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SUMMARY 

An improved method o f  a n a l y z i n g  mult icomponent r o t a t i n g  assembl ies  f o r  
t h e  de te rm ina t i on  o f  o p e r a t i n g  s t r esses  and component c o m p a t i b i l i t y  has been 
developed. I n  t h i s  method, a  s i n g l e  f i n i t e  element model i s  developed which 
con ta i ns  a l l  o f  the separate  components i n  the  r o t a t i n g  assembly. Th i s  i s  
made p o s s i b l e  by us i ng  gap elements t o  s imu la te  t he  c o n t a c t  su r faces  between 
components. The MARC f i n i t e  element computer program i s  then used t o  pe r f o rm  
t h e  a n a l y s i s .  

Th is  improved method i s  l e s s  t ime  consuming and more r e l i a b l e  than  the  
conven t iona l  method of  ana l yz i ng  such systems. P r e v i o u s l y ,  a  method c a l l e d  t h e  
f l e x i b i l i t y  method was used a t  t he  NASA Lewis Research Center f o r  t h i s  task .  
I t  r e q u i r e s  the  i n d i v i d u a l  a n a l y s i s  o f  components, d e r i v a t i o n  o f  c o m p a t i b i l i t y  
equa t ions ,  de te rm ina t i on  of c e r t a i n  c o e f f i c i e n t s  f o r  these equa t ions ,  and an 
i t e r a t i v e  s o l u t i o n  procedure.  

Th i s  r e p o r t  p resen ts  r e s u l t s  f o r  two d i f f e r e n t  s t r e s s - c o m p a t i b i l i t y  ana ly -  
ses o f  a  six-component a x i a l  f l o w  compressor r o t o r .  The r e s u l t s  f o r  t h e  f l e x -  
i b i l i t y  a n a l y s i s  method a re  compared w i t h  those f o r  t he  improved a n a l y s i s  
method. I t  was found t h a t  t he  s t r esses  p r e d i c t e d  by each method compare q u i t e  
w e l l  w i t h  each o t h e r .  The p r e d i c t i o n s  o f  t he  component c o m p a t i b i l i t y ,  as w e l l  
as the  magnitude o f  t he  f o r c e s  a t  t h e  c o n t a c t  su r faces ,  a l s o  compare w e l l  fo r  
these two ana l ys i s  procedures.  I t  i s  t h e r e f o r e  recommended t h a t  t he  improved 
a n a l y s i  s method be used t o  determine t h e  s t ress-compat i  b i  1  i t y  c h a r a c t e r i s t i c s  
o f  mult icomponent r o t a t i n g  systems. 

INTRODUCTION 

Much o f  t he  r o t a t i n g  hardware i n  turbomachinery  - such as t h e  r o t o r s  o f  
compressors, t u rb i nes ,  pumps, and b lowers - i s  designed as an assembly o f  sev- 
e r a l  components which a re  mated t oge the r  by means of  an e x t e r n a l - i n t e r n a l  p i l o t  
i n t e r f a c e .  A t y p i c a l  p i l o t  des ign  i s  shown i n  f i g u r e  1 .  A t i g h t  p i l o t  i n t e r -  
f ace  i s  e s s e n t i a l  i n  r o t a t i n g  machinery s i nce  i t  ma in ta i ns  t he  c o n c e n t r i c i t y  
o f  separate  components t h a t  a re  r o t a t i n g  about t he  same a x i s .  I n  some cases 
t he  engineer  may take advantage o f  t h e  suppo r t i ng  c h a r a c t e r i s t i c s  o f  t h e  p i l o t  
i n t e r f a c e  - the  o u t e r  ( enc los i ng )  p a r t  p rov i des  r a d i a l  suppor t  t o  t h e  i n n e r  
p a r t .  However, as an assembly o f  components i s  sub jec ted  t o  c e r t a i n  l o a d i n g  
c o n d i t i o n s ,  such as c e n t r i f u g a l  l oad ing ,  one o f  t he  o u t e r  p a r t s  may expand ( i n  
t he  r a d i a l  d i r e c t i o n )  more than i t s  ad j acen t  i n n e r  p a r t .  Th is  can loosen t he  
p a r t s  and upset  the i n t e g r i t y  o f  t he  assembly. One o f  t h e  d i f f i c u l t i e s  i n  
des ign ing  a  p i l o t  f e a t u r e  i s  t h a t  t h e  p i l o t  su r faces  must be o r i e n t a t e d  such 
t h a t  t he  i n n e r  p a r t  expands a t  a  g r e a t e r  r a t e  than t he  o u t e r  p a r t .  I n  some 



cases, a  s u f f i c i e n t  assembly i n t e r f e r e n c e  f i t  can be chosen t h a t  ensures t h a t  
t he  p a r t s  w i l l  n o t  separate  when sub jec ted  t o  c e n t r i f u g a l  loads.  

The r o t a t i n g  assembly o f  p a r t s  i s  u s u a l l y  h e l d  t oge the r  by a x i a l  pre- 
loaded b o l t s  o r  rods .  M u l t i p l e  t i e  b o l t s  a re  sometimes used i n  a  c i r c u l a r  pa t -  
t e r n .  A s i n g l e  t i e  b o l t ,  which l i e s  a l ong  t he  r o t a t i o n a l  a x i s  o f  t h e  machine, 
can a1 so be used. 

R o t a t i n g  hardware t h a t  i s  designed i n  such a  manner i s  sub jec ted  t o  sev- 
e r a l  l o a d i n g  c o n d i t i o n s  w h i l e  i n  ope ra t i on .  These c o n d i t i o n s  i n c l u d e  c e n t r i f u -  
ga l  f o r c e s  due t o  r o t a t i o n ,  a x i a l  f o r c e s  due t o  the  pre loaded b o l t s  o r  rods ,  
and p i l o t  su r f ace  f o r c e s  due t o  i n i t i a l  p i l o t  i n t e r f e rence  f i t s .  Other  load- 
i n g  may i n c l u d e  f o r c e s  caused by t r a n s i e n t  o r  s teady-s ta te  thermal d i s t r i b u -  
t i o n ,  p ressure  f o r c e s ,  o r  aerodynamic f o r c e s .  

To p r o p e r l y  determine t he  s t resses  and d e f l e c t i o n s  o f  t h i s  t ype  o f  assem- 
b l y ,  t he  a n a l y s t  cannot s imp ly  analyze each component independent l y  and i n s u r e  
t h a t  t he  p i l o t  i n t e r f a c e s  a re  designed i n  the  proper  e x t e r n a l - i n t e r n a l  o r i e n t a -  
t i o n .  The f o r c e s  a t  each c o n t a c t i n g  surface a re  dependent on the  f o r c e s  a t  any 
o r  a l l  o f  t he  o t h e r  c o n t a c t i n g  su r faces  w i t h i n  the  assembly. For example, t he  
i n c r e a s i n g  p ressure  a t  one p i l o t  i n t e r f a c e  (due t o  c e n t r i f u g a l  l oad ing )  may 
cause t h e  p ressure  a t  an ad jacen t  p i l o t  i n t e r f a c e  t o  decrease, p o s s i b l y  f o rm ing  
a  gap between two p a r t s .  Another c o n s i d e r a t i o n  i s  t h a t  the  p i l o t  pressures,  as 
w e l l  as t h e  a x i a l  c lamping fo rce  due t o  t he  t i e  b o l t  p re load ,  c o n t r i b u t e  t o  t he  
s t r e s s  d i s t r i b u t i o n  on t he  assembly. 

The des ign  and a n a l y s i s  a re  compl icated f u r t h e r  because severa l  cons idera-  
t i o n s  must be taken i n t o  account when s e l e c t i n g  t he  t i e  b o l t  p re load .  For 
i ns tance ,  as an assembly o f  r o t a t i n g  p a r t s  inc rease  i n  speed, t he  Po i sson ' s  
r a t i o  e f f e c t  tends t o  s h r i n k  t he  a x i a l  dimensions o f  t he  assembly, thus reduc- 
i n g  t he  l oad  on the  b o l t  h o l d i n g  t he  components t oge the r .  I f  the  p r e l o a d  i n  
t he  b o l t  d im in i shes  t o  zero,  the  p a r t s  w i l l  loosen, caus ing  an unbalance and 
p o s s i b l y  c a t a s t r o p h i c  r e s u l t s .  Therefore i t  i s  ve r y  impo r tan t  t o  be ab le  t o  
a c c u r a t e l y  determine what p re l oad  remains i n  t he  b o l t  a t  o p e r a t i n g  c o n d i t i o n s .  

The conven t iona l  method o f  a n a l y s i s  t h a t  has been used a t  NASA Lewis f o r  
t h i s  t ype  o f  'assembly i s  based on t he  use o f  t he  p r i n c i p l e  o f  complementary 
energy.  Th i s  conven t iona l  method r e q u i r e s  t h a t  each component o f  t h e  r o t a t i n g  
assembly be analyzed sepa ra te l y  ( u s u a l l y  a  f i n i t e  element a n a l y s i s )  under a  
v a r i e t y  o f  l o a d i n g  c o n d i t i o n s  i n  o r d e r  t o  determine t he  interdependence o f  t he  
c o n t a c t i n g  su r faces ,  such as the  d isp lacement  o f  one su r f ace  due t o  a  load  a t  
ano ther  su r f ace .  These in terdependenc ies a re  descr ibed  as i n f l u e n c e  c o e f f i -  
c i e n t s ,  and a r e  determined f o r  each component i n  t he  assembly. An e q u i l i b r i u m  
equa t i on  i s  then  d e r i v e d  f o r  every  c o n t a c t i n g  p o i n t  i n  t he  assembly, by equat- 
i n g  t h e  d isp lacements  o f  t he  two sur faces  i n  con tac t .  These equa t ions  c o n t a i n  
t he  p r e v i o u s l y  determined i n f l u e n c e  c o e f f i c i e n t s ,  d isp lacement  a t  t h e  c o n t a c t  
su r faces  due t o  o p e r a t i n g  loads,  i n t e r f e r e n c e  f i t s  o f  t h e  p i l o t s ,  and p ressure  
f o r c e s  a t  t h e  i n t e r f a c e  o f  t h e  con tac t  p o i n t s .  The i n t e r f a c e  p ressure  f o r c e s  
a re  t h e  unknowns i n  each equa t i on  and must be determined by s o l v i n g  a  system 
o f  N  equa t ions  and N unknowns where N i s  the  number o f  c o n t a c t i n g  p o i n t s  
i n  t h e  assembly. Once t he  system o f  equat ions i s  so lved,  t he  a n a l y s t  can 
determine i f  c o n t a c t i n g  su r faces  remain c losed.  I f  gaps develop, o r  i f  the  
t i e  b o l t  cannot h o l d  the  assembly o f  components t oge the r  a t  o p e r a t i n g  condi -  
t i o n s ,  then  des ign  m o d i f i c a t i o n s  must be made and the  a n a l y s i s  repeated.  As ide 



f rom be ing  very  t ime  consuming, t h i s  t ype  o f  a n a l y s i s  i n v o l v e s  t h e  man ipu la t i on  
o f  l a r g e  q u a n t i t i e s  o f  numbers and i s  ve r y  prone t o  mis takes.  E r r o r s  a re  n o t  
obv ious and may go unno t i ced  throughout  the  a n a l y s i s ,  g i v i n g  f a l s e  r e s u l t s .  

Other methods f o r  ana l yz i ng  t h i s  t ype  o f  assembly e x i s t  ( r e f .  11, and t hey  
u s u a l l y  u t i l i z e  t h e  p r i n c i p l e  o f  minimum t o t a l  p o t e n t i a l  energy.  For a l l  o f  
t he  methods, a  s e t  o f  e q u i l i b r i u m  equa t ions  must be so lved t o  determine t he  
unknown f o r ces  o f  a  s t a t i  c a l  l y  i ndetermi na te  s t r u c t u r e .  

An improved method o f  ana l yz i ng  mult icomponent r o t a t i n g  systems has been 
developed which u t i l i z e s  t he  MARC f i n i t e  element co rpu te r  program. By u s i n g  
MARC gap elements t o  s imu la te  t he  p o i n t s  o f  con tac t ,  the  e n t i r e  assembly o f  
components can be represen ted  i n  a  s i n g l e  f i n i t e  element model. There fo re  i t  
i s  n o t  r e q u i r e d  t o  develop and so l ve  a  system o f  e q u i l i b r i u m  equa t ions ,  no r  t o  
analyze each component sepa ra te l y  f o r  t h e  de te rm ina t i on  o f  i n f l u e n c e  c o e f f i -  
c i e n t s .  A lso,  any changes t h a t  must be made i n  t he  des ign  a re  s imp ly  done by 
mod i f y i ng  t he  model t h a t  r ep resen t s  t h e  complete assembly. Th i s  method s i g n i f -  
i c a n t l y  reduces the  t ime and e f f o r t  r e q u i r e d  f o r  such an a n a l y s i s .  

The o b j e c t i v e  o f  t h i s  r e p o r t  i s  t o  desc r i be  t he  improved method o f  ana ly-  
s i s .  A s t r e s s - c o m p a t i b i l i t y  a n a l y s i s  o f  a  seven-component a x i a l  f l ow  compres- 
so r  r o t o r  has been performed, us i ng  t he  two methods descr ibed  above, and t he  
r e s u l t s  a re  compared. 

SYMBOLS 

d  u  incrementa l  d isp lacement  v e c t o r  

d  f inc rementa l  f o r c e  v e c t o r  

K s t i f f n e s s  m a t r i x  

k i  j d isp lacement  a t  p o i n t  i i n  t he  d i r e c t i o n  o f  P i  due t o  a 
l o a d  P j  ( i n f l u e n c e   coefficient^)^ 

N number of c o n t a c t i n g  p o i n t s  i n  t he  assembly 

p  B f o r c e  due t o  t h e  t i e  b o l t  

p i  c o n t a c t  f o r c e  a t  i n t e r f a c e  i ( i n t e g r a t e d  around t h e  circum- 
f e rence )  

P ~ , P ~ , P ~ , P ~ , P c J  r a d i a l  p ressure  f o r c e s  cor responding t o  t he  p i l o t  i n t e r f a c e s  

p2,pq,Pg,p8 f o r c e s  t h a t  tend  t o  r o t a t e  t h e  r a d i a l  c o n t a c t  su r faces  
between components 

s h r i n k  ( i n  a x i a l  d i r e c t i o n )  o f  a l l  r o t o r  components, due t o  
r a d i a l  p i l o t  f o r c e s  and compression f r om t h e  t i e  b o l t  

s h r i n k  ( i n  a x i a l  d i r e c t i o n  over  t he  l e n g t h  o f  t he  t i e  b o l t )  
o f  a l l  r o t o r  components, due t o  c e n t r i f u g a l  and thermal  
1  oad i ng 



s h r i n k  ( i n  a x i a l  d i r e c t i o n )  o f  t h e  t i e  b o l t ,  due t o  c e n t r i f u -  
g a l  and the rma l  l o a d i n g  

s t r e t c h  o f  t h e  t i e  b o l t  caused by t h e  a x i a l  f o r c e ,  PB, i n  t h e  
t i e  b o l t  

t o t a l  i n i t i a l  a x i a l  s t r e t c h  i n  t h e  t i e  b o l t  t h a t  would be 
r e q u i r e d  t o  cause t h e  a x i a l  f o rces , .  PB, t o  be j u s t  equal  t o  
z e r o  

AY i i n i t i a l  p i l o t  i n t e r f e r e n c e  f i t  i n  t h e  d i r e c t i o n  o f  P i  

d i sp lacement  a t  p o i n t  i i n  t h e  d i r e c t i o n  o f  P i  due t o  cen- 
t r i f u g a l  and thermal  l o a d i n g  o n l y l  

S u p e r s c r i p t s :  

D l  ,D2,D3,D4 d i s k s  1, 2,  3, 4  

FS f r o n t  s h a f t  

R S  r e a r  s h a f t  

TB t i e  b o l t  

S u b s c r i p t s :  

i , j  d e s i g n a t i o n s  f o r  i and j a r e  1  t o  9 and B  

DESCRIPTION OF COMPRESSOR 

The compressor r o t o r  t h a t  was ana lyzed  i s  f rom t h e  t h r e e - s t a g e  a x i a l  f l o w  
compressor shown i n  f i g u r e  2. T h i s  i s  an aerodynamic r e s e a r c h  compressor 
wh ich i s  d r i v e n  by  a  va r iab le -speed  e l e c t r i c  motor  t h r o u g h  a  speed i n c r e a s i n g  
gearbox.  The r o t o r  d e s i g n  i n c l u d e s  a  s i n g l e  t i e  b o l t  and i s  composed o f  s i x  
separa te  comp'onents: a  f r o n t  s h a f t ,  f o u r  d i s k s ,  and a  r e a r  s h a f t  ( f i g .  3 ) .  
Compressor b lades  a r e  i n t e g r a l l y  machined i n t o  t h e  f i r s t  t h r e e  d i s k s ,  and t h e  
f o u r t h  d i s k  i s  used as an a x i a l  spacer.  The b lades  were n o t  i n c l u d e d  i n  t h i s  
a n a l y s i s ,  b u t  were l e f t  f o r  a  separa te  d e t a i l e d  a n a l y s i s ,  a l t h o u g h  t h e  c e n t r i f -  
uga l  f o r c e s  caused by them were cons ide red .  

The f o u r  d i s k s  a r e  mated t o g e t h e r  by  means of  a  e x t e r n a l - i n t e r n a l  p i l o t  
i n t e r f a c e ,  and t h e  p i l o t  d i a m e t e r s  a r e  dimensioned such t h a t  t h e r e  i s  a  
0.0254-mm (0 .001- in . )  r a d i a l  i n t e r f e r e n c e  f i t  between t h e  m a t i n g  p a r t s .  The 
d i s k s  a r e  a x i a l l y  b o l t e d  t o  t h e  r e a r  s h a f t  by  a  s i n g l e  t i e  b o l t  wh ich l i e s  
a l o n g  t h e  a x i s  o f  r o t a t i o n .  D u r i n g  assembly, t h e  t i e  b o l t  must  be t o r q u e d  
such t h a t  i t s  p r e l o a d  w i l l  p r e v e n t  gaps from f o r m i n g  a t  t h e  a x i a l  c o n t a c t  sur -  
f a c e s  between m a t i n g  p a r t s .  A f t e r  t h e  t i e  b o l t  i s  i n s t a l l e d ,  t h e  f r o n t  

l ~ i  splacements due t o  f o r c e s  P2, Pq, Pg, and Pa a r e  t a k e n  t o  be t h e  
d i f f e r e n c e s  i n  t h e  a x i a l  d i sp lacements  a t  t h e  o u t e r  and i n n e r  p o i n t s  where t h e  
f o r c e s  a r e  a p p l i e d .  



s h a f t  i s  mated t o  t he  f i r s t  d i s k  by means o f  a  p i  l o t ,  and i t  i s  a x i a l l y  b o l t e d  
w i t h  f o u r  b o l t s  l o c a t e d  on a  63.5 mm (2.5 i n . )  d iamete r .  

The compressor components a re  cons t ruc ted  of the  f o l l o w i n g  m a t e r i a l s :  
t i t a n i u m  a l l o y  Ti-6A1-4V f o r  t h e  f o u r  d i sks ,  A I S I  4340 a l l o y  s t e e l  f o r  t he  
f r o n t  and r e a r  s h a f t s ,  and 18 pe rcen t  n i c k e l  a l l o y  maraging s t e e l  (200 k s i )  
f o r  t he  t i e  b o l t .  The m a t e r i a l  p r o p e r t i e s  t h a t  were used i n  t he  a n a l y s i s  a re  
shown i n  t a b l e  I. 

The compressor r o t o r  was analyzed a t  an o p e r a t i n g  speed o f  47 500 rpm. 
The a i r f l o w  through t h e  compressor v a r i e d  i n  temperature f r om  15 OC (60  OF) a t  
t h e  i n l e t  t o  182 OC (360 OF) a f t e r  t he  t h i r d  s tage of compressor b lades .  The. 
o p e r a t i n g  temperature f o r  t he  bear ings  was 82 OC (180 OF). 

FLEXIBILITY ANALYSIS METHOD 

This  p a r t i c u l a r  a n a l y s i s  technique i s  sometimes r e f e r r e d  t o  as t h e  f l e x i -  
b i l i t y  method and i s  based on t he  p r i n c i p l e  o f  complementary energy.  Refer-  
ences 2 t o  4  desc r i be  t he  t h e o r e t i c a l  background p e r t a i n i n g  t o  t he  p r i n c i p l e  
o f  compl imentary energy,  and a  genera l  d e s c r i p t i o n  f o r  t he  a p p l i c a t i o n s  o f  t h i s  
method i s  g iven  i n  r e fe rences  5 and 6. The a n a l y s i s  i n v o l v e s  t h e  f o r m u l a t i o n  
and s o l u t i o n  o f  a  s e t  o f  e q u i l i b r i u m  equa t ions  h e r e a f t e r  r e f e r r e d  t o  as compat- 
i b i l i t y  equa t ions .  The genera l  equat ions a re  d e r i v e d  u s i n g  t he  p r i n c i p l e  o f  
s u p e r p o s i t i o n  i n  which t h e  d e f l e c t i o n s  o f  any two components, due t o  a l l  
a p p l i e d  known and unknown l oad ing ,  a re  equated a t  t h e i r  i n t e r f a c e .  One equa- 
t i o n  i s  d e r i v e d  f o r  each c o n t a c t i n g  surface i n  t h e  assembly o f  components t h a t  
make up t he  compressor r o t o r .  The s a t i s f a c t i o n  o f  these equa t ions  i n d i c a t e s  
t h a t  t he  sur faces a r e  compat ib le  and t h a t  no gaps develop between p a r t s .  The 
equa t ions  a re  w r i t t e n  i n  m a t r i x  form, and a  s imul taneous s o l u t i o n  must be per-  
formed t o  so lve  f o r  t h e  unknown f o r ces .  The s o l u t i o n  may i n d i c a t e  imposs ib le  
loads ,  such as a  t e n s i l e  f o r c e  across a  c o n t a c t i n g  surface. I n  t h i s  case, 
t h e  t e n s i l e  f o r c e s  must be s e t  equal t o  zero,  and another  s o l u t i o n  must be 
ob ta ined .  Th is  i t e r a t i v e  process i s  comp l i ca ted  by t he  f a c t  t h a t  t h e r e  i s  an 
interdependence o f  t h e  e f f e c t s  o f  t he  unknown f o r c e s .  

The FEATS f i n i t e  element computer program ( r e f .  7)  was used t o  analyze 
t he  seven components o f  t he  compressor r o t o r  sepa ra te l y  i n  o r d e r  t o  determine 
t he  va lues o f  c e r t a i n  c o e f f i c i e n t s  con ta ined  w i t h i n  t he  s e t  o f  c o m p a t i b i l i t y  
equa t ions .  Two-dimensional four-noded q u a d r i l a t e r a l  ax isymmetr ic  elements 
were used i n  t he  model ing.  The f i n i t e  element models, a l ong  w i t h  t he  unknown 
i n t e r a c t i n g  f o r c e s ,  a re  shown i n  f i g u r e  4. S ince t h e r e  a re  10 unknown f o r c e s  
on t he  assembly, t he  c o m p a t i b i l i t y  equa t ions  w i l l  be desc r i bed  w i t h  a  10 by 10 
m a t r i x .  The f o r c e s  P i ,  P3, Pg, P7, and Pg a re  r a d i a l  p ressure  f o r c e s  co r re -  
sponding t o  the  p i l o t  i n t e r f a c e s .  Forces t h a t  tend  t o  r o t a t e  t h e  r a d i a l  con- 
t a c t  su r faces  between components a re  descr ibed  as P2, Pq,  Pg, and Pa .  No t i ce  
t h a t  these f o r ces  o n l y  c r e a t e  a  moment on t he  sur faces .  The f o r c e  t h a t  i s  
imposed on the  components due t o  t he  t i e  b o l t  i s  PB. 

By equa t ing  t he  d isp lacements  a t  each o f  t he  c o n t a c t i n g  su r faces  (1  t o  91, 
t he  f o l l o w i n g  c o m p a t i b i l i t y  equa t ions  were de r i ved :  

Surface 1 : 



Surface 2 :  

D 1 D 1 D 1 D 1 D 1 
K21Pl + K22P2 + K23P3 + KZBPB + 6 2  = 

D 2 D 2 D 2 D 2 D 2 K 22  P 2 + K23P3 + K24P4 + K25P5 + K 2 ~ P B  + 62  O2 ( 2 )  

Surface 3 :  

D 1 D 1 D 1 D 1 D 1 
K31P, + K32P2 + K P + k P + 63 = 3 3  3 3 8  B 

D 2 D 2 D 2 D 2 D 2 K P + K33P3 + K P + K35P5 + K P + & y 2  + Ay3  32 2 3 4  4 3 8  B ( 3 )  

Surface 4 :  

D2 - K::P~ + K::P~ + K:;p4 + K::P~ + K : ~ P ~  + s4 - 

D 3 D 3 0 3  D3 D3 K P + K P + K46P6 + K47P7 + K4BPB + 64 44 4 4 5  5 D3 ( 4 )  

Surface 5 :  

D2 D2 D 2 D 2 D 2 D 2 K P K P + K  P + K  P + K 5 B P B + 6 5  = 52 2 5 3  3 5 4  4 5 6  6 

D 3 D 3 D 3 D3 D 3 K P + K P + K P + K57P7 + KSBPB + 6!3 + Ay5 5 4  4 5 5  5 5 6  6 ( 5 )  

Surface 6 :  

0 3  0 3  0 3  D3 D3 D3 K s 4 P 4 + K  P + K  P + K  P + K  P + s 6  = 
65  5 66  6 67 7 6 8  B 

D 4 D 4 D 4 D4 D4 Ks6P6 + K67P7 + K P + K P + K P + A 6  68  8 6 9  9 6 8  B D4 ( 6 )  

Surface 7 :  

D3 + K ; ~ P ~  + K D3 P + K ~ ~ P ~  D3 + K ~ ~ P ~  D3 + s7 D3 = 7 6  6 

D 4 D4 0 4  D 4 D 4 D 4 K P + K77P7 + K P + K79Pg + K7BPB + 67  + Ay7 7 6  6 7 8  8 ( 7  > 

Surface 8 :  

D4 D4 Ks6P6 + K:;P~ + K::P~ + K::P~ + K:;pB + A 8  = 

RS RS RS K88P8 + K P + K P + 8 9  9 8B B RS ( 8 )  



Sur face  9 :  

The compat ib i  1  i t y  e q u a t i o n  f o r  t h e  c o n t a c t  s u r f a c e  l o c a t e d  a t  t h e  head o f  
t h e  t i e  b o l t  was d e r i v e d  as f o l l o w s :  

where 

D 1  D 1  D 1  D 1  S1 = KBIPl + KB2P2 + K P + KBBPB 8 3  3 

D 2 D 2 D 2 + K:;P2 + Ki:P3 + KB4P4 + KB5P5 + KBBPB 

D3 D3 D3 D3 D 3 ~  + K P + KB6P6 + KB7P7 + KBBPB 
+ K ~ 4  4 B5  5 

D 4 D 4 D 4 D 4 + K : ~ P ~  + K ~ ~ P ,  + K ~ ~ P ~  + K ~ ~ P ~  + K ~ ~ P ~  

RS RS + K ; ~ P ~  + K P + K ~ ~ P ~  B9 9 

Rearrang ing e q u a t i o n  (11) g i v e s  



and e q u a t i o n  (10) i s  r e w r i t t e n  as 

and s u b s t i t u t i o n  o f  e q u a t i o n s  (12)  t o  (15)  i n t o  e q u a t i o n  (16 )  y i e l d s  t h e  1 0 t h  
c o m p a t i b i l i t y  e q u a t i o n  which i s  

D B1 1 1  1  2  ( D l  + K ~ 3  02) '3 + ( 0 2  K ~ 4  + K ~ 4  ~ 3 ) ~  4  K  P  + KB2 + KB2 P2 + KB3 

Each o f  t h e  components t h a t  make up t h e  compressor r o t o r  assembly were 
s e p a r a t e l y  ana lyzed w i t h  t h e  FEATS program i n  o r d e r  t o  de te rm ine  t h e  
t h e  6 i  terms i n  t h e  c o m p a t i b i l i t y  equa t ions .  The components were f i r s  ki2 ana- and 
l y z e d  under c e n t r i f u g a l  and thermal  l o a d i n g  c o n d i t i o n s  o n l y  ( e f f e c t s  o f  t h e  
f o r c e s ,  P i ,  were n e g l e c t e d )  i n  o r d e r  t o  de te rm ine  t h e  6 j  te rms.  The b l a d e  
loads  were a p p l i e d  as d i s t r i b u t e d  noda l  p o i n t  l oads  and t h e  tempera tu re  d i s t r i -  
b u t i o n  o v e r  t h e  components was manua l l y  i n p u t  by p r e s c r i b i n g  a  tempera tu re  f o r  
each element.  These e lementa l  temperatures  were o b t a i n e d  f r o m  a  p r e v i o u s  
s t e a d y - s t a t e  h e a t  t r a n s f e r  a n a l y s i s .  The 6 i  terms f o r  t h e  c o m p a t i b i l i t y  
equa t ions  were then  de te rm ined  by  n o t i n g  t h e  r e s u l t i n g  noda l  d i sp lacements  a t  
t h e  c o n t a c t i n g  s u r f a c e ( s 1  o f  each component. T h i s  p rocedure  r e q u i r e d  a  t o t a l  
o f  seven separate  computer runs .  Next ,  t h e  k i j  terms ( i n f l u e n c e  c o e f f i -  
c i e n t s )  were determined by  l o a d i n g  each component w i t h  a  t r i a l  l o a d  a t  a  con- 
t a c t  s u r f a c e  ( j )  and n o t i n g  t h e  r e s u l t i n g  nodal  d i sp lacement  a t  some c o n t a c t  
s u r f a c e  ( i). , No o t h e r  l oads  were a p p l i e d  to  t h e  component. Severa l  t r i a l  
l o a d  c o n d i t i o n s  had t o  be a p p l i e d  t o  each component i n  o r d e r  t o  o b t a i n  a l l  o f  
t h e  i n f l u e n c e  c o e f f i c i e n t s .  T h i s  was t h e  most t ime-consuming p o r t i o n  o f  t h e  
a n a l y s i s  s i n c e  i t  r e q u i r e d  24 separa te  computer runs  t o  de te rm ine  t h e  102 
i n f l u e n c e  c o e f f i c i e n t s .  

S ince t h e  p i l o t  i n t e r f a c e s  i n  t h e  assembly a r e  des igned w i t h  a  0.0254-mm 
(0 .001- in . )  r a d i a l  i n t e r f e r e n c e  f i t ,  t h e  Ay i  terms i n  t h e  c o m p a t i b i l i t y  equa- 
t i o n s  were s e t  t o  0.0254 mm (0.001 i n . ) .  N o t i c e  t h a t  t h i s  i s  a  d i f f e r e n t i a l  
d e f l e c t i o n  te rm which can be p l a c e d  on e i t h e r  s i d e  o f  t h e  e q u a t i o n  a c c o r d i n g  
t o  a  chosen s i g n  conven t ion .  

The d e s i r e d  t i e  b o l t  p r e l o a d  was chosen t o  be 47 148 N  ( 1 0  600 l b ) .  For 
t h e  g i v e n  b o l t  s i z e ,  t h i s  l o a d  r e s u l t s  i n  a  b o l t  e l o n g a t i o n  o f  a p p r o x i m a t e l y  
0.508 mm (0.020 i n . ) .  T h e r e f o r e  t h e  AL t e r m  i n  t h e  1 0 t h  c o m p a t i b i l i t y  equa- 
t i o n  (eq.  (10 ) )  was s e t  to  0.508 mm (0.020 i n . ) .  

Once t h e  genera l  f o r m a t i o n  o f  t h e  10 c o m p a t i b i l i t y  e q u a t i o n s  was accom- 
p l i s h e d ,  t h e  equa t ions  were rea r ranged  i n  m a t r i x  f o r m  by t r a n s f o r m i n g  unknown 
terms,  P i ,  and t h e i r  c o e f f i c i e n t s  t o  t h e  l e f t  s i d e ,  and t h e  known terms t o  t h e  



r i g h t  s i de .  An i n i t i a l  s o l u t i o n  o f  t he  s e t  o f  equa t ions  y i e l d e d  nega t i ve  v a l -  
ues f o r  some o f  t he  a x i a l  forces;  t h e r e f o r e  those f o r c e s  were s e t  equal t o  z e r o  
and another  s o l u t i o n  was ob ta ined .  A f t e r  severa l  i t e r a t i o n s ,  i t  was found  t h a t  
t h e  f o r c e s  P2, Pq, Pg, and P8 were a l l  equal t o  ze ro .  The va lues of  the  
f o r c e s  i n  t he  r a d i a l  d i r e c t i o n  a l l  tu rned  o u t  t o  be p o s i t i v e ,  which i n d i c a t e s  
t h a t  no gaps w i l l  develop a t  t he  p i l o t  i n t e r f a c e s  d u r i n g  ope ra t i on .  A lso ,  t he  
l oad  Pg was p o s i t i v e ,  which means t h a t  t he  t i e  b o l t  remains loaded d u r i n g  
o p e r a t i o n .  

A f t e r  t he  i n t e r a c t i n g  f o r c e s  on t he  assembly were determined, another  
i n d i v i d u a l  f i n i t e  element a n a l y s i s  o f  the  components was performed, i n c l u d i n g  
these f o r c e s ,  t o  determine t he  f i n a l  o p e r a t i n g  s t resses  o f  the  compressor 
r o t o r .  

IMPROVED ANALYSIS METHOD 

For t h i s  a n a l y s i s  technique,  a  two-dimensional  f i n i t e  element model o f  
t h e  e n t i r e  compressor was developed which i n c o r p o r a t e s  a l l  o f  t h e  components 
and a l s o  p r o p e r l y  s imu la tes  t h e  e f f e c t s  o f  a l l  c o n t a c t i n g  su r faces .  The analy-  
s i s ,  which uses the  MARC f i n i t e  element computer program ( r e f .  8 ) ,  was done i n  
two p a r t s .  The f i r s t  p a r t  was a  heat  t r a n s f e r  a n a l y s i s  t h a t  determined t he  
s teady-s ta te  temperature d i s t r i b u t i o n  ove r  t he  compressor due t o  t h e  a i r s t r e a m  
temperatures and bea r i ng  o p e r a t i n g  temperatures.  The r e s u l t i n g  e lementa l  tem- 
p e r a t u r e s  were saved on a  computer tape and l a t e r  i nco rpo ra ted  i n t o  t h e  com- 
p u t e r  a n a l y s i s  t h a t  was performed f o r  t he  s t r e s s - c o m p a t i b i l i t y  a n a l y s i s .  

The f i n i t e  element mesh shown i n  f i g u r e  5 i s  comprised o f  371 eight-node 
q u a d r i l a t e r a l  ax isymmetr ic  elements. The mesh a c t u a l l y  c o n s i s t s  o f  s i x  sepa- 
r a t e  f i n i t e  element models j o i n e d  t oge the r  by MARC gap elements;  t he  gap 
elements were p laced  a t  t h e  su r faces  t h a t  a re  i n  c o n t a c t .  There a re  10 con- 
t a c t i n g  su r faces  i n  t he  model, 5 a re  t he  p i l o t  i n t e r f aces ,  and 5  a re  t h e  sur-  
faces  t h a t  a re  h e l d  t i g h t l y  t oge the r  by t h e  fo rce  of t he  t i e  b o l t .  These 10 
sur faces  were modeled w i t h  20 f i x e d - d i r e c t i o n  gap elements,  2  gap elements per  
su r f ace .  Ten o f  the  gap elements were o r i e n t a t e d  i n  t he  r a d i a l  d i r e c t i o n  and 
model t he  p i l o t  con tac t  su r faces ,  w h i l e  t h e  o t h e r  10 were o r i e n t a t e d  i n  t he  
a x i a l  d i r e c t i o n  and model t h e  su r faces  t h a t  a re  h e l d  t oge the r  by  t he  t i e  b o l t .  
Note t h a t  the  t i e  b o l t  was i n t e g r a t e d  w i t h i n  t he  r e a r  s h a f t  s ince  t he  assump- 
t i o n  was made t h a t  the  threaded connect ion o f  t he  t i e  b o l t  i s  r i g i d .  

The gap elements can be de f i ned  w i t h  e i t h e r  a  c l osu re  d i s t ance  o r  an 
i n t e r f e r e n c e  f i t .  I f  a  c l osu re  d i s t ance  i s  chosen, the  c o n t a c t i n g  su r faces  
a re  i n i t i a l l y  assumed t o  be separated by  t h a t  d i s t ance  ( i . e . ,  a  gap e x i s t s ) .  
On t he  o t h e r  hand, i f  an i n t e r f e r e n c e  f i t  i s  chosen, the  su r faces  a re  i n i t i a l l y  
assumed t o  be i n  con tac t .  I n  t h i s  case, t he  MARC program s imu la tes  t h e  pres-  
sure l o a d i n g  on t he  sur faces  by f o r c i n g  t h e  two end nodes of t he  gap element 
( t h e r e  i s  one node on each sur face)  t o  be d i sp l aced  f r om each o t h e r  an amount 
equal t o  t he  i n t e r f e r e n c e  f i t .  As a  r e s u l t ,  i n t e r f e r e n c e  f i t s  on t h e  model 
cause a  s t r e s s  d i s t r i b u t i o n  be fo re  any o f  t h e  o p e r a t i n g  l o a d i n g  c o n d i t i o n s  a r e  
app l i ed .  I n  t h i s  a n a l y s i s ,  o n l y  i n t e r f e r e n c e  f i t s  were used f o r  t h e  gap 
elements.  

The r a d i a l  i n t e r f e r e n c e  f i t  a t  each of  t he  p i l o t s  was se t  by s p e c i f y i n g  a  
0.0254-mm (0.001- in . )  i n t e r f e r e n c e  i n  t he  r a d i a l  d i r e c t i o n  gap elements.  The 
p re l oad  o f  t h e  t i e  b o l t  was s e t  by s p e c i f y i n g  an i n t e r f e r e n c e  f i t  i n  a l l  o f  t he  



a x i a l  gap elements.  The des i r ed  t i e  b o l t  p re l oad  was chosen t o  be 47 148 N 
(10 600 l b ) ;  f o r  t he  g i ven  b o l t  s i ze ,  t h i s  l oad  r e s u l t s  i n  a  b o l t  e l onga t i on  
o f  approx imate ly  0.508 mm (0.020 i n . ) .  Since t h e r e  a re  f i v e  a x i a l  con tac t  sur-  
faces ,  each o f  t he  gap elements a t  these sur faces  were g i ven  an i n t e r f e r e n c e  
f i t  o f  0.1016 mm (0.004 i n . ) .  Th is  method seems t o  r ep resen t  t he  e f f e c t s  o f  
the  p re loaded  t i e  b o l t  q u i t e  accu ra te l y .  

As boundary c o n d i t i o n s ,  a l l  o f  t he  nodes a long  t h e  a x i s  o f  r o t a t i o n  were 
cons t ra i ned  a g a i n s t  r a d i a l  mot ion.  A lso,  t he  node p o i n t s  l o c a t e d  a t  t he  con- 
n e c t i n g  b o l t  d iameter ,  between the  f r o n t  s h a f t  and the  f irst d i s k ,  were t i e d  
t oge the r  i n  t he  a x i a l  d i r e c t i o n .  Th i s  s imu la tes  a  r i g i d  b o l t e d  connect ion.  

The s t r e s s - c o m p a t i b i l i t y  a n a l y s i s  o f  t h i s  system r e q u i r e s  a  non l i nea r  
s o l u t i o n ,  t h e r e f o r e  t he  system equat ions must be so lved  i n c r e m e n t a l l y  by t he  
MARC f i n i t e  element program. The govern ing equa t ions  a re  expressed i n  an 
incrementa l  f o rm  as 

where du and d f  a re  incrementa l  d isp lacement  and fo rce  vec to r s  r e s p e c t i v e l y  
and K i s  t h e  s t i f f n e s s  m a t r i x .  The model was loaded w i t h  n i n e  successive 
equal l o a d  increments .  A f t e r  the n i n t h  l oad  increment  was a p p l i e d ,  t he  t o t a l  
l oad  on t h e  model was e q u i v a l e n t  t o  the  a c t u a l  loads a t  47 500 rpm. The load- 
i n g  increments  were s p e c i f i e d  w i t h i n  t he  i n p u t  f i l e  such t h a t  t he  f i n i t e  e l e -  
ment program a p p l i e s  them a u t o m a t i c a l l y  i n  one computer r un .  The element 
temperatures were a p p l i e d  t o  t he  model be fo re  t he  f i r s t  l oad  increment  by read- 
i n g  them o f f  o f  t he  computer tape c rea ted  i n  t he  hea t  t r a n s f e r  a n a l y s i s .  One 
n i n t h  o f  t h e  c e n t r i f u g a l  l oad  and b lade  loads was then a p p l i e d  a t  each o f  t h e  
f o l l o w i n g  n i n e  l oad  increments .  The b lade loads were a p p l i e d  as d i s t r i b u t e d  
nodal p o i n t  loads.  

I f  a  gap develops d u r i n g  one o f  t he  l oad  increments ,  t he  s t i f f n e s s  m a t r i x  
changes and must be r e c a l c u l a t e d .  The MARC program uses t he  f u l l  Newton- 
Raphson method as t he  s o l u t i o n  procedure t o  determine t he  new s t i f f n e s s  m a t r i x .  
W i t h i n  each l oad  increment ,  t he  program performs i t e r a t i o n s ,  r e c a l c u l a t i n g  and 
r e f a c t o r i z i n g  t h e  s t i f f n e s s  m a t r i x  u n t i l  t he  convergence c r i t e r i o n  i s  met. 
Convergence i 's met when t he  r a t i o  o f  t he  maximum r e s i d u a l  f o r c e  t o  maximum 
r e a c t i o n  f o r c e  i s  l e s s  than a  g i ven  t o l e rance .  

The complete a n a l y s i s  r e q u i r e d  o n l y  two computer r uns :  one f o r  the hea t  
t r a n s f e r  a n a l y s i s  and t he  o t h e r  f o r  t he  s t r e s s - c o m p a t i b i l i t y  a n a l y s i s .  The 
program c a l c u l a t e d  t h e  nodal d isp lacements  and gap element c o n d i t i o n s  a f t e r  
every  l o a d  increment .  The element s t resses  were c a l c u l a t e d  a f t e r  t he  n i n t h  
( f i n a l )  increment  o n l y ,  a l though  t hey  cou ld  have been asked f o r  a t  any o r  a l l  
o f  t he  increments .  

RESULTS AND DISCUSSION 

The f l e x i b i l i t y  a n a l y s i s  method u t i l i z e d  t he  FEATS f i n i t e  element compu- 
t e r  program i n  o r d e r  t o  o b t a i n  c e r t a i n  va lues w i t h i n  t h e  s e t  o f  c o m p a t i b i l i t y  
equa t ions  and a l s o  t o  per fo rm the  f i n a l  s t r e s s  a n a l y s i s  o f  t he  r o t o r  compo- 
nen ts .  Th i s  e f f o r t  r e q u i r e d  a  t o t a l  o f  31 separate  f i n i t e  element computer 
runs .  A  s imultaneous s o l u t i o n  o f  t he  m a t r i x  of c o m p a t i b i l i t y  equa t ions  had t o  
be made t h r e e  t imes t o  so lve  f o r  the  f i n a l  unknown f o r c e s .  



The improved a n a l y s i s  method, o r  gap element method, r e q u i r e d  o n l y  one 
f i n i t e  element computer s o l u t i o n  t o  determine t he  o p e r a t i n g  s t resses  and t o  
determine t he  c o m p a t i b i l i t y  o f  a l l  c o n t a c t i n g  sur faces f o r  t he  compressor 
r o t o r .  There were no c o m p a t i b i l i t y  equa t ions  t o  so lve .  A s teady-s ta te  hea t  
t r a n s f e r  a n a l y s i s  was done p r i o r  t o  t he  s t r e s s  a n a l y s i s  i n  o r d e r  t o  determine 
t he  element temperatures t h a t  were used as t he  thermal l o a d i n g  c o n d i t i o n s .  
Th is  hea t  t r a n s f e r  a n a l y s i s  d i d  n o t  r e q u i r e  much t ime o r  e f f o r t  s i nce  the  same 
f i n i t e  element mesh was used as i n  t he  s t r e s s - c o m p a t i b i l i t y  a n a l y s i s .  

I n  bo th  a n a l y s i s  methods, d u r i n g  o p e r a t i n g  c o n d i t i o n s ,  t he  f o r c e s  P2, 
P4, P6, and Pa were a l l  found t o  be equal  t o  zero,  which i n d i c a t e s  t h a t  t he re  
a re  no moment f o r c e s  between components. The p i l o t  su r faces  were a l l  de te r -  
mined t o  be c losed  s i nce  t he  f o r c e s  PI, P3, Pg, P7, and Pg a l l  had p o s i t i v e  
va lues .  A lso,  the  t i e  b o l t  was t i g h t  s i nce  Pg had a  p o s i t i v e  va lue .  The 
f o r c e s  r e s u l t i n g  f r om  each a n a l y s i s  method a re  shown i n  t a b l e  11. The va lues 
g i ven  f o r  these f o r c e s  a re  i n t e g r a t e d  around t he  c i rcumference  o f  t h e  p i l o t  
c o n t a c t  su r face .  The t i e  b o l t  l oad ,  Pg, decreased f r om 47 148 N (10 600 l b )  
t o  approx imate ly  33 800 N (7600 l b )  d u r i n g  ope ra t i on .  Th is  was expected s ince  
t he  Po isson 's  r a t i o  e f f e c t  s l i g h t l y  reduced t h e  a x i a l  d imension o f  t h e  assem- 
b l y  o f  components. The fo rces  determined by  t h e  f l e x i b i l i t y  method compare 
q u i t e  w e l l  t o  those determined by t h e  improved method w i t h  t he  l a r g e s t  d isc rep-  
ancy seen i n  t he  va lue  f o r  P i .  One e x p l a n a t i o n  f o r  t h e  d i f f e r e n c e s  may be 
t h a t  t he  improved method used an eight-noded element, which i s  much more accu- 
r a t e  than  t he  four-noded element t h a t  was used i n  t he  o t h e r  method. A lso,  
t h e r e  a re  d i f f e r e n c e s  i n  t h e  s o l u t i o n  a l g o r i t h m s  o f  t h e  two f i n i t e  element 
codes t h a t  were used. 

Contour p l o t s  o f  t he  r a d i a l  and t a n g e n t i a l  s t r e s s  d i s t r i b u t i o n  on t h e  com- 
ponents a re  shown i n  f i g u r e s  6 t o  11 f o r  t he  f l e x i b i l i t y  method and i n  f i g u r e s  
12 t o  17 f o r  t he  improved method. The s t r e s s  contours  r e s u l t i n g  f r om  each 
a n a l y s i s  method compare v e r y  w e l l  t o  each o t h e r .  The e f fec ts  o f  t he  r a d i a l  
p i l o t  loads can be seen by n o t i c i n g  t h a t  t he  r a d i a l  s t r e s s  i s  compressive (neg- 
a t i v e )  a t  t he  p i l o t  c o n t a c t  su r faces .  A lso ,  f r om  examinat ion o f  t he  e lementa l  
s t r e s s  va lues,  i t  was found  t h a t  t he  r a d i a l  s t r e s s  i s  cont inuous across t he  
p i l o t  i n t e r f a c e s  a t  t he  p o i n t  o f  con tac t ,  which i s  a  r e q u i r e d  boundary condi -  
t i o n  ( r e f .  9)<. Gene ra l l y ,  t h e  peak t a n g e n t i a l  s t r e s s  va lues  on t he  d i s k s  a re  
h i g h e r  us i ng  t he  improved method. Th is  can be a t t r i b u t e d  t o  t he  use o f  t he  
eight-noded elements,  which g i v e  b e t t e r  r e s u l t s  i n  areas t h a t  have h i g h  s t r e s s  
g r a d i e n t s .  

CONCLUDING REMARKS 

The s t r e s s - c o m p a t i b i l i t y  r e s u l t s  t h a t  were ob ta i ned  by u s i n g  t h e  improved 
a n a l y s i s  method agree ve ry  c l o s e l y  w i t h  those t h a t  were ob ta i ned  by u s i n g  t he  
f l e x i b i l i t y  a n a l y s i s  method. I n  bo th  cases, t h e  des ign o f  t he  compressor 
r o t o r  i s  s a t i s f a c t o r y  f o r  o p e r a t i o n  w i t h i n  t h e  s t a t e d  o p e r a t i n g  c o n d i t i o n s .  

The d isadvantage o f  t h e  f l e x i b i l i t y  a n a l y s i s  method i s  t h a t  i t  i s  more 
t ime  consuming and t e d i o u s  than  t h e  improved a n a l y s i s  method. Many f i n i t e  e l e -  
ment s o l u t i o n s  had t o  be per formed t o  determine da ta  t h a t  was needed i n  t he  
c o m p a t i b i l i t y  equa t ions .  Th i s  a n a l y s i s  method, be ing  so t ed ious ,  i s  u s u a l l y  
o n l y  performed a t  t he  maximum o p e r a t i n g  speed. Therefore,  i n f o r m a t i o n  such as 
d isp lacements  o r  p i l o t  movement t r ends  cannot be determined a t  lower  speeds 
un less  another  a n a l y s i s  i s  performed. I f  the  a n a l y s i s  determines t h a t  any o r  



a l l  o f  t h e  p i l o t  c o n t a c t s  have opened d u r i n g  compressor o p e r a t i o n ,  then  t h e  
p i l o t s  have t o  be redes igned ,  p o s s i b l y  by  r e v e r s i n g  t h e i r  o r i e n t a t i o n .  T h i s  
r e q u i r e s  t h e  f o r m u l a t i o n  o f  new f i n i t e  e lement  models r e p r e s e n t i n g  t h e  modi- 
f i e d  components, and t h e  comple te  a n a l y s i s  has to  be performed aga in .  I n  some 
cases,  t h i s  c y c l e  had t o  be comple ted f o u r  o r  f i v e  t i m e s  b e f o r e  a  s a t i s f a c t o r y  
des ign  was d i scovered .  

I n  t h e  case o f  t h e  improved a n a l y s i s  method, r e d e s i g n s  a r e  accompl ished 
w i t h  r e l a t i v e  ease, r e q u i r i n g  o n l y  m i n o r  m o d i f i c a t i o n  o f  t h e  f i n i t e  e lement  
model and a  s o l u t i o n  by  t h e  MARC program. Another  advantage i s  t h a t  t h e  f o r c e  
a t  each gap element can be o u t p u t  a t  t h e  end o f  each l o a d  inc rement .  There- 
f o r e ,  as t h e  compressor r o t o r  speed i n c r e a s e s ,  t h e  eng ineer  can de te rm ine  i f  
t h e  p i l o t  c o n t a c t  s u r f a c e s  a r e  t e n d i n g  t o  t i g h t e n ,  wh ich i s  a  d e s i r a b l e  cond i -  
t i o n .  The f l e x i b i l i t y  a n a l y s i s  method o n l y  r e v e a l s  t h e  c o n t a c t  f o r c e s  a t  t h e  
speed t h a t  t h e  a n a l y s i s  was per formed.  

Given t h e  ease, t ime1 i n e s s ,  and r e 1  i a b i  1  i t y  o f  t h e  improved a n a l y s i s  
method, i t  i s  a  p r e f e r r e d  a l t e r n a t i v e  when a n a l y z i n g  mul t icomponent  r o t a t i n g  
sys tems . 
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TABLE I. - MATERIAL PROPERTIES OF COMPRESSOR COMPONENTS~ 

A l l oy  I Tempe 

AISI  4340 
a l l o y  s tee l  

s tee l  

,ature I Modulus o f  
e l a s t i c i t y  

OF 
N/m ps i  

Poi sson8s Coeff ic  
r a t i o  thermal 

en t  o f  
!xpansi on 

A l l o y  

AISI  4340 
a l l o y  s tee l  

I I I I I I 

aFrom reference 10. Proper t ies  are 1 i near1 y i n te rpo la ted  between the temperature 1 imi  t s .  

18-200 maragi ng 
s tee1 

Thermal conduc t i v i t y  

4.03 
4.63 

W/m O C  

Mass dens i ty  

4.35 
4.35 

Btu/sec-in. OF kg/m3 

1 1 

AXIAL CONTACT 

Load 

"1 
P3 

P5 P7 
Pg 

B 

l b  ~ e c ~ / i n . ~  

4.63x10-~ 
5.32~ 1 o - ~  
5.00x10-~ 
5.00x10-~ 

Force pred ic ted by 
improved 

ana lys is  method 

EXTERNAL PILOT 

TABLE 11. - PILOT SURFACE FORCES PREDICTED BY TWO SURFACES 
/"\ 

ANALYSIS METHODS 
// '\ 

N 

29 392 
64215 
76 857 
67 432 
139 520 
33813 

Force pred ic ted by 
f l e x i b i l i t y  

ana lys is  method 

7831 
783 1 

8002 
8002 

 PILOT CONTACT 
SURFACES 

FIGURE 1. - TYPICAL PILOT DESIGN USED I N  ROTATING MACHINERY. 

- 
I - - l b  

6 608 
14437 
17 279 
15 160 
31 367 
7602 

N 

43 928 
67 756 
77 360 
67 614 
149 221 
34 107 

7.33~10'~ 
7.33~ 1 o - ~  
7.49~10'~ 
7.49~ 1 o - ~  

- 

.c 

l b  

9 876 
15 233 
17 392 
15 201 
33 548 
7 668 

/ 
INTERNAL PILOT / 

\ 1 
\ 
\ // 



FIGURE 2. - THREE-STAGE AXIAL FLOW COMPRESSOR, 



DISKS a 

I I I I T I E  BOLT 

FIGURE 3. - COMPRESSOR ROTOR THAT WAS ANALYZED FOR STRESS AND COMPATIBILITY. ALL DIMENSIONS ARE GIVEN I N  CENTIMETERS (INCHES). 
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FIGURE 4 .  - FEATS FINITE ELEMENT MODELS WITH UNKNOWN INTERACTING FORCES. 

FIGURE 5. - MARC FINITE ELEMENT MODEL. 
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FIGURE 6. - STRESS CONTOURS FOR FRONT SHAFT PREDICTED BY FLEXIBILITY ANALYSIS METHOD. 

RADIAL 
STRESS. 

NPA PSI 

TANGENTIAL 
STRESS, 

WA PSI 

305.1 44 262 
287.2 41 664 
269.3 39 067 
251.4 36 469 
233.5 33 871 
215.6 31 273 
197.7 28 675 
179.8 26 077 
161.9 23 479 
143.9 20 881 
126.0 18 283 
108.1 15685 
90.2 13087 
72.3 10489 
54.4 7 891 
36.5 5 293 
18.6 2 695 
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(A) RADIAL STRESS. 

CONTOUR 

RADIAL 
STRESS. 

NPA PSI 

TANGENTIAL 
STRESS. 

NPA PSI 

271.9 39436 
257.5 37 356 
243.2 35 276 
228.9 33 197 
214.5 31 117 
200.2 29 037 
185.8 26 957 
171.5 24877 
157.2 22798 
142.8 20 718 
128.5 18 638 
114.2 16 558 
99.8 14478 
85.5 12 399 
71.1 10 319 
56.8 8 239 
42.4 6 159 

LA 

(B) TANGENTIAL STRESS. 

FIGURE 7. - STRESS CONTOURS FOR FIRST DISK PREDICTED BY FLEXIBILITY ANALYSIS METHOD. 



CONTOUR RADIAL 
STRESS, 

W' A PSI 

350.5 50 844 
321.6 46 655 
292.7 42 465 
263.9 38 275 
235.0 34 086 
206.1 29 896 
177.2 25 706 
148.3 21 517 
119.4 17 327 
90.6 13 137 
61.7 8 948 
32.8 4 758 
3.9 569 

-24.9 -3 620 

(A) RADIAL STRESS. 

CONTOUR TANGENTIAL 
STRESS. 

MF' A P S I  

A 361.2 52 395 
B 347.3 50 373 
C 333.3 48 351 
D 319.4 46 329 
E 305.4 44 307 
F 291.5 42 285 
G 277.6 40 263 
H 263.6 38 241 
I 249.7 36 219 
J 235.7 34 197 
K 221.8 32175 
L 207.9 30 153 
M 193.9 28 131 
N 180.0 26 109 
0 166.0 24 087 
P 152.1 22 065 
Q 138.2 20 043 

(B) TANGENTIAL STRESS. 

FIGURE 8. - STRESS CONTOURS FOR SECOND DISK PREDICTED BY FLEXIBILITY ANALYSIS PIETHOD. 
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FIGURE 9. - STRESS CONTOURS FOR THIRD DISK PREDICTED BY FLEXIBILITY 

RADIAL 
STRESS, 

\PA PSI 

389.2 56 454 
361.4 52 426 
333.6 48 397 
305.9 44 369 
278.1 40 341 
250.3 36 312 
222.6 32 284 
194.8 28 255 
167.0 24227 
139.2 20 198 
111.5 16170 
83.7 12 142 
55.9 8 113 
28.2 4 085 

.4 56 
-27.4 -3 971 

TANGENTIAL 
STRESS. 

\PA PSI 

389.0 56 425 
375.0 54 400 
361.1 52 375 
347.1 50 350 
333.1 48 325 
319.2 46 300 
305.2 44 275 
291.3 42 250 
277.3 40 225 
263.3 38 200 
249.4 36 175 
235.4 34 150 
221.5 32 125 
207.5 30 100 
193.5 28 075 
179.6 26 050 

ANALYSIS KTHOD. 



CONTOUR RADIAL 
STRESS. 

fV A PSI 

416.2 60 366 
388.4 56 345 
360.7 52 325 
333.0 48 305 
305.3 44 284 
277.6 40 264 
249.9 36 244 
222.1 32 223 
194.4 28 203 
166.7 24 183 
139.0 20 162 
111.3 16 142 
83.6 12 122 
55.8 8 101 
28.1 4 081 
.4 61 

-27.3 -3 959 

(A) RADIAL STRESS. 

CONTOUR TANGENTIAL 
STRESS. 

NPA PSI 

383.1 55 571 
365.6 53 037 
348.2 50 504 
330.7 47 970 
313.2 45 437 
295.8 42 903 
278.3 40 369 
260.8 37 836 
243.4 35 302 
225.9 32 768 
208.4 30 235 
191.0 27 701 
173.5 25 168 
156.0 22 634 
138.6 20 100 
121.1 17 567 

(B) TANGENTIAL STRESS. 

FIGURE 10. - STRESS CONTOURS FOR FOURTH DISK PREDICED BY FLEXIBILIN ANALYSIS METHOD. 
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(A) RADIAL STRESS. 

CONTOUR 

RADIAL 
STRESS, 

f%' A P S I  

415.8 60 321 
388.2 56 304 
360.4 52 286 
332.7 48 268 
305.1 44 250 
277.3 40 232 
249.6 36 214 
221.9 32 196 
194.2 28 178 
166.6 24 160 
138.9 20 143 
111.2 16 125 
83.5 12 107 
55.8 8 089 
28.1 4 071 
.4 53 

-27.3 -3 964 

TANGENTIAL 
STRESS. 

NPA PSI 

414.8 60 164 
387.1 56 153 
359.5 52 142 
331.8 48 131 
304.2 44 120 
276.5 40 109 
248.8 36 098 
221.2 32 087 
193.6 28076 
165.9 24 065 
138.2 20 054 
110.6 16 043 
82.9 12032 
55.3 8 021 
27.6 4 010 

(B) TANGENTIAL STRESS. 

FIGURE 11. - STRESS CONTOURS FOR REAR SHAFT PREDICTED BY FLEXIBILITY ANALYSIS METHOD. 



(A )  RADIAL STRESS. 

CONTOUR 

RADIAL 
STRESS. 

WA PSI 

91.3 13 243 
83.2 12 065 
75.0 10 886 
66.9 9708 
58.8 8529 
50.7 7351 
42.6 6173 
34.4 4 994 
26.3 3 816 
18.2 2 637 
10.1 1459 
1.9 281 
-6.2 -898 
-14.3 -2 076 
-22.4 -3 255 

TANGENTIAL 
STRESS, 
NPA PSI 

304.5 44 169 
284.3 41 236 
264.0 38 303 
243.8 35 369 
223.6 32 436 
203.4 29 503 
183.2 26 570 
162.9 23 636 
142.7 20703 
125.5 17 770 
102.3 14 837 
82.1 11904 
61.8 8970 
41.6 6073 
21.4 3104 

(B) TANGENTIAL STRESS. 

FIGURE 12. - STRESS CONTOURS FOR FRONT SHAFT PREDICTED BY INPROVED ANALYSIS RETHOD. 
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(A) RADIAL STRESS. 

CONTOUR 

RADIAL 
STRESS, 

NPA PSI 

265.9 38 567 
246.7 35 787 
227.5 33 006 
208.4 30 226 
189.2 27 445 
170.0 24665 
150.9 21 884 
131.7 19 103 
112.5 16 323 
93.3 13542 
74.2 10 762 
55.0 7 981 
35.8 5200 
16.7 2420 
-2.5 -361 

TANGENTIAL 
STRESS. 
MPA PSI 

299.5 43 450 
282.1 40918 
264.6 38 386 
247.2 35 853 
229.7 33 321 
212.2 30 788 
194.8 28 256 
177.3 25 723 
159.9 23 191 
142.4 20 658 
124.9 18 126 
107.5 15593 
90.0 13 061 
72.6 10 529 
55.1 7996 

(B) TANGENTIAL STRESS. 

FIGURE 13. - STRESS CONTOURS FOR FIRST DISK PREDICTED BY IMPROVED ANALYSIS METHOD. 
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(A) RADIAL STRESS. 

CONTOUR 

CONTOUR 

RADIAL 
STRESS. 

HPA p s r  

350.5 50 847 
322.5 46 787 
294.6 42 726 
266.6 38 665 
238.6 34 605 
210.6 30 544 
182.6 26 483 
154.6 22 423 
126.6 18 362 
98.6 14301 
70.6 10 241 
42.6 6 1 8 0  
14.6 2 119 

-13.4 -1 941 
-41.4 -6 002 

TANGENTIAL 
STRESS. 

MPA PSI 

386.0 55 989 
368.0 53 388 
350.1 50 787 
332.2 48 186 
314.3 45585 
296.3 42 983 
278.4 40 382 
260.5 37 781 
242.5 35 180 
224.6 32 578 
206.7 29 977 
188.7 27376 
170.8 24 775 
152.9 22 174 
134.9 19 672 

(B) TANGENTIAL STRESS. 

FIGURE 14. - STRESS CONTOURS FOR SECOND DISK PREDICTED BY IMPROVED ANALYSIS METHOD. 



CONTOUR 

A 
B 
C 
D 
E 
F 
G 
H 
I 
J 
K 
L 
fl 
N 
0 

RADIAL 
STRESS. 

NPA PSI 

384.0 55 695 
355.4 51 549 
326.8 47 403 
298.2 43 257 
269.6 39 111  
241.0 34965 
212.5 30 819 
183.9 26 673 
155.3 22 527 
126.7 18 381 
98.1 14235 
69.6 10 089 
'11.0 5 943 
12.4 1 797 
-16.2 -2 349 

(A) RADIAL STRESS. 

CONTOUR TANGENTIAL 
STRESS. 

MPA PSI 

A 410.9 59 602 
B 394.1 57 159 
C 377.2 54 715 
D 360.4 52 272 
E 343.5 49 829 
F 326.7 47 386 
G 309.8 44 943 
H 293.0 42 500 
I 276.2 40 057 
J 259.3 37 614 
K 242.5 35 170 
L 225.6 32 727 
fl 208.8 30 284 
N 191.9 27 841 

B C 
0 175.1 25398 

(B) TANGENTIAL STRESS. 

FIGURE 15. - STRESS CONTOURS FOR THIRD DISK PREDICTED BY IMPROVED ANALYSIS METHOD. 



CONTOUR RADIAL 
STRESS. 

NPA PSI 

399.7 57 976 
368.4 53 443 
337.2 48 909 
305.9 411 375 
274.7 39 842 
243.4 35 308 
212.2 30 774 
180.9 26 241 
149.6 21 707 
118.4 17 173 
87.1 12640 
55.9 8 106 
24.6 3572 
-6.6 -962 
-37.9 -5 495 

(A) RADIAL STRESS. 

CONTOUR TANGENTIAL 
STRESS, 

MPA PSI 

A 389.2 56 463 
B 370.5 53741 
C 351.7 51020 
D 333.0 48 299 
E 3111.2 45 578 
F 295.4 42 856 
G 276.7 40 135 
H 257.9 37 414 
I 259.8 34 692 
J 220.4 31971 
K 201.6 29 250 
L 182.9 26 529 
M 164.1 23 807 
N 145.4 21 086 
0 126.6 18 365 

(B) TANGENTIAL STRESS. 

FIGURE 16. - STRESS CONTOURS FOR FOURTH DISK PREDICTED BY IMPROVED ANALYSIS METHOD. 



(A) RADIAL STRESS. 

CONTOUR 

RADIAL 
STRESS, 

NPA psr 

433.3 62 851 
400.1 58 039 
366.9 53 228 
333.8 48 417 
296.9 43 605 
267.4 38 794 
234.3 33 982 
201.1 29 171 
167.9 24 359 
134.8 19 548 
101.6 14 736 
68.4 9 9 2 5  
35.2 5 114 
2.1 302 

-31.1 -4 509 

TANGENTIAL 
STRFSS, 

WA PSI 

389.4 56 494 
364.1 52 807 
338.6 49 120 
313.2 45 434 
287.8 41 747 
262.4 38 060 
237.0 34 373 
211.5 30686 
186.1 26 999 
160.7 23 312 
135.3 19 625 
190.9 15 938 
84.4 12 251 
59.0 8 564 
33.6 4 8 7 7  

ANALYSIS METHOD. 
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