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ABSTRACT 

In this paper, we introduce the notion of subcell resolution, which is 

based on the observation that unlike point values, cell-averages of a dis- 

continuous piecewise-smooth function contain information about the exact loca- 

tion of the discontinuity within the cell. Using this observation we design 

an essentially non-oscillatory (ENO) reconstruction technique which is exact 

for cell averages of discontinuous piecewise-polynomial functions of the 

appropriate degree. Later on we incorporate this new reconstruction technique 

into Godunov-type schemes in order to produce a modification of the EN0 

schemes which prevents the smearing of contact discontinuities. 
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1. INTRODUCTION 

I n  [7], [ 8 ] ,  and 191 w e  have introduced a class of e s s e n t i a l l y  non- 

o s c i l l a t o r y  (ENO) schemes t h a t  gene ra l i zes  Godunov's scheme [ 2 ]  and its second 

o r d e r  ex tens ions  ( [ l o ] ,  [ l ] )  t o  h igh  o r d e r  of accuracy. 

I n  t h i s  paper w e  p re sen t  a modif ica t ion  of the EN0 schemes which i s  

designed t o  prevent  smearing of l i n e a r  d i s c o n t i n u i t i e s .  

-n a p a r t i t i o n  of R xR+. L e t  u be the  t h e  "cell-average" of u a t  t i m e  

tn, i.e., 

j 

(1.1) 
1 ? = - / u(x,tn)dx. 

j h r  

The cell-average of t h e  solution to t h e  i n i t i a l  va lue  problem 

s a t i s f i e s  

(1.3a) 

where X = T/h and 

N l T  
(1.3b) f ( x , t ; u )  = 7 / f ( u ( x , t h ) ) d n *  

0 

The EN0 schemes can be w r i t t e n  i n  the s tandard  conserva t ion  form 
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(1.4a) 

- - 
denotes  t h e  numerical s o l u t i o n  ope ra to r  and fj+1,2, t h e  Eh h e r e  

numerical f l u x ,  denotes  a f u n c t i o n  of 2k v a r i a b l e s  

(1.4b) 

which i s  c o n s i s t e n t  wi th  t h e  f l u x  f(u) i n  (1.21, i n  t h e  sense  t h a t  

n f (u ,u ,* .* ,u )  = f (u ) .  Unlike s t anda rd  d i f f e r e n c e  schemes, 

schemes i s  a high-order approximation t o  t h e  ce l l -average  u 

t h e  point  va lue  u (x j , t n ) .  S e t t i n g  

and comparing i t  t o  r e l a t i o n  (1.31, w e  see t h a t  i f  t h e  numerical  f l u x  

i n  t h e  EN0 

and no t  t o  

i n  t h e  numerical  scheme (1.4) 

- 
v j  
-n 

j '  

= ;;" 
j 

- -- -n - f (uj-k+l, , u ~ + ~ )  
- 

can be expanded as j+1/2 

then  the t r u n c a t i o n  e r r o r  

i s  O(hrtl) wherever d (x )  i s  L ipsch i t z  cont inuous,  i.e., t h e  scheme (1.4) 

i s  r t h  o r d e r  a c c u r a t e  i n  t h e  sense  of ce l l  averages.  

The most important  i ng red ien t  i n  t h e  EN0 schemes is a procedure t o  re- 

cons t ruc t  a piecewise-smooth f u n c t i o n  w(x) from its given  ce l l -averages  

Cijl- This  r econs t ruc t ion ,  which w e  denote  by R(x;G), is a piecewise- 

polynomial func t ion  of x t h a t  has  a uniform polynomial degree ( r  - 1 )  and 



s a t i s f i e s :  

( i )  A t  a l l  p o i n t s  x f o r  which the re  i s  a neighborhood where w i s  

smooth 

( i i )  Conservat ion i n  t h e  sense  of 

(1.6b) 

( i i i )  It is e s s e n t i a l l y  non-osc i l la tory  

where TV denotes  t o t a l  v a r i a t i o n  i n  x. 

Using t h e  r e c o n s t r u c t i o n  (1.6) w e  can express  t h e  a b s t r a c t  form of the  

EN0 schemes by 

Here A ( 1 )  i s  t h e  ce l l -averaging  opera tor  

and E ( t )  is t h e  exact evo lu t ion  opera tor  of t h e  IVP (1.2),  i.e., 



( 1 . 7 ~ )  

We note  t h a t  (1.7a) wi th  t h e  piecewise cons t an t  r e c o n s t r u c t i o n  

i s  exac t ly  t h e  f i r s t  o r d e r  accu ra t e  Godunov's scheme [ l ] ;  (1.7a) w i th  t h e  

piecewise l i n e a r  r e c o n s t r u c t i o n  

(1.9a) 

where 

i s  t h e  a b s t r a c t  form of t h e  second o r d e r  a c c u r a t e  ex tens ions  t o  Godunov's 

scheme descr ibed i n  [ l o ] ,  [ l ] ,  and [71. 

I n  t h e  f i rs t  o r d e r  case (1.8), t h e  scheme (1.7a) can be expressed i n  t h e  

conservat ion form (1.4) wl th  t h e  numerical  f l u x  

(1.10) 

he re  fR(u1,u2) 

problem with u1 t o  t h e  l e f t  and u2 t o  t h e  r i g h t .  

i s  an  approximation t o  t h e  f l u x  a t  t h e  o r l g i n  i n  a Riemann 

I n  the second o rde r  case (1.9), t h e  numerical  f l u x  of t h e  a b s t r a c t  scheme 

cannot  be expressed i n  a s imple  c losed  form, and w e  approximate i t  by 



( 1.1 l a )  

where 

In t h i s  paper w e  pay special  a t t e n t i o n  t o  t h e  second o rde r  a c c u r a t e  

scheme (1.111, because a t  p re sen t  t h i s  seems t o  be t h e  s t a t e  of t h e  a r t .  This  

c lass  of second o r d e r  schemes (with var ious choices  of Sn> performs r a t h e r  

w e l l  i n  smooth regions and shocks. However, i t  e x h i b i t s  excess ive  smearing of 
j 

l i n e a r  d i s c o n t i n u i t i e s ,  i.e., contac t  d i s c o n t i n u i t i e s .  Usual ly  such discon- 

t i n u i t i e s  are smeared i i i ~ re  axd more i n  time a t  t h e  rate O(n 1 / 3 1  , where n 

i s  t h e  number of time-steps. To understand t h i s  smearing w e  no te  i n  (1.7) 

t h a t  whenever a d i s c o n t i n u i t y  i n  t h e  r econs t ruc t ion  R is  propagated by t h e  

e v o l u t i o n  ope ra to r  E i n t o  t h e  i n t e r i o r  of t h e  ce l l ,  then  t h e  ce l l -averaging  

o p e r a t o r  A ( I )  r e p l a c e s  t h i s  sha rp  d i s c o n t i n u i t y  by a smeared t r a n s i t i o n .  In 

t h e  l i n e a r  case t h e r e  is  noth ing  t o  s t o p  t h i s  process  and t h e r e f o r e  i t  goes on 

forever .  In t h e  case of a shock wave, the f a c t  t h a t  t h e  c h a r a c t e r i s t i c s  con- 

verge i n t o  t h e  shock coun te rac t s  the smearing, and a s teady  p rogres s ing  

p r o f i l e  is  obtained. 

The above obse rva t ion  i s  the  b a s i s  fo r  t h e  a r t i f i c i a l  compression concept 

In o r d e r  t o  prevent  t h e  excess ive  smearing of a l i n e a r  d i s c o n t i n u i t y  one [ 3 ] .  

can  a r t i f i c i a l l y  induce convergence of the numerical  c h a r a c t e r i s t i c  f i e l d  a t  

each monotone s t r i p  of t h e  so lu t ion .  T h i s  can be accomplished by modifying 
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t h e  expression of t h e  s l o p e s  Sn o r  by adding a c o r r e c t i v e  

numerical  f l u x  (1.11) ( s e e  [ 4 ] ) .  The main advantage of a r t i f i c i a l  

j '  
term t o  t h e  

compression 

is  t h a t  i t  is easy t o  use. The primary d isadvantage  is t h a t  one has  t o  be 

e x t r a  ca re fu l  (which a l s o  means t o  do a l o t  of checking...) no t  t o  gene ra t e  

unphysical d i s c o n t i n u i t i e s  by apply ing  i t  too s t r o n g l y ,  where i t  need not  be 

a p p l i e d  a t  al l .  We r e f e r  t h e  r eade r  t o  [61 f o r  more d e t a i l s .  

The piecewise-parabol ic  method (PPM) of C o l e l l a  and Woodward [ l ]  i nc ludes  

a mechanism t o  d e t e c t  con tac t  d i s c o n t i n u i t i e s  and t o  c o r r e c t  t h e  scheme by 

us ing  a "s teeper"  r econs t ruc t ion .  The PPM proved i t se l f  t o  be a robus t  h igh  

r e s o l u t i o n  scheme i n  a l a r g e  number of numerical  tes ts  [ 1 2 ] .  I n  t h i s  paper  w e  

p re sen t  a technique,  which w e  ca l l  "subce l l  r e so lu t ion , "  t h a t  is c l o s e  i n  

s p i r i t  t o  t h e  PPM but  i s  somewhat d i f f e r e n t  i n  i ts  methodology. 

The present  scheme i s  a "souped up" v e r s i o n  of (1.11) i n  which t h e  l i n e a r  

advec t ion  p a r t  i s  boosted t o  th i rd -o rde r  accuracy ( i n  L1-sense) and is  

capable  of propagat ing l i n e a r  d i s c o n t i n u i t i e s  p e r f e c t l y  (wi th in  3rd o r d e r  

accuracy) .  The main i n g r e d i e n t  i n  t h e  new method i s  the  obse rva t ion  t h a t  t h e  

information i n  ce l l -averages  of a d iscont inuous  func t ion ,  un l ike  t h a t  of po in t  

va lues ,  contains  t h e  l o c a t i o n  of t h e  d i s c o n t i n u i t y  w i t h i n  t h e  ce l l ,  e.g., t h e  

ce 11-ave rages w 
- 
j 

(1.12a) 

w i t h  UM between uL and uR, are i d e n t i c a l  t o  those  of t h e  s t ep - func t ion  
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(1.12b) 

Using t h i s  obse rva t ion  w e  can modify t h e  EN0 r econs t ruc t ion  of [81 t o  recover  

e x a c t l y  any d iscont inuous  q u a d r a t i c  func t ion  from i t s  cel l -averages.  

In o r d e r  to r e t a i n  t h e  r e l a t i v e  s i m p l i c i t y  of t he  numerical  scheme (1.11) 

w e  u s e  t h e  new r e c o n s t r u c t i o n  t o  c o r r e c t  only t h e  l i n e a r  advec t ion  pa r t .  The 

new numerical f l u x  is  

(1.13) 

t h e  d i f f e r e n c e  

one (1.9). I n  

is t h e  f l u x  through xj+1/2 due t o  t h e  l i n e a r  advec t ion  of 

between t h e  modified r econs t ruc t ion  and t h e  p iecewise- l inear  

t h e  cons tan t  c o e f f l c i e n t  case  t h e  scheme (1.13) is  exac t  f o r  

d i scon t inuous  q u a d r a t i c  i n i t i a l  data .  

L a t e r  on i n  t h i s  paper  w e  p re sen t  t h e  ex tens ion  of t h e  " subce l l  reso lu-  

t ion"  concept t o  any f i n i t e  order  of accuracy, and a l s o  extend the scheme t o  

t h e  Eu le r  equat ions  of gas  dynamics. 

2. EN0 RECONSTRUCTION 

I n  t h i s  s e c t i o n ,  w e  desc r ibe  one of the techniques t o  o b t a i n  an EN0 re- 

cons t ruc t ion .  Given cel l -averages {Fj) of a piecewise smooth f u n c t i o n  

w(x), w e  observe t h a t  
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(2 . l a )  

where 

(2 . lb)  

is  t h e  p r imi t ive  f u n c t i o n  of w(x>. Hence w e  can e a s i l y  compute t h e  p o i n t  

va lues  {W(xi+1,2)} by summation 

(2. IC) 

L e t  H,(x;u) be an i n t e r p o l a t i o n  of u a t  t h e  p o i n t s  { y j ) ,  which is  

a c c u r a t e  t o  o r d e r  m, i .e.,  

(2.2a) 

(2.3b) d' dR *'-'I, o < a < m. - H (x;u)  = -  u(x)  + O(h 
dx' dx 

- -  R 

We obta in  our " r econs t ruc t ion  v i a  p r i m i t i v e  func t ion"  technique  by 

d e f i n i n g  

d 
dx r R(x;V) = - H (x;W).  (2.4) 

R e l a t i o n  (1.6a) fo l lows  immediately from (2.3b) wi th  R = 1 and t h e  d e f i n i -  

t i o n  (2.11, i.e., 
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H (x;W) = dx d W(x> + O(h r ) - 
R(x;w) - dx r 

= w(x) + O(hr>. 

I 
I R e l a t i o n  (1.6b) i s  a d i r e c t  consequence of (2.3a) and (2.2), i.e., 
I 

- 1  xj+1/2 
A ( I j ) R ( * ; w )  = -  I - H (x,W)dx h dx r 

x j -1 /2  

To o b t a i n  an  EN0 r e c o n s t r u c t i o n ,  w e  take Hr i n  (2.4) t o  be t h e  new EN0 

i n t e r p o l a t i o n  technique of t h e  au tho r  [ 5 1 .  I n  t h i s  case, H,(x;u) is  a 

piecevise-polynomial f u n c t i o n  of x of degree m, which is  de f ined  ( o m i t t i n g  

t h e  u dependence) by 

where qj+1/2 i s  t h e  unique polynomial of degree m t h a t  i n t e r p o l a t e s  u 

a t  t h e  m t l  p o i n t s  

for a p a r t i c u l a r  cho ice  of i = i ( j )  ( t o  be desc r ibed  i n  t h e  following).  To 

s a t i s f y  (2.3a), we need 
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qj+1/2 ( y . 1  j = U(Yj), 4 j+ l /* (Yj+ l )  = u(Yj+l);  

t h e r e f o r e ,  we l i m i t  our choice of i ( j )  t o  

j - m+l < i ( j )  < j. ( 2 . 5 ~ )  - - 

The EN0 i n t e r p o l a t i o n  technique i s  nonl inear :  A t  each i n t e r v a l  

[Yj ,Yj+llr  w e  cons ide r  t h e  m p o s s i b l e  choices  of s t e n c i l s  (2.5b) s u b j e c t  t o  

t h e  r e s t r i c t i o n  ( 2 . 5 ~ ) ~  and a s s i g n  t o  t h i s  i n t e r v a l  t h e  s t e n c i l  i n  which u 

is "smoothest" i n  some sense;  t h i s  is done by s p e c i f y i n g  i ( j )  i n  (2.5b). 

The information about  t h e  smoothness of u can be e x t r a c t e d  from a t a b l e  

of divided d i f f e r e n c e s .  The k-th divided d i f f e r e n c e  of u 

is defined i n d u c t i v e l y  by 

(2.6b) 
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If u ( P ) ( x )  has a jump d i s c o n t i n u i t y  i n  [ y i , ~ i + ~ ]  then  

(2.7b) u [ S m ( i ) ]  = O(hl"+p[u(p)]), 0 - -  < p < m-1 

( [ u ( p ) ]  i n  t h e  RHS of (2.7b) denotes t h e  jump i n  t h e  p-th d e r i v a t i v e ) .  

R e l a t i o n s  ( 2 - 7 )  show t h a t  l u [ S m ( i ) l l  i s  a measure of t h e  smoothness 

of u i n  Sm(l), and t h e r e f o r e  can serve as a t o o l  t o  compare t h e  r e l a t i v e  

smoothness of u i n  va r ious  s t e n c i l s .  The s i m p l e s t  a lgo r i thm t o  a s s i g n  

S m ( i ( j ) )  t o  t h e  i n t e r v a l  [ ~ ~ , y ~ + ~ ]  is t h e  fol lowing:  

Algorithm I. Choose i ( j )  s o  t h a t  

(2.8) l u [ s m ( i ( j ) ) I l  = min ( ( u [ s m ( i ) I l ~ .  
j-m+l<i< -- j 

C l e a r l y  (2.8) selects t h e  "smoothest" s t e n c i l ,  provided t h a t  h i s  

s u f f i c i e n t l y  small. 

I n  o r d e r  to make a s e n s i b l e  s e l e c t i o n  of s t e n c i l  a l s o  i n  t h e  "pre- 

asymptotic" case, w e  p r e f e r  t o  use the  following h i e r a r c h i a l  a lgori thm: 

Algorithm 11. L e t  i k ( j )  be such t h a t  s k ( i k ( j ) )  i s  our  choice of a (k+l)-  

p o i n t  s t e n c i l  f o r  [ y j  , y j + l I  Obviously we have to set  

(2.9a) 



-12- 

To choose i k + l ( j ) ,  w e  cons ider  as candida tes  t h e  two s t e n c i l s  

which a re  obtained by adding a po in t  t o  t h e  l e f t  of ( o r  t o  t h e  r i g h t  o f )  

s k ( i k ( j ) ) ,  r e spec t ive ly .  We select  t h e  one i n  which u is r e l a t i v e l y  

smoother, i.e., 

F i n a l l y  we se t  i ( j )  = i m ( j ) .  

Using Newton's form of i n t e r p o l a t i o n ,  w e  see t h a t  t h e  polynomials 

i q k ( x ) ) ,  1 1 k < m, corresponding t o  t h e  s t e n c i l s  ~k = s k ( i k ( j ) )  s e l e c t e d  

by Algorithm 11, s a t i s f y  t h e  r e l a t i o n  

- 

(x) = qk(x) + U[Sk+l1 n (x-y). 'k+1 (2.9e) 
YES 

This  shows t h a t  t he  choice made i n  (2.9d) selects  qk+l t o  be t h e  one t h a t  

d e v i a t e s  t h e  least  from qk. It is  t h i s  proper ty  t h a t  makes Algorithm I1 

meaningful a l s o  f o r  h i n  t h e  pre-asymptotic range. 
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3. EN0 RECONSTRUCTION WITH SWCELL RESOLUTION 

I 

I n  t h i s  s e c t i o n ,  w e  show how t o  modify t h e  EN0 r econs t ruc t ion  of t h e  pre-  

v ious  s e c t i o n  so as t o  a l low f o r  t he  recovery of d i s c o n t i n u i t i e s  i n  t h e  in- 

t e r i o r  of t h e  cells. To i l l u s t r a t e  t h e  procedure,  w e  f i r s t  cons ider  a d i s -  

cont inuous piecewise polynomial func t ion  w(x) of t h e  form 

x < Xd 

where PL(x) and P,(X) are polynomials of degree less o r  equal  s 

(3. lb)  

We assume t h a t  w(x) i s  a c t u a l l y  discont inuous a t  Xd¶ i.e., 

(3. IC) 

and t h a t  t h e  d i s c o n t i n u i t y  i s  loca ted  i n  t h e  i n t e r i o r  of t he  i n t e r v a l  Io 

(3. Id)  

(See F igure  la.) 

Next we denote  t h e  ce l l -averages  of w(x) i n  (3.1) by {Gj} and con- 

s i d e r  t h e  EN0 r e c o n s t r u c t i o n  R(x;w) app l i ed  t o  t h e s e  data .  To s i m p l i f y  

o u r  p r e s e n t a t i o n  l e t  us  denote t h e  polynomial de f in ing  R(x;w) i n  t h e  

cel l  Ij by R.(x;G). Clear ly ,  provided h is s u f f i c i e n t l y  small, t h e  

s t e n c i l s  ass igned  t o  cel ls  { I j } ,  j # 0, are s e l e c t e d  from t h e  smooth p a r t  of 
J 
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I 

t h e  function. Therefore ,  i t  fol lows from (2 .3)  - (2.5) t h a t  

R.(x;w) = P,(x) + O(hr) f o r  j < - 1  - J 

R(x;V) i n  Io does not  i n t roduce  spur ious  o s c i l l a t i o n s ,  however i t  does n o t  

provide an  a c c u r a t e  approximation t o  t h e  d i scon t inous  f u n c t i o n  w(x) e i t h e r  

( s e e  Fig. l b ) .  Using (3.2) and t h e  information contained i n  t h e  cel l -  

average wo, w e  can e a s i l y  r e c t i f y  t h i s  s i t u a t i o n  as follows: We extend 

R , l ( ~ ; W )  to a p o i n t  z i n  Io from t h e  l e f t ,  and extend R1(x;W) t o  

z from t h e  r i g h t  and then approximate t h e  l o c a t i o n  of t he  d i s c o n t i n u i t y  i n  

t h e  ce l l  IO by f i n d i n g  a va lue  of z t h a t  w i l l  fit t h e  ce l l  average 

wo ( s e e  Fig.  IC) .  

Fo(z)  = 0 where 

- 

- 
This is done by f i n d i n g  a roo t  of t h e  a l g e b r a i c  equa t ion  

. z  x1 /2 - 
- (3.3a) Fo(Z) = T; 11 R-l(x;w)dx + 1 R1 (x;w)dx} 1 

z x-l /2 

When h i s  s u f f i c i e n t l y  small, t h e  d a t a  nea r  t h e  ce l l  IO approach those  of 

a step-function. Therefore ,  as i n  (1.12) w e  expect t o  have 

(3.3b) 

(3.3c) F (8 ) = 0. 0 0  
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It fol lows from (3.2) t h a t  

(3.3d) 18, - xdl = O(hr). 

What w e  mean by "EN0 r e c o n s t r u c t i o n  with s u b c e l l  r e s o l u t i o n "  is t h e  modified 

EN0 r e c o n s t r u c t i o n  R(x;F) which is  defined i n  t h i s  case by 
A 

(3.4a) i . ( x ; a  = R . ( x ; a  f o r  j + 0 
J J 

RW1 (x;Ts) f o r  x < e o  

1 /2 R1 ( x ; 3  f o r  eo  < x < x 

A . (3.4b) Ro(x;G) = 

C l e a r l y  i t  fol lows from (3.2) and (3.3d) t h a t  R(x;w) is an  O(hr) 

approximation t o  w(x) i n  t h e  L1 sense,  foe. ,  f o r  any a and b 

We observe t h a t  if t h e  polynomial degree s i n  ( 3 . l d )  is  less or  equa l  

(r - 1) t hen  t h e  p r l m i t i v e  func t ions  of PL and PR are polynomials of 

deg ree  less o r  equa l  r, and t h e r e f o r e  Hr(x;w) in (2.5) i s  exac t  except a t  

Io. Hence, 

f o r  j < -1 (3 .6a )  R j ( x ; a  = P, (d  - 

f o r  j > 1, (3 .6b)  R .  J ( x ; a  = P,(x) - 

- i n  (3.3). Thus w e  have shown '0 - Xd and consequently 
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( 3 . 6 ~ )  

CI 

We tu rn  now t o  d e s c r i b e  t h e  a lgo r i thm d e f i n i n g  R(x;w) f o r  a g e n e r a l  
n 

piecewise-smooth f u n c t i o n  w(x). As i n  t h e  previous example w e  t a k e  R(x;Y) 

i n  I j  t o  be R.(x;w), u n l e s s  I j  i s  suspected of having a d i s c o n t i n u i t y  

of w(x) i n  i t s  i n t e r i o r .  I n  t h e  l a t te r  case w e  check whether 
J 

(3.7a) 

where 

z x j + l  /2 - 
- wj* 

R (x;w)dx + I R j+l (x;w>dxl 1 
j-1 (3.7b) F . ( z )  = K  {J 

J Z j-112 X 

j '  
I f  (3.7a) holds ,  t h e n  t h e r e  is  a r o o t  z = 8 

(3.7c) F . ( 8 . )  J J  = 0, X j-1/2 L * j  L xj+1/2 

n 

i n  t h e  cel l  Ij, and w e  d e f i n e  R(x;w) i n  t h i s  ce l l  t o  be 

I f  (3.7a) does no t  ho ld  (which means t h a t  e i t h e r  t h e r e  i s  no r o o t  i n  'Ij, 

o r  t h a t  there is  an even number of r o o t s  i n  

R (x;;). 

I j ) ,  we t a k e  g . ( X ; q  t o  be 
J 

j 

L e t  u be some measure of t h e  non-smoothness of t h e  r e c o n s t r u c t i o n  
j 

R(x;w) i n  I j ,  e.g., 
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(3.8a) 

or a combination of such derivatives. Our algorithm identifies cells which 

I 
I are suspect of harboring a discontinuity of w ( x ) ,  as those which attain a 

local maximum of %on-smoothness" of the reconstruction, i.e., 

We summarize the algorithm defining i(x;w) by: 

If 

otherwise 

(3.9c) 

In an Appendix, we present analysis which motivates the choice of condi- 

tion (3.8b). In the following we make several remarks and observations 

about R ( x ; w ) ,  the "EN0 reconstruction with subcell resolution." 
A 
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(1) i(x;z) is indeed essentially non-oscillatory (ENO). This follows from 

the fact that local maxima are isolated, i.e., if (3.8b) holds for 

it cannot hold for neither Ij-l nor Tj+le Consequently, if R(x;~;) 

is defined in T j  by the discontinuous (3.9b), then in Ij-l and 

I j , l  

I j ,  
n 

it is defined by (3.9c), i.e., 

(2) If, as i n  the example (3.1), there is a discontinuity of w(x) in the 

interior of TO, then 

where k is the order of the derivative used in (3.8a). 

Therefore, provided h is sufficiently small, we get that 

(3.1 l b )  a. > (7-1, Uo > al, 

and a lso  as i n  (3.3b) 

A 

This shows that R(x;w), as defined by the general algorithm (3.9), will 

recover any real discontinuity of w(x). 
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(3 )  We observe t h a t  condf t ion  (3.9a) may hold a l s o  i n  t h e  smooth p a r t  of 

w(x) near a l o c a l  maximum of Id%/dxkl In  t h i s  case t h e  a lgor i thm 

in t h e  i n t e r i o r  of Ij. However, p l aces  a d i s c o n t i n u i t y  a t  

because of t h e  smoothness of w(x) the re  and (1.6a), w e  have 
' j  

(3.12) 

Consequently t h e  jump is of t h e  s i z e  of t h e  r econs t ruc t ion  e r r o r  

We recall t h a t  t h e  o r i g i n a l  EN0 r econs t ruc t ion  i s  d iscont inuous  a t  

O(hr), 

{ x j  + 1 / 2 1 
two d i s c o n t i n u i t i e s  a t  xj-1/2 and xj+1/2 by a s i n g l e  one a t  e j .  

Therefore ,  t h e  e f f e c t  of the a lgor i thm (3.9) i s  to replace t h e  

1 

( 4 )  We observe t h a t  i n  o r d e r  to evalua te  R.(x;w) i n  a ce l l  I j  which 
J 

ctiilt~iiiis a d i s c o n t i n u l t y  a t  0 we have t o  f i n d  out  whether x > ei 

to be t h e  only roo t  of F .  (e .) = 0 i n  o r  x < e  

Ij,  as is the  case € o r  a real d i s c o n t i n u i t y ,  w e  can use  t h e  l o g i c  of the 

j' d 

J J  
Assuming 

j '  

1 

i n t e rva l -ha lv ing  technique  to eva lua te  R.(x;E) without  a c t u a l l y  J 
To do so w e  c a l c u l a t e  F . (x)  and compare i t s  s i g n  wi th  

J computing e , 

4. A SECOND ORDER ACCURATE EN0 SCHEME WI"E SUBCELL RESOLUTION 

I n  t h e  fo l lowing  w e  d e s c r i b e  how to  inco rpora t e  t h e  r e c o n s t r u c t i o n  wi th  

s u b c e l l  r e s o l u t i o n  i n t o  t h e  EN0 schemes, so as t o  improve t h e i r  r e s o l u t i o n  of 
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l i n e a r  d i scon t inu i  ies. I n  t h i s  s e c t i o n ,  w e  p re sen t  t h e  de r iva t -on  of ( 131, 

which i s  an  improved v e r s i o n  of t h e  second o r d e r  a c c u r a t e  MLJSCL-type scheme 

(1.11). I n  t h e  next s e c t i o n ,  w e  s h a l l  g e n e r a l i z e  t h e s e  i d e a s  t o  any o r d e r  of 

accuracy. 

We s tar t  wi th  t h e  piecewise-parabol ic  r e c o n s t r u c t i o n  R(x;w) which is 

def ined  by (2.4) wi th  r = 3, i.e., 

d 
dx 3 R(x;G) = - H (x;W) (4. l a )  

where W i s  t h e  p r i m i t i v e  func t ion  (2. lb)  of w(x), and H3(x;W) i s  a 

piecewise-cubic EN0 i n t e r p o l a t i o n .  L e t  i = i ( j )  be t h e  l e f t  endpoint  of t h e  

s t e n c i l  

) by (2.8) o r  (2.9) o r  some o t h e r  EN0 technique;  (xj-1/29 xj+1/2 

j - 2 - -  < i < j. The parabola  desc r ib ing  R(x;G) i n  (xj-112, xj+1/2) is  

given by 

(Xi-1/2, Xi+1/29 xi+3/2,  xi+5/2) ass igned  t o  t h e  i n t e r v a l  

(4. l b )  
d3H3(x;W) = (wi+2 - 2Vi+1 + Gi)/h 2 

3 c =  
dx j 

2 
d H3(x;w) - 

(4. IC)  s =  2 I x=x = (wi+l - wi)/h + ( j  - i - 1/2)hC j 
dx j j 

(4. I d )  

U s i n g  t h e  a lgor i thm descr ibed  i n  (3.9) w e  now d e f i n e  i(x;w), which 

modi f ies  R(x;w) i n  (4.1) so  t h a t  i t  inc ludes  a d i s c o n t i n u i t y  i n  t h e  

i n t e r i o r  of each ce l l  I j  which meets cond i t ion  (3.9a). I d e a l l y ,  w e  would 

l i k e  t o  use t h e  scheme 
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, which is  t h i r d  o r d e r  a c c u r a t e  i n  L1-sense ( b u t  only second-order a c c u r a t e  i n  

I t h e  maximum norm). However, t h e  proper  approximation of t h e  numerial f l u x  of 

(4.2) i s  much more complicated than ( l . l l ) ,  s i n c e  i t  is one o r d e r  more 
I 

I a c c u r a t e  i n  t i m e ,  and on top  of i t  one has t o  account f o r  d i s c o n t i n u i t i e s  

I c r o s s i n g  t h e  boundaries of t h e  cell  during t h e  time-step. Bearing i n  mind 

t h a t  t h e  main f a u l t  i n  t h e  MUSCL-type scheme (1.11) t h a t  w e  want t o  c o r r e c t  i s  

t h e  smearing of l i n e a r  d i s c o n t i n u i t i e s ,  we se t t le  €or t h e  s imple r  second o r d e r  

scheme (1.131, which w i l l  be i d e n t i c a l  t o  (4.2) only i n  t h e  cons t an t  co- 

e f f i c i e n t  case. 

Our b a s i c  scheme remains 

(4.3a) 

w i th  t h e  piecewise l i n e a r  r e c o n s t r u c t i o n  

(4.3b) 
- 

L(x;;;) = w + s (x - x . )  X E  xj; 
j j  J 

as i n  (1.11) we approximate i ts  numerical f l u x  by 

(4.4a) 

where 
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We t a k e  Sj  i n  (4.4b) t o  be (4 . lc ) ,  and observe t h a t  by (2.3b) 

which is  one o rde r  h ighe r  t han  (1.9b). Consequently,  as t h e  UNO scheme of 

Har ten  and Osher [7], t h i s  scheme is t r u l y  second o r d e r  i n  a l l  Lp norms 

( u n l i k e  TVD schemes which are f i r s t - o r d e r  i n  L, and second o r d e r  on ly  i n  

L1)' 

We in t roduce  s u b c e l l  r e s o l u t i o n  i n t o  t h e  scheme by modifying its numer- 

i c a l  f l u x  t o  be (1.13), i .e.,  w e  cons ide r  t h e  scheme 

In t h e  constant  c o e f f i c i e n t  case, 

u + au  = 0, a = cons t .  t x (4.6) 

A 

w e  d e f i n e  gj+1/2 t o  be 

S ince  in the  cons tan t  c o e f f i c i e n t  case 

(4.7b) 



-23- 

w e  g e t  t h a t  

(4.7c) 

Th i s  shows t h a t  i n  t h e  cons t an t  c o e f f i c i e n t  case (4.6),  t h e  scheme (4.5) i s  

i d e n t i c a l  t o  (4.2). Consequently, i t  is exac t  f o r  d i scont inuous  p a r a b o l i c  

d a t a  of t h e  form (3.1). 
_- 

i n  t h e  cons t an t  c o e f f i c i e n t  

case (4.7a); t h i s  w i l l  l a t e r  be genera l ized  t o  t h e  non l inea r  case by "freez-  

ing" t h e  c h a r a s t e r i s t i c  speed w i t h i n  t h e  cell .  

gj+1/2 Next we d e r i v e  an  express ion  f o r  

I n  the cons tan t  c o e f f i c i e n t  case, (4.7a) can be r e w r i t t e n  as 

(4.8) 

F i r s t  l e t  us assume a > 0. When 

(4.9a) 

t hen  
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and w e  have t o  f i n d  ou t  whether (xj+l /2  - a T )  
is l a r g e r  on smaller than  

We recall t h a t  f o r  (4.10a) t o  hold t h e  r e l a t i o n s  
j' 

e 

have t o  be s a t i s f i e d ,  where F j ( z )  i s  def ined  by (3 .7b) .  Using t h e  b a s i c  

i d e a  of the in t e rva l -ha lv ing  method f o r  c a l c u l a t i n g  a roo t  of a l g e b r a i c  equa- 

t i o n s ,  w e  can f i n d  ou t  i n  which of t h e  two cases w e  are i n  without  ac t i i a l ly  

c a l c u l a t i n g  8 ( s e e  Remark (4)  a t  t h e  end of t h e  previous s e c t i o n ) .  All 

w e  have t o  do is  t o  compute and compare i t s  s i g n  to that 

of F j ( ~ j - 1 / 2 ) ,  i.e. , 

j 

Fj(xj+l /2-  a T )  

-a'c < e  
j ( 4 . 1 0 ~ )  j ( x j + l  / 2  - aT1-F j (x j-1/2 > O xj+1/2 

To express t h e  i n t e g r a l  i n  (4.8) l e t  us  in t roduce  t h e  n o t a t i o n  

- aT  > e w e  get from (4.8) and (4-10a) t h a t  
*j+1/2 - 3 '  I n  case 
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- a.r < 8 w e  use t h e  fac t  t h a t  
j + l / 2  j '  

When x 

n n j + 1 / 2  
X 

R(x;v )ax = v LI h j 
xj-1/2 

t o  expres s  t h e  i n t e g r a l  i n  (4.8) by 

n 
X j+1/2 A X j+l /2'aT A x j + l  /2-aT 

I 
xj+l/2-aT 

R (x;v )dx; j-1 
R(x;vn)dx = hv?- I R(x;vn)dx = hv?- I 

J 
j -1 /2  xj-1/2 

J X  

Rearranging terms w e  g e t  i n  t h i s  case 

n 

To summarize, t h e  d e f i n i t i o n  of gj+1/2 i n  t h e  case a > 0 is: 

(4.13a)' 
j '  

T i j + l / 2  = a.r (v - 1)(2v - l)h2C 

u n l e s s  t h e  d i s c o n t i n u i t y  cond i t ion  (3.9a) holds  f o r  

d e f i n e  

I j ;  i n  t h e  l a t t e r  case w e  

S i m i l a r l y  f o r  a < 0 w e  g e t :  
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(4.13a)- 

u n l e s s  the d i s c o n t i n u i t y  cond i t ion  (3.9a) ho lds  f o r  

d e f i n e  

Ij;  i n  t h e  l a t t e r  case w e  

(4.13b)- 

Note t h a t  t h e  express ions  (4.13) are formulated as t h e  c o n t r i b u t i o n  of t h e  

c e l l  I j  t o  t h e  numerical  f l u x  g. Thus, i f  a > 0, t h e  c o n t r i b u t i o n  of 

from t h e  I c e l l  goes t o  gj+1/2, whi le  if a < 0 t h i s  c o n t r i b u t i o n  goes 

n 

A 

j 
A 

t o  gj-1/2' 

I n  s e c t i o n  6 ,  w e  extend t h e  s u b c e l l  r e s o l u t i o n  i d e a s  t o  t h e  Eu le r  equa- 

t i o n s  of gas dynamics. S ince  shocks are h igh ly  reso lved  by t h e  o r i g i n a l  EN0 

scheme, w e  apply s u b c e l l  r e s o l u t i o n  only t o  t h e  l i n e a r l y  degenera te  

c h a r a c t e r i s t i c  f i e l d  i n  o r d e r  t o  improve t h e  r e s o l u t i o n  of con tac t  d i s -  

c o n t i n u i t i e s .  I n  t h i s  case t h e  c h a r a c t e r i s t i c  speed, which is t h e  v e l o c i t y  of 

t h e  flow, is not  a cons tan t  but a f u n c t i o n  of t h e  s o l u t i o n  i t s e l f .  Neverthe- 

less,  w e  u s e  t h e  same express ions  as in (4.131, except  t h a t  a in I i s  
j 

r ep  1 aced by a j ,  and v = Xa.. We compute t h e  c o r r e c t i v e  f l u x  g i n  t h e  

fo l lowing  way: F i r s t  w e  p r e s e t  g = 0, and then  w e  sweep over  t h e  mesh and 

J 
n 

..a 

c o l l e c t  con t r ibu t ions  t o  g from each cel l :  I f  a .  > 0 w e  add t h e  RHS of 

(4.13)+ t o  ij+l/2; i f  a j  < 0 w e  add t h e  RHS of (4.13)- t o  gj-1,20 

Note t h a t  i f  aj+l < 0 and a j  > 0, then  gj+1/2 g e t s  c o n t r i b u t i o n s  from 

both Ij and Ij+lo 

J 
A 

A 
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5. KXTENSION M EIGE ORDER OF ACCURACY 

I n  t h i s  s e c t i o n ,  w e  d e s c r i b e  t h e  ex tens ion  of t..e EN0 scheme wi th  s u b c e l l  

r e s o l u t i o n  to- a r b i t r a r i l y  h igh  o rde r  of accuracy. As i n  t h e  second o r d e r  case 

(4.5),  we i n t roduce  s u b c e l l  r e s o l u t i o n  t o  t h e  high o r d e r  a c c u r a t e  EN0 schemes 

v i a  a c o r r e c t i v e  f l u x  
A 

i.e., we cons ide r  t h e  modified scheme g j + l / 2  9 

(5. l a )  

(5. l b )  

We r e f e r  t h e  

r e a d e r  t o  [8] f o r  more d e t a i l s .  Let L(x;w) be an r-th o r d e r  a c c u r a t e  

r e c o n s t r u c t i o n  of w(x), such t h a t  

4 N O  
f j+1/2e F i r s t ,  w e  d e s c r i b e  b r i e f l y  t h e  d e r i v a t i o n  of 

(5.2a) 

A s  befo re  w e  denote  t h e  (r-1)-th degree polynomial d e s c r i b i n g  L(x;W) i n  

Ij by L.(x;w), and express  i t  i n  t h e  fol lowing Taylor  expansion 
J 

(5.2b) L(x 3. = 1 - (x - x.1 9 D = - r-1 'k k - dk 

J dx k j '  k! J k=O 

L e t  u . ( x , t )  be t h e  s o l u t i o n  t o  the i n i t i a l  va lue  problem J 

u + f ( d X  = 0, u(x,O) = LAX;;). 
t J 

(5.3a) 

S ince  t h e  i n i t i a l  d a t a  i n  (5.3a) are a n a l y t i c ,  w e  know from t h e  Cauchy- 
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Kowalewski theorem t h a t  u . ( x , t )  e x i s t s  un ique ly  and it  i s  a n a l y t i c  f o r  some 

t i m e  0 < t < tc. Therefore ,  i t s  Taylor  expansion around x = x j  and t = 0 
J 

- -  

(5.3b) 

(5.3b) u . ( x  ,o>, - - a k  
m,k-m atmaxk-m J j 

Ti 

i s  v a l i d  f o r  0 - -  < t < tc and x s u f f i c i e n t l y  c l o s e  t o  xj Using (5.3) w e  

d e f i n e  v . ( x , t )  t o  be t h e  t runca ted  Taylor  expansion J 

(5.4a) 

(5.4b) 

N 

The c o e f f i c i e n t s  Dm, k-m i n  (5.4a) can be computed d i r e c t l y  from t h e  

known c o e f f i c i e n t s  (‘25,) i n  (5.2b) ( n o t e  t h a t  Bo, k = 5,) by success ive  

d i f f e r e n t i a t i o n  of t h e  p a r t i a l  d i f f e r e n t i a l  equat ion  and subs t i tu t ion- -see  181 

for d e t i a l s .  

F ina l ly ,  us ing  an  appropr i a t e  numerical  quadra ture  t o  approximate t h e  

t o  be $%NO i n t e g r a l  i n  (1.5a),  w e  d e f i n e  
j+1,2 

(5.5) 

Here Bk and y k  are t h e  c o e f f i c i e n t s  of t h e  numerical  quadrature .  In 

I n  1 - t h e  second o rde r  case w e  use  t h e  mid-point r u l e :  

t h e  t h i r d  and f o u r t h  o rde r  case w e  use  t h e  Gaussian quadrature:  K = 2,  

K = 1, B = 1, yk - 7 . k 
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Note t h a t  t h e  second- 1 
2 = - (1 + 1 / 4 3 .  1 1 

B 1  = B 2  = T ,  y 1  = y (1 - 1 / 4 3 ,  Y2 

o r d e r  a c c u r a t e  scheme (1.11) is i d e n t i c a l  t o  (5.5) w i th  r = 2. 

Next w e  d e s c r i b e  t h e  d e r i v a t i o n  of t h e  c o r r e c t i v e  f l u x  
A 

gj+1,2 in 

(5 . lb) .  L e t  R(x;F) be ano the r  r econs t ruc t ion  of w(x) which is at: least 

r - t h  o r d e r  accu ra t e .  Using t h e  algorithm ( 3 . 9 )  w e  d e f i n e  i (x ;w) ,  i t s  

modified v e r s i o n  with s u b c e l l  r e so lu t ion .  A s  i n  t h e  second o r d e r  case (4.7a) 
A 

w e  d e f i n e  gj+1/2 i n  t h e  cons t an t  c o e f f i c i e n t  case t o  be 

L Xj+l/2-m 

We no te  t h a t  r e l a t i o n s  (4.7b) - (4.712) hold f o r  any r; t h e r e f o r e ,  we can 

s t a t e  t h a t  t h e  scheme ( 5 , 1 )  i n  the constant  c o e f f i c i e n t  case is i d e n t i c a l  t o  

(4.2) i n  general .  Consequently, i f  t h e  r e c o n s t r u c t i o n  R(x;w) i s  exac t  f o r  

smooth polynomial d a t a  of degree r, then t h e  EN0 scheme with s u b c e l l  resolu-  

t i o n  (5.1) i s  exact  f o r  a l l  i n i t i a l  d a t a  of discont inuous piecewise-polynomial 

f u n c t i o n s  of degree less o r  equal  r. 

L e t  u s  denote 

(5.7a) 

(5.7b) 

A 

Using t h e s e  n o t a t i o n s  w e  can e v a l u a t e  gj+1/2 by t h e  fo l lowing  expres s ions :  
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If a ’< 0 ,  then 



We observe t h a t  up t o  t h i s  po in t  we have not  s p e c i f i e d  L(x;w) and 

R(x;w). One p o s s i b i l i t y  i s  t o  g e n e r a l i z e  t h e  set up of t h e  second o r d e r  

I a c c u r a t e  scheme i n  s e c t i o n  3 as follows: L e t  r be t h e  d e s i r e d  o r d e r  of 

~ accuracy of t h e  scheme. We s t a r t  with a r e c o n s t r u c t i o n  v i a  p r i m i t i v e  func- 

t i o n  R(x;w) which is  one o r d e r  higher ,  i.e., 
I 

1 

h e r e  W is  the  p r i m i t i v e  f u n c t i o n  of w, and Hr+l i s  t h e  EN0 i n t e r p o l a t i o n  

of section 2. A s  before we &note the pelynomial of degree r d e f i n i n g  

R(x;G) i n  T j  by R. (x ;w) ,  and rewrite (5.9a) as a f i n i t e  Taylor  

expansion: 

J 

Dk k dk+l 
R.(X;G) = 1 k! ( X  - X . )  9 Dk = p H  (x  k+l r+l j '  

dx J 
(5.9b) 

k=O J 

0 

2-k/(k+l) ! 
' k P  1 f o r  k odd 

f o r  k even 

. 

Using (5.9b) w e  now d e f i n e  L(x;w) t o  be 

(5. loa) 

where 

(5. l o b )  
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L (x;W) i s  a polynomial of degree (r - 1 )  which r e c o n s t r u c t s  w(x) 
j 

i n  I t o  O(hr). We observe t h a t  
j 

( 5 . 1 0 ~ )  

t h i s ,  as ( 4 . 4 )  does i n  t h e  second o r d e r  case, e l i m i n a t e s  some of t h e  non- 

smoothness i n  t h e  r e c o n s t r u c t i o n  e r r o r  which is  due t o  t h e  adap t ive  cho ice  of 

s t e n c i l s .  Consequently, t h e  EN0 scheme based on t h i s  r e c o n s t r u c t i o n  is r- th  

o r d e r  accu ra t e  i n  a l l  Lp norms, i n c l u d i n g  t h e  maximum norm. Note t h a t  t h e  

c o r r e c t i o n  t o  t h e  f i r s t  term i n  t h e  RHS of (5.10a) t a k e s  c a r e  of t h e  conserva- 

t i o n  property (5.2a), i.e., 

- 1 - J' L.(x;Z)dx = w 
j '  h I  

(5.10d) 

j 

Remark: There are o t h e r  reasonable  choices  of L(x;w) and R(x;V). 

We may choose 

(5.11) 

or even 

d d 
dx r ax rtl L(x;G) = - H  (x;W), R(x;G) = - H (x;W) 

d 
dx r (5.12) L(x;w) E R(x;w) - H (x;;); 

L 

i n  t h e  l a t te r  case is much s imple r  gj+1/2 
n o t e  t h a t  the expres s ion  f o r  
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6. EULER EQUATIONS OF GAS DYNAMICS 

I n  t h i s  s e c t i o n ,  we d e s c r i b e  how to  apply t h e  scheme (5.1) t o  t h e  Eu le r  

equa t ions  of gas dynamics f o r  a po ly t rop ic  gas: 

(6. l a )  

(6. l b )  

(6. I C )  f ( u )  = qu + (O,P,qP)T 

Here p,q,P and E are t h e  dens i ty ,  v e l o c i t y ,  p r e s s u r e  and t o t a l  energy, 

respectively; n: = p q  is the mnwntom and y is  t h e  r a t i o  of s p e c i f i c  

h e a t s .  

The eigenvalues  of t h e  Jacobian matrix A(u)  = af/au are 

where c = (yP/p) 1’2 is  t h e  sound speed. 

The corresponding r ight-eigenvectors  are 

h e r e  
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(6.2~) 
2 1 2  H = (E + P) /p  = c /(y - 1) + 7 q 

is the enthalpy. 

To compute a left-eigenvector system {lk(u)] which is bi-orthonormal 

to {rk(u)} in (6.2b), we first form the matrix T(u), the columns of which 

are the right-eigenvectors in (6.2b) 

and then define lk(U) to be the k-th row in l!-'(u), the inverse of T(u). 

We get 

where 

2 (6.2e) bl = (y - l)/c 

(6.2f) 

Given {v;], approximation to {C(xj,tn)], we use (6-M) - (6.2f) to 
- k n  w (v.1 i J  

evaluate the locally defined characteristic variables 
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Note t h a t  j i s  f ixed  in (6.3a) while  i v a r i e s  over t h e  po in t s  which 

are  r e l e v a n t  t o  t h e  s e l e c t i o n  of t h e  s t e n c i l  f o r  t h e  c e l l  Thus, t h e  

should be regarded in t h i s  contex t  as a n 3  e igenvec to r  system 

c o n s t a n t  system of coord ina tes .  Next we apply our  scalar a lgor i thm t o  each of 

t h e  l o c a l l y  def ined  c h a r a c t e r i s t i c  va r i ab le s  i n  (6.3a), i.e., w e  se lect  a 

( p o s s i b l y  d i f f e r e n t )  s t e n c i l  f o r  each of t h e  c h a r a c t e r i s t i c  v a r i a b l e s  and de- 

f i n e  R.(x;w ) by ( 5 . 9 ) ;  then we combine t h e s e  scalar r econs t ruc t ions  by 

Ij. 

( 2  ( v .  1) k=l 
k J  

4 
J 

(6.3b) 

A s  in s e c t i o n  5 w e  rewrite t h e  r-th degree polynomial (6.3b) as a f i n i t e  

Taylor  expansion, except  t h a t  now the  c o e f f i c i e n t s  {Dk} in ( 5 . 9 )  are 

vec tors .  With t h i s  convent ion i n  mind w e  proceed t o  d e f i n e  t h e  vec to r  recon- 

s t r u c t i c n  L.(x;vn)  and t h e  numerical f l u x  <+,12 No by ( 5 . 1 0 )  and ( 5 . 5 1 ,  

r e spec t ive ly .  
J 

CI 

which in t roduces  t h e  

s u b c e l l  r e s o l u t i o n  t o  t h e  numerical f l ux  ( 5 . 1 ) .  A s  w e  have mentioned ear l ie r  

in t h i s  p a p e r ,  w e  use  s u b c e l l  r e so lu t ion  only in t h e  l i n e a r l y  degenera te  f i e l d  

(k = 2 i n  (6.2)) i n  o rde r  t o  improve t h e  r e s o l u t i o n  of contac t  d i scon t inu i -  

t i es .  We do s o  by apply ing  t h e  algori thm ( 5 . 8 )  s c a l a r l y  t o  t h e  l i n e a r l y  

degenera te  c h a r a c t e r i s t i c  f i e l d  k = 2 as fol lows:  

gj+1/2  9 
We t u r n  now t o  desc r ibe  t h e  vec tor  

We d e f i n e  

n 
j+l J 

z xj+l /2 
R (x;vn)dx - hv.) 1 n (x;vn)dx + I 

Rj-l z 
(6.5) F.(x) = K k2(v j>  {J 

J 
*j-112 
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and s i m i l a r l y  

(6.6a) 

The c h a r a c t e r i s t i c  speed of t h e  l i n e a r l y  degenerate  f i e l d  i s  t h e  flow 

v e l o c i t y  q; which can be of d i f f e r e n t  s i g n  i n  d i f f e r e n t  regions.  The d e f i n i -  

i n  (5.8) i s  formulated as t h e  c o n t r i b u t i o n  of t h e  ce l l  tion of 

t o  the numerical  f l ux .  Therefore ,  it is convenient t o  program t h e  

A 

gj+1/2 

I j  

c a l c u l a t i o n  of t h e  numerical f l u x  i n  t w o  s t a g e s :  F i r s t  we e v a l u a t e  

(6.7) 

by (5.5) f o r  a l l  j .  Then w e  sweep over  t h e  mesh aga in  and c o l l e c t  t h e  con- 

t r i b u t i o n  of each ce l l  to t h e  numerical f l ux .  Using FORTRAN conventions t h i s  

can be described by: 

If q? > 0 then  
J 

If q? < 0 then  
J -  

(6.8)- 
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Next we check whether the discontinuity condition 

, is satisfied. If one or more of the inequalities in (6.9) is not true, we 

move on to the next cell. If all the inequalities in (6.9) are true we pro- 

ceed to calculate as follows 
I 
~ If q; > 0, then 
I 

and 

~ (6. lob)+ 

If q; 5 0, then 

(6. lob)' 

Once we have completed the calculations in (6.10) we move on to the next 

cell. 
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7, NOMERICAL EXPERIMENTS 

In t h i s  s e c t i o n ,  w e  p re sen t  r e s u l t s  of s e v e r a l  computer experiments  wi th  

t h e  EN0 schemes (5.5) and t h e i r  modified ve r s ion  wi th  s u b c e l l  r e s o l u t i o n  

(5.1); w e  r e f e r  t o  t h e  l a t t e r  as ENO/SR. 

I n  a l l  t hese  experiments  w e  have used 

(7.1) 

and s i m i l a r l y  k = 1 i n  ( 6 . 4 )  f o r  systems. In a l l  t h e  c a l c u l a t i o n s  repor ted  

i n  t h i s  s e c t i o n  we have used a CFL number of 0.8. The cont inuous l i n e  i n  

F igures  2 - 8 r e p r e s e n t s  t h e  exac t  so lu t ion .  The circles i n  a l l  F igures  

r ep resen t  values  of R(xj ;vn)  a t  t h e  t i m e  s p e c i f i e d .  

We s t a r t  wi th  t h e  scalar cons tan t  c o e f f i c i e n t  problem 

u + u = 0, u(x,O) = uo(x) ,  -1 - -  < x < 1 t X 
(7.2) 

w i t h  pe r iod ic  boundary cond i t ions  a t  x = *l. I n  t h i s  case, we t ake  

F i r s t ,  w e  p resent  numerical  experiments w i th  t h e  h igh ly  d iscont inuous  i n i t i a l  

d a t a  
1 3 2  -1 < x < -3 

1x1 < 7 
-xs idT  I T X  ) 

1 1 s i n ( 2 r x )  I I 2x-l-sin( 3nx)/6 + < X < l  

u (x + 0.5) = 0 (7.4a) 

Note t h a t  the RHS of (7.4a) i s  s h i f t e d  by (-0.5) f o r  purposes of d i sp lay .  We 
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i n i t i a l i z e d  t h e  c a l c u l a t i o n  by t ak ing  

where Uo is  t h e  p r imi tve  func t ion  of uo(x). I n  F i g u r e s  2 t o  6 ,  w e  show 

r e s u l t s  wi th  h = 1/30 (i .e. ,  60 cells) a t :  (a) t = 2 ( a f t e r  1 per iod = 75 

t l m e  s t e p s ) ,  (b)  t = 8 ( a f t e r  4 per iods  = 300 t ime-steps) .  In Figure  2, w e  

I 

I 
~ 

I show f o r  sake of comparison t h e  r e s u l t s  o f  t h e  MUSCL-scheme (1.11) wi th  a 

1 s l o p e  sn def ined  by 
I j 

he re  m(x,y,z) is t h e  minmod f u n c t i o n  

In Figure  3, w e  p re sen t  r e s u l t s  of t h e  second-order accu ra t e  EN0 scheme (4.3),  

and in Figure  4 w e  show results of the corresponding second o rde r  a c c u r a t e  

ENO/SR (4.5) wi th  (4.13)'. In Figure 5, w e  p r e s e n t  t h e  r e s u l t s  of the four th-  

o r d e r  a c c u r a t e  EN0 scheme (5.5) wi th  r = 4, and i n  Figure 6 w e  show the  

corresponding r e s u l t s  of t h e  fourth-order  a c c u r a t e  ENO/SR (5-1) .  

1 

Next w e  demonstrate  t h e  kind of accuracy t o  be expected from t h e s e  

methods i n  smooth problems by c a l c u l a t i n g  a refinement sequence f o r  t h e  

p e r i o d i c  cons t an t  c o e f f i c i e n t  problem (7.2) w i t h  i n i t i a l  d a t a  

uo(x) = s in(ax) .  



-40- 

1 1 1  I n  Table 1, we show t h e  r e s u l t s  a t  t = 2 w i t h  h = , , (i.e., 8, 

16, and 32 cel ls ,  r e s p e c t i v e l y ) .  The q u a n t i t y  rc i n  t h i s  t a b l e  i s  t h e  

"computational o r d e r  of accuracy" which i s  eva lua ted  from two s u c c e s s i v e  cal- 

c u l a t i o n s  by assuming t h e  e r r o r  to be a cons t an t  t i m e  h ; c l e a r l y  t h i s  rC 

d e f i n i t i o n  is  meaningful only f o r  h s u f f i c i e n t l y  small. 

We tu rn  now to p r e s e n t  numerical  experiments w i th  t h e  Eu le r  equa t ion  of 

gas dynamics (6.1). I n  t h e s e  c a l c u l a t i o n s  w e  t a k e  y = 1.4 and fR(u1,u2)  

- - fRoE(U1 ,u2 ) ,  where 

with 

= a,(G)(u2- u l ) ;  6 k  (7.6b) 

h e r e  ak, t k  and r k  are t h e  e igenva lues  and t h e  l e f t -  and r i g h t -  

e igenvec to r s ,  r e spec t ive ly .  u i s  a p a r t i c u l a r  average of u1 and u2 

which is  defined by: 

n 

here  < > denotes  a r i t h m e t i c  average, i.e. 

<b> = (b l  + b2)-  

In Figures 7 and 8, w e  show r e s u l t s  of t h e  Riemann i n i t i a l  va lue  problem 



x < o  f uL 
(7.7a) 

w i th  

These c a l c u l a t i o n s  were performed wi th  100 cel ls ,  h = 0.1, CFL = 0.8 and 85 

time-steps.  I n  F igure  7, we show t h e  dens i ty  computed by t h e  second o r d e r  EN0 

scheme and in Figure  8 w e  show t h a t  of the  corresponding ENO/SR. 

F i n a l l y ,  w e  p re sen t  numerical  s o l u t i o n s  t o  t h e  problem of two i n t e r a c t i n g  

b l a s t  waves: 

0 < x < 0.1 - 
0.1 < x < 0 ; 9  

0.9 < x < 1 

- . .I  U\A,o) 1. 

- 

where 

t h e  boundaries  a t  x = 0 and x = 1 are s o l i d  w a l l s .  This  problem w a s  

sugges ted  by Woodward and C o l e l l a  as a test  problem; we r e f e r  t h e  r eade r  t o  

[ 121 where a comprehensive comparison of t h e  performance of va r ious  schemes 

f o r  t h i s  problem i s  presented. We r e f e r  t h e  r eade r  t o  [81 f o r  a d e t a i l e d  

d e s c r i p t i o n  of t h e  implementation of the s o l i d  w a l l  boundary cond i t ion  i n  t h e  

EN0 schemes. 
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I n  Figure 9, w e  show t h e  d e n s i t y  a t  t = 0.038 c a l c u l a t e d  by t h e  second 

o r d e r  accura te  ENO/SR wi th  800 cells and CFL = 0.8. The clrcles i n  t h i s  

f i g u r e  represent  va lues  of R(x p n ) ;  the continuous l i n e  i s  j u s t  t h e  

piecewise- l inear  i n t e r p o l a t i o n  of t h e s e  values .  Comparing t h e s e  r e s u l t s  t o  

t h e  s o l u t i o n  presented  by Woodward and C o l e l l a  i n  [12] ,  w e  f i n d  t h a t  .It shows 

j '  

a l l  t h e  important f e a t u r e s  of t h e  va r ious  i n t e r a c t i o n s  and thus  can be con- 

s i d e r e d  a "converged" so lu t ion .  We use t h i s  p iecewise- l inear  i n t e r p o l a t i o n  of 

t h e  c a l c u l a t l o n  wi th  800 ce l l s  as t h e  "exact so lu t ion ' '  i n  F igures  10 and 11. 

The c i r c l e s  i n  Figures  10 and 11 are recons t ruc t ed  va lues  of d e n s i t y  i n  a 

c a l c u l a t i o n  wi th  200 cells. I n  Figure 10, w e  show t h e  c a l c u l a t i o n  by t h e  

second order  accu ra t e  EN0 scheme; i n  Figue 11 w e  show t h e  r e s u l t s  of t h e  

corresponding ENO/SR. 

I n  t h e  fol lowing,  w e  make s e v e r a l  remarks and obse rva t ions  concetning t h e  

numerical  r e s u l t s  presented  i n  t h i s  s ec t ion .  

(1) I n  a l l  our c a l c u l a t i o n s  w e  f i n d  t h a t  t h e  s u b c e l l  r e s o l u t i o n  technique  is  

capable of producing p e r f e c t l y  reso lved  l i n e a r  d i s c o n t i n u i t i e s .  Observe 

t h a t  i f  R(x;vn) has  a s i n g l e  in t e rmed ia t e  va lue  a t  a d i s c o n t i n u i t y  then  

t h i s  d i s c o n t i n u i t y  is  p e r f e c t l y  reso lved  by i(x;v").  

(2 )  When we s tudy  t h e  e f f e c t  of h igher  formal  o rde r  of accuracy i n  t h e  calcu-  

l a t i o n  of d i scont inuous  d a t a  by t h e  EN0 schemes, w e  f i n d  t h a t  t h e  most 

no t i cab le  improvement is due t o  t h e  r educ t ion  i n  smearing of t h e  l i n e a r  

d i s c o n t i n u i t i e s .  However, when w e  compare t h e  second o r d e r  and t h e  

fou r th  o r d e r  ENO/SR schemes w e  see t h a t  t h e  improvement is  p r imar i ly  due 

t o  higher  accuracy i n  t h e  smooth p a r t  of t h e  so lu t ion .  Consequently, 
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t h e r e  is not s ense  i n  going t o  higher o r d e r  when s o l v i n g  a Riemann IVP. 

To j u s t i f y  t h e  inc reased  computational c o s t  a s s o c i a t e d  wi th  h i g h e r  o rde r ,  

one needs a lot of s t r u c t u r e  i n  t h e  smooth p a r t  of t h e  s o l u t i o n .  

( 3 )  Comparing t h e  s o l u t i o n  of t h e  i n t e r a c t i n g  b l a s t  waves (7.8) by t h e  second 

o r d e r  ENO/SR t o  t h a t  of t h e  PPM i n  [ 1 2 ] ,  w e  f i n d  t h a t  t h e  ENO/SR is more 

accu ra t e .  The ENO/SR h igh ly  resolves a l l  t h r e e  c o n t a c t  d i s c o n t i n u i t i e s  

i n  t h e  problem, while  f o r  some reason t h e  PPM re so lves  w e l l  two of t h e  

c o n t a c t  d i s c o n t i n u i t i e s  but smears t h e  one which resul ts  from t h e  shock 

i n t e r a c t i o n .  Another p o s s i b l e  explanat ion €or t h e  d i f f e r e n c e  in accuracy 

may be due t o  t h e  fact  t h a t  the ENO/SR i s  uniformly second o r d e r  

accu ra t e ,  while  t h e  PPM (because of i ts  monotonicity c o n s t r a i n t s )  reduces 

t o  f i rs t  o r d e r  accuracy a t  p o i n t s  of l o c a l  extremum. 

( 4 )  The numerical r e s u l t s  f o r  t h e  Euler equat ions of gas dynamics c l e a r l y  

demonstrate t h a t  shocks are h igh ly  resolved by t h e  o r i g i n a l  EN0 schemes, 

and s u b c e l l  r e s o l u t i o n  is not needed the re .  I n  any case, t h e  expres s ions  

have t o  be modified before  applying s u b c e l l  r e s o l u t i o n  t o  a f o r  gj+1/2 

genuinely non l inea r  f i e l d ,  as follows: (i) a; should be replaced by 

t h e  speed of t h e  shock. (ii) Diss ipa t ion  p r o p o r t i o n a l  t o  

(a j+1/2 - ajm1l2) should be added t o  a cen te red  r a r e f a c t i o n  wave. 

Fo r tuna te ly ,  i f  t h e  d i s c o n t i n u i t y  cond i t ion  (3.9a) is met i n  t h e  cel l  

and no i n t e r a c t i o n  terms Ij, t h e n  %x;vn)  is continuous a t  x 

need be added to t h e  numerical f lux.  However, one has t o  account f o r  t h e  

f a c t  t h a t  t h e  wave from t h e  i n t e r i o r  of Ij  c r o s s e s  i t s  boundaries 

du r ing  t h e  time-step. 

n 

j;t1/2 
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APPENDIX: Derivation of the discontinuity condition 

The r e c o n s t r u c t i o n  R( x;;) is  by d e f i n i t i o n  d i scon t inuous  a t  

In r eg ions  of smoothness of w(x> t h e  jump of t h e  r e c o n s t r u c t i o n  

is  of t h e  o r d e r  O(hr). When a d i s c o n t i n u i t y  of w(x) is  l o c a t e d  

{xj+ 1 /2 1 

a t  X j + 1 / 2  

i n  t h e  i n t e r i o r  of I j ,  then  t h e  d i s c o n t i n u i t i e s  of t h e  r e c o n s t r u c t i o n  a t  

are  Eragrnents of t h a t  of w(x). (See F igu re  l b ) .  j & 1 / 2  X 

I n  order  t o  recover  a p o s s i b l e  d i s c o n t i n u i t y  i n  t h e  i n t e r i o r  of each 

ce l l ,  we would l i k e  t o  a s s o c i a t e  t h e  r e c o n s t r u c t i o n  with t h e  boundaries of t h e  

cells  ix j+ l /21 ,  r a t h e r  t han  t h e  cel ls  themselves. L e t  Rj+l /2  (x;;) be t h e  

polynomial d e s c r i p t i o n  of such a r e c o n s t r u c t i o n  which is valtd i n  t h e  neigh- 

borhood of xj+l/2.  Once t h i s  i s  done w e  cons ide r  r e c o n s t r u c t i n g  w(x) i n  

N 

Ij  by 

such t h a t  
j 

i f  poss ib l e ,  i.e., i f  t h e r e  is  a 0 

(A.  2a) 

where 

I f  t h e r e  i s  no such 0 w e  d e f i n e  
j '  



(A-3) 

The only t h i n g  which is l e f t  open a t  t h i s  po in t  is t h e  d e f i n i t i o n  of 

N 

Rj+l/2(x;w)- 

t i o n  to select t h e  "smoother" of R.(x;F) and R j + l ( x ; g ,  i.e., 

It is most n a t u r a l  w i t h i n  t h e  €ramework of t h e  EN0 reconstruc-  

J 

Here CJ is a monotone i n c r e a s i n g  func t ion  of t h e  %on-smoothness", such as 

(3 .8a ) .  Note t h a t  s l n c e  Ri(x;W) i s  a s s o c i a t e d  w i t h  a s t e n c i l  of p o i n t s ,  

(A.4) i s  equ iva len t  t o  a s s i g n i n g  a s t e n c i l  to x j+ l /2 ,  t h e  boundary o€ t h e  

cel l .  

j 

W e  observe t h a t  t h e r e  is a c e r t a i n  ambiguity i n  t h e  d e f i n i t i o n  of 

--- ~ r e d  f i G t  be iiriiqiie. We rc3i iOVe iXXt Of this R (xjw-) in / A  1 \  
\fi.L/ since 8 

j j 

ambiguity by adopt ing a p o l i c y  of "no unnecessary changes", and ag ree  t h a t  

i.e., if one of t h e  cand ida te s  f o r  extension i n t o  Ij  
is no smoother t han  t h e  

A 

o r i g i n a l  R j ,  w e  j u s t  r e t a i n  t h e  o r i g i n a l  d e f i n i t i o n  i n  R . -  From t h e  
J 

as ai d e f i n i t i o n  ( A . 4 )  of It\ w e  can rewrite (A.5) in terms of 

(A.  5)' 

Hence w e  conclude t h a t  w e  d e f i n e  i . (x ;G)  to be (A.1) only if 
J 
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which is the discontinuity condition (3 .8b) .  In this case 

and Rj+1/2  = Rj+l 

#j-l,2 = R  j-l 
N and the definition (3.9) follows. 
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I I I 1 1 * 
i 

w,w 

Figure la. w(x) in (3.1); circles denote cell-averages {wj]. 



I I I I I * 
'-542 '-3/2 x-1/2 x1/2 '3/2 x5/2 

Figure lb. The EN0 reconstruction R(x;w). The circles denote the given 

values of the cell-averages {zj}. 



(a)  t 2 

( b )  t = 8 

Figure 3. Second-order 

EN0 Scheme. 
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(a)  t = 2 

( b )  t = 8 

Figure 4 .  

EN0 / SR. 
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(a> t = 2 

( b )  t = 8 

Figure 5.  Fourth-order 

EN0 Scheme. 
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( a )  t = 2 

( b )  t = 8 

Figure 6. 

E N 0  / SR. 

Fourth-o rder 
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Figure 7 .  Second-order 

EN0 Scheme: Density 

( 8 5  time-s teps) . 

Figure 8. Second-order 

ENO/SR: Density (85 

t ime-s teps) . 
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Figure 9. Second-order ENO/SR. Density at t = 0.038 with 800 cells. 
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Figure 10. Second-order . 

ENO. Density a t  t = 0.038 

with 200 c e l l s .  

Figure 11. Second-order 

ENO/SR. Density a t  

t = 0.038 with 200 cells.  
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