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ABSTRACT

We develop an abstract framework and convergence theory for Galerkin approximation
for inverse problems involving the identification of nonautonomous nonlinear distributed
parameter systems. We provide a set of relatively easily verified conditions which are suffi-
cient to guarantee the existence of optimal solutions and their approximation by a sequence
of solutions to a sequence of approximating finite dimensional identification problems. Our
approach is based upon the theory of monotone operators in Banach spaces and is appli-
cable to a reasonably broad class of nonlinear distributed systems. Operator theoretic and
variational techniques are used to establish a fundamental convergence result. An example
involving evolution systems with dynamics described by nonstationary quasi-linear elliptic

operators along with some applications are presented and discussed.
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1. Introduction

In this paper we develop a general abstract approximation framework and convergence theory
for Galerkin approximations for inverse problems involving nonautonomous nonlinear distributed
parameter systems. We consider parameter estimation problems formulated as the minimization
over a compact admissible parameter set, of a least-squares-like performance index subject to state
constraints given by an inhomogeneous nonlinear distributed system. Our theory applies to
systems whose dynamics can be described by nonstationary strongly maximal monotone
operators defined on a reflexive Banach space which is densely and continuously embedded in a
Hilbert space. This class of operators represents a nonlinear analog of the class of regularly
dissipative, or abstract parabolic, linear operators. Our treatment relies heavily on the general
theory for nonlinear evolution equations in Banach space given by Barbu in [9]. More specifically,
we make extensive use of his Theorem IIL. 4.2 which serves as the basis for an existence,
uniqueness, and regularity result that we require and for the fundamental convergence result we
prove in section 3 below.

We employ standard Galerkin techniques to obtain a sequence of approximating identification
problems, each of which involves finite dimensional state constraints. We demonstrate that if
readily verifiable conditions on the system's dependence on the unknown parameters are satisfied,
and the usual assumptions necessary for the convergence of Galerkin approximations hold, then
solutions to the finite dimensionally constrained problems exist and, in some sense, approximate a
solution to the original infinite dimensional identification problem.

Our treatment here and the approximation theory we develop generalizes and extends earlier
results of ours and others in some significant ways. First, the variational approach that we use to
establish our fundamental convergence result generalizes the techniques that have been widely used
for this purpose elsewhere in the parameter identification literature (see, for example, [31,[5],[8D).
However, in each of these instances, the variational arguments were given strictly in the context of
particular inverse problems involving the identification of rather specialized linear distributed
parameter systems. Second, the results given here extend the abstract approximation theories for
autonomous linear system identification, and for quasi-autonomous nonlinear system identification
developed in [4] and [7], respectively, to inverse problems for systems whose dynamics are
described by temporarily inhomogeneous nonlinear operators. We note that although we have
extended the theories developed in [4] and [7], the approach we have taken here in achieving this
end is significantly different. Indeed, in [4] and [7] convergence is argued via an application of an
abstract approximation result for evolution systems in Banach space such as the Trotter Kato
Theorem (see [15]) or its nonlinear analogs (see, for example, [10] and [11] ). While the
approximation results given in [10] and [11] could be applied in the nonautonomous case, this
would require that the resolvents of the time dependent system operators satisfy a Lipschitz-like



condition with respect to the time variable (see [7]). However, a condition on the resolvent is, in
general, not easily verified for the infinite dimensional system and can be especially difficult to
establish for the sequence of approximating finite dimensional systems. On the other hand, with
the variational approach that we have taken here, a mildly restrictive, relatively easily verified,
measurability condition on the temporarily varying system operator is the only assumption on the
time dependence of the system that we require to establish existence of solutions and convergence.

We provide a brief outline of the remainder of the paper. In section 2 we define the class of
nonlinear evolution systems and identification problems on which we shall be focusing our
attention and we establish an existence, uniqueness, and regularity result for solutions to
nonautonomous nonlinear distributed systems. In section 3 we develop our approximation theory
and prove the fundamental convergence result. In section 4 we present an example and discuss
some applications.

2. Inverse Problems for a Class of Nonautonomous Nonlinear Distributed Systems

Let Q be a metric space with Q, known as the admissible parameter set, a compact subset of
G. Let Z, which we shall refer to as the observation space, be a normed linear space with norm
I,. Let H be a Hilbert space with inner product <-,-> and corresponding induced norm |, and
let V be a reflexive Banach space with norm IIll. We assume that V is densely and continuously
embedded in H. The latter assumption implies that there exists a constant 1L > 0 for which
lpl <pllpll, forall @ eV. Let V™ be the space of continuous linear functionals defined on V and
denote the usual dual space norm on v* by ll-ll.. Identifying H with its dual, we have Vo H=
H* < V* withH densely and continuously embedded in V*. It follows that lpllse < pleg], for all
¢ € H and that llpllx < p2j¢|l, forall e V. For ¢e Vv* and Y € V we shall denote the duality
pairing between ¢ and y by <@, y>. Of course when ¢ € H, the pairing <@, y> agrees with the
usual H inner product of ¢ and .

Let T > 0 be fixed, and for each q € Q and almost every t € [0,T] let A(t;q) be a
hemicontinuous (i.e. w-lhiin) N A(t:qQ)(@ + hy) = A(t;q)¢ for @, ¢ € V) in general nonlinear,
operator defined on all of V with range in V*. In our discussions below, we shall require that the
family of operators A(t;q), t € [0,T], q € Q, satisfy the following conditions.

(A) (Continuity) Foreach ¢ €V themap q - A(t;q)¢ is continuous from Q < Q into V* for
almost every t € [0, T].

(B) (Equi-V-Monotonicity) There exist a constant ® and a positive constant o« which do not
depend upon q € Q or te[0,T] such that

<AQP ~ AGQY, o= y>+alp — Yy 2 ollp —yIP
for all @,y eV, almost every t € [0,T] and some p with2 <p <eo.
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(C) (Equi-Boundedness) There exists a constant 3 > 0 which does not depend upon q € Q or
t € [0, T] such that
| Al < B(lelP- +1)
for all ¢ € V and almost every t € [0, T] .

(D) (Measurability) For each q & Q the function A(t;q)u(t): [0, T] — V¥is strongly measurable
foreveryue Lp(O,T;V).

For each q € Q let uy(q) be an element in H and let {(- ;q) be a function in Lp- O,T; V*) where
p and p' are conjugate exponents (i.e. 1/p + 1/p' = 1). We assume that the mappings
q—ug(q) and q — f(- ;q) are continuous from Q < Q into H and Lp.(O,T; V*) respectively.
For each zg Z, let ®(- ;z) be a mapping defined on Lp(O,T;V) with range in the nonnegative real
numbers and which is continuous when restricted to one or the other of the two spaces C(0,T;H) or
Lp(O,T;V) endowed with their respective usual topologies. We consider the following abstract
parameter identification problem.

(ID) Given observations z € Z, find parameters q € Q which minimize the performance index
J(@) = D(u(- ;9);2) |
where u(- ; q) is the solution to the initial value problem

2.1) u®) + Atgu(t) = f(t;q), ae.te[0,T]
2.2) u(0) = uy(q)
corresponding to q € Q.

The existence of a solution q € Q to problem (ID) will follow as a consequence of the
approximation theory and results to be presented in the next section. However, the notion of a
solution to the abstract initial value problem (2.1), (2.2) for each q & Q must be made precise, and

its existence, uniqueness, and regularity properties must be demonstrated. We have the following
theorem.

Theorem 2.1 If condition (B) (D) are satisfied, then for each q& Q there exists a unique
function u(:; q) whichis V -absolutely continuous on [0,T], and satisfies u(- ;q) e L (O T;V)
N C@O,T;H), u(- ;q) € Ly (O,T; v* ), the abstract differential equation (2.1) for almost every

t € [0, T], and the initial condition (2.2).



Proof For each q € Q and almost every t € [0,T] define A (t; q) and f(t; @) by A (t; @) =

e A(q) e + @land f(t; @) = e f(t; q). Then for almost every te[0,T], A (t;q) isa
nonlinear hemicontinuous operator from V into V* and f (g€ Lp-(O,T;V*). Also, condition (D)
implies that for every u g Lp(O,T;V), the function of t, A (t;u(t) : [0, T] — V¥ is strongly
measurable. Conditions (B) and (C), and straight forward calculations yield the existence of an o,
>0 and a 8, > 0 (both depending upon p) for which

<AGEDO —AgGDY, ¢ —y> 2 agllo—yiP,
(i.e., that the operator A (t;q) is strongly monotone) and
Il Aytels < By (llghP-1+1)

hold for all @,y €V and almost every t &€ [0,T]. Finally, forall ¢ €V we have

<ALEDP, 0> =<AL6DP — AL, ¢ - 0>+ < A58, o>
2 o JlollP - 1< A (59)8, o>l
> ot JlQliP — 11 A (t;q)6llll]

> ot lolIP ~ Bloll
P ﬁz) e P
> o, llgh — =2 - £ ligl
p'e
= Y lolP + 3,

where &> 0 is chosen small enough so that v, =0, —eP/p>0,5, =- [38 /p'eP" and O denotes the
zero vector in V. Then an application of Theorem III. 4.2 in Barbu [9] yields the existence of a

unique V*_valued absolutely continous function u (- ;q) defined on [0, T] which satisfies
uy(0) € Ly(0,T;V) N COTH), i,(-3q) e LO,TVY),

u, (6D + Ay tq)u, () =£,(t:9),

for almost every t € [0, T] and u(0;q) =up(q). The conclusion of the theorem now follows
immediately by setting u(t;q) = e® u (t;q) for te [0,T].

3. An Abstr Approximation Framework an nvergence Theor

For each n = 1,2,... let H, be a finite dimensional subspace of H which is also contained in V.
LetP, : H— H, denote the orthogonal projection of H onto H,. We shall require that the



following convergence condition is satisfied by the subspaces H, and the corresponding
projections P,

(E) Foreach @€V, we have lnigw P, — oll =0.

Condition (E) and the Principle of Uniform Boundedness imply that there exists a constant v >0,
independent of @ € V and n, for which IIP,¢ - ¢|| < Vil¢ll. Note also that V densely and
continuously embedded in H, IP,| = 1, and condition (E) imply ,l,iﬂlwlpnq’ -pl=0forallpeH.
Foreachn=1,2,...,each q€Q and almostevery t £ [0, T], we define the operator A (t; @) :
H,, — H,, to be the restriction of the operator A(t;q) to H,, with the image in V¥ of ¢, eH,
A(t;q)¢, , considered to be a linear functional on H,. Identifying H with its dual, for ¢, € H,
we obtain A (tQ)Q, =, where y, is that element in H, which satisfies < A(t; @)@y, %> =
<V Xp> for all X, € Hy.
For eachn = 1,2,..., and each q € Q we define uy,(q) € H, by uy,(q) =P uy(q) and for
almost every t € [0, T] we define f(t;q) to be the restriction of f(t;q) € V*to H,. Note that the

Riesz representation theorem implies that £,(- ;q) € Lp.(O,T;Hn). We consider the following
sequence of parameter identification problems.

(ID,) Given observations z€Z, find parameters q, € Q which minimize the performance index
(3.1) Jo(@ = @(u, (- 39);2)

where uy(- ;q) is the solution to the initial value problem in H

(3.2) () + Ay(tQuy() =f(t,q), a.e. te[0,T]
(3.3) u,(0) = ug,(@)
corresponding to q € Q.

The initial value problem (3.2), (3.3) in H, is the standard Galerkin approximation to the initial
value problem (2.1), (2.2). With appropriate minor modifications, Theorem 2.1 yields for each
n=1,2,.. and each q € Q the existence of a unique absolutely continuous function u,(- ;q):

[0,T] — H,, which satisfies the finite dimensional ordinary differential equation (3.2) for almost
every t € [0,T], and the initial conditions (3.3), with 0(- ;q) € Lp.(O,T;Hn).

We would like to demonstrate that if the conditions (A) - (E) above are satisfied, then a
solution to the inverse problem (ID,,) exists for each n = 1,2,..., and that these solutions imply the
existence of, and in some sense approximate, a solution to problem (ID). In Theorem 3.1 below
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we show that the mapping q — u,(- ;q) is continuous from Q c G into both C(0,T;H) and
L,(0,T;V) and that ;li_n}°° up(- 3q,) = u(- 3g,) in both C(0,T;H) and L,(0,T;V) whenever

{q,)} isasequence in Q with Li_rgxoo Qn=q,- Theorem 3.11is in fact sufficient to conclude

that the desired existence and approximation results obtain. Indeed, the continuous dependence of
uy(-;q) on qimplies that for eachn = 1,2,..., J, given by (3.1) is continuous on Q. Since Q
was assumed to be a compact subset of the metric space &, the existence of a solution q to

problem (ID,)) follows immediately. Now {q,}  Q and Q compact imply the existence of a
convergent subsequence {q, } of the sequence {q,}. If ljlgl q,. = q, then qeQ and
j o T

1@ =39 )2) = O(lm v, (535)32)

ljli)noo (D(unj(' ;qnj);z) = ljli)nm Jnj(qnj)

< ljim Jn,(q)=ljim D(u, (- ;9)2)
—o0 ] —>oo ]

= O ljignm unj(- ;Q)z) = @(u( ;q);2)

= Jq@

forevery q € Q. Consequently q is a solution to problem (ID). We note that the limit of any
convergent subsequence of {ﬁn} is a solution to problem (ID). When problem (ID) admits a
unique solution q, the sequence {q,} itself is convergent and its limitis q.

Theorem 3.1 If conditions (A) - (E) are satisfied, then

@). Liglw uy(- 5dn) = u(- 3qy) in C(O,T;H) and L(0,T;V) whenever {q,} isa
sequence in Q with lim q,=q,, and

(i1) for each fixed n=1,2,..., }ér_r)l°° u, (- 3qm) = uy(- ;qo) in C(0,T;H) and Lp(O,T;V)
whenever {q,,} is a sequence in Q with rlrllr_l)lw dm =9,

Proof We shall prove (i) only; the proof of (ii) is analogous. We establish (i) with an argument
in the spirit of those in [3], [8] set in an abstract framework similar to the one used by Barbu to
prove his Theorem III. 4.2. in [9]. Fix t € [0,T] and define the Hilbert space 9% by 3 =L,(0,t;H)
together with the inner product

t

x,y) = J- <x(s),y(s)>ds
0
and corresponding induced norm Ixl,, = J(x,x) . Define the reflexive Banach space

V by VU= Lp(O,t;V) with norm



t
Il = (J'nx(s)n"ds)”p
0

Then U™ = Lp.(O,t;V*), the dual norm is given by

t
._ ( l/p
Il o = (Jux(s)n‘jds)

and the dense and continuous embedding U < ¥ < U™* holds.
For each q € Q, define the operator B3(q) : Dom (BR(Q))c V — v’ by B(q)v=yV, for
veDom (B(Q) ={ueV :ue ‘U*, u(0) =u,(q)} where the derivative in the above

deﬁnition is in a generalized or distributional sense (see Lions, [13]). Itis shown in [9] that the
operator %3(q) is maximal monotone on U X U™ and that Dom (B3(q)) < C(O,t;H). For each
q € Q define the operator A(q): V — v* by

(A@x)(s) = A(s;q)x(s), xeV, ae. se[0t].

Using the properties of the operators A(s;q), it is not difficult to argue that 4(q) is hemicontinuous
and satisfies

(.49 “A@@x - AQqQ)y, x-y) + olx- yl 2 ollx - yII

for all x,y € V. In light of our proof of Theorem 2.1, it is clear that we may, without loss of
generality take ® in condition (B) and (3.4) above equal to zero. We shall do this in our
discussions below. It follows (see [9]) that the operator T (q) : Dom (B(qQ))c V — ¥ given
by 97(q) = B(q) + A(q) is maximal monotone on Y X U™ and that R @)= v,
Consequently, the operator ‘J'(q)'l : U* - Dom (B3(q)) is well defined. Henceforth denoting
u(- ;q¢) and f(- ;qp) by u and f respectively, we have f € u* »ug Dom (B(qp)) andu=
T (qO)'lf-

For each n = 1,2,... let V) denote the linear space H, endowed with the V-topology. That
is, V,, is H;, considered as a subspace of V rather than H. Let 3, =L,(0,tH ) and V
LP(O tVy). Thcn since H,, is finite dimensional, V is H, endowed with the \'a -topology and
‘U = L (0,t; V ). Define the operators B (@:Dom (B (@) cV, = ‘U‘n » A (@ U, — ‘U
and‘J’ (q) Dom (B (@) < V, -—>°lf by

Bo@%y= Xy , X, € Dom (B(Q) = (va € Vi ¥p€ Uy, vu(0) = Pug()},

(A, @x,)(8) = A (s;9)x,(5), x, €V, ae.s € [0,t],



and
T @ =B, + 4,0,

respectively. As was the case above we have that % (q) is maximal monotone, 4,(q) (actually,
4,(q) + wI) is strongly monotone on V' | X ‘U‘: and R,(T ,(q)) = ‘U: . Denoting
u,(- ;q,) by u, and £,(- ;q,) by £, we have that f € ‘U: and thatu, = "J'n(qn)'lfn with
u, € Dom (B ,(q,)). '
Now for x € V and q € Q, condition (C) implies

t
(3.5)  llaxl . = (JIIA(S; QxILds)”
v 0
t ' 4 ’
< (_[ 8" (ixf " + 1)7ds)"®
0

t t
< B{(J ix(syI® P sy + (J‘ ds)"?)
0 0

-1 1/p'
<BUIG, + T )

< E{lelli}l +1).

This estimate, which also holds for 4,(q), in turn implies that there exists a constant M > 0,
independent of t€[0, T] and n = 1,2,... for which llugllqy <M, n=1,2,.... Indeed, using 0 to

denote the zero vector in U and noting that (4,(qQ)w,,,v,) = (AQw,,v,) for all w,,v, in U, (3.5)
can be used to argue

odluglly, < (A(qug - A8, uy)
= (T q(qug.uy) - (B (g )u,,u,) - (Aq,)8,u,)

t
= (Fu,) - %6" L tuy(s)ds - (Aa)0,0,)

2 2
SUE, . ||unnv+%lpnu0(qn)l - % ()" + 1Al . lluyll,

2 2 1
<y Al lhuglly, + 161, llunll,u+%lu0(qn)-uo(q0)l +% (gl + B gl .

The continuous dependence assumptions on f(- ; q) and u(q), Li_rglm qn =¢, » and the

application of the familiar inequality

PP P
ab<-£2 4+ B 5p20, £>0
p e'p’
with & chosen sufficiently small, yields the desired uniform bound.
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For x € %, define xe X, by x1(s) = P x(s), a.e. s [0, t]. Then for x € Dom(%(q)),
using the definition of generalized derivative, it is not difficult to argue that x™ € Dom(®(q)) and
that (B ,(@)x" - B(q)x, v,) =0 forallv e V.

It then follows that

(X”lln - u”I:U s (/q(qn)un - ﬂ(qn)l], Up - u)
= (A(qu, - Aqglu, u, - u™) + (A(q)u, - A(qy)u, u™ - u)

+ (Agg)u - A(gyu, u, - u)

= (T 1@y, - T(@plu, vy - u") - (B (g )y, - B(gpu, uy - u™)
+(Aqyuy, - A(gu, v - u) + (Aqylu - A(qy)u, u, - u)

=(f - f,u,-u - (B (v, - B (qyu", u, - u")

+ (Aqu, - A(qyu, u - u) +(A(qpu - A(q)u, u_ - u)
t

<IIf. - g - L4 VRN

<HEy - g - Pl - L 6[ - (s) - ws)ds

+ lAg v, - .ﬂ(qo)ull‘u, lu® - ul|v+llﬂ(q0)u - ,‘-’I(qn)ull‘v, llu, - ulI‘U.

Condition (E), the uniform bound on llunllv ,» (3.5), and the final estimate above imply

P
oty - ully < (Mo+ v+ 1) lall ) U, - 11,
2 2
+% lu (@) - ug(gyl” - —;—Iun(t;qn) - Pu(tqy)
~  p-l p-1 1 p' ep p
+ B il 2l -l + - 12qu - Agul? . + £-hu, - ulf .

With &> 0 chosen sufficiently small, we obtain

P
(3.6) %—lun(t; G - Pt + @ - £ ), - ully

2
S (Mo v+ Dillly U -1l L+ 2 lug(@n) - uy(ag)

5 Pl p-1 n 1 ) p’
+ BT +llully, +2)ila” - ull, + ——p' K g u Agoull . -



Conditions (A), (C), and (E), and the continuous dependence assumption on uy(q) and f(- ;q)
imply that the right hand side of the estimate (3.6) tends to zero as n — e=. Consequently the left
hand side tends to zero as well. Moreover, by replacing any t dependence on the right hand side
with T we find Ligiw u, (- 3q,) = u( 3q,) in L,(0,T;V) and Lil)nw {u,( 3qq) - U™ ;qo)} =0

in\ C(0,T;H). However
lu, (t;q,) - u(t;qo)l < lu(q,) - u“(t;%) | + IPnu(t;qO) - u(t;qO)I

for te[0, T]. Therefore, condition (E) and u(- ; q,) € C(0,T;H) imply that %iln,” u, (- 5q,) =
u(- ;qg) in C(0,T;H) and the theorem is proved. S

Remark In practice, it is frequently the case that the parameter space 4 and the admissible
parameter set Q are infinite dimensional with elements consisting of spatially and/or temporally
varying functions. If this is the case, to actually solve the approximating identification problem
(ID,), in addition to making the state discretization, the admissible parameter set Q must be
discretized as well. Briefly, this can be carried out as follows. Foreachm=1,2,... let

IM:Qc § — G be acontinuous map with finite dimensional range and the property that

xlnlr_r)lm I"(q) = q, uniformly in q for g€ Q. We set Q" =1"(Q) (note that for eachm, Q" is a
compact subset of Q) and consider the doubly indexed sequence of approximating identification
problems (ID*) where (IDJ*) is the problem (ID,)) with Q replaced by Q™. Each of the problems

m.
admits a solution Eﬁ? £ Q" and it can be argued that there exists a subsequence {q, ]i }c {c‘lﬁl}

for which Jlll(rg . ﬁ:li =q, with q a solution to problem (ID). (A more detailed discussion of

the double discretization procedure outlined above can be found in [5].) Once bases for H;, and the
range of I'™ have been chosen, the problem (ID*) becomes one involving the minimization of a
continuous functional over a closed and bounded subset of Euclidean space subject to finite
dimensional (ODE) constraints. The resulting optimization problem is typically solved using an
iterative search procedure, a variety of which have been implemented as a part of any one of a
number of standard readily available software packages (for example, IMSL, MINPACK, etc.)
(see [3]).

4. An Example and Applications 4

We present an example of a class of temporally inhomogeneous nonlinear operators and
corresponding nonautonomous nonlinear evolution systems to which the general theory developed
above applies. We also briefly outline a sampling of application areas which give rise to inverse
problems involving both linear and nonlinear nonautonomous distributed systems of the type

10



discussed in our example. We treat here the relevant theory only; implementation questions will be
discussed and numerical findings are and will be reported on elsewhere (see e.g. [1], [8]).

Let T > 0 be fixed, let Q be a bounded region in R* with smooth boundary dQ2, and for
o = (0q,0,...,0.p) a multi-index of nonnegative integers let |of = o) + 0y++0ty. We
denote the atll order generalized, or distributional, derivative of a measurable function u defined
on Q by D%y; that is |

o

o aal ¢
Du(x) = — 7, u(x), ae. xeQd
Bxl Jx .

m .
. j
where a = (ocl, Olyyeney O 2). Let m be a fixed nonnegative integer, set N = 2 £ ,and
j=0
for u measurable on Q, let du denote the N-vector valued function whose components are D%u for
all multi-indices o with 0 <o £ m. Define the metric space G by

q L_((0.T) x Q xRY)

T0<lo,|Bl<m

and let Q be a compact subset of G, with the properties given in (1) and (2) below.
The vector valued function q = {qa, B}’ 0 <lad, 1Bl €m, is an element in Q if

(1) The real valued mapping { — qa,B(t,x,C) defined on RN is continuous for almost every
(t,x) € [0, T] x Q and all multi-indices ccand B with 0 <lal, Il <m.

(2) There exists a positive constant A which does not depend on q & Q for which

(qa,B(tax,C) CB - qa,B(t’X;n)nB)(Ca - na) Z x z IC(X, - nalz

0<lol,IBl<m 0<|oj<m
for almost every (t, x) € [0,T] x Qandall {, neRN,

We take H= L,(C2) and let V be any closed linear subspace of H™(Q) which contains

HJY(2). Then Ve H™(Q), and for each q= {qa, B} € Q and almost every t € [0,T] define the
operator A(t;q): V— \'A by

4.1)  <A@Quy> = Z J‘qa’ﬁ(t,x, 5u())D u(x)D v (x)dx
0<lal,IBlsm Q

11



foru,v € V. The notation <-,> appearing in the definition (4.1) above will be used to denote
both the usual inner product on H = L,(£2) and the duality pairing between V and V*. The
operator A(t;q): V — V* is the distributional form of the formal differential operator

Atue) = ) ™ D%, 4(t%, Sux)D"u(x)

0<lalBl<m

for almost every (t,x) € [0,T] X €2, and is said to be of quasi-linear elliptic type. It is not difficult
to show that (1), (2) above imply that for each q € Q the operator A(t;q) given by (4.1) is
hemicontinuous from V into V* and that conditions (A) - (D) are satisfied. We note that since V is
separable, weak and strong measurability are equivalent (see [12]). Consequently condition (D)
can be verified by showing that the real valued mapping t — <A(t;q)u,v>, u, v € V, is measurable
in the usual sense on [0, T]. When V is chosen as either HJ'(Q2) or H™ (Q), the abstract evolution
equation (2.1) with A(t,q) V — v given by (4.1) corresponds to the quasi-linear parabolic partial
differential equation

?9_1: (t,x) + z (-'I)IOLI Daqa,B(t,x,Su(t,x))DBu(t,x) = f(t,x;q), ae.xe, t>0
0<|a),|BISm

together with the standard homogeneous Dirichlet or Neumann boundary conditions, respectively.
We illustrate the applicability of the general theory which we have developed above with a brief
description (along with appropriate references to more detailed treatments) of some inverse
problems of the form of problem (ID) which have arisen in practice and have been documented
elsewhere in the literature.

4.1 Size Structured Population Dynamics

We consider an application of the Fokker Planck theory to model size structured population
dynamics (see [20]). With the spatial domain representing the size distribution of the species in
question, and u(t,x) denoting its population density at time t and size x, the assumption that growth
or aging is a Markov transition process and an argument based upon a Brownian motion paradigm
(see [14]) leads to the equation

I +1 3
du COMIT _
'a—t (t,X) + 2 j! —a_x—.l— (Mj(t,X)U(t,X)) - O

=1

where for j=1,2,...
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L--]

Mj(t,x) = Illitrg0 Klt- J € - x)j Q(t,x; t + At, E)dE.

—oco

The kernel @(t,x, t + At, &) is the probability density function for the transition from size x at time
tto size § at time t + At, and the functions Mj can be interpreted as the moments of the time rate of
increase in size or as the time rate of change of the moments of the growth process. If we make the

usual assumption that Mj(t,x) =(,j=23, and set ql(t,x) = Ml(t,x) and qz(t,x) = %—Mz(t,x),

we obtain the Fokker Planck equation
@2) 283 - 2 (Ut + 2o (@ ECOUER) + QUK = 0, X <X <X, 130
. at 9 ax2 2 ] 9 ax 1 t] $ qO ] b H 0 1,

where we have included a mortality term, qgu, and taken xy and X1 to be respectively the minimum
and maximum sizes of individuals in the population.

Along with the linear partial differential equation (4.2), appropriate boundary conditions have
to be specified. We shall impose a renewal type boundary condition at the minimum size,

X

1
(43) (g, E0u(tX) - 2 (@ERU00) e, = j G tOuExdx, t>0 ,
*o

and a zero flux condition (i.e. individuals can not grow beyond the maximum size)
(44 (g0 - L @EXUE)) g, =0, >0

at the maximum size. (A more detailed discussion of the modeling considerations implicit in this
choice of boundary conditions can be found in [2] and [6].) We assume that the size dependent
population distribution at time t = 0 is given by uy(x), xg < x <x; and set

4.5) u(0,x) = uy(x), xgSx<x7.

In order to apply the model (4.2) - (4.5) effectively, one must be able to determine the
moments q; and q,, the mortality rate q;, and the fecundity kernel g5 with some degree of accuracy,
and consistently with biological principles and experimental observation. In problems of practical
interest to population ecologists, one can expect only limited success in determining these
parameters directly from knowledge of the growth process. An alternative is to formulate an
inverse problem wherein the parameters qy, q;, q, and g would be determined from observations
z(tj,x), Xg < x £x; of the population density at times .

13



Let Q =L ([0, T] x [xg,x;]) X L,(I0,T] X [x(,%;]) X L (0, T; Wl'”(xo,xl)) x L ([0,T] x
[xg.x1]) and let Q be a compact subset of ¢ with the property that q =(qg, 41,99, 93) €Q if and
only if g,(t,x) 2 v >0 for almost every t € [0, T] and every x € [xq, x1]. Let H =Ly(x(,x;) with
<-,»> denoting the usual L, inner product on Hand set V = Hl(xo,xl). For each q =(qq, q1,

2, q3) € Q and almost every t € [0, T] define the operator A(t,q) : V — v* by

(46) <A QP> =- <qy(t; )¢ - D(g,(t o), Dy>
*1
x| a5t + <qy(c; dpy>
- Xp

for ¢, ye V. Relatively straight forward arguments can be used to show that conditions (A) - (D)
are satisfied with p =2 (see [1]). If we define the least squares performance index

X
m 1

@ = Ot i 2) = Y, [ e - 20, dx

i=1 X
0
where for each q € Q u(-;q) € C(0,T;H) is the unique solution to the initial value problem (2.1),
(2.2) with A(t;q) given by (4.6) and f =0, and z = (z(tl, VseesZ(tyy D) EZ = ? Lz(xo;xl),

then, with an appropriate choice of the Galerkin subspaces H; (see [1] and below), our theory
applies.

4.2 Biological Mixing in Sea Sediment Cores

The modeling of biological mixing in lake and sea sediment cores yields a second example of
a temporally inhomogeneous linear distributed system with an associated inverse problem. Lake
and deep sea sediment core samples play an important role in geophysical research by providing a
record of the geological, oceanographic, climatic, and biological history of the earth. Unfortunately
however, the stratigraphic records contained in these core samples are frequently corrupted by the
mixing activities of benthic organisms near the sea-floor-sea interface. Through the use of tracers
from dated events (e.g. radioactive fallout, volcanic eruptions, etc.) data can be obtained from
which the identification of an appropriate model for the mixing process is possible. Note that with
an appropriate model, the deconvolution of the cdrrupted signal becomes a possibility.

One approach to modeling the mixing process is based upon the assumption that mixing
occurs only to a fixed depth £ from the seafloor/sea interface. Under this assumption, the mixed
layer in the sediment is modeled as a one dimensional moving diffusion chamber. The linear partial
differential equation

4.7) g—‘t‘ (t,x) - -a% (g, a"’—x u(tx)) + q,) aa_x utx) =0, 0<x<L, t>0

results where u(t,x) denotes the concentration of tracer at time t and depth x in the mixed layer, q;
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is a depth dependent diffusiori coefficient (it is hypothesized that mixing is most intense at the
seafloor/sea interface and then decreases with depth), and q5 is a temporally varying sedimentation
rate. If we assume that the concentration of tracer in the mixed layer at time t = 0 is given by uy(x),
0<x<4®,and thai no other sources of tracer exist, we are led to the boundary and initial
conditions given by

@9 | uM SEe0 + qZ(t)u(t,X)}FO 0, 150

du
49) 1"U® - -0, >0
{ ox }x=£
(4.10) u0x)=ug(x), 0<x<4.

The boundary condition (4.8) states that there is no tracer flux through the top of the mixed layer
while the boundary condition (4.9) implies that the tracer at depth £ comes to rest in the stationary
sediment layers below the mixed layer. (That is, as more sediment is deposited, since mixing is
assumed to occur only to a fixed depth, the diffusion chamber moves up, leaving the tracer at the
bottom behind.) _

The data for an associated inverse problem will come from analysis of the core sample. Our
observations, z(t), t> 0, therefore, are the concentration of tracer at a depth x = £ in the mixed
layer over some fixed time period, [0, T]. For brevity, we assume that uy and £ are known, or
can be determined either experimentally or from the data, and consider the inverse problem of
identifying the functional parameters qq and q,. (Other inverse problems associated with the model
given by (4.7) - (4.10), and a more detailed discussion of the modeling process itself can be found
in [8].) .

Letd =L_(0,2)xL_(0,T)and let Q be a compact subset of G with the property that
q =(q;,9,) € Q ifand only if q;(x) 2v >0 for almost every x & [0,£]. We take H=L, (0,£)
endowed with the standard L, inner product, <,~>, set V = H! (0,2), and for q = Q1,99 €Q
and almost every t € [0,T] we define A(t;q):V — v* by

4.11)  <A®Qe,y>=<q,De,Dy> - q,()<¢.Dy> +q,O¢(L)y(L),
for o,yeV.

Using arguments similar to those given in [8], it is not difficult to show that conditions (A) -
(D) are satisfied with p =2. The appropriate performance index is given by

T .
(4.12) X = Qu( ;q);2) = J(U(t,ﬁ;Q) - z(t)dt
: |

where u (-,q) € L,(0, T;V) is the unique solution to the initial value problem (2.1), (2.2) with
15



A(t;q) given by (4.11) andf=0,and ze Z=L,(0,T). Note that ®(- ;z) given by (4.12) is
continuous on L,(0, T;V). Once again, with an appropriate choice of the H,,, our theory applies.

4.3 Nonlinear Heat Conduction

A well known model for nonlinear heat conduction or mass transfer provides still another
opportunity for the application of our framework. The example we present now can be considered
as a special case of the general class of nonlinear systems which were discussed earlier in this
séction. However, for simplicity in notation we define directly the relevent operators and spaces
in this particular example. Let Q2 be a bounded region in R* with smooth boundary, let
q =L_(0T)xQx Rz) and let Q be a compact subset of G with the property that q& Qif
and only if

(1) The mapping { — q(t,x,0) is ¢! for almost every (t,x) € [0,T] x Q, and
(2) There exists a constant A > 0 which does not depend upon q € Q for which

(4°13) ei ch(t’x’C) |§=9'(C = n) + q(t,x:e) (Cl - T],) 2 A’(cl - nl) ’ i= 1,2”--1‘8

for almost every (t,x) € [0, T x Qand all 6,{,n € R%, (Note that when £=1, the function q(t,x,
OD=q(0=1-.5¢ € satisfies (4.13).) Then for q € Q, consider the nonautonomous, nonlinear
model for heat conduction or mass transfer given by (see [17], [18])

(4.14) g—‘tl(t,x)-v-{q(t,x,Vu(t,x))Vu(t,x)} =0, xeQ, t>0

together with appropriate boundary conditions.

We take H =L,(C2) and take V to be an appropriately chosen closed subspace of HL(Q)
which contains H;(Q). The precise choice of V of course depends upon the boundary conditions
which accompany (4.14). For example with Dirichlet boundary conditions, we take V = H;(Q)
and when Neumann boundary conditions have been specified we take V = H{(Q). For each
q € Q and almost every t € [0, T], we define the operator A(t;q): V — v* by

<A QO> = jq(t,x,V<p(x»V<p<x>Vw<x)dx
Q

for o,y e V Once again, the hemicontinuity of the operator A(t ;q) and that conditions (A) - (D)
are satisfied are not difficult to argue.

Finally, we point out that it is usually not difficult to choose Galerkin subspaces H;, and
corresponding orthogonal projections P,, which satisfy condition (E). It is frequently the case that
choosing the H,, as the span of appropriately modified Hermite or polynomial spline functions
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(calling upon tensor products in higher dimensions) will suffice. For example, in one dimension,
we suppose that H=1,(0,1) and V = H! (0,1) endowed with the usual inner products and norms.
Foreachn=1.2,.. let {@" }}‘=0 denote the usual linear spline (or "hat") functions (see [16])
defined with respect to the uniform mesh {0, 1/n, 2/n,...,1} on the interval [0,1]. Set H, = span
{(pin}};o and let P, denote the orthogonal projection of H onto the n + 1 dimensional subspace Hy
with respect to the L, inner product. For I, : V — H,, the interpolation operator defined by
1,0)G/m) = eG/n), j=0,1,2,...,n, for ¢ €V, one can obtain (see [19]) the estimates

D', - o) <kn'iDlgl, ge H(0,1),

i =0,...,j,j =1,2, where the kij are positive constants which do not depend on n or ¢. Itthen
follows that

IPo-o! < ILe-ol<knliol,

for ¢ €V, and by using the Schmidt inequality (see [16]) that

4.15) 1P, -ol® =1P.¢- o+ IDP.0 - o)
< 1& n2lgI* + Kn? I, ~ Lol + 2| DL - o)

2
< V2 ligll

where v is a positive constant independent of n and ¢ €V. Similar arguments can be used to show
that %ir_r}m IIP,¢-oll=0,for e H2(0, 1). This, together with density and (4.15), establishes
condition (E). These ideas extend to higher order splines, other sets of boundary conditions (i.e.
other choices for V), and higher dimensions via tensor products.

Schemes based on Galerkin spline approximations as outlined in the previous paragraph can
be used in a number of important areas of application. In [1], [2], [8] the reader will find
computational results involving linear nonautonomous systems for which the theory in this paper
provides a sound theoretical foundation. In addition, we are currently carrying out computations
for several nonlinear examples including heat conduction models such as the one outlined in section
4.3. These findings will be reported in a subsequent paper on numerical and implementation
aspects of the ideas.
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