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Abstract

A celestial body produces a gravitational moment about the mass center of a
small orbiting body, which affects the orientation of the smaller body. Each
zonal harmonic in the gravitational potential of a celestial body is shown to
make a contribution to the gravitational moment which can be expressed‘ in a
recursive vector-dyadic form. A formal derivation is presented, followed by an
example in which the result is employed in obtaining the contribution of the
zonal harmonic of 2nd degree. The contribution of the zonal harmonic of 3rd

degree is also reported.

Introduction

The gravitational moment about the mass center of a body in orbit about a
celestial body has an important effect on the orientation of the orbiting body.
The more misshapen the celestial body, and the less uniform its mass distri-

bution, the more involved is the calculation of the gravitational moment (and
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force) it exerts. Situations in which it might be important to calculate accu-
rately the gravitational moment include the design of spacecraft for expeditions
to asteroids, comets, and the moons of Mars.

In Ref [1], a method for obtaining a vector-dyadic expression for the moment
exerted about a small body’s mass center by an oblate spheroid was set forth.
The derivation of that expression made use of a gravitational potential written
in terms of the zonal harmonic of 2nd degree. When gravitational potentials
containing zonal harmonics of degree 2 or greater are considered, each zonal
harmonic makes a contribution to the gravitational moment.

Recorded below is a vector-dyadic expression for the contribution of a zonal
harmonic of degree n to the gravitational moment, produced by a body, about
the mass center of a small body. As is the case with all vector-dyadic expres-
sions, this result is basis independent— that is, the vectors and dyadics can be
expressed in any convenient vector basis.

The equation given below is recursive: the contribution to the gravitational
moment from the zonal harmonic of degree n is a function of the moment con-
tributions from the zonal harmonics of degree n — 1 and n — 2. The equation
contains Legendre polynomials and derivatives of Legendre polynomials Qf de-
gree n — 1 and n — 2. The Legendre polynomials, as well as their derivatives,

" can, themselves, be generated by means of recursion formulae.

As an example, the contribution to the gravitational moment from the zonal

harmonic of degree 2 is worked out. The contribution of the zonal harmonic of

degree 3 is also given.

Assertion

Figure 1 shows a small body B in the presence of an axisymmetric body E.

The distance between B*, the mass center of B, and E*, the mass center of
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E, is assumed to exceed the greatest distance from B* to any point of B. The
system of gravitational forces exerted by F on B produces a moment M about

B*, and M can be written as

o0
M=%’%i-xlof'+ZM,. (1)

n=2
where M, is the contribution of the zonal harmonic of degree n and can be

obtained by using the recursion relation

M, = LR [0 = 1) [(0 + DPocs +36 « A)PA] = (2n DL

(fxIet + 7 xIen)
+ [(4n—9)[(n+ DPacs + (F e h)PL_,]
~(2n = 1)(F o) [(4n +8)Pa_y + 4(F o R)Ps_,]]# x Lo#

- [2(271 - 1)P'_1]ﬁ x l-ﬁ}

2n—-1 Ju Re

+ n Jn—l R

(i' ° ﬁ)Mn-—l -

n—1 J, (Re\?
- (“ﬁ) My (2)

where; u is the gravitational parameter of E, J,, is the zonal harmonic coefficient
of degree n, Rg is the mean equatorial radius of E, R is the distance from E*
to B*, P, is the Legendre polynomial of degree n and argument Sy, S, is the
Sine of A, the latitude of B* (S) = # e ), P, is the first derivative, with respect
to its argument, of P,, 7 is the unit position vector from E* to B*, s is the
unit vector in the direction of the axis of symmetry of E, and I is the inertia

dyadic of B relative to B*,
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Figure 1: Body B in the Presence of Body E

Derivation

The gravitational forces exerted by a body E on a small body produce a moment
M about the mass center B* of B. M is given approximately by equation
(2.18.1) of Ref [2],

M =-I¢ VVV(R) 3)

where R is the position vector from E* to B* and V denotes diﬁ‘elientiation with
respect to the vector R. Section 2.9 of Ref [2] contains a thorough explanation
of how one differentiates with respect to a vector. The definition of the cross-dot
product, >o(, appears on p. 156 of Ref [2]. The gravitational potential of E is
symbolized by V.

Equation (2.13.14) in Ref [2] deals with the gravitational potential of an
axisymmetric body and contains an infinite series of zonal harmonics. For a

particle of unit mass coincident with B*,
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(4)

n=2

V= % {1 - i (%)anP,,(SA)

where S, the argument of P,, is equal to the sine of the geographic latitude of
B*. Eq. (4) can be simplified to

_E.x
V._—E+ZV,, (5)

n=2
when the contribution to the gravitational potential of the zonal harmonic of

degree n, V,, is defined as

pRg"
- Rn+1

>

Vn JnPn (6)

Ref [1] shows that —L & VV(u/R) = (3u/R3)# x L e#. Hence, eq. (3) can
be rewritten as eq. (1),
3p . . >
Mf_-—lz—:s-rxlor+'1§=::2Mn (M

so long as the contribution to the gravitational moment of the zonal harmonic

of degree n, M, is defined as

2

M, 2 -IeVVV, (8)

The Legendre polynomial of degree n, P,(z), is expressed recursively in -
equation (8.71) of Ref [3] in terms of Legendre polynomials of degree n — 1,

n — 2, and their argument, z, for n > 2, as follows:
1
Po(2) = =[(2n = 1)2Pa-1(2) = (n ~ 1) Pa-2(2)] )

Eq. (9) can also be produced with m = 0 in formula I of Table 1 in Ref [4]. Sub-
stituting from this recursion relation for the Legendre polynomials into eq. (6)

leads to a recursive expression for V;:

2
Vn=2n_1 J, Rg n—-1 J, (RE> Vis

n J,—,_1 _E_S'\Vﬂ—l— n Jn_z

- (10)
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Eq. (8) requires that a dyadic be formed by differentiating V;, twice with
respect to R. The first derivative of V;, with respect to R yields a recursion
relation for the vector VV,,, the contribution of the zonal harmonic of degree
n to the gravitational force exerted by E on a particle of unit mass coincident

with B*.

%1 Ty [Vaos S, S Voo
VVa = - Jn-—lRE[ = VSA+-}—Z-VVn~1 73 R
n—1 Jn 2 VVn._g 2Vn_2
R [ . e R] (11)

The second derivative of V;, with respect to R yields a recursion relation for the

symmetric dyadic VVV,,

-1 J Vi VS\VVili V. VS R
VW = J"IRE{ PLYVS) 4 el o Tese
e
VVaoiVSax  Sa S\VV._:1R
VorRVSy S$\RVVay  3VaiRR _ SyVaoy
- R3 - R3 RS T R3 —}
_ =l Ja o 3 (VVVeez  2VVasR
n Jug E R? RA
2RVV,_, 8VaoRR 2V._,
Rt~ il (12)

where U is the unit dyadic.
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Cross-Dot Products

We now perform the cross-dot product with dyadics I and VVV,,, making use
of the right hand side of eq. (12) and the cross-dot identity L e U= 0, which is
set forth in eq. (19) of Ref [1], obtaining

Mn
1¥vvy, = =1 J" "Rz { noly X gvS, — L2211 % (VS R+ RVS,)
n R3
+ %I VVV,_ 1+§1 ¢ (VSaVVa_1 + VVn_1VS))
Sa 3S\V, -
— L3 (Ve R+RVY, _1)+—F;‘——1-I§RR——O}
n—1 J, 8Va-2
- S=5Rs {—EEI S VVVay+ 528 RR—0
2
~ L% (WVasR+RVY, )} (13)

In order to carry out the cross-dot products with [ and the other dyadics on
the right side of eq. (13), we will express these dyadics in terms of R and %, a
unit vector parallel to the axis of symmetry of E.

The sine of A can be expressed as sin A = (Re#)/R = # o7 so that the first

derivative of S, with respect to R is

(Ren)R

Renn n
VSy=V B = _é - _-}-2-5—— (14)
and the second derivative of S) with respect to R is
3J(Ren)RR 1 _, . .
VVS) = '(—Rs—)"“ = [AR+ Ri + (ReA)U) (15)

Eq. (20) of Ref [1] is a derivation of a cross-dot identity which will be used
repeatedly throughout the sequel: For any dyad uv composed of vectors u and
v, it is shown that [ S uv = —u x I e v. By making use of this identity, and
eq. (15) above, one can write

3(Roﬁ);‘

l’évvsﬁ-ég(ﬁx;.i +#x Lof)+0~ =0y

xled (16)
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where # is a unit vector in the direction of R. By recalling the definition in

eq. (6), one can evaluate the first cross-dot product on the right side of eq. (13).

The dyadic required for the second cross-dot product on the right side of
eq. (13) is easily constructed by using eq. (14):

VSAR + RVS) = 2i# + #71 — 2(7 e R ) (18)
Thus,
Vo1 1% (VS R+ RVS,) =
5 - (VS\R+ A=
—thdmmdgﬁ%Dﬁoﬁﬁxlcﬁ—ﬁxlof—ﬁxlcﬁ]ﬂ%

Replacing n with n — 1 in eq. (8) allows the third cross-dot product on the

right side of eq. (13) to be immediately expressed in terms of M, _;.

o .
ZL3VVVy = —’";{"’

M, (20)

The fourth cross-dot product on the right side of eq. (13) contains the quan-
tity VV,,_;. Temporarily allow z to be the argument of P,_, {S’ee eq. (6)] and

write the derivative of V,,_; with respect to R as

11 d P, _
VVp-1(z) = —pJn-1RE"! [TR';';EPn—l(l‘)V-’” - Lﬁ?{ng] (21)

The first derivative of a Legendre polynomial P, with respect to its argument
is often denoted by P;. For n > 2, a useful recurrence formula for P. can be
found in problem 8-9 of Ref [3], p. 393, or in formula I of Table 1 in Ref [4]
(with m = 1):

Pi(z) = — [(2n — D2Pi_y(z) — nPh_s(z)] (22)
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Since the argument of P,_; is known to be Sy, we can make use of eq. (14) to

rewrite eq. (21) as

Pi_y[a (Ren)R] nP,_,
— -1 1
VVn._]_ = —[t] -1REn {——}%ﬂ—— [R— - R3 ] — R:+2 R} (23)

The sum of two dyadics, formed by juxtaposing the vectors VS, and VV,,_; in

opposite order, yields the symmetric dyadic

_1[2P._ [an (Ren)
V8AVVno1+ VVa1VSy = —pJn-1Rg" ! {“‘}‘;',;'1‘ [7%7 + (__R‘é")‘RR

—(RR'jL)(Rﬁ +ﬁR)] - %ﬁl [% (RA +AR) — Z(EI%_;.@RR]} (24)

Consequently, the fourth cross-dot product on the right side of eq. (13) can be

expressed as

1
=L % (VSiVVact + Va1 VSh) = —pJn-1 RE™ !
2P, 1ls sy . N L a2 X
W—[(ron)(rxlon+n,xlor)——nx_1:on—(ron)rx_.[or]
L M A xTeF — R x e —# x e 25
Rn+3

The dyadic required for the fifth cross-dot product on the right side of
eq. (13) can be constructed rather easily by employing eq. (23), which yields

VVn_lR -+ RVV -1 =

P; P
—pJn-1Re" {—}’-‘z—;—l [Af + 77 — 2(7 o A)FF] — 2"}’; Ly } (26)
so that
Sa

2216 (Vi R+ RVV,_y) =

o
VAP
—an-IRE"‘I{%:l[2(f.ﬁ)ﬁ XIe# —AxLef 7 x[en]

(P e A)Pay 3
—(—é—ﬂ%"—r x_I_or} (27)
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The sixth cross-dot multiplication which must be performed in order to
obtain I A VVV, is one of the easiest to carry out. That is,

3SaVa-

—%E— Al I e RR=3uJ,_1RE"" (i o n) 2lixed (28)

R =
The seventh cross-dot product on the right side of eq. (13) can be expressed

in terms of M,_». Replacing n with n — 2 in eq. (8), we get

1
R2 =7 e VUV, p = -—-R—z-Mn_ (29)
The eighth cross-dot product to be evaluated is simply

8Vn 2 —2 Pﬂ—
Is RR=8ul,sR" " 2235

22ixIed (30)

The dyadic required for the final cross-dot product is similar to that needed
for the fifth cross-dot product,

VV;,._QR + van_z =

'
~pJa_aRE"2 {f;::i [ + #is - 2 0 a)ii] — An DB Rnl)f o2 }(31)
so that
2
211 % (VVaaR+ RVV2) =
-1, Rn—2 2Pn—22~ 2V x I e o Ted —7 e
HIn_2fRE Rn+3[(ron)r xleir ~nax]ei —7 x Len]
4(711_%133” = XI"} (32)

Substituting from eqgs. (17), (19), (20), (25), (27) - (30), and (32) into (13)
and then into (8) leads to eq. (2), which is a recursive vector-dyadic expression
for the contribution of the nth zonal harmonic to the gravitational moment.

Examples

In order to demonstrate the use of eq. (2), we will use it to obtain M, the

contribution to the gravitational moment from the zonal harmonic of degree 2.
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The two required Legendre polynomials are Pi(Sy) = Sy = # # 4 and
Py(S») = 1. Legendre polynomials of degree greater than or equal to 2 can
be obtained recursively by using eq. (9). The two derivatives of Legendre poly-
nomials which will be needed are P{(S)) =1 and P{(Sy) = 0. Derivatives with
respect to the argument of Legendre polynomials can be generated with the
recursion formula (22) for n > 2.

Eq. (2) also requires knowledge of M and M in order to produce M.
Eq. (8) is helpful in developing expressions for My and M.

The Legendre polynomial of degree zero is equal to 1, regardless of its argu-

ment, and the scalar V5 [See eq. (6)] is
Vo = —pJoPy/R= —pJo/R (33)
The dyadic formed with V is then

Ji . s
VVVo = VV(-uJo/R) = VWhR/R) = L2 - 3%)  (34)
Eq. (8) tells us that

3;‘%‘37% x Lo (35)

Jo is an undefined constant, but the coefficient of My in eq. (2) contains Jjp in

My=—-

the denominator. Hence, a numerical value of Jj is not required for constructing
M.
A similar process leads to M. The value of the Legendre polynomial of

degree 1 is identical to the argument, so the scalar V; is

P Ren
Vi = —pl1Re— =—uJ1RE( )

2 T3 (36)
The dyadic formed with V; is
Ren 1) (Ren
AVAVA —quREVV(——RE—-)- = —upJ1RpV [—R—s- - —L—Rg-—)R] =
15(Ren 3 o om .
—~uJ1RE {'——(—E:,-—)-RR— —R-g[R’n +nR+(Ron)_(_]]} (37)
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so that

3#J1RE

M, = 7

[AxIer+7xIen—5(Fen)r xles] (38)

Like Jy, the constant Jj is undefined, and unneeded for the purpose of obtaining
M. Note that M and M1 do not represent contributions to the gravitational
moment, but are required to begin the process of recursion which will generate
moment contributions beginning with M.

By substituting from eqs (35) and (38) into (2), we arrive at the following

result with n = 2:

ﬂ]zREZ
2R
+ [15-105(;«.&)2]4 xlof-—szx[_oﬁ} (39)

M, {[30(@.ﬁ)](ﬁx;.f«+f~ x Loh)

If eq. (1) of Ref [1] is expressed as M = (3u/R3)#* x L ¢ # + M3, it can be seen
that M, from Ref (1] is identical to eq. (39), above.

The contribution M3 can be obtained in a similar manner, using the values

of Pz(S}‘), Pl(S)\), Pé(S)‘), P{(S)\), Mz, and M]_.

,uJ3RE'3 N N2 - ~ ~ N
M, _-G—R—G-{[315(r.n) — 45| (A x Le# +# x Loh)
+ {315(ﬁ o 7) — 945(7 .ﬁ)s] # x Lo# — 90(7 e A1) X i-ﬁ} (40)
Conclusions

A recursive vector-dyadic expression for the contribution of a zonal harmonic
of degree n to the gravitational moment about the mass center of a small body
can be obtained by a procedure which involves differentiating a celestial body’s
gravitational potential twice with respect to a vector. The recursive property
of the result is a consequence of taking advantage of a recursion relation for
Legendre polynomials that appear in the gravitational potential. When a celes-

tial body’s gravitational potential includes zonal harmonics, the vector-dyadic
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expression above is useful for calculating their contributions to the gravitational
moment. The contribution of the zonal harmonic of degree 2 is consistent with

the gravitational moment exerted by an oblate spheroid.

References

[1] Roithmayr, C.M., “Gravitational Moment Exerted on a Small Body by
an Oblate Body”, Journal of Guidance, Conitrol, and Dynamics, Vol 12,
May-June 1989, pp 441-444

[2] Kane, T.R., Likins, P.W., and Levinson, D.A., Spacecraft Dynamics,
McGraw-Hill, New York, 1983, Chapter 2

[3] Battin, R.H., An Introduction to The Mathematics and Methods of Astro-
dynamics, ATIAA, New York, 1987, p. 393

[4] Lundberg, J.B., and Schutz, B.E., “Recursion Formulas of Legendre Func-
tions for Use with Nonsingular Geopotential Models”, Journal of Guidance,

Control, and Dynamics, Vol 11, Jan-Feb 1988, pp. 32 - 38

429



