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An Improved k-¢ Model for Near-Wall Turbulence and
Comparison with Direct Numerical Simulations

T.H. Shih*
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Lewis Research Center

Cleveland, Ohio 44135

This paper presents an improved k-¢ model for low -Reynolds number turbulence near a
wall. The near-wall asymptotic behavior of the eddy viscosity and the pressure transport
term in the turbulent kinetic energy equation is analyzed. Based on this analysis, a modi-
fied eddy viscosity model, having correct near-wall behavior, is suggested, and a model for
the pressure transport term in the k-equation is proposed. In addition, a modeled dissipa-
tion rate equation is reformulated. We use fully developed channel flows for model testing..
The calculations using various k-e¢ models are compared with direct numerical simulations.
The results show that the present k-¢ model performs well in predicting the behavior of

near-wall turbulence. Significant improvement over previous k-¢ models is obtained.

1. Introduction

The k-e model is one of the most widely utilized turbulence models for various turbulent
flows of engineering interest. Patel et al.lll extensively reviewed two-equation models
which can be integrated down to the wall. One of their conclusions was that the damping
functions used in turbulence models, especially the one for the eddy viscosity, need to be
further modified in order to improve model performance. In fact, as we shall see later,
many existing k-e models do not provide correct near-wall behavior of the eddy viscosity.
In addition, an asymptotic analysis of near-wall behavior of turbulence shows that the
pressure transport term in the turbulent kinetic energy equation is much larger than the
turbulent transport term. This near-wall behavior is also observed in direct numerical

simulation of fully developed channel flows (Mansour et al.[!l, Kim et al.[*l). However, in

*Work funded under Space Act Agreement C-99066-G.



existing k-e models, this pressure transport term is either ignored or included in a turbulent
transport model.
In this paper, we will first analyze the near-wall asymptotic behavior of the eddy viscosity
and the pressure transport term in the k-equation, and then, in sections 2 and 3, propose
models according to their near-wall behavior. In addition, in section 3, we reformulate a
model equation for the dissipation rate following an argument similar to that of Lumley.[*]
In section 4, we present the results of the calculations with various k-¢ models and compare
them with direct numerical simulations.
To analyze the near-wall asymptotic behavior of the eddy viscosity and other turbulent
quantities, we expand the fluctuating velocities and pressure in Taylor series about the
wall distance as follows:

uy=by+ey’ +diy* +...

uy =coy’ + doy® + ...

(1)
uz = by + ey’ +day® + ...
p=ap+by+ey’ +dpy’ + ...

where u;, uz and uz are the velocity components in the direction of z, y and z. y is normal
to the wall and z, z are parallel to the wall. The coefficients a,, b;, ¢z, ... are functions of
z,z and t, where t is the time. Using the continuity and momentum equations, Mansour

et al.l2] showed the following relations between the coefficients,
2¢p = —(b1,1 + b33)
ap1 = 2I/C1 (2)
ap3 = 2vcs

where () ; represents a derevative with respect to z;. The eddy viscosity is usually defined

as

2
—(ujuj) = vr(Us,; + Uj ;) - §k5ij (3)
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where { ) stands for ensemble average and k = (u,u;)/2 is the turbulent kinetic energy.

For plane shear flows, we can write from Eq. (3)

_ —({uv)
YT = oU /By (4)

and using Eq. (1), we obtain the near-wall asymptotic behavior of the eddy viscosity:

VT%%: = —(brc2)y® + (—{brdz + c1c2) + 2(b1c2){c1))y* + O(¥°) (5)

That is, near the wall vr is O(y®), because U /8y is usually O(1). Any reasonable eddy
viscosity model should have this near-wall behavior. We shall see later that many existing
models do not have this near-wall behavior. For later use, let us examine also the near-
wall asymptotic behavior of the turbulent kinetic energy k and its dissipation rate ¢ =

v{ui jui ;). Using Eq. (1), we obtain the following relations for the k and e

(b7) + (3)

k= 5 y? + () + (baca))y® + O(y*) (6)

= = (b}) + (B3) + 4((brcr) + (bacs) )y + O(v?) (7)

In addition, the pressure transport term in the k-equation, II = —%(u,‘p,,'), becomes (using
Eq.s (1) and (2))

I = —2v({brc1) + (baca))y + O(y*) (8)

while the turbulent transport term in the k-equation, —(ku;) ;, can be estimated as O(y*).
Therefore, the pressure transport term is much larger than the turbulent transport term

near the wall.

2. Eddy viscosity model
In this section, we will propose a model for the eddy viscosity using its near-wall behavior

described in the previous section. The eddy viscosity model can be in general written as

vr =cu'l' (9)
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where u’ and ¢ are the turbulent characteristic velocity and length scale, respectively.
Depending on the way to specify velocity and length scales, the eddy viscosity model
can be a mixing length model, a one-equation (k) model or a two-equation (e.g. k-¢)
model. For example, in plane shear flows, Prandtl’'s mixing length model specifies the
characteristic velocity with £9U/0y. For near wall turbulence, the Van Driest mixing
length model further damps the length scale to y[1 — exp(—y*/A)] where yt* = wu,y/v
and u, is the friction velocity. For more advanced mixing length models, see Baldwin and
Lomax!®, and Kingl®l. One-equation (k) models use k!/2 as the characteristic velocity,
which is determined by the turbulent kinetic energy equation. In two-equation models,
e.g. k-¢ models, the length scale is usually specified by k%/2/¢, where € is determined by a
dissipation rate equation. In this paper we will concentrate on two-equation models, which
are usually written as

k2
vr = CﬂfﬂT (10)

where C, = 0.09, and f, is a damping function. The form of the damping function is quite
critical to the prediction of the mean flow field. In fact, the mean velocity field mainly
depends on the eddy viscosity model. Therefore it is important for an eddy viscosity model
to have a proper near-wall behavior. We have examined the near-wall behavior of eddy
viscosity models based on various k-¢ model equations. The results are listed in Table 1,
which shows that some of the k-¢ models do not have the correct near-wall behavior of the
eddy viscosity: v, = O(y?).

The quantity k%/?/e is usually considered as a characteristic length scale (or the size) of
the energy containing eddies, /. One expects that near the wall, the size of these eddies
should be order of the wall distance O(y). However, Eq.s (6) and (7) show that k%/%/¢ is
O(y®). Hence, k%/2 /e is not an appropriate quantity to represent the length scale of the

large eddies near the wall. However, we can define a variable € as

- e_yak/ax;kak/ax,- (11)




which has a nice property: € approaches € away from the wall and is O(y?) near the wall,
according to the Eqs. (6) and (7). Therefore, k%/2/¢ is O(y) near the wall, and is a proper
quantity to characterize the length scale of the large eddies. With this length scale, the

eddy viscosity should be written as

k2

vr=C, f“? (12)
Now in order for v1 to have correct near-wall behavior, the damping function f, must be
O(y) near the wall and approaches 1 away from the wall. The damping functions used in
various k-e¢ models are listed in Table 2. If we consider the presence of the wall as the main
effect on the eddy viscosity, then we may assume f, is mainly a function of y* (defined as
u,y/v, where u, the friction velocity). The form of f, can be determined quite accurately
if we know v, k and €, for example, from the direct numerical simulations. We may also

optimize the following simple form by numerical experiments:
2 3 4
p = 1—exp(—a1y™ —a2y™" —asy™ —ayy™) (13)

The optimal values for channel flows are a; = 6 x 1073,a; = 4 x 107%,a3 = ~2.5 x
107%,a4 = 4 x 107°. This form, Eq.(13), does provide the required near-wall behavior. It

can be further optimized using the direct numerical simulation data.

3. Modeled k-¢ equation

To complete the eddy viscosity model, we need the modeled equations for the turbulent
kinetic energy and its dissipation rate. This section will analyze the near-wall behavior of
the k-equation and propose a model for the pressure transport term with a proper near-
wall behavior. The equation for the dissipation rate is also reformulated with a formal
invariant analysis.

Let us start with the equation for the turbulent kinetic energy,

ki+Ujkj=D,+T+11+ P —e¢ (14)
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where D,, T and II represent the transport of the turbulent kinetic energy due to the
viscosity, turbulent velocity and pressure, respectively. P and € are the rate of production
and dissipation of the turbulent kinetic energy. The terms on the right hand side of Eq.
(14) are defined as follows:
D,, = l/k" ij
= —(ku;),;
1 (15)
= —;(Puj),j
P = —(uiu;)Us;

Using Eq.s (1) and (2), we obtain the budget of the k-equation near the wall,

Dk
'D—t~0(y)

D, = v({b7) + (b3)) + 6v({brc1) + (bses))y + O(y?)
T=0(y") (16)
II= —2V((b161> + <b3c3))y + O(y2)
P =0(y")
e =v({b]) + (83)) + 4v((bic1) + (bsca))y + O(y?)

This budget shows that the term II is much larger than the term T, and II cannot be
neglected if we want the k-equation be balanced at the level of O(y). However, existing
models do not consider this term or simply combine it with the term T and model them

~{kus)g = {7k} (17

In this paper, we propose a model for the pressure transport term II which has a similar
form to that of the standard turbulent transport model, but with a coefficient to ensure

its correct near -wall behavior, Eq. (8). The proposed model form of II is

- Co i
SR A e Pl (e
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where Cj is an adjustable model constant. Its optimal value for channel flows is 0.05. In
addition, in some existing k-¢ models, it is assumed that € = 0 at the wall. In that case, in
order to balance the term D,, a nonzero artificial term D must be added to the k-equation.
The form of D for various k-e models is listed in Table 3. Finally, the modeled k-equation

becomes

ok ok 0 vr ., Ok oUu; oU,; oU;
= N I 941 d Iy
at T Uias, = a5, 55, Y (G T 50 )5, T v D (19
In the present model, D = 0, since € is nonzero at the wall.
The exact dissipation rate equation is
6,¢+Uj6’j=DZ+T€+H€+PMD (20)

where D¢, T¢ and II¢ represent the diffusion rate of the dissipation rate due to the viscosity,
turbulent velocity and pressure, respectively. PM D stands for the entire mechanism of
the production and destruction of the dissipation rate e. The terms on the right hand side

of the above equation are identified as follows:

Dj, = ve j;
T = —v(ui kui kuj), )
2v
II* = —‘p—(P,kuJ‘,k),J‘ (21)

PMD = —2u({u; xuj k) + <uk,iuk,j))Ui,j —2v{ujuik)Uik;
- 2V(u,-,kuj,ku,',j) bt 2112 (u,-,kju,-,kj)

The term II¢ is usually neglected or combined with the term T and modeled as

VT
«= e 22
T . €,3J (22)
To model PM D, we define ¥ by
PMD=—%W



At the level of the k-e¢ model, we assume ¥ is a function of v, vr, k, ¢, € U, ; and Uj j«.
Since ¥ is an invariant, it must be a function of the invariants that can be constructed

from these quantities. Therefore we can write

Ui ;Ui ; k
¥ = W(R,, i hi vvrUi jiUi ik =)
é €€
where Ry is the turbulent Reynolds number k2 /ve. We expand ¥ in a Taylor series about

vrU; ;U; ;/€ and vvpU; 1 U; jik/ €€, and take only the linear terms. We obtain

vrU; ;Us ; k

U = tho + Y1 =L 4 ¢'2VVTUi,iji,jk'6'§ (23)

€

where the coefficients 1, ¥; and i, are in general functions of R;. Finally, the modeled

dissipation rate equation becomes

?—E+U Oe 0

vr . Oe € . €
5t Uiz = 551__[(,/ + f)g;;] +CrfigvrUs Ui, = szze—,: +E (24)

where, C; and C3 are the model constants, and f; and f, are functions of R;. The term

E in the present model comes from the last term in Eq. (23):
E =vvrU,; ;1 Ui ji (25)

where we have taken ¥ = —1. The form of E and C}, C;, f; and f, for various k-¢ models

are listed in Tables 3 and 4.

4. Fully developed turbulent channel flow

Flows which have self-similar solutions are particularly useful for accurate model testing,
because their solutions are independent of initial conditions. Therefore, we do not need
to accurately choose the initial conditions for the k¥ and e. In this paper, we use a fully
developed channel flow for model testing. This flow is the simplest wall bounded turbulent
shear flow with a self-similar solution. However, the complex features of the turbulence,

for example, the effect of the wall on shear turbulence, are remained. In addition, the
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k-€ equations for the channel flow are exactly one-dimensional steady problems, numerical

calculations will be easy and accurate. Recently, the measurements!’) well verified the

direct numerical simulation of a fully developed channel flow.]3] These data are available

for comparison with model predictions.

Let h be the half width of the channel, u, the friction velocity and Re, the Reynolds num-

ber defined as u,h/v. Let U, k,¢,vr and y be the non-dimensional quantities, normalized

by ur,uZ, ud/h,v and h, respectively. The modeled equations for the channel flow become

dU l1—-y
?y- = Re-,-l ¥ g
d 1 vr dk dU 2 1
@{EZ[1+(1+C);:]@} tor(g) g =0
d 1 vr . de e ,dU.2 1 €€ d?U.2 1
c—i-g R—e:(l + U_e- E‘y‘} +CI-EVT(:1-3—/-) Et—i: - Cgfz';; + I/T(—d—y—z-) 'RE =0
where
k2
vy = CufuRer—g"
E=¢€— (%)2
2k Re,
fu = equation(13)
0.4 Re k* ,
f2_1—-]_:8-exp[—-( 6 )]
C o

T full — exp(—y )]

The boundary conditions are simple. At the wall,

U=k=0
_ &y
= 2k Re,
and at the center of the channel,
dk de _
dy dy

(26)
(27)

(28)

(29)

(30)

(31)

The numerical solutions with various k-¢ models are obtained using Patankar and Spald-

ing’s method.!8) We use 65 nodes stretched in the half width of the channel in the same
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way as done in the direct numerical simulations:
(i—=
2(N -1)
The main results from different k-e¢ models for Re, = 180 are plotted in figures 1 -~ 6. All

yi =1— cos( ) 1=1,2,...65 (32)

the calculations are compared with the direct numerical simulation data. Figure 1 shows
that the model of Jones and Launder!® (JL) underpredicts the mean velocity as well as
the peak value of the turbulent kinetic energy. In figure 2, Chien’s modell!” performs
better than the JL model, but it overpredicts the mean velocity near the center of the
channel as well as the turbulent kinetic energy. In these two models, ¢ = 0 at the wall is
used as the boundary condition, so the dissipation rate near the wall cannot be correctly
predicted. Lam and Bremhorst{!!} use a nonzero boundary condition for € and have made
some improvement for the mean velocity and turbulent kinetic energy compared with the
results of the JL model, see figure 3. However, the mean velocity is still underpredicted
near the center of the channel, and the dissipation rate near the wall is not correct. In
figure 4, the model of Nagano and Hishidal'? presents a very good prediction for the
mean velocity and shear stress, while the peak value of k is underpredicted. Their main
modification to the JL model is a change in the damping function f, and the form of E.
A zero dissipation rate at the wall is used. Figure 5 presents the results of the present
k-e model, which shows the improvement in the prediction of all quantities, including the
dissipation rate. The eddy viscosity profiles for various k-e¢ models are shown in figure 6.
Overall, the present eddy viscosity model has better behavior than others. In figure 7, we
show some results of present model for several high Reynolds number flows.

From the model testing, we conclude that the present k -¢ model has made a significant im-
provement over previous k-¢ models according to the comparison with the direct numerical
simulations. We find that the improvement is mainly due to the modified eddy viscosity
model and the model of the pressure transport term in the k-equation. The proposed
dissipation rate equation also shows a better near-wall behavior than the previous ones as

shown in figures 1 - 5.
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Table 1 Eddy viscosity and boundary condition for ¢ in various k-¢ models

Model vr BC: €,
JL O(y?) 0
Reynolds 0(y®) V_g_:l;_
LB O(y*) vk
Chien O(y*) 0

NH O(y*) 0
Present O(y?) v 2_;;

Table 2 Damping functions used in various k-¢ models

Model fu h fa
JL exp(ﬁ%) 1.0 1 — 3exp(—R?)
Reynolds 1 —exp(—.0198Rx) 1.0 (1 —.3exp(—R?/9))f.
LB [1 — exp(—.0165R«)]* 1+ (%) 1 —exp(—R?)

x(1+ %‘?
Chien 1 — exp(—.0115y*) 1.0 1 — .22 exp(—R?/36)
NH [1 — exp(—y*/26.5)] 1.0 1 — .3exp(—R?)
Present Eq. (13) 1.0 1— .22exp(—R?/36)

Table 3 Model terms in various k-¢ models

Model II D ) F )
a - 2
> 0 2 (%) 20vr(54)
Reynolds 0 0 0
LB 0 0 0
Chien 0 —2;’21( —-2y—",§ exp(—.5y%)
) 2 2
NH 0 —2u(24K) WT(12- fg)(-%%)
Present Eq. (18) 0 VVT(%—;{-)
Table 4 Model constants in various k-¢ models
Model C# Cl C Ok Oe
JL .09 1.45 2.0 1.0 1.3
Reynolds .084 1.0 1.83 1.69 1.3
LB .09 1.44 1.92 1.0 1.3
Chien .09 1.35 1.8 1.0 1.3
NH .09 1.45 1.9 1.0 1.3
Present .09 1.45 2.0 1.3 1.3

R, = K*[ve, Ry = VKy/v, y* = ury/v.
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