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A GENERAL METHOD FOR UNSTEADY HEAT TRANSF€R ON TURBINE BLADES 

by 

Tuncer Cebeci*  and Max F .  P l a t z e r * *  

SUMMARY 

T h i s  r e p o r t  i s  concerned w i t h  t h e  development o f  a genera l  method f o r  c a l c u -  

l a t i n g  unsteady heat  t r a n s f e r  on t u r b i n e  b lades.  

s o l u t i o n  o f  t h e  boundary- layer  equat ions  f o r  l am ina r ,  t r a n s i t i o n a l  and t u r b u -  

l e n t  f l o w s .  A nove l  procedure has been developed t o  account  f o r  t h e  movement 

o f  t h e  s t a g n a t i o n  p o i n t  caused by b lade-pass ing wakes and has been a p p l i e d  t o  

t h e  s t a g n a t i o n  r e g i o n  o f  t h r e e  model f l o w s  w i t h  r e s u l t s  wh ich  c o n f i r m  I t s  

v a l i d i t y  f o r  l am ina r  f l ows .  
arrangement i n  which t h e  average N u s s e l t  number has been r e p o r t e d  f o r  t u r b u l e n t  

f l o w s  and t h e  r e s u l t s  show cons ide rab le  promise. 

I t  i s  based on t h e  numer ica l  

I t  has a l s o  been a p p l i e d  t o  an exper imenta l  
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1.0 INTRODUCTION 

Gas t u r b i n e  des igne rs  a r e  c o n s t a n t l y  expanding t h e  p ressu re  and tempera ture  

o p e r a t i n g  t h r e s h o l d s  o f  modern t u r b i n e s  i n  o rde r  t o  ach ieve  g r e a t e r  power 

d e n s i t i e s .  Th is  i n  t u r n  r e q u i r e s  c a r e f u l  t h e r m a l - s t r u c t u r a l  a n a l y s i s  i n  o r d e r  

t o  ensure t h a t  these t u r b i n e s ,  which d e l i v e r  such e x c e l l e n t  performance, w i l l  
a l s o  r u n  f o r  a l o n g  t i m e  b e f o r e  maintenance i s  r e q u i r e d .  The c o s t s  assoc ia ted  

w i t h  h o t  s e c t l o n  maintenance account  f o r  app rox ima te l y  60 pe rcen t  o f  t o t a l  a i r -  

c r a f t  eng ine  maintenance [l] and t h e  t u r b i n e  i n d u s t r y  i s  a g g r e s s i v e l y  p u r s u i n g  

programs t o  improve t h e  p r e d i c t a b i l i t y  o f  t u r b i n e  l i f e  [ 2 ] .  I n  a d d i t i o n ,  NASA 

has a d u r a b i l i t y  techno logy  program, known as t h e  Hot S e c t i o n  Technology (HOST) 

p r o j e c t  [3 ,4 ]  d i r e c t e d  a t  improv ing  t h e  p r e d i c t i v e  t o o l s  f o r  a n a l y z i n g  a i r c r a f t  

gas t u r b i n e s  and another  program d i r e c t e d  a t  1mprovement.of t h e  d u r a b i l i t y  o f  

t h e  Space S h u t t l e  Main Engine (SSME) [ S I .  

The a b i l i t y  t o  p r e d i c t  t h e  meta l  tempera ture  d i s t r i b u t i o n  i s  a key f a c t o r  i n  

l i f e  p r e d l c t i o n .  Co inc iden t  w i t h  t h e  beg inn ing  o f  t h e  HOST p r o j e c t ,  Stepka [ 6 ]  

es t ima ted  t h a t  t h e  a b i l i t y  t o  p r e d i c t  s t e a d y - s t a t e  meta l  tempera ture  i n  an 

o p e r a t i n g  engine was w i t h i n  100K, and t h a t  t h i s  cou ld  be r e f i n e d  t o  50K by 

t e s t i n g  p r o t o t y p e s .  Th is  l e v e l  o f  thermal  accuracy i s  es t ima ted  t o  l ead  t o  an 

o r d e r  o f  magni tude u n c e r t a i n t y  i n  l i f e  p r e d i c t i o n  [ 7 ] .  

P e r i o d i c  rev iews o f  gas t u r b i n e  heat  t r a n s f e r  [E-101 suggest t h a t  p rogress  i s  

b e i n g  made i n  measuring and a n a l y z i n g  t h e  complex f l ows  assoc ia ted  w i t h  s teady-  

s t a t e  hea t  t r a n s f e r  i n  gas t u r b i n e s .  Research on unsteady heat  t r a n s f e r  i n  

t u r b j n e  passages i s ,  however, j u s t  beg inn ing  t o  appear. I t  i s  premature t o  

e v a l u a t e  t h e  e f f e c t s  o f  wake-generated unsteady hea t  t r a n s f e r  on t u r b i n e  dura-  

b i l i t y  b u t  t h e  research  da ta  t o  p r o v i d e  t h e  necessary thermomechanical loads 

a r e  emerging r a p i d l y  [ l l - 2 0 1  w i t h  most o f  t h e  i n f o r m a t i o n  o f  aerodynamic prop-  

e r t i e s  acqu i red  i n  l a r g e  low-speed t u r b i n e s .  Dr ing ,  e t  a l .  [ll] exp lo red  t h e  

n a t u r e  o f  t h e  boundary- layer  response t o  t u r b i n e  wakes and t h e  unsteady p res -  

sure  l o a d i n g  u s i n g  t h i n - f i l m  s u r f a c e  sensors. Hodson [13 ]  and B inder ,  e t  a l .  

[ 14 ]  mapped t h e  convec t i on  o f  wakes th rough  t h e  r o t o r  and f l o w  p r o p e r t i e s  i n  a 

r o t o r  a t  8850 rpm have a l s o  been r e p o r t e d  i n  [14 ] .  

The n a t u r e  o f  t h e  b lade-pass ing  problem can be exp la ined  i n  r e l a t i o n  t o  F i g .  

l a  wh ich  shows t h a t  t h e  r o t o r  b lade  passes th rough  t h e  wake o f  t h e  upstream 
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F i g u r e  1. Flow c o n f i g u r a t i o n .  ( a )  Tu rb ine  s tage.  ( b )  S i m u l a t i o n .  

s t a t o r  b lade  and generates a wake which a f f e c t s  t h e  onset  f l o w  t o  t h e  second 

s t a t o r .  I n  e f f e c t ,  t h e  b lades  o f  t h e  r o t o r  and second s t a t o r  a r e  sub jec ted  t o  

a f r e e s t r e a m  v e l o c i t y  which v a r i e s  p e r i o d i c a l l y  w i t h  t i m e  and w i t h  a random 

t u r b u l e n c e  f l u c t u a t i o n  superimposed. These e f f e c t s  may be s imu la ted  by t h e  

arrangement o f  F i g .  l b  which shows one c y l i n d e r  o f  a number ar ranged on a wheel 

which r o t a t e s  upst ream o f  a t u r b i n e  b lade .  

Most r e l e v a n t  h e a t - t r a n s f e r  da ta  have been ob ta ined  i n  s h o r t - d u r a t i o n  f a c i l -  
i t i e s  [15-181 o r  by u s i n g  s h o r t  d u r a t i o n  techn iques  [19,20]. 
r e s i s t a n c e  thermometers p r o v i d e  I n f o r m a t i o n  o f  s u r f a c e  tempera ture  and a r e  

combined w i t h  a one-dimensional  s e m i - i n f i n i t e  heat -conduct ion  a n a l y s i s  t o  

y i e l d  t ime- reso lved  hea t  f l u x .  

n i q u e  and, i n  t h e i r  most r e c e n t  work [15,16], have begun t o  o b t a i n  t ime-  

r e s o l v e d  hea t  f l u x  da ta  i n  a r e a l  t u r b i n e  s tage a t  f u l l y - s c a l e d  c o n d i t i o n s .  

A t  t h e  U n i v e r s i t y  o f  Oxford [17,18], r o t o r  wakes a r e  s imu la ted  w i t h  a spoked 

wheel r o t a t i n g  i n  f r o n t  o f  a l i n e a r  cascade and t h e  r e s u l t s  show t h a t  t h e  wakes 

imp ing ing  on t h e  a i r f o i l  can cause t h e  l o c a l  boundary l a y e r  t o  undergo t r a n s i -  

t i o n  and reve rse  t r a n s i t i o n  a t  t h e  f requency of t h e  pass ing  wakes. O ' B r i e n  e t  

a l .  [ 19 ]  used t h e  t r a n s i e n t  techn ique i n  a s teady- runn ing  r i g ,  a l s o  w i t h  a 

spoked wheel wake genera tor ,  and showed t h a t  t h e  t ime-average o f  t h e  t ime-  

r e s o l v e d  hea t  t r a n s f e r  agreed c l o s e l y  w i t h  conven t iona l  s teady -s ta te  da ta .  

Morehouse and Simoneau [20 ] ,  used t h e  same r i g ,  see F i g .  2, and showed t h a t  i t  

was necessary t o  separa te  t h e  heat  t r a n s f e r  e f f e c t s  due t o  t h e  unsteady d i s -  

tu rbances  o f  p e r i o d i c  wakes f rom those generated by conven t iona l  t u rbu lence .  

T h i n - f i l m  

Dunn and coworkers have p ioneered t h i s  tech -  

The r e c e n t  advances i n  computa t iona l  f l u i d  dynamics have made i t  p o s s i b l e  t o  

p r e d i c t  b lade  p ressu re  d i s t r i b u t i o n s ,  d e t a i l e d  boundary- layer  and wake 
p r o f i l e s ,  s k i n - f r i c t i o n  and h e a t - t r a n s f e r  c o e f f i c i e n t s  by s o l v i n g  t h e  s teady,  

f u l l  Navier -Stokes equat ions ,  see f o r  example Shamroth [21 ] .  A lso  Rai  

2 
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F i g u r e  2. Exper imenta l  set-up o f  O ' B r i e n  e t  a l .  [19] .  

[ 2 2 ]  has a t tempted t o  reproduce D r i n g ' s  measuremments by c o n s t r u c t i n g  a Nav ie r -  

Stokes computer code w i t h  a complex arrangement o f  patched and o v e r l a i d  g r i d s .  
Navier -Stokes s o l u t i o n s  have t h e  advantage o f  e n a b l i n g  t h e  p r e d i c t i o n  o f  b o t h  

a t t a c h e d  and separated v iscous  f l o w s  and hence can be expected t o  become a 

v a l u a b l e  eng ineer ing  method as soon as computa t ion  t imes can be reduced and 

ques t i ons  concern ing  t h e  computa t iona l  accuracy can be reso lved .  

I n  t h i s  r e p o r t  an a l t e r n a t i v e  approach I s  pursued which has proven r e l i a b l e  

and power fu l  i n  many e x t e r n a l  f l o w s .  I t  i s  based on t h e  use o f  i n t e r a c t i v e  

boundary- layer  t h e o r y  which r e q u i r e s  t h e  development o f  v iscous  and i n v i s c i d  

methods and t h e l r  c o u p l i n g  by s p e c i a l  techn iques  such as those  desc r ibed  i n  

[23-261. The i n v i s c i d  method must be a b l e  t o  cope w i t h  t h e  p e r l o d i c  onset  

v e l o c i t i e s  o f  F i g .  l b  and t h e i r  e f f e c t s  on t h e  b lade  f l o w  f rom t h e  s t a g n a t i o n  
r e g i o n  t o  wake. The boundary-- layer  method f o r  t h e  r e s u l t i n g  unsteady f l o w s  has 

t o  account  f o r  t h e  r e v e r s a l s  assoc ia ted  w i t h  t h e  movement o f  t h e  s t a g n a t i o n  

p o i n t  w I t h  t i m e  and space as w e l l  as f l o w  r e v e r s a l s  and s e p a r a t i o n  t h a t  may 

occur  i n  t h e  downstream reg ion .  The problem o f  f l o w  r e v e r s a l  can be so lved 

w i t h o u t  i n t e r a c t i o n  between I n v i s c i d  and v i scous  f l o w  s o l u t i o n s  b u t  a s p e c i a l  

numer i ca l  procedure i s  r e q u i r e d  t o  dea l  w i t h  t h e  changing f l o w  d i r e c t i o n .  

The work desc r ibed  he re  i s  d i r e c t e d  towards t h e  development o f  a genera l  method 

f o r  c a l c u l a t i n g  unsteady heat  t r a n s f e r  on t u r b i n e  b lades .  

p r e l i m i n a r y  we d e s c r i b e  a genera l  boundary l a y e r  method f o r  c a l c u l a t i n g  heat  

t r a n s f e r  f o r  p r e s c r i b e d  f rees t ream c o n d i t i o n s  and t e s t  i t  f o r  t h r e e  model 

A s  an e s s e n t i a l  

3 



problems which emphasize t h e  s t a g n a t i o n  r e g i o n .  

v e l o c i t y  d i s t r i b u t i o n  i s  represented  by a f u n c t i o n  

We assume t h a t  t h e  e x t e r n a l  

which a l l o w s  t h e  v a r i a t i o n  o f  t h e  s t a g n a t i o n  p o i n t  and t h e  f rees t ream v e l o c i t y .  

The f i r s t  model problem corresponds t o  f l o w  over  a t h i n  e l l i p s e  i n  a cons tan t  
f rees t ream v e l o c i t y  f i e l d  w i t h  a u n i  

e x t e r n a l  v e l o c i t y  which changes w i t h  

corresponds t o  an i n i t i a l l y  s teady f 

t = 0 t o  u /u = 2 ( (  - 1 )  a t  l a r g e  t 
e m  

orm w a l l  tempera ture  and w i t h  a l o c a l  

ang le  o f  a t t a c k .  The second model problem 

ow which a c c e l e r a t e s  f rom u /u = 5 a t  

mes w i t h  cor respond ing  movement o f  t h e  
e m  

s t a g n a t i o n  p o l n t  f rom 0 t o  1 .  The t h i r d  model problem corresponds t o  t h e  f l o w  

o f  [20 ] ,  see F i g .  2, i n  which t h e  f l o w  over  a c i r c u l a r  c y l i n d e r  w i t h  a u n i f o r m  
w a l l  tempera ture  i s  sub jec ted  t o  an e x t e r n a l  v e l o c i t y  d i s t r i b u t i o n  which 

changes w i t h  t i m e  due t o  t h e  i n t e r f e r e n c e  o f  a s e r i e s  o f  c y l i n d e r s  which a r e  

a t tached  t o  a r o t a t i n g  wheel. Measurements o f  l o c a l  f l o w  p r o p e r t i e s  and o f  

w a l l  heat  t r a n s f e r  have been r e p o r t e d  i n  [ 20 ]  and a l l o w  q u a n t i t a t i v e  assessment 

o f  t h e  c a l c u l a t i o n  method. 

I 

The b a s i c  equat ions ,  i n i t i a l  and boundary c o n d i t i o n s  a r e  cons idered i n  t h e  

f o l l o w i n g  s e c t i o n  which i s  f o l l o w e d  by a d e s c r i p t i o n  o f  t h e  numer ica l  method 

used t o  s o l v e  t h e  boundary- layer  equa t ions .  S e c t i o n  4 presents  t h e  r e s u l t s  and 

d i s c u s s i o n  and t h e  r e p o r t  ends w i t h  a summary o f  t h e  more i m p o r t a n t  
conc lus ions .  

4 



2.0 BASIC EQUATIONS 

For two-d imensional ,  i ncompress ib le  t ime-dependent l am ina r  and t u r b u l e n t  

f l o w s ,  t h e  boundary- layer  equat ions  and t h e i r  boundary c o n d i t i o n s  a r e  w e l l  

known. For  s p e c i f i e d  w a l l  temperature,  no mass t r a n s f e r  and w i t h  eddy v i scos -  

i t y ,  E ~ ,  and t u r b u l e n t  P r a n d t l  number, P r t ,  concepts they  can be w r i t t e n  
I n  t h e  fo rm [27 ] :  

au av 
a x  ay t -  = o  - 

Y = 0, u = v = o ,  T = T w ( x )  

t P r  t t 

1 P r t  m’ m 
b = 1 + ~  b2 = 1 + - E E = Em/U 

2.1 Turbulence Model 

The presence o f  cm i n  bl and b and P r t  i n  b2 r e q u i r e s  a t u r b u l e n c e  model and 
v a r i o u s  express ions  can be used f o r  t h i s  purpose. The cho ice  l i e s  between an 
a l g e b r a i c  f o r m u l a t i o n  i n  which d e t a i l e d  f l o w  f e a t u r e s ,  i n c l u d i n g  t r a n s i t i o n  

f r o m  lam ina r  and t u r b u l e n t  f l o w ,  a r e  represented  s e m i - e m p i r i c a l l y  and models 
where t h e  t r a n s p o r t  o f  t u r b u l e n c e  p r o p e r t i e s  i s  f a c i l i t a t e d  by d i f f e r e n t i a l  

equa t ions .  The models o f  t h e  l a t t e r  type,  i n c l u d i n g  t h e  u b i q u i t o u s  k-E  

model, o f f e r  t h e  p o s s i b i l i t y  o f  some degree o f  g e n e r a l i t y  b u t ,  so f a r ,  have 

been unab le  t o  dea l  w i t h  low Reynolds number phenomena. 

t i o n  o f  t r a n s i t i o n  i s  e s s e n t i a l  t o  t h e  p resen t  problem, we have p r e f e r r e d  t o  

use t h e  a l g e b r a i c  e d d y - v i s c o s i t y  approach o f  Cebeci and Smith, wh ich  i s  known 

t o  r e p r e s e n t  t r a n s i t i o n  adequate ly .  The f o r m u l a t i o n  I s  g i v e n  by a two- laye r  

model d e f i n e d  by 

2 

S ince  t h e  representa-  
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where 

A = 26uu-‘ 
1 ’  

The c o n d i t i o n  used t o  d e f i n e  y i s  t h e  c o n t i n u i t y  o f  t h e  eddy v i s c o s i t y ;  f r o m  

t h e  w a l l  outward, Eq. (7a )  I s  a p p l i e d  u n t i l  i t s  va lue  i s  equal t o  t h a t  g i v e n  

by Eq. ( 7 b ) .  

C 

I n  Eq. ( 7 ) ,  ytr i s  an i n t e r m i t t e n c y  f a c t o r  whlch accounts f o r  t h e  t r a n s i -  

t i o n a l  r e g i o n ’ t h a t  e x i s t s  between a l am ina r  and t u r b u l e n t  f l o w .  I t  i s  g i v e n  by 

Here xtr  i s  t h e  l o c a t i o n  o f  t h e  s t a r t  o f  t r a n s i t i o n  and t h e  e m p i r i c a l  f a c t o r  

G i s  

3 - 
U 1 e R-1.34 G = -- 1200 u2 X t r  

R 
where t h e  t r a n s i t i o n  Reynolds number x t r  = ( u ~ x / u ) ~ ~ .  

Equat ion  ( 9 )  has been determined i n  terms o f  f l ows  where t h e  f rees t ream t u r b u -  

l ence  was c h a r a c t e r i z e d  by low i n t e n s i t i e s  and smal l  sca le .  I t s  ex tens ion  t o  

t u r b i n e  b lade  passages which a r e  s u b j e c t  t o  onset  f l o w s  w i t h  t u r b u l e n c e  i n t e n -  

s i t i e s  i n  excess o f  15% and sca les  l a r g e r  than  t h e  w i d t h  o f  t h e  b lade  passage 

i m p l y  t h a t  m o d i f i c a t i o n s  may be r e q u i r e d .  The f l o w  o f  Ref .  [ 20 ]  i n v o l v e s  a 
f r e e s t r e a m  i n t e n s i t y  i n  excess o f  1% and i n t e n s i t i e s  o f  10% i n  t h e  near wakes 

o f  t h e  c i r c u l a r  c y l i n d e r  which were used t o  s i m u l a t e  b lade  pass ing  f l o w s .  A s  

a consequence o f  t h e  above, t h e  i n f l u e n c e  o f  ytr must be determined empir -  

i c a l l y  and w i t h  c o n s i d e r a t i o n  o f  these h i g h  t u r b u l e n c e  f l ows .  
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2.2 I n i t i a l  and Upstream Cond i t i ons  

The d e t e r m i n a t i o n  o f  t h e  i n i t i a l  c o n d i t i o n s  r e q u i r e d  f o r  t h e  above system i s  

i m p o r t a n t  and sometimes can be a r b i t r a r y  b u t  i n  t h a t  event ,  t h e  va lues  o f  au/at  

a t  t = 0 a r e  nonzero; t h i s  i m p l i e s  an i n v i s c i d  a c c e l e r a t i o n  and, as a conse- 
quence, a s l i p  v e l o c i t y  develops a t  t h e  w a l l  and i s  smoothed by an i n n e r  

boundary l a y e r  i n i t i a l l y  o f  t h i c k n e s s  (u t )  i n  which v iscous  f o r c e s  a r e  
i m p o r t a n t .  Thus a doub le  s t r u c t u r e  develops i n  t h e  boundary l a y e r  and may be 

t r e a t e d  by t h e  numer ica l  method desc r ibed  i n  [ 2 8 ] .  However, i f  i n t e r e s t  i s  

cen te red  on t h e  s o l u t i o n  a t  l a r g e  t imes,  t h i s  f e a t u r e  may be reduced i n  impor-  

tance by r e q u i r i n g  t h a t  t h e  i n i t i a l  v e l o c i t y  d i s t r i b u t i o n  s a t i s f i e s  t h e  s teady-  

s t a t e  equa t ion  w i t h  t h e  ins tan taneous e x t e r n a l  v e l o c i t y .  I n  a d d i t i o n ,  i t  i s  

necessary t o  smooth t h e  e x t e r n a l  v e l o c i t y  u ( x , t )  so  t h a t  au / a t  = 0 a t  t = 0 
and s tandard  numer ica l  methods may be used and remain s t a b l e .  The use o f  a 

smoothing f u n c t i o n  i n t r o d u c e s  some l o s s  o f  accuracy a t  smal l  va lues  o f  t b u t  

t h e  e r r o r  soon decays t o  zero as t h e  r e q u i r e d  va lue  o f  u i s  approached. 

1 /2 

e e 

e 

The c a l c u l a t i o n  o f  upstream boundary c o n d i t i o n s  I n  t h e  ( t , y )  p lane  a t  some 

x = x when t h e  c o n d i t i o n s  a t  a p rev ious  t i m e  l i n e  a r e  known, can i n t r o d u c e  
d i f f e r e n t  problems. To i l l u s t r a t e  these d i f f i c u l t i e s  f o r  t h e  case o f  a moving 

s t a g n a t i o n  p o i n t ,  l e t  us cons ide r  Eq. ( 1 ) .  S ince  u = 0 a t  t h e  s t a g n a t i o n  

p o i n t  by d e f i n i t i o n ,  i t s  l o c a t i o n ,  x s ,  based on t h e  e x t e r n a l  s t reaml ines  i s  

g i v e n  by 

0 

e 

x = A ( x s , t )  
S 

F i g u r e  3 shows t h e  v a r i a t i o n  of t h e  s t a g n a t i o n  p o i n t  w i t h  t i m e  acco rd ing  t o  Eq. 

( 1 )  w i t h  B ( t )  = 1 + c s inw t ,  c = 1, w = r / 4 .  We see t h a t  t h e  s t a g n a t i o n  p o i n t  

x i s  a t  2 when t = 2 and a t  0 when t = 6, e t c .  I f  x s  were f i x e d ,  we c o u l d  

assume t h a t  u = 0 a t  x = 1 f o r  a l l  t i m e  and f o r  a l l  TI, b u t  t h i s  i s  n o t  t h e  

case. I t  i s  a l s o  p o s s i b l e  t o  assume t h a t  t h e  s t a g n a t i o n  p o i n t  i s  c o i n c i d e n t  

w i t h  zero  u - v e l o c i t y  f o r  a p r e s c r i b e d  t i m e  b u t  we shou ld  no te  t h a t  t h e  stagna- 

t i o n  p o i n t  g i v e n  by Eq. (16 )  i s  based on v a n i s h i n g  e x t e r n a l  v e l o c i t y .  For a 

t ime-dependent f l o w ,  as we s h a l l  d i scuss  l a t e r ,  t h i s  does n o t  n e c e s s a r i l y  

i m p l y  t h a t  t h e  u - v e l o c i t y  i s  zero across t h e  l a y e r  f o r  a g i v e n  E - l o c a t i o n  and 

s p e c i f i e d  t ime;  f l o w  r e v e r s a l s  do occur  due t o  t h e  movement o f  t h e  s t a g n a t i o n  

S 

S 
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F i g u r e  3. V a r i a t i o n  o f  

-2 -1 0 1 XI 

t h e  s t a g n a t i o n  p o i n t  w i t h  t i m e  acco rd ing  t o  Eq. ( 1 ) .  

p o i n t  and cause t h e  l ocus  o f  zero  u - v e l o c i t y  t o  va ry  w i t h  x r e q u i r i n g  t h e  use 

o f  a s p e c i a l  nurner lca l  method, as w i l l  be d iscussed i n  Sec t i on  3. 

2.3 Transformed Equat ions 

I t  i s  more conven len t  and u s e f u l  t o  express Eqs. ( 2 ) - ( 5 )  i n  a fo rm more s u i t -  

a b l e  f o r  computat ion.  To ach ieve  t h i s ,  we d e f i n e  t h e  d imens ion less  v a r i a b l e s  

T, E ,  TI, w ,  m, G t o g e t h e r  w i t h  a d imens ion less  s t ream f u n c t i o n  f ,  

Equat ions  ( 2 )  t o  ( 5 )  become 

I a f  1 

(12)  

(13)  

G = O  ( 1  4a) 

I - - aw 
aE 

a G  aG 
t GI8 t m ( 1  - G ) f '  = - + f 1  - aT aE 

( b l f " )  t f " 0  t -t w aw -t a T  f 
a1 

(b2G1)  
I 

n = 0, f = f 1  = 0, 

rl = ne, f '  = w ,  G = l  ( 1  4b) 

where 
a f  

e = , F  
A s  we s h a l l  d i scuss  i n  S e c t i o n  3, t h e  upstream c o n d i t i o n s  can be ob ta ined  by 

s o l v i n g  t h e  above system w i t h  a s p e c i a l  numer ica l  s o l u t i o n  p rov ided  t h a t  t h e  

8 



i n i t i a l  c o n d i t i o n s  a r e  known. The l a t t e r  can be ob ta ined  by making use o f  t h e  
s t e a d y - s t a t e  c o n d i t i o n s  and exp ress ing  E q s .  ( 1 2 )  and (13)  i n  t h e  fo rm 

I a f  I aw = f '  - 
a t  ( b l f " )  t f l 1 6  t w - a t  

I aG 
t GI8 t m ( l  - G ) f '  = f 1  - a t  (b2G1)  

There i s  no problem w i t h  t h e  i n i t i a l  c o n d i t i o n s  f o r  these equat ions  s i n c e  

c a l c u l a t i o n s  a r e  f i r s t  per formed f o r  l am ina r  f l o w s  which admi t  s i m i l a r i t y  

s o l u t i o n s  a t  t h e  s t a g n a t i o n  p o i n t .  The t r a n s i t i o n a l  and/or t u r b u l e n t  f l o w  

c a l c u l a t i o n s  can then  be s t a r t e d  a t  any l o c a t i o n  away f rom t h e  s t a g n a t i o n  

p o i n t  by s p e c i f y i n g  t h e  l o c a t i o n  o f  t h e  onset  o f  t r a n s i t i o n .  
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3.0 NUMERICAL METHOD 

There a r e  seve ra l  numer ica l  methods t h a t  can be used t o  so l ve  t h e  equat ions  o f  
t h e  p rev ious  s e c t i o n ,  i n c l u d i n g  t h e  f i n i t e - d i f f e r e n c e  methods due t o  Crank- 

N i c o l s o n  [29 ]  and K e l l e r  [ 30 ] .  E i t h e r  scheme can be used s a t i s f a c t o r i l y  f o r  
t ime-dependent boundary l a y e r s  when t h e r e  i s  no f l o w  r e v e r s a l  across  t h e  l a y e r  

a l t h o u g h  t h e  K e l l e r  scheme has more d e s i r a b l e  f e a t u r e s  than t h a t  o f  Crank- 

N i c o l s o n  f o r  t u r b u l e n t  f l o w s .  When r e v e r s a l  occurs ,  and f o r  problems a s s o c i -  

a t e d  w i t h  upst ream boundary c o n d i t i o n s  such as those cons idered here,  t h e  

advantages o f  t h e  K e l l e r  scheme become more pronounced and n e c e s s i t a t e  i t s  use 

as we s h a l l  d i scuss  here.  Only t h e  s o l u t i o n  o f  t h e  c o n t i n u i t y  and momentum 

equa t ions  a r e  d iscussed.  The energy equa t ion  i s  l i n e a r  and i s  uncoupled f rom 

t h e  momentum equa t ion  so t h a t  i t s  s o l u t i o n  i s  s t r a i g h t f o r w a r d  and i s  desc r ibed  

i n  d e t a i l  i n  [ 27 ] .  

I n  t h i s  r e p o r t  t h e  box scheme i s  used i n  two forms which depend upon t h e  n a t u r e  

of  t h e  f l o w  and, i n  p a r t i c u l a r  on t h e  presence o r  o the rw ise  o f  reve rse  f l o w .  

The r e g u l a r  box scheme i s  used where t h e  f l o w  i s  a lways I n  t h e  streamwise 

d i r e c t i o n  and i s  desc r ibed  i n  t h e  f o l l o w i n g  subsec t i on .  The c h a r a c t e r i s t i c  box 

scheme, developed by Cebeci and Stewartson,  i s  used t o  compute f l ows  w i t h  nega- 

t i v e  streamwise v e l o c i t i e s  and a l s o  t o  genera te  t h e  upstream boundary cond i -  

t i o n s  d iscussed i n  subsec t i on  2.2. 

3.1 Regular  Box Scheme 

To s o l v e  t h e  momentum equa t ion  f o r  s teady -s ta te  c o n d i t i o n s  s u b j e c t  t o  i t s  

boundary c o n d i t i o n s  by K e l l e r ' s  scheme known as t h e  Box method, we l e t  f '  = e 

and i n t r o d u c e  a new f u n c t i o n  g d e f i n e d  by 

e '  = g 

and w r i t e  Eqs. (15) ,  (16)  and ( 1 7 )  w i t h  bl = b as 
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To w r i t e  t h e  d i f f e r e n c e  equat ions  f o r  t h e  system g l v e n  by Eqs. (18)  and (19) .  
we cons ide r  a n e t  r e c t a n g l e  i n  which t h e  n e t  p o i n t s  a r e  denoted by 

r = 1, 2, 
1’ E o = &  t i = \  + r  

TI = 0 ,  TI = T I  + h  j = 1, 2, 
0 j j - 1  j ’  

i - 1  

The f i n l t e - d i f f e r e n c e  approx imat ions  t o  Eq. (18a)  

about  t h e  m i d p o i n t  (Ei, ~ j - 1 / 2 )  9 

and those t o  Eqs. (18b,c) by c e n t e r i n g  a 

i 
W 3 j  + 

1 q u a n t i  

..., I 

(20 )  
..., J 

a r e  ob ta ined  by averag ing  

i 
g j - 1 )  

i e s  excep, 8 a t  t h e  c e n t e r  

o f  t h e  r e c t a n g l e  ( 5  ) and t a k i n g  t h e  va lues o f  each say e, 

a t  t h e  co rne rs  o f  t h e  box, t h a t  i s ,  
i - 1 / 2 ’  TIj-1/2 

+ e  i 1-1 t e’-’) i - 1 / 2  II_ i 1-1 1 i  
+ e  j - 1 / 2  = 2 ( e j - 1 / 2  j - 1 / 2 )  = 4 (ej j - 1  + ej j - 1  e 

The c e n t e r i n g  o f  8 i s  ach ieved as 

I n  t h i s  n o t a t i o n ,  t h e  d i f f e r e n c e  approx imat ions  t o  Eqs. (18b,c) can be w r i t t e n  

i n  t h e  form:  

) j 3 j - 1  i j - 1 / 2  j - 1 / 2  
-1 i 4-1 h-’(€I - 8 ) = r ( e  - e  

where 

( 2 4 )  
The boundary c o n d i t i o n s ,  Eq. (19) ,  become: 

e, = 8, = 0, eJ = WJ (25)  

The system g i v e n  by Eqs. (21) ,  (23a,b) and (25)  can be l i n e a r i z e d  by Newton’s 

method and can be w r i t t e n  as 

11 



deo = deo = 0, deJ = 0 

where 

. .  
-1 1 -1  

j - 1  
( s 2 ) j  = -bj-lhj + - e  2 j - 1 / 2  ( s 4 ) j  = ( S 3 I j  ( s 6 ) j  = -ri e 

The r e s u l t i n g  l i n e a r  system, Eqs. (26)  and (27) ,  can be w r i t t e n  i n  t h e  fo rm 

b j  = f j  
N 

and can be so lved by t h e  3 x 3 a l g o r i t h m  based on t h e  b lock  e l i m i n a t i o n  method 

desc r ibed  i n  [27 ] .  

3.2 C h a r a c t e r i s t i c  Box Scheme 

The procedure  o f  t h e  p r e v i o u s  sub-sec t ion  p r o v i d e s  a s o l u t i o n  o f  E q .  ( 16 ) ,  
s t a r t i n g  a t  t h e  s t a g n a t i o n  p o i n t  E = E , f o r  a p r e s c r i b e d  v e l o c i t y  d i s t r i b u t i o n  
w( [ )  a t  ~ ( 0 )  = 0 and, as a r e s u l t ,  t h e  s o l u t i o n s  on t h e  n e x t  t i m e  " l i n e "  can be 

de termined by an e x p l i c i t  method. I f  we w ish  t o  a v o i d  s t a b i l i t y  problems, how- 

ever ,  an i m p l i c i t  method i s  r e q u i r e d  and t h e  g e n e r a t i o n  o f  upst ream boundary 

c o n d i t i o n s  f o r  t h e  momentum equa t ion  (and t h e  energy equa t ion )  becomes more 

d i f f i c u l t .  An accu ra te  and e f f i c i e n t  method f o r  t h i s  purpose i s  t h e  cha rac te r -  

i s t i c  box scheme which i s  a b l e  t o  dea l  w i t h  t h e  moving s t a g n a t i o n  p o i n t  and t h e  

f l o w  r e v e r s a l s  which r e s u l t .  

S 
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To d e s c r i b e  t h e  c h a r a c t e r i s t i c  box scheme, we n o t e  t h e  d e f i n i t i o n  o f  l o c a l  

s t reaml ines  and w r i t e  

d!i 
e d r  = 

I f  we des igna te  d i s t a n c e  i n  t h i s  d i r e c t i o n  by s and t h e  ang le  t h a t  i t  makes 

w i t h  t h e  1 -ax i s  by 0, ( see  F i g .  4)  then Eq. ( l a c ) ,  which i n  terms o f  new 

v a r i a b l e s  e and g, i s  

\ 

can be w r i t t e n  as 

where 

L = / I  + e 2  

0 = tan- 'e  

F i g u r e  4. N o t a t i o n  and g r i d  f o r  t h e  C h a r a c t e r i s t i c  Box scheme. For  d e t a i l s ,  
see [ 2 5 ] .  

The s o l u t i o n  procedure  f o r  t h e  system g i v e n  by Eqs. (15a,b), ( 1 6 )  and (33)  IS 

s i m i l a r  t o  t h a t  o f  t h e  p rev ious  sub-sec t ion  w i t h  smal l  d i f f e r e n c e s  due t o  t h e  

manner I n  wh ich  t h e  d i f f e r e n c e  equat ions  a r e  w r i t t e n  f o r  Eq. ( 3 3 ) .  A lso,  s i n c e  

now we a r e  c o n s i d e r i n g  a th ree-d imens iona l  f o rm of t h e  equat ion ,  we a l s o  con- 

s i d e r  t h e  n e t  p o i n t s  

T = T  n = 1, 2, ..., N 
n n-1 kn  

T = 0,  
0 

13 
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i n  a d d i t i o n  t o  those g i v e n  by E q .  ( 2 0 ) .  The d i f f e r e n c e  approx imat ions  t o  E q s .  

(18a.b) a r e  i d e n t i c a l  t o  those g i v e n  by Eq .  (21) ,  (23a)  except  t h a t  t h e  super-  

s c r i p t s  i on each v a r i a b l e  a l s o  i n c l u d e  n.  To o b t a i n  t h e  s o l u t i o n s  on t h e  

f i r s t  t i m e  l i n e  il, l e t  us assume t h a t  t h e  s t a g n a t i o n  l i n e  based on t h e  

e x t e r n a l  s t r e a m l i n e  i s  g i ven ,  t h e  s o l u t i o n  o f  p o i n t  1 i s  known, and d i r e c t  our  

a t t e n t i o n  t o  p o i n t  2. The f i n i t e - d i f f e r e n c e  approx imat ions  t o  Eq .  ( 33 )  a r e  

w r i t t e n  a long  t h e  s t r e a m l i n e  d i r e c t i o n  (see F i g .  4 )  a t  p o i n t  P 

m,n- 1 
j - 1 / 2  - e  i ,n 

-1/2 e 
1 i , n  Am,n-l ) j  

= T 9 - 1 / 2  j -1 /2  " j -1 /2  

where 

The r e l a t i o n  between 8j-l,2 and those va lues  of  8 centered  a t  (1-1/2,  n-1/2) 
and ( i - 3 / 2 ,  n-1/2) a r e  

m,n-1 
Rear rang lng  E q .  (36)  and d e n o t i n g  Rj-l,2 by 

m,n-1 
m,n-l e j -1 /2  1 

3-1/2 'j-1/2 A S  (39)  

i t  can be shown t h a t  t h e  l i n e a r i z e d  v e r s i o n  of t h e  r e s u l t i n g  express ion  can be 

expressed i n  t h e  same fo rm as Eq .  (26c) ,  w i t h  

-1 
7 ( 5 )  = - h  t~ 

2 j  3 

1 4  



6 
C 

( 5  ) = -c + 
5 3  4 p-l ej 

j - 1 / 2  

C 

( S ( j ) j  = 4 5  + i , n  6 e  j - 1  

I j - l / 2  

and 

m,n-l)eP ( ' 2 ) j  = R j -1 /2  - [ h j  ( b j  g j  - b j - f J j - 1 )  +- ( g j - 1 / 2  + 9 j -1 /2  
m,n-1 -1 i , n  i , n  i , n  i , n  i ,n 

j - 1 / 2  

where c1  t o  c7 a r e  g i v e n  by 

P 
1 

C 
1 -3/2 

c 2  = r j - 1 / 2 *  3 = ASj-1/2 

- E: - ' i -3 /2 

c 1  - "I-3/2 - ' i -1/2 ' 

The r e s u l t i n g  equat ion ,  which i s  analogous t o  Eq. (23c)  can t h e n  be so lved 

t o g e t h e r  w i t h  Eqs. (23a,b) and (24)  by us ing  t h e  same b o c k - e l i m i n a t i o n  method 

employed t o  s o l v e  t h e  system g i v e n  by E q s .  (23)  and (24 ) .  

To genera te  t h e  upstream boundary c o n d i t i o n s ,  l e t  us i n i t i a l l y  assume t h a t  t h e  

f i r s t  p r o f i l e  on e i t h e r  s i d e  o f  t h e  "edge" s t a g n a t i o n  p o i n t  i s  known and t h a t  

we a r e  i n t e r e s t e d  i n  comput ing t h e  f l o w  say a t  2 (see F i g .  4 ) .  

f l o w  r e v e r s a l  a t  t h a t  p o i n t ,  t hen  an ex tens ion  o f  t h e  procedure d iscussed i n  

t h e  p r e v i o u s  sub-sec t ion  can be used t o  o b t a i n  a s o l u t i o n  t h e r e .  

ence o f  f l o w  r e v e r s a l ,  we use t h e  c h a r a c t e r i s t i c  box scheme on an i t e r a t i v e  
b a s i s .  To e x p l a i n  t h i s  f u r t h e r ,  l e t  us assume t h a t  0 i n  Eq. (36)  i s  
known, t h e n  t h e  s o l u t i o n  o f  t h e  momentum equa t ion  a t  p o i n t  1 by t h e  c h a r a c t e r -  

i s t i c  method can be achieved by s o l v i n g  Eqs. (23a,c) i n  t h e  fo rm 

I f  t h e r e  I s  now 

I n  t h e  p res -  

3 

1 5  
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s u b j e c t  t o  t h e  boundary c o n d i t i o n s  

deo = 0, deJ = 0 (44)  

Once a s o l u t i o n  f o r  t h e  p o i n t  1 i s  known, s o l u t i o n s  t o  a l l  t h e  p o i n t s  t o  t h e  

r i g h t  and t o  t h e  l e f t  o f  p o i n t  1 can be ob ta ined  by t h e  genera l  c h a r a c t e r i s t i c  

scheme w i t h o u t  f u r t h e r  approx imat ions .  Thus t h e  o n l y  approx imat ion  on a g i v e n  
t i m e  l i n e  r e s u l t s  f rom t h e  s o l u t i o n s  generated a t  p o i n t  1. Our c a l c u l a t i o n s  

have shown t h a t  t h e  i n f l u e n c e  o f  p o i n t  1 on i t s  ne ighbors  decreases w l t h  d l s -  

tance.  Thus t h e  approx imate s o l u t i o n  a t  p o i n t  1 can be f u r t h e r  improved by 

r e p e a t i n g  t h e  c a l c u l a t i o n s  a t  p o i n t  1 .  

16 



4.0 RESULTS AND DISCUSSION 

The numeric'al procedures o f  t h e  p rev ious  s e c t i o n  have been used t o  o b t a i n  so lu -  

t i o n s  o f  t h e  c o n t i n u i t y ,  momentum and energy equa t ion  f o r  t h r e e  model problems. 

The r e s u l t s  a r e  p resented  and d iscussed i n  t h e  f o l l o w i n g  t h r e e  subsec t ions  and 

correspond t o  u n i f o r m  w a l l  temperature ( m  = 0) and P r a n d t l  number 0.72. The 

f i r s t  two model problems i n v o l v e  l am ina r  f l ows  and t h e  t h i r d  addresses l am ina r  

and t u r b u l e n t  f l o w s .  I t  should be emphasized t h a t  these model problems have 

been des igned t o  t e s t  t h e  numer ica l  procedure wh ich  has been fo rmu la ted  i n  a 

genera l  way so t h a t  i t s  a p p l i c a t i o n  can r e a d i l y  be extended t o  t h e  more prac-  

t i c a l  f l o w s  d iscussed i n  t h e  i n t r o d u c t i o n .  

I n  reg ions  where t h e r e  was no f l o w  r e v e r s a l ,  t h e  s tandard  box scheme has been 

used. Where t h e  c a l c u l a t i o n s  revea led  f l o w  r e v e r s a l ,  t h e  s o l u t i o n  procedure  

subsequent ly  made use o f  t h e  c h a r a c t e r i s t i c  box scheme. 

4.1 O s c i l l a t i n g  A i r f o i l  Model 

The f i r s t  model problem corresponds t o  f l o w  over  an e l l i p s e  w i t h  a t h i c k n e s s  

r a t i o  y(Zb/a)  and w i t h  y << 1 a t  an ang le  o f  a. 

d e f i n e d  by 

The s u r f a c e  o f  t h e  body i s  

- - 
x = -a cos+, y = ay  sin+, -TI < + < TI ( 4 5 )  

Wi th  these d e f i n i t i o n s  and t o  a f i r s t - o r d e r  approx imat ion ,  t h e  e x t e r n a l  ve loc -  

i t y  f o r  t h e  s teady f l o w  i n  t h e  l e a d i n g  o f  a t h i n  e l l i p s e  can be deduced f rom 

i n v i s c i d  f l o w  t h e o r y  t o  be 

Here Ue(Z) denotes a d imens ion less  v e l o c i t y ,  t h e  parameter z denotes a dlmen- 

s i o n l e s s  d i s t a n c e  r e l a t e d  t o  t h e  x- and y -coo rd ina tes  o f  t h e  e l l i p s e  by x + a - 
2 

= (1 /2)ay2z2,  y = ay  z measured f rom t h e  nose, and zo rep resen ts  a reduced 
a n g l e  o f  a t t a c k .  

d i s t a n c e  
Eq. (46 )  t o  unsteady f l o w s  by i n t r o d u c i n g  t i m e  dependency as 

The parameter z i s  a l s o  r e l a t e d  t o - t h e  d imens ion less  s u r f a c e  

' l 2 d z .  w i t h  L = y a by E = J o ( l  t z ) I n  t h e  p resen t  s tudy  we extend 2 Z 

1 7  



F igu res  5 t o  8 show t h e  c a l c u l a t e d  r e s u l t s  f o r  two c i r c u l a r  f requenc ies ,  w = 

n/30, r / 3  w i t h  z o  = 1 and c = -1/2. 
f requency  on t h e  w a l l  shear f " ( O ) ,  w a l l  heat  f l u x  G'(0) and d imensionless 

d isp lacement  th i ckness ,  A*, which a r e  d e f i n e d  by 

They demonstrate t h e  e f f e c t s  o f  t h e  

U 03 

A* = l P %  ( 1  - r ) d y  U 

uo 0 e 

The r e s u l t s  o f  F igu res  5a and 5b i n d i c a t e  t h a t  t h e  t i m e  dependent e f f e c t s  on 

t h e  s o l u t i o n s  i n c r e a s e  s i g n i f i c a n t l y  as t h e  c i r c u l a r  f requency w changes 

f r o m  w =r/30 t o  7 / 3 .  Whi le  t h e  w a l l  shear and d isp lacement  th i ckness  va lues  

computed a t  WT = n and 2n w i t h  w = n/30 a r e  n e a r l y  t h e  same as those a t  T = 0, 

they  d i f f e r  cons ide rab ly  f rom each o t h e r  when 

show, however, t h a t  i n c r e a s i n g  t h e  c i r c u l a r  f requency by a f a c t o r  o f  t e n  has 

p r a c t i c a l l y  no e f f e c t  on t h e  w a l l  heat  f l u x .  

w = n/3. The r e s u l t s  i n  F i g u r e  6 

(b) 1 90' 
-1.5 

F i g u r e  5. The e f f e c t  o f  f requency on t h e  ( a )  w a l l  shear parameter, f ' ( O ) ,  ( b )  
d isp lacement  th icknesds ,  A*, o f  t h e  f i r s t  model problem. 
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2 

F i g u r e  6. V a r i a t i o n  o f  t h e  w a l l  heat  f l u x  parameter, G ’ ( O ) ,  w i t h  z f o r  t h e  
f i r s t  model problem w i t h  w = n/30. The r e s u l t s  w i t h  w = n/3 
a r e  v i r t u a l l y  i d e n t i c a l  t o  those ob ta ined  w i t h  t h e  sma l le r  
f requency.  

z = -0.55 -0.50-0.45 

(a) 

2 - -1.10 -1.05-1.0 -0.95 u/uo 
(b) 

Z 1 1-1.55-1 

F i g u r e  7.  V a r i a t i o n  o f  t h e  v e l o c i t y  p r o f i l e s  f o r  w = n/30 near t h e  s t a g n a t i o n  
r e g i o n  o f  t h e  f i r s t  model problem f o r  d i f f e r e n t  va lues o f  UT, ( a )  90, 
( b )  180, ( c )  270, ( d )  360. 

2 -  -1.40 -1.30 -1.20 -1.10 -1.0 u/u, 2 -  -0 .50 -0.40 
(b) (a) U/Uo 

7. = -1.80 -1.70 -1.60 -1.50 
(C) U’Uo 

F i g u r e  8. V a r i a t i o n  o f  t h e  v e l o c i t y  p r o f i l e s  f o r  w = n/3 near  t h e  stagna- 
t i o n  r e g i o n  o f  t h e  f i r s t  model problem f o r  d i f f e r e n t  va lues o f  WT, 
( a )  90, ( b )  180, ( c )  270, ( d )  360. The dashed l i n e  i n d i c a t e s  t h e  
l ocus  o f  zero u - v e l o c i t y .  

F igu res  7 and 8 a l l o w  t h e  examinat ion  o f  t h e  e f f e c t  t h e  f requency has on t h e  

c a l c u l a t e d  v e l o c i t y  p r o f i l e s  i n  t h e  v i c i n i t y  o f  t h e  s t a g n a t i o n  p o i n t .  

7 shows t h a t  t h e  l ocus  o f  t h e  

F i g u r e  

u - v e l o c i t y  on t i m e  l i n e s  T = n/2 and TI i s  
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essentially the same as in the steady case and as a result there are no flow 
reversals in the velocity proflles. However, as can be seen from Figure 8, 

increasing the frequency to n/3, flow reversals begin to occur around the 
stagnation point and become rather prolonged as time increases to WT = 3n/2. 

At WT = 2 r ,  the region of flow reversal 'IS reduced but is not zero, as it was 
at WT = 0. 

4.2 Gust Response Model 
The second model problem allows us to study the transient motion between the 
two steady stagnation flows slmilar to those an airfoil would encounter during 
a gust or change in incidence as an lnitially steady-flow accelerates from 
ue/u = to u /u = 2([ - 1). For this purpose w e  use Eq. ( 1 )  wlth w = n/8 

and 
- e -  

A ( T )  = 2 - C O S ~ W T ,  B ( T )  = sin 2 WT 0 5 T 5 8 (49)  

This flow has been studied by Cebeci, Stewartson and Williams [ 28 ]  with 
sllghtly dlfferent forms of A ( T )  and B ( T )  

than those used here. 
(au / a t )  i s  equal to zero at t = 0, as discussed previously. 

Our modified expressions were required t o  ensure that 

e 

Figure 9 shows a comparison between the two external velocities considered in 
[ 28 ]  and in the present study, and Figure 10 shows the results of the present 

LO&-- 

f\ - -& - REFERENCE 28 

Flgure 9. Variatlon of external velocity with time for the second model 
problem. 
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-1.oL 

F i g u r e  10. V a r i a t i o n  w i t h  t i m e  o f  ( a )  w a l l  shear parameter, f " ( O ) ,  ( b )  w a l l  
hea t  f l u x  parameter, G ' ( O ) ,  and ( c )  d isp lacement  th i ckness ,  A* 
f o r  t h e  second model problem. 

c a l c u l a t i o n s  t o g e t h e r  w i t h  those o f  [28] .  Our c a l c u l a t e d  r e s u l t s  correspond 

t o  nondimensional  forms o f  t h e  w a l l  shear, f " ( O ) ,  w a l l  heat  f l u x ,  G ' ( O ) ,  and 

d isp lacement  th i ckness ,  A * ( f  4RL bo/L)  where 
* 

1 ,  

6 *  = ( U  - u)dy  e 
0 0  

o u  

The r e s u l t s  o f  [ 28 ]  were ob ta ined  f o r  momentum based p r o p e r t i e s  which a r e  

l i n k e d  t o  t h e  above d e f i n i t i o n s  by 

( 5 2 )  f " ( 0 )  = ( 5  - B ) T  + g " ( 0 )  

* 
OD 

A* = ( [  - B ) b  - g 
0 

* 
w i t h  T ,  g" (O) ,  b o  and g, d e n o t i n g  here  t h e  parameters computed i n  [28 ] .  

(53) 

A s  expected, t h e  r e s u l t s  i n  F igu res  10a and 1Oc show t h a t  t h e  behav io r  o f  f " ( 0 )  

and A* i s  d i f f e r e n t  d u r i n g  t h e  t r a n s i e n t  mo t ion  due t o  t h e  use o f  d i f f e r e n t  

f u n c t i o n s  f o r  A ( T )  and B ( T ) .  I n  each case, however, t h e  s o l u t i o n s  approach 

t h e  asympto t i c  va lues  r e l a t i v e l y  f a s t .  The r e s u l t s  f o r  G ' ( O ) ,  shown i n  F i g .  

l o b ,  were ob ta ined  w i t h  t h e  p resen t  method s i n c e  t h e  s tudy  o f  [ 28 ]  d i d  n o t  

l 



2 1/2 A(T)  = [ f 2  + 1 0 ( S t ) 2 ( l  - f )  ] 

c o n s i d e r  t h e  energy equa t ion .  Again, as expected, t h e  s o l u t i o n s  o f  t h e  energy 
e q u a t i o n  approach t h e  asympto t i c  va lue  o f  0.7095 [27 ] .  

4 .3 Rotor  Wake Model 

The t h i r d  model problem I n v o l v e s  f l o w  on a c i r c u l a r  c y l i n d e r  o f  d iameter  D 

which exper iences t h e  p e r i o d i c  pass ing  o f  wakes. I t  corresponds t o  t h e  e x p e r i -  

menta l  arrangement o f  [ 20 ] ,  see F i g .  2, and p e r m i t s  comparison between c a l c u -  

l a t i o n s  performed f o r  t u r b u l e n t  f l o w s  w i t h  measurements. The model problem i s  

f i r s t  addressed i n  terms o f  l am ina r  f l o w  t o  t e s t  t h e  numer ica l  procedure.  

F i g u r e  11 shows t h e  f l o w  c o n f i g u r a t i o n  and t h e  n o t a t i o n  f o r  t h i s  model problem. 

For a t i m e  p e r i o d  t t h e  c y l i n d e r  i s  sub jec ted  t o  a f r e e s t r e a m  v e l o c i t y  V and 

f o r  t i t  i s  immersed i n  a superimposed r o t a t i n g  wake which has a r o t a t i o n a l  

component w r .  
9 

t t ) ]  and i s  r e l a t e d  t o  t h e  S t r o u h a l  number S t  by F D / V  . To d e r i v e  dimension- 

l e s s  exp ress ions  f o r  t h e  parameters A([,T) and B ( T )  i n  Eq. ( 1 )  needed t o  d e f i n e  

t h e  e x t e r n a l  v e l o c i t y  d i s t r i b u t i o n  near t h e  s t a g n a t i o n  reg ion ,  we adopt t h e  

procedure d iscussed i n  t h e  Appendix. 

m g '  

W 
The c y c l e  repea ts  i t s e l f  w i t h  a b lade  pass ing  f requency F ( E l / ( t  

m W 

m 
V 

wr 1 

T 
t 

9 

t 
tw L L 

F i g u r e  11. N o t a t i o n  and f l o w  c o n f i g u r a t i o n  f o r  t h e  rotor -wake model. 

A t  f i r s t  t h e  c a l c u l a t i o n s  were performed f o r  a l am ina r  f l o w  i n  o r d e r  t o  t e s t  

t h e  numer i ca l  procedure.  

t h e  parameters A, B and f ,  Eqs. (A-15) t o  (A-17) become 

W i t h  t h e  cho ice  o f  E 2  = m, El = 100 and V = 1/3, m 

( 5 4 )  
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The computed va lues  o f  w a l l  heat  f l u x ,  G ' ( 0 )  f o r  two va lues o f  S t rouha l  number 

show t h a t  t hey  a r e  n o t  i n f l u e n c e d  by t h e  changes i n  t h e  f rees t ream v e l o c i t y  and 

a r e  v i r t u a l l y  cons tan t  f o r  t h e  range o f  5: and T va lues  cons idered w i t h  G 1 ( 0 )  

- 0.50 f o r  S t  = 0.1 and G ' ( 0 )  - 0.51 f o r  S t  = 0.2. On t h e  o t h e r  hand, as 

shown i n  F i g .  13, t h e  computed va lues o f  w a l l  shear, f " ( O ) ,  f o r  S t  = 0.1 a r e  

s i g n i f i c a n t l y  i n f l u e n c e d  by t h e  changes i n  t h e  f rees t ream v e l o c i t y  which causes 

f l o w  r e v e r s a l s  i n  t h e  v e l o c i t y  p r o f i l e s  around t h e  s t a g n a t i o n  p o i n t  based on 

t h e  v a n i s h i n g  o f  t h e  e x t e r n a l  v e l o c i t y .  

and t h e  r e s u l t i n g  f l o w  r e v e r s a l s  i nc rease  w i t h  t i m e  and w i t h  space. For 

example, t h e  c a l c u l a t i o n s  f o r  steady s t a t e  have t h e  s t a g n a t i o n  p o i n t  a t  5: = 0, 

and, as expected, t h e r e  i s  no f l o w  r e v e r s a l  on e i t h e r  s i d e  o f  t h e  s t a g n a t i o n  

p o i n t .  A t  T = 0.05, t h e  s t a g n a t i o n  p o i n t  moves t o  5: = 0.15 b u t  t h e  f l o w  r e v e r -  

s a l s  i n  t h e  v e l o c i t y  p r o f i l e s  c o n t i n u e  up t o  and i n c l u d i n g  5: = 0.85 as can be 

seen f rom t h e  r e s u l t s  shown i n  F i g .  14. A t  T = 0.10, F i g .  13, t h e  s t a g n a t i o n  

p o i n t  has moved t o  5: = 0.55 b u t  t h e  f l o w  r e v e r s a l s  p e r s i s t  f o r  a l onger  d i s t a n c e  

and c o n t i n u e  u n t i l  5 = 1.20. A s  can be seen f rom t h e  v e l o c i t y  p r o f i l e s  i n  F i g .  

The movement o f  t h e  s t a g n a t i o n  p o i n t  

L 

F i g u r e  13. V a r i a t i o n  of t h e  w a l l  shear parameter, f " ( O ) ,  w i t h  E f o r  t h e  
t h i r d '  model problem. S t  = 0.10. 
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F i g u r e  14. V a r i a t i o n  o f  t h e  v e l o c i t y  p r o f i l e s  near  t h e  s t a g n a t i o n  r e g i o n  o f  
t h e  t h i r d  model problem f o r  t w o  va lues  o f  t ime .  ( a )  T = 0.05, 
( b )  T = 0.10. 

14, t h e  r e g i o n  o f  f l o w  r e v e r s a l  across t h e  l a y e r  has now increased and i s  sub- 

s t a n t i a l l y  more pronounced than  t h a t  a t  T = 0.05. 

The w a l l  shear and d isp lacement  th i ckness  r e s u l t s  f o r  S t  = 0.2 show s i m i l a r  
t r e n d s .  A s  expected, t h e  f l o w  r e v e r s a l s  i n  t h e  v e l o c i t y  p r o f i l e s ,  f o r  example 

a t  T = 0.10, a r e  b i g g e r  than  those a t  S t  = 0.1 b u t  cover  t h e  same range i n  E .  

The above lam ina r  f l o w  r e s u l t s  show t h a t  t h e  numer ica l  procedure i s  a b l e  t o  

o b t a i n  s o l u t i o n s  f o r  a range o f  b lade-pass ing  f requenc ies  o f  p r a c t i c a l  r e l e -  

vance. The movement o f  t h e  s t a g n a t i o n  p o i n t  w i t h  space and t i m e  and t h e  

r e s u l t i n g  f l o w  r e v e r s a l s  around t h e  s t a g n a t i o n  p o i n t  cause no computa t iona l  

d i f f i c u l t i e s  and t h e  numer ica l  t e s t s  show t h a t  t h e  accuracy i s  b e t t e r  t han  

r e q u i r e d  f o r  p r a c t i c a l  problems. 

The p r e s e n t  method i s  a p p l i c a b l e  t o  l am ina r ,  t r a n s i t i o n a l  and t u r b u l e n t  f l o w s .  

I t  r e q u i r e s  t h a t  t h e  c a l c u l a t i o n s  s t a r t  as l am ina r  f rom t h e  s t a g n a t i o n  p o i n t .  

The onset  o f  t r a n s i t i o n  can be ass igned t o  occur  i n  accordance w i t h  exper iments 

and t h e  subsequent t r a n s i t i o n a l  and t u r b u l e n t  f l o w s  can be represented  by t h e  

a l g e b r a i c  e d d y - v i s c o s i t y  model desc r ibed  i n  S e c t i o n  2.2. A s  a consequence o f  

t h i s  model, t h e  l e n g t h  o f  t h e  t r a n s i t i o n a l  r e g i o n  i s  depended upon t h e  f r e e -  

s t ream c o n d i t i o n s .  

I n  t h e  case o f  t u r b u l e n t  f low,  es t ima tes  o f  E E and V can be ob ta ined  f r o m  

t h e  exper lments o f  Ref. 20. 
1 ’  2 m 

We n o t e  t h a t  D rep resen ts  t h e  d iameter  o f  t h e  
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heated s t a t o r ,  d t h e  d iameter  o f  t h e  r o t a t i n g  p i n ,  S t h e  separa t i on  d i s t a n c e  
between t h e  two p i n s  o f  d iameter  d and D (see  F i g .  2 ) ,  r t h e  d i s t a n c e  f rom t h e  

a x i s  o f  r o t a t i o n ,  C D  t h e  drag  c o e f f i c i e n t  o f  t h e  n number o f  r o t a t i n g  p i n s ,  
and V t h e  wake c e n t e r l i n e  v e l o c i t y .  The exper imenta l  va lues  a r e  D = 12.7mm, 

d = 3.18mm, S = 25.4mm, r = 16.925cm, C = 1.2, n = 24, V = 0.62, so t h a t  

E = 79, E = 3.49 and 

m 

D m 

1 2 

( 5 7 )  
2 1 /2 2 2  A ( T )  = [ f 2  t (3.49) ( S t )  ( 1  - f ) ]  

1 - f  
B ( T )  = tan-’  [3.49 (7--)] 

C a l c u l a t i o n s  u s i n g  Eqs. ( 5 7 )  t o  (59 )  i n  Eq. ( 1 )  were per formed i n  t h e  above 

manner t o  s i m u l a t e  t h e  near s t a g n a t i o n  r e g i o n  o f  t h e  f l o w  o f  [ 20 ] .  The onset  

o f  t r a n s i t i o n  was s e t  ve ry  c l o s e  t o  t h e  s t a g n a t l o n  p o i n t  and t r a n s i t i o n a l  and 

t u r b u l e n t  f l o w  c a l c u l a t i o n s  were performed f o r  0 5 t 5 t t t g ,  f o r  one c y c l e  
f o r  t h e  exper imenta l  Reynolds number of R = 76,000. S ince  t h e  exper imenta l  

d a t a  suggests t h a t  t h e  average Nusse l t  number i s  r e l a t i v e l y  cons tan t  and i s  

t en -pe rcen t  h i g h e r  than  t h a t  o f  l am ina r  f l o w ,  i t  was assumed t h a t  t h e  t r a n s i -  

t i o n a l  r e g i o n  was n e g l i g i b l y  s h o r t .  Fur thermore,  t h e  p resen t  e d d y - v i s c o s i t y  

model i s  a f u n c t i o n  o f  t h e  v e l o c i t y  f i e l d  and t h e  hea t  t r a n s f e r  parameter i s  

r e l a t i v e l y  c o n s t a n t  i n  t h e  s t a g n a t i o n  r e g i o n  0 5 8 5 40°, so t h a t  i t  was f u r -  

t h e r  assumed t h a t  t h e  eddy v i s c o s i t y  i n  t h i s  r e g i o n  be cons tan t .  Th i s  i m p l i e s  

t h a t  t h e  d i s t r i b u t i o n  o f  eddy v i s c o s i t y  determined a t  t h e  end o f  t h e  t r a n s i -  

t i o n a l  r e g i o n  [ y  = 1 1  r e t a i n s  t h e  same numer ica l  va lue  th roughout  t h e  t u r b u -  

l e n t  f l o w  c a l c u l a t i o n s .  A s  a consequence o f  t h e  above, t h e  r a t i o s  o f  t h e  

ave r -  age N u s s e l t  number, Nu, on t h e  b lade  pass ing  a wake t o  t h a t  o f  a b lade  

i n  a f r e e s t r e a m  d u r i n g  one c y c l e ,  Nu used i n  t h e  p r e s e n t a t i o n  o f  t h e  

e x p e r i -  menta l  r e s u l t s  were c a l c u l a t e d  f rom 

W 

d 

tr 

5’ 

- -  Nu 

Nus - 

t 

Nub t Nu 

S ince  t h e  c y c l e  t i m e  i s  t t t t h e  numerator of  Eq. ( 6 0 )  c o n t a i n s  two p a r t s ,  

, and t h e  o t h e r  f o r  t h e  base one f o r  t h e  b lade  be ing  submerged i n  t h e  wake, 

i n  a f rees t ream,  Nu , d u r i n g  t i m e  t where t h e  f l o w  i s  l am ina r  and admi ts  

w g ’  
Nub 

9 9 
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s i m i l a r i t y .  
averaged Nusse l t  number may be w r i t t e n  as 

I n  t h e  t rans formed coo rd ina tes  o f  t h e  c a l c u l a t i o n s ,  t h e  r a t i o  o f  t h e  

2n 

I 

where (Gw)Q = 1.0034 f o r  l am ina r  f l ows .  The measured and c a l c u l a t e d  va lues  o f  
average N u s s e l t  number r a t i o s  were found t o  be 1.1 and 1.09, r e s p e c t i v e l y ,  and 

cons tan t  th roughout  t h e  t u r b u l e n t  f l o w  reg ion .  

r e s u l t s  i s  g r a t i f y i n g  b u t  should be viewed w i t h  c a u t i o n  b e a r i n g  i n  mind t h e  

assumptions which have been made i n  r e l a t i o n  t o  t h e  e d d y - v i s c o s i t y  model and 

t h e  assumed f rees t ream v e l o c i t y  d i s t r i b u t i o n .  A l t e r n a t i v e  approaches t o  t h e  

r e p r e s e n t a t i o n  o f  t h e  t u r b u l e n c e  c h a r a c t e r i s t i c s  o f  t h e  s t a g n a t i o n  r e g i o n  have 

been examined, f o r  example by Taulbee and Tran [ 3 l ] ,  and deserve f u t u r e  con- 

s i d e r a t i o n .  
i s  s u b j e c t  t o  some u n c e r t a i n t y  i n  t h e  b l e n d i n g  r e g i o n  between lam ina r  and 

t u r b u l e n t  flows. 

The c loseness o f  t h e  two 

I 

I n  a d d i t i o n ,  t h e  i n t e g r a t i o n  o f  t h e  heat  t r a n s f e r  parameter Gw 
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CONCLUDING REMARKS 

The wo f t h  

5.0 

preced ing  s e c t i o  s rep resen ts  e s s e n t i a l  s teps I n  t h  develop-  

ment o f  a genera l  method f o r  t h e  c a l c u l a t i o n  o f  unsteady heat  t r a n s f e r  on 

t u r b i n e  b lades .  I t  has emphasized t h e  s t a g n a t i o n  r e g i o n  s i n c e  t h i s  must be 

c o r r e c t l y  represented  i n  o rde r  f o r  t h e  method t o  c a l c u l a t e  t h e  f l o w  and heat -  

t r a n s f e r  c h a r a c t e r i s t i c s  o f  a b lade  passage. Th is  r e g i o n  i n v o l v e s  a moving 

s t a g n a t i o n  p o i n t  w i t h  consequent reve rse  f l ows  and has r e q u i r e d  t h e  development 

and use o f  a nove l  numer ica l  procedure t o  so l ve  t h e  equat ions  f o r  c o n s e r v a t i o n  

o f  mass, momentum and energy. The c h a r a c t e r i s t i c  box scheme, w i t h  i t s  s t a b i l -  

i t y  requ i rements ,  has been used i n  reg ions  o f  reve rse  f l o w  and t h e  s tandard  box 

scheme elsewhere. T r a n s i t i o n a l  and t u r b u l e n t  f l o w  have been represented  by an 

e d d y - v i s c o s i t y  fo rmu la .  

ems dev ised t o  

pse, w i t h  l ead  

The method has been a p p l i e d  t o  t h r e e  model p rob  

t i t a t i v e  e v a l u a t i o n .  They correspond t o  an e l l  

a l l o w  i t s  quan- 

ng-edge geometry 

s i m i l a r  t o  t h a t  o f  a t h i n  a i r f o i l ,  o s c i l l a t i n g  w i t h  a u n i f o r m - v e l o c i t y  onset  

f l o w ;  a s t a t i o n a r y  a i r f o i l  sub jec ted  t o  an onset  v e l o c i t y  which changes sud- 

den ly ;  and t o  a c y l i n d e r  which exper iences an onset  f l o w  w i t h  p e r i o d i c  wakes. 

Laminar - f low c a l c u l a t i o n s  were performed f o r  these t h r e e  model f l ows  and 

r e s u l t s  p resented  t o  demonstrate t h a t  t h e  method i s  a b l e  t o  c a l c u l a t e  t h e i r  
e s s e n t i a l  f e a t u r e s  i n  a conven ien t  and n u m e r i c a l l y  accu ra te  manner. The t h i r d  

p rob lem s imu la tes  an exper imenta l  arrangement f o r  which h e a t - t r a n s f e r  measure- 
ments have been r e p o r t e d  and c a l c u l a t i o n s  were per formed t o  i n c l u d e  t h e  t r a n s i -  

t i o n a l -  and t u r b u l e n t - f l o w  reg ions ;  aga in  t h e  method p r e d i c t e d  r e s u l t s  wh ich  
represented  t h e  e s s e n t i a l  f e a t u r e s  o f  t h e  f l o w ,  i n c l u d i n g  an averaged N u s s e l t  

number i n  c l o s e  agreement w i t h  t h e  measured va lue .  

The r e s u l t s  c o n f i r m  t h a t  t h e  c a l c u l a t i o n  method c o r r e c t l y  p r e d i c t s  t h e  f l o w  

c h a r a c t e r i s t i c s  o f  t h e  s t a g n a t i o n  r e g i o n  o f  unsteady f l o w s  o f  re levance  t o  

b lades sub jec ted  t o  onset  v e l o c i t i e s  which va ry  i n  space and I n  t ime .  The 

method can now be extended t o  i n c l u d e  procedures f o r  t h e  s o l u t i o n  o f  t h e  

unsteady, i n v i s c i d - f l o w  equat ions  and t o  ensure i n t e r a c t i o n  between t h e  i n v i s -  

c i d  and boundary- layer  f l o w s .  Both procedures have a l r e a d y  been developed so 

t h a t  t h e  genera l  method can be assembled and a p p l i e d  t o  blade-passage f l ows .  

I 

I 27 



6.0 REFERENCES 

1 .  

2. 

3. 

4. 

5. 

6 .  

7. 

8. 

9. 

10 

Dennis, A. and Cruse, T.: Cost Benefits from Improved Hot Section Life 
Prediction Technology. AIAA Paper 79-1154, June 1979. 

Dankoff, W., Herr, P. and McIlwain, M.C.: Space Shuttle Main Engine 
(SSME) - The Maturing Process. Aero & Astro. Vol. 21, No. 1 ,  pp. 26-32, 
1983. 

Sokolowski, D.E. and Ensign, C.R.: Improved 
Combustors and Turbines Through Enhanced Ana 
AIAA Paper 85-1 41 7, July 1985. 

Durability 
ytical Des 

i n  Advanced 
gn Capabilities. 

Sokolowskt, D.E. and Ensign, C.R.: Toward Improved Advanced Combustors 
and Turbines - Progress in the Prediction of Thermomechanical Loads. 
ASME Paper 86-6T-172, June 1986. 

Marsik, S.J. (ed): 
Propulsion Systems 

Stepka, F . S . :  Ana 
Predictions. NASA 

Structural Integrity and Durabt 
NASA CP-2381, June 1985. 

Ity of Reusable Space 

ysis of Uncertainties in Turbine Metal Temperature 
TP-1593, 1980. 

Rudey, R.A. and Graham, R.W.: A Review o f  NASA Combustor and Turbine 
Heat Transfer Research. NASA TM-83541, 1984. 

Suo, M . :  Turbine Cooling. In Aerothermodynamics o f  Aircraft Gas Turbine 
Engines (G.C. Oates, ed.), Chap. 19, AFAPL-TR-78-52, July 1978. 

Metzger, D.E. and Mayle, R.E.: Heat Transfer: Gas Turbine Engines. 
Mech. Eng., Vol. 105, No. 6, pp. 44-52, 1983. 

Simoneau, R.J.: Heat Transfer In Aeropropulslon Systems. Proceedings of 
the 1985 U.S.-Japan Heat Transfer Joint Seminar. San Dlego, Sept. 1985 
(NASA TM 87066). 

28 



11. D r i n g ,  R.P, Jos l yn ,  H.D., Ha rd ln ,  L.W. and Wagner, J.H.: T u r b i n e  

R o t o r - S t a t o r  I n t e r a c t i o n .  J .  Eng. f o r  Power, Vo l .  104, No. 4, pp. 

729-742, 1982. 

12. Sharma, O.P., B u t l e r ,  T.L., Jos l yn ,  H.D. and D r i n g ,  R.P.: An 

Exper imen ta l  I n v e s t i g a t i o n  o f  t h e  Three-Dimensional  Unsteady Flow i n  an 

A x i a l  F low T u r b i n e .  A I A A  Paper 83-1170, June 1983. 

13. Hodson, H.P.: Measurements o f  Wake-Generated Unsteadiness i n  t h e  R o t o r  

Passages o f  A x i a l  Flow Turb ines .  J. Eng. f o r  Gas Tu rb ines  and Power, 

V O l .  7, NO. 2, pp. 467-476, 1985. 

14. B inde r ,  A., F o r s t e r ,  W., Kruse, H. and Rogge, H.: An Exper imen ta l  

I n v e s t i g a t i o n  i n t o  t h e  E f f e c t  o f  Wakes on t h e  Unsteady T u r b i n e  Ro to r  

FLOW. J .  Eng. f o r  Gas Tu rb ines  and Power, Vo l .  7, No. 2, pp. 458-466, 

1985. 

15 .  Dunn, M.G.:  H e a t - f l u x  Measurements f o r  t h e  Ro to r  o f  a F u l l - S t a g e  

T u r b i n e :  P a r t  I ,  Time-Averaged R e s u l t s .  ASME Paper 86-GT-77, June 1986. 

16. Dunn, M.G., George, W.K., Rae, W.J., M o l l e r ,  J.C., Woodward, S.H. and 

Seymour, P.J.: Heat -F lux  Measurements f o r  t h e  Ro to r  o f  a F u l l - S t a g e  

Tu rb ine :  P a r t  11, D e s c r i p t i o n  o f  A n a l y s i s  Technique and T y p i c a l  Time 

Resolved Measurements. ASME Paper 86-GT-78, June 1986. 

1 7 .  Door l y ,  D.J. and O ld f ’ i e ld ,  M.L.G.: S i m u l a t i o n  o f  t h e  E f f e c t s  o f  Shock 

Wave Pass ing  on a T u r b i n e  Ro to r  B lade.  J. Eng. f o r  Gas Tu rb ines  and 

Power, Vo l .  107, No. 4, pp. 998-1006, Oct. 1985. 

18. Ashworth, D.A.,  LaGra f f ,  J.E., S c h u l t z ,  D.L. and Gr in rod ,  K.J.: Unsteady 

Aerodynamic and Heat T r a n s f e r  Processes i n  a Transon ic  T u r b i n e  Stage. J .  
Eng. f o r  Gas Tu rb ines  and Power, Vo l .  107, No. 4, pp.  1011-1030, Oct. 

1985. 

29 



19. O ' B r i e n ,  J.E., Simoneau, R.J., LaGra f f ,  J.E. and Morehouse, K .A . :  

Unsteady Heat T r a n s f e r  and D i r e c t  Comparison t o  S teady-Sta te  Measurements 

i n  a Rotor-Wake Exper iment.  Proceedings o f  t h e  8 t h  I n t e r .  Heat T r a n s f e r  

Conf.,  Aug. 1986. (NASA TM 87220). 

20. Morehouse, K.A.  and Simoneau, R.J.: E f f e c t  o f  a Ro to r  Wake on t h e  Loca l  

Heat T r a n s f e r  on t h e  Forward H a l f  o f  a C i r c u l a r  C y l i n d e r .  Proceedings o f  

t h e  8 t h  I n t e r .  Heat T r a n s f e r  Conf., Aug. 1986. (NASA TM 87234). 

21. Shamroth, S.J.: A T u r b u l e n t  Flow Nav ie r -S tokes  A n a l y s i s  f o r  an A i r f o i l  

O s c i l l a t i n g  i n  P i t c h .  I n  Unsteady T u r b u l e n t  Shear Flows ( R .  M i c h e l ,  J. 

C o u s t e i x  and R .  H o u d e v i l l e ,  eds.)  pp. 185-190, S p r i n g e r ,  1981. I 
22. Rai ,  M.M.: Nav ie r -S tokes  S i m u l a t i o n s  o f  R o t o r - S t a t o r  I n t e r a c t i o n  Us ing  

I Patched and O v e r l a i d  G r i d s .  A l A A  Paper 85-1519, J u l y  1985. 

23. Cebeci ,  T . ,  Stewar tson,  K .  and W i l l i a m s ,  P.G.:  S e p a r a t i o n  and 

Reattachment Near t h e  Lead ing  Edge o f  a T h i n  A i r f o i l  a t  I nc idence .  AGARD 

CP 291, Paper 20, 1981. 

I 24. Cebeci, T., C l a r k ,  R.W., Chang, K.C.,  Halsey,  N.D. and Lee, K . :  A i r f o i l s  

w i t h  S e p a r a t i o n  and t h e  R e s u l t i n g  Wakes. J .  F l u i d  Mech. 163, 323, 1986. 

25. Cebeci, T., Car r ,  L.W., Kha t tab ,  A.A.  and Schimke, S.M.: Computa t iona l  

Aspects o f  Unsteady Flows. AGARD, CPP 386, France, May 1985. 

26. Cebeci ,  T., Kha t tab ,  A.A. and Schimke, S.M.: S e p a r a t i o n  and Reattachment 

Near t h e  Lead ing  edge o f  a T h i n  O s c i l l a t i n g  A i r f o i l .  J. F l u i d  Mech. 188, 
pp. 253-274, 1988. 

27. Cebeci, T. and Bradshaw, P.: P h y s i c a l  and Computa t iona l  Aspects o f  

Convec t i ve  Heat T r a n s f e r .  Sp r lnge r -Ver lag ,  N.Y. ,  1984. 

28. Cebeci ,  T . ,  S tewar tson,  K .  and W i l l i a m s ,  P.G. :  On t h e  Response o f  a 

S t a g n a t i o n  Boundary Layer t o  a Change i n  t h e  E x t e r n a l  V e l o c i t y .  SIAM J .  

App l .  Math., Vo l .  36, pp. 190-199, 1979. 

30 



29. Crank, J .  and N ico lson,  P.: A P r a c t i c a l  Method o f  Numer ica l  E v a l u a t i o n  

o f  S o l u t i o n s  o f  P a r t i a l - D i f f e r e n t i a l  Equat ions o f  t h e  Heat Conduct ion 

Type. Proc.  Cambridge P h i l .  SOC. 43, p. 50, 1947. 

30. K e l l e r ,  H.B., Numer ica l  Methods i n  Boundary-Layer Theory.  Ann. Rev. F l u i d  

Mech. Vol .  10, pp. 417-433, 1978. 

31. Taulbee, D.B. and Tran, L.: S tagna t ion  S t reaml ine  Turbulence.  To be 

p u b l i s h e d  i n  t h e  A I A A  J .  



Append i x 

EXTERNAL VELOCITY D I S T R I B U T I O N  I N  THE STAGNATION R E G I O N  

W I T H  NONUNIFORM ONSET FLOW 

m 
Consider  a f i x e d  c i r c u l a r  c y l i n d e r  o f  d iameter  D i n  a u n i f o r m  f l o w f i e l d  V 

wh ich  i s  d i s t u r b e d  by passage o f  wakes shed f rom r o t a t i n g  b lades w i t h  a r o t a -  

t i o n a l  v e l o c i t y  w r .  Assume t h e  wakes t o  be nonover lapp ing  so t h a t  a s i n g l e  

wake ( f o r  s i m p l i c i t y  taken as symmetric) r e l a t i v e  t o  t h e  b lade i s  g i v e n  as 
shown i n  F i g .  11. To de termine t h e  onset  f l o w  V and t h e  ang le  o f  a t t a c k  Q 

w i t h  r e s p e c t  o f  t h e  s t a t i o n a r y  c y l i n d e r  as a f u n c t i o n  o f  t ime,  we observe t h a t  

t h e  onset  f l o w  v e l o c i t y  r e l a t i v e  t o  t h e  moving c y l i n d e r  i s  V and t h a t  t h e  

c y l i n d e r  sheds a wake whose v e l o c i t y  d i s t r i b u t i o n  p a r a l l e l  t o  t h e  V - d i r e c -  
R 

t i o n  i s  g i v e n  by 

R 

Y 
R d  v1 = v f (  ) 

Here y denotes t h e  d i s t a n c e  normal t o  V and d t h e  wake h a l f - w i d t h .  The 

v e l o c i t y  i n  t h e  wake w i t h  respec t  t o  t h e  s t a t i o n a r y  c y l i n d e r ,  V ,  can then be 

ob ta ined  by s u b t r a c t i n g  t h e  r o t a t i o n a l  speed w r  f rom V, as shown i n  F i g .  A l .  
I n  terms o f  known q u a n t i t i e s ,  i t  f o l l o w s  f rom F i g .  A1 t h a t  

R 

2 1/2 2 2  
( 1  - f )  1 V 2 w r  - = [ f  t- 2 V 

vm 
m 

w r  1 - f  1 
tanor = - (- f V m 

F i g u r e  A . Sketch o v e l o c i t y  v e c t o r s  beh ind  a mov,ng b lade  row. 

To a p p l y  Eqs. (A-1) and (A-2) t o  t h e  s t a g n a t i o n  p o i n t  s o l u t i o n  on t h e  c i r c u l a r  

c y l i n d e r ,  we make f u r t h e r  s i m p l i f y i n g  assumptions as f o l l o w s :  a l t hough  Eqs. 
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(A-1) and (A-2)  rep resen t  a v a r i a b l e  onset  f l o w  f o r  t h e  whole c y l i n d e r ,  we t a k e  

t h e  s t a g n a t i o n  p o i n t  l o c a t i o n  t o  be determined by t h e  ang le  a, o r  t h a t  8 = a 

on t h e  c y l i n d e r  p e r i p h e r y ,  and l e t  t h e  ins tan taneous onset  f l o w  be equal  t o  V .  

T h i s  i s  c l e a r l y  a quas i -s teady  approach which becomes more accu ra te  as t h e  

r a t i o  o f  t h e  c y l i n d e r  d iameter  w i t h  r e s p e c t  t o  t h e  wake w i d t h  decreases. 

analogy t o  t h e  s t e a d y - s t a t e  f l o w  around t h e  s t a g n a t i o n  p o i n t ,  we w r i t e  f o r  t h e  
v e l o c i t y  a t  each i n s t a n t  

By 

4v ue = 0 ( X  - X 0 )  (A-3)  

where X I s  t h e  s t a g n a t i o n  p o i n t  l o c a t i o n  w i t h  r e s p e c t  t o  a = 8 = 0. 

I n s e r t i n g  Eqs. (A-1) and (A-2)  i n t o  Eq. (A-3) ,  we o b t a i n :  
0 

For a symmet r ica l  wake, t h e  nondimensional  v e l o c i t y  d i s t r i b u t i o n  f may be 

rep resen ted  by: 

f ( i )  = 1 - 

Here CDd I s  t h e  d r a g  area  

t o  t h e  c y l i n d e r .  Equat ion  

CDd 1/2 
0.976 (T) [l - Y 1 ]2 

6 (A-5)  

f t h e  b lade  and S 1 t h e  d i s t a n c e  f rom t h e  b l a d e  

( A - 5 )  can a l s o  be approx imated by 

l + v m  1 - v  
cos l l  (t) 

f (E) = - 2  
m 

w i t h  Vm d e n o t i n g  t h e  nondimensional  c e n t e r l i n e  v e l o c i t y  g i v e n  by 

c d 1 /2  
D V = 1 - 0.976 (T) m 

To i n t r o d u c e  t i m e  dependence, we observe t h a t  t h e  wake w i d t h  W i n  t h e  p l a n e  o f  

r o t a t i o n  o f  t h e  c y l i n d e r  i s :  
26VR 

- 26 w = -  - 
m 

s i n y  - V 

S ince  one wake covers  6 V  /nrV o f  t h e  p e r i p h e r y ,  t h e  p e r i o d  t f o r  

one wake t o  pass i s :  
R m  W 

(A-6) 
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I f  t h e r e  a r e  n b lades,  t h e  p e r i o d  tg f o r  one gap i s  

o r  I n  terms o f  t h e  b lade  pass ing  f requency  F 

The f u l l  w i d t h  o f  t h e  wake, 26, i s  g i v e n  by 

(A-8a) 

(A-8b) 

(A-9) 
1 /2 26 = 1 .132(CDdS) 

I t  takes  t i m e  tw t o  t r a v e l  across  t h e  wake o f  d i s t a n c e  26, so t h a t  i n  t l m e  
t .  t h e  normal d i s t a n c e  t r a v e l e d  i s :  

- 2 6 t  y = -  
tW 

Here 7 i s  measured f rom t h e  edge o f  t h e  wake 

so t h a t :  

- 
y = 6 - y  

- 
2 t  

6 tW 
y =  - f =  - -  

( A-1  0) 

(A-11) 

O 5 t < t W  ( A-1  2)  

I n  terms o f  t h e  r e l a t i o n s  d e f i n e d  by Eqs. (A-7),  (A-9) ,  (A-10) and (A-11), and 

w i t h  t h e  d e f i n l t i o n  of  S t r o u h a l  number S t ,  Eq. (A-12)  can a l s o  be w r i t t e n  as 

Y T S t  

11 + E22St2]’/2 
6 = 1 -  

where T i s  a d imens ion less  t i m e  

V t  

D 
03 

T = -  

and t h e  parameters E1 and €2 a r e  d e f i n e d  by 

2% r - - 2 r  
1/2 ’ E2 - nD E =  ’ 1.132n( CD d/D S/D) 

( A-1 3)  

( A-1 4a) 

( A-1 4b) 
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N o t i n g  t h a t  f i s  a f u n c t i o n  o f  T and t h a t  Eq. (A-4)  i s  o f  t h e  fo rm g i v e n  by 
Eq. (l), we can rep resen t  t h e  e x t e r n a l  v e l o c i t y  d i s t r i b u t i o n  near t h e  stagna- 

t i o n  r e g i o n  o f  t h e  c i r c u l a r  c y l i n d e r  w i t h  uw = 2Vw, 5: = 2x/D = x / r ,  S t  = ( n / n ) ( w r /  
V ) by d e f i n i n g  A and 6 as 

W 

(A-1 5 )  

6 ( r )  = tan-’  [E2 S t  Cy)] ( A-1 6 )  

(A-1 7 )  

w i t h  y /d  i n  Eq. (A-17) g i v e n  by Eq. (A-13) .  

A s  we can see f r o m  Eqs. (A-15), (A-16) and (A-17), an exp ress ion  o f  t h e  f o r m  

g i v e n  by Eq. (1 )  can be ob ta ined  f o r  t h e  s t a g n a t i o n  r e g i o n  o f  t h e  c y l i n d e r  as 

a f u n c t i o n  o f  S t  by a s s i g n i n g  va lues  t o  El, E2 and Vm. 

f o r  b o t h  l am ina r  and t u r b u l e n t  f l o w s  as d iscussed i n  S e c t i o n  4.3. 
Th is  can be done 
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