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AIRBORNE RADAR TECHNOLOGY FOR WINDSHEAR DETECTION

By
Joseph L. Hibey* and Camille S. Khalaf**

ABSTRACT

The objectives and accomplishments of the two and a half year effort to
describe how returns from an on board Doppler radar are to be used to detect
the presence of a wind shear are reported. The problem 1s modeled as one of
first passage 1n terms of state variables, the state estimates are generated
by a bank of extended Kalman filters working in parallel, and the decision
strategy involves the use of a voting algorithm for a series of 1ikelihood
rat1o tests. The performance 1ssue for filtering is addressed in terms of
error-covariance reduction and filter divergence, and the performance 1ssue
for detection is addressed in terms of using a probability measure trans-
formation to derive theoretical expressions for the error probabilities of a

false alarm and a miss.

*Associate Professor, Department of Electrical and Computer Engineering, 0ld

Dominion University, Norfolk, Virginia 23529.

**Graduate Research Assistant, Department of Electrical and Computer Engi-
neering, 01d Dominion University, Norfolk, Virginia 23529.
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1. INTRODUCTION

We shall begin by briefly summarizing the goals and accomplishments of
the two and a half year duration of this grant. Following this overview, we
shall present a more detailed exposition and then conclude with some ideas
for future work.

The primary objective involved detecting the presence of wind shear and
alerting the pilot 1n time to avoid catastrophe. To accomplish this, we
have assumed throughout that a Doppler radar would reside on board the air-
craft and provide us with measurements, or returns, that we could then pro-
cess for purposes of detection and ultimate avoidance. The feasibility of
such an approach was i1ndicated in a 1983 report [1] of the National Research
Council on wind shear.

With this in mind, work proceeded by first attempting to obtain a
mathematical description of the problem. This was achieved by representing
the onset of wind shear as a first-passage problem. Also called the
classical disruption problem or exit problem, it essentially involves
monitoring the evolution of a stochastic process and attempting to determine
the first time 1t exceeds some threshold. The actual models were described
1n terms of state variables that satisfied a system of stochastic
different1al equations. The radar returns were represented as nonlinear
signals in additive white Gaussian noise. Nonlinear filtering techniques of
the extended Kalman type were then applied to estimate both the time of
occurrence of wind shear and the magnitude of the so-called microburst.

This theoretical formulation and ideas for its simulation and eventual im-
plementation formed the core of the first year and half effort, and is fully
described in Ref. [2]; it also served as a progress report for that period

and is included 1n Appendix A to this document.



Encouraged by the preliminary findings of the initial research, we
continued in the last year by refining our models to more appropriately
reflect reality and by addressing the issue of performance. Thus, we first
explicitly took into account phase information and modified the filtering
algorithms accordingly. Many computer simulations were run to determine
viable approximations leading to acceptable results. We then shifted our
attention to the system's overall performance i1n terms of evaluating the
false alarm and miss error probabilities. Although the findings are of a
theoretical nature, we shall include some ideas regarding their integration
into an actual algorithm,

In the next section we shall formulate the problem in terms of a math-
ematical model involving state space representations and use nonlinear f1l-
tering theory to derive algorithms for estimating the quantitites needed to
detect wind shear. Computational issues related to simulation and implemen-
tation procedures w11l then be discussed. Finally, this will lead us to a
presentation of detection and performance 1ssues to be followed by some
concluding remarks.

Before proceeding, we mention that in the following presentation we
shall often refer to paper [2] 1n Appendix A for notation and some of the
basic techniques we have adopted. As w11l be seen, 1n some instances the
equations used there will not be modified, while 1n other cases they are.
Therefore, for the sake of completeness and ease i1n reading, if an equation
has not changed, it will merely be repeated in this report with the same
nunbering system and with 1ittle or no comment. On the other hand, variants
of the original equations will appear in this report with a "prime" symbol
attached to the equation number. Finally, starting with Eq. (12) in this

report, there are no such corresponding equations in the earlier report.



2. MATHEMATICAL REPRESENTATIONS
Model1ing

In [2], we concluded that the radar return can be modeled as

re = h (sy) + vy (1)
where h(st) = A sin {mc + 4 N / A} t,

Sy = bt z, + xt(l- zt) . (2)
and

z, = . 1ft<T (3)
1 , ift>T

This 1s the classic "signal h (+) in additive white Gaussian noise v" prob-
lem. It is somewhat unconventional, however, in that 1t involves z;, a
zero-one process that distinguishes between the absence of wind shear (z = 0
for t < T, implying a relatively low wind velocity s = x) and the presence
of wind shear (z =1 for t > T, implying a relatively high wind velocity
s = b). The idea of detection, then, 1s to derive an estimate T of T, the
first time of occurrence of a microburst. As such an estimate will require
an estimate z of z, one must first find state-space models for all the
processes involved and then derive an appropriate filter.

The earlier model describing the states has now been modified to

include phase information ¥. As usual, we shall assume that ¢ is a



uniform random variable distributed over (-, #). The resulting model then

becomes
- = 3 = [ 7 -
a1 [o] F 0 0 ol [x [ dw, (4-a')
state: |dz] = |x | dt + 0 - 0 0 z| dt + th (4-b")
db 0 0 0 -G 0 b dBt (4-c")
d - At
Lw_ _Od I 0 0 0 H_ _wJ LdUtJ (4-d')

4 vt

v

observation: dyt= A sin {wct + [bt z, * X (l-zt)] + wt} dt + dv, (5')

where Ut is Brownian motion (mean zero and variance Uct) that is mutually
1ndependent of the above disturbances and initial conditions; with ¥ chosen
as uniform, H and UC will typically be selected very small. (Note: in [2],
the wavelength v 1n (5') was ambiguously written as A).

Signal Statistics

Th1s new measurement equation involving the process ¥y can be given the
following 1nterpretation. In actuality, at a given range gate there exists
a large number of scatterers each with a different velocity. If the sam-
pling rate is sufficiently high, then each of these velocities is approxi-
mately constant. Therefore, one can model this situation by imagining one
scatterer at each range gate having a velocity that varies with sample time.
What 1s 1mportant 1s that the model possess the same statistics as the real
system, and this 1s accomplished by requiring a uniform distribution for the
random phase process by - Given this model, the filters used to derive tne
appropriate state estimates will now include additional equations to esti-

mate ¥, as well.

t
The signal h(+) can be viewed as an example of exponential modulation



(see, for example, Gray and Davisson [3, pp. 258-260] or Weinstein and

Zubakov [4, Chap. 8)), that 1s,

A
n(t) = Im q(t) = In {A exp [3(u_t + 22 [b, 2, + x,(1-2,) + v)]}

AV

where Im {«} denotes the imaginary part of {«}. From this, the statistics
of h can be derived from those of gq. Thus, since the amplitude A has a
Rayleigh distribution, the velocity x (or b) has a Gaussian distribution,
and the phase y has a uniform distribution, it follows that, given z (0 or
1), the sinusoid in h is distributed as l/w'ql.- y2 for |y|<1 (see Papoulis
(5, p.100]) and h is Gaussian (see Doviak and Zrnic [6, p. 50]). The
results of Doviak and Zrnic [6, p. 440] and Papoulis [5, pp. 268, 269] then

lead to an autocorrelation Rq of q of the form

where ¢ and d are constants, and this implies its power spectrum 1s
Gaussian (also see Doviak and Zrnic [6, p. 43]).

The previous result is valid conditionally, that is, with constants ¢,
d corresponding to X¢ when z, = 0 (t < T) and there is no wind shear, and
with constants c¢', d' corresponding to bt when z, = 1 (t>T) and there is
wind shear. To derive an expression valid for all t, one finds through

reconditioning and the fact that T is exponentially distributed (see [2] in

Appendix A) that Rq is of the form



at g daxg - x)

ja'(by-b )
s’ ., (l_e-)\t) E e t s

(6)

with a and a' constants. But since the increments xt - xs and bt - bS are

themselves Gaussian, we find as above that

ey e e © (7)

R(t) =e ce e + (1
which shows that q, and therefore h, are nonstationary processes. This
result suggests the use of Kalman-type filtering which, unlike Wiener
filtering, makes no assumptions regarding the necessity of stationarity.
Filtering

Using this model, we next generate MMSE estimates (denoted with a ~
symbol) of the state variables and use them to detect the onset of wind
shear. Thus, as in the earlier report [2], we find that the conditional

mean Et given by

~

zt=Pr(t>T|ys,o<s<t] (8)
represents the probability that wind shear has occurred. But again,
recognizing the need for a suboptimal estimate Ek because of the nonlinear
nature of the problem, a suboptimal estimate T of the microburst occurrence

time T is given by

T=mn{t]7z >k (9)



where k is some threshold 1n the unit interval.

problem as one of first-passage.

This characterizes our

Our next step is to specify the filtering algorithms required to

generate the estimates used in detection.

These will be based on the

extended Kalman filter and, for the system in (4') and (5') above, are given

as follows:
I o]
dz| = |a
db 0
4] o]
:F 0
dP =} 0 -
0 0
| 0 0
-V

where IN

SOT

n >

dt +

ah/ax
ah/azZ
ah/ab
ah/aw,

o o
0 O
-G 0
0 -H
E
P+P |O
0

_0
aF/aﬂ
ah/37Z
ah/ab
ah/av |

T

-—ﬂ P— _T
X ah/ax
Z| dt + P |a3f/3z -1 IN (10%)
b ah/ab
v ] |an/ay |
0 0 0 W 0 0
C
-~ 0 of + lo a1-2) 0 o0
0 -6 0 0 B, 0
0 0 -H 0 0 U
L c-
dt - L v ! p.soreIn (11')
2 C

32T /3 (7)2,.ﬂpssian matrix.

- 1
dy - (h + E-- SOT) dt, Innovations

trace [PH], Second-Order-Term, and



Unt11 now, all we have done 1s modify the appropriate equations 1n [2] to
account for phase information. Looking ahead, however, to our discussion

about performance, it w11l be helpful to explicitly represent the gain

A
Pa h/3a (+) in (10') and h above, with ¢ = 4r / v, as

ah/ax L&, [P Pz Pz Pl -2 (12)
Plah/az | = GZ = Proy  Pys Py Poy b-21{¢tAcoss
ah/ab G, P31 P32 P33 Pyl Z
- - -1
-Bh/aﬂ) 1 LG‘p i _p4l p42 P43 p44- L(‘bt) )
where
A
h =A sin {mct + ¢t [bt z, + X, (l-zt)] * ¥y }] =Asine . (13)

Rewriting (10'), we therefore obtain the filter

= -1
dx = -F X dt + G, V_ -iN

dZ = A (1-7) dt + 6, V"= IN (14)
— -1

db = -6 b dt + G, V_ +IN

& = -Hy dt + & v-1. 1N

3. COMPUTATIONAL ISSUES
The above formulation has been given in germs of continuous time. A

discrete-time formulation was derived from this using standard Euler



approximations (see [2]) for purposes of simulation on a digital computer.
As was expected, because of the nonlinear nature of the measurement equation
given 1n (5'), the estimates produced by the filters in (10') sometimes
diverged for certain choices of parameter such as initial conditions

(xo, bo, Po’ etc.), noise intensities (NC, Bc’
levels (related to A in (5')). More precisely, the error-covariance matrix

Ves etc.), and signal power

P in (11') did not remain nonnegative definite as it should. The reasons
why this occurs 1nclude the approximation techniques utilized in determining
an extended Kalman filter and the finite word length or limited precision of
a digital computer; in the latter case, truncation errors tend to accunulate
over time (see Jazwinskil [7, chap. 9]).

In order to rectify this situation, the following approaches were
tried. The diagonal elements of the P matrix 1n (11') represent error-
variances of the appropriate state estimates. Being variances, these should
never become negative. Therefore, as a first attempt, these variables were
monitored and reset to zero each time they became negative.

With only marginal improvement from the above, we considered the off-
diagonal elements of P which represent cross error-covariances. For

example, the typical (i,j) element for i # j 1s of the form

where E denotes expectation given the measurements., Using the Schwarz

inequality, an upper bound on p1j results in

093 V2 12 (15)

i1 Pjj



Thus, by monitoring the pij's, we were able to reset values to insure the
validity of (15) for all time.

Although this approach showed further improvement, 1t was sti111 not
satisfactory. At best, it is an ad hoc technique that works 1n only limited
cases. We therefore turned to square-root filtering algorithms (see, for
example, Anderson and Moore [8, chap. 5]). These algorithms are based on
so-called singular-value-decompositions and are specifically designed to
maintain the nonnegative definite property of P and thereby eliminate filter
divergence. Although their use 1mplies a more complex filter, the 1mprove-
ment in the quality of the estimates justifies their adoption. A copy of a
computer program that generates state estimates from such a square-root
filter of the Kalman type appears 1n Appendix B with some examples of its
output.

Turning now to the 1mplementation aspect of the problem, we refer once
again to [2] for the basic methodology. There we see the need for a bank of
N of the above type filters each receiving its sample measurements from a
particular range location, or range gate, within the region affected by the
microburst; each filter will process a batch of M measurements in a serial
fashion (the results 1n Appendix B use M=32), and all filters will work 1n
parallel. The actual decision as to whether or not wind shear has occurred
will be based on the outputs z of these N filters, and our approach will
employ a voting algorithm to be explained in the next section on detection
and performance.

4, DETECTION AND PERFORMANCE

The performance issue involves determining how good the filtering and

detection algorithms work. In the case of filtering, this is measured by

examining the errors in estimation and 1s directly reflected in the elements

10



of the error-covariance matrix P in (11'). Whereas this was the subject of
the previous section, we now address performance 1n the context of
detection.

A measure of how good a detection scheme works involves an assessment
of the errors one commits while making decisions. Here we are confronted
with two types of errors: declaring wind shear when 1t is not present, and
declaring no wind shear when indeed it is present. These errors, called
false alarm and miss, respectively, are often very difficult to compute.
Our objective 1n this section, then, is to explain how one might evaluate
them both theoretically and empirically.

Likelihood-Ratio Test

Our strategy for deciding about the presence or absence of wind shear
js based on a likelithood ratio test such as described by Van Trees [9, chap.
2]. As indicated above, we are 1interested in determining the time at which
the process z, n (3) changes abruptly from zero to one; the detection of
such abrupt changes 1s discussed 1n the text edited by Basseville and
Beneveniste [10]. As it turns out, the likelihood ratio involves the
estimate 3} of 2, given in (8), or, more precisely, its suboptimal estimate

z, given in (14). We therefore define the likelihood ratio L as

A Pr [wind shear | observations of y from 0 to t]
L =

Pr [no wind shear | observations of y from 0 to t]

and use (8) with Z replaced by Z to obtain

11



APr[T<t|yS,0<s<t] 5
L = = . (16)

Pr[T>t]y,0¢sc<t] 1-z

The likelihood-ratio-test (LRT) involves testing the magnitude of L 1n
relation to some threshold y' defined as

.20 1000’

C

01 11)

where P0 and P1 are the a priori probabilities of the absence and presence
of wind shear, respectively, and Cij’ i,j = 0,1 are the relative costs of
making correct (i=j) and incorrect (i#j) decisions. For example, as is
often the case, if no cost is attached to making correct decisions, C00= 1

= 0; a choice of C1 = 3, say, implies a cost of deciding 1n favor of wind

0

shear (i=1) when indeed there is none (3=0), while a cost of CO = 19, say,

1
1s incurred in deciding against wind shear (1=0) when in fact i1t is present
(3=1). Also, by way of example, P0 = .95 indicates a strong belief that no
wind shear is present and therefore wmplies P1 = .05. The actual values
used 1n any test will be chosen by the pilot based on airline safety
procedures and standards, and current weather reports. From the choices
selected above, the interpretation is that one is less tolerant of missing a

wind shear (C01> Clo) in a situation where wind shear appears to be unlikely

(P0 > > Pl)' We therefore arrive at the following LRT:

12



LRT:

Here, H0 denotes the hypothesis there is no wind shear and H1 denotes the

hypothes1s there 1s wind shear. Equivalently, assumingy ' > 0, we have

A -
wherey =y' / (1+y'). Thus, we compute z and declare the presence of wind

shear if z > v, and declare its absence otherwise.

Voting Algorithm

We next recall that in reality we have a bank of N filters each using
measurements taken at a specific range gate. Therefore, we will need N
LRT's and some type of voting algorithm on which to base our decision. We
proceed as follows.

Let us assume a symmetric microburst pattern and, for convenience, N +

1 f1lters acting over a range that encloses the resolution volume of the

weather target, as shown below:

*&r/ ——-
T
S

-N/2 .. =2 -1 O ceo N/2

A
Here, range time T =N At, n=-N/2, ..., =1, 0, 1, ..., N/2; also see

Fig. 3 in [2]. We further assume that if, say, 4/5 of the tests indicate

13



wind shear (Hl)’ we declare wind shear; if 4/5 of the tests indicate no wind
shear (HO), we declare no wind shear; otherwise, we make no decision at this
time and wait for more data. To express this, we first denote the indicator

function I {.} of an event A by

1 if A occurs
I1{A} =
0 otherwise

We next define the number J of “"triggered gates" (those indicating wind

shear) by

A N/2

J [z, (iat) >¥] (20)

)
=-N/2
_ A
and 1ts complement by J = (N+1-J) (the number of gates indicating no wind

shear). Then, setting the ratio r = 4/5, our voting algorithm becomes

1f 3 > r (N+1), then decide Hl;
if J> r (N+1), then decide Hgs (21)
otherwise, make no decision.

The ratio r used in (21) is a design parameter set by the pilot in
accordance with weather reports and existing standards and guidelines. For
example, with a weather report indicating virtually no winds, 4/5 might be
viable because any microburst would probably be symmetric; on the other
hand, a report of a 20 knot wind might suggest the use of ratio 2/3 because
any microburst would probably be asymmetric. In general, as weather reports
indicate higher wind velocities, a lower number of "gates" need to be
"triggered" before declaring the presence of wind shear because its
occurrence becomes more probable. Finally, we note that z 1s a process

evolving with time t, so any meaningful test would actually require that

14



(21) give consistent results over some prespecified duration of time before
the ultimate decision is made; examining B; over this duration would also
provide a direct correlation with this decision.

Error Analysis

Referring to (19), we see that a so-called type 1 error or false alarm
1s committed 1f hypothesis H0 (no wind shear) is 1ndeed true, yet we
mistakenly conclude that hypothesis H1 (wind shear) is true because Z>y.
Likewise a so-called type 2 error or miss 1s committed 1f H1 is true, yet we
decide 1n favor of HO because z < y. Therefore, denoting the conditional

densities of z by p(Z|Hi), 1=0, 1, we define the error probabilities of a

false alarm PF and m1ss PM by

A 1

Pe = Prz, >y | Hy = jY p(z, | Hy) d z (22)
A _ Y _ _

Py = Prlzy <v | H] = IO p(zy | H)dzg . (23)

One approach to computing PF and PM is to use Monte Carlo techniques.

For example, considering P_ (similar remarks apply to P one would gener-

F ( M),
ate observations from (5'), but with z, = 0 which corresponds to H0 being

true as in (22). The observations would then be used 1n (10') and (11') to

evaluate Z, and finally PF could be evaluated using relative frequency type

calculations.
On the other hand, (22) and (23) show the need to evaluate the condi-

tional densities p (; | Hi)’ 1=0, 1 of the l1kelihood ratio.;, but quite

15



often this 1s not possible. In such cases we might be satisfied with ob-
taining, for example, upper bounds on these error probabilities as wn [11].
Although we shall not follow that approach here, some of the i1deas 1n [11]

will be used to derive theoretical expressions for P_ and PM. If they could

F
then be evaluated, their values could be compared with the empirical values

obtawned from the Monte Carlo techniques mentioned above. We now proceed

with our analysis of PF defined in (22); similar comments apply to PM n

(23) and, for most part, will be omitted.

Our approach can be summarized as follows. If E; of (10') were an

optimal estimate of z, rather than a suboptimal estimate, then the

t
1nnovations process IN driving (10') would be a Brownian motion process and

the density p (;) of;t would satisfy the Fokker-Planck (FP) equation

2 .
- -2 1D p@) + ilz[(e,_ v:hi e (24)
3z 3z

2

aP(7)

ot

this 1s also called the Kolmogorov forward equation. However, this equation

does not exist because z, is in fact a suboptimal estimate of Zy, SO IN 15

not Brownian motion. Furthermore, (22) requires the conditional density
p(;'l HO), not the unconditional density satisfying (24) which has
coefficients A (1-z) and G, Vgl that are the same regardless of which
hypothes1s is true. For these reasons, therefore, we shall use a measure
transformation (see [11] and [12] for a similar application) which will lead
to a FP equation with coefficients that do indeed distinguish between the

two hypotheses. The cost, however, will be an increase in the dimension of

16



the states whose density satisfies this equation, so the conditional density
required 1n (22) wi1ll follow by integration.

To begin the derivation, we define the martingale
At
m, = IO f(h) [dy% - h dr] (25)

where f(ﬁ) w11l be specified shortly. Then defining the exponential formula

(see van Schuppen [13, pp. 32, 33] or Bremaud [14, pp. 336-338])

[~

t
e(m) = exp [m - f F4(R) v, ]

t t
exp {fo f(h) [dy - h d 1] . FEm v, d 1} (26)

1t follows that if E e(mT) = 1, then €(m,_) can be used with the original

t)
probability measure P0 corresponding to HO to define a new probability

measure P, (see van Schuppen [13, p. 38] or Lipster and Shiryayev [15, pp.

2
314, 315]) such that

e(m,) = dp, /dPy . (27)

¢)
The verification that E e(mT) = 1 follows from van Schuppen [13, pp. 34-36]
or Lipster and Shiryayev [15, p. 295] by invoking a sufficient condition

1

requiring that fz(ﬁ) be bounded; thus choosing f(W) = ﬁVE satisfies the

requirement because h 1s a sinusoid bounded by 1. Turning once again to van

17



Schuppen [13, pp. 40-42], we use the martingale translation theorem to

obtain a measurement equation with respect to the new measure P2 given by
dy = hdt + h dt + dM (28)

where the martingale M 1s a Brownian motion process; for a proof of this
last assertion, see [16, p. 53] for a similar derivation. Finally, we use

(28) in (14) to obtain the new filtering equations

Al

dx = [-F X +6 v;l h] dt + 6, v;l dM

@z = [A(17) + 6, V' n] dt + G v o

- c . (29)
@b =[-8 +G Vi h] dt+ G vl

= | -1

& =[HT +6 VI h] dt+g Vol

As (29) ndicates, the "drift" coefficients now explicitly contain the

signal h of (13) and, since h depends explicitly on z, these coefficients

can distinguish between the hypotheses H0 and H1 as z goes from 0 to 1,

respectively. However, because our interest is currently focused on

evaluating PF’ we set z = 0 and express h by

A

h = A sin {wct toL X+ wt} = A sine (30)

0

Therefore, substituting (30) into (29) indicates that the filter in (29)

represents a coupling of not only the state estimates X, z, b, and ¥, but

also of the original (unfiltered) states x of (4-a') and y of (4-d'). This

18



then 1s the anticipated increase in dimension alluded to above and leads to

the following augmented system of equations:

i -1 -1
dx = [ -F + 6, V. h] dt + G, vc1 dM
- = -1 -
dZ = [A(1-z) + 6, V_" h] dt + G, V_~ dM
- - -1 -1
db =[-G + Gy V.o h] dt + G V. dM F . (31)
- — -1 -1
& =[-Hy + 6 Ve h] dt + G, V.~ dH
dx = -F x dt + d W
dp = -Hy dt +d U )

This can also be expressed i1n vector form by defining the augmented state as

A T
x=[xZDb¥y x¢] and writing

dx = A(x, t) dt + B (x, t) dW (32)
where the column vectors A(x,t), B(x,t) and W are defined accordingly.

We now recall that our objective was to obtain an expression for
p Gt | HO) as required by (22). Therefore, using h of (30) in (32), the
conditional joint density of x given HO’ denoted by p(x, t | HO), sat1sfies

the Fokker-Planck equation

6 2 (b__p)
¥y . (s ] U (33)
ot = 2 1,j=1 3 X; 9 Xj

where vy denotes the gradient operator with respect to the vector x and
y =
b.. = (BB

. The fact that (33) is valid follows from our use of the

)j-
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measure transformation that resulted in the state equation (32) being driven

by a Brownian motion process W. The density p(f£ | HO) now follows from

ntegrating p(x, t | HO), that 1s,

© o T o 4

p(Et|H0)=r dx [ dbf dp [ dxf dvp(x(t) | H) , (34)

-0 =00 -1 =00 -

and the final expression for the probability of a false alarm defined in

(22) becomes

1
Pe=f dz [ p(x, t]Hy dlx, b, v, x, ¥) (35)
y

where the latter integration symbol denotes the multiple i1ntegration shown
explicitly in (34).
A similar analysis leads to an expression for the probability of a miss

P To derive it, we set z = 1 in (13) and express h by

M

A
h = A sin {wct + ¢t bt + wt} = A sin el . (36)

Its use in (29) then represents a filter with coupling among the states ;;
z, b, and ¥, and also the states b of (4-c') and v of (4-d'). Therefore,
the equation for x in (31) is replaced by the equation for b and the
augmented state vector becomes x = [;-;'E-J-b w]T. The vectors A and B of

(32) change accordingly, and (34) is replaced by

20



[ © L © L

p(zg | W)=/ dx dbf dv [ dbf & p(x,t]|H) (37

-0 -0 - -0 -

Then the final expression for the probability of a miss defined in (23)

becomes
Y _ - -
PM =f d Zf p(i’ t | Hl) d(X, b9 l’), b9 ll’) (38)
0

To summarize what we have done, the false alarm error probability PF
and miss error probability PM each require the solution of the Fokker-Planck
equation of (33) followed by the integrations in (35) and (38),
respectively. Since an exact solution is virtually impossible, some
numerical procedure must be used to obtain suitable approximations.
Considering a worst case scenario, however, by assuming large measurement
noise such that Vgl + 0), causes many terms in A and B to vanish and thereby

makes (33) less formidable.

5. CONCLUSIONS
From the outset, we proposed to describe how one might process the

returns from an on board Doppler radar system so as to detect the presence

of a wind shear. Questions relating to specific hardware such as antenna
design and so on were not the major concern. In contrast, the scope of tnis
effort was to address software issues 1n the context of deriving filtering
and detection algorithms to achieve the above objective.

That this 1s a final report should in no way suggest the completion of

this phase of the overall effort. A good part of the preceding formulation

21



has resulted in theoretical type expressions which ideally could be used as
a basis for practical implementation, and we have endeavored to indicate
this 1n the appropriate places of this report. It 1s our sincerest hope
that the adoption of some of these ideas will be useful 1n the attempt to

further understand and ultimately solve the wind shear problem.
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ngL1RACT
An approach s proposed for extracting infor-
mation from airborne Duppler radar returns that
-an be used to determine the presence of wind
shear 1n commercial aviation. Issues that are
d1.cassed nclude modeling 1n terms of stochas-
tic differential equations, estimation in terms
> minimummean-square-error f1lters, and detec-
tion 1n terms of a8 first passage problem. Some
1isLussion of the hardware architecture needed
t  orocess the data in a timely and efficient
rarner 15 3iso 1ncluded

! 'NTRODUCTION

Tne problem of wind shear in commercial avia-
tion has alwavs existed, but onlv recently has 1t
peen given the attention it deserves [n the last
frrteen vears, 1t has been listed as the cause of
se eral accidents 1nvolving large carriers, with
tne most recent bernq the crash of Deita Airlines
Forgnt 191 1n Datlas on August 2, 1985 that
cia1med the tives of 137 people

The phenomenon can be loosely described as a
Luig2n downburst of wind at a velocity of aproxi-
matel 40 meters/second which, upon 1mpact with
“ne 3Ircund, results 1n 3@ horr'zontal component of
wird veluCity with high magnitude, and with
direction that abruptl!y changes as one moves
through tt at an altitude close to the ground.
Thus 1t poses a severe hazard to aircraft who
encounter this so-called microburst (see Fujrta
{11) 1n ei1ther the take-off or landing phase of
tlight, in that the aircraft first experiences a
hiah head wind causing 11ft foilowed suddenly by a
high tar! wind causing descent. Therefore, with
little altrtude 1n which to maneuver, pilots are
wnable to recover control and disaster results

The manv causes of wind shear are discussed in
report [2], also see Doviak and Zrnic {3,chap 3]
These range from wet microbursts that occur 1n the
wake of thunderstorms to dry microbursts that
occur 1n more tranquit ¢limatic conditions,
Research 1n this area continues to gain a better
understanding of the physics i1nvoived.

The above -eport also discusses various
metrads for Jetecting the vresence of wind shear

*
MS 490 NASA Langley Research Center, Hampton, Virginia

and alerting the pilot 1n a timely fashion Among
these 1s the use of ground based radars such as the
system called NEXPAD, a planned network of Doppler
radars to be operated by the National Weather
Service, and a proposed Doppler radar system cailed
TOWR that would be placed specifically at principal
airports. The report also proposes the use of
airborne Doppler radars, and 1t 1s this topic that
we wish to explore 1n this paper

To be more precise, we shall propose a method
for extracting information from Doppler radar re-
turns that can be used to determine the presence
of wind shear. Issues to be discussed wiil (n-
clude modeling in terms of stochastic differential
equations, estimation 1n terms of minimum-mean-
square—-error (MMSE) filters, and detection 1In
terms of a first-passage problem. In addition, we
shall Include some discussion of the hardware
architecture needed to process the data 1n a
timely and efficient manner.

2. MATHEMATICAL DESCRIPTION

The method of solution we shall fnvestigate 13
based on the classical disruption problem In the
mathematics |fterature, this 13 sometimes called
the first-passage problem or the exit probiem.
More precisely, one monitors the evoiution of a
stochastic process and attempts to determine the
first time the process reaches a boundary or
exceeds a threshold. In terms of detecting wind
shear, the first time the threshold is exceeded
w11l correspond to the onset of a microburst. Our
formulation will be based on a paper by Davis (4]
who shows how nonlinear filtering techniques can
be useful in the detection process. We now
proceed to describe the radar signal returns, the
state space model, and the filtering and detection
algorithm,

Radar Signal Returns

The radar signals used in weather applications
are composites of signals from a very large number
of scatterers (e.g.. hydrometeors) each of which
can be considered a3 point target, coliectively
they describe a so-called distributed target.
After the round trip propagation delay, echoes due
to one pulse are continuously received over a time
interval equal to twice the time it takes the
pulse to propagate across the voiume containing



the scatterers The echoes can be expressed as
(see, e g , Van Trees (5])

r(rb) r(ZrV/c)

_ =4Try /Ay =34TEy/A

B fi[iAlwxe e

where 14 = 2r,/c 1s the so-called range

time, r, 1s the range resolution volume, r, is
the incremental range within the volume, |A;|/v/Z
1s the echo amplitude of the 1th scatterer
located at range r, + r,, and W, is the cor-
responding range weighting function For a short
pulse duration, however, this equation does not
contain any Doppler shift information because
weather targets move at relatively slow speed

(r, 15 constant during the time scatterer [ 1s

1l luminated by the pulse)., Therefore, in order to
include Doppler shift information needed for wind
shear analysis, one would have to look at returns
from a number of pulses where each return is of
the above form and consists of reflections at a
number of range gates. By proper sampling, then,
a sequence of complex video samples r(kTg)
separated by the pulse repetition time T4 can be
obtained for each and every range gate This
sequence would consist of a signal in additive
noise, i e ,

r(hly) = 5% v = 0,1, ML

where wq 1s the Doppler shift and M is the
number of returns considered at one time. The
fundamentai difference between these equations 1s
that the former describes the reflection process
in space (range time) while the latter describes
tt in time (sample time) at one specific range
Because our analysis will be based on the sample
time sequences that contain the Doppler shift
information, the use of dynamical models that
incur abrupt changes are natural candidates for
wind shear applications

atate Space Mhge!

N 1ew OF the abuve discussion let us 3ssume
that the radgar return can be modeled as

re = hisg) + vy )

Ah=re hisg) = A Sin(we + 4wse/A)t,

A = amplitude tenvelope),

st = radial velocity (along the radar’s
beam axis),

ve ~ Gaussian white noise with zero mean
and correlation matrix V.,

we " carrier frequency. and

\ = wavelength

We 3re thus assuming a phase modulation format
~nere each measurement r¢ represents 3 return at
som2 tixed range gate, other formats might also be
aeplcable More precisely, consider the foliow-
1ng frgure dgenoting ragar returns from sequential
puises of pulse repetition time T4 and round

trip pronazation time tg as defined above

oy o~ 1
cs e -,

I 3 s

P -
aTe ya —_
i r: 1>
i

Fiqure |

The seaquence of M points (a) denotes samples

of the scattered signal at some distance rgy In
the entire volume., (b} denotes samples at dis-
tance ry, etc  Imagine. for example, that each
return 1s separated by TS =01l ms ari1sing from
an assumed microburst of 15 km 1n depth These
various sequences can be used to generate statis-
tics for s¢ at the corresponding ranges ry

within the microburst. For example, one could use
all M samples 1n a batch mode to compute the
radial velocity with a resolution (A/2) (1/MTg),
where X is the radar carrier wavelength: either
FFT or covariance methods could be used.

Now suppose one wishes to estimate the occur-
rence of the abrupt change in the velocity S¢
that accompanies a microburst. Consider the
following figure
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Here we have shown that, in a microburst, the down-
burst impacts the ground and the magnitude of the
velocity v changes abruptly from c-ero at the

center of the microburst to some relatively large
nominal value ¢ vpops 1N the absence of a
microburst, the magnitude and direction of v are
random

To formulate a state space model for the above
situation, let us imagine that before the micro-
burst. the velocity i1s a stochastic process x¢
whose mean is a relatively small nonzero constant
and whose variance 1s a relatively large constant;
after the microburst, we shall imagine that the
velocity 15 @ stochastic process by whose mean
1s a relativeiy large constant (corresponding to
Vnom) and whose variance is relatively small.

Thus we can write

sg = by z¢ + x¢ (1-Z¢) (2)

where



@ if t<T

Z¢ = (3)
I 1f t2T7T

and T denotes the random time of occurrence of the
microburst If we now assume that T is an exponen-
ti1ally distributed random variable with parameter
A, and redefine the observations r¢ In (1) as

dve = redt. then a possible model might be

ax 0 -F 0 01fx
state dz| = |Aldt + 0 = 0|z {at
ab | 0 0 0 -Giib
diWy (4-a)
+| aMe (4-0)
dBe (4-c)

onservation ave = A sinfue + 4nfby2y

s e (1=2g) /M0t + dVy  (5)

where Wy = Brownian motion (mean zero and variance
Wet),
My = martingale associated with a Poisson
process 2z storped at 1ts first

Jjump time,

8¢ = Browntan motion (mean zero and vartance
Bt

V¢ = Brownian motion (mean zero and vartance
Vet), and

all Brownian motions and 1nitial conditions are
mutual ly 1ndependent

The parameters F and G must be chosen to
achieve the desired statistical properties men-
tioned above and. at the same time, must guarantee
stable solutions when their discrete approxima-
tions are implemented on a digital computer The
stabi i1ty 1ssue will be discussed later 1n the
section on simulation Considering the statist:-
cal properties required of x¢, fts solution.
with x, assumed determimistic, implies the
following mean ang variance-*

Exy = e‘tho. var x¢ = (HC/ZF)(l—e‘ZFt)

Since 1n reality we are unabie to have t + = to
obtain a3 large constant variance, we shall choose
f to be relatively large (and W. even larger).
However, such a choice drives the mean to zero,
which i1s not desired. Therefore, to compensate
for this, the x¢ used 1n (5) will actuaily be

the x¢ from (4-a) plus a constant nominal value
of Xpome On the other hand, since the by pro-
cess has 3 mean and variance with the same form as
that for x¢, and the desired statistical proper-
ties of by are opposite those of x¢, we choose

G to be reiatively smail

Filtering and Detection Algorithm

Using the state and observation equations 1n
(4) and (SL above, we can generate MMSE estimates
L. Z. and b of the respective states x, 2, and b
and use them to detect the onset of wind shear.
More specifically, recalling the defimition of
ze 10 (3), 1t turns out that

it = Pr{t 2 T|yg, 0 5 s S ¢t) (6)

l.e., the conditional mean 2t Is precisely the
probability that wind shear has occurred. How-
ever, because our model represents a system of non-
tinear stochastic differential equations, it 1s
not possible to derive the optimal estimate Z in
terms of a finite-dimensional realization. There-
fore, this so-called moment closure probiem
compels us to seek a suboptimal filter Once
specified, then we can use the suboptimal estimate
Et of z¢ to generate an estimate T of T, the

first time of occurrence of a microburst, by
choosing some threshold k ¢ (0,!) and setting

T = min(tiZe 2 Kk} (7)

It s the form of (7) that causes us to de-
scribe the probiem as one of first-passage Its
successful use as a detection algorithm wiil
depend heavily on the quality of the estimates of
z provided by the fiiter, the k parameter 1s aiso
important 1n that 1t 13 related to the performance
1ssue and the concomitant false-alarm and miss
error-probabilities. With this in mind, we have
opted to compare the use of the extended Kaiman
filter (EKF) with the truncated second order
filter (TSOF) as presented, for example, by
Jazwinsk1 [6.chap 9} A slight modification 1n
the error-covariance equations, however, 1s
reauired because of the martingale My 1n (4-b)
assoctiated with the purely discontinuous process
2¢ In any case. with overbars genoting
suboptimai estimates and P denoting the
error-covartance matrix, we have the following*

dx| |0 -F 0 O}|x ah/ax|
dz|=[r{dt+| 0 -» o}|Z|at+plan/aziv "IN (8)
do} |o 0 0 -G|{p sh/a
-F 0 0 -F 0 0 We O_ 0
ap ={} 0 -x ofp+Pl0-x of+] 0 A1-2) 0
0 0-C 0 0-¢ 0 0 B
 [sarax] [an/2x]" _
-v_"'p|3h/3z | | 3h/8z| P} dt - 5 Ve PSOT-IN
¢ |3R/ob] | 3R/0b (9)
where IN & gy - (R + % + SOT)dt, innovations
sor 2 trace [pH], second-order-term, and
a2 a%/a(5)2, Hess an matrix.

In deriving these equations, use §s made of the
Fact that the definition of 2¢ in (3) impiies

2§ = z¢. Also the term A(1-2) in the
error~-covariance equation is a result of the
quadratic variation of the martingale My 1n

(4-b). Finally note that 1f the term SOT 1s zero.
then the preceding equations define the EKF:
otherwise, they define the TSOF.

3 SIMULATION

The approach used in discretizing the con-
tinuous-time equations given 1n the previous
section {s based on Euler’s approximation, see,
for exampte, Frankiin and Powell {7, ch 3] Since



the equations Iin (4) are decoupled, we can {1llus-
trate the approach by discretizing (4-a) to obtain

e = (L= FA)xK + wih

where wy 13 a3 zero-mean Gaussian white noise
sequence with correlation matrix W, To be
stab'e. one requires that |I-Fal<l, 1 e.. 0 ¢F

< 2/48 for a sampling i1nterval of iength A

which, for us, has been chosen to be | Analogous
statements hold for (4-c) Therefore. recalling
the discussion on parameter selection i1n the
previcus section on state-space models, we choose
F =1 90and G = 0l

ne results cbtatned thus far from computer
simulations have beern encouraging and lead us to
cenctude ttut the overall 3pproach 1s a sound one
as 15 50 often the case 1n such simulations, care
must be taken 1n selecting vailues of state and
obset vation noise statistics and 1nttial error-
cosar tances to prevent filter divergence, and we
are .ontinuing to i1nvestigate adaptive techniques
to remedy this problem However, 1n those cases
where tne filtered estimates did converge, the
deci~tun that wind shear had occurred was made
within a few sampling intervals of the actual
cocurrence It 1s anticipated that a complete
presentation of these s:mulations will be
rortheoming 1n the near future

we also plan to stimuiate microbursts through
the _se of 3 mode! based on the fluid continuity
~quatton

Ve {pv) -0

with vertical hvdrostatic equylibrium Assump-
tiuns itnclude inviscid flow with no heat Input
(dry microburst) An azimuthally symmetric soltu-
ticn 1n cylindrical coordinates, with v, and

vy denoting vertical and radial velocity compo-
aents, respectively, is

_ be e-r2/21x2(e'z/b - M2
Vz T T+on
2 2
v = w1 -T2 o2/o
r 2 3

Here, H 1s the actual scale hetght, A 1s the
inttiral radius at the top of the column, c 1s the
ntti1al velocity or strength, and b 1s a parameter
iftecting the shape (outflow height). Through a
a1 3ht modh Fication, the model can accommodate
asviimetrical microbursts with an essentially
atbitrary vertical shear profile, the addition of
4 vorter ring to more closely simulate an actual
microburst., and wet microbursts., Given the
present state of knowledge concerning wing shear,
this mode! produces zeometries that are in excel-
lTent agreement with those that have been actually
ubserved Futhermore. with this more reatistic
model, we shall be able to simulate radar returns
~rum several differert range gates

4, [MPLEMENTATION

In implementing the actual system. several
essenti1al parameters regarding the hardware and
data acquisition scheme will have to be deter-
mined. These include items such as range and
antenna weighting functions, antenna gain, size of
the resolution volume scanned by the beam, re-
ceiver bandwidth, and pulse repetition time. In
this paper we shall only discuss the latter where,
ideally, 1t should be chosen long enough so that
returns from consecutive pulses do not overlap and
yet short enough so that samples obtained at one
range are well correlated for information extrac-
tion purposes. We now elaborate.

Since the system studied here will be used In
airborne applications, the processing rate, and
thus the alert time, is a cructal factor The
processing rate has to be fast enough so that the
pilot can be warned well In advénce to avoid wind
shear. This rate can be improved by overlapping
computation time with scanning/sampling time. In
this context. the system s thought of as two
separate units. The first is a radar that fis
continuousiy transmitting and receiving signals
and 3 sampler that is sampling the received
signals and storing them in memory banks according
to thetr range as shown 1n Fig, 3. The second
unit s a processor that 1s computing estimates
and making decistions While the n~rocessor 1s
processing returns from the first M pulses. the
returns of the second M pulses are being samplec
and stored 1n memory [n order to do this over-
lapping, the processor must process the data at a
r3te higher or at least equal to the rate at which
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the data are received For exampie, if M = 256
and T4 = Ims, then this rate 1s 1725 6 kHz.

such a high rate may not (depending on the value
of N) pe achieved with a serial processor
{nstead, one can use 3 number of identical
processors that run 1n a parallel fashion, see
Figure 3 Each processor 13 small, fast, and
responsible for all the computat:ion required at
one range gate The computation consists of
spectral estimation, filtering, and abrupt )ump
monttoring In addition to achieving a high
processing rate, this scheme 1s advantageous in
that N decisfons, regarding the presence or
absence of wind shear, at N range gates wiil be
made all at once This is a very informative
aspect because In a way it reflects the dimension
of a microburst along the beam axis and it allows
for rejection of false alarms on part of the ingi-
vidual processors, | e., a microburst should
trigger the output of more than one processor.
Thus, a voting algorithm, based on prespecified
criteria, can be implemented to produce one final
decision

A large number of range time samples, however,
imposes a limitation on our processing scheme. A
large N requires a large number of processors
which could be Impractical due to space and power
limitations on board an aircraft. In such a case
the N discrete sequences can be divided into
groups each of which is J sequences long, where J
15 @ submultipie of N Every group wtll be pro-
~essed in @ parallel fashion on J processors,
while the different groups are fed serially. Even
1n this m «ed processing, an 1mportant improvement
In the processing rate would be 3chieved

5 LONCLUSION

The preliminary findings described above
srrongly suqgest that the first-passage analvs:s
~e [ ive adopted provides 3 viable approach to the
.1 22'em OF 1dentirving the onset or wind shear
The o r2.u'ts to date center on an i1dealzed
s "metric jeometry for the wing pattern and have
nea'eZrzd nol e processes spectficall s related to

1 wod clutter [t 13 not evpected, however, that
tre relaxat on Of these constraints will atter the
wazlo conclusion Future work #1111 1ncorporate
23l 2ata and thus will be able to determine the

ulzrmate efficacy of the approach
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APPENDIX B

Simulated results of state estimates

Representative state estimates utilizing the model in (4') and (5') and
the filter in (10') and (11') (with SOT = Q) are shown below for one range
gate. The filter 1s 1mplemented 1n terms of a square-root algorithm; the
computer program that produced these results on a CDC Cyber 180 computer 1s
also given.

The values of the parameters used in the simulation are as follows:

A=1.0 F=10 P11=1.0, P22=1.O
V.= 1.0 6=10"% P.. = 20.0

c y 33 :

W o= 0.5 =10t P =0.5

C : 44 '

BC = 0.5 K1 = 32 (% M) PiJ = 0.1, i+

U =107 - 10.0, x. = 10.0

¢ s X, = 10.0, x, = 10.

A = 0.1 b, = 40.0, b = 30.0

v = 0.15m wo = 1.0, wo =0

In each of the four graphs that follow, the true value of the state 1s

denoted with a solid 1ine and its estimate 1s denoted with a dotted line.

For example, for state x, the wind velocity before wind shear, the true

value is Sx and its estimate is Fx; for state z, the true and estimated

27



values are Sz and Fz, respectively; etc. Also, each graph shows 63 time

samples, with the jump time (indicating the onset of wind shear) occurring

at time increment 32.
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PRty TEAFIOLL PLTZCUTFI o TAFZLYISINPE T4 TA2E2C=CUTPLT)

OO

TPTETEFR Y Klelwdylledl
REAL SX(r:127)9SZ(C:127)QF)(C3127)9FZ(0:127)9Fe(03127)9

Y

CRIC:127)4P11(02127)4PL2(C2127)4P13(0:127)4P22(02127),
P23(2:127)4P33(C:127)9SE(02127)4FS(C2127)4P14(02127),
P241":127)9P34(02127)9244(0:2127)55(2:127),

98 (492 ) 9o (A4 T(ET9VIGIgN(a)y
WOV eV aCl gLy ILoERaak gV C9SF gCF oSt aFa9FeGeSk yECy
C(v(AQC(vP1'2295?9Q49R51:ﬁvsIQTFP95L9U5X9USBQUFX'UFB,

N ™D W N

D7 g F el gUCePeC79519520S39S544S54029034049wlgERL
NATA SXUCYAFX(C) 9SBUO) oFB(C) 9SZLQ)sFZ(C) 9 IF(C)9FS(O) enbLsCF,
1 °12(q)9913(C)9P23(0)9F1A(C)9P24(0)9F34(C)955(0)/2*10.09_

T

2 SIS R I R S IS - U ar Y e Y S U N W

c
C
c
c

(@

METIM PRCGFEAM

10

eEAL (1.1 0)H ]
ECPMAT(I?)
WOITF(2n,15)

15

20

FORMAT(SX)
REAC(1N420)VCyWCsBCoUCsA9F 9Gob9ERZPLLI(D) 4P 22(C)9P33(C)yP44(0)
FORMAT(F7.4)

40

WORITS( 20 aan ) dl GV g C oL oF 4Gyl
FRCMAT (Y IC=t eF5.292X0a ' V0" 9F 5420204302 3Fhe342X4 A= ,FF 2,
1 2Y g ' E=t G FT,492X 4 "5t yFE by Xy'K1="y12///)

S= .5
CALL PAMSET(S)
WRITE (270,10N)

1ce

ECRMAT(Y V' s B g EXY o X a ' FZ N ebXa"™ST gy "F2'4EXs'FST4EY,
1 TPIL Y (g P27 yOX4'P23%4EX4'P446")

UFX=10,C*F
USX=tFX
UFB=3r,02*G

US?¥=40,C*(C
Fzfel,”

C=G=1,9

HeH-=1,0
ER1=ER
EP=ER_1.°

A=SCRT(2.C*2)
CC=2 ,0%2 ,1415¢?
EE=2,0%Cr/HL -

CF=CF#*(CO

DC_ 1000 I=0,3

"0 5170 ¥=(C,2]
TF (¥ rE, C)Y 4CTC 1902
Nta)=Pas(C)

Ul344)=P34(0)/D(4)
NE3V1=P3310)=-D(4)RU(3,4)%%2,0
U(2+4)=P24(C)1/0(4) -

"0243)=(P23(N)=L (2,412 344)*L(4))/T(3)
PL2Y=PO2( )= 1) 2L (2 42)%8 2, (=[ (L) %')(2e4)%%2,)
a{les)=Plet(C)/T(%])

Ul143)=(P13(0)=L(1y6)%L{3e4)2[(4))/0(2)
Ul1y2)=(PL2(")=U(1+3)1%U(243)8C(3)=Ul1y4)%U(2+4)%0(4))/C(2)

DELYaP1I(C)=D{2) 2L, (1 42)%%2.C=C(21%J(143)%%2,0=004)%U(]44)%7,0

T(K)-_-



Teey =T

BAELN —
T(8)=LC

H(1y1)=14C

U(242)21.0C

U(243121.C

— T(4,4)=1.0

102 J=+1%32

2=l C*FZ () *FR
22=FC (K)E54EX (k) %7
TlLzaFOTF 7 (/)

FA=FE#QEAL(¥+1)*(FB(X)*FI(K)*GHER=D2*FX(K)*F)
CKaCCS(CReEAL(K+L)+FA=-FS(K)#*H)
Hk=23SIM (CF*REAL (K +1)+FA=FS{K)#F)

Ca=F=%¥DERL(V+1) 3%k
TE=ARCK
O1=CArC ()

R2=FANF ()
R3I=RANF()
Re=FAPF()

SE=TAYE()
k=P ArE()
R7=PAMF ()

RE=KANF ()
AK=2SCRT(=2.C#wC*ALOG(R1))*CCS(CC*R2)
VKsSART(=2.C*VC=2ALOG(R3))*COS(CO*R4)

I=STET(=2,C*aCYALTG(CS))I*CCS(CC%*F6)
JK=SORT(=2 . C3LC#ALCG(FT7))I*CCS(CO%KR)

O

SZ(¥+1)=0,0
IF (J+1 LCT, K1) THEN
SZ(Kk+l)=1,0 -

=ro1e
SY(¥+1)==SY (L) #F +wX+SX
ST (K+1)==52(K)XC+BY+ 87

SS(K+1)==SS(K)*H+LK
SA=FCAREAL(K41)*(SBUK+L)*SZ(K+1)+(1e0=SZ(K+1))®SX(K+L1))
OF (kK+1)=A%SIN(CFHREALIK+L)+SA+S5S5(K+1))+VK

(@

S1=C&(K+1)=-+K
S2=((PLLI(KI%F#%2 ,C+WC)*C2+ERSF#F12(K)*D3+GeF2P13(K)*D4)% 4

1 FF*F#P14(K) #CH
S3=(ER#FSP12(K)#D2+(ER1#(1.0-FZ(K))+P22(K)*#ER®#2,0)#D3+ER*
1 G#P23(K)#D4)#C4+ERFHEP24 (K)HCH

SG=(R#E#P13(XIFC24CC2CAP23(FI#03+(P3I(KIBCRE2,0+3C19041%C4
1 SRB5EP 4 () 4Ch
SE=(r#F4P14(K) 4L 24CF3F#F 26 (K0T WH5C 2P 34 (K)¥D6)$Ch+

1 {P44(K)*H2%2,0+UC)*CE
AI=C4%(D2%S2+03%53+404%S54)+Ce*55+VC

FY(Vel)==F X (M) *¥F+S2/al#S1+UFX
FI(K+1)==ER¥FZ2(K)+S3/a]%*S1+ER]
FR(V+1)==FP(K)&C+S4/41%S1+UF]3

FS{K+1 ) a=FS(KI*H+SS5/W]*S1

D0 11C Jl=1,3
el I.a. IT‘T"'
HIleJdl)=C,"r

1C5 FCNTIMLE

[I/ VE' &t 4 - o T

113 TORTIFCE
D0 115 Il=l,4
T(I1)=C(I1)




T(A)=ER1%(1.2=F2(K))

(1.51=1.C
1(244)=1.C
(357)21.0

Alaaey=1,
(1y1)==F

A(le2)==F8L(1,42)
S{1e2)==F%y(1,43)
Alles)==C%y(1l44)

V(7.2V==%F
(2.2)=2=EF*L (Z43)
J(2404)==TREL (2 ,4)

A(3143)==1
WH{394)==G%"1(344)
Wb y4)==H

O

Dr14F Jl=4dele=1

Tvbgj.ﬂ

120

DC 12C L=1l,6
TMD=TMD 4w (J14L)%%2,C%T(L)
CONTIMLE

"(J1Y=THMP
OC 120 Il=1,J1-1
T“p=7,10

125

OC 125 L=1,¢
TFP=TMPAW(T1l,L)%4(J1sL)%T(L)
CONTINUE

130

J(IL.JW)=T*F/C(J 1)
CONTINUE
70 14C Il=1l.J1-1

135

OC 135 L=1,¢
AlT1aL)=wW (1oL )=U(I1sJ1l)*w(Jl,yL)
CONTIMUE

140
‘145
~

CCNTIMLE
nC TIMUE

V(1) =C4%D2
VI2)1=Ca%(U(142)%02+03)
V(3)=Ca*(U(1,3)%02+'(2+3)%D3+C4)

T0a)aCas(U(1e4)%D24L(244)%234U(344)%N0)+Ce
0 15C Il=1,.4
V(I1)=DCI2)*v(Il)

150

CONTINUE

AL=VC+N(L1)%*V(1)

D(1Y=C(1Y:V (/AL
TC1Y=r (1)
T(21=C.C

T(3)=sC.C
T(4)=C.0
DC 170 Jl=2,4

TFP=AL
AL=AL+N(J1)I%V(JL)
D(J1)=0CJ1)*T+&0 /AL

155%

DC 155 Il=1,4
W{llel)=U(I1lesJ1)
CCNTINUE

_1¢en

0 14C Ti=1l.4
LTl dM)=t(T L) =/ 0J)*TLIL)/TO
~CONTI

163

17n

OC 1+5 Il=1l,4
TETILI=TOIL)+N(JL)%4(I1ls))

__CONTINUE —

r:r\n’!nn}E



PLU(/+ 1) =T (1142 (2130 {142V 2% 200+l (212 (L 93) %2, %¢0(4)%L(1,4)%%2.0
P12(<*1)=[(F)‘,(112‘*5(El*J(loS)*L(ZyE)*W(Q)*t(lo“)*U(Z,q)
PLI(C+L)=THUZN S (L e)+] (L)FTU(Lat)*U(344)

PlA(v+1)=L ()% (144)

P22{v+ )=l (21" (243)%22,,5+0(8)%0(244)2%2,0+C(2)

P23 (M+1)=D(3)2L(243)+D(4)%U(244)%U(3,4)

P24(X+1)=C(4)2U(244)
PR3(K+1)=0(2)+7(4) 2L (2,4)%%2,(

5L <+ 1V =0 (& #.(34)
DL4( K+ )= !¢}

~
TF (F7{K+1) .GT. 1.C) THEN
FI(X+1)=1,¢C
ErNTIE
TF (Z2(k+1) LTe (oC) THEX
FZ(K+1)y=1 7
'_'_NQIC
TF (P22(K+1) LT, «CCY)Y THEM
B22(K+1)=,001
EMNDTE
- .
c .
1e0 ARTTEL2C 270K oFXUKY W F2(K) ¢S (K} oFI(K)oFS(K),
b PLII(K ) 4P22(K)4P33(K)sPaA(K)
200 FORMAT(I349F3,2)
(o
TCC CraT It LT
hs

AFTITZ (27a4(C7)

6CQC FORMAT(EX)
100C CCNTIMLE
STQP

S

14,1%,4P ,UCLPy LAy TPPNTC1, CeldIGKLNS, +% ENL CF LISTING #*=

L . - I - e e e e
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