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Abstract: A review of the application of single particle hydrodynamics in models
for the exchange of interphase momentum in continuum models of multiphase
flow is presented. Considered are the equations of motion for a laminar,
mechanical two phase flow. Inherent to this theory is a model for the interphase
exchange of momentum due to drag between the dispersed particulate and conti-
nuous fluid phases. In addition, applications of two phase flow theory to
de-mixing flows require the modelling of interphase momentum exchange due to
lift forces. The applications of single particle analysis in deriving models for
drag and lift are examined.



L _Introduction

Before the advent of numerical approximation techniques, coupled with
large computational facilities the study of single particle hydrodynamics was
popular. Following the early conceptual efforts on theories of multiphase flow
[1L.[2] investigations into the form of certain classes of phenomena were
undertaken. Specifically, those investigating the form for models of interphase
momentum exchange found a wealth of information by evoking the arguments
once used in single particle hydrodynamics. As an example, consider the follow-
ing quote [3], used in a context specific to arguments relating to forms of
momentum exchange models in continuum theories of multiphase flows:

"On the other hand, the terms ... and ... have no analogs in single particle
calculations and will be neglected."

It would appear that the application of single particle hydrodynamics in contin-
uum models of multiphase flow has received a degree of acceptance.

II. Continuum Theories of Multiphase Flow

Continuum theories of multiphase flow have developed along parallel lines:
Mixture Theory and the Theory of Interpenetrating Media with Moving Inter-
faces. Both approaches are rooted in the same fundamental assumption, namely:
That both the dispersed and continuous phases of the flow can be treated as and
described within an Eulerian kinematic framework by the conservation equations
of a macro-continua. Implicit in this assumption is that the variable fields of
each phase are unique and continuous over the flow domain. The limits of this
assumption for the case of dilute concentrations of the dispersed phase have been
explored [4] and the alternative of a Lagrangian or ’particle tracking’ kinematic
scheme for the dispersed phase forwarded. In addition, continuum models have
been adapted to granular material flows [5] where the dispersed phase concentra-
tion approaches a maximum.

Mixture theories arise from the specialization of the classical field theory
requirements of internally consistent thermodynamic arguments [6],[7]. In
contrast, the theories of interpenetrating media address more directly modifica-
tions to the classical transport equations due to discontinuous or 'jump’ conditions
at moving phase boundaries [8],[91,[101[11]. To reduce to a local form, the
conservation equations resulting from the theories of interpenetrating media must
be averaged in either space or time. In fact, the key difference between the
mixture theory formulation for multiphase flows and the averaged conservation
equations for interpenetrating media is that; while the averaging process is
implicit in the mixture theory approach it is an explicit operation in the course
of writing the conservation equations from the interpenetrating, moving phase
boundary approach.

With few exceptions, it is reassuring to note both approaches result in the
same set of conservation equations.

Consider a simple two phase flow. That is one in which the dispersed
phase is a dilute, mono-dispersed suspension of non-reacting, smooth, rigid,
spherical particles in an incompressible, linearly viscous fluid. Both phases and
the surroundings are thermally equilibrated. Laminar flow conditions prevail.



Regardless of the method of formulation, the conservation equations reduce to the
expressions for continuity and balance of momentum [10],[12] and constitute the
continuum equations of motion of the mechanical theory of two phase flow.
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WHERE ¢ (x.t) : CONCENTRATION
p : MATERIAL DENSITY
¥ (X,1) : VELOCITY

p (X.1) : SPHERICAL STRESS (PRESSURE)
T (x.1) : DEVIATORIC STRESS

Q_ (X.1) : INTERPHASE MOMENTUM EXCHANGE
A (X.1) : SATURATION (CONTACT) PRESSURE

The flow has two velocity fields and two concentration fields. Each phase has a
unique, constant material density and may be acted upon by a set of external
potentials or body forces. In addition, there exists unique expressions for the
spherical and deviatoric elements of the dispersed and continuous phase stress
tensors. Lastly, under the assumption that the flow is saturated, i.e. no phaseless
voids may develop, the phases are coupled by an interface "saturation” pressure
and momentum exchange or transfer between the phases.

If the external potentials are specified, the momentum exchange terms
modeled and the deviatoric elements of the stress tensors specified by constitutive
assumption or neglected via arguments with respect to magnitude, the resulting
is the unclosed system of 9 equations in 10 unknown fields; velocity, concentra-
tion and spherical stress or pressure, for each phase. Commonly, the assumption
of equal phase pressures is used in an effort to create a closed determinant
system of fields and conservation equations [1],(11]. However, in should be
noted that the wisdom of this assumption has been challenged on both physical
and mathematical grounds [12],[13],[14].

III. Models of Momentum Exchange in Two Phase Flow

As a common denominator, all theories of two phase flow embody some
model for the exchange of momentum between phases. For simple, mechanical
two phase flow it can be demonstrated rigorously that the sum of the interphase
momentum transfer must be conservative, i.e. the sum of all momentum transfer
terms is zero. Those exceptions to this "summing rule” are more a matter of
bookkeeping than conceptual difference [15].



In addition, the degree of coupling between the phases of the flow , both
in a physical and mathematical sense is controlled by the momentum transfer
model. Two way coupling, i.e. momentum transfer from one phase to the other
and vice versa is implicit in the requirement of conservative transfer of momen-
tum. In attempts to simplify the computational complexities associated with
applying continuum theories of two phase flow the assumption of one way cou-
pling is often evoked [16]. One way coupling allows for the transfer of
momentum from the continuous to the dispersed phase, but not vice versa. In
this case the process of momentum exchange is not conservative. Within this
context, one way coupling is synonymous with the statement that the velocity
field of the continuous phase is unchanged due to the presence of the dispersed
phase within the flow. The computational simplifications result from the fact
that it is no longer necessary to solve the conservation equations for the
continuous phase field variables simultaneously with the conservation equations of
the dispersed phase. Given a solution to the continuous phase variable fields,
perhaps generated by single phase analysis or experimental techniques, the
uncoupled conservation equations can be solved for the dispersed phase variable
fields.

The use of a step function to describe the "effectiveness” of momentum
transfer has been proposed and applied to the problem of laminar two phase jet
flows [1],[17]. This approach allows the degree of coupling to vary, step-wise
from uncoupled to one way coupled. The arguments raised are: that in flows
where interparticle spacing in large relative to the sum of the particle diameter
and twice the fluid boundary layer thickness on the surface of the particles no
net momentum transfer between the phases occurs. It is argued that when the
interparticle spacings are large and the suspension is dilute, the slip between the
phases results only in unrecoverable dissipation in the particle wakes. However,
if the multitude of efforts in the analysis of two way coupled, dilute two phase
flows can be used as an indication, then it would appear that the "ineffective-
ness" of interphase momentum transfer in dilute two phase flows is not generally
accepted.

Arguments have been presented for the set of variables which constitute
the general class of admissible momentum exchange functions [3],[18].
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where ... indicates that additional functions, of higher order in gradient, do exist.
S,B,C and L are constructed from the scalar invariants of the admissible vector
and tensor fields. In addition, owing to the discrete nature of the dispersed
phase, the admissibility, as a class of momentum exchange function of gradients
of dispersed phase field variables is still debated [11]. If the existence of
smooth, continuous first partials derivatives to the dispersed phase variables is at
question, consider: Implicit in the assumption of the continuum model of two
phase flow was that the dispersed phase could be treated as a macro-continua,
i.e. that the dispersed phase field variables are smooth and continuous.



In fact, the use of Divergence (Gauss’) theorem in the process of reducing the
global conservation equations to the local form requires the existence of continu-
ous first partial derivatives of dispersed phase velocity and concentration fields.

The appropriateness of using phenomenologically based arguments for the
purpose of identifying the specific forms of the momentum exchange models from
the general admissible class is justified [19]. In fact, more often than not it is
the lack of a phenomenological or physical analogue that results in the neglect of
a class of the admissible momentum exchange functions.

Depending on the purpose of the analysis, four generic categories of
momentum exchange processes and models are identifiable:

-Drag Forces

-Lift Forces

-Inertial Coupling or Virtual Mass Effects
-Inertial History Effects

The arguments for the inclusion of the inertial coupling/virtual mass
effects and inertial history effects are raised during the construction of models
for momentum exchange in two phase flows [1}{20],[21]. The analogous single
particle hydrodynamic forces have been investigated and debated [22],[23],[24],[25].
Inertial coupling stems from the analysis of the forces required to
displace a given volume of fluid during the acceleration of a particle through it.
Likewise, the inertial history or Basset force is linked with the acceleration
history of a particle moving through a quiescent fluid. However, the lack of
complete agreement on the single particle hydrodynamic analysis of these effects
and the lack of agreement on the forms or even the necessity for retaining these
effects [12] in models of momentum exchange in two phase flows precludes them
from additional discussion at this point.

Drag Forces

Common to all theories of two phase flow is a model for momentum
exchange due to drag between the fluid phase and the particles of the dispersed
phase [11],[121,[261,[27],128]. Intrinsic to each of these models is the existence of a
slip velocity between the phases. The result being a net drag force on each
phase:

A% =THC =s°-v) (5)
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where the factor of proportionality; S is derived from arguments which are
rooted in single particle analysis.

The most sophisticated models for S are derived from an analysis of the
mean, terminal sedimentation velocities of a dispersion of spheres falling through
a quiescent Newtonian fluid under gravity [11],(12],[29]). The analysis is limited
to flows, about any one single sphere in the Stokesian regime, where the Rey-
nolds number between the fluid and the sphere is of order unity or smaller.
This implies either very small slip velocities and/or a very viscous fluid. The
net result being that the inertia of the fluid phase is neglected.



Equilibrium between the force on a single sphere due to the gravitational poten-
tial and the terminal or steady state sedimentation velocity drag can be given as:

6
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WHERE: a: PARTICLE RADIUS
u: FLUID VISCOSITY

g: GRAVITATIONAL POTENTIAL

This sedimentation velocity potential is modified by the probability of hydrody-
namic interaction with the next closest sphere, where the distance separating these
spheres is defined probabilistically for a uniform dispersion. The result is the
mean sedimentation velocity potential, corrected by the presence of a dispersion
of other spheres of a given concentration:

U= U, (1-6.55¢°) (7)

The incorporation of this resuit into a form for the interphase momentum
exchange in two phase flow due to drag requires the suppositions that: At a given
slip velocity the potentials acting on each phase due to drag are equal and
opposite, i.e. momentum exchange is conserved. The slip velocity of two phase
flow is then equated with the modified mean sedimentation velocity due to gra-
vity. Resulting in, for a single spherical particle:

Eg—ak} (1-8.55 4’0) (_\ZD"YC) = (p°- p®la (8)

This result is then further generalized with the assumption that if this is the
potential for interphase momentum exchange due to drag on a single sphere, then
the drag force per unit volume of mixed flow should be simply this potential
normalized by the local volume fraction or concentration of the particulate phase:

o= g = 58 11 6554%) (Vv ®

The caveats are obvious: The single particle analysis is grounded in the
assumption of Stokes flow for the motion or slip of the dispersed phase relative
to the continuous phase. Unlike the slip velocity of two phase flow, the sedi-
mentation velocity at a given concentration is a constant, being the result of a
constant potential; gravity. The modification to the mean sedimentation velocity
by the hydrodynamic interactions with the other particles of the dispersion has
presupposed that the dispersion is uniform, i.e. gradients of dispersed phase
concentration are not present.



Lift Forces

It is observed that certain classes of laminar shear flows will result in
demixing of the dispersed phase [30],[31], i.e. the dispersed phase will become
distributed in a non-uniform manner, despite the fact that initially the flow may
have been homogeneous with respect to dispersed phase concentration. Analysis of
these phenomena have been made using single particle hydrodynamics [32] and
using continuum two phase flow theory with the inclusion of lift forces in the
description of the interphase momentum exchange [11],[12],[15],[16],(33]) It is
generally accepted that the lift forces are those potentials, accounted for within
the interphase momentum exchange which produce dispersed phase motions or
migrations transverse to the slip or velocity difference between the phases. These
lift forces arise through the interaction of the slip velocity, the rotation or spin
of the particles of the dispersed phase and the shearing or gradients of the
continuous phase velocity. If the exchange of momentum between the dispersed
and continuous phase is conserved, then the lift force potentials act equally and
in opposite sense on both phases.

A variety of single particle analysis, with the resulting identification of
certain lift forces have been performed [23],[34],[351.[361.[371,[38]. 'The lift force
on a single particle, as outlined by Saffman, [35] is the most commonly used in
models of momentum exchange due to lift forces in continuum theories of
demixing two phase flow. Saffman’s analysis identifies the lift force:

12

L Ky (200) (10)

WHERE v : FLUID KINEMATIC VISCOSITY
uly): FLUID VELOCITY (IN PARALLEL FLOW)

Unlike the assumption of Stokes flow used in the analysis of and subsequent
application to momentum exchange due to drag, Saffman’s lift analysis begins
with the Navier-Stokes equations. However, the Reynolds numbers for the slip
velocity, the particle spin and the fluid shear are all constrained to order unity
or smaller. Hence, even though the Saffman’s analysis retains the inertial terms
of the Navier-Stokes equations, the flow is not inertially dominated. The
solution requires the matching of the "inner” and "outer" asymptotic expansions
of the flow equations in an analysis technique pioneered before numerical
approximation coupled with computational methods became available [39]). In
Saffman’s analysis the field variables for the flow about a single sphere are
expanded about the radial position from the sphere center. The inner expansion
has as a boundary condition the no slip requirement at the sphere surface. Since
the sphere is spinning, the no slip boundary condition constrains the fluid to
have the angular velocity of the sphere surface. Hence, the particle spin enters
the calculation implicitly, despite the fact that due to the level of truncation, it
does not appear explicitly in the expression for lift. The necessity for an outer
expansion results from the non-convergent nature of the solutions to the inner
expansion as the distance from the sphere center approaches the infinite.
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The outer expansion embodies a second boundary condition, at a some large dis-
tance from the sphere center; namely, the undisturbed (by particles) velocity field
as radial position approaches the infinite. In fact the primary difference in most
single particle analysis of lift is whether the boundary condition for the fluid
velocity field in the outer expansion is constrained by a wall condition [32], a
quiescent fluid [34] or by the rate of fluid strain [35]. The assumptions implicit
in Saffman’s analysis of the lift force on a single sphere include: the flow is
uniform and parallel, the slip velocity is parallel to the plane of the fluid shear,
the shear or velocity gradients of the fluid are linear and the particle spin vector
lies in the plane of the fluid shear, but is normal to the slip vector. The
resulting force is normal to the plane of the fluid shear (and slip vector) as well
as being normal to the spin vector of the particle. If, in terms of the slip
velocity, the particle lags behind the fluid the lift will produce a migration of
the particle into the faster, adjacent fluid and vice versa if the particle leads the
fluid. In other words, the sense of the lift force depends on the sense of both
the gradients of the fluid velocity and the slip velocity.

Saffman’s result for the lift on a single spherical particle has been
generalized for the analysis of the momentum exchange due to lift forces in
continuum theories of de-mixing two phase flow [11],[12],[15). The lift force on
the dispersed phase is normalized by the number of particles in a unit volume of
two phase flow. The resulting generalized form of the momentum exchange due
to lift being written:

C a2 BT,
2 = = 2R 000 o (- (in

This form of the momentum exchange due to lift has been used in calculations
of parallel, de-mixing two phase flows using continuum theories. However, it is
not clear that this general form will reduce directly to Saffman’s result for a
one dimensional, parallel flow, both in terms of magnitude and the directional
nature of the lift force. In addition, despite the fact that the intentions are well
motivated, the meaning of operations such as absolute value, square root and
division by a second order tensor valued variable is not clear.

IV, Summar

In conclusion, it has been shown that single particle hydrodynamics is the
only source presently used to derive and justify forms for the interphase momen-
tum exchange models within continuum theories of laminar multiphase.

Four generic classes of momentum exchange models can be identified:
Drag, Lift, Inertial or Virtual Mass effects and Inertial History or Basset forces.
The latter two categories are still advent in nature and have not yet assumed a
role in the models of interphase momentum exchange in applications of contin-
uum theories of two phase flow. On the other hand, examples of Drag and Lift
forces in applied momentum exchange models are numerous, though not without
obvious caveats and inconsistencies.

It is encouraging that the requirements of emerging technologies based on
an understanding of multiphase flow processes has motivated such a great deal of
work on generalized models for interphase momentum exchange.
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Abstract

A general framework is outlined for the modeling of fluid-particle flows. The
momentum exchange between the constituents embodies both lift and drag forces,
constitutive equations for which can be made explicit with reference to known single-
particle analyses. Relevant results for lift are reviewed, and invariant representa-
tions are posed. The fluid and particle velocities and the particle volume fraction are
then decomposed into mean and fluctuating parts to characterize turbulent motions,
and the equations of motion are averaged. In addition to the Reynolds stresses, fur-
ther correlations between concentration and velocity fluctuations appear. These
can be identified with turbulent transport processes such as “eddy diffusion” of
the particles. When the drag force is dominant, the classical convection—dispersion
model for turbulent transport of particles is recovered. When other interaction
forces enter, particle segregation effects can arise. This is illustrated qualitatively
by consideration of turbulent channel flow with lift effects included.

Introduction

Flow of an incompressible, single-phase fluid is fully characterized by a single
kinematic field, the velocity. The kinematics of a fluid-particle mixture involves the
velocity of each constituent, and an additional scalar field representing the particle
volume fraction, or concentration. In some flows, the latter can be quite critical.
For example, since the effective viscosity of a suspension is a strong function of the
concentration, particle segregation in a viscometer will violate the assumption of
homogeneity required to interpret measurements. Furthermore, if the distribution of
particles is in part determined by the shear rate (e.g., Ho and Leal, 1974; McTigue,
et al., 1986), the apparent viscosity will be rate-dependent, and the mixture will
appear to be non-Newtonian even when this may not be so locally.

A great deal of work has been done on the dynamics of a single particle in a
viscous fluid; reviews are given by Happel and Brenner (1965), Goldsmith and Ma-
son (1967), Brenner (1966, 1970), and Leal (1980). In many applications, however,
it is neither practical nor even of interest to track individual particles. Rather, the

!'This work was supported by Sandia National Laboratories under contract to the U. S. Department
of Energy (DE-AC04-76DP00789).
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primary concern is more often for some average characteristics of the flow. The
objective of a continuum mixture theory is to provide governing equations for these
average kinematic fields. ldeally, one would like to draw upon knowledge gained
from single-particle analyses to guide the development of the constitutive models
required by the continuum theory. As a practical matter, this process relies heavily
upon empirical input as well.

This paper is intended to illustrate by example the construction of a two-phase
flow model for turbulent mixtures. It is highly idealized and far from complete, but
captures some interesting phenomenology. We first outline the general mechanical
balance laws for a mixture. We then review in detail results from the literature
on lift forces in viscous and inviscid flows. Generalizations in forms appropriate
for the exchange of momentum between the constituents in a mixture are then
discussed. “Exact” equations of motion are posed for the simplest forms for lift and
drag interactions. Turbulent decomposition and averaging yields not only Reynolds
stress terms, but other correlations of velocity and concentration fluctuations as
well. Simple “eddy viscosity” and “eddy diffusivity” closure schemes are adopted
to model the correlations. We then show that the classical convection-diffusion
model for turbulent transport emerges naturally for the case when the drag term
dominates the disperse phase momentum balance. Finally, we consider channel flow
with the lift force present, and identify an equilibrium particle segregation due to
a balance of lift and turbulent diffusion.

Balance Laws

The balance equations for the mass and momentum of constituent a are given
by:

op.
V. aVa) = 0,
5, TV (pava) =0 (1)
v,
Pa(at +va-vVa):V'Ta+pag+mm (2)

where p, is the density (mass of constituent « per unit volume of the mixture),
v, is the velocity, T, is the stress, g is the acceleration due to gravity, and m,
is a body force due to the interaction of constituent a with the other constituents
present. Equations (1) and (2) take the form of the classical balance laws for a
single-phase continuum, with the exception of the interaction force, or momentum
exchange, m,. Equation (1) neglects chemical interactions or phase changes, which
would be embodied in mass exchange terms (cf, Passman, et al., 1984).

We anticipate that the mixture can be represented as a single continuum, so
that:

dp
T Lv. =0 3
5 TV (V) =0, (3)
o
p(a—:+v-Vv):V-T+pg, (4)



where p, v, and T are the density, velocity, and stress for the mixture. Comparison
of (1)-(4) shows that the mixture quantities are related to the constituent quantities
by the summation rules:

p=Ypa (3)

pvV = XpaVa (6)

T = Z[Ta ~ pa(V = Va)(V = Va)l, (7)
m, = 0, (8)

where ¥ indicates the summation over all constituents present. Equation (8) shows
that whatever momentum is lost from one constituent is gained by the other(s).

The density fields, p,, can vary due to changes in both the volume fraction, ¢,
and the local density (mass of constituent o per unit volume of that constituent),
~a. Thus, it is convenient to introduce the decomposition:

Pa = aVa- (9)

Finally, we consider only saturated mixtures, in which all space is occupied, which

imposes the requirement:
Yo, = 1. (10)

Equations (1)-(10) hold for multiphase systems with any number of constituents.
For present purposes, we specialize to the case of two, a continuous fluid (o = H)
and a dispersed particulate solid (a = s). In this case, we let

o=¢,=1—¢y. (11)

We also restrict attention to mixtures comprised of incompressible constituents (s
and +, constant).

Without loss of generality, it is convenient to decompose the stresses, T,, into
an isotropic pressure, p,, and an eztra stress, T::

Ty = —GaPal + T:' (12)

There is substantial motivation to include in the momentum exchange a buoyancy
force, psV¢, due to the fluid pressure acting over the interfacial surfaces (e.9.,
Passman, et al., 1984). Thus, we also define an ezxtra momentum exchange, mg,
such that

m, :prngrm: (13)

Finally, equations (1)-(13) can be combined in the form:

¢

% - e =0, (14
d¢ .
3t + V- (¢v.) =0, (15)
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ov
Py (‘at—f“’f'vvf) =-(1-¢)Vp;+V-T; +p;g - m], (16)

av. 1 *
Pe (a_t + Vg - VVS) = ~¢VPf — V{(f)(ps - pf)j +V. T: + p.8+1mg, (17)
Note from (14) and (15) that, even though the constituents are taken to be incom-
pressible, neither velocity field is, in general, divergence-free.

Lift Forces

Particle segregation has been observed experimentally in Poiseuille flow by a
number of investigators; results have been summarized by Brenner (1966), Cox and
Mason (1971), Goldsmith and Mason (1967), and Leal (1980). In general, these
studies show that particles lagging the fluid motion tend to migrate toward the
centerline, or region of minimum shear rate, and particles leading the fluid migrate
toward the wall. Segré and Silberberg (1962) found that, for a small range of
mean flow Reynolds number, neutrally buoyant particles can achieve an equilibrium
position at a dimensionless radius of about 0.6.

Saffman (1956) and Bretherton (1962) have shown that a particle embedded in
a steady, rectilinear Stokes flow, i.e. at zero Reynolds number, cannot experience a
net force normal to the unperturbed fluid streamlines. Thus, any analysis for the
cross-stream lift on a particle in a steady, rectilinear flow must take inertia into
account. One approach is to introduce small inertial effects through a perturbation
of the Stokes flow problem, and a number of such analyses are in the literature.
Both unbounded and bounded domains have been addressed. The analyses for the
former assume that the boundaries of the unperturbed flow are sufficiently far away
that they do not interact with the disturbance due to the particle. Boundaries play
an indirect role in this type of problem, of course, insofar as their presence may
be required to establish the velocity gradient or curvature with which the particle
interacts. Two well-known analyses for unbounded flows are those by Rubinow and
Keller (1961) and Saffman (1968), which are summarized briefly below.

Analyses for bounded flows address configurations in which, say, a fixed wall
lies within the disturbance field of the particle. Examples include the work of Ho
and Leal (1974) and Vasseur and Cox (1976). It is not immediately apparent how
one might adopt analyses of this type in the formulation of a continuum model.
Although we have attempted previously to do so (McTigue, et al., 1986) using
the results of Ho and Leal, the result is not very satisfactory. The indication of
difficulty is the appearance of the channel width in the expression for the lift. It
would seem that this should enter through boundary conditions rather than through
a constitutive equation. Obviously, this arises because the bounded-fow analyses
are geometry-specific. For this reason, we consider in more detail generalizations
only of lift forces in unbounded flows.

Rubinow and Keller (1961) consider a sphere spinning with angular velocity 2
and translating at velocity V' through an incompressible viscous fluid. The fluid is



assumed to be static far from the sphere. The solution takes the form of a Stokes
expansion in the near field that satisfies boundary conditions at the particle, but
fails far away, and an Oseen expansion in the far field that exhibits the converse
behavior. An asymptotic match is performed in order to calculate the forces on the
sphere. The expansions are in powers of the particle Reynolds number,

B ~yyaV

Ry : (18)
7}

where a is the particle radius, V is the magnitude of the translation velocity, and
p is the fluid viscosity. The result of interest here is that for the lift force normal
to the direction of translation, f,ERK):

fI(JRK) = 7ra3'7fﬂ X V’[l + O(Ry)}- (19)

Consider a rectilinear shearing flow, vs1(z2). A force-free particle spins with the
angular velocity of the fluid, so that s = —k/2, where K = dvs1 /0, is the shear
rate, and V] = -V = —(vs — ve2). The “slip-spin” lift force (19) is then

1
£§K) = ETrasfyﬂcV. (20)

It is interesting to note that, although Rubinow and Keller’s analysis is for a small
‘nertial correction to the Stokes flow problem, the lift force is, to leading order,
independent of viscosity.

Saffman (1968) considers a sphere in a simple shear flow, translating parallel to
the undisturbed streamlines with a relative velocity of magnitude V'. The analysis
again is based on matched asymptotic expansions. In addition to (18), two other
Reynolds numbers enter the problem:

e satk _nyafl

R, , R , 21
7 @ © (21)

and the conditions under which the analysis holds are
Ry < RV, Ry <1, Ra< 1. (22)

For a simple shear flow given by vy = vo + KZ2, Saffman obtained a “slip-shear”
lift force in the form:

£(8) = 6.46a%} " /* (sgnk) ||V (23)

Equation (23) indicates that a particle lagging the fluid (V > 0) migrates toward
higher-velocity streamlines, and a particle leading the fluid (V < 0) migrates in the
direction of decreasing fluid velocity. This qualitative behavior is in accord with
experimental observations. In the rectilinear shearing flow, the ratio of the “slip-
spin” lift (20) found by Rubinow and Keller to the “slip-shear” lift (23) treated by
Saffman, then, scales like Ri/z.
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In a more general flow field, the applicability of the “slip-shear” analysis requires
that the characteristic length scale for the disturbance field is much less than that for
the variation in shear rate. Saffman (1968) suggested, from dimensional reasoning,
that the lift due to interaction of the particle disturbance field with the mean-flow
curvature takes the form

PuMk(sgng) ¢, (24)

H50 - catt
where ¢ is the curvature (e.g., for an undisturbed mean flow Vs = v + KT +
¢z3/2). Saffman noted that determination of both the sign and the magnitude of
the constant ¢ await more complete analysis. In this unbounded flow, one may
define a curvature Reynolds number R. = ~sa%¢/u, in terms of which the ratio of
the “shear-curvature” lift (24) to the “slip-shear” lift (23) scales like Ri/zRf/aR;l.
It is interesting to speculate upon the possibility that these two forces oppose one
another in certain flows. Consider, for example, plane Poiseuille low carrying a
neutrally buoyant particle. The particle slips relative to the fluid due to the Faxén
effect only. Thus, for symmetric flow in a channel of half-width d, the shear rate is
K = —30z3/d?, the curvature is ¢ = —37/d?, and the slip is V = a’v/2d?, where ¥ is
the mean velocity. The “slip-shear” and “shear-curvature” forces are then balanced

where
I

d

where R = ~,;7d/u is the channel Reynolds number. Segré and Silberberg (1962)
observed an off-axis peak in particle concentration in flows of dilute suspensions in
circular tubes. The peak occurred at a dimensionless radius of about 0.6, and was
manifest in flows characterized by R of order 10. If these conditions apply to a plane
geometry, the constant ¢ would be of order 0.8. The ratio of the “slip-shear” (23)

to the “shear-curvature” (24) lifts in Poiseuille flow scales like B /®. Ho and Leal
(1974) also considered interaction with the mean flow curvature, but in a bounded
flow. The ratio of the curvature effect discussed by Saffman in an unbounded flow
(24) to that found by Ho and Leal scales like B */°.

Both Rubinow and Keller and Saffman studied small Reynolds number effects.
In the other limit, Drew and Lahey (1987) have recently considered inviseid rota-
tional flow past a sphere. They obtain a lift force of exactly the same form as that
found by Rubinow and Keller (19), but multiplied by a factor 4/3. The same result
was obtained independently by Auton (1987). This is essentially like the classical
Kutta-Joukowski lift on a two-dimensional body in a plane flow, which is just ~vsUT,
where U is the velocity of the body and T is the circulation.

= 0.80c 2R/, (25)

Invariant Forms for the Lift Force

The momentum exchange, m?, includes fluid-particle interaction forces such as
lift and drag. For brevity, let us decompose m} into drag, mp, lift, mj, and other
components:

m;, =mp+mj+.... (26)



It has been suggested previously (Drew, 1976; McTigue, et al., 1986; Passman,
1986) that the lift might include terms of the form

mj = 20c390Dy - (Vi — V) +4620D; - (V- Dy), (27)

where D, = symVv,. It is expected that a, and (3, may be a functions of the
particle volume fraction, ¢, the relative speed, [vy — V.|, and the invariants of Dy,
D., and their higher-order derivatives. In particular, if we assume that, for dilute
suspensions, we should recover the single-particle results discussed in the foregoing
section,? this function can be made explicit. For example, Saffman’s result for the
“slip-shear” lift (23) is recovered for the choice

. /4
3(6.46) [ it )
- : 28
az (ZtrD} (28)

4ma

The “shear-curvature” lift (24) is recovered for the choice

300’,7;/3“1/3

2= v D
Generalization of a “slip-spin” lift of the form found by Rubinow and Keller
(20) poses some difficulty. It would appear that such a lift is proportional to
2W, - (v; — Vv,), where W; = skwVvy is the skew-symmetric part of the fluid
velocity gradient. However, W is not invariant (e.g., Truesdell, 1977, p. 115).
Drew and Lahey (1987) have suggested that this dilemma can be resolved by si-
multaneous consideration of the virtual mass effect. The virtual mass, too, when
generalized from the classical expression, is not easily put into an invariant form.
However, the combination of the virtual mass and lift forces posed by Drew and
Lahey is invariant:

(29)

my,, +my = %'Ud’ [(I—)I%‘f - D—l;vt-> —2W; - (vy = V)|, (30)
where mj,,, is the momentum exchange due to the virtual mass effect, and the
substantial derivative is defined by D,/Dt = 3/0t + v, - V. In (30), neither the
virtual mass, represented by the difference in convective accelerations, nor the lift,
in the form 2W, - (v; — v,), is invariant, while their sum is. This depends upon
the remarkable result that the coefficient ~;/2 is the same for both the virtual mass
and the lift. That (30) embodies the classical virtual mass effect is easily seen by
specializing to an unsteady, uniform fiow. That it embodies the result of Drew and
Lahey for the lift can be demonstrated by specializing to steady, rectilinear shearing
flow. Drew and Lahey point out that a simple regrouping of terms can yield an
invariant form for the virtual mass:

. 1 D,v; Dyv,
Mvm = 7 [( Dt Dt

; ) vs-v Vi -v) B

and a lift in the form of the first term in (27) with a; = 7;/2. Equations (31) and
the lift sum to recover (30).

2This assumption was stated by Drew (1976) as the principle of correct low concentration limats.
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Turbulent Decomposition and Averaging

It is evident from the foregoing discussion concerning lift forces that the for-
mulation of the necessary constitutive models necessary to complete the equations
of motion (14-17) is quite formidable. It remains to specify relationships for the
stresses, T} and T}, the pressure difference, ps — py, and momentum exchanges
such as that due to drag, m},. Each of these raises subtle and complex modeling is-
sues. For present purposes, we skirt these difficulties in order to isolate phenomena
associated with the lift and drag. In particular, we assume

' =0, (32)

T* =0, (33)

Ps = p, = p, (34)

my, = vy —v,), (35)
my = 2a,¢Dy - (v — v,). (36)

We rationalize neglect of the fluid extra stress, T} (32), by confining attention to
inertially-dominated flows.® In a dilute suspension, it is easy to imagine that the
disperse-phase extra stress, T}, vanishes (33), implying that there is no direct ex-
change of momentum between particles. The assumption of equal pressures (34)
implies that Brownian motion (Nunziato, 1983) and certain inertial effects at the
particle scale (Givler, 1987) are negligible. The drag force, mj, is written in its
familiar form (35), proportional to the relative velocity. The coefficient a; is, in
general, expected to depend upon ¢ and vy — V4|, accounting for the effects of
particle interference at high concentration and inertia at high relative velocity, re-
spectively. The choice a; = 9u/2a? corresponds to the classical result for Stokes
drag on a single particle, and is adopted here. Finally, we take the lift in the form of
(36), with a; assumed to be constant for simplicity. Neglect of inertial effects in the
drag (35) while retaining those giving rise to the lift (36) is justified if RyR;™ < 1,
where n = 1 for the “slip-spin” lift of Rubinow and Keller (20) and n = 1/2 for the
“slip-shear” lift of Saffman (23).
Under these assumptions, the momentum equations (16-17) reduce to:

av
Py (—Bt_f +vy- Vv,) = —(1-¢)Vp+p;g
(37)
—a1¢(vf — V,) — 2&2¢Df . (Vf — V_.),
v,
ps( M +vs-Vva) = —¢Vp+op.g

+a1¢(v, - Va) + 2&2¢D/ . (Vf - V_,),

3The dissipative, viscous terms represented by T} are critical, of course, to the extension of this

discussion to the kinetic energy balances.



Note that these “exact” equations of motion do not contain interaction terms rep-

resenting diffusive forces.
The independent field variables in (37) and (38) are each decomposed according

to:
Vo=V, + Vv, (39)
¢=0+4¢, (40)
p=p+p, (41)

where overbars indicate mean quantities and primes indicate fluctuating quantities.
By definition, ¢’ = 0 and p’ = 0. However, the averaging scheme chosen here defines
the mean velocities in terms of mean momenta, an approach introduced originally
for compressible, single-phase flows (Favre, 1965), and suggested in the multiphase
context by Drew (1975):

P.Va = PaVa- 42
a (

Note that 5, = 7,4, for incompressible constituents. Note also that the averages of
the velocity fluctuations do not vanish, but (1 — ¢)v}; = 0 and ¢v|, = 0.
Substitution of (39)-(41) into (14), (15), (37), and (38) and averaging yields:

3¢ N
5 T V-[(1-¢)vs =0, (43)
d¢ — .
ov - I
5, (—;—’ + v, VV,) = (1-H)VP+EVF+V T, +78

—au [3(¥; -~ 9.) + 9V

—20; [&Eﬁ,-(v,—v,)+‘ﬁ,-$ﬁ+$]’)§-(v,-v,)]

v, _
Ps ( = +Vs-VV.-) = —¢Vp-0'Vp'+V T, 458
o [6(%; — Vi) + 8V

+2009 [a T)-f . (Vf - Vs) + ﬁf : ¢vtf + ¢th ' (Vf - V-’)]
(46)
where T! = —poV' v’ is a Reynolds stress for constituent a, and triple correlations

have been omitted.
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Constitutive Models for Turbulent Correlations

The averaged mass balances (43-44) appear in forms identical to the exact equa-
tions (14-15), in part as a consequence of the definition of average velocity (42).
Averaging the momentum balances, however, yields a number of correlations of
fluctuating quantities. The Reynolds stress terms are familiar from single-phase
turbulence, but several additional correlations arise here that are a direct conse-
quence of the fluctuations in the particle concentration field, ¢. Of special note is
the correlation of particle concentration and fluid velocity fluctuations, qu’], which
represents a flux of particles due to the fluid turbulence. In all subsequent devel-
opments, we neglect the pressure-concentration correlations appearing in (45) and
(46).

For the present discussion, it suffices to adopt the simplest possible closure
scheme, following essentially the classical “eddy viscosity” argument. That is, a
correlation of some fluctuating quantity with v/, is taken to be proportional to the
gradient of the mean of that quantity:

— PaViVh = ual1a]V - (5,Va) |1 + 2ualsasymV (5, V,), (47)
?&Tf = —uf13V$, (48)
20D, = —u s, V(Vg), (49)

where u, is an appropriate velocity scale for constituent o, and the /s are appropriate
length scales (“mixing lengths”).

Turbulent Convection and Dispersion of Particles

A commonly encountered situation for which modeling capabilities are well de-
veloped is that for particles fully entrained in the fluid. In this case, the particles
are essentially “passive” tracers for the fluid, and are transported by the mean con-
vective motion and by turbulent diffusion. It is worth considering briefly where this
classical model is embedded in the mixture theory outlined here.

For ¢ < 1, the fluid mass and momentum balances (43 and 45) are approxi-
mately those for the fluid alone:

V.v; =0, (50)

ov
Ys (T?t_f +V;-V7f) = -—Vﬁ-i—V-Tt,—l—’Yfg. (51)
In this approximation, the fluid motion is unaffected by the presence of the particles,
and can be solved independently. The disperse-phase mass balance (44) remains in
its exact form. Suppose the drag coefficient, o, is large, so that the dominant terms
in (46) are simply those due to drag. This can always be realized for sufficiently



small particles; the ratio of the drag to lift forces discussed in the foregoing scales
at least like a~!. The disperse-phase momentum balance then reduces to:

(v, — V) = -V, (52)

i.e., the mean flux of particles relative to the fluid is balanced by the turbulent

correlation ESV';
Equations (44), (50), and (52) combine to give:

+V; Vo =-V-(ov}). (53)

2/

Substitution of (48) into (53} yields:

%if +v;-Vo=V-(DV9), (54)
where D = ugls. This recovers the classical result: the particle concentration field is
governed by a convection—dispersion equation, with turbulent dispersion coefficient
or “eddy diffusivity” D. A similar discussion for the case when the gravitational
body force is retained was presented by McTigue (1981, 1983).

Although this limiting case is relatively simple and quite well known, the present
development is revealing. Many texts derive the turbulent diffusion equation solely
from a statement of mass balance, a decomposition and averaging process, and a
model for the correlation of concentration and velocity fluctuations. This tends to
mask the fact that the turbulent diffusion is a dynamic process in response to fluid-
particle interactions. Thus, the momentum equations must be considered. Indeed,
it is worth reiterating here that the turbulent dispersive flux, %Tf, appearing in in
(53) arose from decomposing and averaging the drag force (35). Thus, the tendency
for the particles to be convected with the mean fluid velocity and dispersed by the
fluid velocity fluctuations is clearly identified with the drag. Analogous observations
have been made previously with regard to molecular diffusion (e.g., Miiller, 1968).

We also note that the assumptions leading to (54) are quite special, and empha-
size in particular the neglect of any interaction forces other than drag in writing
(52). It is evident that much more complex phenomenology could be embedded in
the general scheme outlined here if additional interaction forces come into play.

Channel Flow With Lift Effects

Particle segregation has been observed in turbulent jets (Laats and Frishman,
1970), and ascribed to the “Magnus” lift force (30). Here we consider plane channel
flow in order to simplify the kinematics, and retain the cross-stream lift effects
embodied in (46). The analysis is highly simplified and somewhat speculative, and
is intended only to illustrate the type of phenomena that might be represented by
a mixture model of the type sketched out here.
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Consider a vertical channel, with steady upward flow. The flow is in the +1y
direction, so that g = {—g, 0, 0}, z, = 0 at the wall, and z, = A at the centerline.
We assume that v, > ~;, so that gravitational settling will cause the disperse
particulate phase to lag the fluid.

For a steady, rectilinear flow in the mean, the mass balances (43, 44) are identi-
cally satisfied. We expect again that, for ¢ < 1, the fluid momentum balance can
be approximated by that for the fluid alone (51). Thus, in the streamwise direction,

(51) becomes:
dp d
0= Tz, dz Tf2] r9- (55)
For a smooth-walled channel, familiar arguments for the mixing length {5, (47) and
the identity uy = u, = (To/'yf)l/2 where 79 is the shear stress at the wall, lead to

the usual logarithmic velocity profile:

v 1 U,T
_fl_:_ln*z

U, K

+5.5, (56)

where & ~ 0.4 is the Kdrman constant, and v = 1/~y is the kinematic viscosity. The
streamwise momentum balance for the particles, from (46) and (48), and neglecting

' aQr
T,,,, becomes:

d‘U/l d¢

57
dz, dIg (57)

dp
= ~¢—— = Y509 + (V1 — Ta1) — apu, KTy~
Iy
where we have assumed uyls = u,x,z,. Substituting from (55) for the mean pressure
gradient in (57), and noting that the fluid shear stress gradient is simply —v,u?/h,
(57) becomes:

) __
yyul B B dv 1d
0= ;L - (A/a - A/f)g + al(vfl - val) a2u*'caz2 /1 (¢ di) (58)

Let us suppose, again for simplicity, that the second and third terms in (58) domi-
nate. In this case, we are left with a balance between the buoyant weight and the
drag, giving

UV — Vg = Vw, (59)

where Vo = 2a*(vy, — v7)g/9u is the Stokes settling velocity.
The cross-stream momentum balance for the disperse phase is

¢;1?£) ragt

which is simply a balance between turbulent diffusion and the lift due to the mean
flow. Note from (60) that the gradient of ¢ vanishes at the centerline if the fluid
velocity gradient vanishes there. According to the eddy viscosity model adopted for
the Reynolds stress (47), the latter is in fact required by symmetry. However, of

0 = —a u,K,Zy ( (75 — 7a), (60)



course, the logarithmic velocity profile (56) does not satisfy this condition. There-
fore, we can anticipate a similar failing in the solution for . Substitution of (56)
and (59) into (60) and integration gives

& = 6(h)exp [—%un* (1_—_77” (61)

a kD n

where n = z/h, and a diffusivity, D = u,k.h has been introduced. This profile
has some of the expected characteristics: the particles are concentrated toward the
center of the channel by the lift; the central peak is flattened by diffusion; and the
channel margins, where the fluid velocity gradient is steepest, can be essentially
clear of particles. That (61) indicates #(0) = 0 is a result of using the logarithmic
fluid velocity profile (56), which is not valid in the limit z; — 0, in (60).

Lee and Durst (1982) conducted experiments in this configuration using glass
beads in an air stream. Some of their results are in qualitative agreement with
those found here: the air velocity profile (56) is little affected by the presence of
the particles (at less than 0.5% mean volume fraction); the particles lag the fluid
approximately by their fall velocity (59); and there is a particle-free zone near
the wall. However, important phenomena are missed by this simple analysis. In
particular, Lee and Durst observed that the velocity difference (59) is not uniform
across the channel, but typically decreases toward zero near the wall. The particle
velocity profiles, then, are more nearly uniform across the channel, suggesting that
the turbulent mixing brings high-momentum particles from the core of the flow
toward the boundary. For the smaller particles examined, the profiles actually cross
near the wall; t.e., the particles lead the fluid, so that the momentum exchange due
to drag (35) changes sign. These phenomena are clearly not embodied in the model
analysis outlined here. The limitation is most likely in the simple, Boussinesq closure
scheme adopted (47-49). Kashiwa (1987) has modeled these experiments using a
higher-order (k — €) closure, and is able to represent the cross-stream transport of
streamwise particle momentum into the near-wall region.

Summary and Discussion

Treatment of turbulent suspensions in the context of the continuum theory of
mixtures is currently in its most rudimentary stages. The appeal of the overall
approach is that it provides an axiomatic framework on which to build. In practice,
of course, one is quickly confronted with the difficulty of posing specific constitutive
equations for the stresses and momentum exchange that embody the phenomena
of interest. This is only compounded in the case of turbulent mixtures, in which
correlations between the three kinematic fields, vy, v, and ¢ proliferate. The intent
of this paper is not to lay out a definitive set of equations of motion for such a system.
Rather, we have attempted only to sketch the general spirit of the approach, and to
illustrate by means of the simplest possible example. The sequence is familiar from
its antecedents in classical, single-fluid flow: state balance laws, pose constitutive
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equations, construct “exact” equations of motion, introduce a decomposition and
averaging scheme, model the resulting correlations, and, finally, solve boundary
value problems. The channel flow problem considered here, exhibiting particle
segregation effects, only hints at the rich and complex phenomenology that could
be embedded in such a model.

Each section of the paper encounters challenges. Exact forms for lift forces,
even from single-particle analyses, are not well established; those that are known
are complex; and their generalizations are not immediately obvious. We emphasize
in particular that bounded flows have been analyzed (e.g., Vasseur and Cox, 1976)
in which wall effects are critical, and it is not clear how one might adopt such results
in a continuum model. Many of these remarks carry over to other interaction forces,
as well, such as the “Basset” term (e.g., Hinze, 1975, p. 463), which accounts for
the history of the particle acceleration. Because no universally valid expressions
for lift, drag, or other forces are available, considerable judgement is required in
selecting the forms appropriate to a particular application. Constitutive equations
for any concentration beyond the dilute limit are especially difficult to define; few
analytical results are available (e.g., Batchelor’s (1972) work on “hindered settling”)
and resort is usually made to empiricism.

Perhaps the greatest challenge encountered in constructing a model for turbu-
lent mixtures is the “closure” problem, familiar from single-phase turbulence, but
magnified here by the presence of additional fluctuating fields. As in single-phase
problems, some simple configurations can be addressed through classical Boussi-
nesq models (e.g., 47-49) and simple scaling arguments. However, it is also clear,
even from the highly idealized channel flow problem addressed here, that such an
approach is severely limited. For example, the Boussinesq model for the Reynolds
stresses (47) does not embody normal stress effects in rectilinear flows, while one
might easily imagine that such effects could be important. Higher-order closure
schemes are obviously called for, and steps in this direction have been taken with
some success. Scheiwiller (1986) has developed a k — ¢ model to represent snow
avalanches, and has achieved excellent agreement with laboratory experiments.
Kashiwa (1987) has used a similar approach, and successfully captures some of
the unusual phenomena observed by Lee and Durst (1982) in the vertical channel
flow discussed in the foregoing section.
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INTRODUCTION

Gas-solid two-phase flows occur commonly in many natural and industrial
situations. Examples are blood flows, rocket exhaust plumes, pulverized
coal gasification and combustion, and sediment transport by air and water.
These flows are invariably turbulent and are characterized by the mutual
coupling between the solid particles and the gas phase. Contrary to passive
additives in a single-phase flow, the particles will change the flow
structure of the carrying fluid. Globally, metering and heat transfer data
[1,2,3] of two-phase flows shows discrepancy from the single-phase data.
Further, small scale turbulence structures are also affected. Solid
particles may attenuate the spreading rate and damp the turbulance intensity
in a jet flow [5,6]. The alternation of the turbulence structure was found to
depend on the particle size, the solid loading ratio as well as the physical
properties of the different existing phases.

In general, a complete theoretical treatment of two-phase flows is not
possible because of the lack of detailed understanding of the physical
processes involved [7]. Previous analytical studies have not been very
successful, due in part to a lack of knowledge about the turbulent flow field
of the conveying gas which is a prerequisite to the solution of the two-phase
flow problem. Difficulties in theoretical analysis also arise from the
coupling between the two phases, i.e., the exchange of momentum, mass and
energy between phases. These coupling phenomena comprise a very complex
interaction which affects ©both the gas and particulate phases.
Consideration of the infinite variety of interfacial geometries and flow
regimes, various forms of non-equilibrium, and aggregation of particles
complicates the problem even further.

The inability of the theoretical analysis to account for all the
complicated interactions in two-phase flows is similar in the study of
single-phase turbulent flows two decades or so ago. An exact theory of
turbulence did not (and still does not) exist; however, using a combination of
theoretical equations, modeling assumptions, and experimental evidence,
mathematical models describing certain features of the flow were developed.
The field of turbulence modeling has subsequently been developed to the point
where single-phase turbulent flow fields can be predicted rather well using a
variety of turbulence models of varying complexity [8,9]. These advances
suggest that a similar combination of theory, experiment, and modeling could
be used to develop computational models capable of predicting two-phase
flows. However, extra sets of equations and correlations need to be
formulated and modeled for turbulent gas-solid flows. The purpose of this

*This work was partially supported by NASA-Marshall Space Flight Center
(NAS8-36718)
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paper is to discuss and review the recent advances in two-phase turbulence
modeling techniques and their applications in various gas-solid suspension
flow situations. In addition to the turbulence closures, heat transfer
effect, particle dispersion and wall effects are partially covered here.

APPROAHES AND GOVERNING RUATIONS

Because of the intrinsic, complex coupling between different species in
two-phase flows, there seems to be no "unified" set of governing equations
that can completely describe the flow field of two-phase media. However,
there are quite a number of different formulations in the literature from
which to begin. One approach, the so called "discrete" or "tracking"”
approach, starts with an equation of motion for a single discrete particle in
a turbulent fluid flow field and the particle’s trajectory is calculated.
For particles much smaller than the smallest scales (say Kolmogorov's
microscale) of turbulent motion and for which the solid’s material density is
much greater than the conveying gas, the BBO equation (Basset, Boussinesq,
Oseen), which is the momentum equation of a single particle, can be reduced to
[10]:

d 1

;Vi=;(ui‘vi)+gi (1)

Because the Eulerian velocity u; is a stochastic quantity when the conveying
gas flow is turbulent, this simple looking ODE cannot be solved analytically
due to its inherent nonlinearity.

However, progress has been made using this approach in conjunction with
the turbulence closure models which have been developed for single phase
flows. The basic strategy is to use the turbulence model to calculate the
fluid flow field assuming that no particles are present. This calculation is
used to generate the velocity in equation (1) after making suitable
assumptions regarding turbulent time scales, length scales and isotropy. To
account for the mutual coupling (or the "two-way" coupling [11]) of mass,
momentum, and energy between phases, the extra source terms generated by
particles must be included in the Eulerian sets of governing equations for the
gas phase. In the mean flow fields, this can be achieved by the iterative
PSIC (particle-source-in-cell) technique developed by Crowe and co-workers
[12,13] or by the non-iterative, transient numerical scheme of Dukowicz [14].
The discrete particle approach can also be extended to account for the
particle-turbulence interactions which have two aspects -- the turbulent
particle dispersion (the influence of fluid turbulence on the particles), and
the "modulation" effect [15] (the effect of particles on fluid flow
turbulence). These will be discussed in further detail in the next section.

In the non-discrete (continuum) approaches, two formulations are
commonly used; the first considers the gas-solid suspension to be represented
as a single inhomogeneous medium. The interactive forces between the phases
are taken account of by internal stresses which must be related by
constitutive equations to the bulk properties of the medium. Sets of
governing equations for this approach were first formulated by



Barenblett [16] and described in detail in Monin and Yaglom {17]. This
approach was also used recently in heat transfer analysis of a gas-particle
pipe flow [18].

The other approach is the so-called "two-fluid" approach. This
approach regards the gas and particles as two inter-penetrating continua in
much the same way as the two species of a flowing binary mixture, for example.
Here, the cloud of particles is regarded as a continuum and the governing
equations are obtained by properly averaging the conservation equations over
a volume and expressing the equations in differential forms. Many authors,
namely Murray [19], Drew [20], Marble [21] and Ahmadi [22], have described the
two-phase flow based on the two-fluid formulation and applied it to some
physical processes. It is often not possible to formulate a general set of
governing equations for gas-solid two-phase turbulent flows due to the lack
of understanding and differences in interpretation of the physical processes
involved (for example, the "solid-phase pressure” term [23]). In order to
obtain theoretical relations of two-phase turbulent flows, several
assumptions have to be invoked to simplify the formulation. These are:

1. The particle phase is dilute (volume fraction of particles,

$ << 1) and is made up of particles spherical in shape and uniform in
size. The particle material density ps >> p,so that the model is valid

when pp = O (p) . This assumption is required because we

ignore particle-particle collisions, the frequency of which increase

quadratically with loading. The uniformity of particle size reduces

the book-keeping in the formulation; extension to poly-dispersed non-

uniform size distribution is a straight forward matter for dilute
suspensions.

2. Both the particulate and fluid phases behave macroscopically as
continua. The fluid phase is Newtonian and both phases have constant
physical properties and do not undergo any phase change. The continuum
hypothesis assumes that the mathematical "points" are large enough to
contain many particles and fluid molecules to ensure a stationary
average. In order to satisfy the "dilute suspension” and continuum
assumptions simultaneously for particle phases, some stringent
restrictions regarding the number of particles in a smallest control
volume made up of Kolmogorov microscale, the distance between particles
to avoid direct inter-particle interactions, have been discussed

[10,24,25]). However, the continuum approach has proven to be
applicable also to situations which do not strictly meet such conditions
[26].

3. The mean flow is steady and incompressible. Molecular diffusion,
Brownian motion and gravity effects on the particulate phase are
negligible compared with turbulent diffusion. Electrical and magnetic
forces are not considered here.

With the above assumptions, we may adopt the governing equations
developed by Marble [21,27] and Hinze [25] which are applicable to dilute gas-
particle flows. Marble used statistical averages for the particle cloud and
postulated the macroscopic governing equation for the gas phase. Continuity
equations are written for each phase:

dp ]

— + — (pu;) = 0 (2)
ot axi
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app d _
—F 4 — (ppvy) = O (3)
at aXi

Here Pp is the mass of particles per 'mit volume of mixture (or "density" of
the particulate phase where Pp = pPg#, #is the particulate phase volume
fraction). The momentum conservation equations for each phase are:

ou; ou; ap a
p — + puy — = - — = — (7;;) + Fy, (4)
at aXJ aXi aXJ
i AT (5)
pp —— T ppVy — =~ Fypi
P ot P ax
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Here Fpi represents the force acting on the primary fluid per unit volume due
to the presence of the particle. Note that due to dilute assumption, the
multiplication of (1 - ¢) by each term in equation (2) and (4) was replaced by
1. 0f special note is that the values of UY;>P> P that appear in the
continuum relations (2) and (4) are, in a sense, "smoothed" variables. The
detailed gas disturbance caused by the particle motions are omitted from the
instantaneous gas velocity vector Uj. Since the gas velocity wvaries
strongly in the neighborhood of a particle that is moving through the gas, use
of these smoothed variables in continuity, momentum and energy relations
requires that all particle wakes or regions of immediate influence are
dissipated very rapidly over the gas control volume. Hinze [25] treats this
problem by attributing the forces around the particle as the external forces
and disregarding the modified velocity field around the particles. If this
external drag force follows Stokes law, then the fluid velocity u; in the
Stokes drag law is at "infinity", i.e., a large distance from the particle
center so that the detailed fluid motion in the neighborhood of the particle
is still not accounted for. However, the inadequacy of this model is not
important for small volume fractions of particles having a not too large
velocity relative to the gas. But for large volume fractions and cases in
which particles may form into groups by trailing another in its wake, large
regions of the flow may be inadequately modeled (c.f. [25] and [28]).
Several derivations concerning the two-fluid model equations have
appeared in the literature. The derivations include those of Hinze [29], Soo
[30], Drew and Segel [31], Ishii [32], Nunziato [33] and more recently, Roco
and Shook [34]. The resulting equations differ in various ways such as the
pressure gradient term for both gas and particulate phase, momentum source
term, and shear stress tensor of the secondary phase although general
constitutive equations relating stress and flow properties have not yet been
developed. However, for the low concentration limit of suspension flows of
small spherical particles, most of the derivations will recover similar
forms. For example, the theory proposed by Ahmadi [35] which was general to
the extent that it could be applied to both concentrated and dilute two-phase
flows could be shown to recover the theory of dusty gas as derived by Saffman
[36] in the low solid volume fraction range. The general expression for the
internal forces between solid and continuous phase is discussed by Truesdell
and Toupin [37] (also see [38]) and Drew and Segel [31]. The philosophical



reasons for using the two-fluid continuum approach and the common feature of
dispersed two-phase flow systems can be seen in Drew’'s [20] review paper.

By performing the Reynolds decomposition and time averaging of
equations (2) - (5), the following mean equations for statistically steady
flows result.

au; (6)
—_— =0
a'ﬁ}vi _ 3 — (7)
_ =T P i
9% 9x; F
au; ap a?u; 1 3 (8)
U — = = —— + u——— = — — U+ Fyy
X ax, X 9X; p- 9X;
av, av; d 3
BV — =~ oep'Vy T T T (P97 V7)) = — (Vypp'Vi') = Fpy
P ax P ax; 9%, ax,
(9)

where some use of the continuity equations has been made in deriving
equations (8) and (9). As a consequence of dilute suspension, triple
correlations involving fluctuations in the particulate phase density are
considered negligible. At this point the mean interaction term ¥_. needs to
be specified. Empirical expressions for the interactio