r a l  dynamics C41, chemical process 

c o n t r o l  [SI, and opt imal  con t ro l  C61. However, t o  the a u t h o r ' s  

knowledge, the a p p l i c a t i o n  o f  o p t i m i z a t i o n  technique t o  the cure c y c l e  

des ign has never been s t u d i e d  before.  The goal o f  t h i s  study i s  t o  

e x p l o i t  the p o t e n t i a l  o f  app ly ing  the o p t i m i z a t i o n  technique t o  the cure 

c y c l e  design. 

As an i n i t i a l  a t tempt  a t  t h i s  goal, t h i s  study i s  concentrated on 

the op t ima l  design o f  the cure temperature on ly .  The press molding 

process o f  a p o l y e s t e r  c2I i s  used as an example. Var ious o p t i m i z a t i o n  

f o r m u l a t i o n s  f o r  the cure cyc le  design a r e  suggested. T h e i r  op t ima l  

s o l u t i o n s  a re  obta ined by us ing  the i n t e g r a t e d  computer program which i s  
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f a heat  conduct ion model coupled w i t h  a 

chemo-kinet ic model du r ing  the process and f o r  the o p t i m i z a t i o n  o f  the 

cure  c y c l e  design. Those op t im iza t i on  fo rmu la t i ons  a r e  eva lua ted  based 

on t h e i r  performances and mer i ts .  The exper ience gained from t h i s  s tudy 

i s  very impor tan t  and va luab le  f o r  the f u r t h e r  a p p l i c a t i o n  o f  the 

proposed CAD approach t o  a more r e a l i s t i c  composi te manufactur ing 

process . 

1.2 Scope o f  t h e  Present  Work 

The major  conten ts  o f  t h i s  t h e s i s  a r e  Thermal Analys is ,  Thermal 

Design S e n s i t i v i t y  Analys is ,  and Opt imal Cure Cycle Design. The 

cons ide ra t i ons  o f  the computat ional  formula t i o n  o f  the r e a c t i o n -  

d i f f u s i o n  system a r e  repo r ted  i n  the  n e x t  chapter.  The f i n i t e  element 

d i s c r e t i z a t i o n  i s  in t roduced t o  conve r t  the i n i  t i a l -boundary  va lue  

problem i n t o  a s e t  o f  f i r s t  o rder  d i f f e r e n t i a l  equat ions.  These 

equat ions  a r e  then so lved s imul taneously  by the DE program [7]. To 

v e r i f y  the computat ional  procedure, the numer ica l  r e s u l t s  o f  examples 

a re  compared w i t h  the a n a l y t i c a l  s o l u t i o n s  o r  the s o l u t i o n s  found i n  the  

1 i t e r a  t u r e  C2,8,9,101. 

In Chapter 3, two methods, the  a d j o i n t  v a r i a b l e  method and the 

d i r e c t  d i f f e r e n t i a t i o n  method, have been s tud ied  f o r  the  thermal des ign 

s e n s i t i v i t y  ana lys i s .  It i s  concluded t h a t  the d i r e c t  d i f f e r e n t i a t i o n  

method i s  s u p e r i o r  t o  the a d j o i n t  v a r i a b l e  method i n  terms o f  accuracy 

and phys i ca l  i n t e r p r e t a t i o n .  Once the i n fo rma t ion  o f  des ign s e n s i t i v i t y  

i s  p rov ided accu ra te l y ,  any gradient-based mathematical  programming 

a l g o r i t h m  can be a p p l i e d  t o  generate the op t ima l  design i t e r a t i v e l y .  
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I n  Chapter 4, an i t e r a t i v e  scheme i s  o u t l i n e d  t o  determine the b e s t  

cure process. Numerical c a l c u l a t i o n s  a r e  c a r r i e d  o u t  by us ing  the 

f i n i t e  element method f o r  analys is  and a r e c u r s i v e  q u a d r a t i c  programming 

technique f o r  o p t i m i z a t i o n .  The r e s u l t s  o f  the op t ima l  cure c y c l e  

design f o r  v a r i o u s  formulat ions o f  o b j e c t i v e  func t i ons  a r e  a l s o  

presented. 

F i n a l l y ,  remarks and conclusions o f  the p r e s e n t  work a r e  g i ven  i n  

Chapter 5.  
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CHAPTER I 1  

THERMAL A N A L Y S I S  

One major step of manufactur 

of thermosetting resin matrix is  

pressure to cure the materials. 

ng composite materia s which consist  

u s i n g  the elevated temperature and  

The analytical model of such a cure 

process i s  rather complicated. Such an analytical model should be able 

t o  address: 

a )  the heat transmission between the surrounding environment and 

the material, 

b )  the temperature distribution w i t h i n  the material, 

of the resin,  

by i t s  

c )  the heat generated by the chemical reaction 

the resin characterized d )  the phase change of 

chemoviscosi t y ,  and 

e )  the non-newtonian f ow problem associated w 

and the liquidized resin. 

Among others, the m j o r  parameters w h i c h  play 

t h  the cure pressure 

i m p o r t a n t  roles i n  

modelling the cure process may be identified as the temperature, the 

degree of cure of the resin,  the resin viscosity,  the resin flow 

velocity, the thickness of the processing material and the material 

properties, such as density, heat conductivity, e tc .  Most parameters 

are varied w i t h  respect t o  the time and spatial  location. 

To focus on the optimization aspects of study, several assumptions 

which simplify the formulation of the cure process are  introduced. One 
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i s  t h a t  the temperature and the degree of cure of the composite material 

are  uniformly distributed i n  a plane parallel  t o  the tool plates. 4 s  a 

resu l t ,  the parameters of the problem are  functions of the time and the 

p o s i t i o n  along the thickness of the composite only. Secondly, the resin 

content i n  the material i s  assumed to be low so tha t  only a small amount 

of resin will be squeezed out o f  the material. Consequently, the resin 

flow model as  well a s  the pressure cycle can be neglected from 

considerations. Furthermore, the material properties which depend on 

the fiber-resin ratios can be assumed t o  be constant as well. Finally,  

i t  i s  assumed tha t  there is  no deviation between the cure temperature 

and the temperature on the surfaces of the material adjacent t o  the tool 

plates.  Thus, the cure temperature can be considered a s  the boundary 

temperature of the material. T h e  temperature distribution and  the 

degree of cure are the only two s ta te  variables w h i c h  are governed by a 

d i  f f us i on-reac ti on sy s tem. After si mpl i f i ca t i  on , the d i  f f us i on-reac ti on 

system can be used t o  describe the cure process of a continuous f iber  

composite w i t h  low resin content C81, and the cure process of a 

composite w i t h  the chopped fibers [21. The in t e re s t  of th i s  s t u d y ,  

however, i s  in compression molding of  a f i l l e d  polyester resin 

reinforced by chopped glass fibers. The unmolded composite i s  produced 

i n  sheets which are from 3 t o  6 mm thick, typically. The resin consists 

of a thick dough and the chopped f ibers  (about 25 mm long) which are  

randomly oriented i n  the plane of the sheet. In th i s  form, the material 

i s  called sheet molding compound, or simply SMC. 
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2.1 Di f fus ion-React ion System 

A d i f f u s i o n - r e a c t i o n  system c o n s i s t s  o f  an one-dimensional unsteady 

heat-conduct ion equat ion w i t h  i t s  boundary and i n i t i a l  c o n d i t i o n s ,  and a 

k i n e t i c  model o f  the cure r a t e  o f  the r e s i n .  By us ing  the f i n i t e  

element method and a numerical  i n t e g r a t o r ,  a computat ional  a l g o r i t h m  i s  

developed t o  analyze the thermo-chemical r e a c t i o n .  The numer ica l  

r e s u l t s  o f  severa l  examples a re  ob ta ined  by the developed scheme and 

compared w i t h  the e x i s t i n g  so lut ions.  

The temperature d i s t r i b u t i o n  T(z, t )  and the degree o f  cu re  a ( z , t )  

o f  the r e s i n  i n s i d e  the composite depend on the r a t e  which heat  i s  

t r a n s m i t t e d  f rom the environment i n t o  the m a t e r i a l .  The temperature 

i n s i d e  the composite can be ca l cu la ted  by us ing  the law o f  conse rva t i on  

of energy toge the r  w i t h  an approp r ia te  express ion f o r  the cure 

k i n e t i c s .  By n e g l e c t i n g  energy t r a n s f e r r e d  by convect ion,  the energy 

equa t ion  m y  be expressed as 

pcT = kT” + pHra 

w i th  the boundary cond i t i ons ,  

T’ ( 0 , t )  = 0, 

T (h , t )  = T c ( t )  

and the i n i t i a l  c o n d i t i o n ,  

O6zch 

(2.1) 

(2.2.a) 

(2.2. b 1 

(2.3) 

where p and c a r e  the d e n s i t y  and the s p e c i f i c  heat  o f  the composite 

m a t e r i a l ,  r e s p e c t i v e l y ,  k i s  the thermal c o n d u c t i v i t y  i n  the d i r e c t i o n  

pe rpend icu la r  t o  the plane o f  composite m a t e r i a l ,  and 2h i s  the t o t a l  
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th ickness.  The temperature and the t o t a l  o r  u l t i m a t e  heat  o f  r e a c t i o n  

d u r i n g  the cure process a r e  denoted by T and H r ,  r e s p e c t i v e l y .  

Moreover, the d o t  ' I * "  on the top o f  a symbol i n d i c a t e s  the t ime 

d e r i v a t i v e  and the s u p e r s c r i p t  'I"' denotes the s p a t i a l  d e r i v a t i v e .  

According t o  the assumptions discussed p r e v i o u s l y ,  a1 1 c o e f f i c i e n t s  i n  

Eqs. (2.1) - (2.3) a r e  t r e a t e d  as constants.  Note t h a t  the cure 

temperature T c ( t )  appears i n  the equat ion o f  the boundary c o n d i t i o n  Eqs. 

(2.2); and the l a s t  term i n  Eq. (2.11, pHrG, i s  the r a t e  o f  hea t  

generated by the chemical r e a c t i o n  c h a r a c t e r i z e d  by the state o f  cure 

a. 

The s t a t e  of cure depends s t r o n g l y  on the r e s i n  temperature. An 

e m p i r i c a l  express ion i s  u s u a l l y  employed t o  address the r e l a t i o n  between 

the s t a t e  o f  cure and the r e s i n  temperature. The degree o f  cure i s  

d e f i n e d  as 

a = H ( t ) / H r  (2.4) 

where H ( t )  i s  the heat  evolved f rom the beg inn ing  o f  the chemical 

r e a c t i o n  o f  r e s i n  t o  some in te rmed ia te  t ime t. Both H ( t )  and H r  i n  Eq. 

(2.4) can be measured exper imen ta l l y  by, as an example; D i f f e r e n t i a l  

Scanning Ca lo r ime t ry  (OSC). For an uncured m a t e r i a l ,  a approaches t o  

zero, and f o r  a complete ly  cured m a t e r i a l ,  a approaches t o  one. F o r  

example, the cure r a t e  equat ion o f  a stepwise i so the rma l  cure process, 

can be d e f i n e d  f o r  a p o l y e s t e r  as f o l l o w s  

= f (a,T) 

m n = (K1+ K2a ) (1 - a) 

= (ale-dl/RT + a2e-d2/RT a m ) ( l  - a )n  (2.5) 
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where aly a2, dly d2, my and n are constants,  R i s  the u n i v e r s a l  gas 

constant,  and K 1  and K2  a r e  exponent ia l  f u n c t i o n s  o f  the temperature. 

Th is  example i s  taken from the research of compression molding conducted 

a t  the General Motors Research Laboratory [23. 

Some observa t i ons  o f  i n t e r e s t  a r e  s t a t e d  as f o l l o w s :  

1. The s t a t e  equat ions o f  the cure process a r e  coupled w i t h  two s t a t e  

va r iab les ,  namely, the temperature d i s t r i b u t i o n  T(z, t) and the degree of  

cure a ( z , t ) .  

2. 

the design v a r i a b l e .  

The non-homogeneous boundary value, T c ( t ) ,  i s  t o  be considered as 

By us ing  the f o l l o w i n g  replacement o f  the temperature T ( z , t )  

as 

the heat-conduct ion problem s ta ted  i n  Eqs. (2 .1)  - (2.3) can be 

s i m p l i f i e d  as an equat ion o f  T (z , t )  

/ *  - 
pcT = I<:  - p c f c  + pHrf(a,T,T ) ,  

C 

w i t h  the homogeneous boundary cond i t i ons ,  

(2.7.a) 

(2.7.b) 

( 2 . 7 . ~ )  

and the i n i t i a l  c o n d i t i o n ,  

where f i s  d e f i n e d  i n  Eq. (2.5).  From here on 7 i s  abb rev ia ted  as T f o r  

f u r t h e r  s i m p l i f i c a t i o n .  Because the i n i t i a l  temperature T,(z) i s  the 
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same as the i n i t i a l  cure temperature f o r  most a p p l i c a t i o n s ,  the Eqs. 

(2.7) may have a homogeneous i n i t i a l  c o n d i t i o n  as w e l l .  Note a l s o  t h a t  

the cure k i n e t i c s  of the po lyes te r  a r e  expressed i n  terms o f  t he  

a b s o l u t e  temperature. Thus, the K e l v i n ’ s  degree i s  used i n  t h i s  s tudy 

as the u n i t  o f  temperature. 

2.2 F i n i t e  Element Model 

The f i n i t e  element d i s c r e t i z a t i o n  i s  i n t roduced  h e r e i n  t o  c o n v e r t  

t he  i n i t i a l - b o u n d a r y  value problem, Eqs. (2.5) and (2.7), i n t o  a s e t  o f  

f i r s t  order  d i f f e r e n t i a l  equations. These equat ions a r e  then so l ved  

s imul taneously  by a numerical  i n t e g r a t i o n  code c a l l e d  DE 171. 

The q u a d r a t i c  and l i n e a r  polynomials a re  used t o  i n t e r p o l a t e  the  

s t a t e s  o f  the temperature and the degree o f  cure, r e s p e c t i v e l y .  The 

n o t a t i o n s  T2i-l, T2i, and ai denote the temperature, the temperature 

g r a d i e n t  and the degree o f  cure, r e s p e c t i v e l y ,  a t  node i as shown i n  

F ig .  2.1. 

There a r e  two degrees o f  freedom ass igned a t  each node t o  

approximate the temperature d i s t r i b u t i o n .  The i n t e r p o l a t i o n  f u n c t i o n s  

o f  the temperature i n  each element a r e  then d e f i n e d  as f o l l o w s  

2 2  3 3  N1(Z) = 1 - 3 z l a  + 2 z /R 

N4(z) = z2/R - z 3 2  /R 
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I 

where the n o t a t i o n  o f  R i s  the l e n g t h  o f  an element. Hence the  

temperature w i t h i n  an element i s  then g iven as  

T(z,t) = {N1(Z)s N ~ ( z ) ,  N ~ ( z ) ,  N ~ ( z ) }  

T 
= N T. - -  (2.9) 

As f o r  the degree o f  cure, each node has one degree o f  freedom. The 

i n t e r p o l a t i o n  f u n c t i o n s  a re  def ined as 

L1 (z) = 1 - z/R 
(2.10) 

where R i s  the l e n g t h  o f  an element. Hence, the degree o f  cure w i t h i n  

an element i s  de f i ned  as 

T = L  a (2.11) 

Note t h a t  the shape func t i ons  employed here f o r  the temperature 

d i s t r i b u t i o n  and the s t a t e  o f  cure a r e  the same as those f o r  an e l a s t i c  

beam and a t russ ,  r e s p e c t i v e l y .  

Equat ions (2.7.a) and (2.5) p rov ide  i n t e g r a l  i d e n t i t i e s  f o r  any 

a r b i t r a r y  t e s t i n g  f u n c t i o n s  u (  z )  and v(z) : 



13 

and 

Z 
NE i+l 

1 z  
= c  ( ( p c f u  + kT’u’ + p c f  u - pHrfu)  dz (2.12) 

C 

i 

h 
O = (  ( ; - f ) v d z  

0 

NE ‘i+l 

1 zi 
= c (  (; - f )  v dz (2.13) 

Where the t e s t i n g  f u n c t i o n  u ( z )  has t o  s a t i s f y  the k inemat i c  boundary 

c o n d i t i o n ,  Eq. (2.7.c) and NE denotes the number o f  elements. The 

boundary terms o f  Eq. (2.12) drop because o f  u ( h )  = 0, and T’(0,t) = 0. 

The l a s t  e q u a l i t y  i n  Eq. (2.13) i n d i c a t e s  t h a t  the domain (OGzch) has 

been d i v i d e d  i n t o  NE f i n i t e  elements. Consider ing any i n t e r p o l a t i o n  

f u n c t i o n s  N j  and Lj de f ined  p r e v i o u s l y  as the t e s t i n g  func t i ons  u ( z ) ,  

and v ( z ) ,  r e s p e c t i v e l y ,  and using Eqs. (2.9) and (2.111, one can 

e s t a b l i s h  two m a t r i x  equat ions f o r  the nodal temperature and the nodal 

degree o f  cure as 

pC[Cl? + k[KlT + pcP? = Q(a,T,T ) ,  - c  - C - - (2.14 .a 

(2.14. b )  

w i t h  the boundary cond i t i ons ,  
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(2.14. c )  

T where the unknowns are vectors I = {T1, T 2 ,  0 . 0  , T Z n )  and g = {al,a2, 

..., anIT  for  n = NE + 1 a s  the total number of nodes. Note t h a t  T l ( t )  

and T Z n ( t )  are always zeros in the analysis according to  the boundary 

conditions, T ( h , t )  = 0 and  T' ( 0 , t )  = 0 ,  respectively. The i n i t i a l  

conditions f o r  each o f  the components in T and a are  - - 

and 

TZi ( 0 )  = 0, 

a i ( 0 )  = 0 

where i i s  the nodal number, and T2i-l a n d  T2i are corresponding t o  the 

temperature and the temperature gradient a t  the node i .  Moreover, TRoom 

represents the temperature o f  the composite a t  the onset of the cure 

process t h a t  i s  usually uniformly distributed. The detailed derivation 

o f  the matrix equations, Eq.  (2.141, i s  given in Appendix A .  The above 

equations, coupled with each other t h r o u g h  the non-linear terms on the 

r igh t  side o f  Eq.  (2.141, can be solved simultaneously by using a 

computer code ca 1 1 ed DE. 

The DE program i s  one of predictor-corrector integration algorithms 

using Adams family of formulas. The truncation error i s  controlled by 

vary ing  b o t h  the step size and the order o f  the polynomial approxi- 

mation. The truncation error of the solution Z n + l  a t  time step tn+l i s  

required by the DE program t o  satisfy the following relation: 

I t r u n c  I G ABSERR + R E L E R R  lzn l  
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where Zn i s  the s o l u t i o n  of the d i f f e r e n t i a l  equa t ion  a t  t,, and the  

va lues ABSERR and RELERR a r e  suppl ied by the  user. 

The DE program i s  q u i t e  easy t o  be used and has the c a p a b i l i t y  t o  

manage moderate s t i f f  equat ions which happen commonly i n  the problems o f  

chemical k i n e t i c s .  To ma in ta in  a u n i f i e d  accuracy i n  the a n a l y s i s ,  t he  

computat ion o f  two s t a t e  var iab les,  namely, the temperature and the 

degree o f  cure, a r e  subjected t o  the same e r r o r  t o l e r a n c e  i n  t h i s  s tudy.  

2.3 Numerical Examples 

I n  t h i s  sect ion,  three examples have been stud ied.  The numerical  

r e s u l t s  a re  i n  a very good agreement w i t h  the t h e o r e t i c a l  s o l u t i o n  i n  

example one, and w i t h  the numerical s o l u t i o n  r e p o r t e d  i n  the l i t e r a t u r e  

C2,8,9,101 i n  example two and three. 

Example 1: one-dimensional heat  conduct ion w i t h  p r e s c r i b e d  end 

temperature. 

T h i s  problem can be descr ibed by the f o l l o w i n g  equat ion,  

p c i  = kT” (2.15) 

w i t h  the boundary c o n d i t i o n s ,  

T’ (0 , t )  = 0, O c t c T ,  

T (h , t )  = 0, o< t<T ,  

and the i n i t i a l  cond i t i on ,  

T(z,O) = To, Oczch. 

The e x a c t  s o l u t i o n  o f  t h i s  problem [91  i s  g iven as 

2 2  2 
0 nnz - (n  n k t l p c l  ) 

m 4T 
- Sin - e 
nx R T ( z , t )  = 1 

n=1,3,5 ... 
(2.16) 

where the n o t a t i o n  R i s  the’ t o t a l  t h i ckness  2h. 
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The f i n i t e  element problem i s  so lved w i t h  R = 10, k = 1, pc = 1, 

and To = 100. Both the f i n i t e  

element and the e x a c t  s o l u t i o n  are shown i n  F ig .  2.2 f o r  the t ime g r i d s  

t = 4.0, 8.0, 12.0, 16.0, 20.0, r e s p e c t i v e l y .  Note t h a t  a very good 

Twenty equal-spaced elements a r e  used. 

agreement e x i s t s  between the f i n i t e  element s o l u t i o n  and the e x a c t  

s o l  u t i  on. 

Example 2: one-dimensional heat  conduct ion problem coupled w i t h  a 

g i ven  c h e m i c a l - k i n e t i c  model [2]. 

T h i s  example s imulates the compression m o d e l l i n g  o f  composite 

l am ina tes  w i t h  i t s  t h i ckness  10 mm. The i n i t i a l  ( m a t e r i a l  temperature 

i s  298°K and the cure temperature i s  taken as a cons tan t  temperature, 

i.e., T c ( t )  = 423°K. This  problem i s  descr ibed by Eqs. (2.1) - (2.3). 
The c o e f f i c i e n t s  o f  t h i s  problem are g iven i n  Table 2.1. 

Using the f i n i t e  element method t o  so l ve  t h i s  problem, s i x t e e n  

elements a're used. The f i n i t e  element r e s u l t s  o f  the temperature 

d i s t r i b u t i o n  and the degree o f  cure compared w i t h  the r e s u l t s  o f  the 

General Motor Research r e p o r t  [ Z ]  a r e  g iven i n  F ig .  2.3 and F ig .  2.4, 

r e s p e c t i v e l y .  S o l i d  curves a r e  f r o m  the General Motor Research r e p o r t ;  

t he  dash l i n e s  a r e  c a l c u l a t e d  by Eq. (2.14). Th is  example a l s o  shows a 

good agreement between the c a l c u l a t e d  data and t h a t  o f  the General Motor 

Research r e p o r t .  

Example 3: one-dimensional heat conduct ion problem coupled w i t h  a 

g i v e n - k i n e t i c  model o f  t h i c k - s e c t i o n  autoc lave cured composites [8,101. 

One s imulates the autoc lave process ing of 192 p l y  prepregs w i t h  32% 

Hercules r e s i n  content .  The r e s i n  f l o w  can be neglected i n  t h i s  

example, because the r e s i n  content  i s  low. To focus on the  heat  

conduct ion and the chemica l - k ine t i c  models, the measured temperature on 
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the su r face  of the composite l am ina te  i s  used as the boundary 

temperature, i n s t e a d  of the temperature o f  the cure cyc le .  Al though the 

heat  f l u x ,  induced by the heat  convect ion o f  au toc lave  a i r  temperature, 

i s  neglected, the numerical  r e s u l t  i s  i n  e x c e l l e n t  agreement w i t h  Loos '  

data [ lo ] ,  as shown in Fig.  2.5. 
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CHAPTER I11 

THERMAL DESIGN SENSITIVITY ANALYSIS 

The d e r i v a t i v e s  o f  f u n c t i o n a l s  o f  responses w i t h  r e s p e c t  t o  the 

des ign v a r i a b l e s  a r e  o f t e n  r e f e r r e d  t o  as des ign s e n s i t i v i t y  

d e r i  va t i ves. Most general  o p t i m i z a t i o n  a l g o r i t h m s  r e q u i r e  such 

d e r i v a t i v e s  which can be used t o  approximate c o n s t r a i n t s  and t o  choose a 

search d i r e c t i o n  t o  o b t a i n  a se t  o f  improved des ign va r iab les .  I t  i s  

then needed t o  have a r e l i a b l e  means t o  c a l c u l a t e  the des ign s e n s i t i v i t y  

der  i va ti ves . 
Two commonly used methods f o r  des ign s e n s i t i v i t y  ana lys i s ,  namely, 

the a d j o i n t  v a r i a b l e  method and the d i r e c t  d i f f e r e n t i a t i o n  method, a r e  

s t u d i e d  i n  t h i s  chapter.  The comparisons o f  numer ica l  r e s u l t s  ob ta ined  

by these two methods demonstrate t h a t  the  d i r e c t  d i f f e r e n t i a t i o n  method 

i s  a b e t t e r  choice f o r  t h i s  study. 

3.1 Techniques o f  Thermal Design S e n s i t i v i t y  Ana lys i s  

As discussed prev ious ly ,  the cure u n i f o r m i t y  and completeness f o r  

the cure  c y c l e  design. However, i t  i s  d i f f i c u l t  t o  c a s t  the  measurement 

o f  t h e  cure u n i f o r m i t y  and completeness i n  a p r e c i s e l y  mathematical  

form. To focus on the study o f  thermal des ign s e n s i t i v i t y  a n a l y s i s  i n  

t h i s  sec t ion ,  the cure u n i f o r m i t y  i s  s imply  represented  by the l e a s t -  

squared i n t e g r a l  o f  the dev ia t i on  between the po in tw ise  temperature and 

t h e  averaged temperature as 



. r ; h  h 
= [I T2 dz - (1 T dz) ' /h]  d t .  

Go 0 0 0 
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(3.1) 

The above f u n c t i o n a l  de f i nes  a g lobal  sense o f  temperature u n i f o r m i t y  

across the th i ckness  o f  the composite d u r i n g  the cure process. I t  i s  

expected t h a t  the temperature uni f o rm i  t y  y i e l d s  the cure u n i  f o r m i  t y  . 
Other mathematical expressions o f  the cure u n i f o r m i t y  a r e  t o  be 

d iscussed i n  the f o l l o w i n g  chapter of op t ima l  cure c y c l e  design. On the 

o t h e r  hand, the f o l l o w i n g  pointwise i n e q u a l i t y  may be used t o  f o r c e  the 

cure r e a c t i o n  t o  be completed a t  the end o f  the cure process. 

where T i s  the t o t a l  t ime i n t e r v a l  o f  the cure process and af i s  a 

cons tan t  assigned t o  i n d i c a t e  t h e  completeness of the degree o f  cure.  

The numerical  techniques t o  c a l c u l a t e  the design d e r i v a t i v e s  o f  the 

f u n c t i o n a l  40 and the s t a t e  v a r i a b l e  a, - and -, a r e  t o  be addressed 

he rea f te r .  Note t h a t  the design v a r i a b l e  b i s  a parameter assoc ia ted  

w i  t h  the cure temperature p r o f  i l e .  

dGO da 
db db 

I n  general ,  t he re  a re  f o u r  ways t o  c a l c u l a t e  the thermal des ign 

d e r i v a t i v e s ,  namely, the f i n i t e  d i f f e r e n c e  method, the Greene's f u n c t i o n  

approach, the d i r e c t  d i f f e r e n t i a t i o n  method ( t h e  behavior  space 

approach), and the a d j o i n t  v a r i a b l e  method ( t h e  dummy l o a d  method). The 

l a s t  two methods a r e  o f t e n  mentioned i n  the l i t e r a t u r e  [3,4,11,121. 

Both methods l e a d  t o  a s e t  o f  l i n e a r  equat ions t h a t  have a s i m i l a r  

s t r u c t u r e  t o  the o r i g i n a l  system. 

The computat ional  e f f o r t s  r e g a r d i  ng the d i  r e c  t d i  f f e r e n  t i a  t i  on 

method and the a d j o i n t  v a r i a b l e  method depend ma in l y  on the numbers o f  

c o n s t r a i n t s  and design v a r i a b l e s  of concern. The d i r e c t  d i f f e r e n t i a t i o n  
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method r e q u i r e s  the s o l u t i o n  o f  a d i f f e r e n t i a l  equa t ion  f o r  each des ign 

v a r i a b l e ,  w h i l e  the a d j o i n t  v a r i a b l e  method r e q u i r e s  the  s o l u t i o n  o f  an 

a d j o i n t  equa t ion  f o r  each c o n s t r a i n t .  Consequently, t he  d i r e c t  

d i f f e r e n t i a t i o n  method i s  more e f f i c i e n t  t o  c a l c u l a t e  t h e  design 

d e r i v a t i v e s  than the a d j o i n t  v a r i a b l e  method when the number o f  des ign 

v a r i a b l e s  i s  sma l le r  than the number o f  c o n s t r a i n t s ,  o r  v i c e  versa. 

I t  i s  a l s o  known t h a t  the d i r e c t  d i f f e r e n t i a t i o n  method p r o v i d e s  

equat ions o f  design d e r i v a t i v e s  which have e x a c t l y  t he  same d i f f e r e n t i a l  

ope ra to r  as t h a t  of the o r i g i n a l  equat ions.  The equat ions o f  des ign 

d e r i v a t i v e s  can, therefore,  be solved s imul taneously  w i t h  the o r i g i n a l  

system equat ions subjected t o  the same numer ica l  e r r o r  t o le rance .  

Furthermore, w i t h o u t  e x t r a  e f f o r t s ,  the r e s u l t s  o f  the d i r e c t  

d i f f e r e n t i a t i o n  approach p rov ide  the h i s t o r i e s  o f  design d e r i v a t i v e s  o f  

f u n c t i o n a l s  and s t a t e  va r iab les .  T h i s  i n fo rma t ion  i s  very u s e f u l  f o r  a 

des igner  t o  r e c o n s t r u c t  the design space. One may check t h i s  

i n f o r m a t i o n  t o  see whether a design v a r i a b l e  o f  concern a t t r i b u t e s  t o  

the p e r t u r b a t i o n  o f  the f u n c t i o n a l  o f  concern c o n s i s t e n t l y  over a l o n g  

o r  j u s t  a l i m i t e d  p e r i o d  o f  time. 

3.2 The A d j o i n t  Va r iab le  Method 

The problem of i n t e r e s t  i s  t o  d e r i v e  a s e t  o f  equa t ions  f o r  

computing the design s e n s i t i v i t i e s  o f  a f u n c t i o n a l  and the s t a t e  

v a r i a b l e s .  The v a r i a t i o n  o f  a f u n c t i o n  J, w i t h  r e s p e c t  t o  a design 

v a r i a b l e  b i s  d e f i n e d  a s  
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where 6b i s  the  p e r t u r b a t i o n  o f  des ign v a r i a b l e  and 9’ i s  de f i ned  as 

dJ, The v a r i a t i o n s  o f  state va r iab les  can be de f i ned  by a s i m i l a r  a6’ 
fash ion.  Using the func t i ona l  de f ined i n  Eq. (3.1) as an example, the  

v a r i a t i o n  o f  t h i s  f u n c t i o n a l  i s  then g iven as 

h 

0 0  0 
I T d z ]  6T dz d t .  2 z h  

SJ, = I [I 2T - 5  (3.4 1 

The govern ing equat ions o f  the d i f f u s i o n - r e a c t i o n  system de f ined  i n  

Eqs. (2.5) and (2.7) a re  

a = f(a,T,T ) .  
C 

For  a r b i t r a r y  f u n c t i o n s  h ( z , t )  and s (z , t )  i t  i s  e v i d e n t  t h a t  

1 ; h  

0 = I h ( p c f  + p c f  - kT” - p H r f )  dz d t ,  
L 

0 0  
and 

(3 .5)  

(3.6) 
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’I; 

- I khhT’ 
0 

The v a r i a t i o n s  of these equat ions y i e l d  

h h t h ’I; 

0 0 0 0 0 
d t  + I pch6T dz + I pch6Tc dz, (3.9) 

z h  
a f  

C aa 0 = I I ( p ~ 6 i h  + p c 6 i  h - p6T”h - pHr - 6ah 
0 0  

h 
+ I S 6a 

0 

a f  a f  
aT aT - c 

- pHr - 6Th - pHr - 6T A )  dz d t ,  

t 
dz. 

0 

(3.7) 
L 

and 

a f  a f  af  
0 = I I (’3;- S -  h a -  S - 6 T  - S - 6 T  ) dz d t .  (3.8) 

aa aT aT c 

z h  

0 0  C 

I n t e g r a t i n g  by par ts ,  the  above equat ions can be r e w r i t t e n  as 

a f  a f  
aT aT c 

t h  

0 0  C 

0 = I I [ ( -pc i -kh”-pHrh -)6T + ( -pc i -pHrh -1 6T 

lh ’I; a f  
aa 

- pHrh - 6 a ]  dz d t  + I kh‘ 6T d t  

~h a f  a f  a f  
aa aT aT c 

0 = I  I ( - : S a -  S - 6 a -  S - 6 T  - S - 6 T )  dz d t  

0 0  C 

(3.10) 

Adding Eqs. (3.41, (3.91, and (3.10) up, one has the v a r i a t i o n  o f  the 

f u n c t i o n a l  J, as 
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h z 
kh’6T 

0 

a f  a f  
. c h  

+ I .f ( - p c i  - pHrh  - - S -) 6T dz d t  
C 

C 
aT 

C 
aT 

0 0  

h z h 

0 0 0 
d t  - I kh6T’ d t  

h 
+ I pch6TC 

0 

z h 7 

0 0 0 
dz + I S 6a dz. (3.11) 

Note t h a t  A(z, t )  and s(z , t )  a re  a r b i t r a r y  func t i ons ,  and the o n l y  

two unknowns i n  the above equat ion a r e  the des ign d e r i v a t i v e s  6T and 

6a. One may now s p e c i f y  the var iab les  h and s i n  such a way t h a t  a l l  

terms assoc ia ted  w i t h  6T and 6a are dropped. Th is  can be accompl ished 

by i n t r o d u c i n g  the f o l l o w i n g  a d j o i n t  equat ions f o r  h and s :  

h 
e a f  a f  2 

aT aT 
0 = pch + kh” + pHr - + S - - (2T - T; I Tdz), 

0 

and 

a f  a f  
0 = S + p H r A -  + S - 

aa aa 

w i t h  the te rm ina l  cond i t i ons ,  

A(z,T) = 0, O<z<h, 

(3.12) 

(3.13) 

(3.14) 



s(z,z)  = 0, Otzth,  

and the boundary cond i t i ons ,  

h'(O,t) = 0, O<tcz, 
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(3.15) 

(3.16) 

h(h, t )  = 0, O<ttz, (3.17) 

Then, the combinat ion o f  Eqs. (3.11) - (3.17) p rov ides  a s imple formula 

f o r  the design d e r i v a t i v e  o f  the f u n c t i o n a l ,  

a f  a f  7 ; h  
64 = / / ( -  p c i  - pHr - - S -) 6T dz d t  

C 
C 

aT 
C 

aT 
0 0  

h 
+ / pch(o) bTc(o) dz . 

0 
(3.18) 

Equat ion (3.18) shows tha t  the des ign d e r i v a t i v e  o f  + , namely, 

64, i s  a f u n c t i o n a l  o f  s t a t e  v a r i a b l e s  a and T, and the a d j o i n t  

v a r i a b l e s  h and s. The a and T can be so lved by the f i n i t e  e lement  

method as discussed i n  Chapter 2 and Appendix A. The m a t r i x  equat ions 

which so lve the nodal values o f  g and I a r e  mentioned i n  Eq. (2.14).  

S ince the a d j o i n t  v a r i a b l e s  o f  Eqs. (3.12) - (3.13) form an " a d j o i n t "  

d i f f u s i o n - r e a c t i o n  system s i m i l a r  t o  the o r i g i n a l  one, the same 

numer ica l  scheme used t o  so l ve  the s t a t e  v a r i a b l e s  a and T can be 

extended here t o  compute the a d j o i n t  v a r i a b l e s  s and h. For i ns tance ,  

u s i n g  the shape f u n c t i o n s  o f  a and T i n  Eqs. ( 2 . 9 )  and (2.11) t o  

i n t e r p o l a t e  the a d j o i n t  va r iab les  h and s o b t a i n s  the f o l l o w i n g  m a t r i x  

equa t ions  f o r  nodal values o f  h and s. 

(3.19) 



* 
[MI i = R - 
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(3.20) 

* * 
w i t h  proper boundary and te rmina l  cond i t i ons .  The Q and R i n  the above - - 
equat ions have d e f i n i t i o n s  s i m i l a r  t o  t h e i r  counterpar ts  o f  Eqs. (A.17) 

and (A.18) de f i ned  i n  Appendix A. 

I n  general, the a d j o i n t  equat ions can n o t  be so lved s imul taneously  

w i t h  the o r i g i n a l  system equations. Because o f  the te rmina l  cond i t i ons ,  

the  a d j o i n t  equat ions can be solved by e i t h e r  the  backward i n t e g r a t i o n  

a long  the r e a l  t ime t - a x i s  d i r e c t l y  o r  the forward i n t e g r a t i o n  a long  

the a r t i f i c i a l  t ime t* - ax is ,  provided t h a t  the  independent v a r i a b l e  t 

i s  changed t o  t* as t* = z - t. However, bo th  approaches r e q u i r e  the 

s o l u t i o n s  o f  the o r i g i n a l  system equat ions p r i o r  t o  s o l v i n g  the a d j o i n t  

equa ti on s. 

3.3 The D i r e c t  D i f f e r e n t i a t i o n  Method 

The d i r e c t  d i f f e r e n t i a t i o n  method i s  an approach t h a t  takes 

d e r i v a t i v e s  o f  d i f f e r e n t i a l  equat ions w i t h  r e s p e c t  t o  a s i n g l e  des ign 

va r i a  b 1 e d i  r e c  tl y . 
For  a g iven func t i ona l ,  Eq. (3.11, and the governing equat ions o f  

the d i f f u s i o n - r e a c t i o n  system, Eqs. (2.5) and (2.71, the d i r e c t  

d i f f e r e n t i a  t i o n  r e s u l t s  i n  the f o l l o w i n g  equat ions i n  terms o f  des ign 
dT da 
db db 

d e r i v a t i v e s  - and - as: 

dT 
db 

h 
dT 2 

h 

z h  
4~. = [I 2T db dz - - (1 T d z ) ( l  - d z ) ]  d t ,  

0 0 0 0  

(3.21) 
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and 

a f  dT 
+ pHr - - + pHr - - 

p c d b =  k - -  db pc db aa db a T  db 
C a f  da 

d f  
dT’ d f  

dT a f  c + pHr - - 
aT db ’ 

C 

dT 
da - a f  da af dT a f  c 
db aa db aT db aT db ‘ 
- - - - + - - + - -  

C 

(3.22 

(3.23 

I t  i s  assumed t h a t  T(z,b,t) and a(z,b,t) have enough r e g u l a r i t y  i n  

the t ime-spa t ia l  domain and i n  the design space. Thus, the o rde r  o f  t he  

d i f f e r e n t i a t i o n  i s  exchangeable, i.e., 

b 
da 

da 
db d t  ’ 

- - - -  

and 

- -  - T b O O  dT’ 
db 

where the s u b s c r i p t  “b”  denotes the design d e r i v a t i v e .  

Based on the same f i n i t e  element d i s c r e t i z a t i o n  a s  used i n  s o l v i n g  

the o r i g i n a l  d i f f u s i o n - r e a c t i o n  system discussed i n  Chapter 2, Eqs. 

(3.21) - (3.23) can be converted i n t o  a s e t  of m a t r i x  equat ions 

and 

(3.24) 

(3.25) 

(3.26) 

The c o n s t r u c t i o n  o f  the above equations a r e  discussed i n  Appendix 6 .  
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I 

Note t h a t  the c o e f f i c i e n t  matr ices o f  T and i n  Eqs. (3.25) and -b -s, 
(3.26) a r e  i d e n t i c a l  t o  those of T and - a d e f i n e d  i n  Eqs. (2.14). 

Therefore, the same numerical  scheme and numerical  t o l e r a n c e  can be 

a p p l i e d  t o  so l ve  b o t h  Eqs. (2.14), (3.25) and (3.26) s imul taneously  f o r  

s t a t e  va r iab les ,  I and 5, and design d e r i v a t i v e s ,  I b  and gb. I n  t h i s  

way, the s t a t e  v a r i a b l e s  and the des ign d e r i v a t i v e s  achieve the same 

numerical  accuracy, though an a d d i t i o n a l  s e t  o f  equat ions such as Eqs. 

(3.25) and (3.26) i s  needed i n  t h i s  approach f o r  each des ign v a r i a b l e  b. 

Regarding the computat ional  e f f i c i e n c y ,  i t  i s  wor thwh i l e  ment ion ing 

two notes here: 

1. Because the c o e f f i c i e n t  ma t r i ces  o f  f and a r e  i d e n t i c a l  t o  
-b -b 

those of 7 and i ,  the t r i a n g u l a r  f a c t o r i z a t i o n s  o f  ma t r i ces  [Cl - 
and [ M I  a r e  needed t o  be done o n l y  once. The c a l c u l a t i o n  o f  . 0 

T and a can be c a r r i e d  o u t  by back s u b s t i t u t i o n  f o r  each o f  
-b -b 
t h e  design va r iab les .  

2. Compared t o  the o r i g i n a l  system equat ions,  the r i g h t  s i d e  o f  

equa t ions  f o r  computing I b  and a+, such as Eqs. (3.25) and 

(3.26), may have d i f f e r e n t  f requency contents .  Thus, t o  

m a i n t a i n  the sa e numerical accuracy, a sma l le r  t ime 

s t e p  A t  may be r e q u i r e d  f o r  the DE program t o  so lve the p a i r s  

(T, ,a) and ( I b  gb) s imultaneously.  
9 

Once T - and Ib a r e  a v a i l a b l e ,  the des ign d e r i v a t i v e  g iven i n  Eq. 

(3.24) can be e a s i l y  obta ined by the numerical  i n t e g r a t i o n .  Another 

suggest ion i s  t o  r e w r i t e  the i n t e g r a l  form o f  Eq. (3.24) as a 

d i f f e r e n t i a l  equat ion o f  3, given as  
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(3.27) 

The above equat ion o f  Gb can then be so lved s imul taneously  w i t h  

equa t ions  o f  (I, E) and ( I b y  sbl I n  t h i s  Hay, one e x t r a  des ign 

d e r i v a t i v e  +b f o r  each design v a r i a b l e  i s  i n t r o d u c e d  i n  the  des ign 

s e n s i t i v i t y  ana lys i s .  However, the  accuracy of +b i s  secured. Equat ion 

(3.27) i s  used i n  the n e x t  sec t i on  and Chapter 4 t o  compute the  +b. 

3.4 Numerical Examples 

Two examples which deal w i t h  the cure process o f  compression 

molding a re  presented i n  t h i s  sect ion t o  d i scuss  the numerical  accuracy 

o f  the a d j o i n t  v a r i a b l e  method and the d i r e c t  d i f f e r e n t i a t i o n  method f o r  

c a l c u l a t i n g  the thermal design d e r i v a t i v e s .  The accuracy of the thermal 

des ign s e n s i t i v i t y  a n a l y s i s  can be checked by u s i n g  the fundamental 

d e f i n i t i o n  o f  design d e r i v a t i v e s  which can be approximated by the f i n i t e  

d i f f e r e n c e .  I n  o the r  words, i t  i s  ma themat i ca l l y  t r u e  f o r  a smal l  

p e r t u r b a t i o n  o f  design v a r i a b l e  Ab t h a t  

The f i n i t e  p e r t u r b a t i o n  o f  the design v a r i a b l e  Ab i s  d e f i n e d  as the 

d i f f e r e n c e  between a pe r tu rbed  design b* and the nominal des ign b y  i.e., 

Ab = b - h. As a r e s u l t ,  i t  fo l lows t h a t  
* 

- + 0  &. (3.28) 
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The above equat ion p rov ides  a simple means to check the accuracy o f  t he  

design s e n s i t i v i t y  a n a l y s i s .  Nevertheless, t he  d i f f i c u l t y  o f  t h i s  

method i s  the s e l e c t i o n  o f  Ab. I f  Ab i s  too l a rge ,  the approx imat ion i n  

Eq. (3.28) i s  n o t  v a l i d .  On the o t h e r  hand, if Ab i s  too small ,  the 

round-o f f  e r r o r  i n  the computation o f  [+(b - + ( b ) l  becomes too l a r g e  

t o  app ly  the approx imat ion o f  Eq. (3.28) f o r  the s e n s i t i v i t y  

c a l c u l a t i o n .  I n  the f o l l o w i n g  examples, severa l  va lues o f  Ab a r e  used 

to check the accuracy o f  the design s e n s i t i v i t y  a n a l y s i s  i n  o rde r  t o  

ensure the q u a l i t y  o f  the approximat ion g iven i n  Eq. (3.28). 

* 

The f i r s t  example presented here deals  w i t h  the cure process Eqs. 

(2.14) i n  which the cure temperature o f  the process i s  assumed t o  be a 

c o n s t a n t  temperature. The nominal cure temperature i s  taken as 

423'K. According t o  the approximat ion de f i ned  i n  Eq. (3.281, the 

r e s u l t s  shown i n  F ig .  3.1 demonstrate t h a t  t he  thermal design 

s e n s i t i v i t y  c a l c u l a t e d  by the d i r e c t  d i f f e r e n t i a t i o n  method i s  more 

accu ra te  than the r e s u l t s  ca l cu la ted  by the a d j o i n t  v a r i a b l e  method. 

Moreover, by us ing  the d i r e c t  d i f f e r e n t i a t i o n  method, one can a l s o  g e t  

the t ime h i s t o r i e s  o f  the design d e r i v a t i v e s  of state v a r i a b l e s  as shown 

i n  F igs.  3.2 and 3.3. 

The second example deals  w i t h  the same cure process a s  example 

one. However, the p r o f i l e  of the cure temperature i s  assumed t o  be the 

same as the one g iven i n  Fig.  3.4 where the h e a t i n g  r a t e  i s  considered 

as a design v a r i a b l e .  The nominal va lue of the h e a t i n g  r a t e  i s  taken as 

4.O0K/sec. The r e s u l t s  of thermal design s e n s i t i v i t y  analyses a re  shown 

i n  F i g .  3.5. The t ime h i s t o r i e s  of the design d e r i v a t i v e s  a r e  shown i n  

F igs .  3.6 and 3.7. 
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From the above two examples, i t  i s  obvious t h a t  the d i r e c t  

d i f f e r e n t i a t i o n  method prov ides  more accura te  r e s u l t s  than the a d j o i n t  

v a r i a b l e  method does. The d i r e c t  d i f f e r e n t i a t i o n  method a l s o  y i e l d s  the  

t ime h i s t o r i e s  o f  the design de r i va t i ves .  I n  a d d i t i o n  , the i n f o r m a t i o n  

o f  design d e r i v a t i v e s  o f  the pointwise c o n s t r a i n t s  can be ob ta ined by 

us ing  the d i r e c t  d i f f e r e n t i a t i o n  method w i t h o u t  e x t r a  cost .  

Based on the numerical study, i t  i s  concluded t h a t  the d i r e c t  

d i f f e r e n t i a t i o n  method i s  super ior  t o  the a d j o i n t  v a r i a b l e  technique i n  

terms of accuracy and phys i ca l  i n t e r p r e t a t i o n  of r e s u l t s .  I n  the n e x t  

chapter,  the thermal design s e n s i t i v i t y  i s  t o  be c a l c u l a t e d  by us ing  the 

d i r e c t  d i  f f e ren  t i a  ti on method. 
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CHAPTER I V  

OPTIMAL CURE CYCLE DESIGN 

A t  the p resen t  t ime, the cure c y c l e  i s  g e n e r a l l y  s e l e c t e d  by the 

method o f  pa ramet r i c  study conducted by e i t h e r  p h y s i c a l  exper iments o r  

numer ica l  s i m u l a t i o n  111. T h i s  " t r i a l  and e r r o r "  type o f  approach may 

be c o s t l y  and i n e f f i c i e n t .  Therefore, the development o f  a u n i f i e d  and 

sys temat i ca l  approach t o  design the "bes t "  cure c y c l e  f o r  a g i ven  

composite m a t e r i a l  i s  needed. 

The opt imal  design o f  cure c y c l e s  s t u d i e d  here a r e  t o  f i n d  the 

op t ima l  cure temperature du r ing  the cure process t o  have the 

the rmose t t i ng  r e s i n  cured as un i fo rm ly  as p o s s i b l e  and t o  assume the 

r e s i n  complete ly  cured a t  the end o f  the cure process. 

Numerical r e s u l t s  presented i n  t h i s  chapter  have been ob ta ined  by a 

r e c u r s i v e  q u a d r a t i c  programming a l g o r i  thm w i t h  an a c t i v e  s e t  s t r a t e g y ,  

c a l l e d  a l i n e a r i z a t i o n  method C131. The main reason t o  use t h i s  

l i n e a r i z a t i o n  method i s  t h a t  i t  has been proved t o  be g l o b a l l y  

convergent. The l i n e a r i z a t i o n  method, w i t h  i t s  a c t i v e  s e t  s t ra tegy ,  

min imizes the number o f  c o n s t r a i n t s  which must be considered i n  each 

des ign i t e r a t i o n .  The d e t a i l e d  d e r i v a t i o n  o f  t h i s  a l g o r i t h m  can be 

found i n  re fe rence  [13,14]. The concept of t h i s  a l g o r i t h m  i s  t h a t ,  

r a t h e r  than d i r e c t l y  s o l v i n g  the op t ima l  c r i t e r i a ,  a smal l  p e r t u r b a t i o n  

f o r  each design v a r i a b l e  i s  determined i n  each i t e r a t i o n  t o  reduce the 

o b j e c t i v e  f u n c t i o n  and c o r r e c t  the v i o l a t i o n .  Note t h a t ,  i n  t h i s  
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approach, the r e d u c t i o n  of the o b j e c t i v e  f u n c t i o n  and the c o r r e c t i o n  o f  

t he  c o n s t r a i n t  v i o l a t i o n s  a r e  approximated by the des ign g rad ien ts .  I n  

general,  whenever, the o b j e c t i v e  f u n c t i o n  can n o t  be reduced f u r t h e r  by 

changing the design v a r i a b l e s  and a l l  c o n s t r a i n t s  a r e  s a t i s f i e d ,  i t  i s  

i n d i c a t e d  t h a t  the l i n e a r i z a t i o n  method i s  converged and the op t ima l  

s o l u t i o n  i s  obtained. I n  t h i s  a lgor i thm,  however, i t  has been proved 

[15] t h a t  a l o c a l  opt imal  s o l u t i o n  i s  found when the A* norm o f  the 

p e r t u r b a t i o n  o f  des ign v a r i a b l e s  approaches t o  zero. The complete f l o w  

c h a r t  o f  t h i s  a l g o r i t h m  i s  l i s t e d  i n  F ig .  4.1. A s  shown i n  the f i g u r e ,  

the proposed CAD method cons is t s  o f  t h ree  uncoupled modules: namely, 

o p t i m i z a t i o n ,  a n a l y s i s ,  and s e n s i t i v i t y  c a l c u l a t i o n .  Once the a n a l y s i s  

c a p a b i l i t y  o f  any cure process i s  es tab l i shed ,  the o p t i m i z a t i o n  and 

s e n s i t i v i t y  c a l c u l a t i o n  modules can be added on to  i t  t o  c o n s t i t u t e  a 

u n i f i e d  C A D  method and t o  generate an op t ima l  cure c y c l e  

s y s t e m a t i c a l l y .  I n  t h i s  t h e s i s  a w e l l  documented DE program i s  used f o r  

the numerical  i n t e g r a t i o n  o f  state equat ions and equat ions o f  thermal 

des ign d e r i v a t i v e s .  

4.1 Problem Statement 

As mentioned, opt imal  design techniques have been s u c c e s s f u l l y  

a p p l i e d  t o  va r ious  t r a n s i e n t  problems. I n  general ,  an op t ima l  design 

problem c o n s i s t s  o f  design va r iab les ,  the o b j e c t i v e ,  c o n s t r a i n t  

f u n c t i o n s ,  and s t a t e  equat ions which desc r ibe  t h e  p h y s i c a l  model o f  

i n t e r e s t .  

I n  our study, the process of i n t e r e s t  i s  a compression mold ing o f  a 

f i l l e d  p o l y e s t e r  r e s i n  r e i n f o r c e d  by chopped g lass  f i b e r s  SMC C2l. The 

s t a t e  equat ions a r e  l i m i t e d  t o  a hea t  conduct ion equa t ion  and an 
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e m p i r i c a l  equa t ion  which addresses the c h e m i c a l - k i n e t i c  r e a c t i o n  o f  

r e s i n .  

Since t h i s  study excludes the r e s i n  f l o w  and the e f f e c t s  o f  the 

pressure cyc le ,  the s e l e c t i o n  o f  the cure temperature i s  then l i m i t e d  t o  

the f o l l o w i n g  cons ide ra t i ons :  

a )  The maximum temperature i n s i d e  the composite d u r i n g  the cure 

process can n o t  exceed a value o f  500°K i n  t h i s  study. 

b )  A t  the end o f  the cure process, the m a t e r i a l  i s  cured 

completely.  Mathematical ly,  the degree o f  cure i s  r e q u i r e d  t o  

be a t  l e a s t  0.85 when the cure process i s  completed. 

c )  The m a t e r i a l  i s  cured u n i f o r m l y  a t  any t ime d u r i n g  the cure 

process. 

The f i r s t  two requirements may be formulated as  c o n s t r a i n t s  

: T ( t )  < 500 O K ,  O<t<T,  (4.1) 

+2 : a ( z )  > 0.85 (4.2) 

where z i s  the o p e r a t i o n a l  per iod o f  the cure process. The 7; i s  n o t  

cons idered as a design v a r i a b l e  i n  t h i s  study. The l a s t  requi rement  can 

be met by f o r m u l a t i n g  i t  as the o b j e c t i v e  f u n c t i o n  o f  the op t ima l  

design. Since the degree o f  cure i s  a f u n c t i o n  o f  temperature, the 

u n i f o r m  d i s t r i b u t i o n  o f  temperature across the th i ckness  o f  the m a t e r i a l  

i m p l i e s  the cure u n i f o r m i t y .  The o b j e c t i v e  o f  the op t ima l  des ign may 

then be s e t  t o  achieve the temperature u n i f o r m i t y  across the s e c t i o n  o f  

the m a t e r i a l  d u r i n g  the cure process. The o b j e c t i v e  f u n c t i o n  Q, i s  then 

d e f i n e d  as the g r e a t e s t  value of the standard d e r i v a t i o n  o f  temperature 

d i s t r i b u t i o n  which happens d u r i n g  the cure process 
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(4.3) 2 h h 

O<tc 'G 0 0 
4J0(Tc,t) = Maximum [I T2dz - (1 Tdz) /h ] .  

The minimum o f  the o b j e c t i v e  func t i on ,  $o(Tc,t) = 0, corresponds t o  

a u n i f o r m  temperature d i s t r i b u t i o n  i n s i d e  the composite a t  any t ime 

d u r i n g  the cure process. Consequently, a u n i f o r m  cu re  s t a t e  can be 

accomplished d u r i n g  the complete d u r a t i o n  o f  the cure process. 

To sum up, the op t ima l  cure cyc le  des ign i s  def ined as f o l l o w s :  

"The op t ima l  cure temperature ( temperature p r o f  i 1 e)  i s  des i  gned , 

s u b j e c t  t o  the l i m i t a t i o n s  regard ing the maximum temperature and the 

s t a t e  o f  cure, so as t o  achieve a un i fo rm temperature d i s t r i b u t i o n  a l o n g  

the c ross  s e c t i o n  o f  the m a t e r i a l  a t  any t ime d u r i n g  the cure process." 

The mathematical f o rmu la t i on  o f  the s t a t e d  op t ima l  design problem 

i s  a mimimax problem g iven as 

h h 
Min imize Maximum [I T2dz - (I TdzI2/h]  

T c ( t )  0GtG.r; 0 0 

s u b j e c t  t o  the c o n s t r a i n t s  s ta ted  i n  Eqs. (4.1) - (4.2) where the 

temperature T ( t )  and the degree o f  cure a ( t )  a r e  the s o l u t i o n s  o f  s t a t e  

equat ions.  

It i s  known t h a t  the o b j e c t i v e  f u n c t i o n  o f  a minimax problem i s  

d i scon t inuous  i n  the design space [161. To a v o i d  the computat ional  

d i f f i c u l t y ,  one may modify the optimal des ign problem t o  a standard form 

by i n t r o d u c i n g  an e x t r a  design v a r i a b l e  b and an a d d i t i o n a l  c o n s t r a i n t  

Min imize $o = b 

s u b j e c t  t o  

: T ( t )  G 500 OK, $1 o< t c  7, (4.4) 
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Q2 : a ( z )  2 0.85 (4.5) 

The des ign f u n c t i o n  T c ( t )  can now be parametr ized by a l i n e a r  

combinat ion o f  design parameters and g iven f u n c t i o n s  such as 

* ND 
T c ( t )  = C bi Ni ( t )  

1 
* 

where ND i s  the t o t a l  number o f  design v a r i a b l e s ,  b j ,  and Ni( t )  a r e  any 

independent func t i ons .  I n  t h i s  p resen ta t i on ,  the des ign f u n c t i o n  i s  

s imply  represented by a combination o f  l i n e a r  po lynomia ls  and s inuso ids  

T c ( t )  = T + b t + b 2 s i n ( x t / r )  + b 3 s i n ( 2 x t / t )  + 
0 1  

b 4 s i n ( 3 n t / t ) ,  (4.7) 

where To i s  the room temperature and bl, b2, b3, and b4 a r e  t o  be 

determined by the op t ima l  design a lgo r i t hm.  As a r e s u l t ,  the des ign 

space becomes f i n i t e  dimensional, and the des ign s e n s i t i v i t y  ( o r  

g r a d i e n t )  o f  temperature T ( t )  and s t a t e  o f  cure a ( t )  a r e  taken as  

d e r i v a t i v e s  w i t h  r e s p e c t  to design parameters bl, b2, b3, and b4. F o r  

example, the design d e r i v a t i v e s  o f  c o n s t r a i n t  f unc t i ons ,  Eqs. (4.4) - 
(4.61, can be d e r i v e d  as 

(4.8) 

( 4 . 9 )  
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and 

(4.10) 

a r e  needed I t i s  obvious t h a t  the design s e n s i t i v i t i e s  o f  and 

f o r  the c a l c u l a t i o n  o f  the above f u n c t i o n  g rad ien ts .  Note t h a t  t he  

p o i n t w i s e  c o n s t r a i n t s ,  JI1 and +3, a r e  imposed a t  every t ime g r i d  p o i n t  

i n  t h i s  study. The opt imal  cure cyc le  T c ( t )  o f  the above problem can be 

found n u m e r i c a l l y  by c a l c u l a t i n g  the thermal s e n s i t i v i t y  a n a l y s i s  and by 

u s i n g  a gradient-based mathematical programming technique. A s  d iscussed 

i n  the l a s t  chapter,  the d i r e c t  d i f f e r e n t i a t i o n  method i s  employed 

h e r e a f t e r  t o  compute the r e q u i r e d  thermal design d e r i v a t i v e s .  

aT 

4.2 Numerical Examples 

To show the a p p l i c a b i l i t y  o f  the proposed CAD scheme f o r  t he  

op t ima l  cure c y c l e  design, f o u r  examples assoc ia ted  w i t h  v a r i o u s  problem 

f o r m u l a t i o n s  a r e  discussed and presented i n  t h i s  sec t i on .  

Example 1. 

The o b j e c t i v e  f u n c t i o n  +o def ined by Eq. (4.3) i s  minimized t o  f i n d  

an op t ima l  cure c y c l e  design f o r  process ing a chopped g lass  f i b e r s  SMC 

w i t h  10 mm i n  th ickness. The t o t a l  process ing t ime i s  i m i t e d  t o  100 

seconds. The maximum temperature a l l owed  i n s i d e  the SMC i s  500°K; and 

the degree o f  cure a i s  r e q u i r e d  t o  reach a t  l e a s t  0.85 a t  the end o f  

the cure process. 

The p h y s i c a l  and k i n e t i c  p r o p e r t i e s  o f  the SMC m a t e r i a l  a r e  g iven 

i n  Table 2.1 [2]. I t  r e q u i r e s  22 i t e r a t i o n s  o f  the a l g o r i t h m  t o  o b t a i n  

the  op t ima l  s o l u t i o n  f o r  t h i s  case. Numerical r e s u l t s  f o r  the op t ima l  
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des ign a r e  l i s t e d  i n  Table 4.1. F igu re  4.2 shows the cure temperatures 

computed a t  i t e r a t i o n s  1, 11, and 22, r e s p e c t i v e l y .  I t  should be noted 

t h a t  the cure cyc les  designed i n  t h i s  example a r e  always made t o  s t a r t  

f rom room temperature which i s  d i f f e r e n t  f rom the common p r a c t i c e  w i t h  

pre-warmed press p l a t e n s  employed i n  the compression molding process. 

The i n i t i a l  cure temperature ( i t e r a t i o n  1) has a peak and a v a l l e y  a t  

around 20 and 60 seconds, r e s p e c t i v e l y .  Among the i t e r a t i o n s  (1, 11, 

and 22) the i n i t i a l  hea t ing  r a t e s  a r e  seen t o  decrease g radua l l y ;  

e v e n t u a l l y  a s i n g l e  peak near 70 seconds i s  ob ta ined  f o r  the op t ima l  

s o l u t i o n .  The values o f  the o b j e c t i v e  func t i ons  ($o computed d u r i n g  

i t e r a t i o n s )  a r e  shown i n  F ig .  4.3. The opt imal  cure c y c l e  indeed 

d e l i v e r s  a more un i fo rm ly  d i s t r i b u t e d  temperature. The op t ima l  s o l u t i o n  

has reduced the maximal value o f  temperature d e v i a t i o n  from 2,700 t o  378 

u n i  t s .  

Temperature d i s t r i b u t i o n s  across the th i ckness  o f  the SMC a t  

s e l e c t e d  i n s t a n t s  o f  20, 60, and 100 seconds d u r i n g  the cure process a r e  

compared f o r  i t e r a t i o n s  1, 11, and 22, shown i n  F ig .  4.4a, b, and c, 

r e s p e c t i v e l y .  As noted p rev ious l y  i n  F ig .  4.2, the low i n i t i a l  hea t ing  

r a t e  he lps the op t ima l  cure cyc le  ( i t e r a t i o n  22) achieve a more u n i f o r m  

temperature d i s t r i b u t i o n  a t  the e a r l y  20 seconds i n t o  the cure 

process. A t  the 60 seconds i n t o  the cure process, the cure c y c l e  o f  the 

e l e v e n t h  i t e r a t i o n  ob ta ins  a b e t t e r  d i s t r i b u t i o n  p r o f i l e  as seen i n  F i g .  

4.4b. T h i s  i s  a l s o  a d i r e c t  consequence of the nega t i ve  h e a t i n g  r a t e s  

( c o o l i n g )  between 30 t o  50 seconds observed from Fig.  4.2. On the o t h e r  

hand, the h i g h  i n i t i a l  hea t ing  r a t e  prov ided by the cure c y c l e  o f  

i t e r a t i o n  1 has s t r o n g l y  t r i g g e r e d  the k i n e t i c  r e a c t i o n  i n  the f i r s t  20 

seconds i n t o  the cure process. Consequently, a h i g h l y  non-uniform 



temperature i s  observed between 30 t o  50 seconds, even though the cu re  

c y c l e  o f  i t e r a t i o n  1 possesses the s teepes t  c o o l i n g  r a t e  w i t h i n  the same 

t i m e  i n t e r v a l  among a l l  of the cure c y c l e s  shown 

words, the heat  change caused by the s teepes t  coo 

t ime t o  be d i f f u s e d  i n t o  the m a t e r i a l  i n  order  t o  

generated by chemical r e a c t i o n s  between 30 t o  

n F ig .  4.4. I n  o t h e r  

i n g  r a t e  needs enough 

o f f s e t  the e x t r a  heat  

50 seconds. I t  i s ,  

t he re fo re ,  expected tha t ,  as shown i n  F ig .  4.4c, the more u n i f o r m  

temperature d i s t r i b u t i o n  can be achieved by the cure c y c l e  o f  i t e r a t i o n  

1 a t  the l a t t e r  stage of the cure process. 

The d i s t r i b u t i o n s  o f  the s tates o f  cure a across the SMC th i ckness  

a r e  shown i n  Figs.  4.5, 4.6, and 4.7 f o r  the cure c y c l e s  o f  i t e r a t i o n s  

1, 11, and 22, r e s p e c t i v e l y .  I n  a l l  cases, the cure of the r e s i n  s t a r t s  

from the su r face  regime and extends i n t o  the core o f  SMC. The cure 

c y c l e  o f  i t e r a t i o n  1 r e q u i r e s  the s h o r t e s t  t ime (60 seconds) t o  complete 

the cure r e a c t i o n  o f  the m a t e r i a l  w i th  a > 0.85. 

The low cure temperatures provided by the op t ima l  cure c y c l e  a t  t h e  

i n t i a l  40 seconds i n t o  the cure process can h a r d l y  t r i g g e r  the chemo- 

k i n e t i c  r e a c t i o n s  o f  the r e s i n  m a t r i x  as seen from Fig.  4.7. However, 

f o r  the op t ima l  cure cycle,  the r a t e  o f  the cure process speeds up i n  

the n e x t  40 seconds and even tua l l y  the degree o f  cure exceeds the 0.85 

l i m i t  throughout  the SMC m a t e r i a l  a t  the end o f  the cure cyc le .  

Example 2. 

T h i s  i s  i d e n t i c a l  t o  the problem s t a t e d  i n  Example 1 excep t  t h a t  

the t o t a l  process ing t ime i s  extended t o  150 seconds. 

The op t ima l  cure c y c l e  o f  Example 1 i s  used as the i n i t i a l  t r i a l  

cure c y c l e  s t u d i e d  here. The a l g o r i t h m  needs another 25 i t e r a t i o n s  t o  

reach  the op t ima l  s o l u t i o n  f o r  t h i s  problem. Table 4.2 l i s t s  the 
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numerical  r e s u l t s  f o r  the opt imal  design. The op t ima l  cure c y c l e s  o f  

Examples 1 ( i t e r a t i o n  1)  and 2 ( i t e r a t i o n  25 )  a r e  compared i n  F ig .  

4.8. I t  i s  noted t h a t  the cure cyc le  o f  Example 2 possesses even slower 

i n i t i a l  hea t ing  r a t e s ,  and the coo l i ng  p e r i o d  i s  no l onger  needed over  

the e n t i r e  cure cyc le .  The values o f  the o b j e c t i v e  func t i ons  a r e  a l s o  

compared i n  F ig .  4.9 as i n d i c a t e d  by a drop o f  maximum temperature 

d e v i a t i o n  from 250 t o  110 u n i t s ,  the ex tens ion  o f  the t o t a l  process ing 

t ime enables an o p t i m a l l y  designed cure c y c l e  t o  achieve b e t t e r  

temperature u n i f o r m i t y  d u r i n g  the cure process. Such improvement i s  

a l s o  magn i f i ed  i n  Fig.  4.10 where temperature d i s t r i b u t i o n s  across the 

SMC th i ckness  a t  se lec ted  i n s t a n t s  d u r i n g  the cure process f o r  the above 

two cure c y c l e s  a r e  compared. The d i s t r i b u t i o n  o f  the s t a t e  o f  cure f o r  

the op t ima l  cure c y c l e  of t h i s  example i s  shown i n  F i g .  4.11. The cure 

behav io r  b a s i c a l l y  shows the same c h a r a c t e r i s t i c s  as the op t ima l  

s o l u t i o n  o f  Example 1. 

Example 3. 

T h i s  i s  i d e n t i c a l  t o  the problem s t a t e d  i n  Example 1, except  t h a t  

the maximum cure s t a t e  dev ia t i ons  d e f i n e d  by a new o b j e c t i v e  f u n c t i o n  

(Eq. 4.11) i s  minimized; and the t o t a l  process ing t ime i s  extended t o  

150 seconds. 

The goal o f  p resen t  cure c y c l e  design i s  t o  have the t h i c k  

composite SMC cured un i fo rm ly .  I t  i s  r a t i o n a l i z e d  t h a t  p e r f e c t l y  

u n i f o r m  temperature d i s t r i b u t i o n  across the SMC th ickness a l l  the t ime 

d u r i n g  the cure process w i l l  secure such an o b j e c t i v e .  However, as 

shown by the prev ious two examples, the op t ima l  cure c y c l e  o f  Example 2 

does n o t  e s t a b l i s h  s i g n i f i c a n t l y  uniform s t a t e s  o f  cure, even though the 

temperature u n i f o r m i  t y  (as i n d i c a t e d  by the o b j e c t i v e  f u n c t i o n s  +o) has 
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been improved g r e a t l y .  Th is  could be due t o  the f a c t  t h a t  the degree o f  

cure i s  q u i t e  s e n s i t i v e  t o  the temperature non-un i fo rm i t y .  I n  t h i s  

example, the o b j e c t i v e  f u n c t i o n  Eq. ( 4 . 3 )  and the c o n s t r a i n t  Eq. ( 4 . 6 )  

a r e  rep laced  by the f o l l o w i n g  forms, r e s p e c t i v e l y ;  

2 h 2  h 
: Maximum [l a dz - (I adz) /h],  

0 0 $0 
( 4 . 1 1 )  

h h 
$3 : [I a2 dz - (1 adzI2/h]  cb, 0cts.r;. 

0 0 
( 4 . 1 2 )  

The op t ima l  cure c y c l e  o f  Example 2 i s  used as the i n i t i a l  t r i a l  

s o l u t i o n  i n  t h i s  case. F i f t y  f i v e  more i t e r a t i o n s  a r e  r e q u i r e d  t o  have 

the a l g o r i t h m  converged t o  the optimal s o l u t i o n .  The op t ima l  cure c y c l e  

shown i n  F ig .  4.12 has the c h a r a c t e r i s t i c  o f  a ramp-hold-ramp fea tu re .  

Numerical r e s u l t s  a r e  l i s t e d  i n  Table 4 .3 .  The va lues o f  the o b j e c t i v e  

f u n c t i o n s  o f  Eq. (4 .11 )  f o r  the s t a r t i n g  and the op t ima l  cure c y c l e s  a r e  

compared i n  Fig.  4.13. The opt imal s o l u t i o n  reduces the maximal va lue 

o f  t h e  state o f  cure d e v i a t i o n  as expected. However, the d i f f e r e n c e s  

a r e  n o t  a t  a l l  s i g n i f i c a n t .  The d i s t r i b u t i o n  o f  the s t a t e  o f  cure, 

shown i n  F ig .  4.4 ,  corresponding t o  the op t ima l  cure c y c l e  o f  Example 3 ,  

i s  s i m i l a r  t o  t h a t  o f  Example 2. The temperature d i s t r i b u t i o n  under the 

op t ima l  cure c y c l e  i n  t h i s  example i s  a l s o  shown i n  F ig .  4.15. These 

r e s u l t s  i n d i c a t e  t h a t  the change o f  the o b j e c t i v e  f u n c t i o n  f rom Eq. 

( 4 . 3 )  t o  Eq. (4 .11 )  has on ly  minor e f f e c t s  on the u n i f o r m i t y  o f  t he  

s t a t e  o f  cure, even though the p r o f i l e s  o f  the op t ima l  cure c y c l e  

designs a r e  q u i t e  d i f f e r e n t .  
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Example 4. 

Th is  i s  i d e n t i c a l  t o  the problem s t a t e d  i n  Example 1, except  t h a t  

the maximum state o f  cure d e v i a t i o n  de f i ned  by a new o b j e c t i v e  f u n c t i o n  

(Eq. 4.13) i s  minimized; the t o t a l  process ing t ime i s  a l l owed  f o r  150 

seconds and the i n i t i a l  cure temperature i s  regarded as an a d d i t i o n a l  

des ign v a r i a b l e .  

I n  t h i s  example, the o b j e c t i v e  f u n c t i o n  Eq. (4.3) and the  

c o n s t r a i n t  Eq. (4.6) are  rep laced by the f o l l o w i n g  forms, r e s p e c t i v e l y ;  

: Maximum (ao-ac), 
40 O<t<z 

(4.13) 

43: (ao -a 1' <b, O<t<z. (4,141 

I n  t h i s  example, the o b j e c t i v e  f u n c t i o n  becomes the d i f f e r e n c e  o f  

the degree o f  cure between the outer surface, ao, and the  cen te r  plane, 

The op t ima l  design a l g o r i t h m  does n o t  r e a l l y  achieve a 

convergence. However, a f t e r  the f o r t y - s i x t h  i t e r a t i o n ,  t he  changes o f  

the design v a r i a b l e s  become small, compared t o  the magnitudes o f  t he  

des ign  v a r i a b l e s  and a l l  the c o n s t r a i n t s  a r e  s a t i s f i e d .  The f e a s i b l e  

des ign of the f o r t y - s i x t h  i t e r a t i o n  i s  then regarded as the f i n a l  

design. Numerical r e s u l t s  o f  t h i s  example a r e  l i s t e d  i n  Table 4.4. The 

cure temperature p r o f i l e s  and the values o f  the o b j e c t i v e  f u n c t i o n  o f  

Eq. (4.13) f o r  i t e r a t i o n s  1, 46, and t h a t  o f  re ference [ Z 1  are  shown i n  

F igs .  4.16 and 4.17, r e s p e c t i v e l y .  Note t h a t  the cure c y c l e  g iven i n  

r e f e r e n c e  [ Z ]  i s  a cons tan t  temperature p r o f i l e  w i t h  Tc = 423'K. The 

cure temperature p r o f i l e  o f  the f o r t y - s i x t h  i t e r a t i o n  has the  

c h a r a c t e r i s t i c  o f  a ramp-hold-ramp f e a t u r e  s i m i l a r  t o  t h a t  o f  Example 

3. I t  i s  recognized t h a t  t he  high onset  cure temperature o f  the op t ima l  

C '  
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cure c y c l e  b e n e f i t s  the cure cycle des ign by i n i t i a t i n g  the chemical 

r e a c t i o n  as quick as p o s s i b l e  so as t o  achieve a b e t t e r  s t a t e  o f  cure 

d i s t r i b u t i o n .  S i m i l a r  t o  the previous case, t he  f i n a l  s o l u t i o n  o f  t h i s  

example does improve the u n i f o r m i t y  o f  the s t a t e  of cure, though t h i s  

improvement i s  i n s i g n i f i c a n t .  The f i n a l  r e s u l t s  o f  the temperature 

d i s t r i b u t i o n  and the degree o f  cure d i s t r i b u t i o n  a t  the s e l e c t e d  

i n s t a n t s  a r e  shown i n  F igs.  4.18 and 4.19, r e s p e c t i v e l y .  
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CHAPTER V 

CONCLUDING REMARKS 

A t  the present time, the cure cycle i s  generally selected by the 

method of parametric s t u d y  conducted by e i ther  physical experiments or 

numerical simulation. This type of approach may be costly and  

ineff ic ient .  Therefore, the development of a unified and  systematical 

approach to design the best cure cycle for a given composite material i s  

needed. A unified Computer-Aided Design method i s  introduced i n  t h i s  

thesis  t o  design the best cure cycle for a resin-fiber composite 

laminate. The character is t ics  of curing the resin-fiber composite 

laminate can be simplified as a diffusion-reaction system and  a kinetic 

model of the cure ra te  of the resin. The proposed CAD method consists 

o f  three uncoupled modules: namely, optimization, analysis,  and 

sens i t iv i ty  calculation. Once the analysis capability of any cure 

process analysis i s  established, the optimization and sensi t ivi ty  

calculation modules can be added onto i t  t o  consti tute a u n i f i e d  CAD 

method and to generate the optimal cure cycle systematically. 

The optimal cure temperature is  required to achieve the f o l l o w i n g :  

1. 

2. A t  the end of the cure process, the cure of the resin should be 

T h e  maximum temperature d u r i n g  cure should be less  than  500'K. 

compl e ted. 
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3. The state o f  cure should be uni form d u r i n g  the cure process. 

I t  i s  shown by numerical  examples t h a t  t h i s  method performs s a t i s f a c -  

t o r i l y  by c a r e f u l l y  s e l e c t i n g  the o p t i m i z a t i o n  f o r m u l a t i o n .  

The f i n i t e  element d i s c r e t i z a t i o n  i s  employed t o  c o n v e r t  the 

i n i t i a l - b o u n d a r y  value problem of  i n t e r e s t  i n t o  a s e t  o f  f i r s t  o r d e r  

d i f f e r e n t i a l  equat ions.  These equations a r e  then so lved s imul taneously  

by a numerical  code c a l l e d  DE. The f i n i t e  element method p rov ides  a 

sys temat i ca l  method t o  analyze the temperature and the degree o f  cure 

d i s t r i b u t i o n .  Note t h a t  very good agreements e x i s t  between the f i n i t e  

element s o l u t i o n s  and the e x i s t i n g  s o l u t i o n s .  

Two methods, the a d j o i n t  v a r i a b l e  technique and the d i r e c t  

d i f f e r e n t i a t i o n  method, a r e  studied f o r  the thermal design s e n s i t i v i t y  

a n a l y s i s .  I n  general ,  the a d j o i n t  equat ions can n o t  be so lved 

s imul taneously  w i t h  the o r i g i n a l  system equat ions.  Therefore,  i t  i s  

d i f f i c u l t  f o r  the a d j o i n t  v a r i a b l e  technique t o  have the numer ica l  

accuracy o f  t he  design d e r i v a t i v e s  equal t o  t h a t  o f  the s t a t e  

va r iab les .  Numerical examples i n d i c a t e  t h a t  the d i r e c t  d i f f e r e n t i a t i o n  

method i s  s u p e r i o r  t o  the a d j o i n t  v a r i a b l e  technique i n  terms o f  

accuracy and p h y s i c a l  i n t e r p r e t a t i o n .  I n  t h i s  thes i s ,  the d i r e c t  

d i f f e r e n t i a t i o n  method i s  used fo r  the o p t i m i z a t i o n  a lgo r i t hm.  

The o p t i m i z a t i o n  a l g o r i t h m  used i n  t h i s  t h e s i s  i s  a r e c u r s i v e  

q u a d r a t i c  programmi ng a1 g o r i  thm w i  t h  an a c t i  ve s e t  s t r a t e g y  , ca 1 1 ed a 

l i n e a r i z a t i o n  method. The main reason t o  use t h i s  l i n e a r i z a t i o n  method 

i s  t h a t  i t  has been proved t o  be g l o b a l l y  convergent. The op t ima l  

des ign o f  the cure cyc les  s tud ied i n  t h i s  t h e s i s  i s  t o  f i n d  the op t ima l  

cure temperature d u r i n g  the cure process t o  have the the rmose t t i ng  r e s i n  
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cured as u n i f o r m l y  as p o s s i b l e  and t o  secure the cure completeness o f  

the r e s i n  a t  the end of the cure process. 

Four op t ima l  design fo rmu la t i ons  f o r  the op t ima l  cure c y c l e  des ign 

o f  chopped-f iber SMC are studied. The f i r s t  example deals  w i t h  the 

minimum temperature d e v i a t i o n  across the th i ckness  d u r i n g  the cure 

process, and the t o t a l  process time i s  100 seconds. The op t ima l  cure 

c y c l e  o f  t h i s  example reduces the value o f  the o b j e c t i v e  f u n c t i o n  f rom 

the i n i t i a l  design 2,700 t o  the op t ima l  one 378 u n i t s .  The second 

example deals  w i t h  the same cond i t i ons  as Example 1 excep t  t h a t  the 

t o t a l  process ing t ime i s  extended t o  150 seconds. Using the op t ima l  

s o l u t i o n  of Example 1 as the i n i t i a l  design, the maximum temperature 

d e v i a t i o n  drops from 250 t o  110 u n i t s .  The t h i r d  example i s  i d e n t i c a l  

t o  Example 1, except  t h a t  the o b j e c t i v e  f u n c t i o n  i s  changed t o  minimize 

the degree o f  cure d e v i a t i o n  across the th i ckness  a long  the cure process 

and t h a t  the t o t a l  process ing t i m e  i s  150 seconds. The op t ima l  s o l u t i o n  

reduces the value o f  the o b j e c t i v e  f u n c t i o n  f r o m  the i n i t i a l  design 

0.04691 t o  the op t ima l  one 0.03385. The l a s t  example deals  w i t h  the 

m i n i m i z a t i o n  o f  the d i f f e r e n c e  between the degree o f  cure o f  the o u t e r  

su r face  and the cen te r  plane. The t o t a l  process ing t ime i s  150 seconds . 

and the i n i t i a l  cure temperature i s  regarded as  an a d d i t i o n a l  design 

va r  ab le.  This  example i s  d i f f e r e n t  from the p rev ious  examples i n  which 

t h e  i n i t i a l  temperatures are set  t o  be the  room temperature. The 

o p t  mal cure c y c l e  reduces the degree of cure d e v i a t i o n  between the 

o u t e r  sur face and the center  plane from the i n i t i a l  design 0.8032 t o  a 

f e a s i b l e  design 0.6992, and increases the i n i t i a l  cure temperature t o  

395" K. Comparing the  opt imal  cure c y c l e  w i t h  t h a t  o f  re fe rence  [23, 
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the op t ima l  cure c y c l e  does make the state o f  cure d i s t r i b u t e d  more 

u n i f o r m l y  d u r i n g  the cure process. 

The numerical  examples show t h a t  t he  proposed CAD approach i s  

v a l i d .  It does improve the degree o f  cure u n i f o r m i t y .  T h i s  study a l s o  

i n d i c a t e s  t h a t  the t o t a l  processing time, the i n i t i a l  hea t ing  r a t e  and 

the i n i t i a l  cure temperature have s i g n i f i c a n t  e f f e c t s  on the cu re  

u n i f o r m i t y .  E n l a r g i n g  the design space by i n c r e a s i n g  the t o t a l  

process ing t ime and adding more design v a r i a b l e s  can f u r t h e r  improve the 

cu re  c y c l e  design. The long CPU t ime i s  a concern i n  the o p t i m i z a t i o n  

process. To shor ten the CPU t ime one may use o t h e r  numerical  

a lgo r i t hms ,  such as an uncond i t i ona l  s t a b l e  a lgo r i t hm,  which can 

inc rease  the t ime step, o r  the other k i n d  o f  o p t i m i z a t i o n  a lgo r i t hms ,  

such as the I - D E S I G N  [171, which does n o t  need l i n e  search t o  a c c e l e r a t e  

the o p t i m i z a t i o n  process. 

The proposed CAD scheme can be extended t o  des ign an op t ima l  cure 

c y c l e  f o r  the autoc lave processing. Note tha t ,  t o  des ign a r e a l i s t i c  

cu re  process o f  r e s i n - f i b e r  composite o p t i m a l l y ,  some m o d i f i c a t i o n  over 

the presented s i m p l i f i e d  SMC model a r e  requ i red .  Fo r  example, the f l o w  

model, the chemo-viscosity and the hea t  convect ion should be considered 

i n  the a n a l y t i c a l  model. The t o t a l  process ing t ime should be regarded 

a s  a design v a r i a b l e  to enlarge the des ign space. Moreover, some 

exper iments a r e  necessary to ver i fy  the r e s u l t s  o f  the cure c y c l e  

designs. 

I n  summary, i t  i s  c l e a r  and conv inc ing  t h a t  the o p t i m i z a t i o n  i s  a 

very promis ing technique t o  enhance the c a p a b i l i t y  o f  des ign ing  the 

o p t i m a l  cure c y c l e  f o r  the cure process o f  r e s i n - f i b e r  composite 

laminate.  
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APPENDIX A 

FINITE ELEMENT MATRIX EQUATIONS 
FOR A DIFFUSION-REACTION SYSTEM 

The equations (2.12) - (2.13) can be rewritten here: 

Z 
NE i + l  

1 z  
0 = C (pciu + kT’u’ + pcf u - p H r f u )  d z ,  ( A . 1 )  

C 

i 
and  

NE ‘ i + l  . 
1 zi 

o = c J  ( a - f )  v d z  (A.2) 

where NE denotes the number of elements and u ( z )  and  v ( z )  a re  the 

testing functions. 

According t o  the Galerkin method, the arbi t rary interpolation 

functions Nj and L j  defined i n  Eqs. (-2.8) and (2.10) can be considered 

as u ( z )  and  v ( z ) ,  respectively. Furthermore, the temperature a n d  the 

degree of cure can be expressed as  l inear  combinations of interpolation 

functions and  the nodal values as shown i n  Eqs. (2.9) and (2.11). One 

may then write a matrix equation for the f i r s t  integral of Eq. ( A . 1 )  

defined as 



L 

i + l  I, p c f  u dz 
L 

i 
B 

T - *  
i 

= I pc N .  N dz T, j=1,2,3,4. - J -  
0 

(A.3 1 

- 
where z denotes the g loba l  coord inate system, z denotes the  l o c a l  

coo rd ina te  system, z = z-z and Ai = Z ~ + ~ - Z ~ .  L e t  a vec to r  C be 
- 

i’ 

def ined  as 

i 
B 

I T T -  

j 0 

C = N .  N dz ,  
J -  - 

Consequently, one has 
z i +1 
I pc f u dz 

Z 
i 

T *  
= p c C  T 

j = 1,2,3,4. 

(A.4) 

f o r  j = 1 t o  4. A t  t h i s  moment, one may i n t r o d u c e  an element 

m a t r i x  [C ] ’  i n  the f o l l o w i n g  way: 

where the  v e c t o r  i s  de f i ned  i n  Eq. (A.4). I t  i s  understood t h a t  

[c]’ i s  symmetric. Thus, f o r  u = N j  w i t h  j = 1 t o  4, one has 
j 
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‘ i  +1 
I pcf u d z  

= pc CCl’  i - ( A . 5 )  

Similarly, u s i n g  the following definit ions for an element matrix 

[K]’ and a vector - P i :  

and 

one obtains matrix equations for the second a n d  third integrals o f  Eq. 

( A . 1 )  as  

a n d  

+I 
kT’ u’ dz  

i z 
I 

= k [K]’ 1 

z i +1 

(A.8) 

pc f u d z  
C I 

z i 

i o  = p c P  T .  
- c  ( A . 9 )  

The element matrices [K]’, [C]’ and _Pi can be expressed expl ic i t ly  i n  

terms of the length of element i s  A i ,  as  follows: 



156 22Ri i 
CCl i  = 

‘ i  m 

4Ri 2 

-1 
l o  - 

6 
5 1  

- -  
i 

1 ‘i m 31T 

6 1 - m  

54 13Ri 

13Li -3Ai 2 
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I 

(A.10) 

(A.11) 

and 
T i 2 2 - p = { I i / 2 ,  R i m ,  A . / 2 ,  1 -n./12} 1 (A.12) 

F o l l o w i n g  the prev ious  de r i va t i on ,  f o r  v = Lj w i t h  j = 1, 2, one 

may w r i t e  a m a t r i x  equat ion f o r  the f i r s t  i n t e g r a l  o f  Eq. (A.2) as 

i+l . Z 

J av dz 

i Z 

T - e  = 1 L .  dz - a 
J 

‘ i  

0 
(A.13) 
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where L j  i s  a shape f u n c t i o n  f o r  the degree o f  cure.  

m a t r i x  [ M I i  be de f ined as 

L e t  an e lement  

2,. 
, 

' T  [ M I '  = 1 - -  L L dz. 
0 

Thus, f o r  v = L j  w i t h  j=1, 2, one has the f o l l o w i n g  i d e n t i t y :  

i 2 

(A.14) 

The m a t r i x  [ M I  f o r  the i t h  element can be de r i ved  e x p l i c i t l y  i n  terms o f  

1. as 
1 

(A.16) 

A f t e r  s u b s t i t u t i n g  an i n t e r p o l a t i o n  f u n c t i o n  f o r  the t r i a l  f u n c t i o n  

u(z), the l a s t  term i n  Eq. ( A . 1 )  y i e l d s  a s c a l a r  Qip f o r  i t h  element as 

'i 
Qip = pHrf (a,T,TC) N ( 2 )  d?, p = 1,2,3,4. (A.17) P 0 

I n  a s i m i l a r  fash ion,  the d i s c r e t i z e d  form o f  the l a s t  term i n  Eq. (A.2) 

can be expressed as 

'i 
R = 1 f(a,T,Tc) L ( z )  dz, q = 1,2. (A.18) i q  q 
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The cure r a t e  & = f(a,T,Tc) i n  Qip and R i q  i s  a f u n c t i o n  o f  t h e  

temperature and the degree o f  cure de f i ned  i n  Eq. (2.5). Note t h a t  t he  

temperature d i s t r i b u t i o n  has been rep laced  by T+Tc. Thus, Eq. (2.5) 

becomes 

= f(a,T,Tc) 

-d l /R(T+Tc)  -d2/R(T+Tc) 
= (ale + a2e a ) ( l - a ) " .  (A.19) 

W i t h i n  the  i t h  element, i.e., zi < z G z ~ + ~ ,  the  d i s t r i b u t i o n s  o f  

temperature i s  i n t e r p o l a t e d  by shape f u n c t i o n s  and nodal v a r i a b l e s  a s  

d e f i n e d  i n  Eq. (2.9). To abbrev iate the no ta t i ons ,  the 

i n t r o d u c e d  : 

r = T (z , t )  + T c ( t )  

It i s  a l s o  understood t h a t  

Hence, Q and R i q  can be expressed as  i P  

+ a2e -dz/ Rr am ) ( 1 - a )  N ( z ) d f , 'i - d l / R I '  
Qip = pHr I (a, e 

0 

and 

- d l / R r  + a2e -d2/Rram) ( l - a ) n  L (z)dz,  
'i 

Riq = I (ale 
0 9 

f o l l o w i n g  r i s  

(A.20) 

(A.21) 

p = 1,2,3,4. 

q = 1,2 
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where Qip and R i q  a r e  components o f  a 4 x 1 l o a d  v e c t o r  Q - and a 2 x 1 

load  vec to r  3, r e s p e c t i v e l y .  Note t h a t  i t  i s  d i f f i c u l t  t o  eva lua te  t h e  

above equat ions a n a l y t i c a l l y  because o f  the complex i ty .  However, us ing  

Eqs. (A.20) - (A.211, the Qi, and R i q  can be computed numer i ca l l y  

p rov ided  t h a t  the  nodal va lues o f  T - and ,Q a r e  known. The numer ica l  

examples represented i n  Sec t ion  2.3 a r e  so lved by us ing  the Simpson's 

r u l e  f o r  t h i s  numerical  i n teg ra t i on .  The element m a t r i x  equat ions  o f  

Eqs. ( A . 1 )  and (A.2) f o r  the i t h  element can then be shown as 

i o  
pC[C] T + k[KIi T + pc pi 7 = Q', - c -  - - 

i [ M I i  ti = R, , 

F i n a l l y ,  these element m a t r i x  equat ions can "e assembled 

o f  g loba l  system equat ions  i n  a mat r ix  form as 

(A.22) 

(A.23) 

i n t o  a s e t  

(A.24) 

(A.25) 
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I 

FINITE ELEMENT MATRIX EQUATIONS 
OF THERMAL DESIGN S E N S I T I V I T Y  ANALYSIS 

BY U S I N G  THE DIRECT DIFFERENTIATION METHOD 

The g iven equat ion (A.19) can be r e w r i t t e n  here: 

= f(a,T,Tc) 

- d i / ~ ( ~ + ~ c )  - d ~ / ~ ( ~ + ~ c )  
= (ale + a  2 e a ) ( l - a ) " .  ( B . 1 )  

F o l l o w i n g  the d e f i n i t i o n  o f  the d i r e c t  d i f f e r e n t i a t i o n  method, one 

takes d e r i v a t i v e s  of the above d i f f e r e n t i a l  equa t ion  w i t h  r e s p e c t  t o  a 

s i n g l e  design v a r i a b l e  d i r e c t l y  t o  o b t a i n  

Since f i s  an e x p l i c i t  f unc t i on  o f  a, T, and Tc, one can f i n d  
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and 

t h e  equat ions  (3.22) and 3.23) can be r e w r i t t e n  here as 

0 0 a f  a f  
+ pHr - T + pHr - (8.5) 

a f  
aT Tcby  

pc Tb = kT i ’  - pcTcb + pHr - 
aa ‘b aT b 

C 

and 
0 a f  a f  a f  
a = - a  + - T  +-T 

b aa b aT b aT cb’ 
C 

(B.6) 

I t  i s  assumed t h a t  Tb(z,b,t) and ab(Z,b,t) have the  same r e g u l a r i t y  

as T(z,b,t) and a(z,b, t ) .  Thus, the shape f u n c t i o n s  o f  T(z,b, t )  and 

a(z,b,t) can be employed here t o  i n t e r p o l a t e  the  Tb (zyb , t )  and 

a(z,b,t), i.e. 

and 

where _N(z) and _L(z) a r e  d e f i n e d  i n  Eqs. (2.8) and ( .?. lo),  and Ib and 

ab a r e  the vec tors  o f  nodal values o f  Tb (zyb , t )  and ab(z,b,t). 
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Based on the same d e r i v a t i o n  d iscussed i n  Append ( A, the g l o b a l  

m a t r i x  equat ions  f o r  Eqs. (B.5) and (B.6) can be shown as 

- 
PC [ C l  ib + k [ K l  T + pc P 7 = Q, -b - cb - (B.9) 

and 

where ma t r i ces  [C], [K ] ,  [ M I ,  and a r e  the same as those g iven i n  Eqs. 

(A.lO)-(A.13) and (A.161, and the components o f  and E f o r  t h e  i t h  

element a r e  eva lua ted  as 

2;  - ' a f  a f  a f  - 
Q = pHr 1 '(- a + -  T + - T )N (z )dz ,  p = 1,2,3,4. (B.11) aa b aT b aT cb p 

0 C 
i P  

and 

The N(z)  and L ( z )  i n  the above equat ions a r e  the  shape f u n c t i o n s  which 

i n t e r p o l a t e  the design d e r i v a t i v e s  of the temperature and the s t a t e  o f  

cure, r e s p e c t i v e l y .  Note t h a t  i t  i s  d i f f i c u l t  t o  c a l c u l a t e  Eqs. (B.11)- 

(B.12) a n a l y t i c a l l y  because o f  complex i ty .  However, the  and 'i 

can be computed numer i ca l l y  prov ided t h a t  the nodal va lues o f  1, a, sb, 
and gb a r e  known. 

i P  i q  

- 
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TABLES 



6 1  

Table 2.1 Material  P r o p e r t i e s  

p = 1900 kg m-3 

c = 1.0 J g -1 k-l 

a l  = 4.9 x sec-l 

a 2  

k = 0.53 W rn-l k - l  

5 = 6.2 x 10 sec-' 

d l  = 140 kJ mole-' 

d 2  = 51 kJ mole-' 

m = 1.3 

n = 2.7 
R = 8.83138 J mole -1 K-l 

Hr = 84 J g - l  
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Table 4.1 Convergence History of O p t i m u m  
Design (Example 1 )  

Init ial  Value 

Design Variables: 

b l  

b2 

b3 

b4 

cost  function 
2 R norm 

Final Value 

Compu t e r  Time 
(on CDC 855) 

No. o f  I terat ions 

100. 

100. 

100. 

100. 

2,700. 

33.62 

115.74 

100.52 

-5.16 

6.83 

373.33 

0.0054 

--- 108,140 CPU sec. 

22 --- 
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Tab le  4.2 Convergence H i s t o r y  o f  Optimum 
Design (Example 2 )  

I n i t i a l  Value 
~ _ _ _ _ _ _  

F i n a l  Value 

De s i  gn Var i a b 1 e s : 

b l  

b2 

b3 

b4 

c o s t  f u n c t i o n  

2 R norm 

Computer T i  me 
(on CDC 855) 

No. o f  I t e r a t i o n s  

115.74 

100.52 

-5.16 

6.83 

250.00 

40.88 

162.32 

30.98 

-0.18 

5 .OO 

110.86 

0.0147 

156,370 CPU sec. 

25 
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Table 4.3 Convergence H i s t o r y  o f  Optimum 
Design (Example 3 )  

I n i t i a l  Value 
~ 

F i n a l  Value 

Design Var iab les :  

b4 

c o s t  f u n c t i o n  x 103 

2 R norm 

Computer T i  me 
(on CDC 855) 

No. o f  I t e r a t i o n s  

162.32 

30.98 

-0.18 

5.00 

46.91 

5.29 

ZOO. 42 

25.04 

46.99 

-5.28 

33.85 

0.19 

319,000 CPU sec. 

55 
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Table 4.4 Convergence Hi s to ry  o f  O p t i m u m  
Design (Example 4)  

~~ ~~ 

I n i t i a l  Value F ina l  Value 
~ ~~ 

Des i gn Var i a b l  e s : 

To 

b l  

b2 

b3 

b4 

c o s t  f u n c t i o n  
2 R norm 

Computer Time 
(on IBM 4381) 

No. o f  I t e r a t i o n s  

300.00 

168.39 

47.41 

40.67 

-0.99 

0.8032 

111.40 

395.85 

106.59 

-46.92 

23.42 

-24.29 

0.6992 

4.08738 

196,800 CPU sec. 

46 
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FIGURES 



T2i-1 T 
2i+l 

i i+l i i+l 

F i g u r e  2.1 F i n i t e  Element D i s c r e t i z a t i o n .  
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F i g u r e  2.3 Temperature P r o f i l e s  f o r  10-mm Thick  Sheet. 
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Figure 2.4 Cure Profiles for 10-mm Thick Sheet. 
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Figure  2.5 Temperature P r o f i l e  a t  the Center o f  
Laminate for T h i c k  Sect ion  Autoclave 
Cured Composite. 
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Direct Differentiation 
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F i g u r e  3.1 Thermal Design D e r i v a t i v e s  f o r  Press Molding 
w i t h  Respect to the Mold Temperature. 
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Direct Differentiation 7 
1- --------- Direct Difference 

0 1 2 3 4 5 

D i s t a n c e  f r o m  Eiidplane ( m m )  

F i g u r e  3.2 P r o f i l e s  o f  Thermal Design D e r i v a t i v e s  of 
Temperature with Respect to the Mold Temperature. 
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Figure 3.3 Profiles o f  Thermal Design Derivatives of the State 
of Cure with Respect to the Mold Temperature. 
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Figure 3.4 The Cure Temperature for Compression Molding. 
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Direct Differmti a t i on 

- -- - - - - - - Adjoint Variable- 
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Figure 4.14 Example 3 :  The Degree o f  Cure Distribution a t  
I tera tion 55. 
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