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FOREWORD

The need for organizing the ICIDES sequence of conferences arose in my mind almost a
decade ago while noticing that there were no established forums for the exchange of conceptual
ideas in the general field of inverse, semi-inverse, and direct design and optimization in
engineering sciences. There were neither specialized technical journals nor textbooks available in
this highly interdisciplinary field that rapidly grew with the availability of faster and larger
computing machines. Consequently, there were no technical courses in engineering programs that
would cover these design methodologies. The situation is starting to change, though, as a response
to increased interest on the part of industry which feels the pressure from the competitive global
market. ICIDES was envisioned as an open forum for experts and users alike to present their
methodologies and discuss their concepts.

The ICIDES sequence has experienced a steady growth in attendance, the number of
publications, and the international character of its audience, while maintaining high standards.

Locations Dates Papers Countries Sponsors
ICIDES-1  Univ. of Texas at Austin  Oct. 17-18, 1984 31 9 UT-Austin
ICIDES-Il  Penn State University Oct. 24-26, 1987 32 9 NSF.,ONR.PSU
ICIDES-III  Washington, D.C. Oct. 23-25, 1991 48 15 NSF,ONR NASA,PSU

Each contributed technical paper was reviewed by two colleagues without revealing to them
the identities of the authors. Although unusual, this process has stimulated more substantial and
constructive comments from the reviewers and has contributed to the improvements in the quality
of the accepted technical papers. Invited lectures at ICIDES-III form a unique collection of survey
articles that present a status report on the present state of the art worldwide.

ICIDES-III would not have been possible without financial support from NASA
Headquarters (Ms. Pamela Richardson and Mr. Louis Williams), ONR-Mechanics Division (Dr.
Philip Abraham and Dr. Spiridon Lekoudis), and NSF-Communications and Computational
Systems Program (Dr. George Lea). I would also like to thank my student assistants, Mr. Branko
Kosovic and Mr. Scott Sheffer for their help with the word processing of the conference
announcements. Finally, I would like to thank the authors and reviewers of the technical papers
and to the invited lecturers who contributed to the success of the ICIDES-III.

University Park, PA George S. Dulikravich
September 1991
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SUMMARY e

A survey 1s given of aerodynamic design activities in The Netherlands, which
take place mainly at Fokker, NLR and Delft University of Technology (TUD). The
survey concentrates on the development of the Fokker 100 wing, glider design at
TUD and research at NLR in the field of aerodynamic design. Results are shown
to illustrate these activities.

1. INTRODUCTION

In the Netherlands, activities in the field of aerodynamic design take place at
the aircraft factory Fokker, the aeronautical research institute NLR and the
Technical University of Delft.

A well known product of these activities is the civil transport aircraft Fokker
100 (See fig.1l.1). But no less successful is the ASW-24 glider designed by
Boermans at the Low Speed Laboratory of TUD in collaboration with Alexander
Segelflugzeugbau in Germany( See Fig.1.2 ).

Very often, new aircrafts result ftom modifying existing aircraft, aiming at
e.g. improvement of performance, adaption to changed market requirements or
improvement of economics in view of operating environment. In that way, the
Fokker 100 has been derived from the Fokker F28 ( see Fig.1.3 ) by means of
sometimes drastic modifications. Also, the gliders designed at Delft are the
result of continuous attempts to reach the limits of sailplane performance.

These developments would not have been possible without the help of computation-
al tools which play an essential role in both the actual design process and the
analysis of wind tunnel measurements and also at the interpretation of flight
test data.

The present paper deals with the main aerodynamic design objectives pursued at
the development of the transport aircraft Fokker 100 and the glider ASW-24 and
the process followed to attain them. In conclusion, special attention will be
paid to research activities at NLR in the field of computat:ional fluid dynamics
in support of design developments.

2.THE FOKKER 100.

The Fokker 100 design will be illustrated by considering two of the main design
problems solved during development. A more complete and detailed account can be
found in Refs. 1 and 2.

The Fokker 100 wing has been derived from the F-28 wing, which is determined by
four wing sections connected with straight generators. The main objective for
a new wing design was improvement of the Mach drag rise characteristics. The F-
28 was originally designed for a lift coefficient of C;=0.2 whereas the new
design requirements lead to a C;=0.4 to 0.5 at which condition the transonic
drag increase of the F-28 wing is not negligible.

|
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Table I presents a survey of the most important modifications that have been 1
implemented successively, thus defining a number of new wing shapes which have
been analyzed by means of both computations and wind tunnel measurements.

The modifications applied to wing sections I and II in wing 4 resulted from a
computational study with the help of a viscous transonic flow code, which
predicted a significant improvement of the Mach drag rise characteristics as a
consequence of these modifications ( See Fig.2.l). This was fully confirmed by
means of wind tunnel measurements, though it appeared necessary to improve the
stalling characteristics of the outer wing.

Computational analysis led to the conclusion that the Mach drag rise character-
istics could be improved by a further modification of section I. Moreover, by
modifying section IV improvement of the outer wing stall behaviour was expected.
Test results for the thus defined wings 5 and 6 are presented in Fig.2.2
indicating a further improvement when compared with wings 3 and 4.

As a preliminary final step wing 8 was defined, combining a rearward chord
extension with rear camber. This modification led to a second improvement of the
drag rise characteristics as illustrated by Fig.2.3 for section II.

At that time, however, it appeared necessary to adapt the design goals to market
requirements in terms of an increase of take-off weight. This led to the
definition of wing 10, which happened to exhibit a rather large drag rise at low
lift coefficients cruising conditions. Subsequent reduction 1led to the
definition of wing 11 (See Fig.2.4).

Modification of the lower leading edge of sections II and IV resulted in wing
11. The effect of this modification is shown in Figs. 2.4 and 2.5. And, finally,
modification of section II leading to the definition of wing 12 took care of the
design requirement with respect to the stalling behaviour.

In conclusion, a survey of the main modifications applied to the original F-28
wing is given by means of Fig.2.6 where a comparison is made between the
definitive wing planform for the Fokker 100 and the F-28 wing planform and where
also the basic wing sections are compared. This figure shows that a large part
of the original F-28 wing has still been retained. The main differences are the
span extension and leading as well as trailing edge modifications. However, as
has been verified by means of wind tunnel measurements these modifications were
sufficient for attaining amongst other things the design goals with respect tc
high- and low speed drag, buffet onset boundary and stalling behaviour.
Another important design problem was the improvement of the stub wing with
respect to its drag characteristics. At the new cruising conditions the flow
around the original F-28 stub wing contained regions with supersonic velocities,
thus leading to undesirable wave drag. It appeared to be possible to reshape the
stub wing such that the flow remained subcritical over the entire range of
cruise lift coefficients.

Finally, some attention may be paid to the computer codes used during the design
process. A major role has been played by two transonic flow analysis codes i.e.
the 3D code XFLO-22 and a 2D viscous transonic flow code by means of which the
effect of the various wing modifications was predicted. The wing modifications
were based on earlier wing design computations, preceding the actual Fokker 100
wing design, by means of the constrained inverse code for the design of wings
with a given pressure distribution in subsonic flow of Ref.3. More recently this
L code has been extended for application to supercritical flow conditions (Ref.4). J
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Hhe wing design system is based on an inverse method of the residual correction 1
type, combining a direct flow solver for transonic flow with simple geometric
correction rules. In order to fulfil requirements from the structural
engineer’'s point of view, geometric constraints are taken into account.

The transonic wing-body code XFL0O-22 (Ref.6) is an extension of the non-
conservative finite difference wing code FLO-22 (Ref.5) of Jameson and Caughey
modified to simulate fuselage cross-flow effects. This simulation is achieved
by replacing the boundary condition of zero normal velocity in the plane of
symmetry in the original code by a condition of prescribed non-zero normal
velocity, the latter being computed by means of the NLR panel method (Ref.7,8).
By means of post-processing viscous effects may then be estimated using the 3-D
laminar/turbulent boundary layer code BOLA (Ref.9).

An example of the usefulness of XFLO-22 is given in Fig.2.7 where a comparison
is made between calculated and measured (wind tunnel and flight test) pressure
distributions for two wing stations. It may be noted that a surprisingly good
correlation is shown. Presumably the applied condition of taking the trailing
edge flow tangential to the lower wing surface, when using a grid of 160 (chord)
x 32 (span) x 28 (normal) points, compensates for the absence of viscous
effects. The same kind of correlation is demonstrated in Fig. 2.8 where a
comparison is made between measured and predicted buffet onset boundaries.

For the design problem associated with the stub wing with its strong interaction
with the fuselage and the engine nacelle a design code was not available. The
problem was solved by combining results of the 2D analogue of the wing design
code with 3D panel method calculations ( Ref.7). The success of this approach
may be illustrated by means of Fig.2.9 where a comparison is made between
calculated and measured stub wing pressures.

3.THE SAILPLANE ASW-24

The ASW-24 1is a Standard Class Sailplane built by Alexander Schleicher
Flugzeugbau in Germany. The aerodynamic design of this glider was performed in
close cooperation between the manufacturer and the Low Speed Laboratory (LSL)
of Delft University of Technology (TUD). Detailed account of aerodynamic as well
as structural design is given in Ref.10.

When designing a glider, the main objectives are maximizing the glide ratio at
the higher flight speeds and minimizing the rate of sink at the lower flight
speeds. The higher flight speeds are applied when flying from one thermal to
another, and the lower flight speeds are used when climbing in a thermal.

A typical glider flight performance polar is shown in Fig.3.1 for the ASW-24.
It results from flight test measurements and computational analysis with respect
to its component parts. From this figure it appears that the wing contributes
considerably to the drag, at higher flight speeds especially in consequence of
the profile drag. Accordingly, the history of glider design shows a continuous
search for low drag wing profiles, mainly by attempting to maximize the laminar
flow region on the airfoils.

When designing airfoils for laminar flow with a view to practical application
the key problem is to avoid the appearance of laminar separation bubbles. These
bubbles cause pressure drag and have a detrimental effect on the subsequent
turbulent boundary layer such that a considerable drag increase results. Thus,
the design should be such that transition to turbulent flow occurs before the J
laminar flow will separate.
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Eﬁere are a few alternatives to solve this problem. One of these is Wortmann's
destabilizing region concept, the other is the application of some tripping
device in order to provoke transition to turbulent flow.

When following the destabilizing region concept the airfoil is shaped such that
in the region where laminar separation is expected to occur, a slightly adverse
pressure gradient is induced. This adverse gradient destabilizes the laminar
boundary layer causing transition and thus avoiding flow separation. Application
of a tripping device amounts to disturbing the boundary layer by means of
artificial roughness on the airfoil surface or by means of blowing.

Both alternatives have been used at the design of the airfoil DUB4-158 applied
in the ASW-24. The destabilizing region concept has been applied at the upper
surface and a tripping device in the form of a so-called "zig-zag tape"” has been
applied at 77% chord position at the lower surface. The measured pressure
distribution of Fig.3.2. shows a laminar separation bubble on the lower surface
at about 85% chord and its removal due to application of the zig-zag tape.
Transition to turbulent flow on the upper surface is triggered by the adverse
gradient at about 59% chord.

The effectiveness of the zig-zag tape is also shown in Fig.3.3 where measured
aerodynamic characteristics are given both for the clean airfoil and the taped
airfoil. The maximum lift is hardly influenced by the roughness, the stalling
behaviour is gentle and the drag reduction is considerable.

As is shown in Fig.3.1, at low speed climbing conditions, more than 50% of the
total drag is due to induced drag. So, it will be clear that reduction of
induced drag will be another major goal when designing sailplanes; wing planform
and aspect ratio being the main parameters when optimizing for induced drag at
a given wing loading.

In the present case the wing planform has been chosen with the help of numerical
optimization studies based on lifting line theory with taper ratio and spanwise
position of taper ratio change as design variables. The aspect ratio has been
chosen in combination with the wing loading on the basis of cross country speed
optimization studies, for details of which the reader is referred to ref.10.

A third aspect of wing design that may be considered here, is the effect of wing
fuselage interaction. Applying the panel method of Ref.7 with the panel schema-
tization of Fig.3.4 the pressure distribution on the wing-fuselage combination
has been studied. Fig.3.5 shows the pressure distribution in a few wing sections
for two different angles of attack.

The typical modern glider fuselage has been designed such that the forebody fits
into the streamlines of the wing at higher lift coefficients in order to avoid
the occurrence of high suction peaks in sections near the fuselage ( Fig.3.5a).
This has, however, as a consequence that at high speed conditions (lower lift
coefficient) the cross flow effect 'is increased (Fig.3.5b), which causes the
wing sections close to the fuselage to operate in non- optimal conditions. To
improve the flow conditions at the junction of the ASW-24, a small fairing with
7% chord extension has been applied where the wing is lofted towards a wing root
airfoil suitable for turbulent flow conditions. Nevertheless, improvement of the
wing fuselage junction is still the subject of continuing study.

In the past decades considerable progress in glider design has been made. This
may be illustrated by means of Fig.3.6, where the flight performance polar for
the present design is shown in comparison with that of two predecessors. The
difference in performance is a consequence of the improvement of the aerodynamic



5
Thur¢ Interavonal Conference on Inverse Design Concepts and Opumizanon 1n Engineenng Sciences
QCIOES- D Edpor CS Dulikravizh Washinotor D October 23.2€ 1001

I;haracteristics as illustrated by Fig.3.7 which is mainly due to the wing
profiles that have been applied.

In conclusion these profiles may be compared by means of Figs.3.8a,b,c , where
calculated inviscid pressure distributions are shown. From these pressure
distributions a rough estimate of the laminar flow region can be made, clearly
showing the backward displacement of the transition point resulting in a
decrease of the drag.

The DU84-158 airfoil has been designed with the help of the LSL computer program
for airfoil analysis and design ( Refs.12,13). This program is based on Timman'’s
conformal mapping method for inviscid flow (Ref.l4) in combination with Thwaites
method for laminar and Green’s method for turbulent boundary layer flow and the
Van Ingen e’-method for prediction of transition (Ref.15).

4  DEVELOPMENTS AT NLR

In support of aerodynamic aircraft design NLR has a continuing research program
for the development of CFD codes both for analysis and design. Gradually, as
will have become clear from the preceding sections the tools thus developed are
incorporated in the actual design processes followed in the industry. In the
present section, some attention will be paid to capabilities that have not yet
been ( fully) utilized for practical applications. Also, further contributions
of NLR to improvement of airfoil- and wing design will be considered.

4.1 AIRFOILS

For analysis and design of airfoils in both subsonic and transonic flow taking
viscous effects into account, the MAD computer program system has been
developed. On the ICIDES conference of 1984 Slooff has given a global descrip-
tion of the system as it was available at that time ( Ref.16).

Since then the system of Ref.17 has been extended by incorporating the transonic
design method of Ref.25 in combination with the transonic analysis method of
Refs.5 and 6. The general approach followed to solve the design problem has
remained the same. It is of the residual correction type where the actual design
problem is translated into an equivalent design problem of reduced complexity,
thus enabling the application of relatively simple inverse methods and it leads
to an iterative design process as depicted in Fig.4.1.

It is assumed that the design goal 'is formulated in terms of a target pressure
distribution and that an initial guess of the airfoil shape will be given. A
direct flow solver for either subsonic or transonic viscous flow is used for the
determination of the pressure distribution on the gi 2n airfoil, and a
constrained inverse method is used to determine the possibl ' required modifica-
tion.

An example of application to a subsonic design problem is described in Refs.19
and 20. :

It concerns the improvement with respect to drag behaviour of the wing-slat
configuration of Fig.4.2. As becomes clear from Fig.4.3 it has been found in
wind tunnel measurements that the flow around this airfoil shows early boundary
layer separation on the main wing upper surface at the take-off condition lift
coefficient C; = 2.1.

With the aid of the method of Ref.18 for the determination of viscous subsonic
flow around multi-element airfoils analysis calculations were made. From this
analysis it was concluded that reduction of the drag should be attempted by

]
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educing the extent of the separation region. This implied that the adverse
pressure gradient on the wing upper surface had to be reduced.

As the basic airfoil geometry should not be altered when designing a wing-slat
configuration, the sole possibility to reduce the pressure gradient is to lower
the suction peak level on the wing nose, without however reducing the lift
coefficient at the same time.

These considerations led to specification of the target as depicted in Fig.4.4,
in terms of an equivalent potential flow pressure distribution. The main points
of interest are ‘

(i) a decreased velocity peak on the main wing upper surface aiming at a delay
of boundary layer separation,

(ii) increase of expansion around the wing nose aiming at an increase of the
slat dumping velocity,

(iii) an increase of the slat dumping velocity aiming at increase of the slat
lift contribution,

(iv) an increase of the slat lower surface pressure level aiming at increase of
the slat lift and decrease of the slat drag.

Application of the design process depicted in Fig.4.1. led to the result
depicted in Fig.4.5. The most striking geometry modification is the blunt nose
of the main wing resulting in a rather thin slat trailing edge. Application of
the viscous flow analysis method of Ref.18 to the new geometry produced the
pressure distribution shown in Fig.4.6 in comparison with that on the original
configuration.

Clearly two of the design goals have been attained according two these
calculations. The suction peak on the main wing has been reduced and the dumping
velocity on the slat has been increased. Hardly visible is a slightly rearward
shift of the boundary layer separation point on the wing upper surface (it
amounts to about 2% of the local chord) and the pressure level at the slat lower
side has decreased instead of increased.

However, as the analysis method has not been developed for the treatment of
separated flow regions, the quantitative value of these results is questionable.
Moreover the results for the slat lower surface, modelled as shown in Fig.4.1
to simulate the existence of the separation bubble, are of course less reliable.
Therefore it was concluded that the results were sufficiently encouraging in
order to test the new slat geometry in the wind tunnel.

The measured C,;-a curves for both the -original and new configuration are
compared in Fig.4.7. Apparently C;_ has been retained and the increase of the
C,-a slope indicates reduced viscous losses. This is confirmed by the C;-C4
curves shown in Fig.4.8 which also shows that at the present design condition
(C, = 2.1 ) a drag reduction of more than 30 % has been realized.

Another example of application of the MAD system will be presented in Ref.2l.
It concerns the design of a medium speed laminar flow airfoil. As a first step
in the design process a target pressure distribution was specified. Here the
goal was to choose a pressure distribution such that at the upper side the
boundary layer would remain laminar over at least 60% of the chord.

The pressure distribution prescribed as target for the upper side of the airfoil
is shown in Fig.4.9 together with calculated Re, ( Reynolds number based on
momentum loss thickness). Re, represents the Tollmien-Schlichting stability

criterium and Re, is the transition criterium according to Granville. The
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Ealculations predict instability of the boundary layer for x/c > .14, but a
reasonable margin with respect to transition to turbulent flow is left until
x/c=.6. As a result of applying the MAD system, an airfoil was obtained which
produces the desired pressure distribution perfectly, as is shown in Fig.4.10.

From this example where, in connection with the laminar flow, special attention
had to be paid to the nose shape, it has been learned once again, that care has
to be given to the leading and trailing edge regions ( adaptation of the target
without adapting the design goals) in order to obtain convergence and in order
to produce realistic airfoil shapes.

Notwithstanding these difficulties the design was successful as may be
illustrated by means of Figs.4.11 and 4.12, where a comparison is made between
pressure distributions and C;-Cj curves as measured in the wind tunnel and as
calculated by means of VGK, a 2D viscous transonic airfoil code (Ref.23,24),
which is an extension of the semi-conservative finite difference method of
Garabedian and Korn for inviscid transonic flow, weakly coupled with a boundary
layer code based on Thwaites method for laminar and Green’s lag-entrainment
method for turbulent flow.

To conclude this subsection an application to wind turbine design may be
considered ( Ref.22). The objective was to design an airfoil with an increased
maximum lift over drag ratio. Starting point was a blade based on the NACA 4421
airfoil of which the stall behaviour was considered appropriate for control by
stall. Thus the airfoil design had to be done under the side condition that the
stall behaviour should remain approximately the same. Moreover, from structural
point of view, the thickness over chord ratio had to be at least 0.2.

An existing airfoil which could have been considered for application is the
Wortmann FX 84-W-218 airfoil because of its favourable lift over drag ratio. It
has, however, an unacceptable stall behaviour. Therefore it was concluded that
an airfoil should be designed combining the advantages of both the NACA 4421 and
the Wortmann airfoils.

Using CADOS (see section 4.3), a NACA 4421 pressure distribution has been
modified in order to specify a target pressure distribution for the MAD system
( see Fig.4.13). The target pressure distribution should lead to a flow with a
laminar boundary layer in a larger region than at the NACA 4421 airfoil. On the
other hand the target laminar flow region is smaller than at the Wortmann
airfoil in order to avoid rash stall behaviour.

Application of the MAD system led to the NLR/VSH 8801 airfoil. This airfoil
produces the desired pressure distribution as is shown in Fig.4.14. The geometry
of the new airfoil is compared with those of the NACA airfoil and the Wortmann
airfoil in Fig.4.15. A comparison of the aerodynamic characteristics is made in
Fig. 4.16 which presents the calculated 1ift and moment coefficient as function
of the angle of attack and in Fig.4.17 which presents the C,-Cy curves.

The new airfoil has a somewhat larger lift coefficient than the NACA airfoil.
The stall behaviour of both airfoils is approximately the same. For stall
controlled wind turbines a lift curve such as that of the Wortmann airfoil with
hardly any variation near stall is not useful. The maximum lift over drag ratio
of the new airfoil is higher than those of the other airfoils. From these
results it has been concluded that the design goal i.e. combination of the
advantages of both reference airfoils has been met.
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F.Z WINGS

Since the thin wing inverse panel method for design of wings in subsonic flow
became available at NIR in 1974, further developments have gradually increased
NLR’s capabilities for wing design. To start with, the inverse method was
incorporated in the design system (Ref.3) for wings in subsonic flow, using the
inverse method for the determination of geometry corrections and the NLR panel
method (Ref.7) for analysis of the modified wings. Subsequently, this system was
extended for application to transonic flow using the XFLO-22 code of Ref.6 for
analysis and applying a 3D analogue of the defect pressure splitting technique
of Refs.25,26 for adaptation of the geometry correction procedure to transonic
flow (Ref.27).

The practical applicability of the latter transonic wing design system may be
demonstrated by means of a reconstruction example presented in Figs.4.18,4.19.
Starting point is the well-known DFVLR-F4 wing for the present purpose attached
to a simple cylindrical body. The target pressure distribution represented by
the dashed line in Fig.4.19a is the pressure distribution as obtained by
applying XFLO-22 to the original F4/body geometry of Fig.4.18. An "initial
guess" of the geometry which is required at the start of the design process has
been obtained by distorting the original geometry. The pressure distribution
represented by the lines marked a is produced by this distorted configuration.

Application of the wing design system resulted after 6 iterations in the
geometry shown in Fig.4.19b in comparison with the original F4 wing geometry (
target). The corresponding pressure distribution is represented by the lines
marked b in Fig.4.19a. The target pressure distribution is reproduced near the
tip. In the other sections some deviations are still present, especially in the
shock region. But the overall agreement between final- and target pressure
distribution is satisfactory.

Fig.4.20 presents a functional breakdown of the algorithm. It follows the
residual correction approach in which the basic idea is to apply a simple fast
geometry correction procedure for determining estimates of the geometry to be
designed and an accurate method for analysis of the flow around the current
geometry. ’

In the present version of the design system flow analysis is performed by means
of XFLO-22 (Ref.6), a program system based on a combination of Jameson’s code
FLO-22 (Ref.5) and the NLR panel method (Ref.7). With the aid of the latter
method it has been attempted to remove the limitation of FLO-22 to wing-alone
configurations. The usefulness of this method for engineering purposes has been
demonstrated and validated by comparison with results of wind tunnel tests for
a number of wing-body configurations ( see Ref.6).

However, it was felt necessary to improve the accuracy of the design system by
improving the accuracy of the analysis method , at the same time removing the
limitation to wing-alone in a more fundamental way. Therefore, it was decided
to develop a new code for transonic flow analysis. This Multi-component Aircrafc
Transonic Inviscid Computatior System ( MATRICS ) is based on full potential

theory applying discretizati- .s according to the finite volume concept

(Refs.28,29). It is applicable to wing-body configurations.

The next step in the development of a new analysis code will be the coupling of
MATRICS to a boundary layer calculation method in a ( strong ) interactive way.
The subsequent incorporation of that code in the wing design system will be one
of the steps towards the development of a system (WINGDES) for the design of
wings in viscous transonic flow.

J
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he geometry correction procedure, for which a functional breakdown is given in

Fig.4.21, consists of two major steps. From the pressure defect i.e. cthe
difference between the target and the current pressure distribution, an
equivalent subsonic perturbation velocity distribution is derived using the
splitting technique of Ref.25, whereupon by means of an inverse panel method
geometry corrections are determined.

The pressure splitting technique applied to the pressure distribution in a wing
section distinguishes between regions with a subsonic and regions with a
supersonic flow behaviour. To this end a "critical" pressure coefficient is
defined and the assumption is made that subsonic theory should be applied in
regions where both target and current pressure distribution are "subecritical"
and supersonic theory if both pressure distributions are "supercritical".

(see Fig.4.22). Application of subsonic thin wing theory then translates the
subsonic pressure defect into subsonic perturbation velocities. Application of
supersonic wavy wall formulae leads to translation of the supersonic pressure
defect into geometric slope corrections which however, for the sake of
similarity in representation, are expressed in equivalent subsonic perturbation
velocities by means of thin airfoil analysis.

Some details of the constrained inverse panel method which is applied for the
derivation of the geometry corrections from the equivalent perturbation
velocities, are given in Fig.4.23. It is essentially a linearized panel method
which utilizes on the mean wing plane a distribution of x-doublets for
representation of thickness effects and a distribution of vorticity for
representation of camber effects and on the body surface constant source panels.
Geometry constraints may be applied in the form of prescribed values of
thickness and/or camber weighted in order to create a desired balance. The
associated over-determined system of equations is solved in a least square error
sense. By adding the squares of the residuals associated with the pressure
defects and the constraints, each multiplied with their specified weight factors
a functional is formed, from which by formal differentiation a new set of
equations is derived that is solved by a block iteration procedure.

The geometry correction procedure thus described is very fast as a consequence
of which the computing time needed for one iteration step is only slightly more
than for one analysis run, however in the leading edge region the thin wing
approximation to the real flow is not applicable and leads to difficulties when
leading edge modifications are pursued.

4 3 . TARGET PRESSURE DISTRIBUTIONS

Many design methods, amongst them the residual correction methods of NLR, are
based on minimization of an object function formulated in terms of prescribed
(target) pressure distributions. This leaves the user with the problem to
translate his design goals in properly defined pressure distributions exhibiting
the required aerodynamic characteristics.

Though skilful designers are capable of producing successful designs, as has
been demonstrated in sections 2 and 3, the design efficiency can be improved by
providing the designer with tools for target pressure specification. To this end
two codes have been developed. SAMID (Ref.30) may be used for the selection of
spanload distributions leading to minimum induced and viscous drag taking into
account aerodynamic, flight-mechanical and structural constraints. CADOS
(Ref.31) may be used for selection of appropriate chordwise pressure distribu-
tions. The latter code is an interactive optimization system for the solution
of minimization (or maximization) problems defined by the user with respect to
its object function, design variables and constraints.

J
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EAMID is based on lifting line approximations using the conservation laws of 1
momentum for determination of the induced drag. The viscous drag is approximated
for given airfoil characteristics by deriving expressions for the sectional
viscous drag in terms of the section 1lift coefficient using semi-empirical
relations and thin airfoil theory. Through wvariational calculus a set of
optimality equations 1is derived from the object function augmented with
constraint terms wusing Lagrange multipliers. Application of appropriate
discretization then leads to a system of linear equations for trailing edge
vortex sheet strengths and Lagrange multipliers.

Propeller slipstream interaction with the lifting surfaces may be considered as
well as long as it may be assumed that each propeller sheds a helical vortex
sheet not influenced by the presence of the wing and confined to a cylindrical
stream tube parallel to the free stream direction. The velocity distribution
inside the slipstream is assumed to be known. As an example of such an
application the results of Fig.4.25 are presented. This figure shows the optimal
spanwise circulation distribution for the propeller induced velocity distribu-
tion presented in Fig.4.24. Clearly the optimal distribution differs greatly
from the "clean wing" distribution. Application of this distribution would
restore much of the loss associated with the slipstream swirl.

Using CADOS for chordwise pressure distribution specification implies the
definition of a suitable object function and appropriate constraints reflecting
the sense in which the target should be optimal. But first of all an appropriate
pressure distribution representation should be chosen. Concentrating on
transonic flow and pioneering with application of CADOS a number of relatively
simple shape functions has been selected leading to a representation as
schematically depicted in Fig.4.26. This representation involves a limited
number of design variables in the form of coefficients and exponents.

As an example of the practical applicability of CADOS some results may be shown
of case studies using the above representation and determining drag by means of
boundary layer calculations based on Thwaites method for laminar and Green's
lag-entrainment method for turbulent flow.

The first example is a demonstration of the capability to design high lift
airfoils. The intention was to maximize lift by changing only the upper surface
pressure distribution for a fixed arbitrarily chosen lower surface pressure
distribution under the additional constraint that the flow had to remain
attached and subsonic everywhere on the airfoil.

Keeping Liebeck’s results for the so-called turbulent rooftop in mind, at the
first optimization attempt the shape function coefficients were constrained to
producing a Stratford type pressure recovery. This resulted in the rooftop
solution of Fig.4.27 comparing reasonably well with Liebeck’s solution as
presented in Ref.32. Application of CADOS with the upper surface pressure
distribution entirely free led to a solution with a slightly higher 1liftc
coefficient represented by the dashed line in Fig.4.27. To conclude this
exercise the NLR airfoil design system of Ref.17 was applied to determine the
corresponding geometries. The results are presented in Fig.4.27, showing that
the second pressure distribution leads to a somewhat gentler airfoil shape.

The second example that may be presented here concerns transonic low drag
design. At first, calculations were performed in order to check the suitability
of the shape functions for representation of realistic transonic pressure
distributions. To this end CADOS was used to determine the best fit to a
pressure distribution calculated by means of the VGK code of Ref.24 for a given j
airfoil.The result is presented in Fig.4.28 . Apparently the discrepancies are
largest in the shock region and at the nose.
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Eubsequently it was attempted to determine a new target pressure distribution
aiming at a decrease of the drag with the "best fit" as starting point. Fig.4.29
shows the result, designated "new target". According to the CADOS boundary layer
calculations this target should lead to a drag decrease of 5 counts.

Again the NIR airfoil design system was applied for determination of a new
airfoil shape, upon which VGK was used for determination of the actual pressure
distribution. The latter result is presented in Fig.4.30 in comparison with the
original pressure distribution. The discrepancies between the shape function
representation and the actual pressure distribution mentioned above may be
responsible for the fact that here only 3 counts instead of 5 counts drag
decrease is predicted. Nevertheless, the present example may be considered as
illustrating the usefulness of CADOS in transonic airfoil design.

5.CONCLUDING REMARKS

A survey has been given of contemporary practice of aerodynamic design in The
Netherlands, focusing on airfoil and wing design. It will have become clear
that the application of analysis and design codes has become common practice in
aerodynamic aircraft design procedures.

As has been mentioned before, work is in progress at NLR to extend the design
system for wings in subsonic flow for application to wings of wing-body
combinations in viscous transonic flow. A somewhat longer term development is
the extension of this system to application for multi-point wing design. This
work has been started within a BRITE/EURAM project sponsored by the European
Community and aims at the development of a method for the design of wings in
transonic flow, such that at a number of different flow conditions the wing
(without changing the geometry) will operate according to preset requirements.
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TABLE I : The Fokker 100 wing development (Ref.1)

Wing 1 : The basic F-28 wing, defined by four wing sections connected with
straight generators
Wing 3 : Wing 1 with 0.75 m span extension ( defining section V)
Wing 4 : Wing 1 modified with
forward extension of the chords of sections I,II and III
modification of the front part of sections I and II
1.5 m span extension '
Wing 5 : Wing 1 modified with
1.5 %Z chord extension and modified front part of section IV
straight leading edge at outer wing defined by section II and IV
5 % chord extension of section I
1.5 m span extension
Wing 6 : As wing 5 but with 9% chord extension of section I
Wing 8 : Wing 5 modified with rearward chord extension and rear camber
Wing 10: Wing 8 modified with
0.75 m span extension ‘
straight leading edge between section III and V leading to
kinks at sections II and III
new front part of section IV
Wing 11: Wing 10 modified with :
new lower leading edge of sections III and IV
Wing 12: Wing 11 modified with
new leading edge of section II
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Fig. 1.1 Fokker 100 prototype - ref. 4
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Fig. 1.2  ASW-24. ref. 11

Fig. 1.3 Fokker F-28
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ABSTRACT

In the present paper, an overview of the aerodynamic aircraft-design methods and their
recent applications in Japan is presented. One of the design codes which was developed at the
National Aerospace Laboratory (NAL) and widely used now is mainly discussed, and hence,
most of the application examples are the results of the collaborative works between heavy
industries and National Aerospace Laboratory. Wide variety of applications in transonic to
supersonic flow regimes are presented. Although design of aircraft elements for external flows
are the main focus, some of the internal flow applications are also presented. Recent applications
of the design code using the Navier-Stokes and Euler equations in the analysis mode include the
design of HOPE(space vehicle) and USB(upper surface blowing) aircraft configurations.

INTRODUCTION

With the advent of supercomputers having fast processors and large memories,
CFD(computational Fluid Dynamics) is progressing at incredible speed. Three-dimensional
Navier-Stokes simulations, which were very rare ten years ago even for relatively simple body
configurations are now common at any conference on fluid dynamics[1,2,3]. Flow field
simulations over complex body configuration are not difficult task once the geometry data is
given. We can learn a lot of flow physics from the simulated results that may be helpful for re-
designing the body configuration. Although such simulated results give us a lot of information
about the flow field, they would not tell us how to modify the body configuration for the better
design. One way to do it may be a trial-and-error type approach where conducting a large
number of simulations is necessary, which is still not feasible even with advanced
supercomputers. So-called design programs for determining the optimum geometry may be as
useful as analysis programs simulating the given flow fields.

There has been a strong effort to develop both airfoil and wing design methods for many
years. Unfortunately, the progress is not as remarkable as analysis methods.This is true in Japan
as well as in the United States. CFD technology has been remarkably improved last several years,
but on the other hand, no much progress was made for the design methods and code
development. Only oné remarkable progress in Japan was the design method developed by
Takanashi at National Aerospace Laboratory in 1984. His method is "iterative correction method”

|_ based on the perturbation equations of potential flows. In this method, the geometry correction is J
made iteratively to reduce the difference between the target pressure distributions and the



32

Third International Conference on Inverse Design Concepts and Optimizaton in Engineenng Sciences
(ICIDES-IIN, Editor; G.S. Dulikravich, Washington D.C., October 23-25, 1961

[— pressure distributions that is obtained by an analysis code. One of the advantages of this code is —l

]

that any analysis code can be incorporated because analysis code is sort of black box for the
geometry correction method. Analysis codes are not necessarily restricted to the potential codes.
Even the Navier-Stokes codes can be used although the convergence is not guaranteed. Because
of the flexibility and robustness of the code, it has been used for wide variety of applications.
Now, most of the aircraft industries in Japan use this computer code and applied it to the practical
problems.

In the present paper, Takanashi's design method and its applications are presented. Since
this is a paper giving an overview of the Japanese activity, only the conceptual explanation is
given about the method itself, and the focus is mainly laid on the demonstration of the
applications to a wide variety of the flow fields.

DESIGN METHODOLOGY

Background

There are several approaches for the design problems. One way may be the numerical
optimization using an analysis code. Wing design method was proposed by Hicks in 1976[4],
and the research has been extensively conducted since then. In this optimization technique, a
wing section with, for instance, minimal total drag under some constraints such as a specified lift
and maximum thickness is sought by using the analysis code and the optimization code
iteratively. Recently, Jameson[5] proposed an efficient method using a control theory. There
exists so-called "inverse method" of wing design in which wing geometry is determined to realize
the specified pressure distributions. This type of approach was used for wing design by
Henne[6] and for wing-fuselage design by Shankar[7] for example. The approach used by
Takanashi may be different from either of the approaches above. This is an iterative residual
correction method similar to the works by Barger and Brooks[8], Davis[9], and McFadden[10]
for the two-dimensional problems. The advantage of this approach is that only minimum effort in
developing the geometry correction code is needed to decrease the pressure residual, while an
analysis code is retained in its original form. In the next section, the formulation is briefly
described.

Formulation of Inverse Problem and Iterative Procedure

Only a concept of the design method that was developed by Takanashi in 1984 is briefly
described. More details can be found in his original and the following papers[11,12,13].

First, inverse problem is defined. Here the nonlinear full potential equations are taken as
basic equations, and in the formulation process, small perturbations are assumed. Thus, the
applicability is restricted to the flow field without shock waves or with weak shock waves. After
some manipulations, integral equations that relate the geometry change and the surface pressure
change are formulated. Iterative design procedure is formulated using the integral equations
obtained above. Body (wing, wing-body complete aircraft etc.) surface is paneled into segments
and the integral equations are discretized and numerically solved to find the necessary amount of
geometry modification once the difference of required and calculated pressure difference is
defined. Since we have the target pressure distributions which is required, we can define the
difference using some analysis code.

The iteration process can be defined as follows. First, we assume initial body geometry,
then calculate the surface pressure distributions using some analysis codes. Since we know the
require pressure distributions, we can calculate the difference between the required an calculated

]
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l—pressurc distributions by a simple subtraction. Second, necessary body geometry change can be —\

calculated using the integral equations which are discretized. Improved body geometry is now

defined and the analysis code is once again used to calculate the pressure distribution in the
second approximation. The jiteration process 18 schematically shown in Fig. 1. One significant
feature of this method is that analysis code is sort of "black box" and any type of analysis
methods can be used. The Euler, Navier-Stokes, even the experimental measured data can be
used to supply the pressure distribution data. They may be used so far as there occur no swong
shock waves and the difference between the target and calculated pressure distributions is not
large. Although there is no guarantee for the convergence in the case of some analysis code such
as Euler and Navier-Stokes codes where perturbation between the geometry and surface pressure
may not be uniquely defined because of the strong nonlinearity, many examples shown below

indicate that the applicability of the present method is much wider than the theoretical predicton.

APPLICATION EXAMPLES

Transonic Wing Design

In Takanashi's original paper{11], applications to a couple of transonic wing design
problems were presented. One of them is shown here. Figure 2 shows the original geometry data
and the computed pressure distributions (dotted data). Also plotted is the target (specified)
pressure distributions (solid lines). The freestream Mach number is 0.74 and the wing planform
was fixed with 9.92 aspect ratio, 18.4 deg. sweep angle. The trailing-edge kink location s 30 %
semispan. The target pressure distributions were determined to realize the same chordwise
pressure distributions at any span station between the wing root and tip. Such pressure
distributions are usually called "isobar pattern” because straight lines appear on the surface
pressure contours over the entire wing surface. The chordwise pressure is determined by the two-
dimensional airfoil design code, and its characteristics were investigated by airfoil analysis and
wind-tunnel testings. Analysis code used in this example was "FLO22", nonlinear full potential
code developed by Jameson. To avoid the monotonic increase of the thickness of the root section
in the iteration process, the root section profile was fixed throughout the iteration process in this

example.

Figure 3 shows the sectional wing geometry and the pressure distributions obtained after
ten iterations. The target pressurc distributions are almost realized. In Fig. 4, the pressurc
contours on the upper surface of the wing are plotted. Chordwise pressure distributions are
almost the same for any spanwise station €xcept close to the wing root section. Note that the
computational time for the design mode is negligibly small compared to that of the analysis code
in the iteration process.

To show that the design code can be combined with any analysis code, several
computations for the design of transonic wings were carried out[12]. One of the computations
using the analysis code[14] developed at the National Aerospace Laboratory is presented next. In
this example, the boundary layer code also developed at the NAL[15] was incorporated. Only
four iterations were necessary for the convergence. The isobar pattern is realized from the root
section to the wing tip section in the computed result as is shown in Fig. 5. Mitsubishi Heavy
Industries (MHI) used Takanashi's code and designed many practical wings for transonic
transport aircraft{16]. As a design strategy, isobar pattern was required, and the final wing
geometry was determined considering the off-design requirements about buffet, pitch-up and
else. As an example, Fig. 6 shows the chordwise pressure distributions to be realized at each
spanwise station. The Mach number on the design point was 0.77, and the CL was 0.65. The
aspect ratio was 10, the sweep angle was 18 deg. and the tapered ratio 0.3 (see Fig. 7). The
initial and the final pressure distributions along with the target pressure distributions are shown in

LFig. 8, and the final wing geometry where thickness and the twisted angle are modified near the
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[_ tip to satisfy the off-design requirements is shown in Fig. 9. The wind tunnel experiment was _]
conducted to check the aerodynamic performance of the designed wing. The measured Cp
distributions are presented in Fig. 10. Reasonable agreement is observed between the target and
the measured pressure distributions. Figure 11 shows the comparison of the pressure contours on
the upper surface of the wing. Here again, good agreement is obtained between the computed and
measured contour plots even though small discrepancy is observed near the root and tip.

At the time of this design code development, there was a collaboration between JADC
representing Japanese industries and Boeing company to develop a new transonic aircraft. The
project was called 7J7 in the United States, and YXX in Japan. Although this project was retarted
because of the market change, there left is a lot of technology accumulations for the Research and
Development. Under this project, many wing configurations were designed by Mitsubishi Heavy
Industries again using Takanashi's code. Some of the designed wings were used for the
simulations using the Reynolds-averaged Navier-Stokes equations[17,18] and the computed
results were compared with the corresponding experiments[19] to confirm the aerodynamic
performance of the designed wings. These examples will be shown at the conference.

Airfoil Design Using Navier-Stokes Equations

As has been mentioned above, the analysis code is sort of a "black box" and it can use any
analytical method even though the convergence is not necessarily guaranteed. Hirose et al.
coupled Takanashi's design code with two-dimensional Reynolds-averaged Navier-Stokes
code[20]). With specifying the same pressure distributions at each spanwise station for large
aspect ratio wing, the three-dimensional design code was incorporated with the two-dimensional
Navier-Stokes code for the design of two-dimensional airfoil. One of the application examples is
shown here. Shockless supercritical pressure distributions at Cl= 0.6 was specified as a target
and the initial geometry was set up to have strong shock wave. The freestream Mach number is
0.75 at the Reynolds number 13 million. The initial, target and computed Cp distributions along
with the initial and final airfoil geometries are plotted in Fig. 12. The target Cp distributions are
almost realized in ten iterations.

Two Dimensional Transonic Cascades

Takanashi reformulated his original design code and developed a two dimensional cascade
design program in 1986. The analysis code in this case is a Euler code using explicit time
integration. Even after 10 iterations, fully converged solution was not obtained. However, the
pressure is becoming closer and closer to the target pressure on every iteration stages. The
solution after 10 iterations is presented in Fig. 13 along with the cascade geometry. Takanashi
insisted in his paper[13] that the convergence would be much improved by optimizing the
parameters in the design process for cascade flows.

Additional Application

Recently, with the rapid progress of supercomputers, the design code above was
combined with three-dimensional Navier-Stokes codes and applied to more difficult cases. Both
Mitsubishi (MHI) and Kawasaki (KHI) Heavy Industries applied it to the design of HOPE( H-II
Rocket Orbiting Plane). The HOPE is a space vehicle that NASDA (National Space Development
Agency) is currently developing. Both companies were interested in redesigning the tip fin of the
configuration. MHI analysed the transonic flow at Mach number 0.9 with 5 degrees angles of
attack and the Reynolds number 2 million[21]. They found by the Navier-Stokes simulations that
the flow field surrounded by the fuselage, main wing and tip fin became almost channel flow and

I_strong shock wave and associated flow separation occured. The Takanashi's design code was J
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i- iteratively used with the three-dimensional Navier-Stokes code and the good improvement was _1
obtained after five iterations. They used half a million of grid points for the Navier-Stokes
analysis and the computer time required for each iteration step was 5 hours for the analysis mode
and 0.2 hours for the design mode Thus, in total, 26 hours were necessary even with the Fujitsu
VP400, one of the most advance supercomputers at that time. The initial body configuration 1s
shown in Fig. 14 in terms of the computational grid. The initial and the final chordwise pressure
distributions on the tip fin are presented in Fig. 15 with the corresponding sectional geometries.
Although the target pressure is not precisely realized, there is obvious improvement such as
disappearance of the suction peak. The close-up views of the near-surface streamlines obtained
from the computed flow fields both for the initial and obtained configurations are presented in
Fig. 16. Shock wave is weakened and the flow separation on the tip fin surface disappears in the
final configuration.

Kawasaki Heavy Industries tried to modify the pressure distributions over the tip fin to
satisfy the buffet boundary by re-designing the tip fin using Takanashi's design code with the
Euler code[22]. About 200,000 grid points were used in the analysis mode and total computer
time for five iterations was about 5 hours. In this example, the freesteam Mach number is 0.9 and
the angle of attack is 6.5 degrees. The original and designed sectional geometries, and the initial
and final Cp distributions along with the target Cp are presented in Fig. 17. Remarkable
improvement is observed although the target Cp distributions are not realized also in this
example.

Kawasaki Heavy Industries also applied the design code for the redesign of the USB
(Upper Surface Blowing) wing configuration of the STOL[23]. The planform of the USB is
shown in Fig. 18. In this example, Isobar pattern is the target, but the wing section is fixed near
the nacelle and the tip to avoid resulted very thin wing section to weaken the shock wave. Figure
19 shows the sectional Cp distributions. The strong shock wave that appeared on the initial
configuration is weakened and the target Cp distributions are almost realized.

Another aircraft company named Fuji Heavy Industries developed their own design code
based on the Takanashi's method. They applied it to the design problem of wing-fuselage
combination[24]. The analysis code was full potential code. The target pressure distributions
were such that realize the isobar pattern on the wing surface and are the same as the initial ones on
the fuselage. The initial and final Cp distributions and the surface pressure contours are plotted in
Fig. 20. The computed Cp in the lower surface realizes the target Cp, but still some discrepancy
exists on the upper surface. However, compared to the initial Cp distributions, improvement is
obvious. The final configuration is shown in Fig. 21.

SUMMARY

An overveiw of the Aerodynamic aircraft-design methods and their recent applications in
Japan was presented. One of the design codes developed at the National Aerospace Laboratory
(NAL) is mainly discussed because of its popularity in Japan, and wide variety of applications
were presented from transonic to supersonic flow regimes. This design method uses inverse
design code and analysis code iteratively to realize the required pressure disbributions, and thus
any anaysis code can be used. Some of the examples shown here used Euler and Navier-Stokes
code as an analysis mode. These application examples indicated the capability and feasibility of
the design code. The fact that many companies currently use this design code for practical
problems and obtain successful results proves it.

This paper is written based on the results that the first author has noticed. There may be
more activities in Japan that can not be included in the paper. Unfortunately many of the papers in
Lthe reference list are written in Japanese. However, some of the important papers such as _]
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[' Takanashi's original paper are written in English and the authors hope that the list of reference in 1
this paper is useful for any researchers for the design problems.
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Fig. 15 Initial and final chordwise pressure distributions over the tip fin of the HOPE and their
spanwise sections[21].

Final Initial

l_ Fig. 16 Computed near-surface streamlines for the initial and final HOPE configurations[20]. _J
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The Aviation Institute, Bd. Pacii 220, p /

77538 Bucharest, Romania

ABSTRACT

An aerodynamic optimization procedure, dedicated mainly to mi-
nimize the drag to lift ratioc of a complete configuration: wing -
body —~ tail, in the presence of some engineering and logical res-—
trictions is described. An algorithm conceived to search the mi-
nimum of a hypersurface with 18 dimensions, which define an airc-
raft configuration, was developed, without using a gradient meth-
od. The obtained results, show that, at least, from the aercdyna-
mic point of view, the optimal configuration is one of canard ty-
pe, with a lifting fuselage.

I. INTRODUCTION

There are many arguments which plead for the using of a glcbal
and multicriterial optimzation procedure to design a transport air-
craft. An usual practice, for the establishment of the aircraft-‘s
shape, adopted especially by the prudents, is the statistical pro-
cessing of the data describing all the aircrafts of that class.
Finally, after years of research, design, manufacture, testing
and certifying, an out - of - date aircraft results, at least with
two generations behind: cone which was in service when the design
of the new aircraft begun, and the second, which ztarted at the
same time, but has used the latest research results corvectly
forecasted.

To predict exactly the needs in the domain of passengers air
transport, for the date when the new built aircraft will operate,
taking into account all the economical, social and scientific
conjunctures, a global and multicriterial optimization procedure
is required. A new aircraft becomes competitive versus other air-
crafts of its class, if the fuel consumption reduction is obtai-
ned not by affecting the passengers security and comfort and by
adding laborious maintenance operations. Following these princi-
pial ideas, in the present paper we have tried to optimize, only
from the aerodynamic standpoint, a short / medium - currier con-
figuration aircraft for moderate subsonic speeds.

Here, by "optimal configuration" we understand the configura-
tion which gives the best answer to a certain purpose. A more
realistic objective function to be minimized in the presence of
the engineering and airworthiness requirements, can lead to a
competitive aircraft, providing benefits, both for passengers and

tompanies. J
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Another argument which demands the adoption of a global opti-
mization procedure in the design process is the paradox, valid at
least as far as our personal experience is concerned, that while
aerodynamics, thermodynamics and stress analysis use the most soph-—
isticated computing methods, their results are used mainly to deci-
de whether a previously shaped by an "all experienced"” project
authority configuration is competitive, and not from to begining
in the process of giving that configuration the best shape for a
certain purpose.

11. THE AERODYNAMIC ANALYSIS

For the global aerodynamic characteristics (CL, CD, Cm) of a
complete wing — body - tail configuration, a panel method [11]
was used. Two rather hard approximations were adopted in order to
ensure minimum CPU time for the analysis procedure:

a) Following the idea introduced in [23, the cenfiguration
is replaced by its horizontal projection (plane xOy “shadow"). The
entire thin surface of this projection is divided into a number of
triangular or quadrilateral panels, associated, each of them, to
a horseshoe vortex filament.

b) For the friction drag, the flat plate assumption is ado-,
pted and consequently, on the wetted area the friction coefficient
Cf is calculated as a function of the Reynclds number on each sur-—
face strip {(without detachment).

The theoretical results obtained on the idealized configura-
tion of Fig. 1.b. were compared with the experimental data mea-
sured in the Trisonic Wind Tunnel of the Aviation Institute of
Bucharest, Romania, on a calibration model (Fig. l.a).

The comparative diagrams CL, CD, Cm versus incidence (Fig.2)
demonstrate that, in the domain of the small incidences, the ana-
lysis is in good agreement with the experiments. This meets our
interest because the above - mentioned optimization will be per—
formed at the cruise regime.

I11. THE OPTIMIZATION PROCEDURE

Considering the results of the aerodynamic analysis as accep-—
table, the corresponding algorithm can be included into an opti-
mization loop.

A generic aircraft configuration was defined by 18 geometrical
parameters (Fig. 3) as follows:

x1 - the span of the surface 1

x2 - the chord ratio of the surface 1
x2 - the rooct chord of the surface I
x4 — the span of the surface II
xS - the chord ratio of the surface II
L %6 — the logitudinal position of wing apex J
®x7 — the logitudinal position of the horizontal tail apex
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X8 - the wing span

9 == the wing chord ratico

¥10 - the chord ratio of the horizontal tail
x11 - the span of the horizontal tail

¥12 — the wing sweep angle

#1323 - the horizontal tail sweep angle

14 - the root chord of the horizontal tail
%15 — the incidence of the surface 1

v1é& — the incidence of the horizontal tail
»17 - the wing incidence

18 - the vroot chord of the wing

The geometrical characteristics of the vertical tail and the di -
hedral angle of the wing were done as input data.

The incidence of the surface 11 was assumed equal to that of the
surface 1.

These 18 parameters are the 12 dimensions of a hypersurface, des-
cribed by the objective function "F® which represents a sum of cvi-
teria of minimization.

Performing a statistical evaluation over a class of 30...50 pas-
senger aircrafts, the overall mass of an aircraft was deduced tc
be estimated by:

G = 100%Npax + Ka®Sa + Ktx(Sht + Svt) +f=5f + Goi 1)
where:
Npax — the number of the passengers
Sa - the effective wing area
Sht - the effective horizontal tail area
Svt - the effective vertical tail area
Sf -~ the %0y projected area of the fuselage

Goi =~ the inert mass of the aircraft ( & 7700 daN fov a
50 pax. and = S500 daN for a 30 pax. aircraft)

Ka — the specific weight of the wing (& 58.2 daN/m )
Kt — the specific weight of the tails (¥ 33.8 daN/m )
Kf — the specific weight of the fuselage (£ 40 daN/m )

In the present study the criterion of optimization was related
to the minimizaton of the CD/CL ratio satisfying simultaneously the
following constraints:

- the pitching moment My with respect to the gravity center
must be zero or very close to this; the position of the
gravity center is recalculated every time the configura-
tion changes.

- the lifting force must be equal to the overall weight of
the airplane in cruise flight.

~ the position of the wing and tails apexes must be loca-
ted within the fuselage length.

because "in an aircraft, the main part of the structu:
L re‘s weight is given by the material which ensures the J
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bending moment at the wing-body embeding” [3], an impor-
tant restriction was tco put a limitation on the bending
noment at the wing-body junction. In the absence of this
constraint the wing has the tendency to get a quite lav-—
ge aspect ratioc, typical for sailplanes.

There are many objective functions Fi(X) for a class of aircra -
fts which can be minimized or maximized. For example, [4]1, with
only four parameters (wing area, sweep angle, aspect ratio and the
relative thickness of it“s airfoil) a configuration was optimized
with four objective functions:

F1(X) — ramp weight (minimize)

F2(X) - mission fuel {(minimize)

F2(X) - 1ift to drag ratio at constant cruise Mach number
{maximize)

F4(X) — range with fixed ramp weight (maximize)

or some combination of these objective functions.

Mathematically the optimization procedure means to search and
find the minimum of the above—-mentioned hypersurface 1in the pre
sence of a number of given restrictions. The minimization problem
with the restrictions "g{(X)" is transformed intoc one without ves—
trictions using “the penalty functions methcd" [Z1. Each restyric—
tion is associated with a penalty function. If cne restriction 1is
violated, the corresponding penalty function is set to a great va-
lue:; thus the objective function becomes greater (far from mini-—
mum). If the restriction is satisfied, the penalty function is set
to zero: so it doesn’t affect the value of the cbjective function
FEX).

F(X) = CD/CL + :E:g;(X) = minimum { 2)
X = XU %l,00a00.,%18) « 3)

For the effective searching of the minimum of the objective
function F(X) the "one dimensional searching method" was adopted
[351].

First, for the "starting configuration” {meaning the configura-
tion determined by the initial values of the 18 optimization para-—
meters) a first value of the objective function is calculated.

Than, one of the parameters is altered by a step "r", while all
the others are kept constant:

X, = X+ raxg t4)
0< r <1

The aerodynamic analysis module is called and the value of the
objective function F(X) is computed. 1f its value is smaller than
the previous one the alteration of the parameter "x" is continued
until the value of F(X) begins to rise. In that moment the parame-—
ter x; is altered with -r.x; and the process of parameter x;, alte-
ration is initiated (Fig.4). When the optimization loop, contai- t&
ning all the 18 parameters is ended, the procedure is repeated wi
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a refined v, as long as r is superior to a selected error level.
The major disadvantage of this method is that a local minimum is

usually reached by altering only some of the parameters and it 1is

almost impossible to leave it. Besides of the parameters hierarcy,

which is not so easy to establish, the procedure was mcodified in

two different ways, in order to avoid the local minima:

a. At a certain value r the steps towards the minimum were
limited at only two per parameter, even if the value of the objec—
tive function is still decreasing (Fig.5a).

b. For every parameter the sign of r is determined for
which the objective function F(X) decreases. Then, all the parame-
ters are simultaneously altered as long as F(X) decreases. When an
increase in the value of F(X) is ncticed the sign determination
process is initiated again, followed by ancther phase of block al
teration of all the parameters (Fig.Sb). In this way, the aerody-
namic analysis module is called once for a configuration resul ted
from the simultaneous alteration of all the parameters, thus sav-
ing computer running time. This modified version of the optimiza -
tion procedure is somewhat similar to a gradient method but it do-
esn’t need the calculation of the parameter’s gradient vector.

IV. RESULTS AND DISCUSSION

The optimization procedure described above was transferred into
a FORTRAN computer code and several tests were performed to cer-—
tify its validity.

Among these tests, for example, the "FOKKER 27 - Friendship”
airplane, quite repreentative for the S0 seats class, was adopted
as a starting configuration in the idealized manner represented
in Figure 6, by the lowest possible number of panels, to permit
a fast aerodynamic analysis.

Denoting by "classic configuration" the wing—tail arrangement
in which the wing is placed ahead of the tail and by "canard
configuration” the well known tail in front of the wing arran-—
gement, the optimzation computer code was aprlied and the resul -
ts finally obtained are illustrated in Figures 7-9.

It can be noticed (Figure 7) that the aerodynamic (CL - CD?
characteristics of the classic-optimized configuration are not much
different from those classic - initial configuration, this pro
ving that the F-27 airplane is aerodynamically well designed.

In the same time, the canard - optimized configuration has ob
viously superior aerodynamic characteristics, when compared to
the initial (unoptimized) canard configuration (Fig. &) and even
compared to the classic - optimized configuration (Fig. 9).

During the optimization process an interesting fact was consi
dered to be the tendency of the fuselage to widen its rear end,
taking a shape somewhat similar tc a small aspect ratioc gothic
delta wing, thus increasing its contribution tc the global 1ift
of the airplane.

We must stress that the aerodynamic analysis module and even
the optimization algorithm used in the optimization procedure ex-—

]
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fémp]ed here are, of course, not the best tocols according to to-
day“s achievements, and any improvements in these directions co
uld lead to better results at the end of an optimzation loop.
Our choice was determined by the inherent limitations set by the
presently available to us, computer equipment.

The CYBER 170/720 computer was used to peirform the calculations
which lead to the results presented here. A single call of the
aerodynamic analysis module requires about 3 seconds CPU time for
an idealized configuration of 40 panels (Fig. &é). To reach the
optimum shape, at the moment when the relative error on "r" is
less than 0.0001, some 260-300 calls of the aerodynamic analysis
module are usually necessary.

The optimization code was used to define some of the principal
features of the external shape for a few other short/medium ran
ge commuters.

Such an example, reffering an airplane with a 70 passengers ca
pacity, flying at 650 km/h, 6000 m of altitude, is represented in
Figures 10 a,b. The thickness was added to complete the shape of
the idealized optimum configuration. Such a "thick" configuration
is suitable for a much more accurate aerodynamic analysis, perfor-—
med with better computer codes and even in the wind tunnel, in
order to obtain a realistic final verdict on the optimization pro-
cedure and its results. The rear end wide fuselage is quite noti
ceable. Apart the aerodynamic gains, this type of fuselage can
provide the passengers a better comfort, giving the opportunity
for a cabin arrangement similar to that of a wide body airplane
(Figure 11).

An indirect confirmation of these soclutions, analysed since
1988, [61, was offered by a recently published paper (71, which
reportss that studies are made to use an elliptical fuselage for
a long range, high capacity airliner.
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Fig.1.a. The calibration mo- Fig.1.b. The idealized geometry
del for wind tunnel testing. for panel method calculation.
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ABSTRACT

The Modified Garabedian-McFadden (MGM) design procedure was incorporated into an
existing 2D multigrid Navier-Stokes airfoil analysis method. The resulting design method is
an iterative procedure based on a residual-correction algorithm and permits the automated design
of airfoil sections with prescribed surface pressure distributions. The new design method, MG-
MGM, is demonstrated for several different transonic pressure distributions obtained from both
symmetric and cambered airfoil shapes. The airfoil profiles generated with the MG-MGM code
are compared to the original configurations to assess the capabilities of the inverse design method.

INTRODUCTION

The aerodynamic design of aircraft components is often carried out by means of one of the
following four approaches: a) cut-and-try analysis, b) indirect methods, ¢) optimization techniques,
and d) inverse design techniques. Unlike the cut-and-try method, the latter three design techniques
are far more automated, and can significantly reduce the overall engineering effort and calendar
time required for developing aircraft components and configurations with improved aerodynamic
performance or aerodynamic interference characteristics.

A common design approach is to specify, a priori, surface pressure distributions that have fa-
vorable aerodynamic characteristics at given freestream conditions. For example, an appropriately
chosen pressure distribution can be used to achieve certain desired lift and moment coefficient
goals, while a “weak-shock™ or “shock-free” distribution can be used to minimize wave drag
performance penalties. The automated design procedure is then used to generate, as efficiently
as possible, the configuration geometry which will cause the specified pressures to exist on the
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designed component. Obviously, the use of these automated design methods requires that the
aerodynamicist can specify, a priori, the desired pressure distributions for a particular application.

The most widely used aerodynamic design procedures for transonic-flow applications seem to
be based upon potential-low Computational Fluid Dynamics (CFD) methods.!= This trend is most
likely due to the relative low cost, in terms of computer-resource requirements, that is demonstrated
by CFD methods based on the Transonic Small Disturbance (TSD) equation or the Full Potential
equation (FPE). In the past decade, however, considerable interest has been demonstrated in the
use of higher-order CFD methods such as the Euler equations and the Reynolds-averaged Navier-
Stokes equations (RANS) for aerodynamic analyses in a variety of applications. Thus, there is
now an increasing interest in also developing design procedures based on these higher-order CFD
formulations.®10 If used during the design process, these higher-order CFD methods will help the
aerodynamicist to account for the occurrence of fluid dynamic effects or phenomena which are
not routinely predictable using potential flow methods.

Inreference 11, Garabedian and McFadden described an inverse acrodynamic design procedure
which they demonstrated using an existing FPE aerodynamics code. Their design method is based
on a residual-correction algorithm, which we will refer to here as the GM method, and can be
used to generate aerodynamic surfaces with prescribed surface pressure distributions. In reference
12, Malone, et al. presented a Modified Garabedian McFadden (MGM) design algorithm that
removed some limitations of the original GM technique. These authors applied the new MGM
design method, also using FPE aerodynamic analysis codes as a basis, to airfoil, axisymmetric
nacelle inlet, and 3-D nacelle inlet design problems. Later, Hazarika'® and Sankar used a FPE
CFD method to apply the MGM procedure to the design of blended wing-body configurations.
In a recent effort, Malone, et al.!* described the first use of the MGM residual-correction design
algorithm coupled with a 2-D Navier-Stokes solution procedure. Subsequently, a similar viscous-
flow design procedure using MGM was presented by Birckelbaw!?, and new applications of MGM
to multi-element airfoils using unstructured grids are under development.'®

The objective of the present research was to develop an accurate design method for viscous,
attached-flow, design problems which might be beyond the capability of potential-flow or Euler
methods, even those using interactive boundary-layer theories. Because the aerodynamic designer
normally seeks attached flow conditions, the method to be described is not expected to handle
separated flow design problems. However, by virtue of the fact that a Navier-Stokes method forms
the basis of the present procedure, the possible occurrence and extent of separated flow regions
can be directly computed and noted by the designer during the design process.

The following sections of this paper will describe the multigrid Navier-Stokes computational
procedure, the MGM design algorithm, implementation of the design procedure, and will also
present the results of several sample airfoil design problems.

NAVIER-STOKES SOLUTION PROCEDURE

The two-dimensional Navier-Stokes procedure used in the present work was originally de-
veloped by Swanson and Turkel.!” Their method solves the Reynolds-averaged form of the full
Navier-Stokes equations (neglecting body forces and heat sources) on a body-fitted computational
grid. The mathematical formulation in generalized coordinates consists of a non-dimensionalized
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set of equations cast in a strong conservative form:

Qi+ D¢ + Ep = iMoo Re ' (G + Hy) (1)

In Eq. (1), Q is the vector of conserved flow variables, which are themselves combinations
of the usual primitive variables, density (p), the components of fluid velocity (u,v), and the fluid
total energy (e). The quantity M, is the freestream Mach number and, Re. is the Reynolds
number. The vectors D and E are the inviscid flux vectors in the ¢ and » coordinate directions,
respectively. Also, the vectors G and H are the viscous flux terms in the corresponding coordinate
directions. The techniques used to solve Eq. (1) are given in Refs. 17, 18, and 19. Here we
present only a brief description of the Navier-Stokes solution procedure.

The spatial derivatives in the time-dependent Navier-Stokes equations are approximated
with central differences. A cell-centered finite-volume technique is used to obtain the spatial
discretization. For sufficiently smooth meshes the discretizations are second-order accurate.
Adaptive numerical dissipation terms are appended to the resulting semidiscrete formulation.
These terms, which are a blending of second and fourth differences, are included to provide
shock capturing capability and to give the necessary background dissipation for convergence. In
smooth regions of a flow field the dissipation terms are third order. The semidiscrete equations
are integrated in time with a modified five stage explicit Runge-Kutta scheme. On the first, third,
and fifth stages there is a weighted evaluation of the dissipation terms, which results in a good
parabolic stability limit. The physical diffusion terms are evaluated only on the first stage and
frozen for the remaining stages, without compromising stability. The decoupling of the temporal
and spatial discretization makes the scheme amenable to convergence acceleration techniques,
which are very beneficial in the computation of steady flows.

Three techniques are employed to accelerate convergence to steady state. The first one is local
time-stepping, where the solution at any point in the domain is advanced at the maximum time step
allowed by stability. This results in faster signal propagation, and thus, faster convergence. The
second technique is variable coefficient implicit residual smoothing. It can be regarded as simply
a mathematical step applied after each Runge-Kutta stage to extend the local stability range. The
third technique is multigrid. A multigrid method involves the application of a sequence of meshes
to a discrete problem to accelerate convergence of the time-stepping scheme. Successively coarser
meshes can be generated by starting with the desired fine mesh and eliminating every other mesh
line in each coordinate direction. An equivalent fine grid problem is defined on each coarse grid.
Appropriate operators are introduced to transfer information between the meshes. In the method
applied here a fixed W-type cycle is used to execute the multigrid strategy. The efficiency of the
multigrid process depends strongly upon effective high frequency damping characteristics of the
driving scheme. Such damping behavior is provided by the five stage Runge-Kutta scheme. The
good smoothing of the highest frequencies on the coarser meshes allows rapid removal of the low
frequency errors in the fine grid solution. There are two additional advantages of the multignid
method. First, less computational effort is required on the coarser meshes. Second, information
is propagated faster on the coarser meshes due to larger allowable time steps.

Figure 1 presents typical computed lifts and moments for an NACA 0012 airfoil to demonstrate
the capability of the multigrid algorithm for aerodynamic analysis applications. Turbulence closure
was obtained with the Baldwin -Lomax model.
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MGM DESIGN PROCEDURE

The MGM design method can be classified as a residual-correction technique, in which the
residuals are the difference between the desired speed distribution and the computed distribution.
Over the past decade a number of residual-correction methods have been developed, such as the
“wavy-wall” approach of Davis.* The methods differ primarily in the manner in which changes
in residual are related to changes in surface shape. The MGM algorithm itself consists of an
auxiliary PDE that is solved for incremental changes in surface coordinates during each design
cycle. The final aerodynamic shape is approached in a stepwise fashion through a cyclical iteration
between the flow solver and the MGM algorithm.

Mathematical Formulation

The MGM auxiliary PDE is heuristic in derivation and assumes that changes in surface
pressures are proportional to changes in airfoil surface slopes and curvatures. For two-dimensional
flow about an airfoil configuration, the auxiliary equation is given by

FOSt+FISrt+FBSIIt =R (2)

where R is the residual, defined as R = ¢7 — q?. The quantities g and g, are the computed
and target speed distributions, the coordinate z is the usual cartesian coordinate taken here to lie
along the airfoil chordline, and the coefficients Fy, Fi, and F, are constants chosen to provide
a stable iterative process. Figure 2 shows how this auxiliary equation is typically incorporated
into existing flow solution procedures. The computed surface velocities are normally obtained
from partially converged numerical solutions to the fiow equations under consideration at a given
value of time, ¢. During the design process, as g, approaches g, the right-hand side of Eq. (2) 1s
reduced, and subsequent solutions of the auxiliary equation yield minimal changes in the airfoil
surface coordinates.

Next, Eq. (2) is written in terms of a correction to the airfoil coordinates, AS, by using the
temporal derivatives and choosing At = 1, so that Eq. (2) can then be written as:

FoAS + Fi(AS), + F2(AS),, = R (3)

Numerical Solution Procedure

The auxiliary PDE is solved by writing finite-difference expressions for each term of Eq.
(3). The computational grid used to solve this equation is the same grid used for the fluid-
dynamic equations, which for the present Navier-Stokes solver, is an algebraically generated
C-grid topology. Equation (3) is solved only along the airfoil surface, so that only the grid-line
clustering in the r or streamwise direction is of importance.

Assuming that there are a total of N computational points on the airfoil surface, Eq. (3) is
written for each of these points, ¢, where 1 <7 < N. A typical equation evaluated at the i th
point on the surface is

AiAYip + BiAY, + CilAYi = R 4)
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The coefficients A;, B;, and C; are evaluated by means of standard finite difference expressions,
and AY; is the incremental change in surface coordinate, AS, at the i th computational point.
Equation (4) is evaluated at each point, 7, around the airfoil surface, leading to a system of
equations with N’ unknowns, the AY; values. At each point on the aerodynamic surface, AY] is
coupled to values at each neighboring point. The resulting algebraic equations form a tridiagonal
system that is solved for values of AY; using the Thomas algorithm.?!

The design cycle is completed by updating the previous surface geometry using the new
values of AY; as follows:

Yrew = Yol LAY, fori=1toN (5)
Additional details of the MGM algorithm can be found in References 12 and 14.
Trailing-Edge Crossover

The present inverse procedure was developed to permit the design of complete airfoil surfaces,
including the leading-edge and trailing-edge regions. However, a completely arbitrary choice for
a target pressure distribution does not always result in a well-posed inverse design problem.
For example, Volpe* has presented a technique to satisfy the three integral constraints relating
target pressures and freestream conditions that are required to insure a well-posed problem in
compressible flow. As a possible consequence of using unconstrained target pressures, any inverse
procedure may produce an airfoil geometry which may exhibit trailing-edge crossover, or lead to
other unrealistic configurations.

Therefore an artifice is used in the present work so that the trailing edge thickness can be
controlled and so that any tendency of the airfoil to “fish-tail” is identified. If the geometry
is driven to a “fish-tail” configuration (trailing-edge crossover), a linear wedge is added to the
airfoil section so that the resulting trailing-edge thickness equals a predetermined value. It has
been demonstrated that this wedge technique can give some measure of control over the potental
manufacturability of airfoil configurations generated by automated design procedures.?? It should
be noted that if the above wedging technique is required continuously during the design process,
the original target pressures should be examined for possible modification along the lines discussed
by Volpe*. A technique such as this may be used to modify these pressure distributions in order
to rigorously provide for a well posed inverse design problem.

RESULTS

The MGM design procedure has been incorporated into the 2-D Navier-Stokes code described
previously. The resulting computer program is referred to here as the MG-MGM code. In this
section, we present three sample problems to illustrate application of the design method. Target
pressures are obtained from a known “target geometry”, and the inverse design method is then
used to “reproduce” the original “target” configuration. These test cases demonstrate that the
starting geometry, or baseline configuration, used to start the design process does not have to be
“close” in thickness or camber to the target geometry.
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Several parameters were held constant for each of the sample problems. A “W-type” multigrid
cycle was used throughout, together with five successive levels of grid refinement. Also, five
“Wmultigrid cycles were used between all airfoil geometry updates (ie. one design cycle). The
computational C-grid used consisted of 321 nodes in the wrap-around, or {-direction (33 of these
in the wake region) and 64 nodes in the surface-normal, or n—direction, for a total of 20,544 grid
points. The first = constant grid line was clustered to within 0.0001 chord lengths from the
airfoil surface. Since each point on the airfoil surface is allowed to move independently, each
can be thought of as an independent variable in the context of an optimization problem. For the
cases presented above, there were 257 such points around the airfoil surface.

For each case presented, a total of 160 design cycles (i.e. geometry updates) were specified.
The program was executed on a Cray 2 and each airfoil design required approximately 16 minutes
of CPU. Comparable Euler designs would require approximately 11 minutes on the same machine
for a similarly dimensioned grid.

Design Case No. 1

For Case No. 1, the MG-MGM code was first used in the analysis mode to compute the
surface pressures corresponding to an RAE 2822 airfoil at A/ = 0.8, an angle of attack, a, equal
to zero degrees, and Re. = 6,500,000, based on airfoil chord.

This calculated C,, distribution was then used as a target distribution for the MG-MGM code
operated in the design mode. The baseline airfoil used to start the design was an NACA 0012
section. As shown in Fig. 3, this airfoil is significantly different in shape from the RAE 2822
airfoil used to produce the target pressure distribution. In this figure, as well as others depicting
airfoil geometry, the vertical scale has been expanded.

Figure 4 compares the design and target airfoil pressures after 40 design cycles while Fig.
5 compares the design and target airfoil contours at this point in the design process. Figures 6
and 7 present the corresponding comparisons for pressure and geometry after 160 design cycles.
Figure 8 shows the results of a separate analysis computation performed after the design was
completed. This analysis started from uniform freestream conditions (impulsive start) and used
the grid produced by the designed airfoil contour given in Fig. 7. The comparison between design
and target pressures is actually better than that observed during the design process. This better
correlation exists because the pressures obtained during the design process are generated with only
a small number of multigrid cycles on the latest computational grid. The final design corresponds
to 160 updates to the airfoil geometry and 160 grid-generation steps. The MGM design algorithm
itself is not computationally intensive, and because a simple algebraic grid generation scheme is
also used in the present application, the computational overhead represents only a small fractional
increase over that which would be required to run the original CFD method.in the analysis mode.

Design Case No. 2

For Case No. 2, the MG-MGM code was used in the analysis mode to compute the surface
pressures corresponding to an NACA 0012 airfoil at M, = 0.8, an angle of attack, o = 2.0
degrees, and Re. = 6,500,000, based on airfoil chord.

This calculated C,, distribution was again used as a target distribution for the MG-MGM code
operated in the design mode. This time the baseline airfoil was also an NACA (0012 section.
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However, during the design process, the freestream angle of attack was kept at o = 0.0 degrees.
This case was used to study the possible effects that a mismatch between specified pressures and
angle of attack might have on the design process. Figure 9 compares the baseline and target airfoil
pressures for this case. As would be expected for a transonic flight condition, the shock wave
locations are significantly different for the a = 2.0 targets and the o = 0.0 baseline condition.

Figure 10 compares the design and target airfoil pressures after 40 design cycles, while Fig.
11 compares the design and target airfoil contours at this point in the design process. As can be
seen in Fig. 11, after 40 design cycles the airfoil surface has already been rotated upwards to
adjust to the target pressure. Figure 12 presents a comparison of the geometry after 160 design
cycles. As in the previous case, a separate analysis run was performed to verify the airfoil design.
Figure 13 shows the results of the separate analysis computation performed after the design was
completed. This analysis started from uniform freestream conditions (impulsive start) and used
the grid produced by the designed airfoil contour given in Fig. 12. Finally Fig. 14 shows a
plot of the average A¢® versus multigrid work for the 800 multigrid cycles. This quantity drops
approximately two orders of magnitude during the design process and is used to monitor the
progress of the design algorithm.

Design Case No. 3

The final example problem, design Case No. 3, was chosen to demonstrate that large geometric
changes can be achieved with the MGM design algorithm. For this application, the target pressures
corresponded to an NACA 0012 airfoil at M= 0.8, angle of attack, a = 0.0 degrees, and Re,
= 6,500,000, based on airfoil chord. The baseline configuration used was an NACA 0006 airfoil.
A comparison of the target and final design airfoil shapes is shown in Fig. 15. A comparison
of the target pressures, and those obtained from a separate analysis (impulsive start) of the final
design configuration are shown in Fig. 16. In this example, an airfoil design was successfully
accomplished which required a 100% increase in airfoil thickness over that of the baseline airfoil
shape.

CONCLUDING REMARKS

The MGM design procedure has been incorporated into an existing multigrid Navier-Stokes
code. The computational efficiency of the method indicates that it is a viable tool for the
design process. The actual computational effort of this design method depends, of course, on
the complexity of the target pressure distributions chosen. Normally, aerodynamicists would seek
to eliminate shockwaves due to the impact of wave drag on performance. Previous experience
with the MGM algorithm!* indicates that shock-free design applications require about 50% less
computational effort than for flows with shockwaves present. The transonic flow cases shown
here were picked, in part, to demonstrate the design algorithm’s robustness and ability to respond
correctly to shockwaves in the flowfield. This feature is important because regions of sonic flow
may be created locally near regions of high airfoil curvature even at relatively low freestream
Mach numbers.

Because of the computer resource requirements, any Navier-Stokes based design method would
likely be used in combination with other, lower-cost design methods. For example, an initial
airfoil shape designed with a FPE method may prove to be an excellent starting configuration for
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a higher-order design approach. Used in this manner, the present Navier-Stokes inverse design
method should then be able to account for viscous fliowfield phenomena that may not be detected
or predicted accurately enough by other methods based on FPE or Euler solution procedures.

10.

11.
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1. ABSTRACT L’ foe

The objective of this paper is to compare two closely-related methods for aerodynaraic design
optimization. The methods, called the “implicit gradient” approach and the “variational” (or
“optimal control”) approach, both attempt to obtain gradients necessary for numerical optimization
at a cost significantly less than that of the usual black-box approach that employs finite difference
gradients. While the two methods are seemingly quite different, they are shown to differ
(essentially) in that the order of discretizing the continuous problem, and of applying calculus,
is interchanged. Under certain circumstances, the two methods turn out to be identical. We
explore the relationship between these methods by applying them to a model problem for duct
flow that has many features in common with transonic flow over an airfoil. We find that the
gradients computed by the variational method can sometimes be sufficiently inaccurate to cause
the optimization to fail.

al Al J
> o€ "

2. INTRODUCTION

We first define what we mean by “analysis” and “design” in the context of computational
aerodynamics. In the “analysis problem” we seek to determine the aerodynamic flow, given a
description of the geometry of an airfoil or aircraft. In the “design problem” we seek to do the
inverse; given the flow, find the geometry that will produce it. Here, we are concerned with
methods for solving the design problem that are based on coupling solutions of the discretized
analysis problem with numerical optimization procedures.

In a previous paper [4] we compared three optimization-based approaches for solving com-
putational aerodynamics design problems. (Actually, the methods apply to many computational
physics design optimization problems.) The optimization methods are (i) the commeon “black-
box” method with finite difference gradients, (ii) a modification where the gradients are found
by an algorithm based on the implicit function theorem (hereafter called the implicit gradient ap-
proach), and (iii) an “all-at-once” method where the flow and design variables are simultaneously
altered. We also showed that the implicit gradient approach was very closely related to a partic-
ular “variational” or “optimal control” approach to design optimization that has recently attracted
interest (e.g., [5]). The purpose of the present paper is to further explore this relationship. (We
note that the close relationship between nonlinear optimization and optimal control has apparently
been known for some time[2][6]. However, this relationship appears to be little-known among
practitioners in applications disciplines utilizing these mathematical techniques.)

The finite difference approach to obtaining gradients is conceptually the simplest, but it is
ordinarily prohibitively expensive for practical problems, since it requires at least one solution
of an analysis problem for each design parameter. Both the implicit gradient approach and
the variational approach have the objective of determining gradients needed in an optimizatioﬂ
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l;)rocedure at a significantly reduced cost. Both approaches involve using “calculus-like” opcrations_l
to derive the formulas employed in finding the gradients. As explained later, the procedures differ
in that the order of applying calculus, and of discretizing the continuous problem, are interchanged.
Because the implicit gradient approach applies to an already discretized analysis problem, it can be
used to “retrofit” many analysis codes to produce inexpensive gradients for design optimization;
see [7] for details.

3. MODEL PROBLEM

3.1 Continuous Analysis Problem

In [4] we showed how the steady flow of an inviscid fluid in a duct of variable cross-sectional
area A(¢), governed by the Euler equations, can (under certain circumstances) be reduced to the
single nonlinear ordinary differential equation

fe+g=0 (1)
where

fy=ut B, g = S /),

u(€) is the fluid velocity, ¢ is distance along the duct, and ¥ and H are given constants. Here, the
subscript ¢ means differentiation with respect to {. While a much more careful specification was
given in [4], roughly speaking the continuous analysis problem is to find w, given a differentiable
area function A(¢) and the specified boundary values u(£ = 0) and u(§ = 1). These boundary
values are chosen so that the (weak) solution of (1) contains a shock.

3.2 Discrete Analysis Problem

Let the ¢-coordinate be discretized by a uniform, cell-centered grid with centers at {; =
(j — 1/2)h, AE = 1/J, where J is the number of unknown grid values. Let U; represent a
piecewise constant approximation to u on each grid cell. Then, a conservative difference scheme
for (1) 1is given by

_ fiv1y2 — fi-1p2 +

W; A 9; =0 (2)
Here the source term g; = g(U;, (A¢/A);) and we assume that the duct shape A({) is given by a
piecewise cubic spline described in the B-spline basis with coefficients D, form = 1,2,...,. M

and that A(0) and A(1) are fixed. (A¢/A); is obtained by evaluating the spline and its derivative
at £;. The boundary conditions on U are Uy = u({ = 0) and Uy4; = u(§ = 1). The fluxes
fi+1/2. as functions of U; and Uj41, are chosen to correspond to the Godunov, Engquist-Osher,
or Artificial Viscosity methods for numerically approximating hyperbolic conservation laws [4].

Once the discretization has been made, we are faced with solving a system of nonlinear
algebraic equations. The system is

Given: D,,, m = 1,..., M (spline coefficients describing A({)).
Find: U; satisfying

W(U) = 0. (3)
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l— Here W is the vector of discretized equations (2) for j = 1,2,...,J and the boundarﬂ
conditions on U.

3.3 Continuous Design Problem

We want to formulate the design problem as a minimization problem. It is:

Given: a desired (or goal) velocity ().

Let: h(u) = §(u(€) - (€))%, £(u) = Jy h(u)dt.
Find: A(€) such that u(¢) satisfies (1) and £(u) is minimized.

3.4 Discrete Design Problem

We assume that a desired (or goal) velocity distribution U ; is given for each computational
cell in the analysis problem. Then we have

Given: U;, j =1,...,J.
: J
Let H; = 3(U; = U;)*, F(U) = i, Hj.
Find: D,,, m = 1,2,..., M (spline coefficients describing A(€)) such that (3) is satisfied
and F(U) is minimized.

4. COMPARISON OF THE IMPLICIT GRADIENT APPROACH AND
THE VARIATIONAL APPROACH

In this section, we compare two closely-related, optimization-based approaches to finding an
approximate solution to the “Continuous Design Problem” posed above. In each case, function
values needed in the optimization are obtained by solving a discrete analysis problem and
evaluating a discrete form of the objective function (and constraints). The key question is how
gradients needed in the optimization are computed:

1. Implicit gradient approach. Discretize the problem first to obtain the “Discrete Design
Problem,” then find a formula for the gradients by using the implicit function theorem.

2. Variational (or control theory) approach. Find a formula for the “gradients” for the
continuous problem (i.e., in infinite dimensional space). This formula involves the solution
of the analysis problem, and the solution of another differential equation called the adjoint
problem. Discretize both the forward and adjoint problems, then evaluate the formula to get
the gradient.

After the gradients are obtained, the function values and gradients are used in an optimization
procedure to improve the current estimate of the design variables. As can be seen, these ap-
proaches differ, essentially, in that the order of discretizing, and of doing calculus-like operations,
is interchanged.

4.1 Implicit Gradient Approach

The implicit gradient approach is a natural extension of the usual black-box method wherein
gradients needed in the optimization are obtained by finite differences. We thus first introduce the
black box method. We do so in a somewhat general setting, then specialize to the model problem.

We assume that the design problem has already been discretized. Let ny and np be the
Lnumbcr of flow variables U/ and design variables D, respectively. (In the duct flow modelj
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rproblcm, the flow variables are the velocities, and the design variables are the spline coefﬁcicnt;l
describing the geometry.) Then we seek to solve

minimize F (D) ,
D e R (4)
subject to C(D) >0,

where F(D) is the objective function and C(D) is a vector of mp constraint functions. In the
black-box method, each evaluation of F(D) requires a solution by the analysis code.

For simplicity, the unconstrained version of (4) is considered below. However, the results
apply to the constrained problem as well.

As in our model problem, the function F will often be formulated in terms of the flow
variables U/. In this situation, F is dependent on the design variables D in an indirect manner.
That is, the flow variables U are linked to the design variables D via the discretization of the
differential equations, since the flow variables will change when the geometry is altered. In the
general case, F' will have both a direct dependence on D and an indirect dependence on D, due to
the dependence of U on D. Thus, one could consider the objective function to be F(U(D), D).
The term U(D) indicates that, given D, the value of U is obtained by solving an analysis problem.

Assume that the analysis problem has been discretized (as in Section 3.2) so that an analysis
consists of solving a system of nonlinear equations. In this case function evaluations for the
black-box method are computed as follows. Given a design specified by D, the analysis code
solves W(U) = 0, where U is the vector of ny; flow variables and W is a vector of ny nonlinear
equations. Since the analysis problem is an implicit function of D it can be viewed as solving

W(U,D) =0 (5)

for U, given a design specified by D. When gradients are obtained by finite differences, each
component of D is successively perturbed, and (5) is re-solved to get a perturbed value of U.

We now review how gradients can be obtained without recourse to finite differences. Suppose
that U and D are considered as subsets of the ny + np vector X given by

X=( U |D); (6)

the Jacobian (first-derivative) matrix of (5) is then

J= JU | JD 3 (7)
|

where J is ny x (ny + np), Jy is the ny x ny Jacobian with respect to the flow variables and
Jp is the ny x np Jacobian with respect to the design variables. (The partitioned view of the
Jacobian implies ny > np; this will usually be the case.) Note that Jy is sometimes available
in analysis codes, especially those based on Newton’s method and variants. Jp may, or may
not, be easily obtainable. (The availability of Ji; and Jp in computational aerodynamics codes
is discussed in [7].)
Consider the function F(U, D), where F is the same as the black-box method objective
function F, except that I/ and D are considered to be independent of each other. The function
I_I:"(U, D) is then equivalent to the black-box method objective function F° (U(D), D) only wher_ml
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I—(S) is satisfied. The gradients V D]:“(X ) and Vy F(X ) are ordinarily “easy” to obtain becaus;l
of the assumed independence.

However, the optimization code requires VpF, the gradient of the black-box objective
function F with respect to the design variables D. As shown in [4], this gradient is given by

VpF(X)=VpF(X)-JhizT vy F(X) . (8)

Here, superscript T indicates transpose. The derivadon of (8) assumes that we are at a solution
of (5).
The following algorithm could be used for computing V p F using (8):

i. Compute VyF and VpF
ii. Solve JJA = —VyF for A
iii. Compute VpF = VpF + JTA.

Note that the minus sign is associated with the second step of the algorithm to facilitate
comparison with the variational approach later. Note also that, if it is difficult to solve linear
systems with the matrix Jg, the linear algebra in (8) can be rearranged as (JJIJD)TVUF'(X),
requiring np solves with Jy;. Observe that J;; 1Jp is the matrix of “sensitivities” of the solution
U with respect to the design variables D. ,

We now apply this algorithm to the model problem and give a complete specification of one
evaluation of a gradient during the optimization.

Implicit gradient algorithm for model problem:

1. Given the current estimate of the design variables D,,, solve the discrete analysis problem (3).
. Compute VyF = U — U and VpF = 0.
3. Given the Jacobian Jy of the discretized flow equations with respect to the flow variables U,
evaluated at the solution, solve JJA = —(U — U) for A
4. Given the Jacobian Jp of the discretized flow equations with respect to the design variables
D, evaluated at the solution, compute the gradient VpF = JgA

"~ 4.2 Variational Approach

In the variational approach, we deal first with the “Continuous Design Problem,” and use
calculus to derive an infinite dimensional “gradient.” We then discretize the problem. Since it
1s somewhat cumbersome to present the methodology for a general case, we specialize to the
model problem immediately.

For technical reasons that will become apparent later, it is desirable to augment the governing
differential equation (1) with an artificial viscosity term eug, giving

w(u,d) = —euge + fe + g(u,d) = 0. (9)
Here, d(¢) is a function that controls A¢/A.

Recalling that h(u) = 1(u(€) — (€))%, the Lagrangian is

1 1
] L= /0 h(u)de + /0 ME)w(u, d)de,
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End A(€) is an adjoint function that is the continuous analogue of Lagrange multipliers. Applying_]
the calculus of variations, and doing the usual integration-by-parts, we find that the variation of
the Lagrangian is

6L = [—e(Abug — Aebu) + 6(Af))}

1 1
+/ (—edee — fure + guA + hy)bud + / Awg(6d)d¢.
0 0
(Note wy = g4.) The second term can be made to vanish by requiring that the adjoint equation
—C/\ff - fu/\f + gu)‘ = —hu (10)

be satisfied. In (10), fu,gu, and h, are given functions of £, since they are evaluated at u(¢),
the solution of (9). The integrated term | ](1] vanishes since §u(0) = éu(1l) = 0 and we choose
A(0) = A(1) = 0 as the boundary conditions on the adjoint A. Then, the “gradient” of the
continuous design problem with respect to changes in the controlling function d is expressed by
the variational formula

5 = /1 Mwg(6d)de. (11)
0

We now need to discretize (9), (10), and (11). We assume that (9) is discretized by one of
the methods described in Section 3.2. Thus, the discretization of the analysis problem is assumed
here to be the same as for the implicit gradient approach. (In general, of course, this need not be
s0.) While those discretizations (the G-, EO, and AV-schemes) are designed to solve the inviscid
(¢ = 0) equation, they in fact all incorporate some kind of artificial viscous effects, either by
upwinding (G and EO) or by explicit artificial viscosity (AV). That is why we added the viscous
term in (9): so it would appear in equation (10), and thus guide us to reasonable discretizations
of the adjoint equation.

Let the computational grid be as described in Section 3.2, and A; be the approximation to A
on the grid. Noting that h, = u — 1, let us take the discretization of the (10) to be given by

BA = —(U -1),

where the difference operator B remains to be specified. Note that this equation is linear in A
since (10) is linear in A.

Finally, to discretize (11) we could use any reasonable quadrature formula. However, we
choose to use the rectangle rule, which gives for the k-th component of the gradient

J
(VoF)e = >_(W;)D,A;.
=1

Here, (W;)p, is the derivative of the j—th discrete flow equation with respect to the k—th design
variable. In matrix notation, this is none other than

VpF = JRA,

so we have again deliberately chosen the discretization to agree with Step 4 of the implicit
dient algorithm.
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I— Gathering these pieces together, a complete specification of one evaluation of a gradient in_]
an optimization procedure is given below.

Variational algorithm for model problem:

1. Given the current estimate of the design variables D,,, solve the discrete analysis problem 3)

2. Compute Vi = U — U and VpF = 0.

3. Solve the discrete adjoint equation BA = —(U — ) for A

4. Given the Jacobian Jp of the discretized flow equations with respect to the design variables
D, evaluated at the solution, compute the gradient VpF = JEA

As we have constructed this algorithm, it differs from the implicit gradient algorithm only
in step 3. The two procedures are identical if we choose B = Jg , the transpose of the Jacobian
of the analysis problem, evaluated at a solution of the analysis problem. Looked at another
way, a particular choice of a discretization of the analysis problem, and the associated Jacobian
Juy. suggests a specific choice of the discretization B of the adjoint problem, namely B = Jg .
Pursuing this idea, let (Jy)g,(Ju)Eo, and (Jy)av denote the Jacobians associated with the G,
EO, and AV schemes for the analysis problem, respectively. Then three possible discretizations
of the adjoint are given by B = (Jy)5,B = (Ju)%o, and B = (Jy)%,,. We note that two of
these, (Ju)g and (JU)EO, do not correspond to obvious discretizations of the adjoint equation
(10). This is largely due to the careful treatment of “sonic points” (points where f, = 0) and
shocks in the G and EO schemes.

. Let us call the discretizations of the forward and adjoint problems incompatible if B # Jg .
This means that the discrete analysis problem and the discrete adjoint problem are not discretely
adjoint. Tt is precisely the effect of such incompatibility that we want to test. Thus, to carry out
such tests we may solve the forward problem with (say) the G-scheme, but choose the adjoint
discretization to be B = (JU)EO. Such comparisons will be pursued in the Numerical Results
section, below. There, we will use the notation [G, (Jy )L, to refer to such a combination.

We may also look at (10) directly and ask “what is a good way to discretize this differential
equation?” It turns out that, for our model and test cases, f, changes sign once, and g, > 0.
For small ¢, (10) is thus a singular perturbation, two-point boundary value problem with a
turning-point. A good numerical method for such problems is the El-Mistakawy—Werle scheme;
a complete specification of this scheme, and an analysis which applies directly to the cases tested
below, is given in [1]. That analysis shows that, for our test cases, the adjoint function A s
“smooth” in the interior of the domain and has boundary layers at both ends. We will refer
to this scheme for solving (10) as the EMW scheme. (In the results presented later, we took
¢ = 105 and used linear interpolation to move between the “point-centered” grid natural to the
EMW scheme and the “cell-centered” grid used in the analysis solvers.)

4.3 What is the “correct” gradient?

When we use the variational formulation described above, and we choose B to be anything
other than Jg; , we will obtain a gradient different from the one obtained by the implicit gradient
approach. This raises the issue of which gradient is “correct.” There are two different philosophical
points of view. The first holds that, since we are really computing an approximation to the
continuous design problem, both gradients represent different approximations to the “continuous
gradient,” and hence neither is correct. The second holds that, irrespective of the continuous
problem, our goal in computation is to solve the discrete design problem. We are more inclined

Lto adopt the second point of view. Thus, we feel that (modulo finite precision arithmetic) thﬂ
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Emplicit gradient is the correct one, and that the variational formulation only yields the correct-‘
gradient when the particular discretization of the adjoint represented by B = JLT is chosen.

5. NUMERICAL RESULTS

In this section we present numerical results obtained by solving the discrete design problem
for duct flow described in Section 3, utilizing gradients computed by the implicit gradient and
variational methods of Section 4. As constructed in Section 4, these methods differ only in step
three of the algorithms, and they are identical if in step three of the variational algorithm we
choose B = Jg;, the transpose of the Jacobian of the discrete analysis problem with respect to the
flow variables. The specific algorithm used below is thus specified by the choice of B. We will
first outline the optimization methods and test cases used. Then we will report on some tests using
controlled amounts of gradient error, and compare the implicit gradient and variational methods.

5.1 Optimization Methods

The basic optimization code used was NPSOL version 2.0, a product of the Systems
Optimization Laboratory, Stanford University. NPSOL is an implementation of the Sequential
Quadratic Programming (SQP) method. NPSOL 2.0 computes a secant approximation to the
Hessian (2nd derivative) matrix and the user supplies first derivatives. Results obtained with an
optimization method similar to steepest descent are not reported here, but may be found in [8].

5.2 Test Cases

For our tests, the design variables (called D in Section 4) were the B-spline coefficients
describing the duct geometry A(£). The two end values of A were fixed at A(0) = 1.050 and
A(1) = 1.745. Velocities along the duct were the flow variables (called U in Section 4) for the
duct design problem. We took J = 40 grid cells, so there were ny = 40 flow variables; this
gives resolution about equal to what might be expected in practical computations. The boundary
conditions were Uy = 1.299 and Uy = 0.506. In the optimization runs Newton’s method was
used to solve the analysis problem (3), and the analyses were “warm started." That is, the initial
guesses for the flow velocities were taken to be the solutions from the preceding analysis. The
initial velocity profile for the first analysis in an optimization run was a linear profile connecting
the boundary conditions. The goal velocities U; were the evaluations on the computational grid
of the analytic solution for a goal duct shape with a cross-sectional area given by a sinusoidal
perturbation of the linear duct. These area and velocity profiles are the curves marked (X) in
Figure 1. No constraints were imposed in these tests. Without constraining the geomertry, it is
possible for the optimizer to generate designs that cannot be analyzed (the analysis problem has
no solution). In this case, we assign a large function value and return to the optimizer. The
optimizations were allowed a maximum of 70 major iterations, which is considerably more than
would be tolerable in practical use. (This corresponds, very roughly, to a maximum amount of
work equivalent to 1000 linear system solutions with the Jacobian of the analysis problem.)

The majority of the tests were conducted with np = 2 design variables. For these tests, three
initial guesses for the design variables were selected. These three guesses yield solutions of the
analysis problem shown in Figure 1. A contour plot showing the dependence of the objective
function on the design variables is displayed in Figure 2. (This plot is for the AV-scheme; the
plots for the other schemes are similar.) Also shown are the locations of the optimum and of
the three initial guesses of D. The contour plot shows a narrow valley with steep sides and Eil
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[;elatively flat bottom. Descending the steep sides corresponds (roughly) to getting the shock in~|
the correct location; this has the largest impact on reducing the objective function and is relatively
easy for the optimizer. Moving along the valley bottom corresponds to getting the other details
of the velocity profile right. This is much harder to do. Thus guess 1 corresponds to a relatively
difficult problem, while guesses 2 and 3 correspond to problems that are somewhat easier.

5.3 Controlled gradient error tests.

Since we cannot directly control the gradient errors that are obtained when using incompatible
discretizations of the forward and adjoint problems, we first conducted some controlled gradient
error tests. In these tests we first obtained the correct gradient using the implicit gradient method,
and then added controlled amounts of random error to the gradient. The quantitative results
are given in [8]. We were surprised to find that the optimizations began to fail at fairly small
amounts (a few percent) of gradient error.

The trust region methods for step size determination in optimization used in [3] apparently
worked with a much higher level of relative error in the gradients. However, we found that trust
region methods were not much better then line search methods (like in NPSOL) when applied to
our model, which is apparently a “harder” problem than many standard optimization test cases.

5.4 Tests comparing the implicit gradient and variational approaches

We now proceed to compare results obtained with the implicit gradient and variational
approaches.

The optimizations were run with the twelve combinations of analysis and adjoint solvers
shown in Table 1. The discretizations of the analysis problem indicated by G, EO, and AV
correspond to the Godunov, Engquist-Osher, and Artificial Viscosity schemes (described in Section
3.2), respectively. The discretizations of the adjoint problem are as described at the end of
Section 4.2. Here, the notation B = (Jy )g means, for example, that the discretization of the
adjoint differential equation in step 3 of the Variational Algorithm is given by the transpose
of the Jacobian of the analysis problem when the Godunov scheme is used. The particular
combinations [G, (Jy)Z], [EO, (Ju)Eo), and [AV, (Jy)%y,] mean that the forward and adjoint
solvers are discretely adjoint, and thus that the implicit gradient method is being used. In all
other cases, the analysis and adjoint solvers are incompatible (not discretely adjoint).

The qualitative results of Table 1 show that the only reliable combinations of forward and
adjoint solvers are those corresponding to the implicit gradient method. There does not seem to
be any other discernible pattern in the results. An examination of more quantitative data, like
final value of the objective function and specific amounts of work used, also yield little additional
useful information. An examination of the gradients obtained by the variational method (not
discretely adjoint) shows that the relative error compared to the correct (implicit) gradient is often
more than a few percent, and that the gradients are in error both in direction and magnitude [8].

We carried out many of the same tests with an optimizer more like steepest descent, and also
with the objective function “smoothed” by a method suggested by Jameson [5]. Such smoothing
should reduce the impact of getting the shock location correct on the objective functon. (It
broadens the valley of Figure 2.) The necessary modifications to the variational approach are
described in [8]. Again, we were unable to discern any pattern in the results: sometimes the
modifications helped, sometimes they hurt. _l
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l— Additional test were carried out with np = 10 design variables, and the same conclusion wa;l
reached: the only reliable combinations of forward and adjoint solvers correspond to the implicit
gradient method. That is, the forward and adjoint solvers should be discretely adjoint.

6. CONCLUSIONS

We have shown that two seemingly quite dissimilar approaches to design optimization can,
under certain circumstances, be very closely related or even identical. The two approaches, the
implicit gradient method and the variational method, both result in gradient calculations that are
significantly cheaper than generating gradients by finite differences. The methods differ from
each other (essentially) in that the order of discretizing the continuous problem, and of applying
calculus, is interchanged. In the implicit gradient approach, the continuous problem is discretized
first, and a formula for gradients needed in the optimization is derived by applying the implicit
function theorem. In the variational method, calculus is applied first, and one then needs to solve
two differential equation problems: the analysis (or forward) problem, and the adjoint problem. If
the analysis problem is discretized the same way as for the implicit gradient approach, and if the
adjoint is discretized by a method that corresponds to the transpose of the Jacobian of the forward
discretization, then the methods are (modulo some details) the same. If the adjoint discretization
is taken to be anything else, then the two methods generate different gradients and the variational
method gradients are “in error.” In our tests using a model for transonic duct flow, the gradient
errors were generally small, but were nevertheless sufficient to cause the optimizations to slow
down significantly or to fail altogether. For our model problem and optimization method, the
only reliable combination of forward and adjoint discretizations is the one corresponding to the
implicit gradient method.
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Figure 1: Area function A and corresponding velocity function I/ for Guesses 1, 2, 3, and optimal solution (X).
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igure 2: Contour plot of the objective function (for the AV-scheme) showing locations of Guesses 1, 2, 3, and the
optimum. The two axes represent the two design variables (B-spline coefficients) describing the area function A J
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l— .. Adjoint Discretization
Optimizer= r 5
NPSOL _ T = = =
I B=Ula| Jolfo | Ul | EMW
+ - - 0
G + - - -
+ + + 0
Analysis - + - 0
Discret- EO - + 0 0
ization 0 + 0 0
0 + + -
AV - + + 0
- 0 + 0

Table 1: Results obtained using NPSOL as the optimizer, for various combinations of forward and adjoint solvers. In
each cell, the three entries correspond to initial guesses 1, 2, and 3 for the design variables. The designation (+) means
that the oplimization converged to the correct solution. The designation (0) means that the optimization got “close,”
but did not converge. The designation (-) means that the optimization did not succeed in getting close to the solution.
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ABSTRACT

Thrust vectoring is continuing to become an important issue in future military aircraft
system designs. A recently developed concept of vectoring aircraft thrust makes use of flexible
exhaust nozzles. Subtle modifications in the nozzle wall contours produce a non-uniform flow
field containing a complex pattern of shock and expansion waves. The end result, due to the
asymmetric velocity and pressure distributions, is vectored thrust. Specification of the nozzle
contours required for a desired thrust vector angle (an inverse design problem) has been achieved
with genetic algorithms. However, this approach is computationally intensive preventing nozzles
from being designed in real-time which is necessary for an operational aircraft system. An
investigation was conducted into using genetic algorithms to train a neural network in an attempt
to obtain, in real-time, two-dimensional nozzle contours. Results show that genetic algorithm
trained neural networks provide a viable, real-time alternative for designing thrust vectoring
nozzles contours. Thrust vector angles up to 20° were obtained within an average error of
0.0914°. The error surfaces encountered were highly degenerate and thus the robustness of
genetic algorithms was well suited for minimizing global errors.

INTRODUCTION

Future military aircraft will rely heavily on two- and three-dimensional thrust vectoring
engines to boost their maneuverability and provide enhanced performance spanning their large
operating envelopes. Current new technology engines use post-exit vanes or large moveable
surfaces to redirect engine exhaust to yield the desired thrust vectoring. Although this method
has proven to be effective, penalties must be paid. For example, most thrust vectoring devices
are heavy, primarily due to structural requirements involving the impinging exhaust flow. The
devices must also be designed to withstand the extreme temperatures of the engine exhaust gases
impinging on them. Control of the vectoring apparatus is complex and adds even more weight to
the aircraft. Furthermore, the installation of typical thrust vectoring devices tend to mandate
large clearance gaps to allow surface movement and there is little opportunity for aerodynamic
fairing. These and other factors can combine to yield higher overall drag forces on the aircraft.

A novel concept of vectoring engine thrust which addresses these concerns has been
developed and shown to be viable [1). The concept makes use of flexible nozzles where engine
exhaust gases are turned not by some post-exit apparatus, but by subtle changes in the contour of
the nozzle walls. The contour modifications produce a complex shock and expansion wave
pattern in the nozzle flow field and the end result is vectored engine thrust. Through judicious
tailoring of the nozzle contour, a large range of thrust vector angles may be achieved.
Theoretical pitch vectoring of +20° has already been demonstrated with this concept. Full three-
dimensional vectoring (pitch, yaw, and roll) is currently being investigated and could possibly
eliminate the need for any tail control surfaces on future aircraft. This would result in a
tremendous savings in weight and drag as well as a significant reduction in radar cross-section.
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This novel approach to thrust vectoring is based entirely on modifying the contour of the
exhaust nozzle. In order for the technique to be useful in an operational aircraft system, the
nozzle contour must be alterable in real-time. Structural concerns aside, the challenge is to
specify, on demand, a nozzle contour for a pilot-requested thrust vector angle. This suggests that
modification of the nozzle contour would be tied to the flight control system of the aircraft.
What is necessary for the success of such a thrust vectoring system is the real-time solution of an
inverse design problem. Simply stated, for a requested thrust vector angle, what would be the
required nozzle contour?

Existing Jacobian-based methods for solving an inverse problem of this type are fraught
with numerical difficulties and usually require an intense computational effort. A non-Jacobian
based method like genetic algorithms can be used to compute the required nozzle contour for a
requested thrust vector angle as was proven in a recent study by King, et al. [2]. However, the
specification of the nozzle contours still could not be accomplished in real-time using genetic
algorithms due to the computational requirements. Genetic algorithms, although they can
routinely solve the inverse nozzle design problem (a definite advantage over many Jacobian based
methods), still require numerous flow field evaluations to do so.

The hypothesis of the work presented here was that the inverse design problem could be
solved in real-time if a non-Jacobian based method (genetic algorithms) was coupled with a
neural network. Neural networks are biologically inspired computing systems with the
phenomenal ability to grasp topological invariances that underlie inverse transformations. Thus, a
neural network has the potential to be trained by a genetic algorithm and then, after sufficient
training, would be able to solve the inverse nozzle design problem in real-time. It is important to
note that there is no intention to dismiss Jacobian methods; in fact the coupling of a Jacobian
method with a neural network to design nozzles is currently under investigation by the authors.
In this paper, however, it is demonstrated that by using genetic aigorithms, neural networks can
be designed to provide an alternative with remarkable dexterity and computational ease for the
real-time specification of thrust vectoring exhaust nozzles.

GENETIC ALGORITHM OVERVIEW

Genetic algorithms are increasing in popularity as a search and optimization technique but
are still unknown to a large portion of the scientific community. Thus a brief description is in
order. Genetic algorithms (GAs) are search algorithms based on the mechanics of genetics; they
use operations found in natural genetics to guide their trek through a search space. Their main
strength lies in their ability to perform efficiently across a broad spectrum of search problems
including problems that are large, noisy, and poorly behaved. Two empirical investigations in the
early 1970's demonstrated the technique's efficiency in function optimization [3, 4]. Subsequent
application of GA's to the search problems of pipeline engineering, VLSI (very large scale
integration) microchip layout, structural optimization, job-shop scheduling, medical image
processing, propulsion system component design, and machine learning adds considerable evidence
to the claim that GAs are broadly based and robust.

GAs consider many points in a search space simultaneously and therefore have a reduced
chance of converging to a local optimum. In most conventional search techniques a single point
is considered based on some decision rule. These methods can be dangerous in multi-modal
(many peaked) search spaces because they can converge to local optima. However, GAs generate
entire populations of points, test each point independently, and then combine qualities from
existing points to form a new population containing improved points. Aside from conducting a
more global search, the GA’s simultaneous consideration of many points makes it highly adaptable
to parallel processors since the evaluation of each point is an independent process.

GAs require the natural parameter set of the problem to be coded as a finite length string
of characters. This is actually true of all operations performed on a computer at the machine
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level, however the GA requires this coding on the local level. The user must represent possible
solutions to the search problem as character strings. This may at first seem like an imposing task
but there have been a number of techniques developed for coding solutions to search problems
[5]. Since GAs work directly with a coding of the parameter set and not the parameters
themselves, they are difficult to fool because they are not dependent upon continuity of the
parameter space. A GA only requires information concerning the quality of the solution
produced by each parameter set (objective function values). This differs from many optimization
methods which require derivative information or, worse yet, complete knowledge of the problem
structure and parameters. Since GAs do not require such problem-specific information they are
more flexible than most search methods.

Lastly, GAs differ from a number of search techniques in that they use random choice to
guide their search. Although chance is used to define their decision rules, GAs are by no means
“random walks” through the search space. They use random choice efficiently in their
exploitation of prior knowledge to rapidly locate optimal solutions.

NEUROMORPHIC APPROACHES TO INVERSE PROBLEMS

Before presenting the results of the neural network designed thrust vectoring nozzles, it is
necessary to discuss the justification for solving an inverse problem using a non-Jacobian, genetic
algorithm trained neural network approach. Of fundamental importance in solving inverse
problems is the classic Stone-Weierstrass theorem [6, 7). Using the Stone-Weierstrass theorem it
can be shown that under certain conditions non-linear operators, such as the one encountered in
fluid flow problems, can be represented using the well known Volterra and Wiener series thereby
allowing computation of an approximate solution to the inverse problem. The impressive
theoretical works of Volterra, Wiener and Urysohn (see Ref. [6]) on the characterization and
approximation of non-linear operators find their full expression in neuromorphic approaches to
inverse probiem solving.

Let f and @ be Lebesgue integrable functions representing the spatio-temporal evolution of
nozzle geometry and temporal evolution of thrust vector angle, respectively. The complex cause-
effect structure that relates nozzle geometry and thrust vector angle can be written as

6 = T(f) (h

where T : E —» F is a mapping between appropriately defined Banach spaces E and F. The
inverse problem is to determine the map T-1: F - E such that

f=TX6) (2)

Except in certain cases of little practical interest, the precise nature of the operator T is
usually not known. Thus, to solve the inverse problem, we must first characterize the class of
Banach space operators to which T belongs. But, even when T is known to belong to a certain
class, T-! may not exist as a unique map resulting in an infinity of solutions to the inverse
problem. Therefore, we must approximate T-! using fairly nice operators that lie close to T in
some sense. Commonly used notions of closeness usually involve LP-norms defined on the
terminal space F:

T
L* Norm: 16, = jo |6 a1
(3)
L™ Norm: ||6)|. =esssupl6]
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Several researchers have shown that infinite neural networks with a single hidden layer can
approximate any Lebesgue measurable function {8, 9]. It has also been shown that L, (mean-
square integrable) functions can be approximated by a three laver neural network [10]. These and
other powerful results form the basis for applying neural networks to inverse problems. The
canonical procedure for constructing a neuromorphic approximation to the inverse transformation
is to capture topological invariances in the synaptic interconnections and weight structure using a
priori generated training samples. Upon acquiring the invariances, a neural network can rapidly
output a unique solution to any problem instance spanned by the training set.

To illustrate the advantages of a non-Jacobian method. consider a Jacobian based solution
technique to a simple problem involving no unsteady effects. The goal is to find a static nozzle
geometry f so as to minimize

J=(6-6") (4)
subject to
Tf =6 (5)

where J represents the difference between the calculated and desired thrust vector angles. Under
certain assumptions on T, variational calculus provides the necessary conditions for computing an
optimal nozzle contour. In general, a numerical solution can then be found iteratively from

Fnew = Soid + K VI (6)

where K is a gain and VJ is the gradient of J evaluated at f,;;. However, the disadvantages of
this are:

1. Every time a thrust vector angle is demanded, the flow equations must be solved at every
iteration until convergence in order to evaluate the gradient. This requires exceptional
computing power for real-time applications.

2. The cost surface is highly degenerate and has a multitude of troughs. There is no guarantee
that the iteration will converge to an acceptable solution.

3. Perhaps the most important limitation is that the optimal solution depends on the particular
assumptions made regarding nozzle flow. The operator T that describes nozzle flow must be
known explicitly for numerical implementation. Thus, experimental nozzle data cannot be
used.

Consequently, the use of genetic algorithms for neural network design is justifiable. (As alluded
to previously, a parallel research effort is currently underway at the University of Alabama to
design a network using a Jacobian based back-propagation method and will be the subject of a
future paper.)

NEURAL NETWORK DESIGN

Designing a feed forward neural network for real-time thrust vectoring involves two phases:
a supervised training phase and a verification phase. Supervised training entails embedding the
topological invariances in the synaptic weight space through repeated presentations of training
samples that characterize the relationship between nozzle contour and thrust vector angle.
Although a single network with a large number of synaptic interconnections can be designed to
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span the wide range of in-flight thrust vector angle requirements (+20°), it is not ideally suited
for real-time applications. Instead, designing several small neural networks with fewer real-time
computations, each for a specified overlapping range of thrust vector angle, is more appropriate.
Outputs from two neural networks that span the overlap containing the demanded thrust vector
angle could be linearly interpolated to provide nozzle shapes. In addition to maintaining design
simplicity, this approach has the significant advantage that the two neural networks can be run
parallely, thereby reducing real-time computational requirements.

The feed forward neural network topology used in this study consists of a sigmoidal
activation function, a single-node input layer, a four-node output layer, and two hidden layers
each with four nodes. A schematic representation can be seen in Figure 1. Input to the neural
network is the desired thrust vector angle 6, outputs from the network are polynomial coefficients
{a;, i = 1, 4) that define the contour of the nozzle’s upper wall as

4 . .
S(x)= D ai(x = xp) (x = x¢) + (%) (7
i=1

where x, and x; are x-coordinates of the fixed ends of the baseline geometry g(x). Only the
upper nozzle wall was selected for modification to simplify this initial analysis. Thus, the neural
network outputs define an incremental geometry referenced about the baseline.

The baseline nozzle developed for use in this study is shown in Figure 2. The nozzle type
selected was a symmetric, dual expansion ramp nozzle with contourable walls. Concerns factored
into the design were minimum length (to minimize weight) and reduced line of sight onto the
engine hot-section to address observable characteristics. The baseline geometry was obtained
after a number of iterations to insure the best performing nozzle was being used as a reference.
The thrust vector angle of the baseline is zero degrees with a gross thrust coefficient of 0.983. In
this study, a positive thrust vector angle corresponds to a vehicle nose-up pitching moment. It
was assumed that the on-design conditions for the nozzle would be a nozzle pressure ratio of 10,
a flight Mach number of 15, and a fluid specific heat ratio of 1.15. Being essentially a proof-of-
concept, this study was also restricted to a two-dimensional (planar) nozzle to further simplify the
analysis. However, except for an increase in the computational time required, no other technical
challenges would be expected in the step from two to three dimensions.

Thrust vector angles corresponding to a large number of randomly generated, polynomial
nozzle contours were computed using an analysis code based on the inverse method of
characteristics [11]. This code, developed at the University of Alabama, allows for the analysis of
supersonic flow fields internal to a nozzle as well as the supersonic exhaust plume. The code has
been extensively validated with experimental data from NASA and industry. The network design
procedure, however, does not depend on how the training samples are obtained and any method -
numerical or experimental - can be used. Eight neural networks of identical topology were
designed to span thrust vector angles between 5° and 20°. For each neural network design, 500
training samples that spanned the corresponding thrust vector angle range were presented to the
network. Synaptic weights that minimized the ensemble error between neural network output {a;
i =1, 4) and actual polynomial coefficients {c,, i = 1, 4} in the L2 space were determined using a
genetic algorithm. The set of weights displaying the minimum performance index over 25
generations was considered the optimal set of weights.

It must be noted that in an operational version of the neural network, inputs would be a
function of time; whereas during the training phase, constant values of thrust vector angles
constituted the training samples. This brings about a significant advantage of transforming what,
in general, would be a dynamic optimization problem to a static network design problem.
However, it is valid only upon neglecting unsteady fluid flow effects caused by dynamic changes
in nozzle contour which is completely acceptable for aircraft thrust vectoring systems.
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NEURAL NETWORK VERIFICATION

A Monte Carlo simulation was performed to verify the neural network design. 500 thrust
vector angles between 5° and 20° were randomly generated. Each thrust vector angle was then
presented to the neural network as an input. Polynomial coefficients obtained as outputs from
the neural network were used to define a nozzle contour. Representative samples of nozzle
contours obtained from the neural network can be seen in Figure 3. The MOC code was then
run to find the actual thrust vector angle for each of the neural network specified contours.
Figure 4 compares the requested thrust vector angle with the angle obtained from the MOC code.
Figure 5 shows the error in the network achieved thrust vector angle. The performance of each
of the eight networks used also can be clearly seen in Figure 5. Thrust vector angles of up to
20° were obtained within an average error of 0.0914° by affecting modifications to the upper
nozzie wall only. Modifying both upper and lower walls would cause a very complex flow
structure and could possibly expand the vectoring angle envelope. The maximum error in the
thrust vector angle was 0.3791° which would be negligible in an operational aircraft system.
Further improvements in vectoring performance can be expected to occur by using an L* type
performance index and running the genetic algorithms in the training phase with an increased
number of generations.

CONCLUSIONS

It has been have shown that neural networks provide a viable alternative to straight
Jacobian based solution methods. They have significantly reduced real-time computations while
maintaining accuracy and retaining design simplicity. In addition, although genetic algorithms
may not be ideal for solving the inverse problem of thrust vectoring directly, their utility is
demonstrated by their ability to train a neural network to do so.

The procedure presented here for designing neural networks and the subsequent design of
thrust vectoring nozzies has advantages and disadvantages. Error surfaces encountered while
designing thrust vectoring nozzles are highly degenerate and therefore a robust optimization
scheme such as a genetic algorithm is required for global error minimization. But in problems of
high dimensionality, there are numerical difficulties in using genetic algorithms, limiting the
complexity of the simulated function and the size of the network that can be trained. Jacobian
based back-propagation, for example, may reduce the training period significantly and would
have no difficulty handling large dimensions. However, as with other gradient techniques, back-
propagation is prone to converge to a local minimum, thereby converging to an incorrect network
design or not converging at all. Further study is recommended to put these concerns to rest.

Finally, there are two competing aspects to neural network design - accuracy and
generalizability - which need to be addressed. Accuracy has to do with how close is the
approximation obtained using the neural network. Generalizability means that a neural network
can interpolate and extrapolate beyond problem instances spanned by the training set. The
performance indices used in this study do not reflect generalizability. It would be of
considerable interest to develop performance indices that provide a balance between the two
aspects and then redesign adaptive neural networks for thrust vectoring. In this study an off-line
design method, wherein the entire training set is presented to the neural network at one time, was
used; an on-line or adaptive neural network capable of learning while in operation would be
better suited for practical applications.
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ABSTRACT f S

In structural redesign, two structural states are involved; the baseline (known) State S1 with
unacceptable performance, and the objective (unknown) State S2 with given performance
specifications. The difference between the two states in performance and design variables may be
as high as 100% or more depending on the scale of the structure. A Perturbation Approach to
Redesign (PAR) is presented to relate any two structural states S1 and S2 that are modeled by the
same finite element model and represented by different values of the design variables. General
perturbation equations are derived expressing implicitly the natural frequencies, dynamic modes,
static deflections, static stresses, Euler buckling loads and buckling modes of the objective State
S2 in terms of its performance specifications, and State S1 data and FEA results. LargE
Admissible Perturbation (LEAP) algorithms are implemented in code RESTRUCT to define the
objective State S2 incrementally without trial and error by postprocessing FEA results of State S1
with no additional FEAs. Systematic numerical applications in redesign of a 10-element 48-d.o f.
beam, a 104-element 192-d.o.f. offshore tower, a 64-element, 216-d.0.f. plate, and a 144 element
896-d.o.f. cylindrical shell show the accuracy, efficiency, and potential of PAR to find an
objective state that may differ 100% or more from the baseline design.

I. INTRODUCTION

Several problems in analysis, design, and modification of a structure or a structural design
can be stated as redesign problems. Those are two-state problems involving the baseline State S1
and the objective State S2. S1 is known and has beer. modeled and analyzed by FEM. In the
event that the performance of State S1 is unacceptable, the objective State S2 must be defined to
satisfy performance specifications. The Perturbation Approach to Redesign (PAR) developed in
this work can relate any two structural states that can be modeled and analyzed by the same FE
model. PAR has the potential to perform redesign in the sense of resizing, reshaping, and
reconfiguration to satisfy any performance requirements that can be predicted by FEA including
modal dynamics, static deflections and stresses, and global buckling. LEAP algorithms
implemented in code RESTRUCT (REdesign of STRUCTures) [3] presently can handle resizing
for natural frequencies, mode shapes and static deflections.

Figure 1 shows several two-state problems that appear in the analysis-design-redesign
process following a basic FE analysis. In analysis, the following two-state problems are
encountered: (P1) Model correlation [28], (P2) Derivation of global failure equations [1, 14], (P3)
Failure point identification [14], (P4) Redundancy [14], (P5) Reliability, [4], (P6) Non-
Destructive-Testing [24]. In design, the following two-state problems are encountered: (P7)
Redesign for target performance [1, 2, 11, 12, 24, 26, 27], (P8) Redesign for target redundancy,
(P9) Redesign for target reliability.

LEAP theory was developed during the past seven years from the linear perturbation
techniques introduced by Stetson in 1975 [26, 27] and modified by Sandstrom et al [24]. They
redesigned a structure for both natural frequency and mode shape objectives but allowed only
small differences between the baseline and objective states. In that respect, linear perturbation
methods are equivalent to design sensitivity methods. Nonlinear perturbation methods [11, 12]

l_allow for large differences between the two states. The objective state is found by postprocessing J
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data of the baseline structure only, using an incremental prediction correction scheme [1].—’
Presently, research efforts are directed towards two goals. The first one is to redesign larger scale
structures as far away from the baseline structure as possible before a second FEA is needed.
Large admissible perturbations [1] updating only cognate modes [2] in an incremental process are
used towards that end. Substructuring is also investigated for that purpose, as well as for
reshaping and reconfiguration. The second goal is to implement more and different objectives and
derive the corresponding general perturbation equations. LEAP algorithms are under development
for static stress, global buckling load, and buckling mode objectives.

The problem of redesign by large admissible perturbations is analyzed in Chapter II. Several
two-state problems mentioned above are stated as redesign problems in Section IL1. The
Perturbation Approach to Redesign (PAR) is presented in Section I11.2 and LEAP theory for
development of solution algorithms is summarized in Section II.3. Many numerical applications
using four different structures are presented in Chapter III to assess the present status of code
RESTRUCT, and the potential and limitations of PAR.

II. REDESIGN BY LARGE ADMISSIBLE PERTURBATIONS

A simple modeling-analysis-design-redesign process for structures using FEM is shown in
Figure 1. Rectangular blocks indicate two-state problems which can be formulated as redesign
problems using PAR and solved efficiently by a LEAP algorithm. Shaded blocks indicate
problems already solved in some form by code RESTRUCT. Some of those problems are
discussed below.

1I.1. Redesign and Other Two-State Problems

The classical structural redesign problem appears in Figure 1 after analyzing either the original
or the correlated FE model. Undesirable response — such as a natural frequency in the range of
wave excitation, a dynamic mode with high amplitudes near the free surface where wave and
current loads are maximum, or high stresses and deflections — makes redesign mandatory. The
performance specifications of the objective design are desirable values of those response
particulars.

After placing a structure in service, tests are performed to measure its performance and
compare it to FEM predictions. In the modeling process, simplifying assumptions, uncertainty,
and ignorance result in discrepancies between measurements and predictions particularly for
marine structures which have large manufacturing tolerances. The process of finding a FE model
of a physical structure that will correctly predict measured structural response is called model
correlation. The initial FE model is the known State S1. The objective State S2 represents the
unknown correlated FE model. The Perturbation Approach to Redesign presented in the following
section preserves element connectivity and changes geometric properties so that the correlated
model represents a real structure [2]. That is, PAR does not change simply numbers in the mass
and stiffness matrices. PAR can also solve the problem of model correlation for geometry
dependent hydrodynamic load [28].

The problem of failure point identification can also be formulated by PAR and solved by a
LEAP algorithm. S1 represents the initial structural state and S2 the unknown failure point
(design point in reliability terminology) on a limit surface [10, 20]. The advantage of PAR is that
it can provide an implicit expression for a global failure criterion by relating State S2 1o S1.

Related is the problem of reserve and residual redundancy. In the literature, several different
aspects of redundancy are presented as definitions depending on the type of structure and analysis
performed [5, 6, 21]. PAR remedies this lack of invariant and consistent redundancy definition by
introducing a redundancy injective mapping [14] defining the difference between the initial intact
or damaged structure and the design point.

Finally, a new methodology for reliability analysis and design of large scale structures is
under development based on PAR [4]. The Perturbation Approach to Reliability provides an
alternative to the systems approach [5, 21, 29] and the stochastic FEM [19, 30] which are the two
most popular methods in structural reliability. PAR makes possible the introduction of advanced

[_ structural analysis in the reliability computations without simplifying the structure. PAR also_j
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[-allows randomness in geometry, material, and load. There is no limitation to the number of_]
random variables used and the random load need not be applied incrementally until structural
failure. The reliability analysis problem is a two-state problem where S1 is the initial structure and
S2 the design point.

PAR can also address the very difficult problems of target redundancy and target reliability
design. S1 is the initial structural design of inadequat= redundancy or reliability and S2 is the
objective structure of specified redundancy or reliability [4]. These are difficult design problems
because redundancy and reliability are not computed by FEM. PAR can solve these problems
because of the introduction of an injective mapping relating S1 to S2.

11.2. Perturbation Approach to Redesign (PAR)

The PAR methodology has been developed to solve the above two-state problems. It has five
major steps: Step 1: A Structure (S1) is modeled and analyzed by a general purpose FE code;
MSC/NASTRAN is used in our work. So far, four types of analysis have been considered in
PAR and the governing equations are listed below. For modal dynamics the free vibration
equations for S1 are

((x]- @3 [m]}{y}; = {0} for j=1,2..n . 1)

where the n eigenvalues ;, j=1,2,...,n satisfy equation det ([k]—(oj-)'[m])=0 . In equation

(1), damping may be included only in Rayleigh's form and added mass is included in [m] . For
the static deflections and stresses of S1 we have

(k] {u} = {f} (2)
and {o} =[S] k]! {f} , (3) [S]=[G] [D][N] , (4)

where [G], [D], [N] are the stress-strain, strain-displacement, and shape function matrices. The
governing equation for global buckling in finite elements is

(ko] +[ks]{wp}={0} . (5)

where [k,] and [kq] are the small displacement and initial geometric stiffness matrices.
Step 2: The following perturbation relations are introduced relating State S2 to S1:

[k]=[k]+[AK] , (6) [m]=[m]+[Am] , @)

Co2l=Co2]+[Aw)] , @ [¢]=[¢]+[a0] , )

where unprimed and primed symbols refer to the baseline (S1) and the objective State S2,
respectively, and prefix A indicates difference between counterpart quantities of states S1 and S2.

[¢]= [{‘V}l , {\y}z , ...,{\V}n] , is the matrix of eigenvectors of S1 and [Tw2.] is the diagonal

matrix of the corresponding eigenvalues. Perturbation relations pertaining to equations (2) and (3)
are

{u'} = (u} + (Au} , (10 {(f'} = {f} + [Af} (11)
{0’} = (o} + {Ac} , (12) [ST=1[S]+[AS] . (13)
For the global buckling eigenvalue problem we have
I [ko]=[ko]+[Ako] (14) [ks]=[ks]+[Aks] (15) ]
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[

[P ]=[ P J+[ 4] . (16) (6] =[00)+[a0] - an |
Further, in Step 2, desirable values of some response particulars of S2 such as natural
frequencies, static deflections and mode shapes are specified. Anincomplete set of mode shapes
may be used and only some degrees of freedom may be defined in each mode.
Step 3: The differences in structural properties between S1 and S2 are expressed in terms of the
fractional changes o,,e=1,2,....p of p properties of elements or groups of elements as:

Z[Ak 2 eJte . (18) Z[Ame i[me]ae , (19)

e=1
D P

[AS]= Y [ASe]= X [Se e - (20)
e=1 e=1
Several o,s may refer to the same element but different properties such as bending, torsion, and
stretching. The unknowns in the process of defining S2 from its specifications and S1 are the
fractional changes o, . When the o,s are defined it is ensured that element connectivity in the
FE model is preserved and S2 represents a real structure.
Step 4: The differences in structural response between states S1 and S2 are expressed implicitly in

terms of the s by the general perturbation equations. For modal dynamics we have

L T T
> (W ke v} o2 {w} [melfw}; ) oe = 0 {w Tl - (v v,

e=1

Z{\v} Jvhoe =-{v}klv}; . 22)

Z{w'}}r[mc]{w'}iae =-{y}miv}; . (23)
for i =e’_11,2,...,n, j=1+1,i+2,...,n [1, 2] . Equation (21) represents the n diagonal terms of
the energy balance equation ["K” ] —FM’\][\m’z\] =0 for S2, that is, the Rayleigh quotients for
{2 . Equations (22) and (23) represent the orthogonality conditions of modes {w’}i with
respect to [k’] and [m’] . Theoretically, orthogonality of modes with respect to one of [k'] or
[m'] implies orthogonality with respect to the other. Numerically, however, both conditions must
be forced if (y'};, j=1,2,....n, are to represent modes of a real structure.

The general perturbanon equations for static deflections are derived from the counterpart of
equation (2) for structure S2 based on the modal dynamic expansion of {u’} in terms of the
unknown modes {y’} i j=1,2,...,n . Thus, inversion of matrix [k”] is avoided. Linearizing

only the explicit dependence on the o,s, we have [1, 15]

. nr ¢'_ A p nr ¢{ A
ui=2( lg m}_z z 1;1; me -l where 24)
m=1 m e=1\m=1 m
n
t ! 1 T 1 1 T ]
An=3(0n ) Bn={WILKHY Y, « Cre ={vInlkcliv} -

=1

The general perturbation equations for static stresses are derived in a similar manner [14]

e=1 e=1\m=1

L{Ao}——{c}+[ Z e]acJ[zq"mm —i(iﬁgﬁ:ﬂcme}e} : (25)J
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rFor global buckling, the general perturbation equations are derived using the same method as in ]
the case of the modal dynamics eigenvalue problem [14]

i{%f ([kcc ] - pi‘[kcsoe ]){Wb}iac = {WB}T (Pi’[kco ] - [kc]){%}i ' (26)

p

> (v [k, Jiwb e = ~{wb ) [k {wi); @7
e=1

p
Z{Wi)}'jr[koo: ]{‘Vi)}iac = "{\Vi)};r[kco]{\ﬁ)}i , (28)
e=1
fori=12,.,n,j=1+ 1i+2,..n, where [k.] = (ko] - [koF] kgp includes the body force,

and [kq] = - Pilkgol - [KoFl -

Step 5: In this final step, the problem of finding State S2 based on its specifications and results of
FEA for S1 is formulated and solved for the p unknown a,s using the LEAP algorithm
presented in the next section. The problem formulation is as follows:

Minimize llod,e RP (29)

subject to n,, natural frequency objectives (0{2 ,i=12,...,ny ; ng normal mode objectives
¢%; , numberof (k, i)=n¢; n, static deflection objectives uj , i=1,2,..,n,; ng static stress
objectives o} ,i=1,2,...,ng; Ny global buckling eigenvalues P, , i=1,2,..,n; ngp buckling

mode objectives ¢, , number of (k,i) =ngp; 2p lower and upper bounds on the redesign

variables ac,—1<a;SacSag,c=l,2,...,p; n, admissibility constraints extracted from
n(l)

equations (22) and (23), where na=22(nr—i)=nm[(2n,—l)—nm] ; and ng
i=1

admissibility constraints  extracted from equations (27) and (28), where

ny
ngp =2, (0, —i)= np|(20, -1)- np|. All of the above redesign objectives are substituted in
i=1
the appropriate general perturbation equations (21)-(28). The remaining unused general
perturbation equations may be used to predict the unspecified performance particulars of the
objective State S2. Accuracy of those predictions, however, it not as high as those of the redesign
objectives. All the constraints of the above problem may result in an empty, non-empty, or
countable feasible domain. In the first case, the redesign objectives cannot be achieved for the
selected set of redesign variables, in which case a minimum error solution in satisfaction of the
redesign objectives is achieved by a generalized inverse algorithm [1, 2, 11, 15]. In the second
case, an optimum solution is achieved using an optimality criterion (29).

I1.3. LargE Admissible Perturbation (LEAP) Algorithm

The redesign problem formulated by PAR in Section I1.2 can be solved by a LEAP algorithm.

Many LEAP algorithms have been developed to solve a variety of two-state problems [1, 2, 14,

15, 28] and have been documented in detail. Suffice to present here the basic steps and difficultes

of the solution algorithm. The LEAP algorithm developed to solve the redesign problem is
I_ outlined in Figure 2. It starts from the baseline structure (S1) and reaches incrementally the_]
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|'objcctivc S2 by prediction and correction. In the prediction phase of the algorithm, the small "x
perturbation method [24, 26, 27] is used. The modal dynamics general perturbation equations are
linearized. For that purpose, increments are limited to 7% differences between S2 specifications
and the corresponding S1 properties. Predictions are small but inadmissible because admissibility
conditions (22) and (23) are linearized. In the correction phase, perturbations are corrected by
satisfying the nonlinear general perturbation equations and are forced back into the admissible
space by satisfying the nonlinear admissibility conditions. The total CPU time for redesign may
be reduced by a factor occasionally as high as 4 when in the first increment the space of cognate
modes is identified and thereafter all computations are performed in that space. Such is the case
for torsional redesign [2] of the offshore tower in Figure 5. Torsional modes (3, 18, 19)
constitute one cognate subspace with very weak interaction with other modal subspaces such as
those for bending and stretching.
In each increment, in both phases the resulting problem may be underdetermined or
overdetermined depending on the relation between the number p of redesign variables o, , the
number of equality constraints (S2 specifications) n =ng + ng + Ny + Ng + Ny + Ngp + Ny + Ngp
and the 2p bounds on the o,s. When the problem is overdetermined, a minimum error solution
in satisfaction of the S2 specifications is produced by a generalized inverse algorithm. When the
problem is undetermined, it is solved by optimization using the minimum change criterion in
equation (29). To achieve this global objective, at each increment the following objective is

2
p -1
min Y. | (1+pae)[T(1+q2e)-1| - (30)
e=1 q=1

The problem is solved by quadratic programming [8] or sequential quadratic programming [7]
depending on whether the expression for [Ak] is linear as in equation (18), or nonlinear as in the
case of plate and shell redesign. In those cases, the plate or shell thickness is selected as redesign
variable resulting in a cubic expression for [Ak] in terms of the o,s. [AS] is always a nonlinear
expression of the a.s because [S.] depends on the distance of the point where the stress is
computed from the neutral axis. The LEAP algorithm is implemented in code RESTRUCT
(REdesign of STRUCTures) [3]. It is 27,000 FORTRAN 77 commands and may serve as a
postprocessor to any special or general purpose FE code. We presently use it to postprocess
MSC/NASTRAN.V64 data on the secondary (UB) main frame computer (IBM-3090) of the
University of Michigan.

The LEAP algorithm outlined above finds the optimum objective structure S2 without trial and
error and with no additional FEAs. The [k] matrix inversion required in static deflection and stress
redesign is avoided by using modal expansions as shown in equations (24) and (25). Thus, an
accurate modal basis is mandatory even as S2 moves far away from S1. LEAP algorithms can
surmount the following three difficulties as well. All general perturbation equations (which
become equality constraints in the optimization problem) are strongly nonlinear implicit
expressions of the redesign variables o, . The static force vector {f’} may depend on the
structure's geometry (e.g. hydrodynamic loads) and consequently change in the redesign process.
Finally, the set of specifications provided for S2 are usually incomplete and only some d.o.f.s of
specified modes are defined.

III. NUMERICAL APPLICATIONS

A total of 42 numerical applications are presented in this section on optimal redesign of four
different structures [22, 9, 31]. Results are summarized in Tables 1, 4, 5, 6 and show the
accuracy of code RESTRUCT for applications with number of redesign variables ranging from &
to 21; natural frequency and mode shape redesign objectives changing by a factor ranging from
0.3 to 2.0; degrees of freedom ranging from 48 to 896. For each redesign objective, Tables 1, 4,
5, 6 show the objective value, the value actually achieved as computed by reanalysis with
MSC/NASTRAN and the corresponding relative error. CPU time and numbers of extracted
modes n,, admissibility conditions n,, and redesign variables are also shown. The values of the

L redesign variables of the optimum solution are not shecwn. The optimal solution appears in theJ
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rfom of optimal Eucledian norm of the 0,s in Tables 5 and 6; and in the form of the Hasover-j1

Lind reliability index [10] in Tables 1 and 4.

10-element 48-d.o.f, beam: The clamped-hinged beam in Figure 4 is subjected to a uniform load
in the y direction and a concentrated load applied at node 7 in the z direction. ®; = 183.092
rad/sec, the horizontal and vertical deflections at node 7 are v; = 12.151 mm and wy = 17.733
mm as computed by MSC/NASTRAN. Redesign variables and structural groups are shown in
Table 2. The accuracy of the redesign process is shown in Table 1 for one, two or three
simultaneous redesign objectives. The problem of reliability analysis is studied assuming
randomness in geometric properties, A (area), Iy, I, (moments of inertia), and material properties
E (Young's modulus) and p (density). The fractional changes o, are assumed to be

independent normal random variables of zero mean. Standard deviations are selected as Gg, =
0.40 for bending rigidities El, and EI,, and G%A =0.30 for mass per unit length pA . In

order to compute the probability of failure to first (FORM) or second (SORM) order [20],
computation of individual and joint design points and the corresponding Hasover-Lind reliability
index B is required as shown in Figure 3. Computation of B is achieved by transforming the
0s to independent standard normal random variables through the Rosenblatt transformation {13].
These numerical applications as well as those following on the offshore tower show that large
admissible perturbation methods can introduce sophisticated structural analysis in reliability
without simplifying the structural model and without repeated FEAs [4].

104-element _192-d.o.f. offshore tower: The offshore tower shown in Figure 5 is 69.95 m high
and operates in 45.72 m water depth. The tower at the base is square with a 38.10m side and
tapers linearly to 22.86 m at the deck. The FE model of the tower is composed of 104 circular
tubular beam elements and has 192 dofs. Loading on the tower is due to: (i) 240 tonnes deck load
which is applied to the structure as uniformly distributed load at the deck nodal points. (ii) Wave
hydrodynamic forces calculated for a design wave of 182.88 m length and 6.10 m height using
Morison's equation. The wave propagates in the x-direction. (iii) Wind generated water current in
the x-direction with linear velocity profile of 1.03 m/sec at the mean free surface waterline and zero
at the sea bed. ®; = @, = 4.695 rad/sec for the first bending modes in the XZ and the YZ
planes. @3 = 5.353 rad/sec for the first torsional mode with respect to axis Z . Redesign
variables and structural groups are shown in Table 3.

Failure states are defined by deterioration factors in the first and third eigenvalues of 1.54 and
2.00. Geometric and material properties are random. The fractional changes «,.s, shown in
Table 3, are assumed to be independent normal random variables with zero mean. Standard
deviations are selected as G, = 0.40 for bending rigidity EI and Sopp = 0.30 for mass per

unit length pA . Design points are again computed by postprocessing FE analysis results for the
baseline design only. It should be noted that both in Tables 1 and 4 the computed {3 are very high
because the external load is deterministic and limit siates were pushed as far away from the
baseline design as possible in order to demonstrate the accuracy and limitations of code
RESTRUCT.
64-element 216-d.o.f. plate: The clamped-free-free-free plate in Figure 6 is subjected to a uniform
load p and has the dimensions and properties shown in the figure. Its response is computed by
MSC/NASTRAN and redesign is performed by RESTRUCT. The incremental optimization
problem is nonlinear and solved by sequential quadratic programming [7] because [Ak] is a cubic
expression of the os which represent fractional changes of the plate thickness [17, 22]. The
plate is subdivided into 8 structural groups each containing 8 finite elements. Results of redesign
are summarized in Table 5 and show very high accuracy even for changes by a factor of 2 in
eigenvalues and maximum deflection.
144-element 896-d.o.f. c/lindrical shell: The simply supported shell shown in Figure 7 is
subjected to hydrostatic pressure load p due to 286 meters submergence in salt water [23].
Dimensions [25] and properties are also shown in the figure. Its modal dynamic and static
deflection response is computed by MSC/NASTRAN [16, 18]. The optimization problem in each
increment is nonlinear and solved by sequential quadratic programming [7]. The cylindrical shell
Lis subdivided into 5 structural groups and even though symmetry is not forced by linking |
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symmetric groups (1 and 5, 2 and 4) as was done in the plate redesign problem, symmetry was i
preserved in the redesign process. Results of code RESTRUCT are summarized in Table 6 and
show good accuracy even for changes by a factor of 2 in eigenvalues and deflection.

In all of the above applications, the LEAP algorithm in RESTRUCT can be pushed further by
taking additional incremental steps if higher errors are considered acceptable. For higher accuracy,
however, one more FE analysis may be used after about 10 increments.

CONCLUDING REMARKS

Several two-state problems in structural analysis, design, and redesign can be formulated by
PAR (Perturbation Approach to Redesign) and solved by a LEAP (LargE Admissible Perturbation)
algorithm. The objective structural design is found incrementally without trial and error or
repeated FEAs for differences in response from the baseline design of the order of 100% or more.
In structural reliability, PAR provides an attractive alternative to Stochastic Finite Elements and the
Systems approach.

Computer code RESTRUCT which implements the large admissible perturbation
methodology, is being developed since 1983, has been tested thoroughly and has generated
confidence 1n its potential to solve two-state problems. Several theoretical and numerical
developments are under way. New types of finite elements are being introduced; new structures
are being redesigned, such as stiffened plates and shells; new two-state problems are studied, e.g.
submarine acoustic noise reduction, redesign for buckling objectives, redesign for stress
objectives; a perturbation approach to reliability analysis and design is being developed; larger
scale structures are being redesigned by postprocessing FEA results by MSC/NASTRAN.V66
which has superelement capability. For that purpose, a supercomputer version of RESTRUCT
running on the San Diego supercomputer has been developed.
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Figure 6. 64-element, 216-d.o.1. plate

Figure 5.
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]
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Figure 7. 144-element, 896-d.0.1. cylindrical shell

Table 1. Redesign and reliability of clamped-hinged beam

Case Wt fwd vh [ vy w! [ wy 8 CPU nr | Da P
# FS5° Reanalysis Ermor(%) | F.5.°  Reanalysis  Error(%) | F.S5° Heanalysis Error(%) {maec)
1 0.4588 0.4578 -0.205 —_ _ -— —_ —_ - —_ 7.65 31050 9 8| 14
2 et — — 2.0358 2.0440 0.405 — — — 11.40 52620 | 10 | 12 | 14
3 - — — — -_ — 2.0358 2.0458 0.489 7.39 48378 9 8| 14
4 0.4588 0.4570 -0.401 2.0358 2.1124 3.762 — — — 20.83 75520 {1221
5 0.4588 0.4554 -0.736 — —_ — 2.0358 2.0568 1.033 7.36 68486 | 11 10 | 14
[ had - - 2.0358 2.1125 3.769 2.0358 2.0701 1.684 15.09 90435 9 9114
7 0.4588 0.4545 -0.931 2.0358 2.1893 7.542 2.0358 2.0737 1.863 1803 { 105928 | 10 ] 12 |1 21
11 03 0.2892 -3.586 — — — — — - 13.02 81131 | 11 10 | 14
12 - — —_ 3.0 3.0122 0.407 — — _ 19.52 80156 | 10 | 12 | 14
13 — — —_ — _ — 3.0 3.2152 7173 1131 | 108912 | 11 12 | 14
14 0.3 0.2959 -1.379 - 3.0 3.1554 5.17¢9 - — _ 39.65 | 116314 9| 12]21
15 0.3 0.2841 -5.271 — —_ — 3.0 3.0997 3.325 1563 99915 | 11 | 10 | 14
16 - — —_ 3.0 3.2042 6.801 3.0 3.2969 9.898 25.40 | 101394 7 5|14
17 0.3 0.2940 -2.002 3.0 33282 10.942 3.0 3.1003 3.342 3359 167822 | 10 | 12 | 21

cases 4, 7,13, 15, and 17 are solved by the generalized inverse algorithm.

*FS.= Failure State

ORIGINAL PACE IS
OF POOR QUALITY
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Table 3. 104-element, 192-d.o.f. oflshore tower :
groups, redesign variables, and dimensions

structural

]

[Table 2. 10-element , 48-d.o.f. clamped-hinged beam :
structural groups and redesign variables

Structural Elements Structural [ Redesign D, D, T Number
Group # Redesign Variables, a, ; p = 21 & Group # | Variables o, Description {m' { ym: s elements
= 1 a: (ags) Legs below first KR VR R A >
1 oy (egr), oz (eEr) . a3(a,4l 1.2 a3 (a,) bracing
2 as {0k} . as(epr) e (apa) 3.4 2 a3 (agy) Legs between first | 0610 | (154 3
3 ar{agr) . aslagn) . aglaza) 3 as (Q.a) and second bracing
4 ap (agr ). anfagrn) . o logy) 6 3 as (apg}h Legs above secoud | 06l | uing it
5 ay (agr ). o (agr,), o015 (aya) I ac (apa) bracing
6 e (aEr) . a7 (@gr,) . a1s (@pa) R 4 ar (agy) Horizontal 0483 | L4n4 32
x F = as (aa) bracing
7 ay (@Er, ), ew(ee,). an (apa) 9. 10 35 ag (a:-l) Horizontal cross 0.508 | 0.489 16
ayo (a,4) bracing
6 ay; {(agr) Vertical cross 0.610 | 0.591 24
a; (apa) bracing
Table 4. Redesign and reliability of offshore tower
Case wf/w? wév/wg B CPU n, | na
# F.S.© Reanalysis Error(%) | F.S.° Reanalysis Error(%) (msec)
1 0.6598 0.6531 -1.018 —_ — _— 4.43 973814 18 8
2 _ — -— 0.6598 0.6530 -1.030 3.8 925711 19 8
3 0.6598 0.6547 -0.786 0.6598 0.6541 -0.871 9.37 985832 | 18 8
11 0.5000 0.4871 -2.572 — — —_ 8.03 1589439 | 18 8
12 —_ -— — 0.5000 0.4844 -3.112 21.47 | 1529708 | 19 8
13 0.5000 0.4895 -2.100 0.5000 0.4877 -2.462 13.7 1617425 | 18 8
p=12; cases12and 13 are solved by the generalized inverse algorithm. ~ *F.S.= Failure State
Table 5. Redesign of 64-element 216-d.o.f. plate
Case T T Var e Sac | CPU
# Goal  Reanalysis Error(%) | Goal Reanalysis Error(%) | Goal  Reanalysis Error(%) (sec)
1 1.2867 1.2844 -0.177 — — — — — — 0.0267 263
2 2.0000 1.9818 -0.909 — — — — — — 0.2354 713
3 — — — — — — 0.7579 0.7633 0.718 0.0358 420
4 — — — — — — 0.5000 0.5069 1.374 0.2794 1044
5 1.2867 1.2842 -0.195 —_ —_ —_ 0.7772 0.7818 0.594 0.0295 440
6 2.0000 1.9801 -0.997 — — — 0.5000 0.5064 1.289 0.2816 1199
7 1.2867 1.2848 -0.144 1.1589 1.1572 -0.140 —_ _ — 0.0275 381
8 2.0000 1.9848 -0.760 1.5000 1.4875 -0.831 — — — 0.2407 | 1037
9 1.2867 1.2840 -0.204 1.2867 1.2788 -0.621 0.7772 0.7821 0.631 0.0549 562
10 2.0000 1.9747 -1.264 2.0000 1.9198 -4.011 0.5000 0.5077 1.531 0.4378 | 1532
11 1.3195 1.3157 -0.287 1.3195 1.3103 -0.697 0.6598 0.6649 0.787 0.1561 833
12 2.0000 1.9721 -1.395 2.0000 1.9341 -3.397 0.3536 0.3600 1.831 1.2394 | 2072
13 1.2867 1.2844 -0.173 1.1589 1.1574 -0.125 0.7772 0.7817 0.577 0.0297 562
14 2.0000 1.9806 -0.971 1.5000 1.4941 -0.395 0.5000 0.5063 1.259 0.2817 | 1528
15 1.3195 1.3093 -0.774 1.1761 1.1691 -0.581 0.6598 0.6678 1.224 0.1618 832
16 2.0000 1.9104 -4.479 1.5000 1.4408 -3.950 0.3536 0.3710 4.945 1.3025 | 2065
In all cases, n, = 7,5, =5,p=8.
Table 6. Redesign of Simply Supported Cylindrical Shell
Case wi? it wh fwd . uy fuy Y. el | CPU
# Goal  Reanalysis Error(%) | Goal Reanalysis Error(%) | Goal Reanalysis  Error(%) (sec)
1 1.3310 1.3200 -0.900 —_ —_ —_ — —_ — 0.5867 549
2 1.5700 1.5300 -2.700 —_ - — — — — 1.3300 715
3 1.9171 1.7800 -7.000 — — — — — — 2.4800 | 1077
4 1.9171 1.7800 -7.000 1.6700 1.5000 -9.000 — —_ — 2.486 2031
5 1.331 1.3200 -0.900 —_ — —_ 0.6480 0.6610 2.000 0.5790 940
6 1.9171 1.7800 -7.000 — — —_ 0.648 0.646 0.00 2.486 2131

In all cases, n, = 5,n, =5
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Abstract C’ i

An identification procedure is proposed to identify the damage characteristics (location and
size of the damage) from dynamic measurements. This procedure was based on minimization of
the 'mean-square’ measure of difference between measurement data (natural frequencies and mode
shapes) and the corresponding predictions obtained from the computational model. The procedure
is tested for simulated damage in the form of stiffness changes in a simple fixed-free spring-mass
system and symmetric cracks in a simply-supported Bernoulli-Euler beam. It is shown that when all
the mode information were used in the identification procedure it is possible to uniquely determine
the damage properties. Without knowing the complete set of modal information, a restricted region
in the initial data space has been found for realistic and convergent solution from the identification
process.

Introduction

There is a considerable body of research on identification problems, that is, the problem of
identifying the engineering properties or reconstructing the structural configuration of a vibrating
system from certain natural frequency spectra and/or corresponding mode shape. Such problems
were considered by Barcilon [1, 2], McLaughlin [3, 4], Gladwell [5-7], and Gladwell et al. [8]. Most
of these studies involve the determination of material properties from natural frequencics, and
they emphasize the existence, uniqueness, and methods for determination of properties (termed
’reconstruction’).

An detection procedure was developed by Shen and Taylor [9] to determine the crack character-
istics (location zc and size cr of the crack) of Bernoulli-Euler beams from their dynamic response.
The idea of this procedure was related to methods of structural optimization. Specifically, the
structural damage was identified in a way to minimize one or another measure of the difference
between a set of data (measurements) T4, and the corresponding values for dynamic response My
obtained by analysis of a model for the damaged beam. This may be expressed symbolically as the

following optimization problem:
min norm(Ty — My). (1)

zeer

Naturally, the minimization represented here is constrained by the equations which model the
physical system. Moreover, as indicated in the discussion by Shen and Pierre [10, 11], one can
note that the more modal information used for crack detection, the more accurate and reliable the
result that can be achieved. For practical purposes, the objective of Eq. (1) was formulated based
on a certain set of specific modes; specifically the first three modes are considered in the inverse
procedure.

In this study the corresponding to the mean-square measure of the norm, as shown in Eq. (1),
is examined. The identification process is based on minimization of the 'mean-square’ measure of
difference between measurement data (natural frequencies and mode shapes) and the corresponding

Ipredictions obtained from the computational model. The identification procedure is tested for |

-
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Eimulated damage in the form of a symmetric cracks in a simply-supported Bernoulli-Euler beam
and a fixed-free spring-mass model. The uniqueness and reliability of the identification process is
confirmed by solving several damage identification examples with specified damage positions.

Problem Statement

In this section, variational formulations for the identification of damaged one-dimensional
structures are presented. The mean square diflerences between measured and modeled values of
frequency and mode shape are employed as the objective function in one of the formulations. In
other words, the inverse process seeks to determine the damage parameters, location zc and size
cr, in the mathematical model to minimize the mean square difference between the test data and
analytical predictions. The problem formulations are presented in forms of a cracked Bernoulli-
Euler beam and a multi degrees of freedom (DOF) spring-mass system.

Cracked beam model

In the treatment of this problem, it is assumed that the testing information (data) is provided
from certain test points distributed over the structure. This data is comprised of frequency and
mode shape information associated with the lower several response modes.

For a simply-supported uniform beam containing one pair of symmetric cracks (see Fig. 1),
the problem of optimization in crack detection can be expressed, in terms of comparisons between

modeled response and test data, as

gg}: [norm(wtza - wgs Wia(Tim) = Wal2em))] (2)

subject to constraints that define the beam response w, (ic., the equations for free vibration), and
which prescribe appropriate normalization of w, and test data wa.

Here cr = %—’—' represents crack ratio (a measure of crack depth), and zc identifies crack
position (see Fig. 1). Also, the objective function measure of dilferences between measured and
modeled values of deflection and frequency in Eq. (2) is stated for present purposes in the form:

ol

(3)

M T
norm(w?a - wg, Wio ~ Wo) = (Z[(wzza - “)g)2 + Z (Wia(Tem) — wa(Tim))’])

a=1 m=1

where wa, w, represent the natural frequency and mode shape of ath bending free vibration
mode, M is the number of modes for which test information is available, and, once again, the
corresponding test data are symbolized by w, and wia. Here z¢m (m = 1,2,...,T) locates the m-th
out of T measure stations, respectively. The measures wy, and w, that appear in the norm must
be normalized on a common basis in order to facilitate comparison between the data and model
values.

The symbol @ is introduced to represent the square of the norm given in Eq. (3). The
identification problem now can be stated:

pin @ (4
subject to:
!
[ {ERQUu(@)? - oA whix)}da = 0 5)
0
T-1
Z(wa("rlm)wﬁ(mtm))AItnz = Napp = 0 {6)

m=2

|
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I- (er + azc) — R <0 (M)
cr < er £ TF (8)
rc < z¢c £ TC (9)

where a, =1,...,M, a is a weighting factor on the cr and zc, R represents the upper bound on
value cr + gzc, and 7€, z¢, and TF, ¢r represent the upper and lower bounds of the crack (damage)
parameters rc and cr, respectively. (Note that both upper and lower bounds on the variables er
and zc are necessary in the present problem.) Since w, comprise an orthonormal set, 7,3 is defined
as

o= 3 Wl |z AZim, Tlim Tap =0 for a#8 (10)

The effect of cracks on the structural properties of the beam is reflected by factor Q in Eq. (5),
as described for symmetric surface cracks in Shen and Pierre {10]. In other words, the optimization
parameters zc and cr cited in Eq. (4) enter the problem via Q.

According to the K-K-T (Kurash-Kuhn-Tucker) necessary conditions for the optimization
problem Eqs. (4-9), there exist Lagrange multipliers Ao, , Agp, and T which satisfy the following
equations (the notation ’|.’ refers to solution points):

Aa > 0

Asg > 0
Ty [(er + azc) - R] .= 0 (11)
T2 (ez—cr)] .= 0 (12)
[T3 (ze —7%)) [.=0 (13)
[T4 (z¢ - zc)] .= 0 (14)
Is (er—2F)]l.=0 (

The solution must satisfy the following three equations as well:

2wy — 3) + AapACS] .= 0 (16)
(EIQul(2))" - wipAwa(z)] [.=0 ;zim <z < Tym+1) (17)
T-1 o1
Z {=2(wia(z) — wa(2)) + [2A0awa(z) + Z Aspwp(z)
m=2 B=1
M
+ 2 Aapwp(2)]Azim + 2Xa[(ETQuY(2))” — w2 pAta(2)]} lrmzem = 0 (18)

B=a+1
Note that the above equation of motion (Eq. 17) is valid interval by interval over the span of the
structure.
Finally, the conditions for stationarity of & w.r.t. the optimization variables er and zc (ie.,
the optimality conditions) are:

[Z,\ (EI/ = (uwl(2)dz) + T3 — T2 4 T5] |= 0 (19)

i
!
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:

M {
3 B [ 8 (wyeprae)+ Tag 4 Ty Tl 1= 0 (20)

o The problem formulation for the numerical method-mean square crilerion

The purpose in this subsection is to re-state the inverse cracked beam problem with mean
square criterion, Egs. (4-9), in the following form that is more convenient for computational pur-
poses. With the introduction of symbols £ and T for convenience, the statement becomes:

M T
min Y (6 =€) + 2 (wialzem) = walzen))’] (21)
=oa=1 m=1
subject to :
T T
[an 2:(u’t,v:(ztm))2 - &a E(WQ(Itm))’Z]Al'tm -T,=0 (22)
mz=1 m=1
T-1
3 (wa(zem)ws(Tm ) AZtm = Tas =0 (23)
m=2
0 <er£10 (24)
0 <zec 10 (25)
where o, 8 =1,...,M, variable vector 2, = {c7,z¢,&, Wa(Zum)},
WwilipA
= == 26
and
T T
Ta = [Q4Q Z (wtcx(-'rtm))2 - Eo Z (wla(xtvn))2]AIlm (27)
m=1 m=1

Spring-mass model
The spring-mass model to which the present identification procedure is applied is shown in
Fig. 2. It consists of 3 masses connected by linear springs of stiffness defined by

k; =k(1.0—-d§l)3 (28)
where dm; is defined as a damage parameter at i-th spring. If dm; is interpreted to represent
the same physical meaning as cr does in the cracked beam model, the system’s damage condition
may be introduced by specifying a certain value to ’damage parameters’. For instance, according
to Eq. (28), a damaged condition can be constructed in which stiffness drops 25% and 50% at
the spring 2 and 3. This is accomplished by assigning the values dm, and dmg to be 0.2743
and 0.6189, respectively. In a sense, the spring-mass model can be viewed as a simple simulation
analogy of the cracked beam, ie., both extent and location of damage can be represented in the
model. The fundamental frequencies w; of axial vibrations arc related to the mode shapes #; =
(u,,ug,u;;)‘r ,i = 1,2,3 through the equations:

al [K,)a - &al[Na =0 ;i=1,2,3 (29)

2
where §; = 27:1 Therefore, the present damage identifi :tion problem can be stated as

3 3

min [(&i — €))) + D (i — 5:)°] (30)
1 H

£=dmi !El RS i=

i=1
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Exbject to:
aT [, — &l % =0 ;i=1,2,3 (31)
wla; —6;=0 ;i,7=1,2,3 (32)
0 < dm <10 (33)

Numerical Analysis

The numerical optimization technique set forth in this study for vibrating cracked beam iden-
tification problems is accomplished using the VMCON optimization package program (this imple-
ments a sequential quadratic programming method). The VMCON program uses Powell’s algorithm
which is an iterative scheme designed to converge to a point that satisfies the necessary conditions.
Additional information regarding to VMCON is available in Ref. [12].

Cracked beam model

The cracked beam model to which the identification procedure is applied is shown in Fig. 1. It
is a simply supported beam of length ! equal to 18.11 of it’s thickness 2d, with uniform rectangular
cross-section area A, and a pair of symmetric cracks of cr = 0.5 located at mid-span (zc = 0.5).

Unless otherwise stated, the damage properties (cr and zc) of the simply supported cracked
beams are identified by direct solution of the optimalization problems described in the previous
section. The sensitivity to chosen values for the initial crack position z¢ are discussed later in this
section. :

e Ezamples with position of the crack (damage) specified

Consider the first example for crack identification, the simply supported cracked beam, for
which the crack position zc is known. In other words, only the crack ratio ¢r is to be identified; there-
fore, the variables in this problem are cr, £’s, and mode shapes w,(2) (z; = {cr,&a, Wa(Tim)} 22 =
{cr,€4,a4:}). This simplified example problem with the crack position specified (zc = 0.5) is
presented to demonstrate the concept of the crack identification procedure described in the last
section.

In this example, it is assumed that the dynamic measurements are collected at 9 test positions
(T = 9) equally spaced over the span. The first and last test stations are located at the left and
right supported end, respectively. Hence, the length of each test span Ary,,m = 1,...,T — 1 is
determined to be 9%3—";4. In structural dynamic testing, ordinarily only a relatively small subset
of the theoretically available eigenvalues and eigenvectors can be measured accurately, ie., realistic
information on higher modes is difficult to obtain from the measurements at a limited set of test
stations. Only information from the first three modes is to be used as test data in the present
identification process. Furthermore, according to the observations in Shen and Pierre [10], the even
modes of a simply supported beam are not sensitive to a mid-span crack; therefore, in effect only
first and third mode (o = 1, 3) information is used to represent crack damage.

Once again, the crack identification problem presented by Eqs. 21-25 is solved here with a
specified value z¢ = 0.5. For given initial values of z, this optimization problem is solved to
minimize the criterion F. The results of the cases with various initial conditions are shown in
Table 1. In order to clearly compare the results, only the first three variables, &, &3, cr, of variable
vector z, are listed in the Table 1.

In Table 1, the top row denotes the assumed crack ratio and corresponding first and third
eigenfrequencies. The symbol * denotes the expected optimal solution through the identification
process. The first two column entries, £;,£3, indicate the fundamental and the third frequencies
corresponding to the initial crack ratio c¢r which is given in the next column. The last three columns
,give the final values corresponding to previous entry values. These final values are obtained at the

—
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stage where computation is terminated when the further optimal scarch obtains improvements for_]
criterion F less than the specified tolerance (10E — 5 was adopted in the present study). Recall
that for an uncracked beam cr is identically zero. Therefore, in this example, it is decided to start
with the case of the initial value ¢r = 0.0 and for each case thereafter the cr value is increased by
0.1.

From the results presented in the first case of Table 1, one sees that the parameters £;,£3, and
cr were identified to be 0.84684, 70.1348, and 0.50033 from 1.0, 81.0, and 0.0, respectively. The
mean square critera F was cut down from 118.13502 to 0.42440E-5. The maximum error is less
than 0.5% of the test data for these parameters. The results are also quite impressive for mode
shapes. In order to observe the global variance clearly, the initial, final, and testing mode shapes
are plotted in Fig. 3. Three curves appear on each plot: the initial mode shape, the finial mode
shape, and the mode shape from test response. The final mode shape on these plots agrees well
with the test mode shape. This is expected and verified the accuracy observed from the results in
Table 1. It can be clearly seen that accuracy of the mode shapes will worsen if higher mode results
are to be predicted. Improvement can be obtained by an appropriate adjustment of the location of
these test stations. However, a sensitivity analysis of the test stations with respect to the accuracy
of the dynamic measurements is required. This is not considered further in the present study.

In Table 1, rows 5 to 11 present the results for cases with initial ¢r = 0.1 to 0.8. The corre-
sponding final point values listed in the columns 4-6 show that these cases exhibit, as expected,
similar solution characteristics and accuracy. This provides a physical understanding of the geome-
try of the solution set: for the inverse cracked beam problem with specified crack position, the mean
square criterion of Eq. (21) is a convex function and it is bounded by the constraints of Eqs. (22-
25). Hence, one may conclude that the convergence of the present optimization problem is obtained
independent of the initial data chosen. In other words, as long as the initial data is selected within
the problem’s feasible domain, an accurate and unique solution through the identification process
is expected.

Clearly the prediction of mode 3 shape shown in Fig. 3 fails to reproduce the expected sin
curve. This is because the 3rd mode shape was plotted based on the deflections of the mode shape
measuréed at only 9 test stations. While this reflects a limitation on how well mode shapes are
portrayed, the quality of the final result for the identification problem is unaflected.

e Simultaneous identification of crack position and depth

The second numerical example deals with the crack identification of a simply supported cracked
beam with unknown crack ratio and with crack position unknown. In this treatment, the variables
in the optimization problem are cr, zc, £'s, and mode shapes wo(z) (2, = {cr,z¢,€0, Wal(Zim)})
Due to the limitations of the VMCON program, the examples that concerning with the testing
mode shapes w, provided in the form of continuous functions are not shown in this subsection.

The formulation of the crack identification problem (Eqs. 21-25) is tested again with both
crack position and depth are assumed unknown. In the first few cases, the simulated dynamic test
measurements are assumed to be collected at 9 equally spaced test stations (T = 9). The first
and last test positions are located at the left and right supported end, respectively. This example
will be solved a second time using an increased number of test stations, to provide information on
sensitivity of the procedure to the amount of test data.

In Table 2, the top row denotes the assumed crack ratio, crack position, and corresponding
first and third eigenfrequencies. The symbol * denotes the expected optimal solution through the
identification process. The first column entry T denotes the number of test stations used to collect
dynamic measurements. The second and third column entries, &1, €3, indicate the fundamental and
the third frequencies corresponding to the initial crack ratio er and crack position zc, which are
given in the next two columns. The last four columns provide the final values corresponding to

| |



105
Third Internauonal Conference on Inverse Design Concepts and Opu:r;iziuon in Engineenng Scicnces
- itor: ikravich, Washj -

I';he previous entry values. These final values are obtained at the stage where the computation is—}
terminated, when the optimal search obtains step-wise improvements of F less than a specified
tolerance (10F — 5 in the present study).

Table 2 shows that cases with T=9 have the final values of £ close to €%, but almost all of
these cases have unacceptable final estimates of zc and cr. For instance, if the initial position
is selected as zc = 0.4 and er = 0.4, the values of zc and c¢r at the final iteration are 0.99789
and 0.36289 which are approximately 98% and 28% different than the given test data. In other
words, evidently the configuration with zc = 0.99789 and cr = 0.36289 is able to provide another
minimum value of the criterion (besides the one associated with the expected result). This cracked
beam configuration is shown in the solid curve of Fig. 4 . The mis-match between final and test
mode shapes can be clearly seen. This observation confirmed the unacceptable error previously
obtained in the comparison of z¢ and cr between the final and test data. Except for the case with
initial ¢r = 0.4 and zc = 0.48 which provides less than 1% estimation error, the rest of the cases
in Table 2 with 9 test stations are also found to have similarly large estimation error. Therefore a
dependable solution in crack identification is almost impossible to achieve on the basis of the 9 test
stations simulated measurement information on first and third mode response. This confirmed the
observations in Shen and Pierre [10, 11}, ie., for a cracked beam with an unknown crack position,
a unique solution is not to be expected.

However, by comparing the third mode shape in Figs. 3(b) and 4(b) to the mode shape in
Fig. 11(c) of Ref. [10], it can be seen that an accurate third mode shape can not be approximated
based on the displacements collected from 9 test stations only. This implies that the accuracy of
the above computational identification might be improved if the third mode is approximated well.
Therefore, the cases with more test stations should be examined since they would clearly provide
better mode shape approximation. The largest number of test stations which can be accommodated
in the identification procedure is 45, due to the limitations of the optimization program package.
Once again, the test measurement points are equally spaced, and first and last stations are set
located at the left and right supported end, respectively. The VMCON problem formulation is
identical to the case of T'=9; however, the variable vector z is expanded from 22 components to 94.

Rows 12 to 17 of Table 2 summarizes the results through the minimization process. As in the
previous cases, the final values of frequency £ are observed to be closc to test values £*. Acceptable
final solution values for zc and cr are shown in the results of the cases in which initial zc and cr are
selected within the range from zc = 0.4,cr = 0.4 to z¢ = 0.6,¢r = 0.6. On the other hand, within
this range, good agreement is also shown in mode shapes. Figures. 5 and 6 display the initial,
final, and test mode shapes for cases with the initial zc = 0.4,cr = 0.4 and z¢ = 0.6,¢cr = 0.6.
Excellent agreement is observed between the final and test mode shapes. Moreover, by comparing
the final data curve in Figs. 5 and 6 with the mode shape in Fig. 11(c) of Ref. [10], a more accurate
third mode is approximated. This indicates that more accurate information on mode shapes is
required to obtain a satisfactory solution from the identification process in the case where both
crack position and crack depth are unknown.

Questions arise concerning the conditions under which the identification procedure can pro-
vided an unique solution. As discussed in Shen and Pierre [10, 11] and concluded in the studies
of Gladwell et. al. [8], if all the mode information is used in the identification procedure, then
the system’s properties can be identified uniquely. However, for practical reasons, in structural
dynamic testing only a small subset of the eigenvalues and eigenvectors can be represented in the
measurement data. Furthermore, even if substantially more modal information would be avail-
able, the minimization search may be prohibitive for such a large-dimensional feasible domain that
would result. These comments are intended to point out certain limitations inherent in the identifi-
cation procedures. These considerations is addressed with the presentation in the following, whichJ

]
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d,Escribes sufficient conditions for the unique identification from the dynamic measurements of a
multi DOF vibrating spring-mass system. :

Spring-mass model

The following examples of damage identification problems were constructed by introducing the
damage through the drop in the stiffness or, more conveniently, the value of each damage parameter
to change the system’s dynamics behaviour. These dynamic changes, taken as the test simulation
of response data, are used to deduce the value of each damage parameter via the identification
process.

The numerical optimization technique set forth in this study for vibrating cracked beam iden-
tification problems is accomplished using the VMCON optimization package program (this imple-
ments a sequential quadratic programming method). The damage properties (dm;,7 = 1,2,3) of
the fixed-free spring-mass system are identified by direct solution of the optimalization problems
described in the previous section.

The first example corresponds to the identification of a system’s damage, dm; = 0.0,dm; =
0.5,dms = 0.25, using first and second mode information. The first five variables, £1, &2, dm;,
dms, and dms of each vector z are listed in Table 3. The top row denotes the assumed damage
parameters and corresponding first and second eigenfrequencies and the symbol % denotes the
expected optimal solution through the identification process. The first and second column entries,
£1,&2, indicate the fundamental and the second frequencies corresponding to the initial damage
parameters, dm,,dms,dms, which are given in the next three columns. The last five columns give
the final values corresponding to previous entry values. These final values are obtained at the stage
of the program is terminated when the further optimal search obtain improvements F' less than a
tolerance (10FE — 5 was adopted in the present study).

In Table 3, each case has the final values of £ close to £7, but almost all of them have the
unacceptable final results for zc and c¢r. Only the case with initial dmy; = 0.48 and dms =
0.24 has less than a 1% estimation error. These results show performance of the present damage
identification process is generally unacceptable if only first and second modes are used.

The first six variables, &;,&2, &3, dmy, dmg, and dmg of each vector z are listed in Table 4 the
top row denotes the assumed damage parameters and corresponding first and second eigenfrequen-
cies and the symbol * denotes the expected optimal solution through the identification process. In
this example, all the modes are used to deduce the damage conditions. Satisfactory predictions are
obtained in each case, in contrast to the results examined in Table 3. Even though starting point
is located at boundary of the feasible set (dm; = 0.0,dm; = 0.0,dm3 = 0.0), the agreement is still
precise. These results confirm the expectation that a unique and accurate solution predictions are
assured if all the modal information is included as data in the damage identification process.

Conclusions

A general method for damage identification of a simple beam and a spring-mass system is
presented. The method may be useful as a component of an on-line nonintrusive damage detection
technique for vibrating structures. A formulation is expressed as a direct minimization problem
statement with a criteria of the mean square difference of natural frequencies and mode shapes
between test measurements and corresponding model values. The damage identification problem
is reduced to finding the damage parameters that will satisfy appropriate constraints and minimize
the mean square difference.

The uniqueness and reliability of the identification process is confirmed by solving several
damage identification examples with specified damage positions. Without knowing the damaged
ocation, a restricted region in initial data space had been found for which there will be a realistic

—
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—

[-and convergent solution from the identification process. This region is small, and can be expanded
if substantially more modal information would be available. However, the minimization search may
be prohibitive for such a large-dimensional feasible domain that would result.
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=
| [ Test Data: £;=0.84703. $3=:0.1348. cr'=0.5 |

[nitiai Data rinai Data
£ ) jer 1 & K] i er |
1.0 81.0 0.0 | 0.84684 | 70.1348 | 0.50033 |

0.98841 | 80.0769 | 0.1 | 0.84697 | 70.1346 | 0.50019 1
0.97217 | 78.8135 | 0.2 | 0.84704 | 70.1347 1 0.49998 |
0.94815 | 77.0062 | 0.3 | 0.84701 | 70.1348 { 0.50007 {
0.91032 | 74.3024 | 0.4 | 0.84694 { 70.1347 | 0.50024 i
0.73638 | 63.7848 | 0.6 | 0.84705 | 70.1348 1 0.49962 |
0.54574 | 55.0511 { 0.7 | 0.84703 1 70.1348 ! 0.50034 |
0.27233 | 45.9316 | 0.8 | 0.84700 | 70.1347 | 0.50009 |

Table 1: Numerical resuits based on mean square problem statement of Eqs. (21-25) with the crack
(damage) specified (zc = 0.5).

[ Test Data: £ =0.84703, £3=70.1348, cr'=0.5, z¢'=0.5
Initial Data Final Data
TI1& & cr e | & | &3 {er Ic
9 { 091806 { 78.5161 { 0.4 | 0.4 | 0.69639 | 70.1359 | 0.99789 | 0.36289
9 0.91371 | 76.6365 | 0.4 | 0.43 | 0.70007 | 70.1362 | 0.99440 | 0.39620
9 0.91158 | 75.1335 | 0.4 | 0.46 | 0.84610 | 70.1347 | 0.91029 | 0.53775 |
9 I 091056 | 74.7464 | 0.4 | 0.47 | 0.84711 | 70.1347 | 0.67125 | 0.49033
9 1 0.91063 | 74.5157 { 0.4 [ 0.48 [ 0.84704 | 70.1348 1 0.50554 | 0.49972
9 0.73472 | 63.8062 | 0.6 | 0.51 | 0.84704 | 70.1348 | 0.60027 | 0.50526 |
9 0.73711 | 64.2643 [ 0.6 ! 0.52 | 0.84704 | 70.1348 | 0.60083 | 0.50831 ¥
9 | 0.73617 | 64.7619 | 0.6 | 0.53 | 0.84704 | 70.1348 | 0.60141 | 0.50534 |
9 4| 0.73929 | 65.6727 | 0.6 | 0.54 | 0.84705 | 70.1348 | 0.60255 | 0.49459
9 0.73909 | 66.6112 | 0.6 | 0.55 | 0.84702 | 70.1348 | 0.99721 | 0.24709
9 0.75452 | 74.0109 | 0.6 | 0.6 | 0.70040 { 70.1363 | 0.99079 | 0.59307
45 || 0.97475 | 80.2193 [ 0.2 | 0.4 | 0.90130 [ T0.1347 | 0.94855 | 0.94404
45 { 0.91806 | 78.5161 | 0.4 | 0.4 | 0.84420 | 70.1345 | 0.53053 | 0.51586
45 || 0.91531 | 77.2676 { 0.4 | 0.42 | 0.84686 | 70.1347 | 0.50838 | 0.50198 |
45 {| 0.96219 | 78.5819 [ 0.25 | 0.45 | 0.84643 | 70.1348 | 0.51729 | 0.49339
45 || 0.75452 | 74.0109 [ 0.6 [ 0.6 | 0.84645 | 70.1348 { 0.51723 | 0.50609
45 || 0.64083 | 77.7173 | 0.7 | 0.7 | 0.89079 | 70.1347 { 0.58895 | 0.31817

Tabie 2: Numerical resuits based on mean square problem statement of Eqgs. (21-25). The position
of the damage zc is a variable.

[ Test Data: =0.15206. {3=1.2956, {3=2.2494. dm;i=0.0. dm3=0.5. dm3i=0.23 |
{mtial Data B Final Data

3 & am, | dmq | dmy | & 3 dmy dma dmy
0.19806 | 1.5549 | 0.0 | 0.0 | 0.0 | 0.15209 | 1.2956 | 0.21392 | 0.40077 | 0.10985
0.18986 { 1.4975 0.0 | 0.1 0.05 | 0.15294 | 1.2055 | 0.17532 | 0.41741 | 0.13265 |
0.18123 | 1.4429 | 0.0 0.2 0.1 0.15296 | 1.2956 | 0.13478 | 0.43493 { 0.15777 |
0.17218 | 13911 | 0.0 0.3 0.15 | 0.15297 | 1.2956 | 0.09222 | 0.45445 | 0.18530 |
0.16275 | 1.3420 | 0.0 0.4 0.2 | 0.15293 | 1.2955 | 0.04751 | 0.47635 | 0.21576 |
0.15846 | 1.3088 ] 0.0 0.44 | 0.24 | 0.15294 | 1.2056 | 0.02043 | 0.48975 | 0.23502 |
0.15494 | 1.3047 ] 0.0 0.48 | 0.24 [ 0.15295 | 1.2956 | 0.00973 j 0.49511 | 0.24281 |

Tabie 3: Numerical results for spring-mass model using first and second mode information.
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Test Data: £ =0.15296. 5=1.2956. {3=2.2494. ami=u.0. ami=0.5. ami=u.25

i [astial Data ] Fiaa Data

£ P& | & i dmy }amq amy | § &2 3} . dmy ams dma
170.19806 1 L5549 ( 3.2460 1 0.0 ' 0.0 . 0.0 ! 0.15294 [ ..2066 ) 2.2494 | 0.0002 | 0.5001 ; 0.2498 &
| 0.18986 | i.497513.0209 { 0.6 ; 0.i 0.05 1 0.15204 | 1.2955 | 2.2494 | 0.0002 { 0.5001 : 0.2498 i
10.18123 | 1.4429 | 2.3086 | 0.0 ' 0.2 .+ u.l | 0.15242 | 1.2055 | 2.2494 | 0.0067 ! 0.5026 | 0.2442 1
7017218 1.2911 12,6095 ( 0.0 0.3 : 0.15{ 0.15265 1 1.2955 | 2.2494 ] 0.0039 { 0.5015 | 0.2494 3
10.16275 | 1.0420 1 24232 100 ' 04 10.2 | 0.15280 [ 1.2055 1 2.2494 | 0.0019 | 0.5008 1 1.2484 |
170.15848 1 1.3088 | 2.3329 | 0.0 ' 0.44 | 0.24 { 0.15295 | 1.2956 | 2.2494 | 0.0000 { 0.5002 | 0.2499 |
| 0.15494 | 1.3046 i 2.2832 1 0.0 + 0.48 | 0.24 | 0.15292 ) 1.2956 | 2.2494 | 0.0004 { 0.5002 | 0.2496

Table 4: Numerical resuits for spring-mass model using ail three mode information.
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Figure 1. Geometry of a simply supporied beam contnining a pair of symmetric edge crarks at
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Figure 2. Geometry of a 3 DOF spring. mass beam mordel
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Electrical Impedance Imaging in Two-Phase, Gas-Liquid
Flows: 1. Initial Investigation

J.T. Lin!, L. Ovacik?, O.C. Jones?
Center for Multiphase Research, Rensselaer Polytechnic Institute
Troy. New York 12180-3590 U.S.A.

e ¥
o~

ABSTRACT o

The determination of interfacial area density in two-phase. gas-liquid flows is one of the major ele-
ments impeding significant development of predictive tools based on the two-fluid model. Currently,
these models require coupling of liquid and vapor at interfaces using constitutive equations which do not
exist in any but the most rudimentary form. Work described herein represents the first step towards the
development of electrical impedance computed tomography (EICT) for nonintrusive determination of in-
terfacial structure and evolution in such flows.

INTRODUCTION

Description of interfacial structure and evolution. as well as the gradients which control transfer of
mass, momentum, and energy at these phase boundaries is the single most important key element and the
challenge for the future of two-phase flow analysis. Indeed, measurement and prediction of phase bound-
ary structure and gradients at these boundaries is one of the major factors impeding development of true
predictive capability for systems involving flows of liquid and vapor or gas mixtures.

P17

There are no methods available today which allow determination of interfacial structure and evolution
in any but the most simplistic cases. It is the purpose of this paper to describe a concept which appears to
hold promise for determining the distribution and evolution of interfacial area density in two-phase, gas-
liquid flows.

BACKGROUND

The concept of impedance imaging includes a body of unknown internal electrical field properties of
conductivity and permittivity surrounded by electrodes on the bounding surface. These electrodes are ex-
cited electrically either in pairs or groups. and the response on the entire set of electrodes is determined.
The excitation can be either applied current (AC) or applied voltage (AV), and the measured response can
be similar. This is undertaken for all linearly independent combinations of excitation and response to pro-
vide numerous sets of data which can then be used to form an image. Maxwell's equations for the behavior
of the electrical field are utilized to determine the internal distribution of electrical properties which mini-
mizes (in the least squares sense) the difference between the computed boundary response (given the exci-
tation) and the measured response. If there are N-electrodes, and all possible independent combinations
of excitation and response are utilized, there are N(N-1)/2 independent measurements which allows the
field to be broken into the same number of regions within which the conductivity and/or permittivity can
be determined. The challenge is to develop an accurate and rapid tomography system coupled with accu-
rate inverse computational methods which will allow clear images to be determined.

1. Post-Doctoral Research Associate

2. Graduate student

3. Professor of Nuclear Engineering and Engine¢
and Director--Center for Multiphase Research
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Research in the development of electrical impedance computed tomography (EICT) has been under-
taken in the geological area [c.f. Dynes and Lytle'] and in the biomedical field [c.f. Seagar. Barber. and
Brown?]. Most methods have used the resistive field because the resistivities of relevant materials are low.
Todate, the best of applications applied to real systems produce a very fuzzy planar “picture” of resistivity
Or permittivity variations but the results are encouraging.

Most EICT methods can be classified by the number of poles used to make a single measurement. and
the method of excitation. Two-pole methods use only two electrodes for both excitation and measurement
whereas four-pole methods separate excitation electrodes from those used for measurement, the measure-
ment generally being a potential difference. Some feel that the four-pole method eliminates errors due to
contact resistance at excitation electrodes. but this is not clearly a benefit [Newell et al.34].

Price?, although unsuccessful. appears to have been the first in the biomedical field to attempt obtain-
ing impedance tomographs using the three-pole method but his reported work failed. His suggestion of
the use of “guarding” methods was followed by others, all of whom were unsuccessful [Bates et al.b,
Schneider’, Seagar et al.2]. Furthermore. in the three-pole method. small voltage differences are obtained
by subtracting the measured voltages leading to substantial errors [Smith?].

Contact impedance was minimized by Barber et al.°, using a two-pole method and high-impedance
measurement methods. but results were quite blurred. Two-pole methods were also used with little suc-
cess by Dynes and Lytle! and by Starzyk and Dai'°.

Seagar etal.!! contend that the blurring of two-dimensional results in a continuously variable conser-
vative field is due to nonzero effective wave number (infinite wave length) of the applied signal. They
show, however, that successful reconstructions can be made for certain classes of piecewise constant me-
dia (similar to two-phase systems). and that the process is relatively simple when the discrete zones are
circular in shape.

There can be orders of magnitude differences between the sensitivity of a given boundary measure-
ment to afixed size body depending onits location. Similar orders difference can thus occurintheeigenva-
lues of the solution matrix thereby making the inversion problem severely ill-posed and difficult to solve
[Tarassenko and Rolph!2, Murai and Kagawa'3-4]. In spite of ill conditioning. good results were obtained
by Wexler!* using a four-pole potential method with real domain reconstructions even where there were
widely varying conductivities in an overall conducting medium--i.e.. metal and plastic shapes in a
conducting water field.

Isaacson and coworkers [Isaacson'®, Gisser, Isaacson. and Newell!”. Isaacson and Cheney'®] de-
scribed a method to estimate the conditions necessary to distinguish a homogeneous cylindrical body of
one size, centered in a cylinder of a larger size with the region between the two also of homogeneous elec-
trical field structure. This was followed by Fuks et al.34 who also provided methods of estimating the de-
gree of accuracy to be obtained with digital conversion of data. In general. they found that increasing the
number of electrodes can improve the image only up to a point after which better imaging comes only by
improving accuracy of measurement.

Barber and Brown!®2? developed an iterative back-projection method based on linearization around
aconstant conductivity. This method was subsequently improved upon by Santosa and Vogelius?! but with
mixed results. Beck and his co-workers [Huang, et al.?2, Beck and Williams23] have also developed back-
plane projection methods for analysis of gas-liquid pipe flows of gas and oil. A variational method devel-
oped by Kohn and Vogelius? is similar to that of Wexler et al.!S but guaranteed to converge. It was shown
by Kohn and McKenney.?* however. to produce results no better than those of Wexler'S. Murai and Kaga-
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wa'? used a “‘matrix regularization™ method based on Akaike s information criterion and eliminated alto-
gether the problem of ill-conditioning. )

Yorkey, Webster, and Tompkins (YWT) followed a different approach using Marquardt's condition-
ing method whichthey stated to be better than Akaike's method. Their results appear singularly successful
in inversion of two carefully-chosen numerical experiments [Yorkey?®, Yorkey and Webster?”. Yorkey.
Webster. and Tompkins,?8-31]. Finite element methods were used to obtain accurate reconstructions in four
tterations. No reconstruction of real situations has yet been reported and Kohn and McKenney?® indicate
the YWT tests were “biased by the nature of the synthetic data.™

Very slow transient results were obtained by Brown, Barber, and Seagar>2 when a dish of heated saline
solution was reconstructed showing the thermal patterns of convection. From comparison of their results
with Price’s estimates of resistivity [Price] it seems that changes of the order of 1.5-10 Q-cm were easily
resolved. These results also indicate that there is a good potential for application of EICT methods to natu-
ral convection studies.

Finite element methods seem to have been singularly useful in reconstruction tomography of electrical
fields. Starting with the suggestions of Kim, Tompkins, and Webster®®, this work has been the basis for
the most successful inversions reported on to date [Dynes and Lytle!, Murai and Kagawa'?, and
Yorkey?6-31],

Yorkey et al.3! examined several other methods including the perturbation method used by Kim et
al.**. the equipotential lines method used by Barber et al.? and by Barber and Brown??, the iterative equipo-
tential lines method (the original one proposed did not iterate), and the method used by Wexler et al., and
similarly by Kohn and Vogelius®* (referenced by YWT). Of the five methods tried, only the YWT method
converged to zero error in overall resistivity, and seemed to obtain the correct result locally, in spite of the
fact that they only utilized adjacent electrodes for excitation--a pattern guaranteed to produce the most
difficult problems with sensitivity. Other methods either did not converge or converged with some error.

On a completely separate track, Newell, Gisser, and Isaacson and their coworkers at Rensselaer have
been developing the multi-pole current distribution (MPCD) method. This method has resulted from
mathematical analysis showing the ““best" application of electrical current in a radially-symmetric system
to be sin(k6) and cos(k6), k=1...K where K is half the number of circumferential electrodes [Gisser et al.!”,
Newell etal. 34, Fuks et al. 3, Isaacson and Cheney'?, Cheng et al.>5]. This distribution is optimum in effect
because at any instant all electrodes are simultaneously excited and the total input current is the sum of
individual electrode-~pair currents thereby increasing the sensitivity and decreasing the effects of noise in
the system. Results on two-dimensional electrode arrays without iteration (Newton One Step Error Re-
construction, NOSER, method®%) are quite fuzzy but are the equal of others described in the literature.

ANALYSIS

Reconstruction Method

The iterative method showing most rapid convergence ( Yorkey s resistive network or YWT method)
was extended to complex reactive networks. The computational logical includes two parts. The first part
1s the forward problem which is used to generate a voltage distribution using a given distribution of com-
plex conductivity. The second part is the inverse problem which uses the calculated boundary voltages in
comparison with the measured values to reconstruct the conductivity/ permittivity distribution. The theo-
retical basis for the algorithm is given as follows. The steady-state governing equation for the voltage dis-
tribution within the inhomogeneous and isotropic field is given by the equation
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V(@VV) =0. (1)
where V is the voltage field and o = (c + jwe). ¢ being the conductivity. e the permittivity, and w the frequen-
cy. Finite element methods (FEM) are utilized where they are nodalized by quadrilateral elements then
transformed to squares for computational purposes. It is known that this method converges to the exact
solution where the element size becomes infinitesimal.

The FEM is defined for a reactive network as YV = C. such that the voltage field is given as
Vi = Y/_\'L,'\’C!\"x]’- (2)
where Y is the N x N indefinite admittance-matrix. The matrix-size parameters are defined as

= the number of nodes

= the number of current excitations

= the number of elements

= the number of external measurement electrodes

m=z vz

While V represents the voltages of the nodes both inside and on the periphery of the body. a transfor-
mation is made to extract the calculated boundary voltages from the calculated voltage matrix Vy.p to
form a new vector fgpy;. The measured voltages on the E-electrodes with P-current excitations are col-
lected to form the vector Vg gpy.

There are differences between the calculated voltages fepy; and measured voltages Vo gpx; on the elec-
trodes. A scalar error function is defined as

# =1~ Val'lf - Vol e
In order to get minimum error, the differential of ¢ relative to o should vanish. Thus.
¢ = L= VE-Vo =0 @
where f' = df/do . The quantity ¢’ can be expressed as a Taylor expansion
¢' = ¢'(0") +¢" ©")V*) = 0. (5)
Thus. since ¢’ vanishes. the gradient of the conductivity is given by
Vo' = - [¢" (0")]I'¢'(0%) (6)
where
¢’ = [F (@) f(@") - Vol (7)
and where
¢" (0% = (@) (%) 8

The corrections to oX can be obtained after every iteration, until the convergence criteria is met.

A areasonable level of spatial resolution will need many current excitations and so the matrices re-
quired inthe inversions can be very large. Since the forward computation of the field potential for a given
complex resistivity pattern involves inversion of a sparse matrix, Gaussian elimination methods used are
computationally expensive. Thus. the Jacobi conjugate gradient (JCG) method (similar to that described
by Carey and Oden* has been utilized for real domain inversions. Time savings was achieved by main-
taining a constant Jacobian for several iterations.

In the case of a matrix having eigenvalues separated by orders of magnitude, preconditioning is ob-
tained by pre-multiplying with the inverse of the diagonal or tridiagonal of the original matrix. The JCG
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method is both extremely fast and absolutely convergent for positive definite matrices such as are antici-
pated in this problem. Since it is not necessary to calculate and store zeros in the matrix, the computational
CPU ume is decreased substantially.

The accuracy for both methods are similar. Hestenes and Stiefel*® have shown that if the conjugate
directions are chosen as the unit basis vectors, then the conjugate gradient will be equivalent to Gaussian
Elimination method. Round-off error can also be corrected in the JCG algorithm.

Quadrilateral Mesh Scheme

All computations were undertaken in a dimensionless array of square elements. To easily model geom-
etries having curved surfaces. a transformation from quadrilateral to square elements was included both
for preprocessing and postprocessing of computed results.

The sketch in Fig. 1 shows the quadrilateral transformation scheme. Transformation was accom-
plished in the standard fashion. A shape function N; = N;(€,n) is chosen with the values of £ and 1 defined
inthe figure such that the mapping from the parent domain R into the square-element domain. An infinite-
ly small area is transformed using the Jacobian with the following shape functions

Ny =(1/4)(1 - &)1 -7)

Nz =(1/4)(1+EX1-1n)

N3 =(1/4X1+E)(1 +1n) ©
Ng=(1/4)(1-E)X(1 +n)

A bilinear expansion form is utilized such that

x(€.m) = ao+ & +am +asty (10)
YE.m) =PBo+PE +Pam +PBskn

where the a's and B's are determined by the transformation Jacobian

]= a;+usn ar+ask an
BB BBt |

Now the problem to be solved is Eq. (1). It is assumed that the conductivity is piecewise continuous
being constant in each element such that Laplace’s equation is solved element-by-element. Thus

4 4
V=> VN, and VV=> V; VN, (12)

=1 i=]

Solving Eq. (1) is equivalent to minimizing the functional

F=QJJ IVVi2dS | (13)
2] I
where R designates the region occupied by the individual elements for which Eq. (13) applies. Thus,
aF
—=0 f i=1,4
3V, or i (14)

which, after minimizing, results identically in Eq. (2). The admittance elements are given by the transfor-
mation,

1,1
Yij=0RJ J Fij (£.n)dédn (15)
Y
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RESULTS
Numerical

Square-element conductive arrays. Duplication of Yorkey s results required implementation of the
method using square elements in the resistive mode only. Results obrtained were identical to those found
by Yorkey et al. Convergence is very rapid with the error function [Eqg. (3)] for an 8 x 8 array converging
to two significant figures within 4-5 iterations and within 1 partin 104 within 12 iterations where the con-
trast ratio is as large as 10.000:1. Aitken’s method is also used to improve convergence speed more than
a factor of 3.

Quadrilateral-element arrays. Both real and complex conductivity calculations have been under-
taken: however, the real patterns converge much more readily than the complex. Varying Marquardt's con-
stant and not recalculating the Jacobian matrix every iteration leads to nonuniform convergence.

Figure 2 shows two patterns with the number of iterations required for convergence with the fill pattern
key between the two reconstructions. The original pattern is chosen to be uniform of high conducuvity.
Gauss elimination was used to perform matrix inversions. The ring pattern converges much more rapidly
than the annular pattern because the zones requiring the greatest changes are nearer the boundary. Further-
more, the central region required no change whereas for the annular geometry, the central zones required
maximum change.

Figure 3 shows the convergence sequence for a 64-element body with real-conductivity elements of
3:1 contrast ratio distributed in arelatively arbitrary pattern. The quantitative resistivity pattern definition
is identical to that shown at the center of Fig. 2. It is seen that there is a relatrvely rapid convergence for
elements near the boundary even though the change is from one extreme to the other. On the other hand.,
changes in the central region require significantly more computations for convergence due to the extreme
lack of sensitivity of regions farthest from the boundaries. Global error for the three cases (arbitrary, ring,
and annular) i1s shown in Fig. 4, confirming that the more complex the pattern. the larger the number of
iterations required for convergence.

The question of noise and error generally pose real difficulties in the convergence of an inverse prob-
lem to its solution. In the case of the annular geometry, Gaussian noise was added to the “measured” volt-
ages and the problems recomputed. As shown in Fig. S, the global error generally decreases until the
effects of the error become important and then become relatively constant. Figure 6 shows the variation
in the local error for each of the four ring layers in the geometry showing increasing error with distance
from the boundary. In the case of 1% Gaussian noise. the local error in the inner elements is above 30%.
Even in this case, however, the noise has little effect on the visual recognition of the pattern (Fig 7).

Computation for these 8x8 reconstructions required approximately 3 minutes on the IBM 3090 com-
puter. Of interest was the computational time required for a significantly larger problem. in addition to the
interest in gaining better computational resolution. For this purpose. a 256-element pattern (16x16) was
computed in two steps: starting with a uniform background pattern using an 8x& mesh: switching to a
16x16 pattern when convergence ceased due to the effective noise in the system caused by nonalignment
of pattern and mesh. Starting with an 8x8 pattern, and using a conjugate gradient method for matrix inver-
sion, convergence is rapid at first, then slows as the effective noise becomes dominant. Switching toa gnid
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size of 16 x 16 results again inrapid convergence. Computation time in this case for a total of 30 iterauons
was 43 minutes on the IBM 3090 and convergence was not achieved. even though the global error was
reduced to 0.00086. A 24 x 24-element problem required 54 minutes for a single iteration.

EXPERIMENTAL

Anexample of a electrical impedance tomographic image obtained using sinusordal current excitation
patterns at 15 kHz, and complex conductivity inversion is shown in Fig. 8 (NOSER method. Newell et
al 3%). Thetest geometry used is arather shallow. two-dimensional bath 500-mm in diameter. Water filled
the dish to a depth of approximately 12 mm except for an empty. 50-mm- diameter beaker placed in the
center of the dish.

The NOSER method is a noniterative reconstruction which uses exact solution of the uniform field
problem and exact computation of the first Taylor-series corrections in the iterative process. The results
shown in Fig. 8 indicate the darker regions where higher impedances associated with air are calculated.
In this case. the contrast associated with the central region is only approximate as, for air at 15 kHz excita-
tion the impedance is virtually infinite in comparison with tap water where the resistvity is in the range
of hundreds of ohm-cm. The results show that it is clearly possible to separately identify large separate
regions of gas-phase surrounded by water in a large geometry. even without iteration.

CONCLUSIONS

A potentially useful method for electrical impedance imaging of two-phase fluid distributions meth-
ods has been discussed. The method solves the inverse problem where the internal conductivity field is
piecewise approximated using iterative procedures which require computed boundary measurements con-
verge to measured values which exist due to given boundary excitation. Convergence is undertaken in a
manner which minimizes the least squares error between the computations and the measurements. Specif-
ic results of this work are:

1. The internal distribution of complex electrical impedance can be piecewise approximated within a
body by using only boundary excitation and measurement.

2. Square-element FEM modeling of aresistive body allows iterative convergenceto 1 % within4-5 iter-
ations and within 0.01% within 12 iterations for all contrast ratios up to 10°.

3. Quadrilateral-element, FEM modeling was slower to iterate and more sensitive to contrast ratio, per-
haps due to the presence of highly acute or obtuse angles distorting the equivalent square-element
conductivity. Local error in a given element was shown to be considerably slower to converge to a
reasonable error. Elemenis farthest from the boundary showed slowest convergence, and more com-
plex situations appear to require more iterations for convergence.

4. Complex contrast ratios as large as 102 were found to converge using Gauss elimination for matrix
inversion. Situations with larger contrast diverged.

5. The computational methods utilized appear quite tolerant to Gaussian noise allowing inverse compu-
tations to be undertaken with as much as 1% rms noise in boundary “‘measurements.” The global error
is found to diverge from the no-noise case and arrive at a relatively constant value dependent on the
noise. Even with relatively large local errors, visual discrimination of the patterns was easily possible.

6. Application to a practical, laboratory situation shows that even without iteration, reasonable results
can be obtained for complex conductivity fluids.
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NOMENCLATURE
English

Conductivity

Current matrix

Calculated boundary voltage vector
Jacobian

Shape function for quadrilateral
transformation

Voltage field

Voltage matrix

Cartesian coordinates

Cartesian coordinate
Adnmuttance matnx
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R
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Expansion coefficient
Expansion coefficient
Permittivity

Scalar error function
Transformed coordinate

Radial frequency

Complex conductivity (¢ + jwe)
Transformed coordinate

M g 3O 0 >™aa

Subscripts and Superscripts and Others

E Number of measurement electrodes
on boundary

Matrix element index

Matrix element index

Iteration number

Total number of elements

Total number of nodes

Number of current excitations
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ABSTRACT

Given the current level of jet engine performance, improvement
of the various turbomachinery components requires the use of
advanced methods in aerodynamics, heat transfer, aeromechanics
as well as in other fields.

In particular, successful blading design can only be achieved
via numerical design methods which make it possible to reach
optimized solutions in a much shorter time than ever before.
The present paper focuses on two design methods which are
currently being used throughout the French turbomachinery
industry to obtain optimized blading geometries. Examples are
presented for compressor and turbine applications. The status
of these methods as far as improvement and extension to new
fields of applications is also reported on.
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1. INTRODUCTION

The ever-increasing performance reqguirements for jet

engines, together with the fast pace of development programs,
have led designers to rely more than ever on computations when
defining their products. The fieid of Fluid Mechanics has
naturally been at the forefront of this evolution both in
external and internal aerodynamics. A great deal of effort has
been devoted to the development of powerful numerical tools
which allow both the design and analysis of geometries with the
obvious goal of obtaining optimized shapes that can enhance
performance.
The present paper focuses on two design methods which are
currently used throughout the French industry for turbomachinery
applications. After a brief review of the general inverse
problem in the turbomachinery field, examples of what can be
achieved are presented both for compressor and turbine blading.
In addition, the versatility of one of the methods is demon-
strated by using the example of a jet engine inlet design.

2. A PROPER FORMULATION FOR THE INVERSE PROBLEM

The idea of inverse design methods is obviously not new.
Once the blade or wing designers had the knowledge and the
understanding of the flow around an airfoil, isolated or not, it
was natural to try to define profiles not from the purely
geometrical standpoint but rather by using this very knowledge
of the fundamental profile aerodynamics. It was recognized
early on that there was a direct relationship between the
surface velocity distributions and overall performance. Hence
the idea of defining the profile starting from the velocity
distribution itself.

The inverse problem for isolated profiles in incompressible
flows was first formulated by LIGHTHILL [1]. It consists in
determining an airfoil that produces a given speed distribution
prescribed on the unknown airfoil profile. It was shown thas
closed profiles could exist only if the prescribed velocity W
satisfies three integral constraints. In this early work, these
were chosen as the upstream velocity W® and two parameters
related to the closure of the profile.

More recently, Volpe and Melnik [2]) proposed several possible
choices for the design of isolated profiles. 1In particular,
they showed that it was possible to obtain closed profiles via
introduction of two modification functions for the target
velocity.

~ For turbomachinery applications, the problem is slightly
different in the sense that 1) the flow is quasi-three dimen-
sional (in first approximation) and 2) the profiles are
entrapped between adjoining blade rows which partly determine
the upstream and downstream boundary conditions. 1In particular,
the upstream (or downstream) velocity as well as the
upstream/downstream flow angles cannot be set as free
parameters.
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The prescribed velocity distribution is defined on the pressure
and suction sides of the blade and is given by two separate
functions of the arc lengths s (pressure) and S (suction). The
relative lengths of the two sides or, equivalently, the position
of the stagnation point, can therefore be considered as the
first necessary parameter.

The second parameter is a direct consequence of the fact that,
in general, a flow evolves (in basic approximation) on a
quasi-three-dimensional surface throughout a blade row. Whereas
it is possible to set free two parameters defining the trailing
edge closure ( Ao x and AY) for isolated 2-D profiles, it is
obvious that a trailing edge cannot be reasonably defined if
both suction and pressure side trailing edge points are not
located at the same radius (the same m-coordinate in the
standard (m-9) quasi~three-dimensional blade-to-blade
representation). Therefore, the remaining parameter pertaining
to profile closure is the circumfererntial gap in the é-direction
at the trailing edge.

Finally, like in all turbomachinery problems, the solidity is a
governing parameter, directly related to the circulation around
the profile and the flow turning. 1I%£ comes as no surprise that
it is the third parameter to be computed by the algorithm since

data for the design method.
Based on these general considerations, many methods were
proposed in the past to deal with the problem of profile or

blade design. It is not the purpose of this paper to review all

Proposed years ago by Stanitz [5] to determine analytically a
profile from a given velocity distribution. It is still being
used successfully for specific two-dimensional applications at a
reasonably low Mach number. More recent developments by Cedar
and Stow [6] in England and Jacquotte [7) in France allow the
definition of high Mach number profiles within the quasi-three-
dimensional and potential approximations. Finally Meauzeé [8] in
France and Leonard et al. [9] in Belgium have proposed solutions
for the non-viscous quasi-three-dimensional problem solving the
Euler equations that allow for the occurrence of strong shocks
within the flow field.

In the following paragraphs, we will discuss the recent
developments in France that concern both the potential design
method by Jacquotte [7] and the Euler method by Meauzé [8].

3. ° FINITE ELEMENT INVERSE METHOD FOR POTENTIAL FLOW [7)

A thorough description of the method is given in [7] and
[(9]. We will therefore only give here a general outline while
concentrating on concepts and applications.
The method was developed by Jacquotte in 1989. It makes use of
the concept introduced in the pPrevious paragraph pertaining to
the constraints that must be taken into account in order to
arrive at a solution.
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'3.1 Basic assumptions

Three very basic approximations are retained:

a) the flow is inviscid;
b) it is considered gquasi-three-dimensional and
computed on stream surfaces in the computational

space (m,®), where m is the arc length of the
meridian line defining the stream surface, and 6 is
the polar angle around the axis 0z. It is

therefore assumed that the characteristics of the
through-flow are known and given by a function r
(z) defining a stream surface and the stream tube
thickness b(z):;

c) third, the calculation is carried out within the
potential flow approximation. Even though the
entropy production through shocks cannot be taken
into account, such a model is still valid for
compressible transonic flows where strong shocks do
not occur i.e., for relative Mach numbers that do
not exceed 1.3 or 1.4. The advantage of using such
a potential flow approach is to be found in the
small CPU times necessary to obtain solutions.
This turns out as a very strong point for a design
method which can therefore be used on an
interactive basis.

3.2 Computational domain and boundary conditions

In order to take advantage of the periodicity of the
problem, the computation is of course restricted to a
blade-to-blade channel. The profile is prolonged by a
pseudo-wake, without 1ift and with a constant angular
thickness equal to the trailing edge gap.

A C-topology is used to describe the computational
domain since it is well adapted to profiles with
relatively thick leading edges.

Upstream and downstream conditions are obtained from
any standard through-flow computation; the upstream
flow is prescribed via inlet angle and inlet relative
Mach number while the downstream flow is defined only
via the exit angle.

The other exit gquantities are naturally obtained
through the continuity equation. These boundary
conditions are taken far enough upstream and
downstream so that the flow can be considered as
uniform.

The method can operate both in direct and inverse mode
depending on the kind of bcundary conditions which are
applied on the profile: whereas a Neumann condition
corresponding to a zero normal velocity is usually
applied in direct calculations, a Dirichlet condition

. 1is imposed in the inverse method. This condition
L corresponds to the fact that the tangentiaé velocity
(to the profile) must be equial to a given W .
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3.3 Profile modification

The goal here is to find the shape which satisfies
both constraints:

a) zero normal velocity

b) tangential velocity equal to a given wC.

The solution of the inverse problem leads to a flow
that follows the prescribed tangential velocity W~ on
the profile but does not necessarily satisfy the zero
normal velocity condition. The non-zero normal
velocity obtained from the algorithm is used to modify
the profile via a transpiration model: the
displacement of the blade surface is accounted for by
injection of fluid through the original blade surface
such that the new surface becomes a stream surface
[6]. The displacement normal to the profile is then
obtained simply by expressing the mass conservation
between two elements of length ds on the profile (see
figure 1).

3.4 Inverse design algorithm

The inverse method consists therefore of a sequence of

the following three-step iterations:

a) computation of the potential on the profile by
integration of the prescribed velocity:

b) computation of the potential in the domain by
solution of the continuity equation with a
Dirichlet boundary condition on the profile;

c) computation of the normal displacement of the
blade surface as described above and modification

of the profile.

While the first and third steps are simple

one-dimensional integrations, the second step

corresponds to the resolution of a two-dimensional,
second order, non linear partial differential
equation. The numerical method used to solve this
equation is a finite-element method developed by

Bredif [10] which will not be described here. Tran-

sonic flows can be handled by using a density upwind-

ing also presented in [10].

3.5 Numerical results for turbomachinery applications

Starting from an initial profile, three modifications
are generally needed in orcder to obtain good agreement
between the prescribed velocity distribution and the
one corresponding to the computed profile. The
inverse computation is aatomatically followed by a
direct calculation only to verify the convergence of
the procedure. With a 10 x 117 point C-grid (used in
most applications) the total computing time is about
15s on an IBM 3090 computer.
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Three examples are presented: one for a highly loaded
compressor rotor hub section, one for the root
section of a strongly gquasi-three-dimensional turbine
nozzle and the last one corresponding to a case where
the robustness of the method is demonstrated.

Compressor rotor hub section

Figure 2 shows the compressor flow path. The stream
tube thickness is obtained from a through-flow
calculation which also provides all the input
parameters:

o inlet Mach number
o inlet flow angle 61.7o
o outlet flow angle -2.5
The initial geometry came from a previous calculation
and the initial velocity distribution (see figure 3)
was obtained by running the inverse code in its
analysis mode.

The objective for the calculation was to reduce the
peak Mach number on the suction side while retaining
the same solidity and maximum thickness. Figure 3
shows the prescribed velocity distribution vs the
original one as well as the new profile that was
obtained after three successive modifications. The
pitch angle and the thickness distribution have
changed in a substantial manner.

0.95
o

Hub section of a turbine nozzle

The case considered here corresponds to a
strongly quasi-three-dimensional section of a turbine
nozzle with a large stream-wise variation of the
stream tube thickness (outlet to inlet ratio of 1.3).
Designing such blading with a two-dimensional inverse
method results invariably in the occurrence of non-
uniformities in the velocity distributions.

For the present computation, the inlet and exit flow
angles are 31.4° and -61" respectively and the inlet
Mach number is 0.424.

The velocity distribution cn the initial blade and the
target velocity distribution are shown in figure 4
together with the blade profiles. For this case, five
blade modifications were necessary to reach
convergence. The resulting profile remains very
smooth.

Example with a poor initialization

The case in Figure 5 invoslves large changes in the
profile from the initialization and demonstrates the
robustness of the method. Starting with a geometry
having a relative maximum thickness of 3% and a pitch
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angle of 250, the code is capable of converging to a
new(yrofile with a thickness of 7% and a pitch angle

of 5. After one iteration, a very large displacement
is observed but nonetheless the calculation remains
stable.

Extension of the method to the nacelle design

For the design of transonic blades presented up
to now, the complete 3D blade is ocbtained by
stacking a series of 2D profiles; this procedure
leads to a reasonable blade if the input pressure
(or velocity) distributions vary smoothly, and,
most importantly, if the flow is essentially two
dimensional, in the sense that there is a
preferential direction where little happens in
comparison to the other two directions. A complete
3D calculation using a more accurate model (Euler
or Navier-Stokes) is the definite proof that the
blade ocbtained by the inverse method possesses the
desired features.

The flow around a commercial aircraft inlet
(nacelle) demonstrates the "essentially 2D"
quality mentioned above and therefore the stacking
procedure can be used about its axis for the design
of this type of geometry. The method has been
extended with the following characteristics:

- basic assumptions:

a & c): same as in 3.1

b) the flow is considered to be axisymmetrical
and the potential eguation is written and
discretized in the (z, r) plane.

- computational domair and boundary conditions:
a C-topology is used to describe the
computational domain extending around the inlet
from the compressor plane to the downstream

plane behind the nacelle. The four boundaries
and the conditions applied thereon are the
following:

o the inlet profile and its continuation until
the downstream plane; boundary condition:
either no mass flow for the direct
calculation, or Dirichlet condition on the
profile in the inverse mode;

o the compressor plane, with a prescribed
velocity distribution (varying Neumann
condition);
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o a three-segment boundary, including the axis
(no-mass-flow condition), the upstream plane
(prescribed velocity) and a far field boundary
(no-mass-flow condition):

o the downstream plane, with a prescribed
velocity computed from the mass balance
equation between this boundary, the upstream
plane and the compressor plane.

- the profile modification is carried out in the
same way as before, using the transpiration
model mentioned in 3.3 [6].

- the inverse design algorithm also remains the
same as in 3.4

We will now present a result proving once again the
robustness of the method with respect to
arbitrary initializations. A velocity
repartition (so-called "ideal velocity" on
figures) is computed by direct calculation around
a given profile ("idezl profile"); this profile
is modified into the "initial profile" by
thickening. The velocity distribution around
this profile is represented in figure 6. It
clearly shows an aspect different from that of
the ideal velocity. The inverse method has been
used in order to recover the ideal profile from
this initialization. The convergence
of the inverse algorithm is monitored by the
decrease of the mass flow across the profile for
each inverse calculat:on. The normal velocity
distributions for the first three iterations are
shown in Figure 7. After these iterations, the
normal velocity is zero on most of the profile,
except in the neighborhood of the leading edge.
These initial iterations determine therefore the
overall shape of the profile. The final
iterations (there are four of them here) tend to
precisely shape the leading edge of the profile.
The final geometry of the nacelle is compared to
the initial one in Figure 8.

This example has been carried out around the H208
nacelle, (an Aerospatiale nacelle which was tested
in a windtunnel at ONERA) in a subsonic case (Minf
= 0.30). It required 7 profile modifications
performed in one minute on an Alliant FX2800.
Transonic cases have also been tested and have led
to similar conclusions with a slight increase in
CPU time.

To conclude this section, it may be stated that the
method presented here is a powerful tool for the
design of turbomachinery blading. It is currently
being applied in the French industry for the
definition of high perfo-mance turbomachinery.
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Parallel research has been going on with the goal of
opening a new field of application in the domain of engine
inlet design for which the methcd has proven suitable.
Improvements are still being worked on especially in
the field of mesh definition for turbine applications.
The method has naturally some limitations. One of
these is the built-in potential approximation which
in fact leads us to the next section devoted to the
transonic inverse and semi-inverse method developed
initially by Meauzé at ONERA.

TRANSONIC INVERSE AND SEMI-INVERSE METHOD [8]

Whereas the method described above solved the potential
equation, the one under consideration here deals with the
Euler equations which allow for the occurrence of shock
waves within the flow field

This method was first developed by Meauzé in the early
eighties as a follow-up of the transonic blade-to-blade
direct calculation developed at ONERA by Viviand and
Veuillot [11].

These authors made a valuable contribution to the
resolution of the Euler equations by using time-marching
methods where time is only a computational parameter and
the final asymptotic flow field is obtained as the steady
solution of the equations.

Overall description and concepts

The basic features of these methods can be

summarized as follows:

- the quasi-three-dimensional Euler egquations are
discretized in the physical plane;

- a McCormack type predictor-corrector numerical
formulation is used;

- when strong pressure or velocity gradients occur,
an artificial viscosity is used to smooth out
numerical instabilities;

- boundary conditions (wall boundary conditions or
inlet/outlet boundary conditions) are treated via
compatibility relations which are derived from the
theory of characteristics.

Using this framework, Meauzé developed an inverse
method in which the standard zero normal velocity
boundary condition on the profile can be completely or
only partly replaced by a static pressure (or
velocity) condition. Whatever the case, the boundary
condition problem is always dealt with via the
compatibility relations. When operating in inverse
mode, the profile and consequently the grid system
must be updated. This can be accomplished either
through reconstruction of *he blade surface by using
the flow angle computed 2zt each wall grid point or,
more rigorously, via a trarspiration model like in the
previous method.



|
|
4.2 Inverse and semi-inverse methods

What makes the method especially attractive for the
designers is the fact that not only does it allow the
defining of blading in the transonic regime, but it
can also operate in the semi~inverse mode. This makes
it possible to apply a given boundary condition on one
part of the profile - say a pressure distribution -
while retaining for instance the initial geometry on
another portion of the blade. Localized corrections
of the geometry can therefore be implemented in order
to improve the overall aerodynamics of the blade.

Of course, for such applications, special care must be
taken at the junction between the direct and inverse -
calculations. This is especially true when the flow
is locally subsonic; then a smooth transition from the
prescribed to the computed pressure distribution is
required.

On the other hand, for locally supersonic flows, jumps
in static pressures are allowed which would correspond
to crossing shock waves or expansions.

One interesting version of the code allows prescribing
of the pressure distributicn on only one blade surface
- generally the suction surface - while the other
surface is determined from purely geometrical
considerations, such as a thickness distribution.

One may note that, in this case, the cascade solidity
may be chosen in advance since the profile is
automatically closed. However, one drawback is the
lack of control over the velocity distribution on the
surface for which the pressure distribution was not
prescribed. Moreover, two solutions to the problem
can exist. Numerical experiments have demonstrated
that only solutions corresponding to small flow
deflections are stable. Therefore, this method 1is
really only suitable for compressor applications.

4.3 Numerical results

Three examples will be presented: the first
corresponds to the definition of a high supersonic
blading on the second stage of a rocket turbopump; the
second one is devoted to the design of a high pressure
ratio turbine cascade; finally, the third application
deals with the definition of a supersonic compressor
profile.

These three cases have been selected to give examples
of the various modes of operation of the method and
will demonstrate its versatility.
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High supersonic turbopump rotor

The case considered here corresponds to the redesign
of the mean section of the high supersonic rotor of a
rocket turbopump. For this configuration, the direct
calculation on the original blade showed that the
upstream flow was started, i.e., the inlet flow angle
is fixed by the unique incidence phenomenon. An inlet
relative Mach numbes of 1.22 was obtained for an
inlet angle of 48.5 . The results of this direct
blade-to-blade calculation are shown in Figure (9a).
Strong shock waves are observed throughout the blade
channel with a strong normal shock on the suction
side.

An attempt was made to improve the situation with the
inverse method operating in its semi-inverse mode.
The pressure distributions were prescribed on the
pressure and suction surfaces but only over part of
the blade. 1In fact, for this case of supersonic inlet
flow, the goal was to leave the inlet conditions
undisturbed in order to guarantee adequate matching
between the blade rows. The blade entrance region
consists of a straight part on the suction side. The
slope of this straight portion is chosen such as to
obtain the specified unique incidence computed with
the original blade. The pressure distribution is then
prescribed downstream of this entrance region.
Figure (10a) shows the selected distributions; on
the pressure side, the flow becomes subsonic and the
pressure gradient is chosen so as not to cause
boundary layer separation. A smooth pressure
distribution is prescribed on the suction side where
the impingement of the shock has been deleted.

The resulting pressure field is presented in
Figure (10b). An oblique shock is observed at the
leading edge on the pressure side. On the suction
side, a sharp change in the slope cf the surface is
observed which compensates for the impinging shock.
The calculated relative inlet ngh number is 1.21 and
the computed inlet angle 48.3 . These are in good
agreement with the results of the direct
blade~-to-blade calculation on the original blade.

The result of the direct blade-to-blade calculation on
the redesigned rotor profile is shown on Figure 11.
Good agreement is likewise observed between the
inverse and direct calculations.

High pressure ratio turbine cascade

Here again, the code is used in its standard semi-
inverse mode for which the pressure distribution
was prescribed on both blade surfaces but only
downstream of certain points on the surfaces.
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Upstream of these points, the initial geometry of the
blade is retained and the method operates as a direct
blade-to-blade computation. Figure (12a) shows, as
broken lines, the initial pressure distributions with
suction side non-uniformities. Also presented are the
prescribed pressure distributions shown in solid
lines. The blade shapes corresponding to these
pressure distributions are shown in Figure (12b).
Again, the solid line corresponds to the modified
blade. Note that the solidity has changed, with a
slight increase of the pitch.

Sugersonic compressor cascade

This case is a typical example of the method
described above where the blade is defined using a
mixed type of aerodynamic and geometrical data. Here,
the method is applied to the design of a supersonic
compressor profile with an inlet Mach number of 1.2.
Figure(l3a) presents the irnitial pressure distribution
where a shock at a peak Mach number of 1.6 occurs on
the suction side near the trailing edge causing an
increase in the loss and probable separation. The new
blade is now obtained by tailoring the suction side
pressure distribution so as not to exceed a peak Mach
number of 1.42. The initial blade thickness
distribution is retained.

Figure (13b) shows the new profile compared to the
initial one. As can be seen, the difference between
the two geometries is very small (which, by the way,
cught to make us wonder what really happens in the
machine when all manufac%uring deviations have been
taken into account).

The newly computed pressure distribution on the
pressure side is also presented in Figure (13a). It
exhibits a rather irregular shape especially in the
trailing edge region. This is due to the evolutions
of the pressure side curvature in this rear part of
the blade which necessarily "follow" those of the
suction side since the thickness distribution is
prescribed.

This is one of the drawbacks of the method although a
local correction of the blade on the pressure side can
usually improve the situation without deteriorating
the suction side pressure distribution.

Current developments

As stated earlier, this inverse Euler code must really
be considered as a by-product of the direct
blade-to-blade calculation. As a consequence, a major
overhaul of the code is under way which reflects the
improvement brought to the direct flow computation.
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Most of these improvements have been obtained on the
mesh itself where the standard H-grid has been
replaced by an H-C or H-C-H one with a multi-domain
approach (compatibility relations are used at the
boundaries between the domains). The improvement is
especially to be found in turbine applications where
round leading edges can be properly modelled

(see Figure 14).

In a parallel effort, the algorithm has been modified
in such a way that the inverse mode and the profile
modification procedures are now only applied after
convergence has been achieved on a given intermediate
geometry. Although this brings about some
penalization of the computing time, this approach
gives better quality solutions.

CONCLUSION

Two quasi-three-dimensional inverse methods have been described
above. Taken as a whole, thev allow the defining of
turbomachinery blade profiles throughout the entire Mach number
range of interest for jet engine (even rocket engine) rotating
components. Examples have been presented for compressor and
turbine profile designs.

Both methods are currently being used throughout the French
industry. A parallel research effort is still under way to
improve them and extend their fields of application. The next
step will certainly include coupling with a boundary layer
calculation in order to better predict viscous effects.

It is obvious, however, that even such improved methods will
have their limitations. The next significant step 1in
turbomachinery design will have to be found in optimization
techniques similar to the ones developed for external
aerodynamics. Although some progress has been observed in this
domain in the recent past, it is still widely believed that a
breakthrough in the field of fundamental mathematical analysis
will be required in order to formulate this complex multi-param-
eter problem.
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ABSTRACT

A brief review of advances in the inverse design and optimization theory in the
following engineering fields in China is presented: 1) Turbomachine aerodynamic inverse
design: including mainly: (1) two original approaches—-image—space approach and varia-
tional approach , (2) improved mean-streamline (siream surface) method, (3) optimization
theory based on optimal control. II) Other engineering fields: inverse problem of heat
conduction, free-surface flow, variational cogeneration of optimal grid and flow field,
optimal meshing theory of gears.

I. INTRODUCTION

Up to now most(over 95%) of the technical literature deals only with the direct
Canalysis) problem due to possibly the fact that the inverse(design) problem(finding the
unknown boundary shape) is, in general, much more difficult to formulate as well as
to solve than the direct ones though the inverse problem is more important for , and di-
rectly related to, practical design. As a result, for instance, almost all turbomachine
bladings are still designed by repeated use of direct problem methods in a cut-and-try
manner, which is of course not only inconvenient and time—consusing, but also incapable
of providing very good results.So in the 1950’s in China we have tried to apply the mean-
streamline method for inverse problem of Wu & Brown([30] to cascade design and some impro-
vements of this method were suggested [2]. In the 1960’s a new image—plane approach to the
inverse problem was proposed [5]. It was realized, however, that also the inverse problem
can not be successfully used for practical blade design, because it often leads to blade
configurations that are either unfeasible from consideration of stress, vibration coo-
ling and technology or even unrealizable(e.g. giving profiles unclosed or with ne-
gative thickness). Therefore the traditional direct and inverse problems can nol keep
up with the development of modern turbomachinery(TM) and it was suggested in Refs.[18,56]
to extend the scope of aerodynamic problems and reclassify thea into four categories: di-
rect, inverse, hybrid and optimization problems. Then the image-plane approach was ex-
tended to hybrid problem in Refs.[6,56], and another new approach to inverse and hy-
brid problems based on variational principles (VPs) was also suggested in Refs. [18,21],
Since then, a lot of variants of the image-plane approach, the variational approach and
the mean-streamline method have been developed in China and extended to 3-D case.

The Chinese research on the optimization problem of bladings started with the pro-
blem of optimal radial distribution of flow parameters in TM with long twisted blades in
1963(52]. Later, advances in this area are characterized and facilitated considerably by
the introduction of modern optimal control theory.



146

Third International Conference on Inverse Design Concepts and Optimization in Engineenng Sciences
QCIDES-NID, Editor: G.S. Dulikravich, Washingion D.C, October 23.2€ 100]

IT. RECLASSIFICATION OF ENGINEERING PROBLEM SETTING

Generally speaking, any problem of engineering sciences can be posed in different
ways, resulting in four problem categorjes: direct, inverse, hybrid and optimization pro-
blems. Specifically, for the aerodynamic problem of blade cascades these problems are
defined conceptually in Table I. The aerodynamic problem for So-stream surface can be
classified similarly as shown in Table II.

The hybrid probles is a unification as well as a generalization of the direct and
inverse problems, encompasses a wide variety of types(see Table II1 for cascades on
arbitrary streamsheet of revolution) and hence is very flexible and capable of =meeting
various design requirements. It provides design engineers with a series of new rational
versatile ways for blade design. In addition. the inverse and hybrid problems also cons-
titute an important ingredient of the optimization problem.

Table I. Problem Classification of Cascade Flow

problem Given To be sought
1 | Direct (D) cascade geometry velocity field
2 | Inverse(l) | surface velocity distribution cascade geometry
S S U -— SRR N —— —
3 | Hybrid (B> | ’partly geometric conditions’ & the remainding unknown
"partly flow condition’ geometry & flow field
4 | Optimiza- 1dobjective functional optimal cascade geometry
tion (Opt) | 2)design inequality constraints & flow field
—_—————1 —_— L~ — —_— ————

Table II. Problem Classification of S, -Flow

TTTTTTTTTTTTTTTTTT T 7
Given
problem - e e -
on Sy on hub & casing
complete geometry
Direct - Shape -
semi- pressure distribution
complete pressure distribution
Inverse |——————-—-7 Vqr —————— e e
semi- geometry
Hybrid Shape or Vyr "partly geometry’+ ’"partly pressure
distribution’
Optimization 1> objective function ,
2) inequality design constraints ~
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Tabte II]. Hybrid Problem Types of Cascades

Given conditions
Types b——————- -- T e e e e e e ~
geometric aerodynamic

HA part of airfoil form velocity distribution along the
remainding part of profile contour

HB airfoil thickness blade loading distribution
distribution (pP—pS)
__________________ —_ —_——————— __-+
H, airfoil thickness velocity distribution along the
distribution suction surface
H, airfoil thickness distribution of velocity difference
distribution W -¥W,)

Since the hybrid problea of fully 3-D flow may have a wide variety of types,
depending on the manner in which the boundary conditions (B.C.) on the blade surface are
combined with those on the annuclar walls, it is necessary to employ some properly
defined compound symbols to designate them as proposed in Refs. [46,47]. For instance, the
symbol (IxHs) designates such a hybrid problem type in which an inverse problem is posed
on the blade surface, while a Hj-problem is posed on the annular walls(Fig.la). In other
words, the symbol before 'X’ characterizes the problem 1type on the blade surface, while
the sysbol behind ’X’---that on the annular walls. It is easy to see that the scope of
possible hybrid problem types can be made even much broader by posing different problem
types on different portions of the blade(and- or annutar) walls (Fig.1b).

ITI. INVERSE & HYBRID PROBLEMS OF BLADE-TO-BLADE FLOW IN TURBOMACHINES

The research on inverse and hybrid problems in China has been going basically along
the following three lines: (i) universal approach based on image-plane concept; (ii) uni-
fied approach based on variational principles (VPs) and the related finite element method
(FEM); (iii) improvement of the mean-sireamline method and of other well-known methods.

1) Universal Approach Based on Image-Plane Concept

Two different image planes ¥y and £7 have been introduced:
1-1. Methods based on image-plane Tv.

The first universal image-plane method for solving the inverse problem of 2-D com-
pressible cascade flow was suggested by Liu in 1964 [5] and extended to cascades on
arbitrary streamsheet of revolution by Liu & Tao in 1967 (6] and to hybrid problem Hy by
Liu & Tao in 1981({6). The main difficulty is the treatment of unknown boundary(blade
surface) and was successfully overcome by introducing a nonorthogonal curvilinear(stream-
line) coordinate system (von-Mises coordinates) defined by (Fig.2, where 7 should be rep-
laced by ¥)

s=0 [or: §=f(L)]
v=v(L,9)

D

where the stream function Y is defined by
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S=-Tehy,  ZG=Trpa, w

It is expedient to regard EqQ.C1) as a mapping, which transforms the original irregu-
lar periodic flow domain with some unknown boundary(AB in Hy-problems, Fig.2a> on the
Physical stream surface into a simple rectangular one with fully known boundary in the
image plane (Fig.2b). Noreover, the following four alternative formulalions were derived
in Ref. [5,6]:

i) first-order partial differential equation (PDE) system
ii) second-order PDE
iii) integro—differential equation
iv) integral equation system
of which only the integro-differential formulation for homentropic flow is given here for
reference [6]:

§ et =L,
%iz/l%m”’ Ty= %rPAz
p=p ={t-m(F- 1)) (5
L= Zwﬁffr)ma 45 dy

(2A)

Here /1("%.,) and /1 (— a,) are dimensionless relative velocity and blade speed
respectivelys m= LK—I)‘ i ap——-reference speed of sound; W---rotor angular speed;i SC—
the contour abcda of a finite area §4 (Fig.2b).

A H,-and an inverse problems of a cascade on a general streamsurface of revolution
have been solved by this method by Chen et al. in Ref. [7].

This method was then improved considerably by Liu [8] via introducing a new moment
function (2 defined by

=""7, sv="(ly+A)r “

The moment function has some special features, for instance: (i) its increment
around any closed contour enclosing an airfoil A is just equal to the aerodynamic mo-
ment Nz exerted on airfoil:

AQ=M,=["AY D

This is just a generalization of the well-known Kutta’s Lift theorem for 2-D flow
showing that Mz is proportional to both absolute circulation around airfoil /~ and flow
rate through an interblade channel AY. (ii) the pressure p can be computed directly from
Eq.(5), resulting in two advantages: first, no density ambiguity[80] appears; second, for
the inverse problem the B.C.(i.e. the distribution of £ ) on the airfoil contour is of
the Dirichlet’s type and hence easy to deal with. Also in this case the four alternalijve
formulations mentioned above are possible, of which only the second-order PDE formulation
is given below:

where

¢
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.01 2
Agg + B§§§w+cw,+p +E(SR)=F o

where A B,C.D,E are functions of Mach number, P » T and 6 (Fig.2); F is a function of the
gradients of entropy and rothalpy. In Ref. (8] an inverse problem of a cascade on a
conical stireamsurface taken from Ref. [78] was solved and the result is given in Fig.3.

Later, a number of methods using this image plane ¥Y have been also published in
Refs{9-12), differing from one another, however, by different choice between the four
above-mentioned formulations and by different iterative strategies. Thus, in contrast to
Refs. [5,6], Shen & Na [9] solved the Hy —and H. -problems of 2-D transonic cascade flow
by employing the lst-order PDE formulation and Jameson’s rotated difference scheme, while
Chen & Zhang[10), using the second-order PDE forsulation for the dependent variable ¥(5¥)
presented a numerical method for solving direct, inverse and hybrid Hy -problems along
with three numerical inverse problem examples, of which the one for a tandem cascade is
given in Fig.4. Some difference between the calculated and original profiles might be at-
tributed to the use of the measured velocity distribution as input for the calculation.
This method has been modified by Sun et al. in Ref.[11] by using a boundary-fitted coor-
dinate q (see Eq.(9)) instead of @ . The numerical result of a supercritical cascade to-
gether with its modified design is shown in Figs.5 & 6. In Ref. [12] a method similar to
Ref. [10] for He - & I-problems was presented for rotalional flow, and a method for remov-
ing the density ambiguity is also given. In addition, a rational cascade design proce-
dure consisting of successive use of H. —and I-probleas is proposed.

1-2. Methods based on image-plane £7].

All methods using image-plane £ suffer from the shortcoming that singularities
appear in the vicinity of blunt leading and trailing edges due to local multivaluedness
of the mapping Eq.(1). To circumvent this difficulty, another method for hybrid problems
was suggested by Liu [13), where a new image-plane §’? defined by (Fig.2)

§=£ [or: §=)C(2)J
- %(30'%)+ T]s

was introduced, where ', and Vs C(the 7 -values on suction & pressure sides) are given
constants. Also in this case four alternative formulations can be derived, but only
the integro-differential formulation is given here for reference (Fig.2b):

G flgr2L - BT )+ (2 7307

— o Muan [ Hydin6-d
_2r47£b)7 5.

9

(o

SE=TphYgr-Ay),  FE=TpHy A,
p=[1- s (/=12 v

where t97 is the slope of the E-toordxnate line; Hy= Fé&}/%P %) is the scale factor of
the coordinate 7 ; $@=9%—Y is the angular width of the blade channel. We can see that
this new image-plane method is particularly advantageous for solving those hybrid prob-
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lems with given airfoil thickness (and hence H, is also known).
Other methods based on ZM-image plane, using, however, the following second-order
PDE formulation, have been presented by Chen et al. (14, 15] and Ge[16]:

2y 'y V42 Y _
where Ay, A), A3 Ay Agare functions of P and the metric tensor 9,,» 9,3 B, depends on the

gradients of entropy and rothalpy, velocity,w, 6 and viscous forces. In Ref. [14] the Hy-

problem of potential flow is solved and one of the numerical examples is given in Fig. 7.

The figures 8 & 9 taken from the viscous inverse problem solutions of Refs. [15] & [16]

respectively show that for the same inlet and outlet flow angles the airfoil in vViscous

flow is more strongly curved than that in inviscid flow.

2) Unified Approach Based on Variational Principles

Basically there have been developed two completely different variational approaches,
following a systematic way suggesied by Liu[l7].

2-1. Approach based on VPs in the image plane Y (Fig. 2)

In Ref. [18] Liu established two families of VPs and generalized VPs in terms of the
moment function {0 and angular function respectively for the Hy- and Hy-problems in the
image plane 5¥, which were modified by Liu & Yao to give the VPs for the H.-problem in
Ref. [19]. Only one of these VPs is given below:

J;(ﬂ)zi_[ /1:+2m[f— (%%Qg ﬁ]—(%%% +Au>2}d§-dty+L_Q (14

where the boundary integral term L, takes different form for different problem types.
Based on these VPs involvingfl, some finite element (FE) solutions to Hy-and Hg-problems
have been presented in Ref. [20] by Yao et al., from which Figs.10 & 11 for a cascade on a
conical stream surface [78) are taken.

2-2. Approach based on VPs with variable domain.

Making use of the functional variation with variable domain. Liu was able to
establish three families of VPs and generalized VPs for Hp- HB—nnd H. -problems in terms
of the potential and stream functions & & ¥ for potential and rotational flows in Refs.
[21,22] and extended them to transonic flow with shocks in Ref. [24). Moreover, variable-
domain VPs using Clebsch variables have been also developed for 2-D transonic rotational
channel flow by Liu[25].

Numerical solutions to Hy-and Hcfproblels based on VPs of Refs. [21,22] have been
obtained by Yan & Liu[22,23] by means of a new finite element with self-adjusting nodes
for numerical realization of the functional variation with variable domain(Figs.12 & 13),

Perhaps a very attractive merit of this variable-domain approach is that it can be
straightforwardly extended to fully 3-D flow.

3) The Nean-Streamline Method (MSLM).

This method originally suggested by Wu & Brown([30] was improved in many aspects in
China. A survey of this development before 1984 has been presented by Cai[2). Recent
research includes Cai’s paper [3]) and Wang’s paper [4].

4) Miscellaneous Approaches.

Several known approaches to inverse design of cascades were improved or modified in
China.
4-1. Iterative method based on direct problem solver.

Such a method is suggested by Wang in Ref.[26] to solve inverse and various hybrid
problemsCincluding Hy & H.) and extended to viscous flow in Ref. {27] by incorporating a
boundary layer solver of integral type. Based on this method, Wang et al. proposed a
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Quasi-3-D design procedure for impellers[28.29].
4-2. Time-dependent method.

Starting from the integral form of aerodynamic equations, a finite-volume method for
inverse cascade problem is given by Zhou & Zhu[31].
4-3. Hodograph method.

It was improved in the Lransonic region by incorporating some analytical nozzle so-
lutions and generalized to cascade flow along general streamsheel of revolution indepen-
dently by Chen{32] and Yao[33].

IV. INVERSE & HYBRID PROBLEMS OF S,-FLOW IN TURBOMACHINES

Similarly to S;-flow, the image-plane approach and the VP-based approach mentioned
above can be applied to S,~flow as well.

1) Unified VP-Based Approach.

Starting from the basic equations of Wu’s S,~flow model[1,79], first complete VPs
and generalized VPs for the semi—inverse problem were established by Liul34] and the
corresponding FE solutions were obtained by Qin et al. [35]. Inverse and hybrid problems
of Sy-flow were formulated in a unified manner by VPs with variable domain by Liu{36] and
by VPs in an image-plane $Y by Cai & Liu[37], which have been generalized to flow of
Pure substance by Xu[38]. In Ref. (3%] VPs for hybrid problems of axisymmetric channel
flow were derived by Tao & Liu.

2) Universial Image-Plane Approach.

Using an image plane Sy and given a distribution of circulation VoI" on Sy-surface,
Ge presented a method for solving the complete inverse problem and a hybrid problem(with
unknown hubCor casing) wall, see Table II), thereby a second-order PDE for r(g;qﬂ was
derived and solved [40].

Y. INVERSE & HYBRID PROBLEMS OF FULLY 3-D ROTOR-FLOW
For these problems three approaches have been developed in China.

1> Method of Mean-Stream Surface.

It was originally suggested by Wu in 1952[1] by a Taylor-serise expansion of flow
parameters in the azimuthal direction as an extension of NSLM{30, 2]. It was improved
numerically elaborated and applied to design by Zhao et al. in Refs. (41, 42], where
an annular constraint condition is set up, which must be satisfied to ensure that the
hub/casing walls are axisymmetric.

2) Universal Image-Space Approach. .

In Ref.[43] Liu developed a universal image-space theory of hybrid problems for
fully 3-D potential flow, which is a generalization of the image—plane approach of
Ref.[13]. Applying tensor calculus and Stokes theores, the basic flow eQuations are trans-—
formed into the following integro-differential equation system for the stream functjons
Y, and Y, in the image space '§”§2§3 (Fig.14b):

(%vé‘l'/lur‘?’%?)dgi: 0 (15

¢)
| | 2y, %) 2(U.¥) (¥, W) 16
G P{y: V3}={a<52,§3), o(53%), 9(‘5’52)} 16

and Eq.(5), where Vi are the contravariant components of the velocity Z.in a body-fitted
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nonorthogonal curvilinear coordinate system g‘(Fig.lﬁa). Similarly, a corresponding
potential function formulation by integro—differential equations of this theory has been
also presented by Liu et al. [44].

A similar method for solving 3-D hybrid problems was put forth by Chen et al. [45],
using, however, a second-order PDE formulation:

%(@Pgu%>_§? 4/% (J/,u):‘"O an

This equation was solved numerically by the method AF2, the multigrid technique and
the artificial density in the transonic region. To greatly simplify the numerical
solution, the inverse problem is modified in such a way that the physical contravariant
velocity couponents,4‘(assu-ing that S{—coordinate is the streamlike line) rather than
the fully velocity /] is prescribed on the blade surface. An axial compressor rotor was
redesigned and improved by this method as shown in Figs.15 & lé6.

3) Unified Variable-Domain Variational Approach

The variable-domain variational approach{21, 22} has been extended by Liu to hybrid
problems for fully 3-D incompressible{46], compressible(47] and transonic{48] flows in
rotors. Only one of the VPs is given below for reference:

J;(é,A:Au)zf%ﬂ{{!“ 5%1[@@2'2#%%}}”?”‘”‘#[*' am

v)
where the boundary integral term L takes different form for different problem type. Note
that the variable-domain variation of J, should be taken at the unknown boundaries A;f
(blade surface)and A,y (free trailing vortex sheet). Corresponding numerical solutions to
incompressible(H,xD)-problem of Mizuki’s centrifugal compressor{51] and to compressible
( [He+D]XD)-problem of an axial turbine stator have been obtained by a novel FE with self-
adjusting nodes in Refs. (49) and [50] respectively and are shown partly in Figs.17 & 18.

VI. OPTIMIZATION OF AERODYNAMIC DESIGN OF BLADING.

1> Optimization of S,-Flow.

A basic and very important problem in this context is the optimal flow typeCi.e.
optimal radial distribution of flow) in bladings. This problem was first studided by a
variational method by Liu[52] and later by Xue[53] and Lui54]. Recently, this problem was
treated by an optimal control method by Gu & Miao{55), so that various inequality design
constraints can be accounted for.

2) Optimization of 2-D Cascades.
Theory of optimization of cascade profile shape can be founded on the basis of one
of the following flow models.
i) Simplified model(LeFoll, Citavy)

Boundary layer
Suction side of
a single airfoil ‘g7

Inviscid external flow
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ii) Refined model (Lju{57-59])

Inviscid core flow

Cascade —‘-— +

Boundary layer

Perhaps, a third, most accurate flow model based on Navier-Stokes equations incorporating
some turbulence models should be also tried.

Two possible mathematical models(formulations) can be used here, namely: a) mathema-
tical programing problems b) optimal control problem.

2-1. Optimization based on the simplified flow model.

The problem of determining the optimal velocity distribution along the suction side
was formulated as an optimal control problem with some inequality design constraints
Ce.g. separation—free, maximum or minimum velocity limit, etc) and solved by a heuristic
grapho-analytical method by Liu(56,63]. This approach is followed by Wang (60] in the
design of an axial ventilator. Having calculated the optimal velocity distribution along
suction side and specified a reasonable airfoil thickness distribution. a Hc-problem was
solved by the image—plane method given in Refs. [5,6] to yield the optimal airfoil shape.
A similar method, with some modifications, for optimizing 2-D compressor cascade was
presented by Hua & Chen[61], where a method for estimating the airfoil circulation was
given and the optimal airfoil shape was obtained by MSLM([20,30].

The optimal velocity distribution along the suction side on a general streamsheet of
revolution was obtained by Zou[62), using Mager’s transformation of turbulent boundary
layer.

In Ref. [63] some generalizations of the LeFoll’s optimization theory of blades were
given by Liu & Wu to accommodate different objective functionals with more general
constraints.

2-2. Optimization based on refined model.

In Refs.[57,59] Liu suggested a new theory of optimal 2-D cascades based on the
above-mentioned refined flow model, in which this problem has been formulated as an
optimal control problem with multiple inequality design constraints on control-and phase-
spaces. Two typical optimal control problems were considered: cascade with minimal losses
and cascade with maximal loading (circulation), and a duality theorm between them has
been proved theoretically,so that it is sufficient to study only the cascade with minimal
losses. This theory has been generalized to 2-D compressible flow and to a 3-D axial-flow
rotor by Liu[58). The essential feature of this theory lies in its capability of handling
a wide variety of practical design consiraintsCfrom stress, vibrational, cooling and te-
chnological considerations) in a unified manner so as to make the optimal solution surely
feasible and suitable for use in practice.

2-3. Local optimization of transonic cascades

Jiang et al. suggested a numerical method for weekening shocks in transonic cascades
by local oplimization of airfoil shape(64]. The airfoil contour segment near the shock is
represented by a cubic parabola with free coefficients a,,a,, a5, a,. Then the Mach number
just before the shock Ns .is minimized with respect to a;.

3) Optimal Design of Diffusers.
The optimal design of 2-D diffusers was considered by Gu & Ji[66] wusing optimal
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control for searching optimal wall shape that maximizes the pressure recovery of diffuser.
A more general optimization problem of diffuser was put forth by Liu et al. in Ref. [65],
where not only the wall shape but also the wall suction distribution that maximize the
pressure recovery without boundary layer separation are sought by optimal control method.

An 1-D optimal design method for turbine annular axial-radial exhaust diffuser was
presented by Ling & Jin[67] based on an approximate loss model. The pressure recovery
coefficient of an optimal diffuser designed in this way has been shown higher than the
conventional one by 7% by expriment.

4) Other Optimization Problenms.

Making use of the Parson’s number and the concept of optimal reaction degree, Yao
presented a method for optimizing aerothermodynamic paramelers in one-and multi-stage
steam turbine design. Some guidelines for optimal design of long twisted blades are given.

In Ref.[69], based on the diffusion factor and equivatent diffusion ratio, the
optimal solidity problem of 2-D compressor cascades is formulated by Liu as nonlinear
programing problems, whose analytical solution in form of simple formulae is very
convenient for practical use.

A simple approximate method for determining the optimal relative azimuthal position
of two blade rows in tandem cascades is suggested by Wu & Feng[70] using a simple total
pressure loss model.

VII. MISCELLANEOUS INVERSE, HYBRID & OPTIMIZATION PROBLEMS IN ENGINEERING SCIENCES

In Ref.[71] the finite element method is generalized by Liu & Zhao via variable-
domain variations in such a way that the nodes are movable. It allows both optimal grid
and flow field to be cogenrated simultaneously and naturally using directly the VPs of
aerodynamic problems.

The inverse problem of heat conduction with unknown boundary was handled by Liu &
Zhang {72] using Ritz’s and FEM based on Variable—domain VPs. An alternative method for
solving this problem was sug9ested by Liu[73] by introducing an image plane Ty’ (T and
Y’stand for trandormed temperature and heat stream function respectively). An interest-
ing invariance property of the nonlinear inverse problem solution with respect to varia-
ble conductivitly is pointed out. An example is solved by FEN based on a pair of comple-
mentary extiremum principles.

The inverse and hybrid problems of free surface flow under gravity over a deam are
posed and handled by Liu via VPs in an image-plane gqf[74] and VPs with variable domain
in the physical plane {75, 76].

In Ref. [77] Liu suggested a novel problem in gear theory—-optimal meshing(i.e.
optimal 1tooth profile) of spur gears and its variational theory. An analytical solution
to the optimal meshing with minimal friction losses has been obtained and it has been
revealed that the cycloidal gearing with radial tooth profile on the lower half tooth
height wused widely in watches and clocks can be regarded approximately as a practical
gearing with maximal efficiency.

VIII. CONCLUDING RENARKS

Research on inverse, hybrid and optimization problems is of great theoretical as
well as practical importance in engineering sciences. To our experiences, the three new
approaches(image-space approach and VP-based approach, especially its variable-domain
variational variat, for inverse and hybrid problems; optimization approach based on
optimal control) suggested and intensively developed in China in the last two decades
have proved to be efficient tools for inverse design and optimization not only in turbo-
machinery aerodynamjics in particular but also in engineering sciences in general and
deserve further development and application to practice. Design engineers and industry
will surely benefitl a lot from thems if a complete set of computer codes based on these
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approaches can be finished and organized into a computerized automated interactive
design system(something like that of Ref. [81].
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The boundary conditions corresponding to the design problem when the blades being simulated by the
bound vorticity distribution are presented. The 3D flow is analyzed by the two steps S2 — S1 approach. In
the first step, the number of blades is supposed to be infinite, the vortex distribution is transformed into an
axisymmetric one, so that the flow field can be analyzed in a meridional plane. The thickness distribution of
the blade producing the flow channel striction is taken into account by the modification of metric tensor in
the continuity equation. Using the meridional stream function to define the flow field, the mass conservation is
satisfied automatically. The governing equation is deduced from the relation between the azimuthal component
of the vorticity and the meridional velocity. The value of the azimuthal component of the vorticity is provided
by the hub to shroud equilibrium condition. This step leads to the determination of the axisymmetric stream
sheets as well as the approximate camber surface of the blade. In the second step, the finite number of blades is
taken into account, the inverse problem corresponding to the blade to blade flow confined in each stream sheet
is analyzed. The momentum equation implies that the free vortex of the absolute velocity must be tangential
to the stream sheet. The governing equation for the blade to blade flow stream function is deduced from this
condition. At the beginning, the upper and the lower surfaces of the blades are created from the camber surface
obtained from the first step with the assigned thickness distribution. The bound vorticity distribution and the
penetrating flux conservation applied on the presumed blade surface constitute the boundary conditions of the
inverse problem. The detection of this flux leads to the rectification of the geometry of the blades.

NOMENCLATURE

r circulation

Vo upstream velocity

h pitch of the cascade

o inlet angle

B outlet angle

¢ potential function

¥ stream function

f(z), f(m,¥) bound vortex distribution function, or loading function

dl tangential displacement

0 camber line inclination angle with respect to the meridional plane
z,y Cartesian coordinates

z,0,r cylindrical coordinates

gL 62,63 body fitted curvilinear coordinates

g determinant of the metric tensor

9is metric tensor elements

N, number of blades in the rotor or stator

r§6,. thickness of the blade measured in the azimuthal direction

G22 modified g2 simulating flow channel striction

g determinant of the modified metric tensor (fow channel striction)
p density

v, U2 us contraviant components of the absolute or relative velocity

1 absolute velocity

w relative velocity

Ve azimuthal component of the absolute velocity

m meridional streamwise curvilinear abscissa B
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w angular velocity of the rotor
P pressure

Pt total pressure

H stagnation enthalpy or p;/p
I rothalpy or H + w(Vj)

Fb blade force

F, dissipative force

n efficiency

!, 22 transformed coordinates system in S1 approach
Subscripts

le leading edge

te trailing edge

° reference

t tangentiel component

n normal component

ik nodal point indices
Superscripts

+ upper side of the blade

- lower side of the blade

1. INTRODUCTION.

Most of the blading design procedures consider the velocity distribution on both sides of the blade as the
initial data, the inverse problem becomes ill-posed and the designer loses the control of thickness distribution of
the blade. To overcome this deficiency, this paper suggests an inverse method by representing the blades by a
distribution of bound and free vortices which produce the desired swirl (V,r) variation. By introduction of the
notion of associated elements on both sides of the blade in respect of the thickness distribution, and by imposing
a conservative flux penetration through each pair of the associated elements when the geometry of the blade
is not yet well defined, we obtain the well-posedness of the inverse problem. The iterative rectification of the
camber surface in order to cancel the flow penetration leads to the final geometry of the blade. Treating first
the 2D cascade design, §2 is devoted to show how to get the well posed inverse problem with the appropriate
boundary conditions applied on the presumed blade contour, and the procedure leading to the rectification of
the camber line related to the penetrating flux of the fluid determined on both sides of the blade. To treat the
quasi 3D design, the S2 and S1 approach as proposed by C.H. Wu [1] is adopted. The loading produced by the
velocity difference between the two faces of the blade is directly related to the bound vorticity distribution that
the blade has to generate. Assuming the number of blades infinite, the vortex distribution as well as the flow
field become axisymmetric (S2 flow), §3 shows how the blade thickness distribution and the loading distribution
can be taken into account in this scheme, and how to deduce the pressure distribution on the blades when their
number is finite. An application to the case of the centrifugal impeller is presented. The loss scheme by the
introduction of a plausible value of efficiency n for each streamline as suggested by J.H. Horlock 2] is used. This
approach opens up possibilities for the elaboration of a design which maintains the assigned value of the total
pressure gain in each stage by modifying the (Ver) distribution in free space between blade rows. §4 is devoted
to the blade to blade flow (S1) inverse problem, the boundary conditions for 2D inverse problem are transposed
to this quasi-3D flow. The stream function is used to define the flow field and the finite volume method is used
to solve the problem. Examples show the results concerning the design of centrifugal impeller.

2. INVERSE PROBLEM FOR THE 2D CASCADE.

Figure 1 shows the geometry of the blade characterized by its thickness distribution and the shape of
its camber line. The arc elements taken respectively on the upper side and the lower side tangential to two
inscribed circles centered on the camber line at z — dz/2 and z + dz/2 are called associated to the camber line
element. The center of these associated elements are characterized by the abscissa z of the camber line element.
Let V, represent the upstream velocity, A the pitch of the cascade, o and § the inlet and outlet flow angles, the
circulation T of the bound vortex generated by the blade is given by:
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T = V,h(sina — cosatan f)

The bound vortex distribution on the blade can be represented by the function T'f(z), where f(z) has to be a
monotonic increasing function of z for the inverse problem: f(zie) =0, f(ze) = 1 and df /dz > O defines the
local loading. Figure 2 shows the typical form of the function f(z), df /dz = 0 must be imposed near the trailing
edge in order to obtain the gero loading according to the Kutta-Joukowsky condition; when the zero loading
condition is imposed near the leading edge, the design will give a blade with adapted leading edge. The flow
field can be represented by the velocity potential ¢ or by the stream function ¢, the assignment of the bound
vortex distribution leads respectively to the following boundary condition applied on the associated elements
on both sides of the blade [3]:

df

@f=Tfa) e [Shd)f =TS

dz (2.1)
As the boundary condition is imposed on the presumed contour of the blade, the penetration of the fluid must
be admitted., In order that the boundary condition does not produce extra flux, the flux penetration through
each pair of associated elements is to be conservative, this implies:

3¢ 1+

—di]T =0 =0 2.2
Pajt=0 o [ (22)
The solution of the inverse problem determines the flux penetrating through the associated boundary elements,
the camber line inclination correction §¢ is given by:

— Vn+ - Vn—
§0 = 0.5[tan" 2 (=)" + tan"} (= 2.3
[ran(72)" + e (37)] 23)

Using this, the camber line rectification is performed iteratively. For the 2D incompressible potential flow, the
complex potential ¢ +3¢ is an analytical function of z + 1y, the panel method using the multiform singularities
distribution described in |4] was used firstly to solve the inverse problem with success, this confirms that the
boundary problem is correctly formulated. Figure 3 shows the initial and the final shape of a blade designed with
adapted leading edge and with an appropriate loading distribution to prevent the boundary layer separation.

s. MERIDIONAL FLOW, S2 APPROACH.

In the first step, the vortex distribution is transformed into an axisymmetric one by spreading it in the
azimuthal direction, this situation is equivalent to the case where the number of blades in the rotor or in the
stator is assumed to be oo, the flow field becomes also axisymmetric and can be analyzed in a meridional plan.
Let €1, €2 = 6, and £° represent the body fitted curvilinear coordinates (Fig. 4), the meridional velocity is
represented by: U = V& + V3& = Wié + W3¢&s, the continuity equation becomes:

1 33U 84/50U°
LB o) =0 (3.)

where § represents the determinant of the modified metric tensor due to the flow channel striction produced by
the thickness of the blades. Indeed, /g represents the volume of the elementary cube: (€3 X €1) - €2, in the free
space |&3| = {/g2z = r, and in the blade row space the thickness of the blade reduces the fiow channel, if ré6.
denotes the thickness measured in the peripheral direction, Np the number of blades in the rotor or stator, the
modified element o5 of the metric tensor is determined by:

. N840
Gz = (1- —#)2#

\/5 simulating the elementary volume with striction in {3.1) is evaluated with §;2. Using the stream function
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¥ to represent the flow field by imposing:

1 8y s 1 oy

Ul =+ et V= m——

V5 8¢° Vg ¢

the equation (3.1) is satisfied automaticaly. The governing equation for ¢ is obtained by writing Vx U = 1?3,
where (17 represents the asimutbal component of ¥ x V, it is deduced from the hub to shroud equilibrium
condition. Let

(3.2)

p V3 p p W2 Wi
H=-a4 —=— d =t oe— ——=
T2 P an ; + 3 7 H+w(Ver)
The momentum equation is:
= 1% -VH fb fd stator
1x - = + —_— - —
{ w { ~-VviI P P { rotor (33)

In fact, there is a pressure gradient in tbe agzimuthal direction in the Sow space between blades, in the axial
symmetric S2 flow where the pumber of blades is supposed infinite, this pressure gradient disappears and the
volume force Fy/p due to the blades has to be added in the momentum equation. The loss scheme [2] related
to the plausible value of efbciency n for each streamline of the stage is added, this scheme suggests that the

dissipative force Fg4/p is related to the variation de Vyr via n:

Fy_ {(n-l)ﬁplv -V (Ver)[V stator "
p - \a-mmpW VW roter

Fy=0as well as F, = 0 are imposed in the free space. Figure 5 showe the relation between the kinetic moment
distribution in the blade row space and the circulation of the bound vortices produced by the blades. Let Ty
denote the circulation generated by the blade in the section cut by an axisymmetric stream surface ¢ = cte, the
kinetic moment (Vor)m i« generated by the bound vortices located between the leading edge and the abscissa m

can be represented by: N
(Verlme = (Vor)ie.w + gfrwf(mnl’) (3.5)

Us.ing (3.4) and adopting that 87/3¢* or 8H/9¢E? being equal to —(Fa)z/p in the dissipative scheme, the
azimuthal component of the momentum equation leads to:

(-{:;)—’ =[v? ag?l") +v ag?;)] (3.6)

where Wy = Vyr + wr? and V, = Vor. The coordinates system € is chosen so that the constant €3 lLines are
jteratively replaced by the streamlines. The component following & 3 of the momentum equation represents the
bub to shroud equilibrium condition, which gives:

_ 1 3%' + Wi/ (Fo)s (Fa)s rotor
\/—902 - W[{ *’5’ + V’\/-Fnl - T - T] {lutor (3.7)

Let 7 design the normal of the camber surface of the blade, we have:
fnl= n;c‘l +n:¢'7+n35'3
As W L 7 in the rotor and V 1 7 in the stator, we have:

W2 o Vi=-(2vi+ 2V
3

and F, || i, we have:

ns
(Fo)a _ (Fo)s

 —
=

n2 na
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Gling (3.4), (3.6) and the last 3 relations, (3.7) becomes:

2 _ 1 'anélf ﬂB(Var) _ Ea(Vgr)
\/_gn-i’_l{%+n2 afs n2 8£1
(1-n) s Vs (1 0(Ver)  s8(Ver) rotor
- { (n- 1)(—\}"—); —T[V a¢t +V ags } {ltator (3.82)

In the free space, the component following #% of the momentum equation leads directly to:

free space Vi = i/l_l{ 8H _ (Var) 8(Ver) }

— i — ————

R T (3.8b)

The dot product of the momentum equation with V in the stator and in the free space or with W in the rotor
Jeads to the following relations which serve to update the nodal values of H or I

free space 8H 0
{stator am { (n- l)wﬂﬁ'_) (3.9a)
om
aI - a(ng)
rotor Py (1 n)w o (3.9b)

where 8( )/9m denotes the meridional streamwise tangential derivative. Writing V x U = 0%¢;, we obtain
the governing equation of y:

d g11 a¢')+a (935 B\b)

a6 Gviae) ¥ B0 i ae
a 8y -] ay
-3 oviae) ~sw Gie) TV (19

For the inverse problem, the distribution of Ver is assigned, using (3.8), 0? is updated iteratively. Let the
camber surface of the blade be defined by 8 = £2(£%,€°) + cte, if the coordinate lines £ = cte are updated to
the streamlines iteratively, £2 can be computed using the slip condition:
¢ 2
=g+ wd€ (3.11)
“‘.

Figure 5 shows the geometry of the blading of & multistage turbopump obtained by solving the inverse problem.
The CPU time on IBM 3090 in scalar mode is about 1 minute for the entire turbopump. The grid used for the
S2 computation is 300x16. Figure 6 shows the comparison of the centrifugal impellers designed with n = 1 and
n < 1 baving the same level of total pressure gain.

Blade surface pressure evaluation. — Usually the S2 approach leads to the determination of the mean
velocity on botk faces of the blade:

gz2(Ver + wr’)’l 1/3
922(Vor)? '

Let AU denote the diffierence of the absolute velocities (V* — V=) or the relative velocity (W* ~ W) on the
two faces of the blade, when the number of blades is finite, this difference is related to the local density of
bound vortex generated by the blade. In the S2 scheme, consider the blade section cut by a £ = cte surface,
the flux of bound vortices generated by the element 6€1 of the blade is determined by the flux of §I through
the elementary surface (65)s&> = /6 €1 6£%8>, where §€2 sbould be equal to 2x/Ny. Using the Stokes relation

that implies the circulation produced by AU is equal to the flux of the bound vartices we get the following
relation:

(3.12)

t W
{ro or - [mlvlvl +2913V1V3+933V3V3+

stator v

(@U)x = 22y, tin (3.13)

N Vo1
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where S denotes the local angle of the blade section with respect to the meridional plane. (3.12) and (3.13) are
used to compute surface velocity on both faces of the blades, then the pressure distribution by the $2 approach
can be deduced. (Fig. 9)

4. BLADE TO BLADE FLOW, S1 APPROACH.

The blade to blade flow confined in each axisymmetric stream sheet is analyzed in order to define the final
geometry for each section of the blade and to obtain the pressure distribution. At the beginning, the contour
of the blade is created from the camber line obtained from the S2 step with the assigned thickness distribution.

The conformal mapping (m, §) = (2!, z%):
=1, / dm
mo T (4.1)

22 = r (8 — 6,)

transforms the blade to blade flow confined in an axisymmetric stream sheet into a 2D cascade flow in the
(z',22) plane. The body fitted coordinate system constituted by the equipotential lines §' = cte and the
streamlines £2 = cte of a fictive 2D flow around the cascade is created using the panel method [{4]. In this
system, the continuity equation becomes:

V9

where U® represent the contravariant components of the absolute velocity V for the stator and relative velocity
W for the rotor and

- [a%(p\/aul) + aa—Ez(p\/ﬁUz)] =0 (4.2)

_D(zl,:rz) r.2
Vi= e ()T

where D(z!,22)/D(€?, €%) denotes the Jacobian, r represents the local thickness of the stream sheet. Introduc-
ing the stream function ¥ with

pro L 9%
P9 0€2 43
yi_ 1 89 (4.3)

py/aog

(4.2) is satisfied. From the momentum equation, we can show that the free vortex of the absolute velocity
shedding from the preceeding blade row must be tangential to the axisymetric stream sheet, the governing
equation of the blade to blade flow stream function is deduced from this condition: for the relative fiow around
the blades of the rotor, we have:

d ;922 Y, 8 ,gn 9¢¥\1
L Grsme  ae Gusae)] -

3ga W1l  38g1,W?2 wr d logr

- 381 + a2 + 2\/5—1—‘ am (4.4)
Boundary conditions for the inverse problem:
Flux conservation: ¥t =0
o + (4.5)
Bound vorticity assigned: [W1d€ —wr?df]” =Tdf

The solution of the inverse problem leads to the determination of flux penetration on the blade contour, the
camber line inclination correction §4 is given by:

5.9:0.5[tan—1(\/75‘;"v—f)+ +t,an"1(\/T§—v“K/;)-] (4.6)
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Figure 7 shows the network (€, €2) around a blade row for an impeller. Figure 8 shows the comparison
of the camber lines of the impeller obtained from the S2 approach and rectified by the S1 approach. Figure 9
shows the pressure distributions obtained from the 52 and 51 approaches. For the case of the turbopump, the
loading is optimised to avoid the cavitation. The results from the S2 and S1 computations are similar, but not
identical, the need of the S1 computation to obtain the final geometry definition of the blades is confirmed. For
one stream sheet, the CPU time on a IBM workstation RISC 6000/320 is about 40 minutes, or about 5 minutes
on IBM 3090 in scalar mode. The grid used is 150x16.

5. CONCLUSION.

The representation of the blades by the vortex distribution enables the formulation of the welkposed
inverse problem, and which leads to design the blading of a turbomachine. The two steps S2 — S1 quasi-3D
approach has been applied on different axial and radial geometries. Several kinds of loading function have
been tried. The results show that the success of the blading design depends greatly on the meridional (Vpr)
distribution assignment associated with the loss distribution. To optimise the design in order to avoid the
formation of the cavitation or the separation of the boundary layer in the design condition, when the loading
is not too high, experiences show that an adequate modification of the bound vortices distribution function f
may effectively lead to prevent the surface pressure to be lower than the cavitation level or to maintain the
adverse pressure gradient below the boundary layer separation criterion. The inverse problem procedure has
been elaborated to calculate the turbomachines in incompressible range, the research works are planning to
extend this method to make the transonic designs.
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Fig. 3. Initial and final shape of the blade.



173

Third International Conference on Inverse Design Concepts and Optimization in Engineering Sciences

(ICIDES-IID. Editor: G.S, Dulikravich, Washington D.C,, Oclober 23-25, 1991

I 3

o1

The blading obtained by the S2 inverse solution.

l_ ' Fig. 5. The blading of 2 multistage turbopump.
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n= 0.7

Fig. 6. Centrifugal impellers designed with n =1and n <1
L having the same level of total pressure gain.
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Fig. 9. Pressure distribution for 3 sections of the impeller from S2-S1 approaches.
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ABSTRACT -

A through-flow (hub-to-shroud) truly inverse method is proposed and
described in this paper. It uses as a design initial specification an imposition of mean
swirl, i.e., radius times mean tangential velocity, given throughout the meridional
section of the turbomachine. In the present implementation, it is assumed that the
fluid is inviscid, incompressible and irrotational at inlet and the blades are supposed to
have zero thickness. Only blade rows that impart to the fluid a constant work along the
span will be considered.

An application of this procedure to design the rotor of a mixed-flow pump will
be described in detail. The strategy used to find a suitable mean swirl distribution and
the other design inputs is also described. The final blade shape and pressure
distributions on the blade surface are presented, showing that it is possible to obtain
feasible designs using this technique. Another advantage of this technique is the fact
that it does not require large amounts of CPU time.

LINTRODUCTION AND LITERATURE SURVEY

The large majority of pumps is designed by using very simple and rudimentary
one-dimensional considerations concerning the velocity triangles, considerations
which allow the calculation of the evolution of the blade angle along the passage, see
for example [1] and [2). These methods are so easy that they can be carried out using
only hand calculations and simple graphical processes.

Although some pumps are still being calculated using hand calculations, the
above one-dimensional procedure can and has been programmed as computer codes
which are being used by the most important pump manufacturers. The results
obtained with these techniques are the better the more radial the blade passage is.
However, for mixed-flow pumps, the velocity triangles vary appreciably along the
span, so that the above methodology is not good enough. In order to take into account
this effect in some way, designers usually split the flow passage in several parts,
applying the above considerations to each one.

When the pump designs involve some responsibility, the above step is followed
by a wverification using a direct code which is run with the geometry arrived at
previously. Before reaching the final design, several iterations following the above
steps are usually required.

This complete process can be time consuming, so that one is left wondering
whether it could be improved. One possible way to achieve this could be by using
inverse methods, enabling the achievement of the blade row layout in a more direct
form, in one single step. Among inverse methods, two-dimensional techniques are the
most frequently used and the ones that require less CPU time. These two-dimensional
inverse methods can be classified into two main groups, according to the
approximations used when looking for the solution to the blade design. The first sort of
approximations gives rise to blade-to-blade methods since the calculations are done in
the blade-to-blade plane. This kind of methods is popular among designers of axial
turbomachinery, but it did not attract much attention among designers of radial

L J
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turbomachinery. The reason may be connected to the fact that the flow passages are
more complicated and there are significant changes in radius.

The other way of tackling the solution consists in working in the hub-to-
shroud plane (i.e., in the meridional plane), giving rise to what we could call hub-to-
shroud (or through-flow) methods. In this sort of approach the flow is supposed
axisymmetric, an approximation that can be interpreted as giving the mean flow
through the turbomachine. This sort of approach seems more popular among radial
turbomachinery designers. In fact, one can find examples of this kind of procedure as
far back as 1955, when reference [3] described some work applied to the redesign of a
centrifugal compressor, using a hub-to-shroud method. In this instance the blade
shape was kept fixed and given as input, while the shroud contour was altered and
evolved as a result of the calculations. The centrifugal compressors described in [3]
were built and tested, the experimental results being presented in [4]. The
experimental results show that this technique produced significant improvements in
the overall efficiency and peak pressure ratio.

A different strategy was followed in reference [5] which, again, describes the
application of an inverse technique to the design of centrifugal compressors.
Contrary to the previous example the meridional geometry (hub and shroud contours)
of the machine is supposed known and given as input. The other inputs consist of a
suitable normal blade thickness and the desired velocity loading (difference in
velocity across the blade) at hub, mid-span and shroud as a function of distance along
the camberline. As a result of the calculations the blade shape was obtained. This
paper presents some experimental evidence suggesting that the procedure gives
reliable results when the flow is attached.

The method proposed in the present work has got some similarities to that of {5]
in the sense that it is also a hub-to-shroud inverse technique that assumes as known
the meridional geometry and calculates the blade shape that will satisfy some flow-
field conditions, given as input to the procedure. The input design specification used

here is a mean swirl (radius times mean tangential velocity, rVg) distribution given
throughout the meridional section. This design specification is somewhat unusual, but
a suggestion in this direction can already be found in the work of Wu (see [6]) and it is
ideally suited to the design of radial turbomachinery as discussed in [7]. In fact, the
work of [7], which presents a three-dimensional inverse method using a mean swirl
specification, shows that the mean swirl specification is related to the way the work is
imparted to the fluid as it passes through the blade row. In other words, the mean swirl
can be related to the blade loading across the blades. Another reference that discusses
the use of a mean swirl imposition is [8), where the equations to be used in the present
work are derived. Nevertheless [8] does not present any practical examples of
application of the equations.

2-DESCRIPTION OF THE DESIGN METHOD

Throughout this work we will use a right-handed cylindrical polar coordinate
system defined by (r, ©, z), where r is the radius, © the angular coordinate and z is the
axial distance. In addition, we will use an auxiliary coordinate « , defined by:

o =96 - f(r,z) (1)

where f(r,z) is the angular coordinate of a point on the blade camber surface. This
variable « can be interpreted as a sort of helical angular coordinate aligned with the
blade, so that when

a =m=— 2)
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-with m an integer (m = ....-1, 0, 1, 2, 3,...) and B equal to the number of blades of the
‘turbomachine, we are on a blade surface (eq. (2) describes the blade shape).

In the following we will use bold underlined characters for vectors and mean
values will be denoted with an overbar.

2.1 Velocity Flow Field.

Since it was intended to apply this method to design pumps, it was assumed that
the fluid was inviscid and incompressible and, for simplicity sake, the blade thickness
is not considered in this procedure.

In agreement with the through-flow approximation, the flow through the
turbomachine will be assumed axisymmetric even in the blade region. This mean
velocity field will be calculated using the streamfunction concept and the value of the
mean vorticity. Indeed, since the vorticity field is solenoidal, it can be written as the
cross product of two gradients of scalar functions. One of these scalar functions may
be & according to the fact that all the vorticity is confined to the blades. In fact, if we
suppose the far upstream velocity is uniform (an approximation quite frequent), we
can say the flow is irrotational at inlet. Concentrating in designs that execute constant
work along the span, it is concluded that the flow must remain everywhere
irrotational according to Kelvin's theorem. So, if there is any vorticity at all, it must be
bound to the blade surfaces, justifying the statement just made. The other scalar
function in the expression for the vorticity turns out to be the mean swirl as is shown

in [7). Therefore, the expression for the mean vorticity, Q is:

Q =rVgxVa (3)

and now that the mean vorticity is known, the corresponding velocity field can easily
be calculated. It is indeed known that the mean vorticity is the curl of the mean

velocity i, or:

Q =VxY (4)

Equating the © -component of egs. (3) and (4) the following equation is
obtained:

oV _ NV _ardarVg | ar Ve 5
oz ar oz adr o 9z

relating the velocity field to the blade shape, f, and the mean swirl rVg. Besides this

equation, the velocity field must satisfy the continuity equation. In order to achieve
this we introduce the concept of a streamfunction defined by:

v = - low

Vo T r oz (6a)
o - lov
V2 rar (6b)
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-

-
ﬂso that this definition satisfies identically the continuity equation for incompressible

flow, i. e, V z = 0 . The actual value of y appearing in the definitions (6a) and (6b) is
going to be determined substituting (6a) and (6b) in eq. (5). In this way we arrive at:

2 2 ar Vg ar Vv
oy _ loy oy _ _  |dfdrVg _ afdrvg 7
or2  radr  3z2 dz or dr oz

For the resolution of this equation it is necessary to specify a complete set of
boundary conditions. The boundary condition to use along the endwalls (hub and
shroud) is the one that states that there is no flow through the solid walls. Using the
streamfunction concept, this fact is expressed as:

y = Const. (8)

or, in other words, the hub and shroud must be streamlines of the flow.
Far upstream we know the mean velocity vector, V__, since it is given as input.
Therefore we can write:

loy _ T
ros  Y-w- L (9)

where s is distance along the far upstream boundary and p is the unitary vector
perpendicular to it. This expression enables us to calculate the values of y along the
far upstream boundary, using a simple numerical integration. At the far downstream
boundary a similar expression applies since the velocity there is uniform because the
flow is irrotational at inlet and the blade row is supposed to execute constant work
along the span. In this way the complete set of boundary conditions is obtained.

The partial differential equation (7) was solved using finite difference
techniques. As a typical mixed-flow pump has a meridional section with complicated
geometry bounded by curved boundaries (hub and shroud profiles) it was decided to
use a transformation of coordinates to body-fitted curvilinear coordinates (see [9]).
Since this coordinate system should be easy to generate and require little
computational time, it was decided to use an algebraic transformation. For this kind of
transformation of coordinates, mesh points are distributed along quasi-orthogonals
and quasi- streamlines. Fig. 2 shows the grid used in the calculations to be discussed
later on.

Eq. (7) was discretized using second-order accurate central difference
formulae, obtaining a nine-point difference star. The resulting finite difference
equations were solved by a relaxation method. In the present case, a Gauss-Seidel
relaxation scheme was used, implemented in conjunction with a multi-grid technique
in order to accelerate the convergence rate of the solution. A good description of
multi-grid methods can be found in [10], and, in fact, the relaxation subroutines used
in our program are a slightly modified version of the ones presented in [10].

2.2 Equation for the Determination of the Blade Shape.

After calculating the velocity field using the information presented in the
previous subsection, it is necessary to evaluate the blade geometry. That is done by
requiring the blade to be tangent to the wvelocity vector. This condition can be
expressed as:

W . Va=0 (10)
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where W_ is the local relative velocity, ﬂ =—X_ - U . Expanding eq. (10), the following
expression is obtained:

af_rVQ
tor - 2 0 © (11)

+

QJIQJ
N =
<

v,

where f is the angular coordinate of the blade and w is the rotational speed of the blade

row. V; and V; are the mean axial and radial velocities, respectively.

Eq. (11) is a first-order partial differential equation with characteristic lines
coincident with the meridional projection of the streamlines. In order to integrate this
differential equation, some initial data must be specified along a line roughly
perpendicular to these characteristic lines and extending from hub to shroud. This
initial data on f will be called the stacking condition of the blade. In our method this
stacking condition is implemented by giving, as input, the wvalues of the blade
coordinate f, along a quasi-orthogonal, for example, at the leading edge.

After the stacking condition is specified, we can integrate eq. (11), since all
the velocities that appear in it are known from the previous iteration. The integration
of eq. (11) was done using finite difference methods. More specifically, an Euler's
modified method (see [11]) was used. This is an implicit numerical scheme that has a
truncation error of second order in the mesh size and is consistent and stable.

2.3 Estimation of Blade Surface Pressures.

One result that is important in any design method is the values of pressure on
the suction and pressure surfaces of the blade, for judging whether the pressure
distribution is adequate or not. In order to estimate these values starting from the
axisymmetric solution it is necessary to calculate the blade surface velocities using the
mean values known. To do that we begin by determining the velocity jump across the

blades (W* - W) which is given by (see [7]):

_ 2_R(Vr% xVa)x Vo
"B Voao.Ve

wr-w- (12)

where, for a pump, W.* is the relative velocity at the pressure surface and W _— is the
relative velocity at the suction surface. This expression is physically plausible as it
gives a jump in velocity which lies on the blade since it is normal to V& (a vector itself
normal to the blade). In addition, we would expect the jump to be normal to the

vorticity vector, 2%[VrVg x Vo ], lying in the blade. Knowing the velocity jump and

assuming the velocity profile is linear between suction and pressure surfaces (a
frequent approximation in hub-to-shroud methods, see [12]) it is possible to estimate
the velocities at the suction and pressure surfaces. Indeed, their values are going to be
equal to the mean velocity (solution of the axisymmetric problem) plus or minus one-
half the velocity jump. Afterwards, using the fact that the flow is irrotational at inlet
and applying Bernoulli's equation, the expression for the difference in pressure
across the blades is obtained. The final expression is (see [7]):

L2 W v
p*-p =§pﬂ .VrVg (13)
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the pressure at the suction.

where p* is the pressure at the pressure surface, p

surface and p is the fluid density. E is known from the velocity field calculation so
that all the terms in the right-hand side of eq. (13) are known, enabling the
estimation of the pressure loading across the blades.

2.4 Flowchart.

To end section 2, we would like to draw the attention of the reader to the fact
that the vorticity depends on the blade shape, f, which in its turn is an outcome of the
calculations. So, the calculations must be iterated until convergence is obtained. This
is done according to the following flowchart:

(i) input of initial data - specified values of rvg, definition of meridional section and
body-fitted curvilinear coordinate system and all the relevant parameters;

(ii) estimation of a first guess for f, assuming that the mean velocity is uniform along
the quasi-orthogonals;

(iii) using the input values of mean swirl, rVg, and the values of blade shape, f, from
last iteration, calculate the mean velocity field (solution of eq. (7))
(iv) update the blade shape, f, by integration of eq. (11);
(v) if the solution is converged output the blade shape, f, and other relevant results.
Otherwise go back to step (iii) and initiate a new iteration.

This flowchart was implemented as a FORTRAN computer code and applied to
the design of the impeller of a mixed-flow pump.

In order to show the potentialities of the method, it was decided to apply it to
the design of a mixed-flow pump. The chosen pump was based on a real machine
which had as nominal conditions a value of 28 m for the head, H, a nominal volume

flow, Q, of 600m3/h and a rotational speed of 1450 r.p.m.. These values give a
nondimensional specific speed parameter equal to 0.919. The rotor has 8 blades and a
tip diameter equal to 320 mm. This value will be used to non-dimensionalize all the
linear dimensions and the velocities will be made nondimensional by using the
transport blade tip velocity, oryp (its value is 24.3 m/s).

The meridional geometry used in the calculations is based on an existing pump
(with minor alterations), designed by a Portuguese pump manufacturer using hand
calculations and graphical processes. The final meridional shape used is defined in
Fig. 1. A grid formed by 145 quasi-orthogonals and 57 quasi-streamlines was fitted to
this meridional section, there being in the blade region a total of 61x57 points. Fig. 2
shows every other line of the grid used. As can be seen, a region upstream and
downstream of the blade zone was considered in the calculations.

An important input to the present inverse method is the specification of mean

swirl, rVg. As it is supposed that the pump accepts the flow with no swirl, the value of

r Vg along the entire leading edge is considered equal to zero. At the trailing edge the
value was also considered constant in order to obtain a design that executes constant

work along the span. The necessary value of rVg at the trailing edge depends on the

work per unit mass of fluid desired for the rotor, which is a value determined by the
desired head and an assumed value of efficiency (in our case considered equal 1o 0.86).

2

The value of rVg used at the trailing edge is 0.5411 @riip-
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Another restriction was imposed on the derivatives of the mean swirl at the
leading and trailing edges, namely, we forced there a zero derivative along the quasi-
streamlines. This was done in order to obtain a zero pressure loading at the trailing
edge (as is required by the Kutta-Joukowski condition), and at the leading edge. The
equivalence between a Zze€ro derivative of the mean swirl and zero pressurc loading
can be seen from expression (13) which shows that the pressure loading depends on

the gradient of mean swirl, being zero where the gradient of rVg 1s zero, as it is the

case at the leading and trailing edges.
This close equivalence between derivatives of mean swirl and pressure loading

across the blade was one of the factors used when choosing the input mean swirl, rVg,

along the entire meridional section, and whose contours arc presented in Fig. 3. The
other factor considered was the attempt 1o avoid a blade shape too twisted which would
be difficult to manufacture. These two factors were exactly the same guidelines
advanced and discussed in [7] when choosing the mean swirl for a completely
different turbomachine, a radial inflow turbine.

Recalling briefly the arguments advanced in [7] and which are sufficiently
general to apply to the present situation, it is evident from expression (13) that the
pressure blade loading is proportional to the product of the modulus of the relative

velocity and the value of the derivative of rVg along the meridional projection of the
flow streamlines, or:

21 |w a"VO
+_pnp- = =
pr-pm = ool W] (14)

where s is distance along the meridional projection of the streamlines. In a well

designed machine, |E| does not vary abruptly and the streamlines have a direction
close to the quasi-streamlines. Therefore, eq. (14) implies that the pressure blade

loading is mainly influenced by the value of the derivative of r_\79 along the quasi-

streamlines, which is a value known at the start of the calculations, and so can be
controlled. In this way, if it is desired to design a blade with a big loading near the

leading edge, then the derivatives of rVg along the quasi-streamlines should have
large values near the leading edge. In addition, if one wishes to obtain a pressure

loading with a smooth evolution, then the derivatives of rVg should be watched with
special care, specifying them as smooth as possible and with a monotonic variation
from the leading to the trailing edge. From the point of view of the pressure loading
the most unfavourable situation is along the shroud, so that there the derivatives
should have a smooth variation.

The other argument that one should bear in mind when choosing the input
mean swirl schedule is the one connected with the amount of blade twist. In order to
clearly understand this argument it is important to rewrite eq. (11) along a
streamline, obtaining:



1384

Third International Conference on Inverse Design Concepls and Opumizauon in Engineening Sciences
(ICIDES-IID. Editor: G.S. Dulikravich, Washingion D.C,, October 23-25, 1991,

l a

w Va -
6 _ | Qe e, (15)

rvV, rv,

where a and b are two arbitrary points on the same streamline, f is the angular

coordinate of the blade, -\7,,, is the mean velocity in the meridional plane and. m is the

distance along the meridional projection of the streamline. If one wishes to control
the total variation in the angular coordinate of the blade, f, - f,, it is convenient to

avoid high values for the expression under the integral sign in eq. (15). This can be

achieved if one specifies the value of r_\79 so that V_Vg has small values, or in other

words, if one specifies rVg so that the value of Vg closely follows the local value of the
transport velocity, wr. This is the more important, the lower is the value of radius and

of the meridional velocity Vm. From the point of view of highly twisted blades, the most

critical streamsurface is the hub, not only because there the radius and meridional
velocity take the lower values in the machine, but also because the meridional flow
path is usually longer along the hub than anywhere else in the machine.

The next set of four figures is presented to demonstrate that the two above
points were taken into consideration. Indeed, Fig. 4 gives the evolution of the input

rVg on the hub and the shroud. It is clearly seen that on the shroud the evolution of

I'Vg is quite gradual and smooth while at the hub the opposite happens.
Fig. 5 shows, on the same graph, the values of wr and the specified values of

Vg at the hub. Here it is evident that, on the hub, Vg has an evolution which is almost
parallel 10 wr, for most of the flow path and without much consideration in the

direction of obtaining smooth derivatives. This was done so that Wy at the hub

presented small and approximately constant values along most of the blade, leading to
a reasonable overall change in the values of blade angular coordinate, f.
From the next figure, Fig. 6, it can be seen that the contrary happens on the

shroud, where Vg was chosen to have a smooth variation rather than following the

local value of blade speed, wr. In fact, the main concern when specifying the mean
swirl at the shroud was to obtain an adequate pressure distribution and not to control
the overall variation in the blade angular coordinate, f.

The above ideas are corroborated by the next figure, Fig. 7, where the

derivatives of rVg along the quasi-streamlines for the hub and the shroud are

presented. As can be clearly seen, the derivatives at the shroud present a smooth
variation while the same does not apply at the hub, where a more abrupt change of

the r_V-g derivatives can be detected.

Using the close relationship between rVg derivatives and pressure loading one
can conclude that the present design presents a large loading near the leading edge at
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the shroud streamsurface, while at the hub streamsurface the blade loading is more
evenly spread. However, one should point out that, at the hub, the derivative is zero
for approximately the last 15% of the meridional flow path. This indicates that there
will be a small pressure loading along the last portion of the blade at the hub,
suggesting that perhaps one could use a shorter flow path there. This idea would entail
an alteration of the trailing edge shape (using a trailing edge inclined to the axis,
instead of parallel) and so, was not pursued further.

The inverse computer code was run, using the input described above together
with a stacking condition imposed at the trailing edge and which consists of a linear
variation of f between the value of 0.0 (at the hub) and 0.10 (at the shroud). ‘As a result
the blade shape described in the next figure was obtained. Since it is difficult to
visualize the blade three-dimensional geometry, we decided to present the blade
geometry in Fig. 8 as a view of two consecutive blades, as would be seen by an observer
looking in the direction of the impeller axis. The blade obtained seems typical of a
pump impeller and no particular problems are envisaged during its manufacture,
since it is not a highly twisted blade.

In the next plot, Fig. 9, it is presented the estimated pressure distribution on
hub and shroud, assuming a linear variation of the velocity from suction to pressure
surfaces and using the procedure already discussed in subsection 2.3. The pressure
coefficient, Cp , used in this plot is defined as:

Cp=(w )2- 1 (16)

ﬂnaf

where W . is a reference relative velocity, which is equal to 0.311or;, in the present
case. Notice that the loading has a behaviour quite similar to the evolution of the

derivatives of rVy along the quasi-streamlines, shown in Fig. 7, bearing out the

comments made above, concerning the close relationship between derivatives of rVyg
and pressure loading. For example, it is seen that, at the hub, the pressure loading
varies more abruptly than at the shroud, and along the last 15% of the flow path at
hub the pressure loading is zero as was already expected from the values of derivatives
of mean swirl. It should also be remarked that the distribution of pressure on the blade
surfaces at the hub is not ideal since its variation is not smooth and presents some
decelerations. However, the optimization of the pressure distribution would entail
changes in the meridional section of the machine, and so was not tried in this work.

One advantage of the present method lies in the fact that it is quite rapid,
requiring small amounts of CPU time. In fact, the present run required Im 39s of CPU
time in a VAX 3400 computer. Since it is computationaly so cheap, several different
input mean swirl distributions can be scanned quickly, enabling the choice of the
most appropriate mean swirl schedule.

4- CONCLUSJONS

A through-flow (hub-to-shroud) inverse method was proposed and
implemented as a computer code. In the present implementation the flow is assumed
incompressible, irrotational at inlet and the blade thickness was not considered
during the calculations. The necessary equations are presented and, as an example of a
possible application, the inverse method was used to redesign the rotor of a mixed-flow
pump.

The present method uses as an input specification the value of mean swirl,

r% . This input specification was chosen using a reasoning similar to that used in [7].
This is remarkable, since the turbomachine designed in [7] was a radial-inflow
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“turbine, and indicates that the strategy developed there is quite general, being able o
cope with radically different machines. Briefly, this strategy consists in using the
input mean swirl to control the pressure loading on the blades and the overall
variation in the angular coordinate of the blade, f.

This work also shows that further research should be done in order to obtain
reasonable pressure distributions on the blade surfaces. In fact, the design presented
here has a pressure distribution on the hub which is not the ideal one. The
optimization of the pressure distribution will probably involve some changes in the
meridional section (hub and shroud contours).

One advantage of the present technique is the fact that it requires small
amounts of CPU time. So it is a convenient tool to scan quickly and inexpensively
several different input mean swirl distributions, in order to find the most appropriate
one.
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ABSTRACT e

A new inverse inviscid method suitable for the design of rotating blade sections lying on an
arbitrary axisymmetric stream-surface with varying streamtube width is presented.

Given are the geometry of the axisymmetric stream-surface and the streamtube width
variation with meridional distance, the number of blades, the inlet flow conditions, the rotational
speed and the suction and pressure side velocity distributions as functions of the normalized arc-
length. The flow is considered irrotational in the absolute frame of reference and compressible. The
output of the computation is the blade section that satisfies the above data.

The method solves the flow equations on a (&1,W) potential function-streamfunction plane
for the velocity modulus, W and the flow angle B; the blade section shape can then be obtained as
part of the physical plane geometry by integrating the flow angle distribution along streamlines. The
($1,W) plane is defined so that the monotonic behaviour of the potential function is guaranteed,
even in cases with high peripheral velocities.

The method is validated on a rotating turbine case and used to design new blades. To obtain
a closed blade a set of closure conditions has been developed and refered!in the paper.

iy h
Y

LIST OF SYMBOLS

Al..A9 differential equation coefficients B constant number

m meridional distance B flow angle

n outward unit vector (An) streamtube thickness
R radius ) peripheral distance

U peripheral velocity o | potential-type function
w relative velocity v stream function
INTRODUCTION

The design method which is presented in this paper is developed in order to use the results
of the meridional plane calculation and in particular the geometry of the axisymmetric flow
streamtubes. The design method is, then, applied in order to specify the blade section shape lying
on each axisymmetric stream-surface. The complete blade is constructed by stucking these blade
section shapes in the span-wise sence, as desired. :

Blade design methods have already been developed in the past, for both incompressible and
compressible flows (refs [1}-[11]). However, most of them refer to plane cascade configurations only.
During recent years the topic of developing blade design methodologies has received particular
attention and important contributions have been published in this framework (refs [1}-[5]).

The aim of the present effort was to develop an inverse inviscid method supporting the blade
optimization procedure described in reference [19] and capable to deal with the general case of an
arbitrary rotating cascade. The method follows the work of Schmidt!®! and Zannetil'!) concerning
the equations employed. However, it formulates the problem in a different way and employs
different numerical techniques as well as closure conditions, for reasons explained below. A first_'
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version of the present method, using the classical potential function/stream-function definitions was
presented in reference [12]. Nevertheless, problems occured, when the method was applied to high'
speed rotating cascades because of the non-monotonic behaviour of the potential function. Recently,
a new version has been developed, capable of overcoming this problem. This improved version
which makes use of a more appropriate definition of the potential function/stream-function plane
(here refered as ($1,W)) is presented in the present paper.

POSITION OF THE PROBLEM AND DEVELOPMENT OF THE EQUATIONS

A schematic representation of a peripheral cascade is given in figure 1. The aim is to com-
pute a closed blade section, given the stream-surface geometry, the streamtube width variation with
the meridional distance (m), the approximate number of blades (N), the inlet stagnation conditions
(P, TT;) and velocity vector (W,), the meridional position of the inlet stagnation point (m,), the
rotational speed (w) and the derived outlet flow angle (B,). Assumed given, as well, are the suction
side velocity distribution and an approximate pressure side velocity distribution versus arc length.
The number of blades and the pressure side velocity distribution will change during the computation,
in order to obtain a closed profile, with the constraint to alter them as little as possible.

The flow is considered steady, inviscid, compressible subsonic and irrotational in the absolute
frame of reference.

The physical plane is presented in figure 2a. The equations written on an axially symmetric
system (m,8), are:

a) the continuity equation

2 d
—(@RAn) W) +— (e R(An) W) =0 (1)
3m R36
b) the absolute irrotational flow equation
1 2(RW, + ©R%) 3W_
— - =0 (2)

R &m Ro6

In the previous version of the method (ref.[12]) a transformation is performed to the ($,¥)
plane defined as

TXxV, W =0 (An) W 3)

VP = (W+3xR) (4)
where V_ is the surface gradient operator and fi the normal to the surface unit vector.

The difference d® along iso-W lines is equal to

d® = (W + & x R) d5 = Wds + wR%d8 (5)

This difference, however, is not always positive since there may exist certain high peripheral
speed cases for which d® locally takes negative values and, thus, ¢ is non-monotonic along
streamlines. This fact prohibits the mapping of the physical coordinate plane to the
potential/stream-function plane (the Jacobian of the transformation becomes zero) and thus no
arithmetical solution is possible. To overcome this inconveniency, a new transformed plane ($1,W)
is defined in the following way

'r'lesllJ=g(An)-\3V. (6),i
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r Vs ®1 =W + U- (B/R) ]

where B is a vector parallel to the peripheral velocity U and its modulus B is constant. The
difference d®1 along a streamline is, then, equal to

d®1 = (W+axR-B/R)dS = Wds+(wR%B)do (8)

It is obvious that B can be selected is such a way that guaranties the positivity of the Jacobian of
the transformation from the physical to the (®1,W)-plane.

On the (®1,W)-plane the equations of continuity and absolute irrotational flow can be
written in the form

2 2
AL(INW) g 01 + A2(I0W)g, + A3(InW)g,; + Ad(InW)gy + AS(InW)y, +

A6(InW)y, + A7(InW)g y + A8(InW)g, (InW)y + A9 = 0 (9)
9B

—= F1(W,B.R,(An)) (10)
3y
P
——= F2(W,B,R,(An)) (11)
D1

The expressions for the coefficients Al to A9 are given in the reference [15]. In the above
equations ®1 and W are the independant variables, while the velocity modulus (W) and the flow
angle (B) are the dependent ones. Equations (10) and (11) for the flow angle are equivalent so
during the calculation one of them may be utilized.

THE BOUNDARY CONDITIONS ON THE ($1,W)-PLANE
The transformed plane-(®1,W¥) is presented in figure 2b. The flow quantities are known at
station (1), inlet, and the flow angle at station (2), outlet. The integral mass flux conservation
equation, the energy conservation equation along a meridional streamline and the isentropic flow
relations are used to calculate flow quantities at station (2). The integral mass flux equation is
written in the form
R, cosB; (An),
W, = oW, (12)
R, cosB, (An),

and the energy conservation equation along with the isentropic flow relations results to the following
expression

2172 2172
%) WimU Wy, 1/y-1
—=(1+ - ) (13)
0; 2cpT1 2cpT1

From these two equations the flow quantities (0,,W,) may be calculated for a known flow angle §,.
The integral momentum equation can be written in the form

- 2n
I = QVds = §st + T =— (R{Vy'RyVy) (14)
N

L blade blade ’
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T, = (]luwR2 de

blade

This equation relates the flow conditions at the inlet and the outlet with the circulation I which
depends on the velocity distributions along suction and pressure side, as well as, on the blade section
geometry. Integral I';, depending on the blade section geometry, is not a priori known. This explains
one of the difficulties of the inverse methodology applied to arbitrary rotating cascades. Note that
I, is zero only when the radius R is constant. During the computational procedure the integral I';
is given an initial reasonable value and corrected accordingly, each time a blade section shape is
computed. In any case the value of I' must be compatible with the imposed value of the outlet flow
angle B,, so that, if the suction side velocity distribution (being most sensitive) must be maintained,
the pressure side velocity distribution must be chosen to satisfy this value of T'.

Considering, again, figure 2, periodic conditions are imposed along the ((AB),(EF)) and
((CD),(GH)) pairs of boundaries. W(®1) is specified along the suction and pressure side solid
boundaries and the corresponding value of ®1 is calculated from the following relation

d®1 = Wds + (oR%B) do (15)

Consequently, differences in potential from a station v to a station p may be calculated as

Ad1
v v

ko [u b
=] Wds +§ (wR%B) d8 (16)
v

Moreover, the way that the ($1,¥)-plane was built assures that

B
= AD
A

F
; Adl
E

C F
+A®1 1 =[; APl

G

D H

AD1 =AD] (17)

B C G

During the computational procedure, the magnitudes of AP | 2 and A® | D are specified with
the constraint to take them large enough in order to reach at AE and DH (see Tigure 2b) uniform
conditions with sufficient accuracy. In this way, the position of the inlet and outlet of the calculation
domain in the physical plane (positions of AE and DH in figure 2a) is not yet specified. However,
using equation (4) along the peripheral direction one may get

d¥ = p(An)WcosBRd8 (18)

so that the corresponding stream function differences are described by the following relation at the
inlet and the outlet stations

p
AW

u
= [ o(An)WcosBRdo (19)
v

v

Along the inlet and outlet stations the flow is uniform with velocities and flow angles, W,, W, and
B,. By, respectively. Consequently, if Wg=Wp=W;=Wy=0 is the streamfunction value characterizing
l_the lower boundary, then the one characterizing the upper boundary, according to equation (19), is

-
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L

A 2nR, 2R, D 3

Aw = Qlwlcosﬁl (An)l =92W2COSB2 (An)2=Aw (20)
E N H

The upper boundary being a streamline, W, =Wg=W-=Wp,

THE NUMERICAL INTEGRATION OF THE EQUATIONS

Equations (9) and (10) or (11) are considered in the ($1,W)-plane, which in general is non-
orthogonal. If one considers suction and pressure side extensions of equal length in the periodic
zones (to facilitate the application of the periodicity conditions), then the computational domain
on the (®1,W)-plane takes a trapezoidal form (see figure 2). A non uniform discretization of the
($1,W) boundary regions was found to be efficient, permitting the stretching of the grid lines in the
near-leading and near-trailing edge regions of the blade section, where the velocity gradients are
large. In view of the above, the resulting grid on the (®1,W)-plane, composed only of straight lines,
is generally skewed and stretched. In order to increase the generality of the solver and the accuracy
of the solution, avoiding at the same time complexities (such as patched grid techniques), an
additional body-fitted coordinate transformation is performed, which maps the ($1,W)-plane to an
orthogonal (& n)-plane with square cells (see figure 2).

The resulting equation on W in the (£,n)-plane is discretized by use of second-order accurate
finite-difference/ finite volume centered schemes. The discrete equation is, then, linearized,
transfering all non-linear terms ((an)z, for example) to the right hand side (fixed point algorithm).
The resulting system of algebraic equations, which has a 9-diagonal banded, non-symmetric
characteristic matrix, is solved iteratively using the MSIP (refs [13],[14]) method (incomplete L-U
approximate factorization procedure).

Once the velocity field is computed, the flow angle field is obtained integrating the ordinary
differential equations (10) or (11), along the iso-®1 or the iso-Y lines. A fourth order Runge-Kutta
method is used during this step. In practice, equation (11) is first integrated along the cascade mean
streamline and the computed p-mean streamline values are used as boundary conditions for the
integration of equation (10) along the iso-®1 lines. This procedure involves only a tangential
derivation of the flow quantities along the blade and is, thus, more accurate. If a second order
normal derivation along the blade is used, then quadratic extrapolation procedures would be
required, decreasing the accuracy (mainly) in the sensitive leading edge region. The above procedure
provides the complete p(®1,¥) field and, consequently, the blade coordinates.

THE COMPUTATIONAL ALGORITHM

A computational algorithm was constructed, outlined by the following steps (without
considering conditions for section closure, which will be examined later).
STEP 1 : The exit plane flow quantities are calculated through equations (12) and (13). A value for
the integral I'; is assumed and a velocity distribution for the pressure side compatible with the value
of the circulation I issued from equation (14) is established. The value of constant B is defined so
that ®1 is monotonic along streamlines. The values of the potential differences A®1 lf and A®1] Ié
are specified.
STEP2 : A first approximation of the (®1,%)-plane contour is considered and the boundary
conditions for the velocity (through equations (16) and (19)) and the angle (utilizing plausible angle
distributions), are specified. The interior grid points of the region (BCGF) are established using
a simple linear procedure. In the upstream (ABFE) and downstream (CDHG) regions, the points
on the boundaries are chosen and the grid is constructed, so that periodic conditions can be checked
without interpolation. The complete velocity and flow angle fields are initialized making use of the
values at the boundaries, through a linear interpolation. An initial estimate of (An) and R for each
node is made, as well.
STEP 3 : The coefficients Ai(i=1,9) appearing in equation (9) are calculated.
STEP 4 : Equation (9) is solved for W($1,W) using the numerical procedure and technique

|

I

J
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described in the previous section. At this point, an iterative procedure is performed involving thej’
previous step, that is, updating the values of the coefficients Ai. This updating is performed, utilizing
the values of the velocity field of the previous iteration.
At the end of the computational procedure involved in this step, the values of W at the
periodic boundaries will have been updated along with the complete velocity field.
STEP 5 : The flow angle field B(®1,W¥) is computed after numerical integration of equations (10)
and/or (11) in the manner described in the previous section. During this procedure, new angle
values are computed at the boundaries, as well.
STEP 6 : The blade section shape 6=6(m) is computed using the following geometrical relations,
valid along a streamline

m =J cosfds = m(s) (21)
sinf3

8 =[ ds = 6(s) (22)
R

Utilizing these relations, the values of m and 8 are computed along streamlines for the whole flow
field, as well. An interpolation procedure is used in order to estimate the new set of values R(m(s))
and An(m(s)), which will be used, along with the updated values of the angles.

The exit conditions are calculated at station (2), using the same procedure as in STEP1. The
integral T'; is then computed and its new value is used to update I". The pressure side velocity
distribution is in turn modified in order to satisfy the new value of the circulation. The B constant
value is modified for the new geometry and velocity distribution. The boundaries and associated
conditions can then be established for a new ($1,W)-plane. A new grid is thus generated on the
(®1,¥)-plane, moving along W-lines and computing each time the value of ®1 corresponding to the
previously updated values of the velocity field.

STEP 7 : STEPS 3 to 6 are repeated until convergence is achieved.

As observed before, the blade section shape obtained from the above described

computational procedure is not necessarily closed.

RESULTS AND DISCUSSION

To validate the method stationary and rotating cascade reconstruction test cases were
selected. Exact cases were prefered where possible, while a direct solver was used to calculate the
"target”, velocity distribution when the later was not analytically known. Inevitably, slight inaccuracies
in the results of the direct calculation method resulted in inaccuracies of the computed blade shape
by the inverse method. A complete outline of the test cases utilized for the validation of the method
are reported by Bonatakil'3}. Results for two analytical test cases and for a radial inflow turbine are
presented below.

In figure 3 the Gostelow!!®l exact case (incompressible flow, compressor cascade) and in
figure 4 the Hobson!!"! exact case (high Mach number, high turning angle, low pitch to chord ratio)
are presented to demonstrate the accuracy of the method. A radial inflow turbine casel'® (strong
variation of R(m), rotational, variation of An(m)) is presented in figure 5. In all three cases the
presented results include the initial blade shape, the corresponding suction and pressure side velocity
distribution and the blade shape provided by the inverse method. The typical number of grid points
utilized for the above calculations was (78x15) and the computing time needed for the complete
solution was 20 cpu seconds in an ALLIANT FX 80 computer.

As a next step the method was used for the design of new profiles. Starting from an arbitrary
suction and pressure side velocity distribution, a procedure was developed which in few iterations

Lprovides a closed profile. This procedure is based on an extended investigation upon the parameters

which influences the blade section shapem“ls], an investigation which has pointed out that the ratio!
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of pressure to suction side arc length and the pitch to chord ratio could control blade sectionﬂlr
closure. It was also observed that the velocity distribution near the blade section edges influences’
a small part of the blade shape near these edges, while the blade thickness is directly related to the
mean value of the velocity distributions along both the pressure and suction sides!'?l. Using the
information provided by the above investigation new profiles were designed.

A rotating turbine cascade lying on a conical surface along with the "target" velocity
distribution is presented in figure 6.

In figure 7 a turbine blade is presented, which was used as the starting point for the design
of a thicker blade. This new blade was obtained by increasing the level of the suction and pressure
side velocity distributions while retaining the same inlet and outlet flow conditions. This particular
design is quite revealing, since the "target” velocity was obtained by modifying the original one in
such a way, so that the maximum velocity along the blade surfaces was not increased.

The blade section shape of a radial inflow turbine with speed of rotation is presented in
figure 8a along with the corresponding R(m) and An(m) distributions (figures 8c,8d) and "target”
velocity distribution (figure 8b). This is a typical case where the classical (®,W) plane definition fails
and this is demonstrated in figures 8e,8f where the (®1,W)-plane is plotted for two different values
of the B parameter, B=0 (the classical ® definition) and B=1.1 (the modified definition). It is
evident that the modified definition suits better to the specific case.

CONCLUSIONS

A new inverse inviscid method for designing stationary or rotating, plane or axisymmetric
cascades was presented in this paper.

Compared with previous efforts, the new method may handle cascades rotating with high
speed and provide closed blade shapes in few external iterations.

The formulation and the numerics of the corresponding inverse method were discussed, in
order to distinguish it from similar methods and reveal its relative merits.

Finally, some calculation results were presented, to certify the accuracy and the capabilities
of the present effort.
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1. ABSTRACT

An Inverse Design Method suitable for radial and mixed flow turbomachinery is presented. The
codes is based on the 'Streamline Curvature Concept’ and is therefore applicable for current PC's from
the 286/287- range.

In addition to the imposed aerodynamic constraints,
mechanical constraints are imposed during the design process to ensure that the resulting geometry
satisfies production considerations and that structural considerations are taken into account .

By the use of Bezier Curves in the geometric modelling, the same subroutine is used to prepare
input for both aero & structural files since it is important to ensure that the geometric data is identical
to both structural analysis and production.

To illustrate the method a Mixed Flow Turbine Design is shown.
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2. INTRODUCTION

The objective of this paper is to present an inverse design method which can be used on
ordinary PC's.

Since the conventional design process for centrifugal and mixed flow turbomachines is an iterative one,
with successive changes to the input geometry subjected to the flow analysis , it is evident that the aero-
design process takes considerable time. It can therefore be tempting to apply inverse design principles
to ensure that , at the end of a computational task, the resulting geometry satisfies predetermined aero-
restraints.

The method described is an 'engineering’ approach to the inverse design problem where both
L aerodynamic and mechanical criteria are imposed. _l
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For rotors of radial and mixed flow design, the shroud line acrodynamics is considered the most
critical aerodynamically. In the present method the shroud line aerodynamics are 'imposed’ and the
three-dimensional geometry is evaluated under mechanical constraints dictated by structural and
production considerations.

A novel exducer geometry, featuring *Balanced Work Extraction’ is part of the design
procedure for Radial/Mixed Flow Turbines.

The complete 3-D Geometry of the rotor is generated in the Inverse Design method. Through
extensive use of 'Bezier Curves' in the geometric modelling the same subroutine performs the
"meshing’ for the FEM-analysis and prepares the input files for the structural analysis in NASTRAN
FEM-system, as well as the geometry definition for production.

3. ANALYSIS

The flow equations, in the form presented here, is a Quasi 3-D ,inviscid approach to the Navier Stokes
Equations. The viscous effect, however is included in an approximate way by including the Entropy
term in the equations. The spanwise and streamwise effect of losses are simulated by applying a
Polytropic Efficiency, which is allowed to vary spanwise.

The basis of the quasi-three- dimensional flow analysis is the division of the flow field into two
types of two-dimensional surfaces, as shown in Fig.1, from Ref. 1. The S2 surface, which describes an
'average’ meridional flow is governed by the meridional flow equations is described below,while the
S1, or blade to blade flow is handled in chapter 3.2.

The terminology is 'commonpractice’ in turbomachinery, illustrated on Fig. 2 & 3.

3.1 THE MERIDIONAL FLOW

The meridional Equilibrium Equations has been applied to Hydraulic Francis Turbine Design since early
in this century. Applied to Axial Flow Turbomachinery, the equations are termed The Radial
Equilibrium Equations. These two forms of the Equations are treated in numerous reports from the last
several decades, and for detailed information they are referred to the in Ref. 1,2 & 3 .

In the following chapter a short description of the equations is given, explaining how they are
integrated into the procedure.

The meridional flow equation takes the following form

i_V22+F*Vi+G=O (1)
dl

where the two terms F and G contain thermodynamic and geometric elements which are dependent on
the flow solution itself. Hence an iterative solution is required.If the 1-direction Fig. 2 is normal to the
meridional streamline in a vaneless region the terms in Eq. (1) simplifies to:

F=_2___1_*‘_is_ @
R C, dl
G:2*%*$-2:%+%*(2*H—Vﬁ)*% 3)

p
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Since , in the general case, the meridional streamline Jocation is unknown, it is convenient to {ix most
of the calculation 'stations’ as 'quasiorthogonals’ for the iterative flow calculation process. (Ref.3.)
while for the rotor trailing edge the code is required to handle curved calculation s@don.

The solution of Eg. 1 is performed by Direct Integration

V2=exp~{[F~dli=[V3, - [ Grexp~{[F-dli <] (4 )

._Vszmbye_JF.&_C-]F‘d*IGxejF‘dkdl ) (4h)

where the integration is performed from hub to the streamlin in question.
The constant of integration is set by the continuity equation:

shroud
W= f 2+ =R*V, =cos(8)*p x1*C,*dl (S
hubd

where the angle (Fig.2)

the blade blockage (when inside bladerows)
1=2*n*R-Z,*t, (7)

and the Discharge Coefficient Cy is basically sized to take care of boundary layer displacements
effects

3.2. BLADE TO BLADE FLOW

The aerodynamic blade loading can be derived by relating the change of moment of momentum for
a flow-filament 1o the torque exerted by the pressure difference blade-to-blade (Fig.2 )

. d(R=V,
dp:Zb*dn*dmtR = dW a._(_._".). »dm (8)

The filament massflow can be expressed as
dW=2+m*R+V, »p *dn 9)

If the assumption (to be revised below) is made,that the flow is incompressible and linear blade-to-
blade, the following expression relates the velocity difference to the pressure difference

1 -—
dPn='2‘*P“(Wi'W:s)=2"P*W‘AW (10)
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By introducing this expression together with equation (9) into equation (8), an approximate eXpression
for the suction side velocity can be formulated

- - V
W_=W-AW=w -5 n IRV (an
Z, w dm
By means of the relative flow angle definition |
B =arccos(V, /W) (12)

equation (11) can be rearranged to give an approximate expression for the Suction Side Velocity

d(R=V)
M (13
cos(B) I )

(13)

In our iterative design procedure we use the above mentioned linear approximation only in the first
iteration. For the subsequent iterations

W =W_+Al 85, +BI*0,, , (14)

and the two constants, Al & B1, are evaluated so that, with compressibility Eq.(8)is satisfied. By
integrating the massflow density blade-to-blade input for Eq. (S5) is evaluated and the difference between
the SI flow surface, and the blade surface is determined.

The above formulation is similar to the SFC-concept (Stream-Function- Coordinate)
method described by Professor G.S.Dulikavich in Ref.5, however, less ambiguous due to the intended
use of a PC. For the blade to blade solution

there are three areas of major concern, namely the blade inlet, the blade exit, and splitter if present.
Blade Inlet

Since for radial and mixed flow turbomachinery we are normally dealing with high solidity blades in
the rotors a "channel flow’ approach gives reasonable results (Ref. 1 & 4). For our Mixed flow turbine
we selected an "optimum’ inlet blade angle by setting the ’slipfactor'=.85 in the following relation

ﬁM=arctan(l-MB—))
(15)

v
where ¢=F"' is Flow Coefficient, ='slippfactor’

Blade Exit

In our mixed flow turbine rotor, where the flow is close to axial, the 'Cutta Condition’ implies
(when transonic effects are excluded) that the aerodynamic bladeloading is zero at the trailing edge,
which is reflected by introducing zero gradient in the imposed (R*V,) at the trailing edge. The
difference between the S1 and blade average pitch must be corrected according to some deviation
"rules’ based on experimental evidence.
Splitter blades

In our design method we must be capable of determining the position of rotor splitter blades
for an imposed optimised suction side velocity.It should be evident from the above eqation (13) that
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the splitter blade must be unloaded’ to leave a smooth suction side velocity on the neighbouring
'mainblade’.

3.3. FORMULATION OF THE INVERSE DESIGN PROCEDURE.

A practical turbomachine design system must meet both
-aerodynamic
-structural (stress,vibration,cyclic load e.t.c)
-and geometric constraints imposed by the method of producing.
Since none of these requirements are secondary, they are handled in three different chapters.

3.3.1. THE AERO-PART OF THE INVERSE DESIGN.

In the aero-design of turbomachines the shroudline suction side relative velocity is considered
the most critical part of the flowpath, regarding the boundary layer behaviour . This suction side
velocity can be controlled by the distribution of the following parameters.

Since the suction side velocity cannot be ’dictated’ for the whole 3-D geometry for a practical rotor

d(Rx Vu)
V,,,,B ,Z,,,—d—m—-

design (Ref.6) the rest of the flowpath is defined from mechanical constraints. Also the Rotor Exit Flow
Quality is imposed to enhance the suceeding diffusor performance.

Based on the anticipated gradient in efficiency from hub to shroud, the required temperature gradient
at rotor exit is determined by Eq. (16)

With the assumption of Axisymetric Stream Surfaces (Chapter 3)

LU TS

P =i (16)

Roror Exit =[ Tkotor Exi:](

Iﬂhﬂbrlnk! Thouv Inler

the Euler turbomachinery equation is applied along the meridional streamline

T ponor £t~ Tpowor 1nier= *IR*Y, poorps"R¥V, povor trier]

a7
The novel exducer configuration with slanted trailing edge shown on Fig.3 & 8§, allows controlled
rotor exit bladeangles without violating structural considerations.

To ensure the performance (total-to-static) above conventional turbine designs a conical diffusor with
‘centerbody’ is required (Fig.5) since strong 'counterswirl’ near hub results from the design.

The Inverse Design Procedure to be implemented consists of the following steps:

a) Define a ’first guess’ meridional flowpath 'Grid’.

b) From estimated efficiency the streamwise distribution of (R*V ) is determined including rotor
exit (Equation (16)&(17).

]
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¢) Impose a Smooth Meridional Velocity field in the grid. The value of the imposed meridional
velocity along the shroud, together with the the (R*V,) distribution, determine the 'Critical’ shroudline
suction side velocity according to Eq .(13)

d) Evaluate the F- and G- terms of equation 2 & 3.

e) Integrate equation (1) (Eq.(4)), with the constant of integration is set by the imposed shroud
meridional velocity.

f) Integrate RHS of Equation (5) with the velocity resulting from e) above. Correct ,with
a relaxation factor,the meridional streamline position according to the integrated massflow fraction. The
lack of continuity dictates how the meridional flowpath is altered during the iterations. In other words,
the rotor hub, (or shroud) is allowed to 'migrate’ during the convergence to satisfy the continuity
equation (ultimately).
g)Impose the "Mechanical Constraints’ (To be defined in
section 3.3.2 & 3.3.3 below) .The characteristics of the blade depends on the S1 surface which is
determined by integrating the relative flow angle:

~Q*R_V W V
“dm= (- (18)
J RV, " f(v,,, Rev

esffta;;ﬁdm:

The S1 surface /blade surface relations were mentioned under 3.2 above. The polar angle derivative
along the integration path for Eq 1 is required to evaluate the Bladeforce Term.

h) Special attention is required for the rotor exit, where the air angle is dictated from the
requirement of a prescribed (R*V,) , according to Eq 16 & 17, due to the imposed total pressure.
Depending on the mechanical restriction the trailing edge may have to 'migrate’ during the design
process.

i) With revised flowfield information the F- and G- terms in eq.1 is updated, and the
computational procedure returns to e) above.

This process continues until some criterion of convergence is satisfied.

3.3.2. STRUCTURAL CONSIDERATIONS

The total structural life criteria cannot be analyzed during a PC- based inverse design procedure, since
rather complex FEM- analysis is required.To ensure that the 'first guess’ of the aero-defined blade
respect some basic stress criteria (Creep e.t.c) a simple 2-D stress model can be performed during the
inverse design. When second order terms are neglected the following equations applies for the
maximum radial Stress near hub

Shroud

1 Muw 1
o““'=t_ f bq dr +f- T *E*tﬁ,ﬂub . (19)
0.Hub Hub x-Xx

where the centrifugal force and bending to be integrated (Eq. 20 & 21) are

°c;=PM*‘e*wz*R (20)
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Hub
My,= f 8¢*R*(8-8,,,) *dR @n
Shroud

and the second moment of inertia of the hub section (Eq. 22) is

Ix,Hub=—1'5 *te,”lb (22)

This analysis require little additional code and can be performd during the inverse design procedure.
For our Mixed Flow turbine rotor geometry,this integration was performed in 'Section B-B’ and in
’Section A-A’ to determine a tangential blade thickness ratio compatible with the materials creep life
data . Equation (19) can be solved ’inversely’ and the resulting 'constant creeplife blade’ results in a
"Eifel Tower’ blade shapes of the type seen in Fig.8. For critical designs like this radial turbine and
centrifugal compressor of Ref.11, is vital that the structural analysis is performad with the same
geometry as the geometry defined for production.The geometry definition of radial and mixed flow
rotors is a typical case for 'special purpose’ software , and it is logical that the acrodesigner prepare
the complete geometry definition files for the FEM-program input, as illustrated on Fig.8. These
geomtries are defined in the same subroutine with the constants determined in the designprosess. In
subsequent structural analysis temperature, heat transfer cefficient e.t.c must be added.

3.3.3. GEOMETRIC CONSTRAINTS DUE TO PRODUCTION.
It is important that the 3-D blade geometry which is output of the inverse design is compatible with
an available/economic production method. The two manufacturing methods which is common for radial
and mixed flow turbomachines is Flank Milling and Casting.

For the Production of Castings, there is a close connection between the requested thickness
distribution, material quality requirement and scrapprate. Due to this the relative thickness ratio for the
tip vary with size .As a consequence the optimum bladenumber reduces, and the meridional flowpath
length increase with reduced size to conserve the aerodynamic blade loading , Eq .8, 13, Fig. 9. Ref.14

The *Cold Rig’ version of the mixed Flow Turbine in question has been "Flank milled’ in a
5-Axis Controlled Milling Machine. Further "Flank milling’ is a candidate for the production of the
forms for 'Lost Vax’ casting process and it is a good method for high performance Centrifugal
compressors with transonic inducers.

The 'Flank Milling’ production process is illustrated on Fig. 3, where it can be shown that the
production process will impose mechanical constraints on the blade geometry in the direction of the
"Cutter Centerline’. .

The blade surface definition, and the machining process is illustrated on Fig.3,Section C-C, which is
seen normal to the cutter centerline for one particular position along the "Cutter Path’.

Since ,in the general case, a rotor blade is twisted’ from hub to shroud, it is evident that the cutter
direction (In woorkpice Coordinates) are different at shroud and 'near hub’. As a consequence, the
contact line of the cutter spans an angle from hub to shroud and the blade surface are 'undercut’
compared to the stright line a) to b). The deviation from this generatix half way from hub to shroud
is close to
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where the bladeangles is taken in a plane normal to the Cutter Centerline.

For the Mixed flow Turbine, and for compressors as shown on Fig.9 & 10( Ref.11), undercutt can be
comnpensated for when defining the blade for FEM-analysis by using a slightly different 'Cutter 'Path’
for the geometry definition as compared to the 'Cutter Path’ defined for machining.

The rather obvious requirement that a practical cutter has to pass between the blades to be machined
does put restraints on the selectioon of number of blades and possition of splitters.

4, RESULT OF THE INVERSE DESIGN
4.1. A Mixed Flow Turbine

The presented design method has been utilized, during the development period, for several
turbomachines from the Centrifugal Compressor for an 'Ultra Small Jet Engine’ in 1988,Ref. 14, Fig
9, to the Radial Inflow Turbine currently in the desigr phase Fig.8.

The mixed flow turbine used to illustrate the inverse design method, Figs. 3 to 7, was designed for a
Total to Static Pressure ratio of 2.05.
For the particular spool a high rpm was required due to the Compressor Efficiency , size, and cost.

Applying typical 'turbocharger turbine geometry’ would result in low total-to-static efficiency (Ref. 8
& 12), consequently a mixed flow turbine was designed for this application. Fig.5 shows the turbine
rig which has been designed by ARTI in Praha, and Fig. 4 shows a photo of the turbine rig rotor ,
"Flank Milled’ at ARTI. The rig is currently in the manufacturing process and 'Cold Rig’ tests are
scheduled later this year.

Due to the combination of conical flowpath and "almost’ radial element blades, some freedom exist

in the selection of rotor inlet tipspeed and ’Design Charts’ for hydraulic Fransis Turbines could to a
certain degree be utilized.
A design procedure as described in 3.3.1 with the restriction of 'Flank Milling’ was performed with
different combination of bladenumber and splitterlocation. The final design geometry shows the
meridionalvelocity profiles in Fig 5.3 and the relative machnumbers in Fig 5.4. By imposing a "kink’
in the R*V, distribution in the splitter blade trailing edge region, a quite uniform suction side
machnumber is obtainwd on the whole mainblade, and the deceleration near the trailing edge suction
side should give low boundary layer growth (Ref.13).
Since both meridional curvature and aerodynamic blade loading are drastically lower than for High
Pressure Ratio Radial Inflow Turbines the resulting 3-D effects, which is not taken care of in the quasi-
3-D formulation, should be moderate. It is, however evident that a reliable design procedure for this
type of turbines needs feedback from the 'real flow effect’ regarding the deviation and loss
characteristics. Since the basic Quasi 3-D procedure when properly 'calibrated’ for efficiency and
deviation, predict the static pressure along a compressor shroud as shown on Fig.11, the same procedure
should apply for the lightly loaded turbine.

4.2. Computational Times:
The Computer code described has been used on computers ranging Homecomputer (Fig 1988) through
286/287 (for the Mixed Flow Turbine 90) to 486 type (Radial Inflow Turbine Fig .22 ,1991). It is
difficult to give honest’ figures for the performance of the code for several reasons :
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-The code is seldom started from ’scratch’. Based on previous experience a tentative streamline
pattern and a tentative meridional velocity level can be estimated as a 'first guess’. This reduces the
time for obtaining satisfactory convergence drastically.

-The grid required varies with the type ot task.
-The performance depends on how the computer is configured.
-An engineer seldom runs a program to the convergence level which a mathemathician would.

Comparison of several codes for turbomachinery flow analysis are given in Ref.1.b) Since both
orid and computers vary a direct comparison is difficult. Since the basic characteristic of a streamline
is that both the first and second derivative (Slope & Curvature) is included in the information it is
logical that the grid can be quite coarsh for SC-procedure.

It would be a task for ICIDE to define a list of 2-D and 3-D turbomachinery geometries which
could be used to evaluate different methods, since several factors in addition 10 relaxation , grid size
and number of iterations affects the accuracy and time used.

For the 286/287 Mixed Flow Turbine Fig. 4 & 5,a total of 33 Meridional ‘stations’ vere used.
The first 10 'stations’ were used in the nozzles, which vere also inversly designed. In the rest of the
flowpath, 23 additional “stations’ vere used , and 9 meridional streamlines vere used including hub &
shroud. This task took typically 50 minutes on the 286/287 Laptop.

For the design of a axial/radial diffuser similar to that on Fig. 5 a smaller grid had to be used
to include a simple boundary layer code (Ref. 13). For that design (not shown in this report) a optimum
boundary layer shape factor vere the basis for the geometry definition.

Currently the code is running under the Microsoft Professional Development System
7.1.(QuickBASIC Extended, which is a very convenient development environment). This allows the
DOS-barriere of 640 K to be broken by using EXTENDED or EXPANDED memory. In this case a
simple 2-D boundary layer integration procedure (Ref.13) can be included in the present code together
with a (35*9) meridional grid, at the 'cost’ of a speed reduction of some 50% compared to the 486
"640K-DOS speed’,and typical CPU is 12 minutes for a Turbine shown on Fig.8.
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OPTIMAL DESIGN OF SOLIDIFICATION PROCESSES <7

Jonathan A. Dantzig and Daniel A. Tortorelli ‘ f

i

Department of Mechanical and Industrial Engineering, University of Illinois, Urbana, Illinois 61801 USA

1: INTRODUCTION

An optimal design algorithm is presented for the analysis of general solidification processes, and is demon-
strated for the growth of GaAs crystals in a Bridgman fumace. The system is optimal in the sense that the
prespecificd temperature distribution in the solidifying materials is obtained to maximize product quality. The op-
timization uses traditional numerical programming techniques which require the evaluation of cost and constraint
functions and their sensitivities. The finite element method is incorporated to analyze the crystal solidification
problem, evaluate the cost and constraint functions, and compute the sensitivities. These techniques are demon-
strated in the crystal growth application by determining an optimal fumace wall temperature distribution to obtain
the desired temperature profile in the crystal, and hence to maximize the crystal’s quality. A similar problem is
investigated by Dantzig and Chao [1], however their approach does not utilize numerical optimization techniques.

Scveral numerical optimization algorithms are studied to determine the proper convergence criteria, effective
onc-dimensional search strategies, appropriate forms of the cost and constraint functions, etc. In particular, we
incorporate the conjugate gradient and Quasi-Newton methods for unconstrained problems{2]. The efficiency and
effectivencss of each algorithm is presented in the example problem.

We have chosen to adapt an existing commercially available finite element program, FIDAP [3], to compute
of the scnsitivities, rather than develop a new code. Thus, we are in position to investigate larger and more
complicated problems in the future without significant code development. The explicit sensitivities are computed
analytically by the adjoint technique{4], which has been applied to nonlinear transient conduction problems by
Tortorellt et. al. [5]). Large computational savings and accurate calculations are realized by utilizing an explicit
approach as opposed to the costly and sometimes unreliable finite difference method (5, 6].

In the following section, a brief outline of the conjugate gradient and quasi-Newton methods for unconstrained
optimization arc presented. In section 3, the adjoint sensitivity method is reviewed and presented in a specialized
form appropriate to the processing problem. An example problem is presented in the last section.
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2: METHODS OF ANALYSIS

2.1 Optimization Algorithms

Vanderplaats [2] presents an excellent exposition of the algorithms which have been developed to resolve
design optimization problems. The search method algorithms for unconstrained problems are characterized by
sequential searches in the design space to reduce the value of the objective function, G. Beginning at a specified
initial point in design space b, a line search is performed to find the minimum value of the objective in a
search direction, S. Once the minimum is found in this direction, the present design is updated and a new search
direction is chosen. This process is repeated until the design converges to its minimum objective function value.
In this section we will briefly outline three search methods for unconstrained optimization. The methods are
distinguished by the manner in which the sequence of search directions is determined.

Search methods which utilize derivatives of the objective function tend to be more efficient (i. e. will require
fewer iterations) than zero-order methods. This is true because the gradients suggest the direction one should
move in design space to reduce the value of the objective function. The sensitivity analyses, described in the
next section, provide this gradient information at relatively little additional cost beyond that which is required o
analyze the process and evaluate the objective function. Accordingly, the discussion here is limited to these first-
order gradicnt-based methods, specifically, the methods of steepest decent, Fletcher- Reeves conjugate gradient,
and the Quasi-Newton are described. The methods differ in the way that the search directions are determined.

Line scarches are performed for all of the above-described algorithms. We are using a variant of Brent's
Mcthod for this purpose[7]. In this technique, the objective function is assumed to vary quadratically with the
scalar o along the vector in design space given by b + aS. Thus, the problem becomes one of finding the value
of a cormresponding to the minimum G. If G were truly quadratic in a, then a combination of three functon
evaluations or derivatives with respect to a would suffice to obtain the minimum. In practice, G is generally
not quadratic in a, hence this technique requires repeated evaluations of G and its derivatives to determine the
minimum. In some cases, the parabolic interpolation can diverge. To circumvent this problem, Brent’s Method
uses interval sectioning when divergence of the parabolic interpolation is detected.

Once the minimum for the given search direction is found, a new direction must be chosen. The most
simplistic algorithm uses the gradient to determine the new search direction, i. e.

S=-VG 1)

This "Mcthod of Steepest Descent” has been shown to be inefficient [2]. Better algorithms utilize information
about previously searched directions to construct the next search vector. In the Fletcher-Reeves conjugate gradient
method, the new search direction is given by

VG (&)

S’ = -VG(b) + :
(®) IVG(b-1)?

S . @

where b/ is the design vector at the beginning of the /* line search. Such a selection of the S ensures that
the search directions are Q-orthogonal. Afier several steps, it is possible that searching in direction § will not
improve the objective, and the process is then re- initialized with Equation (1).

In the Quasi-Newton methods for unconstrained minimization, we consider a Taylor scries expansion of G
about the prescnt design, bg.

G(b)zG(bo)+VG-6b+%6bTH-6b 3)
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where H is the Hessian matrix, and éb = b — by is the new search direction. Differentiating this equation with
respect 1o the design variation and setting the result to zero (for the minimum) yields

éb = —H(bg) 'V G(bg) “)

Rather than compute the Hessian inverse, which is usually difficult because it contains second-order sensitivity
information, we construct a serics of approximations to H™! from

(H ) =1 S
(H-l)j+1 - (H—l)j + D )
where ; i
. -1 -1
pi__fbéb  (H )Y (HY) ©

6b-6(VG) §(VG)T(H-1)§(VG)
This approximation to the Hessian inverse (Equation (5)) is then used with Equation (4) to determine the
appropriate design increment.

A more detailed discussion of these algorithms is given in Reference [2]. Clearly, the use of these algorithms
requires that the sensitivities be computed accurately, and because they are computed many times (once per
design iteration), they must also be computed efficiently. In the next section, an efficient algorithm is described
for obtaining the sensitivities after analyzing the original problem.

2.2 Explicit Design Sensitivity Analysis using an Adjoint Method

Tortorelli, ef al.[5] described a Lagrange multiplier method for formulating the adjoint design sensitivities
for nonlincar transient thermal systems. The variation of a general design functional may be expressed in explicit
form with respect to variations in the prescribed boundary conditions. However, the design functional depends
on these explicit quantities and implicitly on the temperature field. To obtain the explicit sensitivities, the implicit
dependency on the temperature field must be resolved.

The design functional is expressed as

G(b)= [ f(T)aV + [ g(T,b)dA ™
[rmee ]

where the temperature T(x,b) represents the implicit response fields in G, b is the vector of design parameters,
and the position vector is denoted by x. The design vector will be used to define the boundary conditions, which
ultimately control the values of all the response quantities and G. All quantities are defined in the region B or on
the bounding surface B (with outward unit normal vector n), and are assumed to be smooth enough to justify
the operations performed. Furthermore, differentiability of G with respect to the design is assumed.

The response quantitics are implicitly defined by the design and the following mixed boundary value problem

V-q+r=0 inB (8)
with boundary conditions
T=TF onAr
¢ =¢*(T,b) on A, ®

¢ = h(T,b)(T - Teo(b)) on Ay
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where q(x, b) is the heat flux vector, r(T, g, x. b) represents the temperature- and temperature gradient—dependent
internal heat generation, g(x,b) = VT'(x,b) is the temperature gradient, ¢ = q - n is the surface heat flux,
and h(T,b) is a convective transport coefficient between the surface of the domain and the ambient temperature,
T (b). A7, A; and A, are complementary subsurfaces of & B and correspond to surfaces with prescribed tempera-
ture 77, prescribed flux ¢°, and prescribed convective boundary conditions, respectively. Note that the prescribed
flux, heat transfer coefficient and ambient temperature distribution are all functions of the design vector, b, and
the temperature to allow modeling of nonlinear heat flux and convective loads, as well as radiation. Note also
that the internal heat generation term may be used to model convective transport terms when fluid flow is present.
To complete the representation, a constitutive relation is introduced for the heat flux where q is a general function
of the position, temperature and temperature gradient,

qa=4(x,7,g) (10)

We will follow a finite element formulation, where Equation (8) is written in weak form and the boundary
conditions in Equation (9) enter after integrating by parts and applying the divergence theorem.[8] First define
the weighted residual, R, as

R(T,b,\) =~ / {VA-q-Ar}dV + //\q"’dA + /Ah(T - To)dA n
B A, Ax

where A is a weighting function which will described in more detail below. We use a displacement approach, in

which the only dependent field is the temperature. Thus, Equations (9) and (10) are strictly enforced, and A = 0

on A7. When R is equal to zero (for all admissable )) then Equation (8) is satisfied.

In general, the nonlinear nature of the problem will require that Newton-Raphson iteration be performed to
find the zero of the residual. We introduce a truncated Taylor series expansion to update the temperature field
from 7' at iteration / to T'*! at iteration /+1:

OR(T! b, A)

I+1 I
R ~R(T,b,,\)+{ 57

}AT =0 (12)

where AT = T7+1 _ 7l an4
OR(T!,b,A) 04 04 or or
— AT = - / {v,\ FT(AT) + VA 5 IV(AT) - AT AT - Aa—gV(AT)}dv+
oh (13)

B
il
/Aa—TATdA + /,\[ﬁ(r ~To) + h]ATdA
A, Ax

In finite element analyses, R and %? form the residual vector and tangent stiffness matrix, respectively. The
incremental problem given in Equation (12) is solved iteratively until the solution converges.

As we described earlier, changes in b affect the boundary conditions, which in tum affect the response
quantities, which ultimately alter the value of the response functional G. The objective of sensitivity analysis
then, is 1o derive an explicit expression for VG in which only variations of the design parameters éb, are present.

In the Lagrange multiplier method for the adjoint sensitivity analysis, the residual is adjoined to G to define
an augmented functional G°,

G = /de+ /gdA— /(v,\-q—r),\dv+/AquA+/Ah(T- T )dA (14)
B B B A

Aq
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This ensures that the governing equations are satisfied. In this equation, A can be interpreted as a Lagrange
multiplier, which will eventually be identified as the temperature field of a second, fictitious adjoint problem
defined over B. Note that since the augmented term and its derivative are both identically zero, G* = G and
VG = VG.

Formal differentiation of Equation (14) with respect to the design vector gives

dG /QQZ V+/(@+696T)d/4

aT b b+ 3T ab
dq BT 9q0vT or oT or ovT 0¢P T  0¢P )
/(VA aTob T VN 9z b 'aTab  “og b )dV“L/A(aT @b T ap 9t as)

A,

B
oh 0T Oh 0T 0T,
/A([arab }(T Too )+h[6b adeA
With the exception of A and the implicit terms involving the derivatives of T and VT with respect to b, all of

the terms in Equation (15) are known once the original analysis problem is solved. In the sensitivity analysis,
we will eliminate the implicit terms by a particular choice of the Lagrange multiplier A.

To this end, we separate VG* into terms which explicit quantities, VG%, and those which are implicit
quantitiesV Gy, where

VGE_/agdA+/,\6q dA+/ (gﬁ(r T..) - haaib)dA (16)

and
9.2z

] af aT dg OT
VG = { 6T6bdv+/6T6b }

0q oT 6q ovT or 0T or ovT
/(Vz\-?ﬁ;%-}-Vz\ % b _’\ﬁ%"’\a b )dV+

d¢® OT oh oT aT
/’\arabdA /(8T6b(T Te )+h6b)dA

an

where £ 3-5 = 0 on Ar. On examination of Equation (17) and Equations (8) and (9) we note that the implicit term
can be annihilated by solving the following adjoint problem: Find that value of A for which

dG _ HR(T,b,)) 0T

_— L 1
or oT  0b (%)

for all admissible %E . Note that g—? is the indicated quantity in Equation (17). This equation is linear in A, and
is the adjoint operator for the incremental problem (Equation (12)). This allows us to solve the adjoint problem
efficiently when the finite element methodis used.

Indeed, after solving the original problem with Newton-Raphson itcration, we next store the final decomposed
tangent stifTness matrix. Then Lhc adjoint load vector ( a? ) is formed which corresponds to the following adjoint

] J
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loads:
T = % in B
A=0 onAr
. _ 90 19
Q= 8—; on A, (19)

s _ (Oh g
q’\—<8T(T T )+h)’\+5f on Ay

Finally, we perform a back substitution on the transpose (adjoint) of the decomposed stiffness matrix to evaluate
A. Once A is determined, then VG7 = 0 and the sensitivities are obtained directly from Equation (16). The
efficicncy of this method lies in the fact that a single back-substitution into the already decomposed stiffness
matrix, followed by substitution in Equation (16), yields all of the components of the sensitivity vector. In
general, the solution of the primal problem requires several Newton-Raphson iterations. Hence, the added cost
of evaluating the sensitivities is relatively small.

In the finite element evaluation of the adjoint load vector and VG, the same numerical quadrature is used as
that used to evaluate G, the tangent stiffness matrix and residual. This ensures that consistent results are obtained.
In the next section, these methods will be used in an example problem conceming Bridgman crystal growth.

3: APPLICATION TO A CRYSTAL GROWTH PROCESS

3.1 Bridgman Crystal Growth

When crystals for electronics applications are grown using the Bridgman process, the finished bulk crystals
are sliced into thin wafers perpendicular to the growth direction. Electronic devices are then fabricated on these
wafers. The properties of the devices are highly dependent on the degree of perfection and compositions of
the wafer. Since these attributes are set during growth of the crystal, control of the growth process is vital.
In panticular, fluid flow in the melt during solidification can interact with the solute field near the crystal-melt
interface to adversely affect the chemical composition of the crystal.[9] The primary means for controlling the
convective flow is to control the shape of the crystal-melt interface, which may be accomplished by defining
appropriate process parameters.

The latest generation of Bridgman fumaces are divided into several independent heating zones along their
length, so that complex temperature distributions can be applied. While this gives these furnaces great flexibility,
it also necessitates that detailed analyses be performed to relate the temperatures imposed on the furnace wall to
the temperature distribution produced in the crystal.

Using the techniques described in the preceding sections, a model is presented for determining the optimal
tempcrature distribution to impose on the furnace wall to produce the desired temperature distribution in the crystal.
In particular, the desired temperature distribution in the crystal becomes the objective, and the temperatures on
the fumace wall comprise the design parameters. In our example problem, the furnace to be examined is one
that will be used in low gravity space processing.

A configuration proposed by researchers at GTE for growing GaAs crystals in space is illustrated in Figure
1.[10] In-the proposed experiment, a round pyrolytic boron nitride crucible with graphite end plugs and a quartz
bottom is used to contain a GaAs charge. The entire container is to be filled on earth, then sent into space, where it
will be placed in a programmable gradient fumnace, melted and resolidified in a controlled manner. The geometry

i ]
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T
—> 8

Fig. 1: Schematic view of the model for the proposed experiment to grow GaAs
crystals, and corresponding finite element mesh containing 1216 nodes and 1230 elements.

of the experimental apparatus was exploited to describe the process using a two-dimensional axisymmetric finite
element model. It will be assumed that the ampoule is maintained with its axis parallel to the gravity vector.

The commercial code FIDAP[3], with modifications to enable the design sensitivities to be calculated, was
used for the analysis. The container and melt were modeled using four-noded linear isoparametric elements,
whereas the presence of the fumnace wall was represented by a specified temperature distribution exchanging heat
by radiation with the exterior surface of the ampoule. Further details of the radiation calculation are given below.

The goveming equations and boundary conditions for these types of problems are well established(11], and
are reproduced here only to the extent necessary for the present discussion. In addition to the energy balance
equation, we must consider the momentum balance equation to model buoyancy-driven convection in the crystal.
The density was assumed to be constant, except for thermal expansion in the liquid phase, which is included by
the Boussinesq approximation. With this assumption, the steady form of the momentum balance equation is

po(u-Vu) = =Vp+ uV?u + pogo(l ~ (T — Trey)) (20)

where u is the velocity, p is the pressure, p is the dynamic viscosity, g is the gravity vector, 3 is the volumetric
thermal expansion coefficient, and T, is the temperature at which the density is po (in this case, the melting
temperature). Note that the presence of the buoyancy term couples the momentum balance equations to the
energy balance equation. There is no slip of the liquid past the solid, so that the velocity of the fluid is zero
at all of the boundaries of the melt.

The steady form of the energy balance equation, adopting Fourier's Law (§ = —k(x, T')g) for the constitutive
relation for heat flux, is given by

pocy(u-VT) =V . (kVT) @n

where ¢, is the specific heat and & is the temperature dependent thermal conductivity. The advection term on
the left-hand side of this equation defines the intemal heat generation term, 7, noted above. Heat is conserved
at the crystal-melt interface, requiring that

kST, n-kVT;-n=0 (22)

where n is a unit vector normal to the interface and the subscripts [ and s refer to the liquid and solid phases,
respectively. For very dilute alloys, the interface temperature can be assumed to be the melting temperature of
the parent phase, denoted T,,.

i J
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Even though the problem is steady, latent heat can be convected by the fluid flow in the melt. Latent heat
evolution was included in the model using an enthalpy-specific heat method.[12] This method requires that the
enthalpy of solidification be spread over a range of temperatures, and in all of the simulations which follow, this
interval was chosen to be 1K. The specific heat was computed from the gradients of enthalpy and temperature

at each clement integration point
VH.-VH

= —_— 23

*=VIT VT )

and assembled using a lumped mass matrix formulation. These formulations ensure that the entire heat content
of the material is accounted for in a computationally efficient way.[12]

The ends of the ampoule were considered to be insulated. Heat was transferred between the ampoule and the
fumace wall by radiation only. The ampoule was assumed to fit closely in the fumace, so that radiation exchange
was limited to opposing faces in the furnace, i.e. no view factor calculations were required. The Stefan-Bolzmann
law was factored, so that a nonlinear convection coefficient, heg, was defined for each integration point

Grad = 0¢ (T4 - T}urnacc)
= 0€(T2 + szurnace)(T + Tjurnacc) (T - Tfurnacc) (24)

hays

For all cases, the emissivity was taken to be constant at 0.7. The material properties used in the simulations
are given in the Appendix.

Pressure was eliminated as a degree of freedom using a penalty method.[13] In this formulation, the continuity
equation for an incompressible fluid is modified to allow an artificial compressibility, so that

Vou=—¢gp 25)

where ¢, is a penalty parameter, taken to be 1x107® in all cases. The resulting coupled nonlinear equations for
the velocities and temperatures were resolved at each time step by Newton-Raphson iteration or by successive
substitution. Convergence was declared when both the ms change in each field variable and the residual errors
in the finite element equations fell below 1x107-3.

The temperature distribution for a constant temperature gradient of 5 K/mm along the fumace wall was
known to produce significant undesirable curvature of the crystal-melt interface.| 1] The primary reason for is
the variation in thermal conductivity between the liquid and solid. Thus, a constant temperature gradient results
in unequal heat fluxes at the interface. (See Equation (22).) To alleviate this problem, the temperatures applied
along the furmace wall will be adjusted to produce a specified temperature distribution within the crystal. The
procedures developed in the previous sections were used for this purpose.

3.2 Implementation of Design Sensitivity Analysis

The commercial finite element code FIDAP(3] was modified to perform the adjoint load and sensitivity
calculations described in the previous section. The sensitivity calculations neglected the fluid velocities and
the coupling to the momentum equations. However, the optimization still converged in an acceptable number of
iterations because the problem'is dominated by the thermal aspects. A shell program was then written to coordinate

]
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CONJUGATE GRADIENT
PROGRAM
G(b), grad G(b)
sensiivity.dat
— ]
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— (T“(z)l h:cr_(r%.rb(‘nr.) FORMATION
adjoint.loads _ USRSRC SSNR
¥ T Adjoint Load Vector [K){T*}=(AF)
(T@) (AF) t

G, 3G

5T

Fig. 2: Schemalic of link between conjugate gradient search algorithm and FIDAP.

the nonlinear heat transfer analysis, the sensitivity analysis, and the numerical optimization. A schematic diagram
showing the details of the interface between the shell program and FIDAP is shown in Figure 2.

The file adjoint.loads in Figure 2 contained the information describing the desired temperature profile, T(z),
to be attained in the ampoule. This distribution was specified on both the center-line and the outer radius of the
crystal (inner radius of the ampoule). The objective function was then defined as the error between the desired
and computed temperatures at N discrete points

N
G=3 (-T) (26)

1=1
Thus, G represents the function to be minimized.

The only design variables allowed in the problem were the furnace wall temperatures, T,(z). Note, however,
that in view of Equation (24) there is an implicit dependence of the heat transfer coefficients on T (z) which
must be accounted for.

The progress of the optimization is illustrated in Figures 3 — 5. It is casy to sce that the search through the
design space converges quickly to the optimal solution. For this case, the ambient temperature at each position
on the furnace wall opposite each surface node on the ampoule comprised the 76 design variables. The fact
that there are so many design degrees of freedom leads to the unrealistic fluctuations seen in the furnace wall
tempcrature profile.

This same case was then modeled using nine zones to span the entire length of the fumace. The ten specified
wall temperatures represent the design parameters, and the intermediate wall temperatures were determined via
lincar interpolation. The results for this case are shown in Figure 6. It can be seen that equivalent results are
obuined for the intemal temperature. It is interesting to note, however, that the results for the latter case are not
simply an average of the results from the former.

Notice that in all of these cases, the sudden changes in slope in the objective function led to sharp changes in
the fumace wall temperature profile and that the ampoule temperature was unable to capture the sudden change.
Accordingly, a new objective function was defined which maintained the discontinuity in slopes at the crystal-melt

L 4
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Fig. 3: Progress of the value of the objective function during the optimization
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Fig. 4: Progress of the furnace temperature profiles during the optimization

interface, and rolled off exponentially with distance from the interface. The results, shown in Figure 7, illustrate
that one may attain the final objective, if the physics of the problem allows it. This is the nature of optimization,
where existence and uniqueness of solutions is not always guaranteed.

For each case, the progress through the numerical optimization was very similar. Five to ten line searches
were required, with six to eight function evaluations along each line. This latter number was found to be very
sensitive to the convergence tolerance for the parabolic interpolation. Setting the tolerance below 0.01 resulted
in many more function evaluations with no improvement in the overall results. The problems ran to completion
in about one hour on a Sun SPARCstation 1+.

A quasi-Newton method was also used, but for this problem the results were almost identical. The quasi-
Newton procedure typically required one more line search than the conjugate gradient method, but there were
not ecnough tests done o draw any definitive conclusions.

] |
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Fig. 6: Comparison of optimal solutions using 10 and 76 heating zones, respectively.

4. CONCLUSIONS

The results of the preceding section indicate the practicality of optimal process design and the utility of the
sensitivity analysis for this class of problems. The optimal solution can be found with little user intervention.
Indecd, the only work required beyond that for the normal analysis is the definition of the design varniables and

objective function.

In the future, we would like to extend this work to consider transient problems. However, the analysis becomes
more complicated because the transient problem requires a convolution integral to be evaluated in the adjoint
method. Other methods, such as direct differentiation, may prove to be more efficient for this class of problems.

The sensitivity formulation used for this work did not include the advective terms in the governing equations,
and the fluid velocitics were also not considered in evaluating the implicit vanations of G. This will be important

for advection-dominated flows, and this work is in progress.
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Fig. 7: Opumal furnace wall and ampoule temperature profiles for exponential variation in the objective function
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Appendix A: Matcrial Properties Used in the Simulations

Tahle I Materdal properties used in the simulationg

Material Quartz Air Graphite PBN -1 PBN - 2 GaAs
Density (g/mm3)
22 x 103 2.35 x 107 1.83 x 1073 19 x 107 19 x 107 571 x 107
Thermal Conductivity (W/mmK)
273K 3.4 x 10% 1.15 x 107 3.0x 102 2.50 x 102 4.0 x 107 1.7 x 107
750 K 4.7 x 10 1.43 x 107 227 x 10 1.70 x 102 5.0x 10% 1.7 x 107
1060 K 6.6 x 10 1.88 x 107 178 x 102 1.58 x 102 5.6 x 107 1.7 x 107
1220 K 7.5 x 10 2.02 x 107 1.52 x 102 1.51 x 102 6.0 x 10™ 1.7 x 103
1511 K 75x 104 224 x10° 1.29 x 102 1.50 x 102 6.0 x 107 1.7 x 1073
1512 K 75x10* 224 x 103 1.29 x 102 1.50 x 102 6.0 x 10% 3.5 x 1073
1600 K 75x10*%  230x 103 1.24 x 102 1.50 x 102 6.0 x 10% 3.5 x 103
Specific Heat (J/gK) Enthalpy (J/g)
273 K 0.123 0.294 0.19 0.20 0.20 27.4
750 K 0.244 0.294 0.19 0.40 0.40 75.4
1060 K 0.278 0.294 0.19 0.44 0.44 106.5
1220 K 0.284 0.294 0.19 0.47 0.47 122.6
1511 K 0.299 0.294 0.19 0.47 0.47 151.8
1512 K 0.299 0.294 0.19 0.47 0.47 325.5
1600 K 0.299 0.294 0.19 0.47 047 575.5
Viscosity (g/mm s)
<1511 K 1.0 x 10%
>1512 K 1.7 x 107

[11]M. E. Glicksman, S. R. Coriell, and G. B. McFadden. Interaction of Flows with the Crystal-Melt Interface.
Ann. Rev. Fluid Mech., 18:307-335, 1986.

[12]]. A. Dantzig. Modeling Liquid-Solid Phase Changes with Melt Convection. International Journal of
Numerical Methods in Engineering, 28:1769-1785, 1989.

[13]M. Bercovier and M. S. Engelman. A Finite Element for Incompressible Fluid Flows. J. Comp. Physics,

30:181, 1979.



226



227 PRECEDING PAGE BiLA

Third International Conference on Inverse Design Concepts and Optimization in Engineering Sciences
(ICIDES-TII), Editor: G.S, Duytikravich, Washington D.C,. Ociober 23.25, 1091},

[ ]
N92-139¢5

A oeln FILMED

NUMERICAL IDENTIFICATION OF BOUNDARY v/

CONDITIONS ON NONLINEARLY RADIATING /,r oo/

INVERSE HEAT CONDUCTION PROBLEMS#* / }\
by

Diego A. Murio

Department of Mathematical Sciences : .
University of Cincinnati s R
Cincinnati, OH 45221-0025 b
U.S.A. -

ABSTRACT

An explicit and unconditionally stable finite difference method for the solution
of the transient inverse heat conduction problem in a semi-infinite or finite
slab mediums subject to nonlinear radiation boundary conditions is presented.
After measuring two interior temperature histories, the mollification method is
used to determine the surface transient heat source if the energy radiation law
is known. Alternatively, if the active surface is heated by a source at a rate
proportional to a given function, the nonlinear surface radiation law is then
recovered as a function of the interface temperature when the problem is
feasible. Two typical examples corresponding to Newton cooling law and Stefan
-Boltzmann radiation law respectively are illustrated. In all cases, the
method predicts the surface conditions with an accuracy suitable for many
practical purposes.

#* Partially supported by a W. Taft Fellowship.

PRECEDING PAGE BLANK NOT FILMED



228
Third International Conference on Inverse Design Concepts and Optimization in Engineening Scicnces
(ICIDES-TID, Editor; G.S, Dulikravich, Washingion D,C,, October 23-25, 1991,
[’ 1. Introduction. ']

In this paper we investigate the numerical identification of surface transient
heat sources in one-dimensional semi-infinite and finite slab mediums when the
active surface radiates energy according to a known nonlinear law. Alternatively,
if the active surface is heated by a source at a rate proportional to a given
function, the nonlinear radiating boundary condition is then numerically identified
as a function of the interface temperature if the problem is feasible.

These two tasks can be viewed as suitable generalizations of the classical
problem of attempting to determine the interface temperature between a gas and a
solid with a nonlinear heat transfer law. The existence and uniqueness of a
strictly increasing solution of the semi-infinite body version of this problem has
been considered by Mann and Wolf [Ref.7] for a monotone Lipschitz radiation law.
Roberts and Mann [Ref.10] extended the previous result after removing the Lipschitz
condition on the nonlinear heat transfer law. Keller and Olmstead [Ref.6]
investigated the same problem in the presence of a positive integrable transient
source and introduced a constructive proof for existence and uniqueness of the
interface temperature by the method of lower and upper solutions. The numerical
solution of the nonlinear Volterra integral equation characterizing the active
surface temperature history was implemented by Chambré [Ref.1] using the method of
succesive approximations and, more recently, by Groetsch [Ref.3] who succesfully
combined Abel inversion formula with B-spline approximation and product
integration. A natural extension of this technique to solve the same problem in the
finite slab medium is discussed in Groetsch [Ref.4]. Also for the finite slab case,
Villasefior and Squire [Ref.12] have proposed a numerical procedure based on a
generalized trapezoidal rule and Richardson extrapolation. More general problems of
the same kind, combining the effects of convection and radiation at the interface,
can be found in Friedman [Ref.2] and Saljnikov and Petrovic [Ref.11].

In all the works mentioned above, the nonlinear radiation law and the transient
boundary source are supposed to be known in order to determine the interface
temperature. Consequently, if the new task consists on the identification of the
nonlinear radiation law or on the identification of the transient boundary source
function, a different approach must be used.

It is possible to estimate the surface temperature and the surface heat flux in
a body from measured temperature histories at fixed locations inside the body.
However, this Inverse Heat Conduction Problem (IHCP) is an ill-posed problem
because small errors in the data induce large errors in the computed surface heat
flux history or in the computed temperature history solutions and, consequently,
special methods are needed in order to restore continuity with respect to the data.
In this paper we consider initially, the solution of a one-dimensional IHCP by a
fully explicit and stable space marching finite difference implementation of the
Mollification Method introduced by Murio [Ref.8] and Guo, Murio and Roth [Ref.5].
The procedure allows for a direct discretization of the differential equation and
it is generated by automatically filtering the noisy data by discrete mollification
against a suitable averaging kernel and then using finite differences, marching in
space, to numerically solve the associated well-posed problem. Once the temperature
and the heat flux transient functions have been approximately recovered at the
interface, it is a simple task to numerically identify the transient heat source if
the nonlinear radiation law is known. On the other hand, if the surface is heated
by a source at a rate proportional to a given function, we proceed to approximately
recover the nonlinear surface radiation law describing the physical conditions at
the interface, provided that the range of temperatures at the interface contain
sufficient information.

In Section 2, we define the new identification problems with data specified on a
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continuum of time and data errors measured in the L, norm and derive rigorous_l
stability bounds. The efficiency of the method is demonstrated in Section 3, where
together with a description of the numerical procedure, we present the results of
several computational experiments with rapidly varying and discontinuous profiles,
for both linear - Newton cooling law - and nonlinear - Stefan-Boltzmann law -
models. In all cases, numerical stability and good accuracy are achieved even for
small time steps and high levels of noise in the data. Section 4 includes a summary
and some conclusions.

2. Description of the Problem.

We consider a one-dimensional IHCP in a semi-infinite or finite slab, in which
the temperature and heat flux histories f(t) and q(t) on the left-hand surface (x =
0) are desired and unknown, and the temperature and heat flux at some interior
point X = xg or at the right-hand surface x = a are approximately measurable. Note
that, equivalently, the data temperature histories might be measured at two
interior points. For the semi-infinite medium, O < xg and for the finite slab, 0 <
Xp = a. We assume linear heat conduction with constant coefficients and normalize
the problem by dimensionless quantities. Without loss of generality, we consider Xxg
= a = 1 in all cases. The problem can be described mathematically as follows.

For the semi-infinite or finite slab, the unknown temperature u(x,t} satisfies
respectively,

ut(X,t) = uyy(x,t), t>0,0<x<w or 0<x<1l, (1a)

u(t,t) = F(t), t > 0, with corresponding approximate (1b)
data function Fp(t),

-ug(l,t) = Q(t), t > 0, with corresponding approximate (1c)
data function Q(t),

u(x,0) = ug(x), O<x<w or 0<x<l, (1d)

u(0,t) = f(t). t > 0, the desired but unknown (le)
temperature function,

-u,{0,t) = q(t)

= E(u(0,t))-g(t), t > 0, the desired but unknown (1f)

heat flux function.

The nonlinear boundary condition (1f), indicates that the active surface radiates
energy at a rate proportional to E and is heated at a rate proportional to the
function g. Our aim is to obtain more detailed information about the boundary
condition at the interface x = 0. More precisely, we want to estimate the
function E if g is known or, reciprocally, we want to identify the source function
g if the radiation law E is given.

We also assume that all the functions involved are L, functions in any time

interval of interest and use the corresponding L, norm, as defined below, to

measure errors:

t
nen = [ 52 rw)2 e ]2
1

In this setting, it is also natural to hypothesize that the exact data functions
F(t) and Q(t) and the measured data functions Fp,(t) and Qq(t) satisfy the L, data

error bounds
IF-Fpll = € and NQ-Qmll = €.
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It is well known that solving for f(t) and q(t) from F(t) and Q(t) amplifie;]

every Fourier frequency component of the error by the factor exp[w/2]1/2. -0 <W< o,
This shows that the inverse problem is highly ill-posed in the high frequency
components. See Murio [Ref.8] and Guo, Murio and Roth [Ref.5] for further
discussions.

Stabilized Problem.

The one-dimensional IHCP can be stabilized if instead of attempting to find the
point values of the temperature function f(t) or the heat flux function q(t), we
attempt to reconstruct the d&-mollification of the functions f and q at time t,
given by

- » = »
Jsf(t) = (pg*f)(1), Jsalt) (pg*a)(v),

where

expl-t2/52]

p.(t) =
é S n1/2
is the one-dimensional Gaussian kernel of radius & > 0. The mollifier pa(t) is

always positive, falls to nearly zero outside the interval centered at the origin
and radius 38 and

4]
(pa"f)(t) =[ pa(t)f(t-t) dt

-
is the one-dimensional convolution of the functions Ps and f. We notice that Jéf(t)

is a C® (infinitely differentiable) function and that the mollifier has total
integral 1. Mollifying system (1), we obtain the following associated problem:
Attempt to find Jafm(t) = Jau(O,t) and Jaqm(t) = —Jaux(O.t) at some point t of

interest and for some radius & > 0, given that Jau(x,t) satisfies for the semi-

infinite or finite slab respectively,

U5U)t=“5‘”xxv t>0,0<x<wor 0<x<]1,

Jsul,t) = JFp(t), t>o0,

-Jaux(l,t) = Jst(t). t>0,

Jau(x,O) = Jauo(x,O), O<x<wor 0<x <], (2)
Jau(O,t) = Jafm(t), t > 0, unknown,

—Jaux(o,t) = Jaqm(t). t > 0, unknown.

This problem and its solutions satisfy the following:

Theorem 1. Suppose that IIF—FmII = £ and lQ-Qp !l = €. Then

(i) Problem (2) is a formally stable problem with respect to perturbations in the
data.

(ii) If the exact boundary temperature function f(t) and the exact heat flux
function q(t) have uniformly bounded first order derivatives on the bounded domain
D = [0,T], then Jsfm and Joqm verify
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If-Jfmlip = 0(8) + 3e expl(28)-2/3) (3) ~l
and
1 >4
llg-J amlp = 0(8) + 5 (1 + 3 expls-2/3]). (4)

The proof of this statement can be found in Guo, Murio and Roth [Ref.5].

Once the mollified temperature and mollified heat flux functions have been
evaluated at the interface, it is feasible to attempt to identify the source
function g or the radiation energy function E given in formula (If).

Identification of the source function g.

Assuming that the radiation law at the active surface is known, according to
(1f), the exact source function is given by

g(t) = E(f(t))-q(t). (5)
The approximate source function, denoted g,(t), is defined by
galt) = E(Jafm(t))-laqm(t), (6)

and in order to estimate the error, we suppose that the surface radiates energy at

a rate proportional to [f(t)]P. Here p is a positive integer, the value p = 1|
corresponding to Newton's law of cooling and p = 4 to Stefan’s radiation law.
The difference (5) - (6} gives

gt) - ga(t) = VI ~ AR + q(t) - J a0,

From the identity a% - b = (a-b)(a"l+a"2b +...+ab""2+b0-1) taking norms and
introducing M = max {IlJafmllm’D, ifllg p}, we get

g - gallp = pMP™Lnif - Jsfmlp + ta = I qmlp.
Combining the last inequality with the upper bounds (3) and (4), we obtain the
estimate

g - galip = (pMP™! + 1) (0(8) + 3¢ expls-2/3)). (7)

This shows that the identification of the source function g is stable with respect
to errors in the data functions F and Q , for fixed p and 8 > O.

Remarks:

1. Notice that the approximate source function g5 is actually a function of the

radius of mollification 8, the amount of noise in the data € and the exponent p in
the radiation model E.

2. From a more theoretical point of view, inequality (7) can be used to show the
convergence of gz to g in the Ly norm. In fact, setting O(8) = C & for some

constant C > 0, and choosing & = [In(1/€!/?)]"3/2, after replacing these quantities
in (7), we obtain

g - gallp = (pMp-1 + 1KClin(1/£172)]-3/2 + 36172,

This last inequality implies that, for the special selection of the radius of
mollification indicated above, lig -8allp » 0 as € » 0, for any value of p.

Identification of the radiation law function E.

From equation (If) it follows that the exact function E, assuming that the
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source function g is given, satisfies —l
E(u(0,1)) = E(f(t)) = glt) + q(t). (8)

The approximate function, denoted E,, is defined by
Eauafm(t)) = glt) + Jaqm(t). (9)

Subtracting (8) from (9), taking norms and using inequality (4), we inmediately
have

€

IE - Egllp = 0(8) + - (1+ 3 expla=2/3]). (10)
This estimate also shows that the identification of the radiation law - as a
function of time - is stable with respect to perturbations in the data functions F

and Q, for a fixed & > O, provided that the source function is known. However, this
information is clearly not sufficient to identify the physical process at the
interface. Nevertheless, since at each time t; we know the ordered pairs

(ti,Jafm(ti)) and  (tj,E5(ty)), it is possible to collect the coordinates
Usfm(ti),Eqlti)) for t in a discrete subset of D and obtain a graph of the

approximate funcional relationship between the radiation law and the temperature at
the interface. This is certainly always the case if the cardinality of the range of
temperatures (Jafmt(i)) is sufficiently large. Similar remarks to the ones in the
previous paragraph, about the parameter dependency of E; and convergence in the Ly

norm of E; to E as the quality of the data functions improve, ¢ - 0, also apply
here.
The computational details are presented in the next section.

3. Numerical Procedure.

With v = Jau and z = -8v/8x, system (2) is equivalent to
av az
—_ = — t>0, 0<x<ewor 0<x <],
at ax
av
z = -—, 1>0,0<x<wor 0<x <1,
ax
v(Lt) = J Fp(t), t > 0,
z(1,t) = Jan(t)v t>0, (11)
v(x,0) = Jauo(x,O). 0O<x<wor 0<x <],
v(0,t) = Jsfm(t), t > 0, unknown,
z(0,t) = Jaqm(t). t > 0, unknown.

Without loss of generality, we will seek to reconstruct the unknown mollified
boundary temperature function Jafm and the mollified boundary heat flux function

Jaqm in the unit interval I [0,1} of the time axis (x = 0). Consider a uniform

grid in the (x,t) space:{(x; ih, t = nk), i = 0,1,...,N, Nh = I; n = 0,1,...,M,
Mk = L}, where L depends on h and k in a way to be specified later, L > 1.
Let the grid functions V and W be defined by
Vi = vixjty), Wi =zxpty), 0<i=N O0=n=M
Notice that
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VR = IFmity), WY = J,Qm(ty), 0 = n = M, ql
and

0 :

Vi = Jéuo(xi,O), O =<i=<N.

We approximate the partial differential equation in system (11) with the consistent
finite difference schemes

h
n n n+l n-1
Wiy = W.: - —(V; - Vi ),
i-1 1 ok 1 i
Vi = Vi - h Wi, (12)

i =N, N-1,....,;; n = 1,2,...,.M-1.

Notice that, as we march backward in the x-direction, we must drop the estimation
of the interior temperature from the highest previous point in time. Since we want

to evaluate (Vg) and {WB) at the grid points of the unit time interval I = [0,1]

after N iterations, the minimum initial length L of the data sample interval in the
time axis (x = 1) needs to satisfy the condition L = kM = 1 - k +k/h.
Once the temperature Jafm and the heat flux J‘Sqm have been reconstructed, we

proceed with the approximate identification of the source function gy or the
radiation law function E; as explained in Section 2.

Remarks:

1. The radius of mollification, 8, can be selected automatically as a function of
the level of noise in the data. In fact, for a given € > 0, there is a unique 8 >
0O, such that

IIJaFm - Fplip = €. (13)

For the proof of this assertion and some discussions on the numerical
implementation of this practical selection criterion, see Murio [Ref.9].

2. For the proof of the unconditional stability of the finite difference scheme
(12) and the analysis of the convergence of the numerical solution of the mollified
problem (11), the reader should consult Guo, Murio and Roth [Ref.5].

Numerical Results.

In order to test the accuracy and the stability properties of our method, in
Problem 1, the approximate reconstruction of a source function g(t) and a nonlinear
radiation law E(u(0,t)) are investigated for a one-dimensional finite slab exposed
to a heat flux data function at the free surface x = 1 given by -ug(l,t) = Q(t) =

O, t > 0, and a temperature data function

1 2 o (-1)N
u(l,t) = F(t) ={ (t-0.2)- - - — ¥ exp [-n2n2(t-0.2)], t > 0.2,
6 n2 n=l1
0, 0<t=o0.2

The exact source solution to be approximately reconstructed at the interface x = 0O

has equation g(t) ‘= E(u(0,t)) - q(t), where E(u(0,t)) = [u(0,t)]° and q(t) =
-uy(0,t). We consider the values p = 1 and p = 4 corresponding to Newton's law of
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cooling and Stefan’s radiation law respectively. The exact radiation law at the"
interface is given by E(u(0,t)) = g(t) + q(t) and we only consider the nonlinear
case p = 4. If the initial temperature distribution u(x,0) is =zero, the exact
temperature and heat flux functions at the interface are given respectively by

a function at the free surface x = 1 given by -uy(l,t) = Q(t) = 0, t > 0, and a

temperature data function

1 2 ® 1
u(0,t) = f(t) ={ (t-0.2)+ — - — ¥ exp [-n2rn2(t-0.2)], t > 0.2,
3 2 n=l n )
o, 0<t= 0.2
and
1, t > 0.2,

—ux(O,t)=q(t)={0 6 <to0

With this information we generate the exact functions E(u(0,t)) and g(t) for our
model problem.

In Problem 2, we attempt to approximately reconstruct the transient source
function g(t) for a semi-infinite body initially at zero temperature with data
functions

wlt) = F(u) = 4 erfel(t-0.2)717272], t > 0.2,
0, 0<t=0.2
and
-u (1 t) — Q(t) - [n(t-O.Z)]'l/zexp(—[4)t-0_2)]'1), t > 02’
x'\Lt) = =
0, 0<t =02

The unique temperature solution at the interface is

1, t> 0.2,

u(0,t) = f(t) = {
. 0, O0<t=0.2

and the corresponding heat flux at the interface is

(n(t-0.2)1-172 t > 0.2,
0, 0<t=o0.2

—ux(0,t) = q(t) =

In this case, we do not attempt the identification of the radiation law at the
active boundary. The energy as a function of the interface temperature is either O
or 1 for any value of p making its identification impossible. There is no enough
information in the range of boundary temperatures which in this example is reduced
to just two temperature values.

Since in practice only a discrete set of points is generally available, we shall
assume that the data functions Fy; and Qp, are discrete functions measured at equally
spaced points in the time domain I = [O,L], where L =1 - k + k/h, Nh = 1, h = Ax
and k = At. In order to compute JaFm(tn) and Jan(tn) in 1, we need to extend the

data functions in such a way that Fp, and Qm decay smoothly to zero in the interval

Iamu = [-38,a0L+38 _..] and both are zero in R - I‘Smax

consider the extended discrete data functions Fm and Qp, defined at equally spaced

In what follows, we

sample points on any interval of interest in the time axis.
The selection of the radius of mollification is implemented by solving the

J
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discrete version of equation (13), using the bisection method.
Once the radii of mollification 8 and 38, associated with the data functions Fp,

and Qm respectively, and the discrete filtered data functions JaFm(tn]=VIr\} and

JGQm(tn)=Wf\}, O=n=M, are determined with 8 = max(3f,8g), we apply the
finite difference algorithm described previously in this section, marching backward

in the x-direction. The values VS and WS. 0 = n = M-N, so obtained, are then taken

as the accepted approximations for the interface temperature and heat flux
histories respectively at the different time locations at x = 0. Finally, we
identify the approximate transient source function g, or the approximate radiation

law function E; at the grid points of the time interval I = [0,1] using equations

(6) and (9).
In all cases, we use h = Ax = 0.0l and k = At = 0.01. Thus, N = 100, L = 1.99, M
= 200, &,,,= 0.1 and 1 = [-0.3,2.29]. The noisy data is obtained by adding a

amax

random error to the exact data at every grid point t, in 16

max

Qm(tn) Q(tn) + Cn’z,

where €, ) and ep » are Gaussian variables of variance o = €2,
’

If the discretized computed transient source function component is denoted by gg

and the true component is gt = g(t,), we use the sample root mean square norm to

measure the error in the discretized interval 1 = [0,1]. The solution error is then
given by
1 MoN 172
IIg-gII=[———— gﬂ_gnz] .
a 1 M-N ngl( a )

If the discretized computed radiation law function component is denoted by Eg =
Ealty) and the true component is E' = E(t,), after evaluating the ordered pairs

(Vn,En), O = n = M-N, we obtain a graph of the approximate functional relationship
O Ea

between the radiation law and the temperature at the interface. This plot is then
compared with the exact graph corresponding to the values (f(t,),E(tp)) of the

model problem.

Tables 1 and 2 show the results of our numerical experiments associated with
Problems 1 and 2 respectively, when attempting to identify the transient source
function at the interface. In all cases, the numerical stability of the method is
confirmed. The uniformly smaller error norms in Problem 1 are expected since
at time t = 0.2 the exact source solution has a finite jump discontinuity while in
Problem 2 the exact source solution has an infinite jump at time t = 0.2. For this
reason, we have added an extra column in Table 2 indicating the error norms in the
time interval [.3,1], after the discontinuity. It is clear that the method rapidly
dissipates the effect of the singularity, a very desirable feature.

The qualitative behavior of the reconstructed transient source function for
Problem 1 is illustrated in Figures 1 and 2 where the numerical solution for an
average perturbation € = 0.005 (full line) is plotted for p = 1 (Newton’s cooling
law) and p = 4 (Stefan’s radiation law) respectively. In Figure 3 we show the graph
associated with the reconstructed nonlinear radiation law as a function of the
approximate temperature at the interface for p = 4 (full line) and the exact J
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boundary radiation law (star symbols). Figures 4 and 5 show the computed source‘]
functions (full lines) for p = 1 and p = 4 respectively, for Problem 2 and for the
noise level € = 0.00S.

PROBLEM 1
p = 1 (Newton) p = 4 (Stefan)
€ 3 Error norm € S Error norm
0.000 0.04 0.0866 0.000 0.04 0.0867
0.002 0.06 0.0921 0.002 0.06 0.0929
0.005 0.06 0.1014 0.005 0.06 0.1038

Table 1. Error norm as a function of the level of noise

PROBLEMZ
p =1 (Newon) p = 4 (Stefan)
Error norm Error norm
€ 8 [0,11/1.3, 11| ¢ 8 (0,11/0.3,1]

0.000 | 0.04 .5208/.0183 0.000 | 0.04 | .5135/.0373
0.002 | 0.06 .5560/.063 1 0.002 | 0.06 | .5673/.0675
0.005 | 0.06 .5879/.1108 0.005 | 0.06 | .5935/.1375

Table 2. Error norm as a function of the level of noise

4. Conclusions.

An explicit and unconditionally stable space marching finite difference method
for the solution of the one-dimensional transient inverse heat conduction problem
has been implemented for the numerical identification of surface heat sources, if
the energy radiation law at the active interface is known, and to the numerical
identification of the nonlinear surface radiation law if the surface is heated by a
source at a rate proportional to a given function and the interface temperature
contains enough information.

The computational procedure is applied to two examples corresponding to Newton
cooling law and to Stefan-Boltzmann radiation law. In both problems, the source
functions to be identified have discontinuous histories and in one case an inf inite
Jjump. The algorithm restores stability with respect to the data, which is essential
for the introduction of the inverse problem approach, and good accuracy is
obtained, even for small time sample intervals and relative high noise levels in
the data.
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ABSTRACT C

The 3-D image reconstruction from cone-beam projections in computerized
tomography leads naturally, in the case of radial symmetry, to the study of Abel-
type integral equations. If the experimental information is obtained from measured
data, on a discrete set of points, special methods are needed in order to restore
continuity with respect to the data. A new combined Regularized-Adjoint-Conjugate
Gradient algorithm (introduced in this work), together with two different
implementations of the Mollification Method (one based on a data filtering
technique and the other on the mollification of the kernel function) and a
regularization by truncation method (initially proposed for 2-D ray sample schemes
and more recently extended to 3-D cone-beam image reconstruction) are extensively
tested and compared for accuracy and numerical stability as functions of the level
of noise in the data.

1.INTRODUCTION.

The difficult problem of determining the structure of an object from its 3-D
cone-beam data projections is currently receiving considerable attention (see B. D.
Smith, Ref [16]). When the object is known to be radially symmetric, its structure
can be determined by using the inverse Abel transform. If the object does not have
radial symmetry, it can be reconstructed, in principle, by using the inverse Radon
transform.

Abel’s integral equation can be written as

fix) = Sgls) (x -s)V2ds, 0=x=l, (1)
[+]

where the function f(x) is the data function and g(s) is the unknown function. The
exact solution is given by

1 x
gix) = - ff'(s) (x - s)V/2ds, O =x s, (2)
n oo

provided the derivative exists and f(0} = 0. (See R. Gorenflo and S. Vessella, Ref
(6]).

It is well-known (References [1], [2], [4] and [6]) that Abel's integral equation
is somewhat ill-posed, that is, small errors in the data f(x) might cause large
errors in the computed solution g{x). Consequently, the direct use of formula (2)
is very limited and special methods are needed.



240

Third International Conference on Inverse Design Concepts and Opumizauon in Engineering Sciences
(ICIDES-IIN. Editor: G.S. Dulikravich, Washingion D,C., October 23-25, 1991

[

This paper has two main purposes. First, we present and briefly analyze a new—]
stable method for the numerical solution of Abel’s integral equation, Method I, by
weakly coupling the original problem with its adjoint formulation obtaining a
regularized system of linear equations which is then successfully solved by the
conjugate gradient method. Second, we test and compare the numerical stability and
the accuracy of Method I and three other known algorithms on several benchmark
examples as a function of the amount of noise in the data.

Method 1II in this paper (see D. A. Murio, Ref [12]), is obtained by initially
filtering the noisy data by discrete convolution with a suitable averaging kernel
instead of mollifying the kernel function in equation (2), Method Ill, as required
by K. Miller (Refs [10] and [11]) in his reconstruction algorithm for 2-D ray-
sampling schemes. Method IV has been impiemented by D. A. Murio, D. Hinestroza and
C. E. Mejia (Ref [13]) based on a regularization by truncation technique initially
proposed by B. K. P. Horn (Ref [9]) and recently extended to 3-D image
reconstruction methods from cone-beam projections by B. D. Smith (Ref [15]).

In Section 2 we introduce the new Method I, analyze the consistency and stability
properties of the algorithm and obtain an upper bound for the error. In Section 3,
we describe the other procedures and discuss in detail the numerical implementation
of all the methods involved. Section 4 is devoted to the numerical testing of the
four algorithms and the presentation of several useful comparisons involving
Methods 1, II, IIl and IV. Some conclusions are included in Section 5.

2. REGULARIZED-ADJOINT-CONJUGATE GRADIENT METHOD. {Method I).
In a more abstract setting, equation (1) can be written as
Ag = f,

where A represents the Abel integral operator. For suitable functions h and q, the
ad joint operator A" is defined by

- 1
A'h(x) = q(x) = J'xh(s) (s-x)"172 ds, 0=sx =],

and it is clear that the homogeneous equation A*h = 0 has the unique solution h(x)
= 0, 0 = x = 1. Hence, as a direct consequence of Fredholm alternative (see P. R.

Garabedian, Ref [5]), solving the singular equation Ag = f for smooth but
otherwise arbitrary data functions f satisfying f(0) = O, is equivalent to solve
the uncoupled system of linear integral equations

Ag =T

A* h = 0. (3)

In order to help stabilize the inverse problem, we propose to solve, instead of
(3), the weakly coupled system of equations

Au - av = T
A*™ + au = 0, 0 < << 1, (4)

by successive approximations. This system is equivalent to
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Au - av = f
affA*v + a?Bu - u + u = O,

where 8 is any nonzero real number to be determined. We elect B to depend on the
iteration and rewrite the previous system as

Au, - av, = f

» 2 - -
aB A*v, + affBu, - u + U, =0,
to obtain

avy = Au, - T

Uny = U, - Bplau, + A*(av,)], n=0,.2,..., (5)

u, arbitrary, usually O.

Remarks:

1. Each iteration in (5) involves the solution of two “"direct" problems: one
corresponding to the original operator, Au,, and the other associated with the
ad joint operator, A'(avn).

2. Elimination of v in system (4) leads to the set of normal equations, with I
indicating the identity operator,

(A"A + a2l)u = AT, (6)

which characterizes the minimum of the zero order Tikhonov functional (see C. W.
Groetsch, Ref [7])

1 2 2
J(u)=5(||Au—fl| + a2 llull“) {(7)

3. The gradient of the functional (7) is given by

Vi(u) = «2u + A*(AU - )

and it is easily computed if the solution of the adjoint problem is known. In fact,

taking into consideration (4), we can write VJ(u) = «2u + A‘(av), and for each
iteration we get

Vilu,) = a?u, + A'(avn). A (8)

These considerations allow us to choose B,, for each n, in such a manner that

system (S) can now be solved by the Conjugate Gradient Method (W. M. Patterson, Ref
[14]).
The complete abstract algorithm, after introducing the notations

1
(f.g) = J f(x)g(x) dx and || f || = (f,£)/2, corresponding to the inner product and
o .
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I— norm respectively of square integrable functions on the interval [0,1], is as_]

follows:
For n = O,
0) Set uy = 0 and choose a > O.
1} Compute Au,, i.e., solve the original direct problem.
2) Compute the residual avy = Ayy - f.
3) Compute A*(av,), i.e., solve the direct adjoint problem.

4) Evaluate the gradient dj = VJ(uy) using formula (8).
1 dg 112

5) Set ry =
a® 1l dg 112+ 11 Adg 11 2
6) Update: u; = u, - ryd,.
For n = 1,2,...,
I')  Solve the original direct problem Au,,.
2’)  Compute the residual av, = Ay, - f.

3’)  Solve the direct adjoint problem A‘(avn).
4’)  Evaluate the gradient VJ(u,) using formula (8).

1 vitu,) It 2
4’') Compute d, = VJ(un) + dp-y-
M vu, ) 112
(VIlu,),d,)

$) Setr, =

2 2
o2 {ld, 112+10ad, Il
6’) Update: u,,, = u, - rd..

Stability of Method I.

We consider now the more realistic situation when instead of the exact data
function f, we only know some noisy data function f€ satisfying

lHf-fE|l =e.

In this section the unique solution of system (4) will be denoted by u§ to

emphasize its dependency on the regularization parameter « and the level of noise
in the data €. Assuming that the ideal problem (1} for errorless data f has the

unique solution g = A-!f, since u§ satisfies equation (6), with f replaced by f€,
it follows from well-known estimates in the theory of Tikhonov regularization that

Ilg -ug 1 =0Cy a2, and lluy - w§ Il = € a1/2,
for some constant C, > O, independent of «; uy denotes the regularized solution

when € = 0.
Combining these estimates, we obtain the error upper bound
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I ]

g - u§ll=Cyal/2 + e ql/2

and choosing « = C,;e for some constant C; > 0, it follows that

Mg - u§ Il = (Cy + C71) 1”2 (9)

which shows that, theoretically, as the quality of the data becomes better and
better (¢ » 0), we get convergence with rate al”2. See C. W. Groetsch (Ref [7]) for
details.

The convergence of the sequence of iterates ug’n from system (S), with B, as

discussed above, to the unique solution u§ of the canonical equations (6} as n > o

is well documented, for instance, in the work of C. W. Groetsch, J. T. King and D.
A. Murio (Ref [8]) and will not be pursued further here.

The finite dimensional version of the combined Regularized-Ad joint-Con jugate
Gradient algorithm will be discussed in the next Section.

3. METHODS 1II, III AND IV. NUMERICAL IMPLEMENTATIONS.

Method II in this paper is based on attempting to reconstruct a mollified version
of the solution g in equation (2). After introducing the &-mollifier

) =+ 7
pa -

p expl-x2/82) (10)

of "blurring radius” & and extending the data function f€ to the interval
[-38,1+38] in such a way that it decays smoothly to zero on [1,1+38) and it is zero
on [-338,0], an approximate solution is defined by

(11)

A
>

1A
—

1
gg(x) = - Ix(pa‘ f€)(s) (x - s)172 (s, 0
m oo

Here,

(B €00 = 1 2 lptx - o) £ ds » F2% L boix - s £€(8)] d
X) = —_— X - S S s = —_— X - s S S,
Ps —o dx Ps x-38 dx Pa

showing that the main idea of the method consists on replacing the noisy data
function f€ by the filtered data function pa* f€. It is important to notice that

the radius of mollification, &, can be uniquely and automatically determined as a
function of the amount of noise in the data, &, based in the fact that there is a
unique value of the regularizing parameter & for which

Il pg* € - f€ 11 = e (12)

Under very mild conditions, i.e., if f€ is continuous and if the second
derivative of the errorless data function f is uniformly bounded by M, in the
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[_ sample interval (0,1), the following error estimate holds _\
e 6

gy -gll=-(8M,+ €/3). (13)
S n

The complete abstract algorithm is as follows:

1) Automatically determine the unique radius of mollification 8 as a function of
the level of noise ¢.

2) Smoothly extend the noisy data function f€ to [-38,1+38).
3) Compute the derivative of the filtered data function pa‘ f€,
4) Compute gg using equation (11).

For more details and further discussions, the reader should consult D. A. Murio,
Ref {12].

Method III is based on the Mollification Method as originally proposed by K.
Miller (Refs [10] and [ll]) for 2-D ray-sampling reconstruction geometries. First
we notice that the exact formula (2) can be written

1
gix) = — (k * £')(x), 0 =x =],
n

where k(t) = t71/2 represents the kernel function. The mollification of the last
equation with the averaging kernel defined in (10) gives

1
(pa* g)x) = 1—( (pa* k * ' )x).

In Method 1I, we associated the right-hand side of this equation as k* (pa* ') =
k* (pa* f)’; for Miller’'s idea we associate as (ps*‘ k) * f'= (pa" k)'* f and obtain

the approximate reconstruction solution

1A
®

1A
—

1
gEx) = - f:(pa‘ K'(x - s) f€(s) ds, O (14)
k14

Mathematically, formulae (11), for Method II, and (14}, for Method III, are
identical. Consequently, the theoretical error bound (13) derived for Method Il
also applies for Method III.

The complete abstract algorithm for Method III is given by:

1) Choose & > 0.
2) Compute the mollified kernel pa*' k.
3) Evaluate the derivative of the mollified kernel pa“ k.

4) Compute gg using equation (14).

Remarks:
1. In Method III, the mollified kernel is computed only once and is used repeatedly
for different data functions.
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[- 2. Method II requires a filtering of each data function and the corresponding—l
parameter is automatically selected according to the quality of the measured data.
3. The selection of the mollification parameter in Method III requires further
consideration.

Method 1V is based on a reconstruction technique initially proposed by B. K. P.
Horn (Ref [9]) for arbitrary 2-D ray schemes and more recently extended to 3-D
image reconstruction methods from cone-beam projections by B. D. Smith (Ref [15]).

Integrating by parts equation {2), we obtain the equivalent expression

1
glx) = - lim 7‘3/2I f(s) ds - — f f(s)(x s)-3/2ds } 0 =x =<1
T ¥>0 x-7y 2

The approximate inverse Abel transform is now obtained by eliminating the limit
procedure in the last expression, i.e.,

y73/2 J' fs(s) ds - 5 J‘ fs(s) (x - s)°3/2 ds } 0=<x =<1 (15

By requiring the second derivative of the errorless data function f and the
measured data function f€ to be continuous, we obtain the following error estimate

571/2
||g§-g||5—

2
M, + — & ¥7V/2 + 0(332), (16)
n

where M; is a uniform bound for f' on the interval (0,1). For a proof of this

assertion and a complete analysis of Method 1V, see D. A. Murio, D. Hinestroza and
C. E. Mejia (Ref {13]).

The complete abstract algorithm for Method IV is reduced to
1} Choose y > O.

2) Compute g§ using formula (15).

Remark:

The error estimates (9), (13) and (16) show that all the methods are consistent
and stable with respect to perturbations in the data, in the L, norm, for a fixed

choice of the several regularization parameters «, & or 7.

Numerical Implementations.
Since in practice only a discrete set of data points is generally available, we

assume that the data function f€ is a discrete function measured at equally spaced
sample points on the interval [0,1]. For h > O and Nh = 1, we let x; = jh and

denote fc(x_‘) = f?, j=0,,..,N, with f§ =0

Method I:

Discretization leads to a finite dimensional version of the combined
Regularized-Adjoint-Conjugate Gradient algorithm of Section 2. The operators A and

A% are represented now by a matrix A and its transpose AT, respectively. The
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]

approximate discrete solution Un,q» Obtained after m iterations, the gradient
VJ(um), d., r'm» Uy and the residual av, are now N-dimensional real vectors. From

equation (1), a simple discretization gives the lower triangular system of linear
equations

€ €
h E:’laj-»l-l(um,(x)l =fy,
where
a; = (jh)172, j=12,...N,
indicates the (j-1) subdiagonal of the N x N matrix A.
The discrete algorithm for the Conjugate Gradient method (see P. G. Ciarlet, Ref
[3)) follows exactly the steps described previously in Section 2, and we only have

to add the necessary stopping criteria, given by

[ £ £
Hug g - usye o= TOL I uS o 11,

where TOL is a small positive tolerance parameter entered by the user and
I N 1/2
Hett,={ —g"ue } )
N "j=0

is the discrete I, norm on [0,1].

Method II:

To numerically approximate gg(x), a quadrature formula for the convolution

equation (11) is required. The objective is to introduce a simple approximation and
avoid any artificial smoothing in the process.
Given X), i =0,1...,N, we define

q€(x) = ¥’ £59,(x), 0=x=x,
i=0

a piecewise constant interpolation of f€(x) at the grid points X;. Here,

dbolx) = 1, 0= x = h/2' 8,(x) = 1, x;-h/2 = x = x

= = i)
0, otherwise 0, otherwise

and

é(x) = l, x,-h/2 = x = x;+h/2
1 ~ 1 0, otherwise , i=12,...,j1

The computational algorithm is as follows:
After smoothly extending the discrete data function to any interval of interest
containing the sample interval [0,1], we determine the radius of mollification & as
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[_ a function of the amount of noise in the data € by solving the discrete version OJ
equation (12) using the bisection method. Next, we substitute f€ by its
interpolation qf and compute the approximation to Ps * f€ given by the discrete

convolution

(bg » a°)x) = F fflpg » 9)x) = T 7 m?,

where the weights m? are evaluated exactly. A discrete version of the derivative of
the discrete filtered data function is obtained using centered finite differences.
Finally, the discrete approximation to gg is calculated by discretely convolving

the computed derivative approximation against the sampled data function (see
equation (11}). For a detailed analysis of this algorithm, the reader is referred
to D. A. Murio (Ref [12]).

Method III:

The convolution Ps * k requires an extension of the singular kernel k for values

of x less or equal to zero. In our implementation we use the following symmetric
extension:

k(0) = 2h"1/2, k(-x) = k(x), x > O.

The discrete approximation is now straightforward:
With s, = (p(s + kixy), j = 0,1,...,.N, the discrete convolution formula

corresponding to equation (14) is

gﬁ’a(O) = 0,

1,2,..,N-1

.
1}

€ [ >4
gh.a(x) = E:ilsj_k(fk,l - fL.)72,

1
T
and

1
gﬁ’a(l) = gﬁia(xN_l) + ; So(fﬁ - fﬁ-l)'

where gﬁ,a is the approximate inverse Abel transform at the grid points.
Method [V:

In this case, we first construct a piecewise linear interpolation of f€(x) at
the grid points x;, given by

q€(x) = ZJ f“j ¢,(x), 0 =x=x,
1=0

where the functions ¢,(x), i = 0,1,...,N are given by
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I-x/h, 0 = x =h I#(x-x,)/h, x,_,;= x = x
= ' = J ’ -1 J
$olx) 0 otherwise, ¢,(x) { 0 otherwise,
and
l+(x-x;}/h, x;_; = x 5%,
$i(x) = { 1-(x-x,) /h, X = X S X,
0 otherwise, i=12,...,]0.
We notice that the approximate solution g%(x] of formula (15} can also be
written as

1
g5(x) = - (Hy* f€)(x), 0 = x = I, (18)

where the kernel Hy is defined by

¥ 0=t<y

Hy(t) = { 1
- 1—3/2, b s =< t.

2

The quadrature formula for equation (18) is obtained by directly convolving the
kernel function H7 with qf as indicated below. Thus, the computed solution at the
grid points is given by

8()—1(H*8)()—1 T £8 p¥(x))
g?f.hxj‘; y TNXy = ;Z‘=ol 14X

where the weights
b¥(xp) = LV Ho(x, - s) ¢,(s) ds
1) o ) 1
are evaluated exactly for i = 0,1,...,j. The readers interested in further details
should consult D. A. Murio, D. Hinestroza and C. E. Mejia (Ref [i3]).

4. NUMERICAL RESULTS AND COMPARISON.

In this section we describe the tests that have been implemented in order to
compare the performance of the methods introduced in previous sections.

We tested the methods on three examples. In all of them, the exact data
function is denoted f(x) and the noisy data function f€(x) is obtained by adding an
€ random error to f(x), that is, fe(xj) = f(xj) + €0, where x; = jh, j =
0,1,...,N; Nh = 1 and oy is a uniform random variable with values in [-1,1] such
that

max | fE(xy) - f(x)) | = e
0= j=N

The exact inverse Abel transform is denoted g(x) and its approximation given by
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any of the methods is denoted gg’h(x]. where p represents the regularization
parameter of the particular method.

Example I:
As a first example we consider the data function f(x) = x with exact inverse
Abel transform g{x) = - x!”2, This data function satisfies all the necessary

n
hypotheses for convergence estimates of Sections 2 and 3.

Example 2:

The data function

f(x) = 2x?2 , O=x< 1/2
1-2(1-x)2, 1/2 =x=],

is only once continuously differentiable on [0,1], partially violating the required
conditions for the theoretical error analysis of Sections 2 and 3. In this example,
the exact inverse Abel transform is given by

%) (16/3m)x3/2, O=x 1/2
g =
(16/3m)x372 + (16/3n) (x-1/2)3/2 - (8/m)(x-1/2)V/2(2x-1),
1/2 <x=1.

Example 3:

The data function is defined as follows:

o, 0
f(x) = { 2(x-0.2)1/2, 0.
2(x-0.2)172 - 2(x-0.6)1/2 0.6 < x

X <
= X

DN A

A 1A O

.2,
0.6,
1.

Its first derivative is not continuous on [O0,1], strongly violating the
necessary hypotheses for the convergence estimates of Sections 2 and 3. The exact
inverse Abel transform is given by

1, 0.2 = x =0.6,
glx) = ]
0O, otherwise.

The four methods were tested for three different values of N, N = 200, 500 and
1000, three different values of £, € = 0.0, 0.005 and 0.01, and several values of
the corresponding regularization parameters. The algorithms were extensively used
and we numerically determined appropriate values for the regularization parameters
for each method, except for Method II where the radius of mollification was
selected automatically. These quasi-optimal parameter values are used in the tables
Land figures below.

q
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[ ]

Different values of € provide a crucial test for stability. Tables 1, 2 and 3

. . . . e
illustrate this point. The error norms in the tables are computed as Il g gp,hll 2

according to definition (17). In the tables, each row corresponds to one of the
methods with a fixed regularization parameter, and shows the change in the error
norm due to changes in the level of noise in the data. The presented numerical
results indicate stability. The columns in the tables allow us to compare the
performance of the methods under similar conditions.

Figures 1 to 4 show the reconstructions of the step function of Example 3
provided by the four methods for the same number of sample data points, N = 500,
the same noise level, € = 0.01, and quasi-optimal regularization parameters. The
qualitative behavior is quite good taken into consideration the high amount of
noise in the data.

5. CONCLUSIONS

The following are some conclusions based on the implementations of the methods
presented in this paper:

Consistency and stability of the four methods is clearly confirmed throughout
experimentation and very weak dependency on the parameter N is observed.

Method II provides an automatic mechanism to select the radius of mollification
as a function of the level of noise in the data. Furthermore, as a consequence of
the stability of the four methods, it 1is easy to find, by numerical
experimentation,lower and upper bounds for quasi-optimal regularization parameters.

An advantage of method III over method Il is that the mollification of the
kernel is computed only once and can be used for different data functions. Methods
I1 applies mollification to each data set.

All the results are very competitive. However, mollification solutions are
slightly better in terms of accuracy and method 1V, the easiest to implement, seems
to be more sensitive to perturbations in the data.
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Method [Parameterie = 0.0|e = 0.005|e = 0.01

I = 0.08 |0.0279 | 0.0294 0.0359
I1 = 0.008|0.0000 | 0.0048 0.0096
IT1 0.008{0.0005 | 0.0137 0.0274
v 0.00410.0302 | 0.0315 0.0349

*®X O R

Table 1. Error Norms as functions of ¢
in Example 1 with N = 500

Method |Parameterie = 0.0|e = 0.005|¢ = 0.0l

1 a = 0.08 |0.0275 | 0.0293 0.0365
11 4 = 0.008|0.0001 | 0.0048 0.0096
111 é = 0.008|0.0005 | 0.0136 0.0273
v 7 = 0.001 |0.0174 0.0263 0.0431

Table 2. Error Norms as functions of ¢
in Example 2 with N = 500

Method [Parameter|e = 0.0(e = 0.005j¢ = 0.0l

1 a = 0.08 [0.0615 0.0618 0.0641
II 3 = 0.008|0.0052 ;| 0.0052 0.0053
11 é = 0.00810.0295 | 0.0330 0.0411
v 7 = 0.00] |0.0648 | 0.0678 0.0760

Table 3. Error Norms as functions of €
in Example 3 with N = 500



252

Third Internationa! Conference on Inverse Design Concepts and Optimization in Engineering Sciences

N

WY

b

1

T
e.ce e.76

e.26

TTTT I TTTTITTTTT

RS EERS R REREEEEEEREE

8 8 i} 8 8

I3

. . .
- [\ [~] Q @

uoj dODdecOOOE

—
—
-

E

2
MITITT I T T I I I T T T

8 8 B 8 8

- ® ® ® ®

UO) }0NJq sUCDeY

-8.20
g.e0

x-velues

x—-vealues

Flg. 2 Reconstruction with Method 11

1 Reconstruction with Method 1

Fig.

N = 500

€ = 0.01, & = 0.008,

R :
- .le. o @
- w 2°
— - )
Q Y
r~ = =z
-3 > P
- & — = o
IE_V .m._
"\ %
Fre X 2
. 2 =
S €35
— - g =
R EERE NN EARERERRRN I& A
8 8 B 8 8 8 T
- o ® ® ® « o
] [
COJ&UDLJOCOOO&
MM K -
@ 2
- o 3
3 S 5
L & — 3 =
L9 5§
L Yo
- e X m__
N 5§ w0
- 8 m....
o
ITTTTT T T I T T I T T I T v o Ty s o ©
§ 8 B 8 y 8 5"
- e ® ® ® am - W
U0 q0NuJ} SUODeY
—



253
Third International Conference on Inverse Design Concepts and Optimization in Engineening Scicnces

(ICIDES-II), Editor: G.S, Dulikravich, Washington D.C.. Oclober 23-25, 1991, W ;

OPTIMIZATION OF THE HEATING SURFACE SHAPE
IN THE CONTACT MELTING PROBLEM )
Scrgei A. Fomin }'(I H\li}?’ f

Department of Appplicd mathematics, Kazan Statc University, Kazat, 420008, USSR <

P

and ( P‘ ’ﬂ

Shangmo Cheng

Dcpartment of Power Engincering, Huazhong University of Science and Technology, Wuhan, 430074,

China J ,
)_’f .): ‘ }l

ABSTRACT
The work is devoted to the theorctical analysis of contact melting by the migrating heat source with
an arbitrary shaped isothermal heating surface.After the substantiated simplification the governing cqua-
tions arc transformed to the convenient for engincering calculations relationships. Analytical solutions
are uscd for numerical prediction of optimal shape of the heating surface. Problem is investigeted for the
constant and for tempcrature dependent physical properties of the melt.

1. INTRODUCTION

Melting of solids by contact with a heating surface takes place in numero.s natural and
technological processes. These processes arc enumecrated in the previous works [2, 4, 12—14, 22] devoted
to contact melting problem and are divided into two groups. In onc group the melting material lics on the
heating surface and pressed against it by some external force {for instance, the force of the weight of the
melting material). This situation arises when an unfixed solid melts in an enclosure [1, 16, 22] and in other
contact mclting devices used in industry [8]. Another group of applications involves a moving heat source
melting its way through the surrounding solid. This situation arises in such ficlds as welding [21], geology
(3], nuclear technology [9, 10] thermal drilling of rocks [4, 6, 18, 20] and glacicrs [11, 17, 19]. Thermal dril-
ling is commonly recognized now as the most effective method of boring glaciers. Boring rocks, sands and
soil by thermopenctrators is a relatively new mcthod in mining enginecring. It has some advantages in
comparison with traditional rotary drilling. The mos! considcrable advantage of thermodrilling is that
three major facts of excavation (rock fracturing, debris removal and wall stabilization) arc accomplished
in a single integrated operation.

This work is devoted to the theorctical analysis of the contact melting process by the moving heating
source with an arbitrary shaped isothcrmal heating surlace.

2. ANALYSIS

2.1. The physical modcl and governing equations.

Obviously cvery technological process where contact melting occurs has its own specific character. In
particular case of thermodrilling. it is contact melting with a great specific load and hcat energy, with ar-

l_bilrary shaped heating surface. Thermopenetrators arc radial'v symmetric and in some cases ring~shaped, J
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or toroidal, with a large central hole for forming and extracting the core sample [6]. A schematic diagram]

of the contact melting for the thermodrilling conditions is shown in Fig.1. Axisymmetric heater —1 is pen-
ctrating into the melting solid —2 with the velocity V under the efTcct of applicd cxternal force F. The
thermopenetrator is separated from the solid with a layer of melt -3, flowing along the thin channel be-
tween the heating surface Y, and solid-liquid interface ¥ _. Tt is assumed that the solid—liguid interface
is a sharply defined surface and meclting occurs precisely at temperature tp, melt flow is laminar and
two—dimensional. Molten Jayer is assumed to be incompressible Newtonian liquid with a temperature de-
pendent physical propertics (cxcept density). Experimental results [6, 15] indicated that the heat source ve-
locity attains its quasi—stecady, constant value V soon after initiation of melting. This fact justifies the next
assumption of quasi~stcady heat and mass transfer in the contact melting problem.

According to the physical model and assumptions enumerated above the governing differential equa-

tions of heat and mass transfer in the molten layer can be written as follows:

dive =0
p (5 V)5=G—p Vp+divT
Cop (- Vi) =div(i, V1 )+ ® (1

where T is the deviator part of the tensor of internal stresses; v, p, t; are the liquids velocity, pressurce
and tempcrature respectively; ® represents the dissipative terms in heat transfer cquation; C, p;, 4, lig-
uid properties defined in Nomenclature; the rest of the symbols are standard.
It is convenient for further analysis to usc two systems of coordinates fixed to the heating surface: cy-
lindrical coordinates (r, z) and local orthogonal boundary layer coordinates S and £ arcindicated in Fig. 1.
Transforming (1) to non—dimensional form and using the similarity mcthod in a preliminary analysis
thc main dimensionless paramecters and numbers are gencerated [7]:
peoVd g Cllamta) (ﬂ
a L b pLWd

1/3 C
) » K,=—%. Re=Vp d/u? «,
CL

WP - PKK, 3
Br=— < , Pe= X » Kj=—, K =p gd/W 2
CLpL(tm—tm) c A

L

All the quantities here are defined in the Nomenclature. Each of the dimensionless numbers (2) has
an exact obvious physical meaning. In order to substantiate the simplification of the governing equations
(1), the analysis of the values of these non—dimensional numbers for the concrete conditions of thermal
drilling of ice and rock was carried out. Dimensionless parameter K,~ 107°— 10! physically represents
the ratio of characteristic thickncss of the molten layer and characteristic size of the heating surface d; cri-
terion K ~ 107 is the ratio of the characteristic mass force of the melt and external force; Reynolds
number Re~ 1075— 107%; Brinkman number Br~ 107—10~* represents the viscous dissipation of heat in
the molten layer, Pecklet number Pe~ 10—100; Stefan number Ste~ 1—10; K;, K ~1.

After ncglecting terms of 0(K,, K,, Re, Br) the governing nondimensional cquations of hcat and
mass transfer in the molten layer will take the following form:

1 5 N du
—(R Hu)+—=> =0 (3)
R" Os s cn
idp 0 du,
l_ H ds  dn (e an (4)—J
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[‘ PeCH(Hu 22 +u ¥y 2 ;40 (5)—‘
t0s non on - on

where r]=§, P=p/w , S=s/d , H=h/Khd , ;1=/1L/uz1 s C=CL/C;_n , A

N .M vspL Uan t‘l. _tm . . .
=AL/4L, R=r/d , u = Vp. v U= Vp' , 0=IT,R=R(S)—cquauon of gencrating line

h m

Iy of heating surface ¥ ,; h=h(s) —thickness of the molten layer mersurcd along the internal normal to

I',; v, v, ~longitudec and transverse velocities in the molten layer; all the physical properties of liquid Cp,
A, yp arc nondimensionalized by thcir values C’:,}.f,p: at temperature tp;reference temperature (

Yh—tm ) is determined after nondimensionalization of Stcfans condition,

1 =PcK _(t_—1.) (6)

L
Here 1., is initial tempcrature of melting material. In the cquation (3) v=0 corresponds to the
ring—shaped penetrator with a large central hole. In this case since the thickness of the liquid film is of
O(K,) it is possible to ignorc the axially symmetric behaviour of heat and mass transfer and to consider (r,
z) as the Cartesian coordinates; v=1 corresponds 10 the continuous heating surface without hole.
The boundary conditions in dimensionless form are following

At the heating surface ¥ (7= 0)

ul=u"=0; 0=0n; (D
Oh = (th — tm) / (Yh — tm); ty is the unknown temperaturc on Y,
At the solid-liquid interface ¥ ,(n=1)

L
u =0 u = I 0=0 8)
13, . Q 4R AP
~ 5yl =Ly + 0G0/ S B Q=(~5y s ©)

where §,= (-t / (15— tw), t, is & tempcrature of the solid material,n is an external relatively tomolten
layer normalto ¥ .

For the pressure in the exit points of the molten layer s=s,; and s=s,
P(s })=P(s,)=0 (10)

Since when v=1 it is only one exit point s=s, thuvn in this case s;= 0 is the critical point where u,=0
dP /ds=0.

The assumption of quasi—stationary hcat and mass transfer couscs the equality of external force F
and the force of internal stresscs in the molten layer. This condition with the defined accuracy of 0(K,) in
non—-dimensional form 1s [4]

2 R
1= ——2-—2_[ RPdR (11)
R2 — R ‘g,

The function Q in Stefan condition (9) is the non—dimensional density of heat flux to the solid from
surface ¥ It’s value depends on the temperature distribution in the solid and is obtained from the solu-
tion of the heat transfer problem which is the same as the problem of temperature distribution in the sur-

rounding weldpool material [21]:

]
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I— 5.0 a'0. 5 .80 _‘
— Pe—* ! —2Y=0 v = . o)
7 T TR R R) =0 v=0k (12)
0y =1 lm 0,=0; 0|. =0, (R2)=(r2)/d; (13)
m R'4+2' 0 -t

0~ is temperaturc distribution on surface ¥, formed afier melting (Fig.1). Problem (12) (13) was
solved in [4, 18] numecrically by the boundary element method.

2.2. Analytical solutions

In {4] it was proved that boundary value problem (12), (13) admits an analytical solution as a func-
tion of onc independent variable when and only when the gencrating curve ol ¥ _ is parabola. In
parabolic coordinates ¢ and 7 related to the coordinates R and Z by R =10, Z=0.5(¢c’—1) with boundary
conditionson ¥ ;1= o0y =1, in infinity: t—=oc, 07~0, cquasion (12) has the following solution

., Pc 2 ., —Pe 2
El(—;-‘r )/ Ei( 3 Tm), v=1

0 = 5 5 (14)
erfe( [ 5 ) /erfe( | STc ), v=0

“exp( — xu) du
. u

where erfC(X)=JL—J‘ exp(— u”)du, Ei(—x)=.[ x>0
T Yy

According the formulac (9) and (14) the heat flux distribufion on Yo is

Pcc 1 {ain(—az), y=1 .

Q=———=7
Gacrfc(a), v=1_0

2 2
Ta +0
where o= Per,, / 2 Taking into account the fact that the distance between Yp and ¥ o is the value
of 0(K,) we can rewrite (15) with the accuracy of 0(K)
-«*dR /{ain(— az), v=1

Q=Pe-c
ds Voacrle(z), v=0

(16)

After simple transformation of cquations (3) and (4) with invoked boundary conditions (7), (8) and
(10) the velocities and pressure distribution in the molten Laver are obtained

Rv+1 _Rv+1 "M o—n
u, = : J' t e dny (17)
(v+ DHDR Yo #
1 5 (Rv+l_Rv.+1) 18
u = _—(v+ DR 35 D @] (18)
1 'zR'+1—Rv.+]
P= J ds (19)
v+ 1J, R'E'D

Wn—ny) ! !
where D=J‘ L ndn, no=J r]d_n/ dn
o H o H o B

m,—n "m,—n
tp=nf 2 dn—f *—— ndn
0o H o M

R, isa critical point which is determined by (19) and the boundary coudition P(s,) =0
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I’ R7 o[ Rs /fz ds (:0)—‘
LW H'D YL R'H’D

when v=1itissupposcd thatR, =0
According the assumption 0y = const the temperature distribution in the molten layer is sought as a

function of onc independent variable #

0= 001 (21
As follows from interfacial condition (9) in this case
HQ =H = const. (22)
ds

Last formulae (22) and (21) simplify cqualities (18), (19)

1 dr
U= D ds o0 (23)

v+1 v+l

p 1R _—R. 24
=(v+1)DJ‘, 'R s 24

and hcat transfer equation in the molten layer
PcHep(n) do _ d ;'d_()) 25)

Integration of this cquation with the associated boundary conditions

do = Q 1
-0 _ - . —_—— 26
O =0 dnl"" HE; E dR TSt (26)
Pe—
ds
reducc to the following relationship
1 1
=1 PcH [ oC "
= 3 5 27
6(n) EHJ'"}. exp( D J, 2 dmdn (27
puting in (27) n=0 the tempcrature of the heating surface is deicrmined
1 1
=1 PcH [ ¢C A
o, EHJ’M exp( D J, 7 dn)dy (28)

In order to simplify further computations assume that T, is specificd by the cquation Z=A(R-R, ).
In this case heat flux distribution Q is determined by the equality (16), where
dR _ 1
ds  J144A'R-R_)

P(s) introduction into (11) yields

ﬁ) ) J‘R; R(R""]—Rz*l) i (29)
RI-RHv+1)’D? Rk 14+4A°R-R )’
2 1 .

where R\ =R, =0 if v=1
Onec of the most important characteristics of contact melting is the heat encrgy removal from the

heating surface to the melt. Combining heat encrgy definition in non—dimensional form
f2 R do
N=>2 J’ = R
n . ( Adn )ln-od

with the cquation (27) we have

i
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[_ N=nr(R:-RE };Cﬁ[lc“’d 30_1
=n(R, - R)) CXD(F.GT n) (30)
The quantity of heat energy calculated according (30) cxcesses the minimum heat power Ny which is

nccessary to sustain the chosen melting velocity V. In non—dimecensional form
N, =R, ~R})(1+1/5t)

Here N in comparison with N docs not contain the cnergy rate for heating melt and uscless heat
dissipation in the surrounding thermopenctrator solid matenal.

The main scopc of present paper is to clucidate the influence of the heating surface shape upon the
cffectivety of the contact melting process. Defining cfficiency of the heating surlace as a ratio f=N,/ N
we’ll have

1

1+§

b=—%

o 1
cxp(—PcH/ D f €2 dan) (1)

Jo 4

Equations (23), (24), (27)—(31) simulatc hcat and mass transfer processes in contact melting problem
with the accuracy of 0(K,). They arc convenicnt for prediction of contact melting process for matcrials
with variable physical properties such as diffcrent kinds of rocks and sands.

When the physical propertics of melt arc constant (for example in the casc of ice melting) cquations
(17, (23), (24), (27), (28), (30), (31). allows thc considerable simplification.

G(Rv+1_-R2+l
U =———"—"——nl-n) (32)
(v+DR'H
u, = —Snle-2) (33)
b v+ 1 v+ 1
12 (*R -R,
Ty +1 . H'R’ ds (34
1
0 = EHexp(PeH / 2 fexp[ﬁcﬁq’(l—o.sn)]dn (33)
n
N=rn(R] - Rf)Eu;:(%) (36)
aedy
Ste PcH
= E exp( — > ) (37)
3. RESULTS

Numerical prediction of u,, u,, P, H, 0, § and other quantitics of interest is carricd out for ice and
rock thermodrilling conditions. All the calculations of rock melting arc bascd on cquations (23), (24), (27)
—(31). Relatively complcte description of basalt physical properties at high tempcrature is available in [5,
6]. Non-lincar cquation (27) is solved numcrically by the itcration procedure. After this other quantitics
arc obtaincd automatically in a view of cquations (23), (24), (28)—(31). As the initial estimate of iterative
process solution (35) is chosen. When the ice boring process is investigated formulac (29), (32)—(37) arc
uscd. The values of icc physical propertics one can find for cxample in [4, 17, 19]. Effcctivencss of the
heating surface is estimated by the value of parameter /1. Tt is shown in previous works [4, 17} that in com-
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parison with the other (conc—shaped, sphere—shaped, ctc.) thermopenctrators of the same power oulpuJ

the parabolic shaped penctrator attains the highest melting velocity, Therefore present paper is devoted to
more detail analysis of contact melting with parabolic heating surface. The clongation of the surface is
charactcrized by the value of shape parameter A. The results of numerically predicted cfficiency as a func-
tion of A for diffcrent conditions of ice and rock melting are plotied in Fig. 2. Numerical results indicates
that for slow melting when hceat transfer in the molten layer is of minor significance and in the contrary
the heat dissipation increascs the flat heating surfuce (A < 1) is more effecfive. Vice versa for high speed
mclting the heat energy rate in the melt is dominating in comparison with the dissipation in surrounding
solid material. So in this casc the clongate form of heating surface is preferable. According the calcula-
tions presented in Fig.2 there is the interval for melting velocitics when the definition of the optimal shape
is not trivial. For toroidal penctrator (v=0)and ice melting conditions 20 < Pc< 55; for non—coring
penetrator {(v=1) and rock meclting conditions 40 < Pc< 75. In order to find the maximum of 8 and the
corresponding valuc of A, the derivative of B with respect to A is calculated. When the problem is
non-linecar and the physical propertics of the mclt depend on temperaturce the derivative is calculated
numcrically; when g, ¢, 4 are constants it is feasible to calculate f/, analytically. In a view of relationship
(37) the equation §’, =0 for computation of the optimal A can be written as follows: — PeH’ JE—E N
=0.
This simplc equation is solved by dividing scgment in half method.

NOMENCLATURE
A — shapc paramcter of the heating surface; g — acccleration;
a — thermal diffusivity; h — melt layer thickness;
¢ — spccific heat; L —latent mclting hecat;
d — characteristic size of heating device; P — pressure;
F — external force; Q — hcat flux density;

G — mass forcg;
1,z — cylindrical coordinates defined in Fig.1;
r,— intcrnal radius of the heating device;
r,— cxternal radius of the heating surface;
s, 8;~ coordinates of the end points of generating curve of the heating surface;
t — temperature; v—vclocity of the molten layer;
v,, v,~ longitude and transverse velocitics in the molten layer;
V — melting velocity;
$,§— longitudinal and transverse local coordinates in the molten layer defined in Fig. 1;
W-spccific axial load from heating device side (W = 2—FZ~ )
a(r,—r,)
B— cfficiency;
I'— gencrating curve of surface ¥ ;
A— thermal conductivity;
p—dynamic viscosity cocfficient;
p— dcnsity; ’
|_ ¢, 1— parabolic coordinatcs.
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|—Indiccs: —|

L — liquid phasc; h — heating surfacc;
s — solid phasc; m — melting surface;
* — critical point; oo - value in infinite point.

All the non—dimensional parameters, numbers and functions are determined in the text: (2), (5), cte.
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I ]

Fig. 1. Schematic representation of the contact melting process:1-heating device, 2—mclting solid,
3—molten layer.
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ABSTRACT: A subcritical panel method applied to flow analysis and
aerodynamic design of complex aircraft configurations is presented.

The analysis method is based on linearized, compressible, subsonic flow
equations and indirect Dirichlet boundary conditions. Quadratic dipol

and linear source distribution on flat panels are applied.

In the case of aerodynamic design the geometry which minimizes differences
between design and actual pressure distribution is found iteratively using
numerical optimization technique. Geometry modifications are modelled by
surface transpiration concept. Constraints in respect to resulting geometry
can be specified. A number of complex 3-dimensional design examples are
presented. The software is adopted to personal computers, and as result an
unexpected low cost of computations is obtained.

INTRODUCTION

One of the most important task in aerodynamic design is such airplane shape
definition which fulfills the following requirements: low CD, high MADD and
CLqu’ appropriate boundary layer stability and stall progression, elimination
of shock waves etc. This, however, depends on appropriate pressure
distribution on the surface. It is extremely difficult to fulfill all these
requirements for complex, 3-dimensional airplane configurations where strong
interference effects occur between aerodynamically close coupled elements.
Optimal design of each element does not lead to optimum of configuration
because of adverse interference effects. But in principle it is possible to
design such configurations with neutral or even favorable interference, where
interaction between airplane components gives benefits and leads to better
global characteristics then those of separated elements. It is impossible to
realize such a configuration only on the ground of experimental technique.
Computational methods of aerodynamics, which have developed quickly during
last 30 years enable, in connection with the aerodynamic concepts worked out
at this time ("roof-top", "peaky" etc.), to realize many interesting designs.
The problem can be illustrated by wing-nacelle-pylon configuration. In the
past the nacelles were shaped as axisymmetrical body and mounted to swept wing

by plane pylons. A strong adverse interference occurs leading to loss in

i

:
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risobar sweep, higher local Mach numbers and shock waves, losses in lift
coefficient at design angle of attack etc., creating the lower aerodynamic
efficiency. Later the method of designing for neutral interference was worked
out, where nacelle and pylon were shaped along stream lines of isolated wing
in order to minimize interference. It is difficult however, even now, to
design such configurations with favorable interference.
Slightly simplifying the problem we can consider three kinds of design
treatments in aerodynamics using computational methods:
1. Design by trial and error method
2. Direct optimization method
3. Inverse design method

The first is direct transformation of the wind-tunnel technique on the
computational ground, where wind-tunnel is replaced by computational system
and the process of "aerodynamic model manufacture"” and "testing" is
significantly cheaper and faster. Experienced aerodynamicist analyses
results, specifies the needed modifications and the process is repeated until
satisfactory computational results are obtained.

In the second method geometry which minimizes aerodynamic object function
(such as drag) and fulfills additional constraints is found directly without
external detailed considerations about flow properties. This method,
conceptually very attractive and fully automated, can not be actually
performed in the case of complex configurations because of very high cost
and many times too low accuracy of up-to the date flow analysis methods which
lead to so called "numerical noise" and make impossible to find real solution.

The third method is actually the most effective and refined method
acceptable in practice. It consists of two steps. First is such a pressure
distribution specification which fulfills aerodynamic requirements. In the
second step the geometry corresponding to this pressure is calculated using
inverse method. It is obvious that the possession of the appropriate inverse
method is worthy. The method presented in the paper is actually probably the
most general inverse method applied to subsonic flow region; which allows to

design of real complex configurations even via interference effects.

FLOW ANALYSIS
The method is based on linearized theory of compressible flow [1].

The Prandtl-Glauert equation

2 _ . 2_ _ 2
I_ quxx+«>yy+sozz—0, B'“Maw) (1)
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Es assumed to govern the perturbation velocity potential in the flowfield.

The linearized mass flux boundary conditions on external surface are applied

Wen = (V+ Wen=m/p (2)
=] s [>+]

and express the intensity of mass outflow through the surface.

w is the perturbation mass flux vector defined by

W= (B0

y.qu) (3)

The second order pressure formula [assuming V.= (1,0,0)]

2

2 2
Cp2 = -2q>x - (B P+ +<p2) (4)

2
y

is applied to find aerodynamic forces and moments, and isentropic

formula is used to express pressure distribution on the surface:

k-1
Cp=—2—2{[1 + “—;lni [1 -v.v] ]- 1} (5)
kM=

Applying Greens Theorem to the flowfield the perturbation

velocity potential on the surface can be expressed as:

1 -(m /pm—Vm.nQ) > Top' P 1 2 For Mo (6)
E¢=— : +p 82 F2ds +—| |<p> g5 —ds
PP Q 3 Q Q 3 Q
an rB rB in rB
Sb Sw

where <p> is the jump of potential across the wake and E is function of
position (respectively: 1, 1/2 and O for P in the flowfield, on the surface
and outside the flowfield). Equation (6) 1s solved by panel method based on
quadratic dipol and linear source distribution on flat panels and indirect
Dirichlet boundary conditions (zero perturbation potential is specified on the
jnternal side of surface). Control points and unknown singularity parameters
are located in panel center of gravity. Jump of potential across the wake is
determined by Kutta condition: flow behind the trailing edge of lifting
surface must be tangent to trailing edge bisector. Finally the integral

equation (6) is replaced by system of linear equations of the form:
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I—which is solved to obtain the perturbation potential on the surface and Jump
of potential across the wake. Velocity distribution on the surface is
obtained by numerical differentiation of perturbation potential and adding

the free-stream contribution. In the local panel coordinate system:

d¢/at + V_.t

d@/8s + Vw.s (8)

INVERSE METHOD

The inverse problem is solved in the present method via optimization.

The method is extension of the previous design method of the author.

The requested geometry of configuration is searched in a form of sum of the

initial geometry and linear combination of basic design shapes:

ND
GEOMETRY = INITIAL GEOMETRY + }Z Xio (i-th BASIC SHAPE) (9)

i=1

Coefficients Xi are found from the condition of minimizing

the error in pressure distribution:

NP
D.2
E = W.o (Cp,-
Z § (pJ CpJ) (10)
J=1

where: HJ - weight function of j-th point
Cp? - design pressure coefficient

Cp, - its actual value

J
using numerical optimization technique.
Direct application of panel method to find the object function brings
the high cost of computations. In the presented method the basic design
shapes are modelled by surface transpiration. The mass flux through the
surface which shift the stream surface with the distance h normal to the

initial surface is given by:

1 8 {pUn)} 3 (pVh)
= — + (11)
© 13 an

The mean value of the transpiration over the panel is obtained by mass flux

Lbalance in the volume enclosed by body surface and modelled stream surface.
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Fig.1 Mass balance

over panel area

The incremental potential distribution due to surface transpiration

(i-th basic shape) is calculated from linear equations system similar to (7):

3¢

[t = Bl s, 2

Potential on the new geometry is expressec as the sum of initial potential

distribution and linear combination of incremental potential distribution due
to basic shapes. The new velocity distribution is calculated using eq. (7)
with new potential value and unit tangent vectors taken from the new geometry.
Geometry redefinition is performed directly using eq. (8). The optimization
is performed by quadratic programing method. Additionally geometrical
constraints are introduced via penalty function. Gradient and Hessian of
object and penalty functions are calculated analytically which lead to high
accuracy and low cost. Because of nonlinear nature of the design problem it
is solved iteratively using geometry obtained after actual design iteration as

initial in the next one. Block diagram of the method is shown on the Fig. 2.

COMPUTER CODE

The method described above was coded in FORTRAN 77 language and implemented
on PC-Computers. Because of hardware limitations it is performed as a
package of programs. All basic parts of the method are performed by
separate computer program, which are sequentially started from batch file.
The software package consists of 13 programs including two methods of
solution of linear equations system (iterative and block Crout
decomposition) and post-processing program. The iterative method of
solution performs matrix modification and makes possible to use this method
even when other iterative methods do not provide the convergence.

It is possible to use up to 1200 body panels, 500 wake panels, 80 Kutta

points, 1280 unknown singularity parameters (plus symmetry condition), and
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63 basic design shapes. Flow analysis for PC-386/25MHz and 1000 panels (plus
symmetry) took about 25’-40' if using iterative method of solution and about

60’ if Crout decomposition method is used. Design process took about 12’ for
40 basic design shapes using Crout method. Using computer 486 computing time

is about 50% shorter. Cost of such computations is unexpectedly low.

RESULTS

Flow analysis. To show efficiency and accuracy of the method results of

analysis of test cases from AGARD AG-241 are shown on Fig. 4 and 5. Results
for RAE WING and STRAKED WING with NACA 0002 profile is compared with

Datum Results of Rubbert and Roberts.

560 panels were used (40x14) for RAE WING and 640 (40x16) for STRAKED WING.
Computing time on PC-386/25MHz respectively 10’ (iter)/16.5° (Crout) and

14’ /723’. It is seen excellent agreement with compared methods.

Full aircraft configuration design. It consists of wing, body, tail and
rear mounted nacelle and pylon. The geometry of the configuration is shown

on Fig.6. A new pressure distribution (of "roof-top" type) is specified on
the wing upper surface. At all points of pylon where initial negative pressure

exceeds Cp = -0.5 this value was specified as design one.

L
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r38 basic design shapes of spline-support type were specified. The idea of
this type of shapes is shown on Fig. 3. Node lines on the surface in both
directions are specified and movement of the node of such netweork in
specified direction corresponds to the desired shape function. To find
movement of other points of the surface the interpolation spline is used.

The shape functions used correspond to:

-changes of upper surface section of the wing at four control stations
(wing-body-junction, n = 0.3, 0.5 and 1.0) corresponding to vertical
displacement of points with max. laying at 75%, 55%, 40%, 25%, 15%, 8% and
4% of arc length (measured from leading edge to trailing edge)

-changes of wing twist at wing-body-junction, n = 0.5 and 1.0

-changes of fuselage width in the pylon region with max. at four stations

-changes of nacelle width in the pylon region with max. at three stations

Fig.3 The idea
of spline support

basic shapes

Geométrical constraints used:

-distance between network points near the trailing edge (for control the
trailing angle)

-distance between network points near the max thickness (for control the
thickness)

~distance between network points near the leading edge (for control the
leading edge radius)

-distance (in vertical direction) between leading edge and trailing edge
(for control twist) at three control stations

-distance between points of pylon (at pylon-fuselage intersection) and
symmetry plane (for control fuselage shape) at three stations

-distance between points of pylon (at pylon-nacelle intersection) and

symmetry plane (for control pylon shape) at three stations.

1042 body panels, 72 wake panels and 1068 unknown singularity parameters for
half geometry were ﬁsed. Computing time using PC-386/25: analysis 78', design

cycle 14’. Isobar pattern on the initial geometry and after four design
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(}terations are shown on Fig.7. Pressure distribution at four wing sections
before and after designing are presented on Fig.8 and pressure distribution on
the pylon on Fig.9. The shape of body-nacelle region and isobar pattern is
shown on Fig. 10. The region of higher negative pressure occurs on the
fuselage and nacelle in front of pylon. Adding two shape functions modifying
fuselage in front of the pylon and specifying additional points with design
pressure, the result (after 4 iterations) as on Fig.11 can be obtained.

The convergence history of the design process is shown on Fig.12.

Wing-body-underwing nacelle configuration. The geometry of the configuraticn

and details of nacelle region are shown on Fig.13. 1160 body panels, 104 wake
panels and 1183 unknowns were used. The pressure on the wing-body alone
configuration was calculated. Results are shown on Fig.14a (lower and upper
surface respectively). Pressure distribution obtained for this configuration
is used as design pressure for wing-body-nacelle. Adding plane pylon and
axisymmetrical nacelle the new pressure distribution and isobar pattern are
obtained: Fig.14b. Isobar pattern on the wing after four design iterations is
shown on Fig. 14c, shape of pylon and nacelle on Fig.15 and pressure at
subsequent wing sections before and after designing on Fig.16. Shape of pylon
section before and after designing is seen on Fig.17. 38 basic design shapes
of spline-support type were used. Wing was changed at three control stations:
n =0.4, 0.5 and 0.6. Four points on upper surface (x/c=0.03, 0.11, 0.27 and
0.50) five points on lower surface (x/c = 0.06, 0.17, 0.33, 0.50 and 0.72) and
twist at each of this stations can vary. Additionally four points of upper
nacelle contour (x/L = 0.38, 0.50, 0.63 and 0.81) and four points of pylon
mean line (x/c = 0.25, 0.50 0.75 and 1.00) were changed. The constraints, in
respect to wing thickness and twist, nacelle shape and pylon modification,
were specified. It should be noted that despite the constraints used are not
very restrictive some of them are active. As result, for example, pylon has
nonzero side force (it had tendency to bend more). Convergence history is

shown on Fig.18. It is of value to show some aerodynamic coefficient for the

configuration:

1wing Clnac—pyl Cltotal Cmtotal
wing-body alone 0.5098 - 0.606 -0.14863
initial 0.4772 0.0051 0.575 -0.1482
designed 0. 5096 -0.0008 0.605 -0. 1439

Computing time using PC-386/25: flow analysis B4', inverse cycle 15’
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rDesign of transonic wing. The research wing for jet-trainer type aircraft W

was designed via subcritical equivalent pressure distribution concept [3] by
the author as a part of research investigations on supercritical wing
performed at Aviation Institute in Warsaw (unpublished Report of Aviation
Institute in Warsaw). The supercritical wing section (of slightly
peaky-type pressure distribution) was designed using finite-difference
method. Equivalent subcritical pressure distribution for swept wing (sweep
angle of leading edge 20.7°, at 25% chord 17.3°) was calculated and used as
design pressure on the upper surface of the wing. The originality of the
method consist in including the off-design characteristics. By modifying
constraints it was forced max. pressure peak at high angle of attack and
low Mach number at about n = 0.4, which suggest separation first at this
station. If max negative pressure was too high at the station under
consideration, the higher leading edge radius was enforced by constraints
(worsening, of course, the pressure distribution) and vice versa. 28 basic
design shapes were used: five kinds of changes of thickness distribution
along the chord at five control stations along the span and twist at three
stations. The geometrical constraints in respect to max thickness,
trailing edge angle, leading edge radius and twist are utilized.

480 body panels, 24 wake panels and 492 unknown singularity parameters were

used. The block diagram of the design process can be introduced as follow:

[INITIAL GEOMETRY)

ANALYSIS AT DESIGN POINT

[Cp’s and GEOMETRY O.K. o5 [STOP N|

No e
Cp-DES w 2
constraints ————!'DESIGN ¢ r
basic shapes D a

e
NEW t
[ANALYSIS at high «, low Ma| CONSTRAINTS ? 1
g o]
Cp___ distribution O.K —% n|”

max
Yes

Computing time (386/25): analysis 8’ (Crout), 5' (Iter). In each design

iteration the flow, at high a, was calculated about 3 times. Resulting isobar

L |
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rpattern and pressure distribution at three wing sections are presented on
Fig.19. Geometrical parameters of the resulting wing are shown on Fig.20.
Quite unexpected for swept wing RLE distribution along the span is seen. Max
of the leading edge radius occurs at 80% of semispan. Max of pressure peak
(a=12°, Ma=0.2) occurs at n = 0.40. The drag divergence Mach number
obtained in wind tunnel tests is shown on Fig.22 and beginning of
separation on Fig.23 (unpublished Report of Aviation Institute in Warsaw).

It is seen good agreement with expectation.

CONCLUDING REMARKS

The method presented above shows great versatility in the case of design of
real, complex configurations. It has nearly no restrictions in respect to
the complexity of the geometry. The major limitation is the lack of
possibility to take into account modification of planform of the wing and
necessity to fix leading edge point (twist can be changed only by moving
vertically trailing edge point). It is possible to take into account
interference effects in designing, that allows to obtain specified pressure
distribution on one element by changing geometry of the other.

Recently the method has been extended to the case of multi-point optimization:
the pressure distribution on different parts of the surface can be specified
for different angles of attack and the design process is performed at once.
The method is exceptionally cheap and efficient because of implementation
on PC-computers. The possibility to take into accounts some

characteristics at off-design conditions via constrains was shown also.
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Extended Mapping and Characteristics Techniques for Inverse Aerodynamic Design
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Inst. Theoret. Fluid Mechanics e,
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Abstract &

Some ideas for using hodograph theory, mapping techniques and method of characteristics to formu-
late typical aerodynamic design boundary value problems are developed. Inverse method of charac-
teristics is shown to be a fast tool for design of transonic flow elements as well as supersonic flows

with given shock waves.

Introduction

This paper is intended to illustrate a revitalization of classical tools of theoretical acrodynamics for
use on modern graphic workstation computers presently available to the design engineer:

The theoretical methods have their origins in the time before large scale numerical computing be-
came the standard approach for analyzing aerodynamic performance, about two decades ago these
tools were already operational for practical aerodynamic tasks. Transonic flows then posed challeng-
ing problems and analytical mathematical modelling was used to gain insight into various theoretical
and applied questions resulting from nonlinear model equations. The “Hodograph Method” gave an-
swers to many of such type problems. Similarly, the “Method of Characteristics” yielded practical re-
sults. Combination of both methods, more recently, has permitted inverse - or at least indirect -
formulation and solution of aerodynamic design problems.

Later, numerical methods became more important because of their general applicability but frequent-
ly they give only poor insight into a mathematical model underlying a described phenomenon. The
previous hodograph approach was somewhat complicated because of mapping procedures, but results
still serve as test cases for numerical methods.

Nowadays, while most of the successful analytical methods are used only for educational purposes,
we witness another type of tool emerging from developments in computer technology: Graphic
Workstations and even PC’s provide powerful computation, illustration and documentation of results
to the model equations for fast aero analysis and design. Interactive methods are being developed to
provide a strong coupling of computer power and speed with the design engineer’s experience and
strategies to obtain his design goals: For many applications we seem to have the knowledge base and
computer hardware to develop a variety of what may be called “Aerodynamic Expert Systems”.

* ) Senior Research Scientist. **) Visiting Professor, Permanent Address: oJE& W€ e we iy K K ¥

Beijing University of Aeronautics and Astronautics, Beijing, China
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In this situation we may want to recall classical “pre-CFD” methods because, if implemented to those
fast graphical desktop computers, they might be modernized and improved to easily give fast first
steps for aerodynamic design and optimization, and last not least to serve as educational tools.

In the present paper we illustrate the idea of combining fast classical aero methods with most recent
computer and software technology by using hodograph formulations and characteristics to obtain
some well known and some new plane and axisymmetric transonic and supersonic flow elements.
The fast computation and powerful graphic evaluation of results invite experimenting with conceptu-
al extensions: Here the hodograph method is extended to axisymmetric flows and a method of char-
acteristics for axisymmetric rotational flows will be presented and proposed for use of designing
more general three-dimensional flows.

Hodograph-based methods for transonic flows

The following review of an extended hodograph method is focused on transonic applications. For
two-dimensional isentropic flow this approach is wellknown in the literature, here the illustration is
carried out for plane flow and extended to small perturbation axisymmetric transonic flow - an option
widely unknown because the main purpose of the hodograph, linearity, obviously cannot be obtained
for axisymmetric flow.

Potential flow models

Isentropic flow assumptions result in a sysiem of PDEs for potential ® and streamfunction ¥ with D
and Q suitably dimensionless density and velocity, and flow angle ¥ and velocity Q independent
variables:

_ 1 2
d)Q-D—(M -)Y¥,

©

(1)

o ¥

T

9 0

Rheograph transformation: Beltrami equations

Here we use a modification of the hodograph variables: System (1) is transformed by using the
Prandtl - Meyer angle

Q
v = J ./IMz—llfiQQ )

(@=1)

as one independent variable instead of the velocity Q. The basic PDEs become
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(3)
d>13 = K‘Pv

with j = -1 representing subsonic flow (where v < 0) and j = 1 for supersonic flow (where v > 0). The
coefficient

|M%-1| 4)

K = s

is, for isoenergetic flow and with (2), a function of v only. So far any hodograph problem formulation
is just a matter of stretching from a (Q, ¥) - plane to a (v, 9) - plane.

The technique stressed here involves further elliptic or hyperbolic mapping of the variables (v, ¥)

s ! (5)

which results in a transformation of (3) to become

o = jK¥Y
s ‘] t (6)

® = KY¥Y
s

t

Both (3) and (6), and also the Cauchy-Riemann or wave equations (5) are more generally named Bel-
trami equations. With K now a function of s and t this system of PDE:s is linear. The first author has
made extensive use of it for transonic airfoil design [1, 2].

For the purpose of illustrating a generalization to axisymmetric flow, we use here the small perturba-
tion version of (5) and (6), with a notation

v~-U
d-vYy P

)]
d-X

1};~Y1+p1

where for plane 2D flow p; = 0. Replacing the coefficient K by its leading term near sonic conditions,
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jK ~ VP2 (8)

with p; = 1/3 results in the near sonic version of the systems (5) and (6), the compatibility relations

v, = jr'u,
%
Vv, = YU,
and characteristic equations
X, = U,
(10)
X, = jUP*y,

Now we see an elegant symmetry of these two coupled pairs of equations, each modeling a general-
ized axially symmetric potential, [3]. We can distinguish between various types of flow, depending
on the parameters j, p;and p,. Linear subsonic ( =-1) or supersonic (j = 1) flow is described by py =
0, while transonic flow requires p, = 1/3, with jboth -1 and +1 for mixed type flow. With p1=0orl
we have plane 2D or axisymmetric flow, respectively. Mapping in various aero or fluid dynamics
case studies can so be reduced to one generalized system of basic equations [4, 5]. Any one of p; or
p2 being equal to zero yields linear equations, but for near-sonic axisymmetric flow a weak nonlin-
earity persists, which seems to be the reason why this formulation has not been used for aerodynamic
problems, except in the one work by Hassan [6].

Fig. 1: Rheograph or Characteristics plane: Elliptic (shaded) and hyperbolic (cross-hatched)
domain for mixed type model equations

Self-similar solutions

We see the relation of Beltrami equations to conformal and characteristic mapping: singular solutions
in classical hydromechanics have helped to understand many aerodynamic phenomena, so we wish to
use the system for axisymmetric near-sonic flow also for solving some of its typical features.

Figure 1 illustrates the working plane (s, t): neither physical plane (X, Y) nor hodograph plane (U,
V), it is suited for a definition of boundary and initial value problems which require a parametric for-
mulation. In transonic flows, the mixed elliptic/hyperbolic type subdomains require contact along the
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mapped sonic line, here suitably fixed at s = 0. Earlier applications and illustrations [5] explain the
use of the name “Rheograph” and “Characteristics Plane”.

Some classical and many new phenomena may be modeled from the general harmonic set of self-
similar solutions in polar coordinates

U=r"h(9)

V= r’l+P1'b.k((P)
()
X =7/ 1 (0)

Y=r"g(9)

which require only solving a set of four coupled ODEs for the generalized harmonic functions h, k, f
and g, with two free parameters n and b.

20 —————1——r

[
r Functions h, g, k,

N

00 f

—
Fig. 2: Quasi-harmonic functions for far-field singularity U,V(X,Y) modeling flow past a body
of revolution in sonic free-stream Mach = 1

Example: Guderley’s far-field singularity of an axisymmetric body in sonic flow

M. Klein [7] has investigated these coupled potential flow problems calculating some plane and axi-
symmetric cases with different exponents n, b. This was done prior to using some gained knowledge
for setting up more general boundary/initial value problems for numerical solution of (9) and (10)
with a Poisson solver and the method of characteristics on a graphic workstation. One case studied in
detail is the solution for simulating the flow past a body of revolution in sonic free-stream. This is a
classical transonic problem first solved by Guderley 1954 [8] and elegantly confirmed by Miiller &
Matschat 1964 [9]. Their work suggests use of (11) with a ratio of the exponents b/n = - 7/9. In fact, it
is just this ratio which yields a physically reasonable solution.
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Figure 2 illustrates the result: Graphic CFD postprocessing software is used to show the U and V dis-
tribution in the physical meridional plane (X, Y). This example may be used to illustrate the use of
working in the Rheograph plane, to understand flow details with nonlinear model equations better
and to have more freedom to suitably model boundary values. In transonic flow, meaningful solu-
tions frequently can only be obtained by formulating boundary conditions in an indirect, inverse way,
- this is the basic reason why some practical design problems are easier solved in inverse mode.

For the following transonic 2D example (p; = 0) we return to the systems (5) and (6), the Rheograph
equivalent of the 2D full potential equation.

Example: 2D transonic nozzle exit

Equations (5) and (6) for supersonic flow J =1 transform into compatibility relations

dd
i = 1
av
M = const
(12)
dd -
dv & =const
and characteristic equations
d‘P, 1
do T = const K
(13)
d¥ _ 1
do & =const K

which are the basis for a rapid linear method of characteristics. Implemented on a graphic worksta-
tion, solutions may be obtained and visualized extremely fast, we use the method to set up a knowl-
edge base for interactive transonic design expert systems with advanced graphic pre- and
postprocessing. Flexible geometry input for boundary conditions was used by Gentner [10] to define
a 2D sonic throat and the downstream accelerated exit flow. With initial data for Mach number, flow
angle and physical coordinates along the t-axis (Fig. 1) a first calculation determines the solution of
(12) and with K(v(§,n)) available, the second step is the solution of (13).

Figure3 once more stresses the difference between hodograph and Rheograph or Characteristics
plane: The flow structure may map into a multivalued hodograph, while the Rheograph may be con-
trolled to show a single-valued characteristics grid.

The result with a non-symmetrical exit contour designed by prescribing velocity distribution along
the nozzle axis is depicted in Figure 4. The idea here was the combination of (known and well-devel-
oped) potential flow modeling with mapping transformations based on hodograph theory (also
known but considered complicated), and the use of powerful workstations (helping with rapid com-
putation and graphic visualization). The above isentropic model equations are either linear or weakly
nonlinear. In the following, design problems involving non-isentropic flow will also be solved by the
method of characteristics.
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Fig. 3: Unfolding the multi-valued mapping of a Laval-nozzle (a) supersonic hodograph (b, ¢) to
single-valued triangular domains (c) in the Rheograph plane

a.1008 emt

Fig. 4: Laval nozzle exit designed from sonic line Cauchy data and velocity distribution (Mach,
flow angle) along a curved axis. Color graphics illustrate stream function / contour .
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Supersonic flows with controlled shock waves

Before we apply the method of characteristics to a problem involving oblique shocks, it should be il-
lustrated that given initial data in the Rheograph working plane directly relate to Cauchy data in the
physical plane, the marching direction starting from AB and progressing towards C runs approxi-
mately normal to the resulting local flow direction, Fig. 5. We call this and related numerical ap-
proaches to compute the flow field “Cross - (stream) Marching”. This will be useful for supersonic
design applications where we seek to control the shape and strength of occurring shock waves.

T t Ig<T<TA
A U,
. B
14 , T
tg<t<ty: XE:; /
U (), Y'(T),
V.(t)r * C
. ~a
X, y A
140
s X
B*—» >

c
Fig. 5: Cauchy Initial data in characteristics plane (s, t) and in physical plane (X, Y)

Cross-Marching from given shock waves

As can easily be seen from a flow field with an oblique shock wave and its supersonic post-shock
characteristics, there is only the possibility of Cross-Marching since the initial data do not allow for
marching downstream, Fig. 6. A portion AB of oblique shock wave determines a flow field ABC and
a limited portion AD of the contour compatible with the given shock wave. A larger region of depen-
dence ABEF and contour ADG are obtained if also the flow at a segment BE at the axial exit station
is prescribed, see [11] for some remarks about numerical consequences of such given input.

Fig. 6: Basic steps of downstream marching (a) and Cross-Marching (b), depending on initial
data curve AB. Computing the flow behind oblique shocks (c) requires Cross-Marching.
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Numerical methods of characteristics have been developed for plane and axisymmetric , for isentrop-
ic and rotational flows. Prescribing arbitrary shock waves results in rotational flow because of shock
curvature. Cauchy initial data for flow field computation therefore require coordinates, velocity com-
ponents and entropy distribution along the prescribed shock geometry. For Cross-Marching (Fig. 6b),
the iterative calculation of entropy convection along the streamlines requires an extrapolation of data
BD—C, while for the usual downstream marching (Fig. 6a) an interpolation of data A—D«B is
needed.

The following two examples were obtained with a new numerical Cross-Marching method of charac-
teristics for axisymmetric isentropic or rotational flow by the second author [12]. A flexible input ge-
ometry generator and workstation implementation lay ground for further extensions and use for
aerodynamic design tasks.

Example: Segment of a conical flow field

As a first example for the new method of characteristics a part of the flow field past a circular cone is
computed. Input data are the upstream Mach number, a set of coordinates of and post-shock condi-
tions behind the given conical shock wave with given angle. Fig. 7 illustrates the characteristic grid, a
selected integrated streamline and reveals a limit line singularity along a ray through the cone vertex,
well within the solid cone which is compatible with the shock cone and Mach number. The case is
well-suited for checking the accuracy in comparison with the solution of the Taylor-Maccoll ODE,;
graphic visualization of the Mach number and flow angle distribution must show constant values
along rays through the cone vertex, though its location is not part of the input data.

Fig. 7: Ideal gas (y = 1.4) flow past a circular cone. Given Mach = 2, shock angle = 45° (com-
patible with a solid cone of 27.32°). Choice of shock segment size relative to axial distance:
Characteristics grid (a) with or (b) without limit cone of ~16.3°. Every third grid line shown.
Color graphics (iso - Mach) for flow field conicity check (c).

Computation time on a Sun Sparc Station: 6 seconds.
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Example: Segment of a flow field downstream of a curved shock

A slight variation of the input shock segment geometry brings rotation to the flow field downstream
of the shock. Color graphic visualization of the velocity and pressure distribution shows a strong de-
viation from conical structure, Fig. 8.

Fig. 8: Flow with a curved shock wave. Given Mach = 2, shock angle varies from 50° to 45°.
Characteristics grid, surface streamline (a). Color graphics for iso-Mach (b) and iso-flow angle (c)

Design of three-dimensional flow fields

The exploitation of plane and axisymmetric inviscid flow fields for the definition of flow patterns
generated by three-dimensional bodies in supersonic flow has been used since about three decades
when Nonweiler [13] created the first “waveriders”. In recent years renewed interest originated in
such configurations for generic lifting acrospace transport vehicles and supersonic inlet shapes [14].
The first author recently contributed an idea to this research which is aimed in generalizations of
waverider shape definition by applying conical flow solutions with constant shock strength but axial
distance of the shock segments varying along span [11]. The idea is based on the assumption of a lo-
cal axisymmetry in every 3D flow, which is well defined in an”osculating plane” if the shock wave is
known, Fig. 9. The method to generate three-dimensional configurations requires little more effort
than evaluating one Taylor-Maccoll conical flow solution. Only the Mach number, shock angle, lead-
ing edge and shock profile in the exit plane need to be prescribed. Based on this method a very rapid
interactive design code was developed by Center et al [15]. Numerical analysis with an Euler code
shows a striking agreement of the numerically captured shock location with the design solution,
which makes it worthwhile to further develop such techniques.

The method of characteristics with Cross-Marching developed here may be used for such further de-
velopment, with the possibility of exploiting also rotational flow fields to find 3D body contours.
This method is then equivalent to solve the 3D Euler equations in an inverse design mode, rapidly
carried out in an interactive fashion on the workstation.
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Fig. 9: Local conicity in osculating plane of a flow behind given rule surface shock wave: Design
of generalized super/hypersonic waveriders.

Conclusion

We have tried to illustrate some ideas to extend classical theoretical methods for the aerodynamics of
inviscid, compressible flows. The purpose is an implementation of these tools to develop software on
fast modern workstation computers which enables the design aerodynamicist to perform rapid early
stage design studies with aerodynamic expert systems, but also to develop these techniques toward
convincing educational programs for students. Transonic and supersonic aerodynamics require in-
verse problem formulations if flow properties should be used optimally for design goals. This was
shown using the method of characteristics for inverse applications.
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SUPERCRITICAL BLADE DESIGN ON STREAM SURFACES OF REVOLUTION

‘, ,}

1y

The described method solves the inverse problem for supercritical
blade-to-blade flow on stream surfaces of revolution with variable
radius and variable stream surface thickness in a relative system.
Some aspects of shockless design and of leading edge resolution in

the numerical procedure are depicted.

Some supercritical compres-

sor cascades were designed and their complete flow field results
were compared with computations of two different analysis methods.

Nomenclature

EEeSTVT M IDOTINXX S|t I PDaAas Oy

o =2

area
blade number

Laval number

radius of stream surface
magnitude of velocity vector
profile thickness

stream surface thickness
profile chord length
meridional coordinate

arc length

cascade pitch

velocity vector

chord coordinate

axial coordinate

circulation

axial velocity density ratio
circumferential angle

flow angle

inclination angle of stream surface
density

potential function

stream function

angular velocity

Subscripts:

1 upstream

2 downstream

BW blade wake

SW side wall

ax axial

m meridional

u circumferential
Um Transition
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INTRODUCTION

Increasing requirements on turbomachines concerning efficiency.
compact construction and density of power lead to aerodynamically
highly loaded blades. The admissible blade load and the profile
losses are determined by the boundary layer development. High
pressure ratios per stage and high turning of the flow 1increase
the risk of boundary layer separation with the result of strongly
growing losses. This problem is intensified by the risk of arising
compression shocks. They are caused by the supercritical through-
flow (with local supersonic regions), which is necessary for high
mass flow density.

In regions with pressure rise, boundary layer separation can only
be avoided by careful blade profiling for flow with minimum loss.
In the past, turbomachinery bladings have mostly been designed
with the aid of profile families. But in this way, depending on
the plurality of parameters, a loss minimization is not possible.
Especially in the transonic velocity region this procedure is in-
sufficient since shockfree solutions can be found with only poor
chances by iterative contour variation. In this region of maximum
mass flow density very small variations of the geometry are con-
nected with very high changes in the flow velocity. Therefore, it
is convenient to prescribe the physical quantity, where the great
changes appear, and to calculate the small but important varia-
tions of the geometry.

This alternative is given by inverse design: Starting from a pre-
scribed shockfree velocity distribution, the corresponding profile
contour is calculated numerically. By this means a perfect tai-
loring of the blade to the required turning problem is possible.

Up to now a perfect three-dimensional inverse design of flow
fields in turbomachines is not executed since this problem is
quite overdetermined. At present a standard procedure is to start
a quasi three-dimensional computation by calculating the flow on
meridional planes (S,) by an analysis code {(duct- or through-flow)
to get the starting Values of the calculation on several blade-to-
blade planes (Sl) distributed along the blade height.

This multi-section design of the blade can be realized by inverse
computation. The following inverse computation method is an ex-
tension of the former cylindrical version [1,2] to the design on
stream surfaces of revolution with variable radius and wvariable
stream surface thickness in a relative system. This development is
a further step to approximate the real physical behaviour of the
flow. The method is applied to the multi-section design of a
three-stage research compressor which is now in construction.
Computations for comparison were carried out with two different
analysis codes.
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FUNDAMENTAL EQUATIONS OF THE METHOD

Since inverse design strives for low loss flow without shocks and
boundary layer separation, Prandtl's concept of distinct potential
flow and boundary layer calculation is applied. 1In Fig. 1 the
fundamental process of the method is sketched. The method computes
the steady compressible potential flow in the passage between two
blades of unknown shape from far upstream to far downstream on a
stream surface of revolution. Besides the upstream and downstream
velocity vector, the velocity distributions are prescribed along
the arc length of the stagnation streamlines with their periodic
parts in the upstream and downstream regions and along the blade
suction and pressure sides. In this way velocity gradients can be
prescribed, which is important for the boundary layer development
and a prerequisite for loss minimization. Moreover, radius and
thickness of the stream surface of revolution are prescribed along
the axial coordinate. These boundary conditions are transformed by
integration into the computation plane with stream function
coordinates and their normals. The computation grid is rectangular
in this plane and contour adapted in the physical plane.
Therefore, no interpolations are necessary on the boundaries.

The equations of continuity and motion for steady, isentropic flow
on a stream surface of revolution are

a[p h w ] a[p h RW ]
L + L 0 (1)
a6 om
awm a!R W ! 3R
_ - L = 2 wR (2)
ae dm am
with the isentropic relation
p = f (W, o, R) (3)

The appearance of a variable stream surface radius in the
fundamental equations requires a different treatment of rotor and
stator flows since in the relative system of the rotor an energy
alteration is connected with a radius alteration. So the relative
velocity W can no longer be prescribed by a potential. In the ab-
solute system (following Vavra [3]) an equivalent potential ®pcan
be defined by

7. = ¥V, = w+1IlwoR and V x v, = 0 . (4)

2 T Va 1 A

But the contour velocity distribution has to be prescribed in the
relative system, thus one coordinate direction is given by the
streamlines in the relative system. Together with the potential
lines normal to the absolute velocity an oblique-angled coordinate
system results, Fig. 2.
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At velocities W « wR and flow angles & = n/2 (e.g. in the stagna-
tion point region) the angle a approcaches zerc so that both co-
ordinate directions coincide. Following from numerical reasons
this system consisting of an absolute potential and relative
stream function is inconvenient for use as a computational grid.

The potential-streamfunction-plane is the computation plane of the
inverse design method. Furthermore, for using it in the rotor the
equation of motion is reduced to 7 - w = 0. The consideration of
the rotational character of the flow occurs by variation of the
total quantities dependent on the stream surface radius. (Another
consideration by definition of a transformed potential is pub-
lished in [4,5]1.)

Since the critical sonic velocity is no longer constant, because
of the variation of the total temperature, it is no longer appli-
cable for normalization of the velocity like in the stator case.
Hence, the upstream velocity W., is now applied for this purpose.
The decision which difference “operator for consideration of the
type-dependence of the differential equation system has to be
applied is taken by the magnitude of the local Mach number.

By transformation of the fundamental equations into the potential-
streamfunction-plane and elimination of the flow angle the full
potential equation follows {6]:

c.ofmw . dfimw . _( d1n w*]z . e .[ o1n w*Jz
1 a2 2 5.2 3 3¢ 4 v
dln W 3ln W
n . n -
+ Cq 7o Ce e +C, =0
with C,...C, = £ (W, w, R, h) (5)

and w* = W/W1 for the rotor
= La for the stator

The flow field is computed by the solution of the corresponding
difference equation system applying relaxation combined with
multi-grid. The change of type (elliptic-hyperbolic) from sub-~
sonic to supersonic flow regions depending on the sign of the
coefficient C, is considered by modified difference equations. The
transformatiofi of the solution back into the physical plane 1is
performed by integration of the equations of continuity and
motion. It yields the field boundaries, i.e. the blade profiles
and the cascade geometry.

Fo~ sclving eq.(5) the dependence of the radius on the potential
anZ stream function R = f£(¢,w) is necessary. Since only the axial
development R = £(z) is known by the prescription, this relation
can only be discovered by an additional iteration in the course of
the solution process. The radius distribution has to fulfill the
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condition of constant values in circumferential direction. Normal-
ly the same is true for the stream surface thickness. Moreover,
the desired values of turning angle, pitch-chord ratio or blade
thickness distributions are attainable by iterative variations of
the prescribed boundary values (which are selfacting included in
the code). The whole geometry of the problem is always the result
of the computation and therefore completely wunknown at the
beginning.

CIRCULATION, LEADING EDGE RESOLUTION, SHOCKLESS DESIGN

The profile circulation necessary for the desired turning, follows
from (s. Fig. 3):
N 21rR1 27rR2
I‘P = § w-ds - Wl‘COSBl'W + W2'COS/32'WQ—B; (6)

The line integral of the velocity along the computation grid
boundary can be converted by the law of Stokes into an area inte-
gral

-

§ w-ds = - 2 f o dh . (7)

The rotational vector © indicates in axial direction, d2 is
perpendicular to the through-flowed area; Fog the stator (w = 0)
and for a rotor with constant radius {(w i dA) the value of the
line integral equals zero. Because of the reduction of the equa-
tion of motion this is also true for rotor flow with wvarying
radius. The additionally existing circulation inside the computa-
tion grid is thereby neglected.

$ Was = o | (8)

The profile circulation which is necessary for the actual turning
problem and which should be rendered by the prescribed velocity
distribution at the beginning of the design process is

27 R R2 1

- [ ]
r = — W, cosSB, - W, 'cosB (9)
P BN 2 2 Rl QBW 1 1

The circulation inside the computation grid neglected in the rotor
case with varying radius can be estimated in maximum if the flow
conus area divided by the blade number (i.e. vanishing profile
area) is assumed as upper limit for the integration area:

2
e S 4n°n 2 _ .2
$ a3 = g { RS - R} ] (10)
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The relative deviation (refered to the circulation of the reduced
equation of motion) is
R2 2
- 2'7'n'R. - = -1

1 R

1
AT = W R {11)
w1~ —cosB1 + cos/32~ﬁg'i-3 é
11 BW
In the case of compressor cascades (3, = 90:) the reduced equation

of motion yields lower circulation fdr increasing stream surface
(R,/R, > 1) and higher circulation for decreasing stream surface.
In“"standard cases the deviation amounts to less than 5 percent
according to a turning angle deviation of less than 1 degree.

The leading edge region of a profile has special requirements for
the numerical aspects of a computer program for calculation of the
flow around an airfoil. In the design method this difficulty be-

comes especially clear since even the prescription data - the
velocity distribution on the boundaries of the flow field to be
computed - show the strong gradients in the stagnation point

region (Fig. 4). This area can be recorded only insufficiently in
an equidistant divided computation grid.

For appropriate resolution of the blade nose region it was found
that thf numbgr of points on the flow field boundaries should be
up to 2° or 2 times higher than that of the normal grid. Thereby
local grid refinement is provided for the regions with steep gra-
dients. For smaller point distances the possibility of emboxing of
refinements was established. In a corresponding fitted arrangement
a gradual transition of the mesh size follows. This is especially
favourable for the accuracy of the solution. For even higher accu-
racy, a feedback calculation can be performed which uses the
results of the fine grid for recalculation in the coarse grid in
an iterative way with overlapping boundaries of both regions.

In case of velocity prescriptions on the boundaries of 1local
supersonic regions an "ill-posed problem” is treated, i.e. no
physical solution may exist. Numerically this often leads to the
formation of oscillating shocks in the flow field, shown 1in
Fig. 5. If they are weak enough, a provision for cancellation of
these shocks is given in Fig. 6: Following the plotted character-
istic directions in the supersonic region from the concerned
region to the corresponding boundary values, these values can be
modified for generation of additional expansion waves to remove
the shocks [7].

RESULTS

The first example is a cascade for a compressor stator hub section
with supercritical flow (local supersonic region on the suction
side), Fig. 7. The high subsonic velocity La, = 0.90 is deceler-
ated to the downstream value L = 0.593 by a " turning angle of 25
degrees and a relatively high pitch-chord ratio of t/lax = 1.0
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The stream surface radius R increases by 30 percent from upstream
to downstream and the stream surface thickness h decreases by 25
percent in the same direction. Their prescribed slopes dependent
on the axial length z are given in Fig. 8. The curves of the inner
and outer radius of the stream surface o¢f revolution consist of
cosine slopes, the maximum angle of inclination of the stream sur-
face is ¢ = 25 degrees. In the cascade region the stream surface
thickness distribution follows a cubic parabola, in the upstreanm
and downstream region it is calculated by constant flow area.

In the upper part of Fig. 7 the full line shows the prescribed
velocity distribution on the blade suction and pressure side. This
roof top distribution with maximum Mach number of 1.19 (La = 1.15)
was chosen for separation-free flow with high loading. On the suc-
tion side transition takes place at the beginning of the pressure
rise at 31 percent of chord length (at Re = 4.7-10° and Tu = 4%).

In the lower part of Fig. 7 the computed profile shape is plotted.
The dashed line marks the contour of the potential flow computa-
tion from which the manufacturing contour (full line) is derived
by subtraction of the boundary layer displacement thickness (com-
puted by Rotta's integral method [8]). The complete cascade geome-
try and the flow field characterized by the (full}) lines of con-
stant velocity (with the sonic line La = 1.0) are shown in Fig. 9.
The cascade geometry data were used as input for the analysis code
of Licking [9]. The results, the contour velocity distribution
(crosses in Fig. 7) and the wvelocity distributions in the flow
field (dashed lines in Fig. 9) agree well with the distributions
of the inverse code, even in the supersonic region.

Moreover, in Fig. 10 the course of the lines of constant radius
(dashed-dotted), which can only be calculated iteratively (see
above), coincide well with the demanded circumferential direction.

In Fig. 11 the prescribed velocity distribution of a rotor tip
section (n = 3600 rpm) is plotted together with the resulting
profile shape (both full lines). Despite of the low turning of 6
degrees, due to the high upstream velocity of La = 0.866 and the
high pitch-chord ratio of t/1 = 1,761 the loading is high enough
to require local supersonic 8¥ow on the suction side. In Fig. 12
the cascade geometry and the flow field consisting of 1lines of
constant velocity is drawn, showing the great stagger of this
design. The geometry of this result was again used to compute the
velocity distributions for comparison by the finite volume method
originating in P.W. McDonald [10]}. The crosses in Fig. 11 and the
dashed 1lines in Fig. 12 exhibit satisfying agreement with the
design computation (full lines).

The velocity distribution of the rotor hub section (Fig. 13)
belonging to the preceding rotor tip section was mainly influenced
by a desired maximum thickness of the profile (in consideration of
structural reasons). Therefore, high velocities appear on the
suction and pressure side without high aerodynamic loading. The
design on stream surface with radius increase of 14 percent (full
line) is compared with plane flow design for equal upstream and
downstream velocity vectors. It is to be seen that in the plane
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flow case higher circulation is needed for the same turning prob-
lem but a thinner profile results compared to the design on
increasing radius. In Fig. 14 the cascade geometry is demonstrated
and the isolines of the velocity are compared with the results of
the finite-volume method {[10]. In the front part of the flow
channel including the local supersonic region the velocity field
compares well. In the rear part, refering to a local aft-accelera-
tion behind the supersonic patch the coincidence of the isolines
is somewhat disturbed.

CONCLUSION

The present extended inverse method seems to be an effective
procedure to design highly loaded axial compressor cascades on
stream surfaces of revolution. It produces accurate results
compared with complete flow field results of other methods and was
successfully applied to cascade and multi-section compressor blade
design.
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Fig. 12:

Field distributions of Laval number of design
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dotted) and analysis calculation (dashed line,
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section (increment 4ALa = 0.5).
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r APPLICATION OF DIRECT INVERSE ANALOGY METHOD (DIVA)
AND VISCOUS DESIGN OPTIMIZATION TECHNIQUES

E. Greff+, D. Forbrich* and H. Schwarten**
Deutsche Airbus GmbH, Dept. of Aerodynamics, Bremen F.R.G.

“t, » ( L 22 id =7
17 4 S
i o

ABSTRACT ﬁ 9 2 -1 3//9 51 p H

A direct-inverse approach to the transonic design problem was presented in its
initial state at ICIDES I. This paper reports further applications of the DIVA-
method to the design of airfoils and incremental wing improvements and the ver-
ification in experiment. First results of a new viscous design code also from
the residual correction type with semi-inverse boundary-layer coupling are com-
pared with DIVA which may enhance the accuracy of trailing-edge design for
highly loaded airfoils.

Finally the capabilities of an optimization routine coupled with the two vis-
cous full potential solvers are investigated in comparison to the inverse meth-
od. The designer with expertise 1in specifying pressures can usually sort
through certain design philosophies and off-design criteria more efficiently
than an optimizer up to now.

I. INTRODUCTION

The application of CFD methods for analysis and design has been progressively
increased in the past decade' .23 but when it comes down to the global forces
1ift, drag and moment for transonic wings, let alone more complex configura-
tions with pod interference, the general accuracy of wind tunnels remains un-
matched. As cruise performance is the main driver for a transport aircraft de-
sign and the current designs in service already represent a high standard the
designer has to meet very tight performance targets at a guarantee margin of
1-2% in drag.

This has to be achieved at limited budget and within a time frame of ~2.5
years during the definition phase through extensive iterations and repeated
wind tunnel test loops. Increased quality requirements and complexity of the
models, however, reduced the number of possible wing steps to 4-6. Hence
greater emphasis was placed on inverse design concepts at DA based on a combi-
nation of a direct-inverse transonic design code with measured pressure distri-
butions on complete configurations in order to derive incremental design im-
provements and performance estimates of high accuracy. Previous design codes in
the 1970's have either worked with the hodograph equations¢> , used direct op-
timization techniques® or tried the inverse approach for the full potential
equation’-'0 . Hodograph methods are extremely difficult to use and limited to
shock-free flows which in practice reveal adverse drag in off-design cases.
Inverse methods that solve the Dirichlet problem need special treatment of the
trailing-edge closure, which used to be a problem with earlier codes®. A va-
riation of the nose shapeé or tangential speed distribution along the a priori
unknown arc length!'.'2  can force closed profiles but in several cases the
resulting pressure distribution is far off the desired one.
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A direct-inverse approach turns out to be more flexible in practical design, agl
it merely needs a specified pressure distribution and a starting geometry. Due
to the modular structure of the computing concept - the residual between actual
and specified pressures is determined by the use of an analysis code and the
geometry corrected to minimize the residual - the transonic analysis code is
exchangeable and flows with shocks and viscous interaction can be treated in

the design cycle.

At ICIDES I the DIVA-method was presented in its initial state'? and applied to
several successful designs for airfoils and wings'“. Further approaches to the
viscous direct-inverse design were reported recently by Campbell'® and Carl-
son'® where even separated flows can be treated.

Higher order analysis codes that solve the Euler equations are already in use
as to mention the ISES-Code by Drela'?” which is based on a coupling with an in-
tegral boundary layer formulation with a lag-dissipation closure. This code is
very accurate in the analysis mode, the design modi available so far do not
solve for an arbitrary pressure distribution. A starting geometry close to the
desired one is necessary as the speed distribution on the leading edge is pre-
scribed - a major disadvantage. Even Navier-Stokes-Codes are already offered as
an analysis code in residual-correction design mode.

Efficient full-potential solvers coupled with semi-inverse boundary layer inte-
gral methods simulating wake curvature and thickness effects have demonstrated
their accuracy with respect to pressure distribution and drag which is in the
tolerance of different 2D windtunnels'8-2!  Three-dimensional analysis with
full-potential or Euler solvers ha: experienced significant progress and even
complex configurations with engine/jet-effects are being treated worldwide.
Viscous effects however are mostly omitted or inaccurately modelled so far.
Moreover the inverse formulation is an il1l-posed problem.

For design purposes we therefore rely upon 2D-methods which can be used more
rapidly and allow the designer to focus on key design parameters and quickly
sort out different design philosophies. Some ingenuity is needed for the trans-
fer to three-dimensional design, but this can be done by using an analogy meth-
od based on pressure distributions of a datum wing quite accurately.

II. THE DIRECT-INVERSE ANALOGY-METHOD (DIVA)

The two-dimensional transonic direct-inverse design method was presented
in'3,1¢ | The DIVA uses an improved stream function method - based upon the work
of Oellers?? and Ormsbee and Chen?? - to design an airfoil for a specified sub-
sonic pressure distribution. The airfoil surface is replaced by a vortex sheet
with linear variation of singularity strength between the surface node points
(fig. 1), whereas the Ormsbee method used a constant strength.

The sum of a stream function for a parallel flow and the perturbation stream

function of the vortex sheet is a constant on the airfoil surface. This is ex-
pressed in the following integral equation:

Y +.%? jby(s)1nrds =72'U_"cos a - X'U_"sin a (1)
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where v, is the unknown constant on the body's surface. In order to solve the1
equation for the vorticity strength v(s) and wv,, the integral is approximated
by a quadrature. The airfoil is divided into N-1 segments, where N is the odd
number of panel node points. The singularity strength varies linear in between
two node points. This yields a system of N simultaneous linear equations

N
i] Kij.yj + vy T Zi U_cos o - Xi'Um’s1n a (2)

1

il

J
i = control point.

The Kutta condition is
Y]+YN=O (3)

The influence of the wake is simulated by continuing the vortex sheet with con-
stant y downstream. It starts aligned with the bisector and turns slightly
downstream into the direction of the oncoming flow.

A specified pressure distribution can be achieved by successive iteration of
the ordinates Z., while the abscissae X; remain constant. The ordinates Z7 of
the mth iteration are determined by repiacing the singularities of the (m-1)th
iteration by the prescribed values y,:

N
Z1.(m) i} col (X, " sines wb(m—1) 4 3 ¢m=T)e (4)

The iteration ends if either the condition
(m) _ Z_(m-])/}

max {Azi} = max {/21 j
i i
or
- (m) _ (m-1)
is met.

As a first step for transonic design, the subsonic pressure distribution for a
starting geometry is computed for M = 0 (M = Mach number). This wing section is
then analysed in the high-speed region with the BGKJ program 2* coupled with a
semi-inverse boundary layer method!&. The target pressure distribution at tran-
sonic speed is compared with the BGKJ result and the differences (fig. 2) are
scaled down to the subsonic regime according to a modified Karman-Tsien rule.
A new inverse step follows after modifying the subsonic pressure distribution.
This iteration loop usually converges within 5-10 design cycles.

Sample design cases for inviscid and viscous design were reported'? as well as
applications to three-dimensional design. The purpose of this paper is to show
successful applications and comparison with experiments for designs derived
with the code and to present an improved viscous design code.

]
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ﬂII. APPLICATIONS OF DIVA-2D AND COMPARISON WITH EXPERIMENT 1

A typical task for a design engineer is to increase speed flexibility and for
this purpose we tried to transpose the known characteristics of a datum airfoil
designed for C1 = 0.565/M = 0.73 to M = 0.75 at constant 1ift and moment for a
given thickness. Fig. 3 shows the computed result of the datum airfoil as well
as the target which was slightly modified to keep local Mach numbers below 1.2.
The required thickness was 11.5%, whereas the datum airfoil had 11.93%.

The measured pressures at off-design demonstrate the successful design. At this
1ift the new design shows nearly the same drag, whereas at lower lifts a sig-
nificant improvement is demonstrated which is 5 drag counts (1 d.c. = 0.0001)
better than the pure thickness effect. As the shock-strength at higher lifts
turned out to be higher than expected, a geometry check was performed.

Whereas the maximum deviations in curvature are concentrated on the lower side
and the nose region, the slope change on the upper surface seemed to be small
(fig. 4). The computed iso-Mach contours however revealed a bucket in the sonic
line. This is due to the coalescence of the compression waves reflected by the
surface changing from convex to concave curvature. Such a coalescence results
in the earlier formation of shock waves which was confirmed by Schlieren-pic-
tures (fig. 5).

The new airfoil served as a fixed camber reference for a variable camber (VC)
airfoil - a concept which was reported for example in2>. A scheme of a system
solution is given in fig. 6 using the existing high-1ift system. The camber
variation is achieved by small fowler motions, where the wheels of the flap
carriage are guided by two individual tracks in such a way, that in VC-opera-
tion the flap body slides underneath the spoiler trailing edge. The control
track and the flap upper surface have to be shaped such, that camber variation
is performed with minor discontinuities in surface curvature.

As a consequence to this proposal - which allows only positive camber deflec-
tions - the design point is shifted to Tower lifts where the wing is optimized
with respect to minimum drag with relaxed off-design constraints. This will be
the setting at low altitudes, low weight (medium range mission) and towards the
end of cruise. At start of cruise, step climbs to higher altitudes or increased
weight the 1ift demand is satisfied by discrete camber/fowler settings re-
sulting in the envelope in fig. 6.

A first VC-airfoil was developed in reference to the fixed camber optimum air-

foil mentioned above. For the design of the VC-airfoil criteria for a "VC-

suited" pressure distribution were concluded which are illustrated in fig. 7.

At the design point (C1 = 0.45)

- the supersonic region should be confined to X/C = 0.4 and terminated with a
weak shock;

- the region close to Cp* should exhibit small gradients in order to guarantee
a stable shock position in off-design conditions;

- the subsonic recompression gradients should not be larger than dCp/dx=3;

- the trailing edge recompression gradient should be degressive (Stratford-
Type), which is benefical for the turbulence structure and hence reduces the
friction drag;

- the balance of front loading and rear loading at the lower surface should be
altered towards front loading to reduce the adverse effect of pitching mo-

L ment. J
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rAccording to these criteria the airfoil was designed by DIVA. 1

A wind tunnel model with three VC-flap settings was tested. For each level of
efficiency M*L/D the VC-airfoil demonstrated a greater flexibility in the CI-
M-plane and the maximum efficiency was increased by 12% (fig. 8). A calculation
of the pressure distribution according to the VC-control law for four settings
adjusted to the 1ift demand (fig. 9) incorporated the surface imperfections due
to the discrete variation. The effects in pressure and drag are negligible
which was confirmed by experiment.

In the framework of the national research program ZKP-TLFI natural laminar flow
(NLF) investigations were performed. In comparison to a conventional airfoil
the typical NLF design features are depicted in fig. 10. Laminar flow runs of
60% and 80% of the exposed wing area were assumed resulting in some 10% of air-
craft cruise drag reduction. The required continuous acceleration imposes the
problem of increased recompression gradients with potential separation and
shock-wave boundary layer interaction upon the designer. In off-design condi-
tions laminarity loss due to pronounced suction peaks and corresponding
Tolimien-Schlichting instability or cross-flow instability with changing gradi-
ents versus 1ift may occur. A tool to shift the laminar bucket with increasing
1ift demand is available by the VC concept.

A first NLF-airfoil was designed with DIVA for a 1ift of 0.4 and M = 0.73 and
tested. Fig. 11 shows a comparison of measurement and computation. The transi-
tion free drag is ~40% of the turbulent level and even the turbulent level
turned out to be competitive to a conventional airfoil of same thickness.

Finally the survey of 2D-designs is concluded by an example for hybrid laminar
flow control (HLFC). An arbitrary starting geometry was chosen (NACA 0008) and
the result was established after 20 iterations (fig. 12, 13), a further proof
of the versatility of the DIVA method.

IV.  SAMPLE DESIGN CASE FOR 3D-DERIVATIVE DESIGN

In view of the difficulties of producing a design method for airfoils it is not
surprising that no completely successful solutions for the three-dimensional
transonic case are available. A combination of wind tunnel results of a datum
aircraft with a direct-inverse design method seemed to be more promising though
not satisfying from the scientists' viewpoint. Subsonic pressure distributions
(up to M = 0.6) are used to design a zeroth jteration geometry by means of the
subsonic inverse code. These sections include the subsonic cross-flow and vis-
cous effects. If a transonic pressure distribution is then prescribed as target
distribution, the DIVA method can design an airfoil representing the measured
three-dimensional distribution when analysed with a two-dimensional direct
code. This airfoil deviates from the actual section profile: it is an analogous
numerically adapted profile.

Starting from this state, a redesigning of the wing is possible by improving
the target pressure distributions in selected spanwise stations. The result is
a new set of analogous profiles. The differences between the two sets of pro-
files have to be added to the datum wing sections and the new wing is defined.
This may sound artificial, but is a quite reliable way to incorporate interfer-
ence aspects in the design of a new wing. In'3 already two applications of this
[-DIVA-3D were reported. J
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fA recent successful application was the validation of a trailing-edge modifi-
cation on the Airbus A340 (fig. 14). A 3.75% chord extension combined with a
camber increase was designed at the outboard engine position. The effect of the
modification is a reduction of the 1ift break due to the engine and hence a
gain in induced drag as well as a pressure drag improvement (fig. 15). The
estimate in fig. 15 is in surprisingly good correlation with the subsequent
test result.

V. AN IMPROVED DIRECT-DESIGN CODE WITH A HIGH ACCURACY VISCOUS TRANSONIC

]

ANALYSTS CODE

The high accuracy of the viscous transonic analysis code SGW'®-2"  was coupled
with a new direct design method called REPAN, a name, which is an abbreviation
of reverse panel method. The basic principle is the formulation as a mini-
mization problem, which is adapted in the form
M
E =1
1‘:

~, target.2 ! .

Thus we look for a profile, which fits best to the target-Cp-distribution at M
discrete stations. The minimum of the merit function E is done with an algo-
rithm due to Levenberg and Marquardt28. The geometry to be designed is given in
terms of a set of design parameters &, which specify the location and shape of
the profile. Starting from an initial geometry the minimization is done by
variing these parameters. To perform a minimization step, a matrix, relating
pressure changes and parameter changes, has to be computed. This matrix is just
the Jacobian of the transformation from parameters to pressures (= analysis
code!). It is computed numerically.

The set of parameters, which specify the actual geometry, splits into two
groups: global and local ones. The former include the chord angle and transla-
tion vector components between profiles for multi-element cases (fig. 16). They
specify the location of the profiles without altering the shape. The profile
shape is defined - separately for lower and upper side - by Bezier splines.
This technique uses a set of points F? = (x%, }?),i = ]1...n ('Bezier-knots',
fig. 16) to define a curve with position vector ¥(t) = (x(t), z(t)) by the pa-
rametric equation

. N .g
r(t) = ¢ re B 1.(t) (7)
i=0 ’
with
Ny i yn-i
Bn,i(t) = (1)t (1-t) , 0 <t < (8)
h

(?) is the it binomial coefficient of order n.

The curve defined in this way has the following properties:
(i) The curve passes through the first and last Bezier knot for parameter val-

ues t = 0 resp. t = 1. This follows immediately from the definition, because we
have

] |
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_ (1 i=0 0 14
] 8,100 = {g {70 8= {7 555 (9) ]

and the above sum reduces to

=B B

r(o) = o 3 r(1) = Fn (10)
(1) Taking the derivative at t = 0 it follows, that
Flo) = n(F5-F) (1)
which is equivalent to
B _B
dz| _z(0) _ “17%0 (12)
LR x(0) ;§?;E

The derivative of the curve at the beginning is therefore given by the tan-
gent of the first Bezier segment. An analogous result is valid at the endpoint
t=1.

These properties can be used to impose simple constraints on airfoil geometry.
For airfoil design, ¥(t) represents a lower or upper side and t = 0]1 corre-
sponds to the leading/trailing edge. The {x;} coordinates of the points of the
initial airfoil are used to establish a corresponding set of parameters {t;};
the Bezier ordinates - excluding the first and last one - z8 1 =1, ...n-1 are
the local design variables mentioned above. These will be determined in such a
way, that the sum of squared pressure deviations 1is minimized.

As the airfoil is composed of two parts, some restrictions on Bezier knots have
to be imposed to insure continuity of values, first and second derivative at
the connection point i.e. the leading edge:

- The first Bezier knot is placed at the leading edge and held rigid.

- The second one has the same x-value as the first one: xf = xg. This serves
for a normal tangent at the leading edge (see fig. 16).

- The ordinate zB of the second Bezier knot is related to the curvature at the
leading edge. This fact can be used in two ways: (1) relating the ordinates
of the first Bezier Knots on the lower and upper side serves for continuous
curvature with a value, determined by the design process, or (2) we can do a
design with specified leading edge radius just by fixing the ordinates to
their appropriate values. The design in fig. 19 is done with continuous but
variable leading edge radius.

Similar conditions hold at the trailing edge. The last Bezier knot is placed at
the last point of the lower resp. upper side and held rigid thereby keeping the
trailing edge thickness constant. Additionally we could prescribe the tangent
of the last Bezier segment thus performing a design with specified trailing
edge angle.

The minimization of the sum of squared pressure deviations is done with an al-
gorithm after LEVENBERG and MARQUARDT. It is an elegant method that combines
the inverse Hessian method and the steepest descent method by introducing a
Lfactor ("Marquardt-factor"), which switches smoothly between these extremes.J
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[Far from the minimum (large factor) steepest descent steps are performed
whereas approaching the minimum this factor is reduced automatically thus
switching to inverse Hessian steps.

This method works very well in practice and has become the standard of nonlin-
ear least squares routines. Details of the method may be found in26. Fig. 17
shows a simplified flow chart of the REPAN-design procedure.

In the past authors used the least squares method for solving the profile de-
sign. Labrujere?? prescribes tangential velocities and uses Legendre poly-
nomials for the shape description. He did not include global parameters.
Bristow2s used panel direction angles as design variables. He had to do addi-
tional Cp-control to achieve smooth profiles.

To formulate the inverse problem as a minimization problem has several advan-

tages:

(1) As the inverse step is purely algebraic, each analysis code can be run in
the reverse direction. The present method is optimized for coupling with
panel codes - concerning calculation time - but any given code, even large
scale ones as used in our test case two, can be used as well. But it should
be mentioned, that additional code dependent research is required, to ob-
tain solutions in reasonable time. Calculation time is the crucial point of
this approach.

(2) The geometry definition includes the possibility of geometrical con-
straints, such as fixed trailing edge thickness, normal tangent at the
leading edge, prescribed trailing edge angle. Curvature control during de-
sign process is possible by additional control of the turn-around angles at
the Bezier-knots (fig. 16). This option is needed in critical cases only.

(3) From a practical point of view, flexibility in cases of partly unphysically
specified target pressures, is the most important feature. Although we
know, that constraint conditions are to be fulfilled by the Cp-target val-
ues?9, there are two situations, in which unproperly specified Cp's are un-
avoidable: measured Cp-distributions (because of measurement errors) and
2D-Cp-cuts from 3D-configurations (because of missing stagnation point). In
such il11-posed cases we solve for the "nearest" profile in the least square
sense. Additionally, if we have a guess of some unphysical target pres-
sures, they can be "switched off" by setting the corresponding o equal to
zero. For small regions of the profile - where “"small" means small with
respect to the distance of Bezier-knots - we are allowed to do that, be-
cause the variation of a local parameter affects a reasonable part of the
profile (in fact, the whole side, because Bezier-splines are nonlocal) and
therefore the geometry is determined by the influence of nearby pressures,
which are assumed to be correct. This has been proven to be helpful in the
vicinity of the stagnation point and the trailing-edge region.

As a first validation example test case 2 from ref.'’ was chosen, which shows
the design potential of a typical supercritical airfoil with rear loading. By
means of a calculation with the BGKJ code including semi-inverse boundary-layer
coupling, the pressure distribution in fig. 18 was obtained. Considerations
concerning a reduction of rear loading led to the modified target distribution
also depicted in fig. 18.

In the case of DIVA a liquid surface is designed where the displacement thick-
ness has to be subtracted whereas the REPAN code solves directly for the solid
geometry by applying viscous iteration in the analysis. The geometry modifica-
Ltions delivered from both codes are given in fig. 19 as well as a comparison of

]
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fthe last REPAN iteration with respect to the target pressures which is satis-
factorily matched. The redesigned airfoils are quite similar at first sight but
the REPAN airfoil does not meet the required thickness (12.55% instead of
12.93%) and a significant deviation of the trailing-edge camber can be noticed.
This corresponds to not properly specified trailing-edge thickness. As men-
tioned above this quantity is held fixed during design process. Cp-control is
done everywhere except at three stations near stagnation point.

In order to compare the two different designs, the airfoils were calculated for
the same 1ift and Machnumber with the BGKJ code incl. boundary layer iteration.
While the agreement with the target distribution (fig. 20) for the DIVA airfoil
is still quite good the REPAN airfoil shows a larger deviation. This is due to
the local change at the trailing-edge and corresponding higher angle of attack
for a given 1ift. At the design point the DIVA airfoil shows 1.5 d.c. less drag
and a 43% reduction in pitching moment with respect to the datum airfoil. The
REPAN airfoil however exhibits 2.5 d.c. excess drag despite the reduced thick-
ness. If the thickness is scaled to the target value additional 2 d.c. have to
be added; i.e. that the improvement at lower 1ifts in fig. 20 is diminished.
Hence it can be concluded that at the present state further investigations de-
voted to the accuracy of the trailing-edge region seem to be necessary in order
to enhance the viscous design modus.

VI. Application of a Numerical Optimization Routine

The design methods described so far require an experienced designer with physi-
cal insight into the trade-offs of the pressure distribution he specifies. But
what is the ideal pressure distribution with respect to different objectives
under practical constraints? A further class of design methods using opti-
mization routines may give an answer to this.

Coupling of a gradient method with two transonic aerodynamic analysis codes

In an optimization process a so-called 'objective function' F(X) is to be mini-
mized (or maximized) subject to a set of (m) given constraints G.(X) < 0,
j = 1,m with X being the vector of the design variables. J

Relating to the design of an airfoil the variables would have to define the
airfoil shape while the objective function would be a characteristic of this
airfoil, for example the drag coefficient Cd, at a given design point. To keep
the design inside certain boundaries and allow the optimization code to con-
verge faster some constraints on other airfoil characteristics such as lift,
pitching moment etc. or geometrical constraints Tike the thickness, camber,
trailing edge thickness should be imposed.

Though a lot of different optimization techniques can be applied to approach
this design problem it is evident that, among the existing nonlinear minimi-

zation routines, the Vanderplaats gradient method®.30.3L.3% s the most widely
used 32,33,34,36 |

This optimization code called CONMIN (Constrained Function Minimization) is
part of COPES, a Control Program for Engineering Synthesis. In this code the
strategy, one-dimensional search direction and optimizer can be chosen by the
user and adapted to a certain problem.

Fig. 21 shows the principle of the design process. The optimization direction
Lfindinq process of COPES is illustrated for the two-variable case. First each

]
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[Eomponent of the design variable vector X is varied starting from X° (initial
design variables) and leading to a gradient gF(X°). This could be taken as the
search direction S but because of convergence problems for nonlinear functions
the "method for conjugate directions" is being prefered. In this case S is cal-
culated from the gradient and the last search direction by

9 - gp® 4 [oF92 s RO 2 - 597 (13)

If the design comes in contact with a constrained region the search direction S
is found taking the gradient vGj of the active constraint and vF of the
objective function. In addition a "push off factor" 1is used to direct the
search vector in the region where the feasible sector (allowed designs) and the
usable sector (designs with improved objective function) overlap. This region
is called the usable feasible sector. Since every iteration step needs n+3
analysis, i.e. about 10n+30 calculations for one design, which has to be done
by a precise, time consuming (therefore expensive) aerodynamic analysis code,
COPES offers another design mode to approach these problems. Here the objective
function and the constraints are developed as second order Taylor series expan-
sions

- _T - with __
F(X) = F° + aX vF + 1/2aX'[H] aX  oX = X-X°  _
— -T T _ F o= F(X) at Xx°
G.(X) = G2 + aX ' vG, + 1/2aX [H].sX [H] = Hessian Matrix (14)
J J J J 9F = vector of first

partial derivatives

Using this mode of the code assures accelerated convergence because data cal-
culated in one iteration step are still known in another step, which 1s not
the case for the standard design mode. Also only one exact analysis is needed
for every iteration, whereas the first Taylor series expansion requires
1+n+n-(n+1)/2 additional analysis in this approximation mode. So the method
should be used for less than twenty design variables to be more efficient than
the standard finite difference mode. Through the Taylor series the user is also
able to prescribe a solution and accelerate the convergence of the code even
more if he has some good designs to start from. In fig. 21 the approximation
mode is depicted.

An airfoil shape can be described by the design variables either in the form of
an analytical function or a function of aerodynamic origin, i.e. an airfoil
library (fig. 21) or so-called aerofunctions. The analytical functions describe
an airfoil by polynomials of higher order, which leads to a large number of de-
sign variables or problems of fitting the polynomials together if the airfoil
is divided into different sections. Also some unrealistic shapes may occur be-
cause the solutions are purely mathematical.

In order to start the process the analytical functions are fitted on an initial
shape and coefficients are obtained. These coefficients together with the Mach-
number, the angle of attack (or the 1ift coefficient) and the given set of con-
straints are needed by the program to optimize the objective function. The co-
efficients are the design variables being perturbed by the optimizer to reach
an optimal design. A new shape is prescribed by the linear combination

Y = XO + X1F] + X2F2 + ..t XnFn (15)

with (X., j = 0,n) design variables (shape coefficients)
L (Fj, j = 1,n) vector with analytical shape functions
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[With respect to the orders of the analytical function n, a compromise has to be
found between a large number of variables and a good approximation of an air-
foil shape. The last also depends on the type of function that will be used,
since some functions tend to reveal oscillations even at higher polynomial or-
ders. Generally the order should not exceed twenty on the whole airfoil because
the analysis especially with a viscous code will be too expensive.

Similar to the preceding definition functions of aerodynamic origin are applied
by superposition of different airfoil shapes from an airfoil library with a
linear combination (see fig. 23). In this case the Y-coordinates (shape func-
tions) are defined numerically and not by analytical functions. By adding spe-
cial airfoils to the library that fulfil some desired constraints it is possi-
ble to impose these constraints on the optimized shape without giving this in-
formation to the optimization code. Therefore these constraints do not have to
be evaluated and checked for their influence on the objective function during
every design loop, which means saving time.

Another type of functions with aerodynamic origin are quoted as "aerofunctions"
in some references32.3%, Here pressure distribution shape functions are super-
imposed on an initial pressure distribution and the perturbations are related
to different airfoil shapes. This also promises to provide some realistic
shapes as optimum solutions. In the present design task an airfoil library is
used to define the shape but later the program should be expanded with regard
to analytical functions.

The viscous BGKJ-code'8 24 and the SGW-code'®-2' are both coupled with COPES.
Especially the latter provides a high accuracy analysis tool to calculate coef-
ficients describing the characteristics of an airfoil at the design point. This
is needed to make the direct design competitive against the inverse design
methods.

Test cases

To validate the successful coupling a testcase from Vanderplaats3i.3> 1is being
calculated with the BGKJ-code as analyser. With a given set of four NACA air-
foils and two basic shapes to impose geometric conditions an airfoil with maxi-
mum 1ift for Moo= 0.7 and o« = 6° should be found that satisfies the constraints
mentioned in fig. 22.

In this figure the initial airfoil, the reference airfoil and the optimized
airfoil after 42 iterations without and 17 iterations with Taylor series expan-
sion are compared. Despite the different analyser the result differs only
slightly from the reference, whereas the result without Taylor series expansion
is still not converged.

For the second test case a library of six transonic airfoils is given to re-
design the VA2 airfoil at M_ = .73, Cl = .552 for minimum drag. Since the
design was already performed by the DIVA-code with the BGKJ-code as analyser
the role of constraints and the influence of the library on the design should
be investigated.

Fig. 23 illustrates the set of airfoils and constraints for which the converged
solution after 30 iterations does not give a realistic shape comparable with
the one designed by DIVA. This is also the case if the constraints are relaxed
or a pressure gradient is prescribed. Only if the Cm-constraint is omitted the
optimizer converges after 25 iterations showing an airfoil that resembles more

]

l}he VA2 type, especially concerning the rear loading. The pressure distribution_]
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emphasizes this circumstance. A solution close to the DIVA optimized airfoilw
however can be found if this airfoil is included in the library. Therefore it
can be concluded that for the given task the airfoil library is not sufficient
to design an airfoil as good as the DIVA airfoil, for which off design aspects
are also considered.

For the third test case COPES is coupled with the SGW-code to redesign the VA7
airfoil. This basic VC-airfoil should be optimized with respect to minimum drag
at the design point M = 0.74, C1 = 0.45 and constant thickness. The optimi-
zation result after 19 iterations is depicted in fig. 24. Though the changes
are only moderate a drag reduction of one count is reached. Again the library
of four airfoils (see fig. 24) does not allow a better result starting from the
VC-airfoil with only small changes in the shape for every design iteration.

Nevertheless this combination of COPES and SGW as analyser promises to work
more efficient if analytical functions are used to describe the airfoil.

VII. Conclusion

Applications of the direct-inverse analogy-method (DIVA) for the design of su-
percritical airfoils and wing modifications have been presented and verified by
experiment.

The method yields results with high accuracy even for flows with strong shocks.
It is as simple as possible from the user's point of view and merely needs a
pressure distribution as input. The influence of the starting geometry (i.e.
nose shape) is negligible.

An application to three-dimensional design is possible, provided an initial
wing shape and pressure measurements are available. Incremental improvements of
wing performance may be assessed with an accuracy less than 1 per cent.

Due to the modular structure of the computing concept, the transonic code is
exchangeable, and improved codes can be implemented. So the DIVA method is a
comprehensive tool for practical wing design. Future applications by using 3D-
Euler results including viscous corrections instead of measurements are planned
in order to obtain further refinements of the design before testing it.

A new residual correction design code with complete semi-inverse boundary layer
jteration in the design cycle was presented which may enhance the accuracy of
trailing-edge design for highly loaded airfoils. Further work in this field is
envisaged.

Finally applications of a numerical optimization routine coupled with two vis-
cous full potential solvers were discussed. A significant dependence of the re-
sults upon the airfoil library to be composed was found. A more general geome-
try description seems of paramount interest. However the designer with exper-
tise in specifying pressures may win hands down in this competition.
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ABSTRACT

An iterative method for blade design based on an Euler solver and described in an earlier
paper is used to design compressor and turbine blades providing shock free transonic flows.
The method shows a rapid convergence, and indicates how much the flow is sensitive to small
modifications of the blade geometry, that the classical iterative use of analysis methods might
not be able to define.

The relationship between the required Mach number distribution and the resulting geometry
is discussed. Examples show how geometrical constraints imposed upon the blade shape can
be respected by using free geometrical parameters or by relaxing the required Mach number
distribution.

The same code is used both for the design of the required geometry and for the off-design
calculations. Examples illustrate the difficulty of designing blade shapes with optimal perfor-
mance also outside of the design point.

SYMBOLS

speed of sound

1sentropic Mach number
normal vector

total pressure

static pressure

time

total temperature

velocity vector

flow angle (with resp. axial)
cascade solidity

YW TN Y, Az

subscripts

normal component
tangential component
cascade inlet

cascade outlet

B = = 3
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"INTRODUCTION

The design of new compressor and turbine blades 1s in most cases still done by successive
direct analysis of the flow field around a given blade shape and modifications of the blade
geometry, according to some empirical criteria and/or the designer’s own experience. This
approach makes it easier to respect geometrical and mechanical constraints imposed to the
designer, such as thickness distribution, inertia momentum, stagger angle, pitch-to-chord ratio,
etc.

New aerodynamic design tools have been developed, that have shown the ability to provide
conclusive improvements of the aerodynamic performance when compared to existing blades.
These improvements result from a specified controlled diffusion along the blade surface or
a shock-free transonic flow. It is unlikely that they can be obtained by a traditional design
procedure, namely by a series of flow analysis and empirical blade modifications. The design of
transonic shock-free blades by means of an inverse method 1s one of the main topics discussed
in this paper.

Analytical design methods developed in the past, using conformal mapping (Lighthill, 1945,
Woods, 1955), permitted to build a complete theory of the inverse design of airfoils and blades,
and provided the conditions required for the existence of a solution. However, they have a
limited application due to the restrictive assumptions needed to allow an analytical formulation
of the problem. As the blade shape results from the calculation, it is also more difficult to
satisfy the mechanical constraints that one may wish to impose on the blade shape.

Numerical inverse methods have been developed for potential flows, using singularities for
incompressible cases (Murugesan and Railly, 1969, Ubaldi, 1984, Van den Braembussche et
al., 1989) and the odograph plane (Bauer et al., 1972, Sanz, 1984) or the potential-stream
function plane (Stanitz, 1953, Schmidt, 1980) for the compressible cases. The last methods
are not very accurate in the stagnation point region and are unable to predict shocks. It 1s
therefore questionable whether blades designed in this way for shock-free transonic flows are
shock-free in reality.

Non potential flow fields require solving the Euler equations. Such methods are capable of
treating shocks correctly and are therefore suited to verify shock-free designs. They are mostly
used in iterative procedures and require a first guess of the blade shape. This initial geometry
is modified from the results of a flow analysis until the imposed pressure or velocity distribution
is reached. The blade modifications can be calculated in a pure mathematical way, in order to
minimize an error function, eg. depending on the difference between the calculated pressure
distribution and the target (Vanderplaats, 1979, Hicks, 1981). Although these methods have
the capability to respect geometrical constraints, they are still very expensive in terms of CPU
time, because many iterations and flow analyses are required.

The blade modification can be determined in a more physical way, resulting in decrease in
CPU tune. The present method imposes the required Mach number distribution as a boundary
condition on the blade wall and uses the concept of a permeable wall tc define the modification
of the geometry. This approach allows a reduction of the number of blade modifications, and
consequently of the number of mesh generations. The method has proven to be very efficient
in subsonic and transonic applications (Léonard, 1990, Léonard and Van den Braembussche,
1991). As shown in this paper, the iterative procedure makes it easier to meet geometrical and

l_mechauical constraints imposed in industrial applications, and to find out whether a realistic

!
-
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fblade shape corresponds to the required Mach number distribution. Another advantage of the]
present method is the possibility of using the same code for the blade design procedure as well
as for the off-design analysis. ’

THE EULER SOLVER

The system of Euler equations for unsteady flows is solved using a time marching procedure
and a finite volume approach. The numerical domain is discretized using C grids, for a good
description of the leading edge geometry (fig.1). The unknowns are located at the vertices of
the mesh cells, in such a way to avoid extrapolation towards the blade wall. The code can
handle open trailing edges, in order to allow additional degrees of freedom in the geometrical
definition of the blades. This makes the problem of solution existence easier to solve and
allows a sufficient blade thickness to contain the boundary layer.

The equations are integrated in time using a Runge-Kutta first order accurate scheme,
with local time-stepping, enthalpy damping and implicit residual averaging to accelerate the
convergence. A detailed description of the solver may be found in Léonard (1990).

CALCULATION OF THE UNKNOWNS ON THE BLADE WALL

The method developed by the authors is an "iterative inverse method”, in which the final
geometry is the result of the flow calculation, imposing the required Mach number distribution
on the blade wall. It has to be iterative since the location of this boundary is part of the
solution, approximated at the beginning of the design procedure by any convenient initial
geometry. There is no reason that the flow remains tangent to this geometry during the
calculation, except in two cases, when the blade ”is” the solution of the problem or when the
blade wall is modified in order to respect the slip condition, as the time marching procedure
iterates to the steady state.

Methods based on the second case have been proposed by Meauzé (1982), Giles and Drela
(1987), and Zannetti et al. (1984). This approach has not been considered here since a
minimum of successive blade modifications and corresponding mesh generations is desired.
The blade wall must therefore be treated as permeable to the flow field. After convergence of
the time marching procedure, the flow calculation results in a distribution of a normal velocity
component on the blade wall that is used to modify the geometry.

The calculation of the unknowns at a boundary is dominated by the mathematical nature
and the physical properties of the system of equations. As the Euler unsteady equations
are hyperbolic, the solution can be constructed, at any location in the calculation domain
(including the boundaries) using the information propagating in directions perpendicular to
characteristic surfaces. The eigenvalues of the Jacobian matrices of the Euler system, projected
in a considered direction @, are V@, VA, Vit + a and V@ — a, and define the propagation
speeds in that direction. If the vector @i is chosen perpendicular and entering the blade wall, a
positive speed means that the information is propagated on the wave front, in the 7 direction,
from the inside of the calculation domain to the outside, and is therefore available to calculate
the value of the unknowns at this point of the blade wall. On the other hand, a negative speed
means that the information comes from the outside of the numerical domain and propagates
towards the inside. This entering information has to be provided by a boundary condition at
I-the boundary point.



328

Third International Conference on Inverse Design Concepts and Optimization in Engineening Sciences
(ICIDES-IID. Editor; G.S. Dulikravich, Washington D.C., October 23-25, 1991,

If the slip condition is imposed on the blade wall (V& = 0) only the speed V7 — a is negative
and therefore only one boundary condition must be imposed, 1.e. the velocity direction at that
point. This shows that the slip condition can not be imposed together with the Mach number
value, at least for a fixed blade wall.

On the other hand, if the static pressure p (or the Mach number) is imposed on the blade,
a velocity component normal to the blade can appear and, depending on its sign, 1 or 3
eigenvalues will be negative and 0 or 2 additional conditions must be imposed. The sign of
this normal velocity component can be determined as a function of the imposed static pressure,
using the compatibility relation corresponding to the only eigenvalue which is always positive

(Vo + a).

If the normal velocity is positive, one boundary condition (the required static pressure)
must be imposed, since only one eigenvalue (V. — a) is negative. The additional informa-
tion necessary to calculate all the unknowns at the boundary can be provided by the two
compatibility relations corresponding to V,, and V;, since they are positive.

If the normal velocity is negative, two additional boundary conditions must be imposed.
The best results have been obtained by imposing the total pressure and total temperature at
that point. Imposing the latter does not give any special problem, since in a blade-to-blade
calculation it is supposed to remain equal to the total temperature at the inlet. Imposing
the total pressure is not so straightforward because of numerical dissipation. This problem is
solved by imposing the value of the total pressure from the previous time level in such a way
that the total pressure can adapt to the new flow field. This is important when a shock-free
design is performed starting from a blade for which a shock was present in the original flow
field, since in this case the initial and final total pressure distributions on the blade wall can
be very different from each other. A detailed derivation of the compatibility relations can be
found in Léonard (1990).

MODIFICATION OF THE GEOMETRY

A new geometry must be found since the initial shape no longer corresponds to a streamline.
The modification algorithm is based on a transpiration model and calculates the position of
the new streamlines using the velocity component normal to the initial blade (Léonard, 1990).
The modification starts at the stagnation point, and is performed separately for the pressure
side and the suction side. The new suction and pressure sides are defined as streamlines of the
flow satisfying the Euler equations, and therefore can not cross each other. This guarantees a
blade with positive thickness if the numerical integration procedure and the normal velocity
calculation are sufficiently accurate.

RESULTS

The first example illustrates the accuracy of the method for shock-free transonic flows by
applying it to the supercritical compressor blade designed by Sanz (1984) with an odograph
method, and proposed as a test case for inviscid calculation methods in AGARD-AR-275 (fig.
2a). Analysis of the flow with the present method shows discrepancies on the suction side
Mach number distribution (fig. 2b) similar to the ones observed by Denton (1983).

|_ The geometry calculated by Sanz has been redesigned using the present method in order
-
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to obtain the shock-free Mach number distribution imposed by Sanz as the input data of his
design (fig. 2c). Only one modification of the geometry has been necessary to obtain good
agreement (fig. 2d). The difference between the initial geometry designed by Sanz and the
one designed with the present method is very small. This example suggests that the original
geometry defined by Sanz may not be shock-free, and illustrates how supersonic flows are very
sensitive to geometry changes.

A second example illustrates the design of a shock-free compressor blade, using a NACA-65
(12A,1g,)10 as an initial geometry. This blade 1s not suited to transonic flows, and a strong
shock is present in the flow field. Therefore large geometry modifications are expected. The
flow conditions are: Af; ~ 0.8, p° =1.33 bar, T = 341.5 K, B = 45 deg, M, = 0.5. The
cascade geometry is defined by a stagger angle of 31 deg and a solidity of 1.

In a first design, only the suction side Mach number distribution has been modified. The
initial distribution is compared to the shock-free required distribution in figure 3a. Good
agreement between the calculated and the imposed Mach number distributions is obtained
after 4 blade modifications (fig. 3b). The final blade is compared to the NACA-65 blade in
figure 3c. One observes a thick leading edge, due to the velocity peak in the pressure side
leading edge region. This is not desirable because it leads to strong diffusion and subsequent
flow separation along the pressure side, as predicted by a boundary layer calculation.

A second design has been performed, starting also from the NACA-65 blade, but by modi-
fying both the pressure and suction side Mach number distributions (fig. 4a). Decreasing the
pressure side velocity in the leading edge region results in a lower average velocity, and in a
smaller leading edge thickness because continuity requires a smaller blade blockage. Conver-
gence to the required distribution is obtained after 3 modifications of the geometry (fig. 4b).
The initial and final geometries are compared in figure 4c. One can observe a thinner leading
edge and a shift of the maximum thickness location towards the middle of the blade.

Blade shapes designed by inviscid methods include the boundary layer blockage on the
pressure and suction sides. The physical blade geometry can be obtained by subtracting the
boundary layer displacement thickness from the so-called inviscid” geometry. The minimum
thickness of the "inviscid” blade, required to contain the boundary layer, can be calculated as
a function of the target velocity distribution before the design procedure is started.

The analysis of the boundary layer for the prescribed Mach number distribution shown on
figure 4b indicates that the boundary layer thickness at the trailing edge is of the order of 5%
of the chord length, which is larger than the total trailing edge thickness of the blade shown
on figure 4c and makes this blade unphysical. Increasing the trailing edge thickness is possible
by increasing both the suction and pressure side Mach number distributions in the trailing
edge region by the same amount (fig. 5a). The circulation is unchanged, resulting in the same
turning of the flow, but the bade thickness must increase to satisfy continuity. The redesigned
geometry is compared to the previous design in figure 5b and shows a larger trailing edge
thickness capable of enclosing the boundary layer and the mechanical thickness.

An off-design analysis of the second blade has been performed with the same solver, chang-
ing the incidence by + 2 degrees (fig. 6a and 6b). One can observe that the shock reappears.
Although the flow field is no longer shock-free, the off-design behaviour of the new blade is
better than that of the initial geometry.
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,— The third example illustrates the redesign of a transonic turbine blade. The starting geom-
etry is taken from the workshop VKI-LS 82-05 (Arts, 1982). The flow conditions are: PP=1
bar, Y = 278 K, 8, = 0 deg, M; = 1.1. The cascade geometry is defined by a stagger angle
of -60 deg and a solidity of 1.25.

The imposed shock-free Mach number distribution assures a monotonically increasing ve-
locity on the suction side (fig. 7a). Two modifications of the blade geometry are sufficient to
give good agreement between the calculated and the required Mach number distributions (fig.
7b). The original and final geometries are compared in figure (7c). Off-design distributions
are shown in figures 7d for an exit Mach number of 1.05 and 1.15 instead of 1.1.

The number of grid nodes used in the above examples ranges from 161x15 to 199x15. The
typical amount of CPU time for one blade modification is 15 minutes on an ALLIANT FX/8
computer with § processors.

CONCLUSIONS

The present method has been successfully used to design shock-free transonic blades. It
provides in few iterations results that could not be achieved using traditional direct methods
and empirical blade modifications.

The method combines the advantages of a pure inverse method, since the Mach number
distribution can be imposed on the blade wall, and the advantages of a direct method, allowing
good control of the geometrical parameters.

It has been shown how modifications of the required Mach number distribution influence
the blade geometry. Special attention was given to design trailing edges of sufficient thickness
to enclose the boundary layer blockage.

Off design analysis of designed geometries illustrate the difficulty of optimizing for more
than one operating point.
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ABSTRACT:

Based on Refs [3,4], the unified variable-domain variational theory of hybrid
problems for rotor-flow [1,2] is extended to fully 3-1) transonic rotor-flow with
shocks, wunifying and generalizing the direct and inverse problems. Three
varialional principle (VP) families have been established. All unknown boundaries
and flow discontinuities (such as shocks, free trailing vorlex sheets) are
successfully handled via functional variations with variable domain, converting
almost all boundary and interface conditions, including the Rankine-llugoniot shock
relations, into natural ones. This theory provides a scries of novel ways for blade
design or modification and a rigorous theoretical basis for finite clement
applications and also constitutes an important part of the optimal design theory of
rotor-bladings [6]. Numerical solutions to subsomic llow by finite elements with
sclf-adapling nodes given in Refs[16,19,22] show good agrecment with experimental
results.

NOMENCLATURE:

A total arca of boundary surfaces.

Ay inlet & outlet surfaces (Fig.1).

A, pericdic  boundary surfaces (Fig.l): A_-A,UA., , A, A, UAL
A\ZGJA;‘,UA;’Q.

Aoy free trailing wvortex sheets.

A, all solid boundary walls: A;=A UA,~ASUAS.

Ad hub- & casing annular walls: Aa=ASUAZ".

A, blade surfaces: A=A UAL".

dA, .. components of elementary area d; in r-, -, z- directions respectively,
dA =dA-n'.

As shock surfaces.

a sound speed.

C,W absolute, relative flow velocity respectively.

K,m specific heat ratio Cp/C, and m=(k-1)"'

M relative Mach number.

n outward normal unit vector.

p dimensionless pressure

q mass {lux pA.
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r,@,z and ir,lp,lz,

cylindric coordinates fixed on rotor and the corresponding unmit vectors.
R,S rothalpy & entropy.

§',6§° boundary position vector & its variation.

U U-w xr.

dv clementary volume dv=rdeydrdz.

L 4 potential function

W angular speed of the rotor.

Ac,A,4. demensionless forms of C,W,U respectively.
» dimensionless density.

Subscripts:

a,b annular and blade walls respectively.

d,u downstream and upstrecam respectively.

m circumflerentially averaged value.

n,7 normal & tangential components.

pr prescribed.

I,z radial, azimutihal and axial components respectively.

p pressure blade surface.

s suclion blade surflace.

LT parameters on (A, , A),) and (A}, , A}, respectively.

-t parameters just before & behind the interface or shock respectively.

Superscripts:

o restricted variation {[10].
* Nk known and unknown portions of the boundary respectively.

1. INTRODUCTION

Nowadays the design of advanced turbomachinery would be impossible without
using advanced aerodynamic theory and thereupeon based computational methods.
During the last decade much progress has been made in this field and a detailed
state-ofl-the-ar{ review is given in Refl.[5], which reveals that with few exceptions,
e.g. Refs [1,2,11-17], most of work done to date, however, are concerned with the
direct (analysis) problem, quasi-3-D flow model and mainly finite difference, finite
volume and streamline curvature methods. Owing to the lack of exact (classical)
variational principles (VPs) for rotor-flow finite element methods (FEM) used so
far are exclusively based either on Galerkin approach or on approximate VPs for
the linearized problem. It is the great progress and the widespread and fruitful
applications of the FEM in solid mechanics that motivated the present author in
the mid 1970’s to start a systematic search for VPs in fluid mechanics in general
[17,18] and in 3-D turbomachine flow theory in particular [1-4,8,11,12} with special
emphasis on inverse and hybrid problems in order to provide both a new rigorous,
sound theoretical foundation for FEM in computational aerodynamics of turbo-
machinery and a number of novel rational versatile ways for new blade design or
old blade modification. The hybrid problem is the one which, being a unification as
well as gcneralization of the traditional direct and inverse problems, is capable of
combining the merits of the two, while eliminating their shortcomings [1,2,11]. As a
result, a lot of VP families have been established first for the direct problem [8]

l_ and the hybrid problem [11-13,16] of quasi-3-D cascade flow. In extending them to
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fuly 3-D flow the major difficulties encountered were how to caplure all possible
unknown f{low discontinuitlies, such as shock waves, free trailing vortex sheets and
the unknown portions of the blade- and/or annular walls 1n inverse and hybrid
problems. Subsequently, a series of VPs in terms of potential or stream functions
for the direct problem of fully 3-D transonic potential and rotational flows with
shocks 1n rotors have been devcloped in Refs [3,4), and furthermore, a unified
vartational theory of various hybrid problems for fully 3-D incompressible rotor
flow has been presented in Ref.1] and extended to compressible flow i1n Ref.[2],
thereby a very powerful mathematical apparatus "the functional variation with
variable domain” being used to full advantage for handling abovementioned [llow
discontinuities. Successful numerical validations of such a theory have been
carried out 1n Refs]16,19,22] by using a new finite element with self-adapting nodes.

In the present paper, based on Refs [3,4], the wunified variable-domain
variational theory of hybrid problems for rotor-flow of Refs [1,2,16] is extended to
fully 3-D transonic flow with shock waves in rotors of axial, radial- and mixed-
flow types.

2+ BASIC AEROTHERMODYNAMIC EQUATIONS

Consider the fully 3-D subsonic and transonic potential, steady relative flow of
an inviscid fluid past a rotating blading with constant angular speed w (Fig.1).

For such potertial flows the nondimensional governing aerodynamic eguations
have the following form [3,4,7}:
Continuity equation:

V.(od) }{?("grih)ﬁﬁggf)ﬁ%’?_’,‘i)}4) (1)

Irrotationality of the absotute flow:

{2, ;.g_i, 221 {4r A+, A} @

First law of thermodynamics:

P, 1 2 2y )
a5 (A7 —AD)=] (3)

Homentropic equation:
p=p" )
Eliminating p in Eq.(3) via Eq.(4) yields:
p={1 — (4" — D} (3)

Using Eqgs. (2) & (3'), a full potential equation can be obtained from Eq.(1)
[2,3,4,7}

2 . 2 2 2 ?
(1 ;Mzr"—%L.g!‘:.ngm ~Mp2e MM, e
rr 3

ar? 0z? T drdp
2M.M, 82¢ \ o’ 1+(MP+Mu)2.8_4_>=
T 3zdp "M"M"'araz*’ r T )
where
llmz _L a_¢ 2 lai_ Z a;p 2—— 2 3”
P =l GG 5 — A HETY — AL, (3
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Mr"_'“"r /a:(ﬁ / [?I ,‘:'m’
ar

M,,=W,,/a=(}_.g$ —AD T

M.=W - /af—gg /pi/?‘r ,
(P4

Mo=wr;a=A, ;0"

in the present paper, just as in KRefs [1,2], the following three types of 3-D
hybrid problems (Ha »Ha), (Hg>Hy) & (He>Ha) are studied in detail, where, as
defined in Refs [1,2], e.g. (H_.<H,) denotes such a hybrid problem in which @ hybrid
problem of type C (M) 1s posed on the blade surface, while a hybrid problem of
type A (H,) is posed on the annular walls (IFig.2a). In other words, the first symbol
characterizes the problem type on the blade surflace, while the second symbol -----
that on the annular wall. As for the hybrid problems H,, H,,...., they are defined
in Table | for 2-D cascades [11,12,16), for the annular walls they are defined
similarly [1,2].

Table 1. Problem Classification (for the Blade Surface)

~ — - T T T T T TTT

Types Given conditions

Geometric I Aerodynamic ‘

H, Part of airfoil form 1{ Pressure distribution along remaining part

R . e B USSR

He

]l Blade loading distribution (ps - ‘I;s)

H¢ Airfoil thickness | Pressure distribution along suction surface
Il; distribution bi\"—c!'ociiy dlfference dlctrlbutnon (As - A;’

b | All cascade geometry | mone
I i none Pressure distribution along air—foil contour

Of course, the abovementioned three 3-D hybrid-problem types arec only some
typical ones taken as examples for consideration herein. Generally speaking, 3-D
hybrid problems cncompass a much wider variaty of types. They provides the
designer with a series of novel design tools, which cnable him to choose the most
suited problem types or their combinations for meceting various practical design
conditions at hand (e.g. aerodynamics, cooling, strength-vibrational and
technological requiements etc). As pointed out in Ref.l1], the three hybrid problems
studied herein per se embrace also very comprehensive special cases, which, to a
large extent, arc capable of fulfilling various practical requirements of bladc design
and which can be made cven much broader by posing different problem types on
different portions of the blade (or annular) wall (Fig.2b).

3. VP FAMILY FOR THE (H, H,)-PROBLEM

In the devclopment to follow, starting from the VPs for the direct problem
given in Refs [3,4] and employing the functional variation with wvariable domain
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r 1,4}, we present a unified variational theory of hybrid problems for fully 3-D —‘
subsonic and transonic flows with shocks.
Proceeding similarly to Ref.1l] leads to the following results without going into
details.

VP |: The solution to the (Ha - 'Ha)-problem of 3-I) sub- and transonic rotor-flow

makes the lunctlional J, stationary: 6J,-0, where ¢, ALY, ALe As should be varied
independently.

J (@AY ALLAL) LALLM, (6)

where

[ . 1 ,0®\ 2 > 2A. ad\rm
K1,= ”pdv;”J{wﬁu%‘f) a3+ G2y 2 Pbmav

vy 1)

-
L~J (qr)p PdA —--J J(tb“ - AP, KpAR)dA

1A} fAL,)

- LAA:J J (B,g)prgdA +J J (,P{)prEdA-

.. .o

ing’) LA

With all unknown boundaries or interface A%, A. and A,, treated by the mecthod
of functionnal variations with variable domain {1,4] the following set of
stationarity conditions for J; can be derived from 6J,-0:

Luler’s eq.: IEq.(5)
Natural boundary conditions (B3.C.):
on Apir pAu=(quer,
on A, {pA)=(pA)” , @7 —@ - AP,
leading to the circumferential periodicity of all flow paramecters.
<l AZG: (//An)‘l(p/lu)” "U, P’—P” ’
They are just the interface conditions on the freec tratling vortex
sheets.
on As: Using #_-¢_, as an essential (enforced) interface condition, we have
(0/37). ~(3#/37),, that is, the tangential velocity components at
both sides of the shock are equal:

(A7)_=(4), (7a)
So we obtain the following natural interface conditions:

(pAR)_~(pAL), (7b)

(p/K+pA%)_~(p/K+pAL), (7c)
In addition, from Eq.(3) we can write

R_=R, (7d)

Obviously, Eqg-s (7a)-(7d) are none other than the well-known
Rankine-Hugoniot shock relations [3,4].

on Ay: pA.= 0.
on A:*: pA.= 0, and pr={pn)p -

on A!": pA.- 0, and p=ppr .
I_ Thus, it has been shown that from this VP 1 actually the full potential
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equation (5) together with aimost zli boundary conditions for the 3-D (H, - H,)-

problem can be derived naturally, and all unknown surface (ec.g. shocks, free

trailing vortex sheets and unknown walls) can be determined using e.g. 'EM.
Applying a constraint-rem: ving transformation [17), the above VP | can be

extended tc the following generaliczed VP(GVP).

GVP 1i: The solution to the above 3-D (H, - Ha)-problem makes the [lollowing

functionsl J,, stationary: é6J,.=0, with independent variations of @, A’, p, o, A", A

and A _,.
1 AP AP0 AT AL A=+ LA ()

where

A " - N mp. . >
-, IJJ{QA TP ,E(A HAA2AAYARPI dnlp 27 mafdv
[AVA}

In a way simular to the above one 1t can be shown that frem é6J,, 0 the
following setl of natural conditions results:
Eular’'s equations: Egs (1)-(4).
Natural B.C.: All the same as those of VP 1.
Subgeneralized YPs (SGVPs):

Via a constraint-recovering transformation i), from OGVP Il a family of
subgencralized VPg can be derived, one of which 1s the foregoing VI° 1.

1. VP FAMILY IFOF ']},”_':__(H_B AXHA)-PRPOBLEM
In this case the B.C. on the annular walls remain the same as thosce of the

{H, ~Hp)-problem, while the B.C. on the blade surface become:
(1) Blade thickness distribution given by

oo P Bl (9A)
(i1} blade-leading distribution given by
Pr—DP- )
e =gplr,z) (913

where gq(r,2) and gp(r,2) are prescribed functions.

Proceeding in just the same way as in the f{oregoing scction, we can establish
the following VP Tamily for the (HgXHp)-problem, which differs from that lor the
(Ha XHu)-problem only in that the boundary integral term LA* now should be
replaced by the following LBA:

e [ J (‘i?)r'g-d';*J Jg,, A, (10)

(AS") (Aple

imposing 1:g.{Y9A) as an essential B.C.. In Iq.(10) the symbo! (A,). stands for the
suction bladec surface. In this way we obtain the following VP famiiy.
VP Ill: The solution to the (HyxXHu)-problem of 3-D sub- and transonic rotor-flows

makes the funclions J,,, stationary: éJ,,,=0, thereby @&, Al*, As, A, and A,, should
be varied independently.

3, (@A AL A AL -] +L+L", (11)

It is easy to verify that from 6J,,,-0 the same lLiuler’s equation and naturai
B.C. set as those of VP | can be derived with the only exceplion that the natural
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B.C. on the blade surface A, has now become 1:q.(9B).
GYP I¥V: The solution to the above 3-1D (H, - Hp)-problem makes the f[ollowing

functional J,, stationary: 6J,, =0 with independent variations of @, 4, p, o, A", Ay,
A. and A_,.

3,08, 000, AL A LA GA L=, FLHLEA, (12)

I'rom éJ,,- 0 the same Luler’s equations and natural B.C. set as those in GVP I
follow excepl only that the natural B.C. on the blade surlace has become F.qg. (3B).

SCGVP Family: By means of a constraint-recovering transformation [17] a family of
SCVPs can be derived from the GVP IV, including also the VP (Il

5. VP FAMILY FOR THE (He < Ha)-PROBLIEM
Here the B.C. on thec annular walls still remain unchanged as before, while the

B.C. on the blade surface arc now given as {ollows:

(i) blade thickness distribution given by Eq.(9A):

(ii) pressure distribution along the suction blade surflace:

Ps= !Lp‘u‘(rﬁ-)—)lp( (13)

To establish the VP family for the (I »Ii,)-problem, we proceed similarly as
above. It turns out that this VI family differs from that for the (H, .- Ha)-problem
only in that the boundary integral term |L2* should be replaced by the following
L=

Int ” — - I;) - Psy — e
[.oA- [ J’ ('r;)(‘)prs -dA+J j(l‘,{"') s -dA, (14)
‘A.:’ 1AL

while the Lq.(9A) should be trealed as an enforced B.C.. In Eq.{14) the superscript
0’ denotes that Lhe ‘restricted variatlion’ [10]} should be taken. Thus, we have:

VP V: For the (Hg XHp)-problem 8J,=0 with independent variations of @, Al', A, As
and A., holds, and

J (DAL A pAsArg)~1,+L+L"A, (15)

VP VI: For the (Hq. XH,)-problem éJ,,=0 with independent variations of &, /T. P, 0
Az', Ap, As and A, holds, and

3y (DA ,D.0, A A b A, A =1, +L+LEA, (16)

SGVE  YFamily: Applying the constraint-recovering transformation {17, we can
derive a SGVP Family for the (H. xHp)-problem from GVP VI, including alsc the VP
V.

[t car be shown similarly as in previous sections that the Luler’s equatlions
and the naturall B.C. sets of the VP V, GVP VI and its derived SGVP family are
the same as those of the VP I, GVP Il and its derived SGVP family respectively,
excepl that the natural B.C. on the blade surface now has become [ig.(13).

6. SOME: GENERAL REMARKS

1) It is casy to see that the traditional direct problem (D~ D) [3,4] and inverse
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problem (I -1} arc simply two special cases of the (H, -H,)-problem, corresponding
to ALY € and AL-0 respectively. Accordingly, by setling AT -0 all VPs developed
herein reduce to those presented previously in Refs [3,4).

2} If, alternatively, the B.C. on the upstream periodic boundary A_, (namely
¢7-¢+AP,) s impoused as essential B.C., the boundary integral terms on Al
involved 1n L of all VPs should be dropped accordingly.

3) An alternatve approach to handling free trailing vortex shects A,y 1s also
possible by taking formally no variation of A,, though A,, is unknown, but the
interface conditions on A,y (namely A;-A4,,-0, p--p”) are enforced as esscnlial ones
[21].

4) As stressed in Ref.[l1], sufficient attention should be paid to a rational

choice of the position-variation 65’ of the unknown boundaries A% and A,y for

facilitating the practical computation of (6é;'~dK) & 48J, G I~V Some

recommendations on this point are available in Ref.[1] and, of course, also valid for
the present casec.

For better shock-capturing a special linite clement with sclf-adaptive build-in
discontinuities is very promising and is now being under development.

The numerical solutions to the problems [(H,+D)~ D] & [(H_+I)) -} obtained
for subsonic flow by finite elements in Refs.[19,22] show good agrecment with
cxperimental results.

8. CONCLUSIONS

The unified theory of 3-1> hybrid probiems of Refs {1,2] has been extended to
transonic flow with shocks. This theory is primarly aimed at providing, firstly, a
new rigorous lheoretical basis of blade design for use 1n FEM and other direct
variational methods (e.g. Ritz's method, Kantorovich’s method) and, secondly, a wide
variety of new rational versatile ways for new blade design and old blade
modification. It also constitutes an important ingredient of thc optimal design
theory of 3-D rotor-bladings {6]. Based on the VPs for the direct problem of 3-D
rotaticnal flow [3,4], the present theory can be extended also to 3-I rotational
flow. This wil! be presented in a companion paper.

ACKNOWLEGEMENT:

This research is supported by the National Natural Scicnce Foundation of
China.

REFERENCES

(1] Liu, G.L.: A unified theory of hybrid problems for fully 3-D incompressible
rotor-fiow based on variational principles (VPs) with variable domain, ASME
J.Engrg for GT & Power, Vol. 108, 2 (1986), 254-258.

{2] Liu, G.L.: A variational theory of hybrid problems for fully 3-D compressible
rotor flow: A unified variable-domain approach, Comput’l Fliuid Dynamics,
G.d.V. Davis & C. Fletcher, ed., North-Holland, (1988)473-480

[3] Liu, G.L.: VPs & generalized VPs for fully 3-D transonic rotor-flow with shocks,
Proc. of the 6th Int. Symp. on FEM in Flow Problems, June 1986, Antibes,
France, 125-130.

[4] Liu, G.L.: VPs and generalized VPs for 3-D transonic flow with shock waves in a
rota