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Abstract

Christopher J. Riley: An Engineering Method for Interactive Inviscid-Boundary

Layers in Three-Dimensional Hypersonic Flows. (Under the direction of Dr. Fred R.

DelJarnette.)

An engineering method has been developed that couples an approximate three-
dimensional inviscid technique with the axisymmetric analog and a set of approximate
convective-heating equations. The displacement effect of the boundary layer on the
outer inviscid flow is calculated and included as a boundary condition in the inviscid
technique. This accounts for the viscous interaction present at lower Reynolds num-
bers. The method is applied to blunted axisymmetric and three-dimensional elliptic
cones at angle of attack for the laminar hypersonic flow of a perfect gas. The method
is also applied to turbulent and equilibrium-air conditions. The present technique
predicts surface heating rates, pressures, and shock shapes that compare favorably
with experimental (ground-test and flight) data and numerical solutions of the Navier-
Stokes and viscous shock-layer equations. In addition, the inclusion of the viscous
interaction significantly improves results obtained at lower Reynolds numbers. The
new technique represents a major improvement over current engineering aerothermal

methods with only a modest increase in computational effort.
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Nomenclature

Units for symbols are given in Appendiz A.

ABD,J geometric factors

B,C,D,b c,d conic section parameters (wind axes)

B,b conic section parameters (body axes)

B ratio of velocity gradients at stagnation point
Cy local skin friction coefficient (see Eq. H.2)

C, specific heat at constant pressure

¢1,C2,Ca,Cq, ¢5 turbulent heating equation parameters

e error between calculated and geometric shock layer thickness
e;, ef tangential unit vectors on body surface

€;,€,,€; unit vectors of cylindrical coordinate system (wind axes)

ez, €r, €z unit vectors of cylindrical coordinate system (body axes)

€, €y, €, unit vectors of Cartesian coordinate system (wind axes)

ez, €5, €; unit vectors of Cartesian coordinate system (body axes)

€, €3,€, unit vectors of shock-oriented coordinate system

e; €5, €5 unit vectors of streamline coordinate system

f radius in wind axes

f radius in body axes

xi



hy,h:
hf7hﬂ

hg, hs

R, R,

Rﬁa Rf

cosT’

total enthalpy

enthalpy

scale factors in stagnation region

scale factors of shock-oriented coordinate system
scale factors of streamline coordinate system
thermal conductivity

reference length

Mach number

heating equation parameter

velocity profile exponent

coordinate normal to shock

coordinate normal to body

position vector

Prandtl number; Pr= &gﬂ

pressure

heat transfer rate

radius of curvature

Reynolds number; Re = %L

shock principal radii of curvature at stagnation line

body principal radii of curvature at nose

xii



L]

xiil

specific gas constant

entropy

Qw

Stanton number; St = ete(Paw — Pw)

distance along shock line

distance along body surface

temperature

time; time-like variable of integration

velocity components in stagnation region

velocity components of shock-oriented coordinate system
velocity components of streamline coordinate system
velocity magnitude

velocity vector

weighting function in transition region

cylindrical coordinate system (wind axes)

cylindrical coordinate system (body axes)

Cartesian coordinate system (wind axes)

Cartesian coordinate system (body axes)

angle of attack

surface angle relative to wind axes

surface angle relative to body axes

ratio of specific heats
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boundary layer thickness

boundary layer displacement thickness

surface angle in circumferential direction (wind axes)
surface angle in circumferential direction (body axes)
determines axial distance from origin where integration of shock
variables begins (see Appendix D)

stream function ratio, ¥/¥,

boundary layer momentum thickness

inclination angle of surface streamlines

shock curvatures

viscosity

shock coordinates

streamline coordinates

transformed shock coordinates

density

surface angle, ¢ — 8,

surface angle, ¢ — 6,

skin friction

stream functions (shock coordinates)

stream functions (body coordinates)



Subscripts

aw adiabatic wall

b body

beg beginning of transition region
e boundary layer edge
end end of transition region
geo geometric

1 marching step

inc incompressible

L laminar

n nose

ref reference

s shock

T turbulent

w wall

0 stagnation point

00 freestream conditions
Superscripts

* reference value

/ dimensional quantity



1 Introduction

The thermal design of hypersonic vehicles involves accurately and reliably pre-
dicting the convective heating over the surface of the vehicle. Such results may be
obtained by numerically solving the Navier-Stokes (NS) equations [1] or one of their
various subsets such as the parabolized Navier-Stokes (PNS) [2] and viscous shock-
layer (VSL) equations {3, 4, 5] for the flowfield surrounding the vehicle. However, due
to the excessive computer run times and storage requirements of these CFD (compu-
tational fluid dynamics) approaches, they are impractical for the preliminary design
environment where a range of geometries and flow parameters are to be studied. Even
coupled solutions of the outer inviscid region described by the Euler equations and the
inner viscous layer described by the boundary layer equations may be too computer
intensive for preliminary design [6, 7).

On the other hand, engineering inviscid-boundary layer methods [8, 9, 10, 11] have
been demonstrated to adequately predict the heating over a wide range of geometries
and aerothermal environments. Various approximations in the inviscid and boundary
layer regions reduce the computer time needed to generate a solution. This reduction
in computer time makes the engineering aerothermal methods ideal for parametric
studies.

The approach followed by the existing engineering methods is similar to a “classic”

boundary layer analysis. The inviscid flowfield is calculated and that solution controls



the viscous boundary layer solution. In this decoupled approach, the viscous layer is
assumed to have a negligible effect on the outer inviscid region. This assumption is
accurate for relatively high Reynolds number flows where the boundary layer is thin
compared to the shock layer. At lower Reynolds numbers, the thicker boundary layer
displaces the outer flow and increases the surface pressure. These changes in the pres-
sure may also significantly increase the heat transfer. The displacement effect of the
boundary layer on the outer inviscid layer is called viscous interaction [12]. Neglect-
ing the viscous interaction at these lower Reynolds numbers may lead to inaccurate
results.

Two of the simpler engineering methods that are currently used are AERO-
HEAT [8, 9] and INCHES [10]. Both use the “axisymmetric analog” concept [13]
which allows axisymmetric boundary layer techniques to be applied to three-
dimensional (3-D) flows provided the inviscid surface streamlines are known. AERO-
HEAT calculates approximate streamlines based solely on the body geometry.
INCHES uses an approximate expression for the scale factor in the windward and
leeward planes that describes the spreading of surface streamlines. Circumferential
heating rates are then generated by an empirical relation. Another area of approx-
imation is the surface pressure distribution employed by the engineering methods.
AEROHEAT assumes modified Newtonian theory which is inaccurate for slender
bodies, whereas INCHES uses an axisymmetric Maslen technique [14, 15]. The defi-

ciencies and limitations of these approximations to the surface streamlines and pres-



sures in the engineering aerothermal methods, along with their corresponding effects
on the surface heat transfer, have been documented in Refs. [16] —[18].

To address these limitations and improve the capability of the engineering methods
for lower Reynolds number flows, an engineering, interactive inviscid-boundary layer
method for 3-D hypersonic flows has been developed. Jackson {19} developed a similar
technique for 2-D and axisymmetric flows. The present method includes a simplified
inviscid technique for computing the 3-D outer flow, a method of computing surface
streamlines that allows the use of any axisymmetric boundary layer technique for the
viscous solution, and an improved coupling between the viscous and inviscid solutions.
This coupling of the two regions accounts for the viscous interaction effects.

The approximate 3-D inviscid method {20, 21, 22] employed here is more accurate
than modified Newtonian theory and has a wider range of applicability than the
axisymmetric Maslen technique. The inviscid method uses two stream functions that
approximate the actual stream surfaces in the shock layer and a modified form of the
Maslen second-order pressure equation [23]. Inviscid flowfields have been calculated
over 3-D blunted noses as well as 3-D afterbodies with reasonable accuracy [22]. In
addition, the method is much faster than numerical solutions of the inviscid (Euler)
equations [22]. The first portion of the paper outlines this approximate inviscid
technique.

Improved surface streamlines are calculated based on both the body geometry and

surface pressure distribution. (Although the stream surfaces in the inviscid method



define surface streamlines, they are approximate and are not constrained to give the
correct streamline directions on the body surface.) With the streamlines known, the
axisymmetric analog allows axisymmetric boundary layer methods to be employed
along each streamline. In lieu of numerically integrating the boundary layer equations,
a set of approximate convective-heating equations developed by Zoby [24] is used for
the viscous solution. This keeps computer costs to a minimum. The displacement
effect of the boundar); layer on the inviscid flow is computed and included as a new
boundary condition in the inviscid technique. The later chapters present derivations
of the surface streamline and convective-heating equations as well as a description of
the inclusion of the effects of viscous interaction.

Results including shock shapes, surface pressures and heating rates are presented
for spherically-blunted and 3-D elliptic cones at angle of attack for laminar and turbu-
lent conditions. Both perfect gas and equilibrium-air flows are considered. Compar-
isons are made between results of the present technique, more exact methods (Euler,
VSL, and NS), and available experimental data to demonstrate the accuracy and

capability of the present engineering technique.



2 Inviscid Analysis

This chapter outlines the approximate technique used in the outer inviscid re-
gion of the shock layer. Although much of this material has been presented previ-
ously [20, 21, 22, a detailed description of the method is given for completeness. All
variables used in the analysis are nondimensionalized by the reference quantities given

in Appendix A.

2.1 Coordinate Systems

The three-dimensional shock surface can be represented by
r=f(z,4) (2.1.1)

where (z,7, ¢) are cylindrical coordinates with corresponding unit vectors (ez,er,ez5).
The z axis is aligned with the freestream velocity vector and is normal to the shock
surface at the origin. Two angles, 64(z, ) and I'(z, ¢), describe the shock wave shape

and are defined as

tandy = 1of tanl' = of cosby (2.1.2)

fo¢ Or

An additional angle that is useful in dealing with Cartesian coordinates is given by
o = ¢ — 6. All angles are shown in Fig. 2.1 and Fig. 2.2. For the special case of
axisymmetric flow, r = f(z), ' = I'(z), é4 = 0, and o = ¢.

Next a shock-oriented curvilinear coordinate system (¢, 3, n) is defined where £ and

3 represent coordinates of a point on the shock surface and n is the inward distance



Figure 2.1. Shock wave geometry: side view.

-
N

Figure 2.2. Shock wave geometry: rear view.
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normal to the shock. Differential arc lengths along each coordinate direction at the
shock are he d€, hg dB, and dn where hg and hg are scale factors for the corresponding
coordinates. This coordinate system is well-suited for hypersonic flow (Mo > 1) and

thin shock layers.

The unit vector in the normal direction is defined by

_-VF |
e, = W (2 1 3)

where
F(z,r,¢)=1— f(z,4) =0 (2.1.4)

The remaining unit vectors, e¢ and eg, are tangent t0 the shock surface and are chosen
such that e is in the direction of the tangential velocity just inside the shock surface.
Since the tangential component of the freestream velocity is unchanged across the
shock wave, the unit vector e; may be found by subtracting the normal velocity from

the freestream velocity as

es — (e - en)en (2.1.5)

ey =
¢ lex - (et ‘ en)en|

The unit vector eg is then defined to be perpendicular to e; and e, and is given by
ez =e, X € (2.1.6)

Lines of constant 3 are shown in Fig. 2.3 and Fig. 2.4. By using Egs. (2.1.1)~(2.1.6),



oD

Figure 2.3. Shock-oriented curvilinear coordinate system: side view.

the unit vectors of the curvilinear coordinate system become

e; = cosl'e; + sinl coséy e, — sinl'sindy ey
e; = sindye, + cosbsey (2.1.7)
e, = sinl'e; — cosI'coséye, + cosl'sindy ey

Written in Cartesian coordinates,

e¢ = cosl'e; +sinl cosoe, + sinl'sinoe,
e = —sinoe, + cosoe, (2.1.8)
e, = sinle; — cosl cosoe, — cosl'since,

Although this curvilinear coordinate system is orthogonal at the shock surface, it is

nonorthogonal within the shock layer for a general three-dimensional shock. However,



Figure 2.4. Shock-oriented curvilinear coordinate system: front view.

for thin shock layers, orthogonality may be assumed in the outer inviscid region. The
nonorthogonality of the curvilinear coordinate system is only important near the
body surface in the boundary layer. The transformations between the curvilinear,
cylindrical, and Cartesian coordinates on the shock surface and in the shock layer are

detailed in Appendix B.

The velocity is defined in terms of the unit vectors at the shock as
V = ue; + ve, + weg

From the definitions of e¢ and e, the crossflow velocity component at the shock, w,.

is equal to zero.



10

2.2 Governing Equations

In this section, the governing conservation equations for a steady, inviscid, and
adiabatic flow are developed in the curvilinear coordinate system. By examining the
shock layer geometry, approximations are made that allow for a simpler solution of

the outer inviscid flowfield.

2.2.1 Stream Functions
The continuity equation for three-dimensional flows is given by
V-(pV)=0
This equation may be solved by the introduction of two stream functions as
pV =VU x Vo

where U and ® represent the two stream functions [23]. Intersections of these stream

functions define streamline paths.

Rewriting this equation in the shock-oriented curvilinear coordinate system yields

T T
Pubes = 8on ~ on 0B
ovoP 0V 0P
- - 99
pvhehg AB 998 08 O (2.2.1)
ovod 0V o
p’whg.A = —6—7-’;6_6—6_5_6—71

where the coordinate system is assumed to be orthogonal and the geometric factors

A and B are derived in Appendix B. They are given by

A=1-nke B=1-nkg
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where x¢ and kg represent the curvatures of the shock surface in the é-n and 3-n
planes, respectively. As noted in Refs. [14] and [23] for blunt bodies at hypersonic
speeds, most of the mass flow is near the shock wave where the velocity component w is
small. A simplifying assumption for the outer inviscid layer is that w = 0 throughout
the shock layer. From Eq. (2.2.1), it is seen that ®(8) satisfies this assumption. Thus,

if ® is set equal to 3, ¥ becomes

A (2.2.2)
on
ov
3 = pvhehgAB (2.2.3)

These definitions of ¥ and ® are not unique, and because of the above assumption,
they satisfy the exact flowfield equations only at the shock wave. The intersections
of planes of constant 3 with the shock surface are referred to as shock lines. Shock
lines are in the direction of the ¢ coordinate, and for axisymmetric flow, planes of

constant 8 are meridional planes (see Figs. 2.3 and 2.4).

2.2.2 Pressure Equation
The momentum equations for steady, inviscid flow may be written as
1
V.-VV = —;Vp (2.2.4)

Writing these equations in the (¢, 3, n) system gives the following momentum equation

normal to the shock (assuming w = 0):

E i?.l.)..i.un +v_a.2—_lgl.)_ ( *
A \ he 08 ¢ on~  pon -

[S]
[ ]
(@3]
S
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Now transform this equation from the (§, 3,n) system to a new set of computational

variables (£, 3,7) where

By letting ¥ = 0 define the body surface, = 1 on the shock and n = 0 on the
body. Using the chain rule of partial differentiation, the partial derivatives in the two

coordinate systems are related by
o (E)24(2)54(2)2
oc — \ot)of \o¢)ap  \o¢) on
o _ (%) 0 (03) 0 (n)0
an ~ \on/ 5 05 " \on) o
Note that since no derivative with respect to § appears in the normal momentum

equation, its partial derivative is not included here. With the help of Egs. (2.2.2)

and (2.2.3), the partial derivatives become

o _ 0 hf 3 A 5
9 _ _P“hﬂBE (2.2.7)
on v, Oy
Substitute the transformation into Eq. (2.2.5) to obtain
op V¥, 1 v (pv),s Ov 59 g
By~ hsAB (h¢ 5" “"‘) " AB oy (2.28)

By substituting n into Eqgs. (2.2.6) and (2.2.7), an expression for the velocity compo-

nent v normal to the shock can be obtained and is given by

ulon  (pv),
A58 T oAB (

no
o
Ne)
e

v =
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The only assumptions used in Eqs. (2.2.8) and (2.2.9) are that the velocity com-
ponent w is equal to zero throughout the shock layer and that the curvilinear coor-
dinate system is strictly orthogonal. To obtain explicit expressions for the pressure
and normal velocity component, additional assumptions are required. The following
approximations, which are consistent with the simplifications in Refs. [14] and [23],

are valid for hypersonic flow and thin shock layers:

on
s = (&) 0
0ps
U X Uy a£~0
Ov
Ax1 52~0
B=x1

Relations for the derivative of the scale factor hg (see Appendix B) and the velocity
components at the shock (see Appendix C) are also needed to reduce Eqs. (2.2.3)

and (2.2.9) to their final form. They are given by

1 Ohg _ sinl fo
hehg 06~ hs 9B

and
sinl’
Ps

uy = cosl’ vy =

Equations (2.2.8) and (2.2.9) can now be written as

P(éaﬂan) = ps(éa B) +p1(§~a /B) [77 - 1] + p2(£a ) [7]2 - 1] (2210)
v(€,B,n) = vs(€,8) +vi(é,B) In—1] (2.2.11)
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where
P _ \I’,U,Kf
1 hs
_ \I!,v,tzmI‘("C + Kp)
_ \I’ava ( + )
u= hg cos' Fe T R

The pressure and normal component of velocity can now be found explicitly along a
line normal to the shock surface, since all variables in Eqs. (2.2.10) and (2.2.11) are

evaluated on the shock. Keep in mind that Eqs. (2.2.10) and (2.2.11) are approximate.
2.2.3 Other Relations

The energy equation for steady, adiabatic, inviscid flow reduces to the simple

relation that the total enthalpy of the flow is constant:

H= h+%(u2+v2) = Hy (2.2.12)

Also, for inviscid equilibrium or frozen flow, the post-shock entropy is constant along

a streamline. This may be expressed as
§=5(¥,8) (2.2.13)
whereas the equations of state are of the form
p=pp,S5) h = h(p, 5) (2.2.14)

The distance from the shock surface to the body is calculated by integrating Eq. (2.2.2)

and noting that the geometric factor B is a function of n as given in Appendix B.



This yields a quadratic equation for the distance ny:

2
ny’Kg ‘1’,/‘ dn 00 1F
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Equations (2.2.10)-(2.2.15) provide expressions for the pressure, density, enthalpy.
the velocity components u and v, and shock layer thickness. When combined with

the properties at the shock (see Appendix C), they form an inverse method: for an

assumed shock shape, the corresponding body shape is calculated.
2.3 Method of Solution

The procedure for solving the approximate inviscid flowfield equations,
Egs. (2.2.10)-(2.2.15), is outlined in this section. Since the method is an inverse
one, the shock shape must be changed until the correct body shape is produced. The

resulting iteration procedure is handled differently in each region of the flow.
2.3.1 Subsonic-Transonic Region

In the stagnation region of a blunt body traveling at hypersonic speeds, the flow is
subsonic and the flowfield equations are elliptic. Thus, the shock shape for the entire

subsonic-transonic region must be determined globally.

In this investigation, the blunt nose of the body is represented by a longitudinal

conic section with an elliptical cross section as

sz—(iaé)
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shock

Figure 2.5. Shock and body axes.

where

F2(B cos?¢ + sin?@) = 27 — bz (2.3.1)
and the bars indicate that the conic section parameters and coordinates refer to the
body with e; aligned with the body axis and not the wind axis (see Fig. 2.5). The
nondimensional nose radius in the z — Z plane is equal to unity. The parameter
B governs the ellipticity of the body cross section and for B = 1, the shape is
axisymmetric. The parameter b determines the longitudinal shape of the body. Values
of b greater than zero produce ellipsoids, equal to zero produce a paraboloid, and less
than zero produce hyperboloids. A value of b equal to one produces a sphere provided
B is also equal to one.

Van Dyke and Gordon [25] suggest that a conic-section body shape produces a
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shock surface that can also be described by a conic section. Therefore, represent the

three-dimensional shock surface in the subsonic-transonic region by three longitudinal

conic sections blended in the circumferential direction with an ellipse as

r=f(z,9)
where
fY[B(z) cos’¢ + sin’¢] + fC(z) cos¢ = D(z) (2.3.2)
i
BE) = 75
C(z) = B(=)(fs—fi)
D(z) = f
and
fE+ bz = 20z + 2dpz fi = 0 k=1,2,3 (2.3.3)

The index k refers to the 0, 90, and 180 deg meridional planes, respectively, in the
wind-oriented system. Cheatwood and DeJarnette [26] follow a similar approach in
curve-fitting body geometries. One advantage to this approach is that parameters
are added by blending more conic sections with additional elliptic arcs. A limitation
of using this shock shape is that the sonic line must remain on the blunted nose. On
very blunt geometries (e.g. 60 deg sphere-cone), the sonic line is located at the end
of the afterbody and the shock contains inflections in the axial direction. This shock

fit does not allow for inflections.
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The parameter b governs the shape of the conic section in the same manner as
the body parameter b. The parameter c determines the scale of the shock relative
to the body and the parameter d represents the rotation of the conic section. The
requirement that the shock curvature at the origin is continuous in the planes of

symmetry (¢ = 0,180 deg) leads to the constraint that
=0
Additional constraints are placed on the coefficient d:
dz = —d, d, =0

These restrictions imply that the shock shape in the windward (¢ = 0 deg) and
leeward (¢ = 180 deg) planes of symmetry may be rotated, but there is no rotation
of the shock shape in the side (¢ = 90 deg) meridional plane. Thus, the total number

of parameters governing the shock surface is reduced from nine to six.

The iteration procedure for determining the six shock surface parameters is as

follows:

1. Assume initial values for the six shock shape parameters by, b, b3, ¢1, ¢z, and

d,. For an axisymmetric flow, the only parameters are b, and ¢;.

9. Determine initial values for the shock line variables (z,r, ¢,sinl’, kg, ¥,) from
the limiting form of the shock shape, Eqgs. (2.3.2) and (2.3.3), in the stagnation

region. The initial values are given in Appendix D.



19

3. Calculate the shock standoff distance on the stagnation line (origin of the wind-
oriented coordinate system) from the limiting form of Eqs. (2.2.10)-(2.2.15) on

the stagnation line. Its derivation is also outlined in Appendix D.

4. Integrate the shock line variables along three shock lines (8 = 0,90, 180 deg)
from the stagnation region to the end of the subsonic region. Only one shock
line is needed if the flow is axisymmetric. The derivatives of the shock line

variables are obtained from Egs. (2.1.2), (2.2.3), (B.6), (B.12), and (B.17) as

g_‘:. = cosT (2.3.4)
gg ~ sinl cosbs (2.3.5)
.‘;_f _ _S'Lnl:i‘ﬁi (2.3.6)
Bsai:F = —kgcosl (2.3.7)
%hsﬁ = hgrgtanl’ (2.3.8)
"’6‘1;’ hy siaT (2.3.9)
where
9_190
ds ~ he 0

To insure that the axial location is the same for each shock line, transform the

distance along a shock line, s, to a time-like variable along a shock line, ¢, using

0 z 0

ot cosT Os

This transformation allows derivatives in the ¢-direction to be found more con-

veniently and also results in well-behaved derivatives near the origin. The
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integration scheme is detailed in Appendix E. Shock angles and curvatures
are calculated from the assumed shock surface using Egs. (2.1.2), (B.6), (B.7),

and (B.17).

_ After each integration step, calculate the shock standoff distance n; for each
shock line using the shock layer equations. A geometric distance g, 18 also

found by projecting a normal line from the assumed shock surface to the known

body shape.

. Stop the integration when the surface (¥ = 0) Mach number is supersonic on

each shock line. A typical value for M, 1s 1.05.

. Compute the error between the calculated body shape and the known body
shape for each of the three shock lines. Errors in body position and slope are

estimated at the last integration step and are given by

1y an
o =( ) 1 . =( ) -1
k k

Nbgeo / isub ViTibgeo / igub

where V is the backwards difference operator and isub represents the last inte-

gration step.

_ Use the error in the body shape to obtain improved shock surface parameters
from a quasi-Newton nonlinear equations solver. The above steps are then
repeated until the error between the calculated and known body shape is within
a prescribed tolerance. Consequently, the calculated body shape is constrained

to match the given body shape at only a few points.
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9. Once the shock surface has been determined, the shock variables are integrated
along all shock lines (as determined by the user) from the stagnation region to

the end of the subsonic-transonic region.
2.3.2 Supersonic Region

Once past the transonic region, the flow is totally supersonic and a marching
scheme is well posed. The shock surface and resulting shock lines from the transonic
region form a starting solution for the marching procedure. The general marching

procedure is as follows:

1. Starting at z;, predicted values for the shock variables (r,®,sinl’, hg, ¥,) are
obtained at z,;; for each shock line using Egs. (2.3.5)-(2.3.9). In the supersonic
region, it is not necessary to use the time-like variable ¢. Instead, transform to

the axial coordinate  using

o _19
dz ~ cosT Os
. ... 0Oc : .
2. The angle 6, and the derivative T are computed using the predicted values of

the shock radius. These derivatives may be calculated from finite differences in
the circumferential direction. Smoother derivatives are obtained by fitting the

shock radii with an ellipse in a least squares sense and then differentiating the

ellipse.

3. On each shock line, the local shock curvature ¢ is varied in Egs. (2.2.10)-

(2.2.15) until the calculated shock layer thickness matches the geometric thick-
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ness. Convergence usually requires two or three iterations with the secant

method.

. The above steps are repeated for the corrector step using the new values for the

shock curvature x¢.

. Upon completion of the corrector step at zi4y for each shock line, predicted
values for the shock variables are obtained at z,., and the entire process is

repeated.



3 Viscous Analysis

In this chapter, the analysis of the viscous region near the body surface is detailed.
An overview of the method is given in Ref. [27]. Because the viscous region is assumed
to be thin in comparison with the shock layer, the appropriate governing equations are
the 3-D boundary layer equations. These equations may be found in most textbooks
concerning viscous flow (such as Ref. [28]), so they are not repeated here. Properties at

the boundary layer edge are obtained from the inviscid solution previously described.
3.1 Axisymmetric Analog

The 3-D boundary layer analysis is simplified by using the axisymmetric ana-
log [13] as is done in most engineering aerothermal methods. The full equations are
first written in a inviscid surface streamline coordinate system. The crossflow velocity
component tangent to the surface but normal to the streamline is then assumed to
be equal to zero throughout the boundary layer. This assumption, which is similar
to the approximation of w = 0 used in the outer inviscid region, is accurate when
the streamline curvature is small [29] or when the wall is highly cooled [30]. The 3-D
boundary layer equations reduce to their axisymmetric form, provided the distance
along the streamline is substituted for the surface distance and the scale factor de-
scribing the divergence of the streamlines is interpreted as the axisymmetric body

radius. This approach allows any axisymmetric boundary layer method to be used.
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3.2 Inviscid Surface Streamlines

Before applying the axisymmetric analog, inviscid surface streamlines are com-
puted from the approximate inviscid solution. These body streamlines may be calcu-
lated from the surface pressure distribution [9] or from the velocity components [11].
The approximate inviscid method used here predicts accurate surface pressures, but
the direction of the velocity on the surface is not accurate. Therefore, in the present
analysis, streamlines are calculated from the surface pressures.

A streamline coordinate system [9] (£, 5,7) is defined in which ¢ and B are co-
ordinates of a point on the body surface and 7 is the distance normal to the body.
The bars indicate the coordinates are relative to the body, rather than the shock.
Differential arc lengths along each coordinate direction at the body are h¢ d€, hjd3,
and di where hg and hj are scale factors for the corresponding coordinates.

If the body surface is represented by r = fy(z,4) in wind axes with the axial
coordinate parallel to the freestream velocity and passing through the stagnation

point, the unit vector normal (outward) to the body surface is given by Eq. (2.1.3) as
e; = —sinl'; e, + cosT'y cosdy, e, — cosly sin5¢,b e; (3.2.1)
The body angles are defined in the same fashion as the shock angles, so that

L 0fs tanl’y = % cos6¢,b op = ¢ — 5%

ta.n6¢b = ﬁ -5; ax

The body geometry in the wind axes is related to the body axes in Appendix F.

The tangential unit vectors on the surface, e; and e, are similar to the tangential
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unit vectors at the shock. The vector e is in the direction of a surface streamline

and e is perpendicular to the streamline. From Ref. [9] they are given as

e = cosfe; + sinfe; (3.2.2)
e; = — sinfe; + cosbe; (3.2.3)
where
e; = cosl'pe, +sinly cosdy, e — sinly sindy, e, (3.2.4)
e; = sindy, e, + cosby, €y (3.2.5)

and the angle 8 represents the orientation of the surface streamlines with respect to
e;. Note that the vectors e; and e; are identical in form to the unit vectors e; and
es defined earlier.

The orientation of the inviscid surface streamlines, given by 8, is found by applying
the momentum equations along the body surface in conjunction with the pressure
distribution generated by the inviscid solution. From Eq. (2.2.4), the momentum
equations may be written as

DV 1
Ik
where DD7 represents the time derivative along a streamline and is equivalent to \'AAY

for steady flow. Writing this equation in the orthogonal streamline coordinates and

substituting

bv_vav
Dt —hgaf_



gives
u Ou u BeE 1 0p 1 Bp Op ) 5 g
he ot et ni ot (hgaf %t 5,55% * on (3.:2.6)

By taking the scalar product of Eq. (3.2.6) with ez and substituting the unit vectors
from Egs. (3.2.2)-(3.2.5), the following expression is obtained:

100 _salyde 1 10m
hgaﬁ- hg BE pbﬁfhg BB

(3.2.7)

The derivative of the scale factor hj can be determined in the same manner as
the derivative of the scale factor hg. Referring to Eq. (B.11), the derivative is

Ohj Bef
O =hegp

a8 *
Substituting Eqs. (3.2.2)—(3.2.5) yields

10 (ln hﬁ) 1 80 + sinly 0o
hs  Of “ h;88 ' hs OB

(3.2.8)

Equations (3.2.7) and (3.2.8) may be integrated along a surface streamline to
obtain the streamline direction 8 and the scale factor hj, respectively. Although
these body streamlines can be determined after the inviscid solution has already been
calculated, it is more convenient to compute the inviscid flowfield and the surface
streamlines simultaneously. This simplifies the coupling of the inviscid and boundary
layer regions. Before applying these equations along shock coordinates, transfor-
mation operators relating derivatives with respect to the the streamline coordinates
(€, B) to derivatives with respect to the shock coordinates (£, 3) are needed. In the

approximate inviscid method, the curvilinear coordinate system is assumed to be or-

thogonal throughout the shock layer. This assumption simplifies the analysis but does
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not change the form of the approximate pressure and velocity relations, Eqgs. (2.2.10)

and (2.2.11), since the flowfield variables are evaluated at the shock (where the co-

ordinate system is in fact orthogonal). At the body surface, however, the shock

coordinate system is nonorthogonal and the correct coordinate directions need to

be considered. Using the coordinate directions at the surface, the transformation

operators are derived in Appendix B and repeated here:

Jy 0 10 1 0
_’EEE = (Bbeg -e¢ — Dyeg - eg) 72;52 + (.Abeg -eg — Dyeg - ef) W, 98
and
Jy 0 i ) 1 ﬁ ) 3 ) 1 0
7l—§_5§ = (Bbea € — Dbe[, eg) h{ a{ + (Abeﬁ eg Dbeﬁ ee) h@gﬁ
where

.Ab = 1- NpKe
Bb = 1- NyKg
ny OT
Dy = —=
b hs OB

Jv = ABy—Dj

(3.2.9)

(3.2.10)

The scalar products may be evaluated from Eq. (2.1.8) and Egs. (3.2.2)-(3.2.5) as

e;-e = cosfe; - e; + sinfe; - e¢
e;-ep = cosbe;-ep+sinfe;-ep
ej-e; = —sinfe;- e + cosbe; - e

e;-e; = —sinfe;-eg+ coshe;-e
8“6 B B

(3.2.11)
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where

e;-e; = cosl cosly + sinI'sinl, cos(o — o)

e;-eg = —sinl} sin(o — o) (3.2.12)
e;-e = sinl'sin(c — o)

e;-eg = cos(o —oy)

These operators can be used to calculate the pressure derivative that appears in
Eq. (3.2.7). They also allow Egs. (3.2.7) and (3.2.8) to be integrated with respect
to the shock coordinate £. The limiting forms of these equations in the stagnation

region are derived and given in Appendix G.
3.3 Convective-Heating Equations

The axisymmetric analog allows any axisymmetric boundary layer method to be
applied along an inviscid surface streamline. Although the axisymmetric bound-
ary layer equations may be integrated numerically, a set of approximate convective-
heating equations developed by Zoby [24] provides accurate surface heating rates with
a minimal amount of computational effort. These equations are used here since they
are consistent with the approximate nature of the inviscid method described previ-
ously. Laminar and turbulent heating rates may be calculated from these relations for
both perfect gas and equilibrium flows. Results using this technique have been shown
to compare favorably with more detailed methods for both wind tunnel and flight

conditions [31, 32, 33]. A complete derivation of the approximate heating equations
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is found in Appendix H and their stagnation region values are given in Appendix G.
3.3.1 Laminar Heat Transfer

The laminar heating rates are calculated by first relating the surface skin friction
to the momentum thickness Reynolds number. Then a modified Reynolds analogy is
used to relate the heat transfer to the skin friction. The surface heat transfer is given
by

_1 »* = _
quy = 0.22 (Res; ) (f)—) (ﬁ-) pette (how = hu) (Pro) 08 (3.3.1)

where Eckert’s reference enthalpy relation [34] is used to account for compressibility
effects. The laminar momentum thickness, 0y, which appears in the momentum

thickness Reynolds number, Reg; , is given by

0.664 (J$ p"u"uch? he d)"*
- peﬁeh[g

0L
3.3.2 Turbulent Heat Transfer

The turbulent heating rates are computed in a similar fashion as

qur=c1 (Reog) (f,—) (’;—) peiie (haw — hu) (Pra) ™% (3.3.3)

The turbulent momentum thickness is defined by

o7 = (cx S ramuch he ) (3.3.4)
Ay 3.

where
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m = N%_—T ez=14+m
_(1\Fh N " _1

G = (C—s) [(N+ 1)(N +2)] €4 =25

c2 = (14 m)e cs = 2.2433 + 0.93N

and N is computed from a curve fit of axisymmetric nozzle wall data [35] as

N = 12,67 — 6.51og (Resy) +1.21 [log (Resy)]
Note that the momentum thickness for both laminar and turbulent flows may be nu-
merically integrated in the same manner as the surface streamline variables 8 and h3.

3.3.3 Transition

In the transition region, both the laminar and turbulent values of 8 and ¢, are cal-

culated. Their distribution is then computed from the weighting function of Dhawan

and Narasimha [36] as

0=0L+wf (0'1‘—0[,) qu =qu +wf (QwT_qu)
where
wy =1—exp (—0.412{,2,) =4 (g—s—;—_‘s—b‘%—)
en g

and 3 is the distance along the body surface. The beginning and end of transition

must be specified in the present approach.
3.3.4 Edge Properties

The laminar and turbulent heating equations given by Egs. (3.3.1)-(3.3.4) require

properties evaluated at the edge of the boundary layer. These edge conditions are
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obtained from the approximate inviscid solution. However, care must be taken in
determining the correct edge properties. It cannot be assumed that they are equal
to the inviscid body values due to the large entropy gradients near the surface. This
entropy layer is created by the highly curved shock waves generated by blunt-nosed
bodies traveling at hypersonic speeds. The boundary layer grows inside the entropy
layer and eventually “swallows” the entropy layer. At that point, the value of the
entropy at the boundary layer edge differs significantly from the normal shock value.
Thus, the density and velocity at the edge are different than the corresponding surface
values.

In this investigation, boundary-layer edge properties are found by interpolating in
the approximate inviscid solution a distance away from the wall equal to the bound-
ary layer thickness (see Fig. 3.1). The laminar boundary layer thickness [24, 37] is

approximately

6 .
(5)L = 5.55 (3.3.5)

whereas the turbulent boundary layer thickness [24, 38] is approximately

(ﬁ) —N+1+4 Kz_v_+_2 ho | 1) (1 + 1.29Pr{v/3-’_i°2-)] (3.3.6)
T

6 N haw 2h,
The procedure involves assuming an edge location and iterating until the assumed
edge location matches the edge calculated from Egs. (3.3.5) or (3.3.6). An additional
approximation is made by interpolating in the inviscid solution along a line normal
to the shock instead of normal to the body. For thin shock layers, this simplification

does not create any significant errors. This approach for computing the boundary
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Figure 3.1. Boundary layer edge.
layer edge properties approximately accounts for the effects of entropy layer swallow-

ing. It has been used successfully by several authors for both axisymmetric (24] and

3-D [11, 39, 40] flows.
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4 Viscous Interaction

The previous chapters outline the classic boundary layer approach where it is
assumed that the viscous region has a negligible effect on the outer inviscid flowfield.
As such, the inviscid solution may be obtained independently of the boundary layer.
This is a valid assumption for high Reynolds number flows where the boundary layer
is indeed very thin compared to the shock layer.

At moderate to low Reynolds numbers and at higher Mach numbers, the boundary
layer may occupy a significant portion of shock layer. For these conditions, the
interaction between the inviscid and viscous regions is important. The boundary
layer displaces the outer inviscid layer thereby creating an increase in the surface
pressure. Consequently, this increase in pressure influences the boundary layer and
increases the surface heat transfer. This chapter gives the transpiration boundary
condition (which accounts for the displacement effect of the boundary layer on the
inviscid layer) and describes its implementation. Approximate expressions for the

boundary layer displacement thickness are also given.
4.1 Transpiration Boundary Condition

For both viscous and inviscid flows, the continuity equation written in the surface

streamline coordinates (£,3,7) is

_ 2,
Ez(puhg) + %(pvhfhﬁ_) =0 (4.1.1)
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where the axisymmetric analog (i.e. @ = 0) has been used. The streamline geometric
factors corresponding to the shock layer geometric factors A and B appearing in
Eq. (2.2.1) are assumed to be equal to unity across the boundary layer. Multiply
Eq. (4.1.1) by dn and integrate from the surface to the edge of the boundary layer.
For the boundary layer solution where v, = 0:

50
(pthehs)e = — af( ihg) dn (4.1.2)

Apply Eq. (4.1.1) to the inviscid solution with injection or suction at the wall to
obtain

(pitiheh3)e — (pibihehz)s / i (4.1.3)
At the boundary layer edge, set (p;B;)e = (pb).. Subtracting Eq. (4.1.3) from

Eq. (4.1.2) gives
_ 59, _ _
(pivihghs)s = ‘/0 a—g(p;uiha — puhj)dn = —=/ (piishz — pihg) dn

By assuming the absence of an entropy layer (pi@i; & p.ii.) and substituting the defi-
nition of the displacement thickness given by Eq. (H.3), this relation can be simplified

as

(pivihghp)y = E(Peﬂehﬁy) (4.1.4)

where 6* is the boundary layer displacement thickness. The quantity (p:v;hghj3)s
represents the mass transpired through the body surface for the inviscid flow to
account for the mass defect in the boundary layer. Equation (4.1.4) is referred to

as the transpiration boundary condition. For inviscid CFD methods whose surface
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boundary conditions consist of specifying the normal velocity component at the wall,
Eq. (4.1.4) is the appropriate boundary condition for viscous interaction. However,
the approximate inviscid method described in this investigation defines the body

surface in terms of ¥ = 0 and the distance n = n; from the shock.

Return to Eq. (4.1.1) and define the stream functions ¥ and & such that if & = 3,

ov

rril pitihg (4.1.5)
ov _ .
'a—é—; = —p,-v;hghg (416)

Comparing Eq. (4.1.6) with Eq. (4.1.4) gives

By = —peiichgb” (4.1.7)

This equation gives the transpiration boundary condition in terms of the stream
function defined in the streamline coordinate system. The boundary condition with
respect to 7 is found by integrating Eq. (4.1.5) and assuming the absence of an entropy

layer near the body. This boundary condition becomes

lg=o = 0" (4.1.8)

which states that the boundary layer displaces the outer inviscid flow a distance
equal to 6%, thereby creating an “effective” body shape. This is an anticipated re-
sult and is the most common way of accounting for the viscous interaction. Equa-
tions (4.1.4), (4.1.7), and (4.1.8) are equivalent boundary conditions.

The boundary condition in # is applied in the approximate inviscid method by



36

Figure 4.1. Boundary layer displacement thickness.

first assuming that e; ~ —e,. This leads to

Substituting Eq. (4.1.8) gives the shock layer thickness as
ny = (np)w=o0 + 6" (4.1.9)

In Fig. 4.1, the effective body is represented by ¥ =0 and is located a distance equal
to 6* above the actual body. The distance (n;)y=o is the distance from the shock to
W = 0. The distance ny is the total distance from the shock to the actual body. Thus,
the transpiration boundary condition is included in the approximate inviscid method
by adding the boundary layer displacement thickness to the shock layer thickness

previously calculated. It is this distance that is matched to the geometric distance
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from the shock to the body. Note that the boundary layer edge is now located a
distance equal to § — 6 above the effective body.

The iteration procedure for including the viscous interaction is handled differently
in the subsonic and supersonic regions. Referring to Sec. 2.3.1, in the subsonic region,
the displacement thickness is calculated after each integration step and included in
the total shock layer thickness as stated by Eq. (4.1.9). The remaining procedure is
the same. In the supersonic region, a predicted value for the displacement thickness
is obtained from a linear extrapolation of the previous values. It is held constant as
the local shock curvature is varied. An updated value for the displacement thick-
ness is then computed for the corrector step. If the displacement thickness changes

significantly from the predicted value, then additional corrector steps are necessary.
4.2 Displacement Thickness

To apply the transpiration boundary condition, expressions for the boundary layer
displacement thickness and total thickness are needed. For laminar flow, Ref. [37]

gives the distances as

& b, ul
i Et_r + 2he(H1r+ 1)
and
6" a?
7" H, + §h—e(H:r +1)

where H,, is a transformed form factor (see Appendix H) for low speed flows. In

computing the boundary layer thickness, Zoby [24] assumes Hy = —1 and 31.: = 5.53.
tr
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However, this choice for the form factor leads to a negative displacement thickness.

This is unrealistic at some flow conditions. In this investigation, it is assumed that
Htr =0

which corresponds to a cold wall with zero pressure gradient (flat plate) in the analysis

of Ref. [37]. Simplifying the above expressions yields

) u?
-] =5. € 2.
<0>L 555+2he (4.2.1)

and

£) - & 122
6), 2 al

The turbulent displacement thickness corresponding to Eq. (3.3.6) is obtained from

Ref. [38] as

5\ N+2h, 1/3173 5
(5) - (Mt ) (womrae )]
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5 Results and Discussion

Results obtained with the present technique are presented in this chapter. Inviscid,
boundary layer, and interactive inviscid-boundary layer solutions are computed at
perfect gas and laminar conditions. Equilibrium-air calculations for laminar and
turbulent flow are also shown. Surface pressure and heating rate distributions along
with the corresponding shock shapes are examined to demonstrate the capability and
accuracy of the present method for blunted axisymmetric and 3-D body shapes at
angle of attack. Comparisons are made with experimental data as well as with flight
data. Inviscid solutions are compared with the results of two inviscid CFD methods:
HALIS [41] and STEIN [42]. Viscous solutions are compared with the results of
a VSL method [3], a NS method (LAURA) [1], and an approximate VSL method
(AVSL) [43]. The results from two engineering techniques, AEROHEAT [8, 9] and
INCHES [10], are also shown where appropriate.

Results are presented in nondimensional form (see Appendix A) in the body-
oriented coordinate system (Z,4). The windward plane is given by é = 0 deg and the
leeward plane is located at ¢ = 180 deg. Distances are referenced to the nose radius

of the body in the Z-Z plane, R;.
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5.1 Inviscid Solutions

Inviscid solutions are calculated for a paraboloid and blunted 1.5:1 elliptic cone
at angle of attack. Results over spherically-blunted cones at angle of attack using the
inviscid version of the present technique [20, 21} have been documented and are not
repeated here. All solutions are computed using 21 points in the 7 direction. These

points are clustered to resolve the entropy layer near the body surface.
Paraboloids

Surface pressures and shock shapes for a paraboloid at 12 deg angle of attack are
presented in Figs. 5.1 and 5.2, respectively. Experimental results [44] are presented at
freestream Mach numbers of 9.9 for the surface pressures and 5.73 for the shock shape.

Although a paraboloid is axisymmetric, the shock shape produced in the nose region
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is fully three-dimensional when the body is at angle of attack. Three longitudinal
conic sections are blended with an ellipse as described in Sec. 2.3.1 to produce the
shock shape in the nose region. Six iterations using the quasi-Newton nonlinear
equations solver are required for convergence. Good agreement (within 8 percent)
in surface pressures between the present method and the experimental data [44] is
shown in Fig. 5.1. In Fig. 5.2, the calculated shock lies slightly closer to the body
than does the experimentally determined shock shape, but the agreement is good.
Comparisons in Ref. [44] at 0 deg angle of attack were made with the axisymmetric

Maslen technique of Zoby and Graves [15], and a similar result was observed.



100 ¢
Present
o Exp. (Palko)
C
10 |
Po
102 |
10'3 N N [l L e N 1 1 i
()} 30 60 90 120 150 180

¢ (deg)

Figure 5.3. Circumferential body pressure comparison for 1.5:1 elliptic cone.

Blunted Elliptic Cones

Surface pressures over an elliptic cone with a cone half-angle of 10.26 deg in the
windward plane and an ellipticity of 1.5 are shown in Fig. 5.3. The experimental
data [45] displayed are for a pointed elliptic cone. For the calculations, a very small
nose radius is assumed for the elliptic cone. Circumferential pressures are shown for
a position far downstream (Z = 120), where the surface pressures should approach
sharp cone values. At 10 deg angle of attack, the agreement between the experimental
and calculated pressures is excellent except near the leeside region (¢ > 140 deg) as
shown in Fig. 5.3. Since viscous effects are more pronounced in the leeward region,
an inviscid method is not appropriate for calculations in this area anyway.

Numerical solutions for this case were also computed using two Euler equation
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solvers. The first, a time-dependent solution of the inviscid equations (HALIS) [41),
is used to compute the blunt nose region of the elliptic cone. This provides a starting
plane for the second Euler equation solver which computes the supersonic region of the
flow with a marching procedure (STEIN) [42]. The following run-time comparisons
are for a CRAY-2 supercomputer. For a length of 2 nose radii, HALIS requires 1000
iterations for convergence and a time of 120 CPU (central processing unit) sec for a
grid consisting of 31 points in the streamwise direction, 37 points in the circumferential
direction, and 11 points across the shock layer. For the solution downstream of the
nose, STEIN requires 105 CPU sec to advance 50 nose radii using 575 marching steps
with a grid consisting of 37 points in the circumferential direction and 21 points across
the shock layer. The present technique requires less than 1 CPU sec to advance 50
nose radii using 65 marching steps, 19 points around the circumference of the shock,
and 21 points across the shock layer. These comparisons demonstrate the approximate
inviscid technique is much faster than more exact CFD methods for 3-D nose shapes.

The surface pressure distribution in the windward plane of symmetry of the elliptic
cone is shown in Fig. 5.4 for 10 deg angle of attack and a Mach number of 10. The
results of the present method are in excellent agreement with the STEIN solution.
Circumferential pressure distributions in the nose region and on the conical afterbody
are given in Fig. 5.5 for the elliptic cone at angle of attack. Good agreement is noted

except on the leeward side (¢ > 90 deg).
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Figure 5.4. Axial body pressure comparison for blunted 1.5:1 elliptic cone.
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5.2 Boundary Layer Solutions

Surface heating rates are presented for perfect gas and laminar conditions over
spherically-blunted and blunted 3-D elliptic cones at angle of attack to evaluate the
accuracy of the inviscid-boundary layer technique as described in Chaps. 2 and 3.
The Reynolds number is relatively high so that the boundary layer is thin and the

viscous interaction may be neglected. Viscous interaction effects are examined later.
Spherically-Blunted Cones

Computed laminar surface heating rates are presented for the windward plane of
a 15 deg spherically-blunted cone at angles of attack of 5 and 10 deg. The freestream
conditions are My, = 10.6, poo = 0.00973 kg/m?, and T, = 47.3 K. The wall temper-
ature is T, = 300 K. Results of the present method are compared with results of an
engineering aerothermal method AEROHEAT (8, 9] and experimental data [46] for
a nose radius of R; = 0.0279 m. Good agreement (within 10 percent) between the
results of the present method and the experimental data is shown in Figs. 5.6 and 5.7.
The AEROHEAT results fail to predict the correct magnitude of the surface heating
as well as the local maximum in the heating. These discrepancies can be attributed
to the modified Newtonian pressure distribution and approximate streamlines used
in AEROHEAT. Circumferential heating rates are presented in Figs. 5.8 and 5.9 at
two axial locations on the blunted cone for angles of attack of 5 and 10 deg. The

comparison of the experimental and predicted heating rates is seen to be good at both
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Figure 5.10. Axial heat transfer comparison for 5 deg sphere-cone, R: = 0.0381 m.

axial stations of 4.86 and 10.13 nose radii. This comparison illustrates the present
technique’s ability to compute heating rates off the windward plane of symmetry.
To demonstrate the significant improvement of the present method over current
engineering aerodynamic heating methods, the surface heating rates in the windward
plane of symmetry are calculated for a 5 deg spherically-blunted cone at an angle of
attack of 3 deg. The freestream conditions are Mo, = 15, po = 0.00171 kg/ m3, and
T.. = 266 K. The wall temperature is specified to be T, = 1256 K. Heating rates are
computed using the present technique, AEROHEAT, INCHES [10], and a detailed
VSL method [3] for a nose radius of R; = 0.0381 m. The resulting surface heating
rates are presented in Fig. 5.10. The surface heat transfer predicted by AEROHEAT

and INCHES differ by as much as 40 percent from the more accurate VSL solution.
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Figure 5.11. Axial heat transfer comparison with Reentry F flight data
(5 deg sphere-cone at a = 0.14 deg), R; = 0.00356 m.

This difference can be attributed to the approximate streamlines employed by both
engineering techniques. On the other hand, the solution of the present method shows
much better agreement (within 15 percent) with the VSL results and also predicts
the correct trend in the surface heating rate levels.

The surface heating rates over a 5 deg spherically-blunted cone at equilibrium-air
and turbulent conditions are examined next in Fig. 5.11. Results from the present
method are compared with heat-transfer data obtained from the flight experiment
Reentry F [47]. The Reentry F vehicle was a 5 deg spherically-blunted cone with a
length of 13 ft and an initial nose radius of 0.1 inches. The data shown in Fig. 5.11 cor-

respond to a trajectory point at 80,000 ft. The freestream conditions are M, = 19.97,
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Poo = 0.0446 kg/m®, and T = 221 K. The wall temperature is variable and the nose
radius is R; = 0.00356 m. The angle of attack is 0.14 deg. The results are for the
leeward plane of the vehicle. In the present technique, equilibrium-air properties are
obtained from Hansen [48], and transition is assumed to begin at the reported dis-
tance [47]. Excellent agreement between the results from the present technique and

the flight laminar and turbulent data is noted.
Blunted Elliptic Cones

The perfect gas, laminar solution over a blunted 2:1 elliptic cone is examined next
at angles of attack of 0 and 15 deg. Even at 0 deg angle of attack, the flowfield
is three-dimensional. The cone angles in the windward and side planes are 5 and
9.93 deg, respectively. The freestream conditions are My = 10.19, p = 0.0193
kg/m®, and Tox = 51.1 K. The wall temperature is T, = 261 K and the nose radius is
R: = 0.0254 m. Surface heating rates from the present technique are compared with
experimental data [49] and thin layer NS results from the LAURA algorithm [1}. The
LAURA method is chosen for comparison purposes because of its ability to compute
the flowfield about a 3-D nose. In addition, there is an apparent lack of heat-transfer
data available in the open literature on 3-D nose shapes. Thirty-seven streamlines are
used to obtain the solution around the elliptic cone in the present technique. A grid
of 64 cells in the axial direction, 30 cells around the circumference of the body, and
64 cells in the normal direction is used to obtain the LAURA solution. The present

technique requires approximately 200 CPU sec on a Sun workstation to obtain a
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Figure 5.12. Axial heat transfer comparison for blunted 2:1 elliptic cone,
R; = 0.0254 m.
solution. The LAURA solution requires approximately 4 CPU hrs on a CRAY-2
supercomputer, although it should be noted that no effort was made to optimize the
LAURA calculations.

Axial surface heating rates are depicted in Fig. 5.12 for the windward (¢ = 0 deg)
and side (¢ = 90 deg) planes at an angle of attack of 0 deg. Good agreement is noted
near the nose and in the side plane downstream. However, in the windward plane
downstream, the results from the present technique overestimate the results generated
by LAURA by 25 percent. For the blunted elliptic cone, the surface streamlines di-
verge rapidly from the side plane and converge towards the windward plane. Unfortu-

nately, in this inflow region near the windward plane, it appears that the approximate
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Figure 5.13. Circumferential body pressure comparison for
blunted 2:1 elliptic cone.

surface pressures are not accurate enough to predict reasonable streamline paths as
shown in Fig. 5.13. For this reason, the solution over the elliptic cone at 0 deg angle
of attack is computed using “simplified” surface streamlines which are obtained by
setting the streamline angle 6 equal to zero. At angle of attack the streamlines are
again computed using the surface pressures since the inflow is reduced.
Circumferential heating rates for the blunted elliptic cone at 0 deg angle of attack
are depicted in Figs. 5.14-5.17 at four axial locations on the body. The first is on
the 3-D nose, whereas the remaining three are downstream on the 3-D afterbody.
Excellent agreement (within 10 percent) is seen at Z = 0.4 on the 3-D nose. At

% = 2.2, the rapid drop in the heating rate away from the side plane may be attributed



102
Present

- = = = LAURA

M_=10.19

0., = 0.0193 kg/m3
T.=511K

Tw= 261K

o= 0deg

L 1 L " [l -l

1 0'4 ]
0 30 60 90 120 150 180

¢ (deg)

Figure 5.14. Circumferential heat transfer comparison for
blunted 2:1 elliptic cone, R; = 0.0254 m.

103
G
’O, \Q o)
y = = -0 ==0 o - o]
Qw —
Xx=22
104 |
M_=10.19 Present
0. =0.0193 kg/m® — — — - LAURA
T.=51.1K (o) Exp. (Hillsamer)
To=261K
o = 0 deg
10'5 i ] 1 L N ] F—{
0 30 60 90 120 150 180
¢ (deg)

Figure 5.15. Circumferential heat transfer comparison for
blunted 2:1 elliptic cone, R; = 0.0254 m.

53



54

107

-
F
[
[

M_=10.19 ————— Present
P.. = 0.0193 kg/m3 - = = = LAURA
T.=51.1K (o] Exp. (Hillsamer)
Tw=261K
a=0deg
10'5 N L " yY L - 1 n 1 ]
0 30 60 90 120 150 180
¢ (deg)

Figure 5.16. Circumferential heat transfer comparison for
blunted 2:1 elliptic cone, R; = 0.0254 m.

to the fact that the approximate inviscid solution is based on the shock and tends
to smooth the effects of the discontinuity in body curvature at the nose-afterbody
juncture. The same trend is noted in the pressure comparisons in Ref. [22]. This effect
is seen in Fig. 5.12 around # = 1.0. Farther downstream (at Z = 9.7 in Fig. 5.17) the
surface heating rates from the present method match the circumferential distribution
of the LAURA solution and the experimental data except near the windward and
leeward planes.

The axial surface heating rates in the windward plane on the blunted 2:1 elliptic
cone at 15 deg angle of attack are shown in Fig. 5.18. The agreement between the

present results and the LAURA solution is excellent. As noted previously, surface
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streamlines are computed from the pressure distribution at angle of attack. Circum-
ferential surface heating rates are depicted in Figs. 5.19-5.22 at the same four axial
locations as shown for 0 deg angle of attack (in Figs. 5.14-5.17). The present tech-
nique is inappropriate for calculations in the viscous-dominated leeward region on
the afterbody of a vehicle at large angle of attack. For this reason, the solution is
computed only in the windward region (¢ < 90 deg). If a solution is desired only
on the blunted nose, then the flowfield may be calculated including the leeward side.
Good agreement (within 15 percent) is noted both on the 3-D nose and at the axial
stations downstream. There are some discrepancies between the results from LAURA

and the experimental data at = 9.7. The resolution of the LAURA grid may not
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Figure 5.20. Circumferential heat transfer comparison for
blunted 2:1 elliptic cone, R; = 0.0254 m.
be adequate for this case. These comparisons not only demonstrate an improvement
over present engineering methods, but the applications to 3-D bodies significantly

enhance current capabilities.

5.3 Interactive Inviscid-Boundary Layer Solutions

In this section, results are presented for a spherically-blunted and blunted elliptic
cone at lower Reynolds number conditions. At these conditions, the boundary layer
represents a significant portion of the shock layer so that viscous interaction could be
important. The interaction between the outer inviscid layer and the viscous region
is calculated using the procedure described in Chap. 4 and compared with results

generated assuming no displacement effect. Note that the lower Reynolds number is
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obtained by decreasing the nose radius only. The freestream conditions are identical
to the corresponding cases in Sec. 5.2. All solutions are computed assuming perfect

gas and laminar conditions.
Spherically-Blunted Cones

The shock layer and displacement thicknesses calculated for a 5 deg spherically-
blunted cone are presented in Figs. 5.23 and 5.24 for 0 deg angle of attack. This
cone and the corresponding freestream conditions are identical to the ones given in
Fig. 5.10 except that the nose radius here is a factor of 10 smaller. It is given by
R, = 0.00381 m. The freestream Reynolds number based on the nose radius 1is

Re., = 1900. Results from the present technique, both including and neglecting the
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viscous interaction, are compared with the solution generated from an approximate,
axisymmetric VSL algorithm (AVSL) [43]. The AVSL technique is identical to the
VSL method except that the normal momentum equation is replaced by Maslen’s
second-order pressure equation for axisymmetric flow.

Figures 5.23 and 5.24 illustrate the influence of the boundary layer on the inviscid
flowfield. From these figures, the displacement thickness (which is less than the
boundary layer thickness) is seen to make up 20 percent of the total shock layer.
Therefore, neglecting the viscous interaction in the present technique leads to a much
thinner shock layer than the one given by AVSL. By including the displacement

effect, the present shock shape shows excellent agreement with the AVSL shock shape.
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Figure 5.25. Body pressure comparison for 5 deg sphere-cone, R; = 0.00381 m.

In addition, note that the simple expression used for the ratio of displacement to
momentum thickness, Eq. (4.2.2), agrees reasonably well (within 20 percent) with
the AVSL solution in Fig. 5.24.

Figures 5.25-5.28 highlight the effect of the viscous interaction on the surface
pressures and heat transfer. At the location of the pressure minimum (Z ~ 40)
in Fig. 5.25, the present technique without the displacement effect underpredicts
the surface pressure by 25 percent compared to the AVSL results. Including the
displacement effect in the present method dramatically improves the comparison to
within 5 percent. In addition, results generated with the viscous interaction match the
correct pressure levels farther downstream at Z = 200. The effect on the heating rates

is not as dramatic as shown in Fig. 5.26. This is expected since in the weak interaction
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region downstream, the displacement thickness grows gradually (see Fig. 5.24) and
only weakly affects the inviscid flowfield. The corresponding changes in the outer
inviscid flow have a negligible effect on the boundary layer and the surface heating.
Therefore, the stronger interaction effects are seen in the nose region in Figs. 5.27
and 5.28. Note that at least part of the discrepancy in the heating rates in the
pressure overexpansion region is due to approximations made in the AVSL method
as documented in Ref. [43].

Results generated over the 5 deg spherically-blunted cone at 0 deg angle of attack
with the original nose radius of R; = 0.0381 m are given in Figs. 5.29-5.31. With
the larger nose radius, the freestream Reynolds number is Re,, = 19000. At these

conditions, the boundary layer is much thinner as shown by the shock layer thickness
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comparisons in Fig. 5.29. As a result, the corresponding effects on the surface pres-
sures and heat transfer in Figs. 5.30 and 5.31 are minimal. As expected, at the larger
Reynolds number corresponding to the conditions of Fig. 5.10, viscous interaction

effects may be neglected.
Blunted Elliptic Cone

Solutions are examined next for the blunted 2:1 elliptic cone described in Sec. 5.2.
As mentioned previously, the cone angles in the windward and side planes are 5 and
9.93 deg, respectively. The freestream conditions are identical to the ones given in
Figs. 5.12-5.22. The nose radius is decreased by a factor of 100 to R; = 0.000254 m

to illustrate the displacement effect of the boundary layer. The freestream Reynolds
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Figure 5.30. Body pressure comparison for 5 deg sphere-cone, R; = 0.0381 m.
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number is Rey, = 2170. Comparisons are again made with thin layer NS results from
the LAURA algorithm.

Shock layer thicknesses in the windward and side planes of symmetry are shown in
Fig. 5.32. Results are calculated both including and neglecting the viscous interaction.
Simplified surface streamlines (8 = 0) are again used. The region where viscous
interaction effects should be greatest are encompassed in the relatively short (20 nose
radii) computational domain. As seen in the comparison, the boundary layer accounts
for 15-20 percent of the shock layer. The viscous interaction should significantly
:nfluence the surface properties at these conditions.

Surface pressures and heat transfer in the planes of symmetry are given in
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Figs. 5.33-5.36. In Figs. 5.33 and 5.34, comparisons of the surface pressures and
heating rates improve when viscous interaction effects are included. Without the
displacement effect, the present technique underpredicts both the pressure levels and
the heating rates by at least 30 percent. By including the displacement effect, the
comparison with the LAURA solution is within 15 percent. Similar improvement is
seen in the side plane as shown in Figs. 5.35 and 5.36.

Circumferential pressure and heat transfer distributions are given in Figs. 5.37-
5.42 at three axial locations. The first is again on the 3-D nose, whereas the other
two are located downstream on the 3-D afterbody. As shown in the axial distribu-

tions, the results generated with the viscous interaction effects agree more closely
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Figure 5.34. Axial heat transfer comparison for blunted 2:1 elliptic cone,
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Figure 5.35. Axial body pressure comparison for blunted 2:1 elliptic cone,
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Figure 5.36. Axial heat transfer comparison for blunted 2:1 elliptic cone,
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Figure 5.38. Circumferential heat transfer comparison for
blunted 2:1 elliptic cone, R; = 0.000254 m.

with the LAURA solution. The improvement is most dramatic near the windward
plane. These comparisons on the 3-D body shape as well as the axisymmetric cone
demonstrate that the applicability of engineering methods can be extended to lower
Reynolds number flows by including viscous interaction effects. However, keep in
mind that at even lower Reynolds numbers, the boundary layer may merge with the
shock layer. The shock layer is fully viscous and an inviscid-boundary layer approach

is not valid.
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Figure 5.40. Circumferential heat transfer comparison for
blunted 2:1 elliptic cone, R; = 0.000254 m.
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Figure 5.41. Circumferential body pressure comparison for
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6 Conclusions

A new engineering method has been developed that calculates the coupled inviscid-
boundary layer flow over blunted bodies in 3-D hypersonic flow. The effect of the
boundary layer on the outer inviscid flow is included to improve the applicability of
the technique. The method is applied to the solution over spherically-blunted cones
and 3-D elliptic cones at angle of attack for the laminar and turbulent flow of a perfect
gas and equilibrium air.

The inviscid properties (surface pressures and shock shapes) given by the present
technique compare favorably with experimental data and numerical solutions of the
Euler equations except in the leeward region at angle of attack. For high Reynolds
number flows, the present technique predicts surface heating rates that show good
agreement with experimental data, equilibrium-air flight data, and numerical solu-
tions of the NS and VSL equations. One of the limitations of the method is its
inability to calculate surface streamlines from the pressure distribution for elliptic
bodies at 0 deg angle of attack. Simplified streamlines based solely on the body ge-
ometry may be used in these instances. For lower Reynolds numbers, the inclusion
of the viscous interaction greatly improves the shock shape and surface properties
generated by the present technique. As anticipated, the viscous interaction has the
least influence on surface heat transfer.

The present engineering method significantly extends the capabilities of current
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engineering techniques in the following areas: 3-D applications, accuracy of inviscid
solution, and ability to account for the viscous interaction. Solutions generated by the
present technique can also be obtained with very little computational effort. There-
fore, for these reasons, it would make an excellent tool for preliminary aerothermal

design.
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A Nondimensional Variables

Variables are nondimensionalized according to the following relations:
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B Coordinate Transformation

Before using the curvilinear coordinates (¢, B,n), it is advantageous to relate them
to more accessible coordinates. On the shock surface where the curvilinear coordi-
nates are orthogonal, transformation operators are derived that relate partial deriva-
tives in the curvilinear system to derivatives in the cylindrical and Cartesian systems.
Derivatives of the scale factors at the shock are also given. Within the shock layer
where the curvilinear coordinates are nonorthogonal, both the coordinate transfor-
mation between the curvilinear and Cartesian systems and their partial derivatives
are derived. On the body surface, the transformation between the shock curvilinear
coordinates and a set of body orthogonal curvilinear coordinates (€,B,7) is given.

This transformation assists in the coupling of the viscous solution with the inviscid

solution.
B.1 Shock Surface

To derive the transformation operators on the shock surface, define a position
vector P, measured from the origin of the cylindrical system to a point on the shock

surface. This vector may be expressed as
P, = ze, + re,

where

r=f(z,9)



The derivative of this vector is

_ of 19f
dP, = (ez + ame,> dr + (e¢ + fa¢e,) fdo (B.1)
and since P, is also a function of (¢, 8)
oP, oP,

dP, = —a—E—df + a5 dB = eche dE + eghpdf (B.2)

where
oP, oP, .
h¢e5 = 6{ hge[j = -573— (B3)

Taking the dot product of Eqgs. (B.1) and (B.2) with e, equating, and noting that r

is a function of (¢, 3) yields

oz Oz

-a—€=e5-eth Eﬁ

=eg - ezhg (B.4)
Taking the dot product of Egs. (B.1) and (B.2) with e, and equating gives

%_85-645 %_eﬁ-ed,
=T he i hs (B.5)

The transformation operators relating derivatives with respect to (£, 3) to derivatives

with respect to (z, ¢) at the shock (n = 0) may now be written, using Eq. (2.1.7) and

Egs. (B.4) and (B.5) as

19 0 sinlsinéy 0

-};6—6 = COSPB.’E - f 6¢ (Bﬁ)
1 8 _ cosby O ~
mOB 1 09 (B

The transformation operators relating derivatives with respect to (£, B) to derivatives

with respect to (y, z) at the shock are derived in a similar fashion by noting that

P, = ze, + ye, + z€;



where

z=g(y,2)

The transformation operators are given by

10 : o . 0 S
Eb_f = sinl (cosa% +s1naaz) (B.8)
1 0 ) :

mE = s .

Derivatives of the scale factors he and hg with respect to the curvilinear coordi-

nates may be derived from the fact that

O*P _ o*P

otdB  0B9¢
Substitute Eq. (B.3) into the above equality to obtain
aee

Q’_lg 6eg ahf

ge o0t hﬁ"a? =gt hegﬂ' (B.10)
The dot product of Eq. (B.10) with e; and ep yields
%%zhﬁ%eﬁ_ﬂ.ef %:hf%.eﬂ (B.11)
These relations may be simplified using Eq. (2.1.8) to obtain
1 Ok sinl’ 0o 1 Ohg sinl' 0o
hehs 08~ he OF hehs O g 08 (B2

B.2 Shock Layer

The transformation between the curvilinear coordinates (¢, 3,n) and the Cartesian

coordinates (z,y, 2) in the shock layer is given by

P =P, + ne,
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where P is a position vector from the origin of the Cartesian system to any point in

the shock layer. Using Eq. (2.1.8), this becomes

r = z,+nsinl
y = y,—ncosl'coso (B.13)
z = z,—ncosl sinc

where all variables on the right hand side of the equations, with the exception of n,
are functions of £ and B. Subscripts are used to denote the shock coordinates.

Partial derivatives in the two coordinate systems are related by
o _ ()0 ()0 (0:)0
o6 — \o¢) oz \o¢) oy \o) oz
9 _ (9o (%)2  (0:\8
a3 ~ \9p) oz ap ) oy 0B ) 0z
9 _ (=)0, (%)o (02
on ~ \On) 0z on ) Oy on/ 0z
The metrics in the above equations may be found by taking the partial derivative of

Eq. (B.13) with respect to the curvilinear coordinates and using Egs. (B.6)-(B.9) for

the derivatives of the shock coordinates. The metrics are given by

oz

-(% = h¢Acosl

2{ = hgDcosT (B.14
B - 3D cos 14)
oz .

B = sinl’

and

-~ = h¢(Asinl coso — Dsino)
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Oy
B = cosI coso
and
0z ) .
—8_5 = h¢(Asinl'sino + D coso)
Oz ) .
_('3_5 = hg(Bcoso + Dsinl’ sino) (B.16)
oz .
= —cos['sineo

where A, B, and D are geometric factors given by

A = 1—nkg

B = l—nK.g

_I_QI_‘___ cosF(_?g
"he 0B~ he Of

D =

and k¢ and x4 represent the curvatures of the shock surface in the £-n and $-n planes,

respectively. The curvatures may also be defined as
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The inverse transformation is represented by
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where the inverse metrics are given by

g% = ?7%;3 cosI’
% - 3—1h—E(B sinl* coso + Dsino) (B.18)
-g-g = —Jih-g(B sinl sine — D coso)
and
% - ;};'DCOSF
%g = —-——}:;(.A sino 4 Dsinl coso) (B.19)
%g = —j%ﬁ—(.A coso — Dsinl sino)
and
%g - Jhlehg sinl
.g_z = J;L-:hg cosI’ coso (B.20)
% = J;:h,@ cosI'sino

where J is a geometric factor related to the Jacobian of (z,y,z) with respect to

(¢,8,n) and is given by

J = AB - D?

For the outer inviscid layer where the curvilinear coordinate system is assumed to be

orthogonal, the geometric factors reduce to

.A = l—nfif
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B = 1—-nkg
D =20
J = AB

B.3 Body Surface

The transformation between the shock curvilinear coordinates (£,3) and the body

curvilinear coordinates (£,3) is found by defining a position vector to a point on the

body surface as

Py, = P, + nye, = € + 1€y + 21€;

where all variables are functions of (£, 8). The Cartesian coordinates of the body are

found from Eq. (B.13) with n = n,(¢, 8). The derivative of this vector is

_ il‘_b ayb 6zb BCL'(, Byb sz
de—(aEe,+a£ y+a£ )d{+(aﬂ e+ o 95 y+aﬂ )dﬂ

Simplifying using Eqs. (B.14)-(B.16) and Eq. (2.1.8) yields
1 6 Bnb
dP, = Abeg + Dyeg + ——F{- hE dé + Dbef + Bbep + —a_ﬂ hﬁ ds (B.Ql)
Since P, is also a function of the surface coordinates (€, B), use Eq. (B.2) to obtain
dP, = ezhg dé + eghz df (B.22)

Taking the dot product of Egs. (B.21) and (B.22) with e; and equating gives

Aphe d€ + Dyhpdp = e - efhf df--’r ez echs dB
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Taking the dot product of Eqgs. (B.21) and (B.22) with e and equating gives a similar

result:

Dyhe d€ + Byhs dB = e - eghg dé + €5 - eghy dB
Solve for d¢ and df to find
Tihede = (Bieg:ec— Dieg-eg) hedé + (Bues - ec — Doeg - es) hydB
TihpdB = (Ases-es— Dieg-ec) hgdf + (Avez-es —Dies- e¢) hydB
Noting that & and f are functions of (£, B) gives the transformation operators relating

derivatives with respect to the shock coordinates (£, 3) to derivatives with respect to

the body coordinates (£, B) as

T0 9 _ (g Y10 o p 1O g

E_-gg = (Bbee e: — Dyeg eg) e OF + (Abee ez — Dye; ee) Y, (B.23)
and

T 0 10 1 0

h—B-a—B = (Bbeﬁ c € — Dbeﬁ . eﬁ) h—e“a—g + (Abeﬁ -ep — Dbeﬁ . eE) h—ﬁ‘a—ﬂ (B24)

These transformation operators allow equations in the body coordinate system to he

transformed to the shock coordinate system.



C Shock Properties

The properties at the shock surface are determined by applying the normal shock
relations with the upstream velocity equal to the normal component of the freestream
velocity. In the curvilinear coordinate system (€, 8,n), the freestream velocity com-

ponents are
ul, =V, e, e v, =V.e, e, w, =V, e, e
Using Eq. (2.1.7), these velocity components become

u' =V, cosT v, =V, sinT wy, =0

The tangential velocity u' is conserved across the shock surface so that
u) = ul, =V, cosl'

The governing equations (continuity, momentum, and energy) for the equilibrium or
frozen flow across a normal shock are now applied using the normal velocity compo-
nent v'. They are

’ 0 _ ’ot
PV = pavs

/ ro12 ! 1.2
poo + poovoo - ps + pavs
” 2

v v
h/ Joo h/ s
0o + 9 s + 2

Transforming to nondimensional variables (see Appendix A) yields

u, = cosl’ (C.1)



psvs = sinl’

ps t+ Psvz = Pt sin’T

2

v
h, =2 = he
+ +

For closure of this set of equations, an equation of state is needed.

rium and perfect gas flows, this is in the form of

Ps = Ps(Ps’ hs}

C.1 Perfect Gas

sin’l
2

90
(C.2)
(C.3)

(C.4)

For both equilib-

For a perfect gas, the equation of state involving pressure, density, and enthalpy

is given by

At the shock (in nondimensional form),

Y _Ds

T y=1p

Now solve Eqgs. (C.2)-(C.5) to obtain the shock properties for a perfect gas. They

are

_ 2sin’T |
PP F1 T+ DME

(1M sin’T
pe = (v — 1)M2 sin’T +2

sin’
vy =
ps

with h, defined above.
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For a flow in thermodynamic and chemical equilibrium, the equation of state is

given by

o =K

(C.9)

This relation is typically evaluated through the use of tables or curve-fits of data.

Unlike the shock properties for a perfect gas, shock properties for an equilibrium

flow cannot be determined explicitly. An iterative numerical solution is required.

Substitute Eq. (C.2) into Egs. (C.3) and (C.4) to obtain

1
Ps = Poot sin’l (1 - —-)

Ps
sin’l’ 1

hy = he - =
M (1 PZ)

The iterative procedure is as follows:

1. Assume a value for p,. A typical value is 10.

9. Calculate p, and h, from Eqs. (C.10) and (C.11).

3. Calculate a new value for p, from the equation of state, Eq. (C.9).

(C.10)

(C.11)

4. Repeat steps 2 and 3 until the difference between the new and old values for p;

is within a prescribed tolerance.

5. Calculate the normal velocity v, from Eq. (C.2).



D Inviscid Stagnation Region

Because the governing inviscid flowfield equations are indeterminate on the stagna-
tion line (origin of wind-oriented coordinate system), a limiting solution is developed
in the surrounding region. This solution then provides the initial location of a shock
line and the shock standoff distance on the stagnation line. A similar approach for

surface streamlines in the stagnation region is found in Ref. (8].
D.1 Shock Line Geometry

An analytic solution describing the curvilinear coordinate geometry in the stag-
nation region may be found by neglecting z? and zr in the shock surface equations,

Egs. (2.3.2) and (2.3.3). For convenience, use Cartesian coordinates and describe the

shock surface by an elliptic paraboloid as
By? + 2* = 2cx (D.1)

where
R
=R, B===
c | R,
and the shock radius of curvature at the origin is R, in the z — y plane and R. in the

z — z plane. Now define

F(z,y,2) = Byl + 22 =2z =0



93

Using Eq. (2.1.3), the unit vector normal to the shock surface can be calculated:

ce, — Bye, — ze,
(02 + BZy2 + 22)1/2

(D.2)

€, =

The shock angles I’ and o may be determined by comparing Egs. (D.2) and (2.1.8).
They are given by

¢ z
tanl’ = BT+ 7 tano = By (D.3)

The equation for a shock line is found by applying the transformation operator,

Eq. (B.8), to yield

0z/0¢ _ _z
dyjoe ~ "7 T By

Integrate to find
2 =Cy (D.4)
where the parameter C is a function of 8 and distinguishes one shock line from

another. The behavior of the shock lines near the origin is illustrated by examining

the slope and location of the shock lines:

d Cz'-B z
& _ tano = Z =tang = Cz'"B
y

For B = 1 (axisymmetric), the shock lines emanate radially from the stagnation line.
However, if C is finite and non-zero and B is not equal to one, the shock lines emanate
from ¢ = 90 deg for B > 1 and from ¢ = 0 deg and ¢ = 180 deg for B < 1. The
shock lines for B > 1 are shown in Fig. D.1. For B < 1, the same pattern is simply

rotated 90 deg.
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Figure D.1. Stagnation region shock lines (B > 1): front view.

The scale factor at the shock may be found by substituting the equation defining

a shock line, Eq. (D.4), into the transformation operator, Eq. (B.9), to yield

_C yz
b= T B+ (D:5)
where
dC
! —_ e—
C'= 73

An explicit expression for the stream function at the shock may be obtained from
Eq. (2.2.3) and (C.2) as

E -
¥, = /0 sinlhghe d€

The transformation operators, Eqs. (B.8) and (B.9), are used to calculate the differ-
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ential along a shock line as

_ (B2y2 + z2)1/2 dz .
4@ = he sinT’ z (D-6)

Substitute Egs. (D.5) and (D.6) into the equation for the stream function ¥, and

integrate to yield

C' yz "
V.=CB+1 (D.7)

To determine the parameter C(8), an arbitrary value of 3 is assigned to each
shock line at a point in the stagnation region. The convention used here is to relate
B to the circumferential angle ¢. Thus, the initial location of a shock line is found by

defining

€2 = 2cz, B = ¢

where ¢ is a constant with a typical value between 0.01 and 0.10 and shock lines may

be arbitrarily distributed around the shock surface at z.. From Eq. (D.1)

_ ecosf . = esinf (
Ye = (B cos?f + sin®B)'/? ©” (Bcos?f +sin’B)!/?

Substitute into Eq. (D.4) to find

B-1

_ sin® 3 € R
~ cosB \ Bcos?8 +sin’g

and

c 1 B?cos?f + sin’f3
C ~ sinBcosB \ Bcos?f + sin’B

The shock curvatures ¢ and kg appear in the approximate pressure equation and

in the geometric factors that define the coordinate transformation across the layer.
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They are calculated from the derivatives of the shock angles I' and ¢ as

107 cosT Oo
Kg = —"ZEZ Kg = —Eﬁ—-a—ﬁ' (Dg)
Using Eq. (D.3), the shock angle derivatives become
ar _ _ B sin®T ar _ _zsin’l (D.10)
Jdy c2 cosT’ 0z c2 cosT’
and
0o Bz 0o By
3y B+ 2 8z~ B+ 2 (D11
Substitute into the transformation operators, Eqs. (B.8) and (B.9), to obtain
_ sin’T (B%’ + 22 = Bsinl' [ By? + 72 (D.12)
T T\ Byt 4 2 A= ¢ B?y? 4 22 T

D.2 Shock Standoff Distance

The shock standoff distance on the stagnation line is calculated from Eq. (2.2.15)

as
2

ny K 1 d
Ngy — by 20 =/ ... R— (D.13)
2 0 1 uhg
P\ T,

8 is indeterminate along the stagnation line and is found
s

uh

where the velocity term
from the flowfield equations in the stagnation region. This analysis follows the ap-

proach of Ref. [9]. However, the complete energy equation and a more accurate

pressure relation are used here.

The tangential velocity u is obtained from the energy equation Eq. (2.2.12):

1 1
h + §(u2 + 'v2) = h,o + -2'1)30 = Hy (D.14)



97
Before u can be calculated, analytic expressions are needed for the flowfield properties.

Since enthalpy is a function of pressure and entropy, expand about the position where

the streamline crosses the shock to give

RE, B, ) ~ ha(B, ) + (%S) (p(€, B, 9) — pa(8, V)] (D.15)

where
(&), 759
op/, ps(B,7)
from the first and second laws of thermodynamics. Since density is a function of

pressure and enthalpy, expand about the normal shock position to obtain

1 z_l.;+ [a(;ém]w [p+(8, ¥) — Pug] + [6%}/1/))]80 (h(B, ¥) — hyy] (D.16)

ps(3,%)  ps

The pressure and normal velocity component across the layer appear in the enthalpy
relation and energy equation, respectively, and are given by Egs. (2.2.10) and (2.2.11)

as

p(6:B,Y) = p(&A)+m(EB) [n—11+m(E8) p*-1]  (DI7)

v(e,IB’lI') = va(f’ﬂ)'*'vl(ﬁvﬂ) [7’_1] (DIS)

where

B+1 B?y? + 22

sin’T o [ B3y? + 22 By? + 2*
= sl gprr (22X TE by + 2
p2 2B+ 1)p, [sm (B2y2+22 +B(Bzy2+z2)

sinl’ o [ B+ 22 By? + z?
- S g (22X T E Syt
" (B +1)p, [sm (321/2 v=2) o Bty? + 2*

sin’T cos?T (Bay2 + 22>
h =



and

'
n 7,
The shock wave geometry in the stagnation region has been used to simplify these

pressure and velocity expressions.

Now define the variables at the shock in terms of the shock angle I' such that

cosI' = G

sin’lT = 1-G? (D.19)
Ps = pay — ApG? (D.20)
hy = hy — ARG (D.21)

where in the stagnation region
<l ApG® <« 1 ARG < 1

Substitute into Eq. (D.16) to yield

1 1
—r—-A 2 2
P (1/p)G (D.22)
where
=[P4 sy 200 o)
80 30

The quantities Ap, Ah, and A(1/p) are related to the shock gradients of the respective
properties and may be calculated from the shock properties for either a perfect gas

or an equilibrium flow. Their derivation will be detailed in a subsequent section.
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Next substitute Egs. (D.15)~(D.23) into the energy equation, Eq. (D.14), and

neglect higher order terms to obtain for the velocity

_ G'6.8) 1 (B +7 1
(60 = T (5= (Fs) -1 [~

+28p+ — + A(1/p) (v + 1)}

%0

gi(;_ﬁ,_llf_) {2p,oAh —2Ap — A(1/p) (n2 - 1)} (D.24)

Recall that (£,8) refers to the shock location along a line normal to the shock and
(B,¥) refers to the position where a streamline crosses the shock. Evaluate G2(£,3)

from the shock line geometry as

MG(E ) _ (B+1)

m
im0 W2 =

(D.25)

Determine G*(3,¥) from the approximation that the shock angle I' varies linearly
with the stream function ¥ along shock lines. This approximation is employed

throughout the flowfield and implies
Sinr(ﬁ, ‘I,) ~1+ [sinF(E, :B) - 1]7’

Substituting Eq. (D.19) gives

2 2 2G?
hﬁG (8,9) ~ lim hﬁG (&, B)TI _ (B+ 1)217 (D.26)

2 yi—0 P2 c?

lim
y,z—0

The ratio of shock coordinates that appears in the velocity expression is evaluated by

substituting Eq. (D.4) for the coordinate y and taking the limit as the coordinate :



100

approaches zero to yield

3,2 4 ,2 B B<1
D = lim (-B-z—yg—iz—z) - (D.27)
=0 \ B?y? + 2
1 B>1

The limit of the shock curvature kg at the origin is found in a similar manner as

. 2,2
Bsinl' { By*+ = (D.28)

1

; ] oe
Foo =50 ¢ By+22) | B
c

Substitute Eqs. (D.24)—(D.28) into Eq. (D.13) and simplify to yield for the stagnation

shock standoff distance

¢ i dn 1/2
Nk = 1-— [1 - 2)630?71/)30 /(; o nu1)1/2] (D.29)
where
wo = —m(n—1)|2-—(1-1)| +28p+ L+ A(/p) (v +1)
B+1 % Pso

u = 2psAh—28p—A(1/p) (17— 1)
Note that the density is calculated from the equation of state as
p = p(p, So)

Expressions for the shock gradients Ap, Ah, and A(1/p) are given below.

D.3 Shock Gradients

Substitute for the shock values of pressure and enthalpy in the shock relations

Egs. (C.3) and (C.4) to obtain

1
psy — ApG® = p°°+(1—G2)(1—Z)
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1 1
hi = ARG? = hoo +5(1=G)(1 =)

8

Now substitute for the density with Eq. (D.23) and neglect higher order terms to

obtain

D

o = [2] o [2] s

Pag
ah = {_ [ﬂ;_ﬁp_)]’oAp_ [?%{f;)] Ah} . (1 - ,,i)

Solve for Ap and Ah to yield

_ Ll 1 [a/p)] | _1[80/p) 1)]

e = 1(1“;),0){”;;[ o ],0} 2[ o ],0 (“ﬁz:)_ (B-30)
11 1 8(1/p) 1 [8(1/p) 1\

A =1z (l‘p—z,,){”[ 3 LJ‘E[TP L, (1‘7m)_ (B30

where

The density derivatives can be calculated explicitly for a perfect gas from

1_a-1k
P 1P
to yield
(1/p) _ 1 o(1/p) _ 1
dp pp Oh ph

For an equilibrium gas, these derivatives must be calculated numerically.



E Numerical Integration Scheme

The scheme used to numerically integrate the shock line and surface streamline
variables is a variable-step size, second-order, predictor-corrector, ordinary differential
equation solver. To illustrate the scheme for a single equation, let y be the dependent
variable, = be the independent variable, f be the derivative of y with respect to .

and h be the step size in z. Then the predictor step gives
P_ oC h
¥l =y +50fa - fi-2)
whereas the corrector step yields
[o4 c h
Yi = ¥ia1 T §(fi + fi-1)

where the index i represents the current z location. The local truncation error e is

estimated by the difference in the predicted and corrected values as
e = |yp — ¥l

The step size h is varied such that the error e remains below a prescribed tolerance.
Initial conditions for the predictor-corrector scheme are calculated from a second-

order Runge-Kutta scheme given by
Yi = Yi-1 + hkz
where

h h
ky = f(zic1,yi-1) ky = f(ziaa + 50 Vi1 + ;;kl)
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F Body Geometry

In Sec. 3.2, the surface streamline equations require body geometry angles that
are referenced to the wind axes. However, reentry vehicle geometries are typically
described with respect to the body axis as in Ref. [26]. The transformation from a
body-oriented to a wind-oriented coordinate system and its application are detailed

here for a 3-D body.

The 3-D body surface may be described in the body-oriented system by
7 = f(z,9)
and in the wind axes by

r=f(z,9)

The two sets of axes are shown in Fig. 2.5. No subscripts are used here since all

variables apply to the body surface.

The body angles are defined by Eq. (2.1.2) such that in the body axes

- laf - ?_Jf - _ -z
tané, = 794 tanl’ = 5% cosdy g=¢— b (F.1)
and in the wind axes
10f of
= —— = — =@ — 2
tand, 79 tanT’ 52 cosbg oc=¢— 0 (F.2)

For later use, derivatives of these angles with respect to the body axis coordinates
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are needed. They are given by

08 _ o5, [LEL _ (L0019
5 cos 6¢[f3:17:8d—> (faq‘s f@i] (F.3)
106 covtle L?Z_(l?_:)z F.
705 = 7 [faq"s’ 796 (74
and
85 _ _9b
9z 0z (F-5)
1 65 1 1086
2 = 2= F.6
o5 = 7T (70
and
or 8f . Oof . 06 -
% = cos’T (6{cos5¢ gﬁsm%—a%) (F.7)
}f% = cos’l [}aa;f&cos&d, ?_'tsin& (}6;;)] (F.8)

The unit vector normal to the body surface is calculated from Eq. (2.1.3). In the

body axes, the vector becomes
e, = —sinl'e; + cosI cosge; + cosI' singe; (F.9)
and similarly in the wind axes
e; = —sinl'e; + cosI'cosoe, + cos[ since, (F.10)
Referring to Fig. 2.5, the two systems are related in Cartesian coordinates by

e; = cosae; + sinae,
e; = —sinae;+ cosaey (F.11)

e; = €;
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and

T = Zo+ (w — nbo) cosa + y sina
¥y = Yo— (m — "bo) sina + y cosa (F.12)
zZ = z

where (Zo,J,) is the stagnation point on the body and ns, is the shock standoff
distance on the stagnation line. The stagnation point is assumed to be the Newtonian

stagnation point located by

Noting that Vo, = e, and substituting Eq. (F.9) and Eq. (F.11) gives
sinly = cosa

The stagnation point can then be calculated from the definition of T.

The body radius f is assumed to be a known function of the body axis coordinates
(z,8). However, the body location is given by its wind axis coordinates (z,¢) obtained
from Eq. (B.13) with n = n,. Before calculating f, transform the wind-oriented
coordinates to the corresponding body axis coordinates using Eq. (F.12). Then from
either an analytic expression such as Eq. (2.3.1) or a geometry package such as the
one detailed in Ref. [26], the body radius f may be computed along with its first and
second derivatives with respect to Z and é. The body angles and their derivatives

with respect to the body axes are then calculated from Eq. (F.1) and Egs. (F.3)-(F.8).
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To obtain the surface angles with respect to the wind axes, substitute Eq. (F.11)

into Eq. (F.9) and equate with Eq. (F.10) to yield

sinf = cosasinl' + sinacosl' cosd
cosT'cosog = —sinasinl’ + cosa cosT cosa (F.13)
cos'sinc = cos['sing
Differentiate to obtain
cos’[do = (cosacosI' —sinasinl’ cost) cosl' do + (sinasing) dT’
cosT'dlL = (cosacosl’ — sinasinl’ cosg) dl' — (sina sing) cosI' d&

where the differential represents both

10

—

0¢

i

L
oz

All terms on the right-hand side of these equations are known.
Before transforming these derivatives with respect to the body axes to derivatives
with respect to the wind axes, transformation operators are needed. Following the
procedure of Appendix B, define a position vector from the origin of the shock-oriented

system to a point on the body surface as
P=Po+5:e5+fer—=xe,+fe,

The analysis of Appendix B gives the transformation operators relating derivatives

in the body axis coordinates (Z,0) to derivatives with respect to the shock-oriented
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coordinates (z,¢) as

N IO
where
%f; = cosa + %(sina cosg)
f%f-: — sinasing + g%(— cosasing cos¢ + cosgsing)
% % = —sinasing+ %g—g(sina cosg)
F9% _ cosasindsing + cosdcos ¢+ -I—Qi(— cosa sing cosg + cos@sing)

fo¢ fo¢
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G Viscous Stagnation Region

The surface streamline and convective-heating equations are indeterminate at the
stagnation point on the body. Therefore, a limiting solution similar to the analyses
of Appendix D and Ref. (8] is found in the stagnation region. This solution gives the
initial location and orientation of the streamlines as well as the stagnation values of

the momentum thickness and heat transfer.
G.1 Streamline Geometry

Before describing the streamline geometry, define the shock and body surfaces
in the stagnation region. Recall from Appendix D that the shock surface may be

represented by an elliptic paraboloid as
By’ + 22 = 2cz (G.1)

where (z,y,z) are referenced to the wind axes. The body surface is also given by an

elliptic paraboloid from Eq. (2.3.1):
By*+# =2z (G.2)

where #? has been neglected and (Z,7,Z) refer to the body axes depicted in Fig. 2.5.

Transform the body equation to wind axes using Eq. (F.12) to obtain

(B cosza) y+i=2 (colsa) (:cb - nbo) (G.3)
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where z? and z,y, have been neglected. Comparing with Eq. (G.1) implies

1

Ccosxy

B,=B cos’a cp =

The angles T and T are calculated using Eq. (D.3). However, in the stagnation
region, the shock and body coordinates are small so that higher powers of these

coordinates may be neglected. That is,
y=0(e) 2= 0(¢)

where ¢ is a small parameter defined in Appendix D. The shock angle I' may then be
approximated as

sin[ = 1 cosI' = O(e)
Similarly, the body angle I', reduces to

sinl, = 1 cos[y = O(e)

Because the surface streamlines are integrated with respect to the shock coordi-
nates, the transformation between the shock coordinates (€,3) and the body coordi-
nates (£,3) is needed in the stagnation region. Substitute for I and I'; in Eqgs. (3.2.11)

and (3.2.12) and neglect higher powers of € to obtain

e;-e N cos(f + oy — 0)
e;-e5 R~ sin(f + oy — o)
ej € N — sin(d + oy — o)

cos(f + o — 0)

Q

e5~eg
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The transformation operators at the shock, given by Eqgs. (B.8) and (B.9), simplity

to
—1-2- = cosai+sina—?—
he D€ dy 9z
1 0

&~ —sino— + cosog—

hs OB By 9z

Now substitute into Eqgs. (3.2.9) and (3.2.10) to obtain for the transformation

Ty O _ .
h—g?f ~ [cos(0 + o3 — 0)(Bs coso + Dy sino)
— sin(o. + 0y — 0)(Ap sing + Dy cosa‘)] 50?;
+ [005(0- + oy — 0)(Bs sine — D, cosa)
+sin(f + o — 0)(Ap coso — Dy sina)] %
and
‘,%% ~ [— sin(# + a5 — 0)(By coso + Dy sino)
— coS(é + oy — 0)(Apsing + Dy cosa)] 5%
+ [_ sin(8 + o, — 0)(By sino — Dy coso)
+ cos(f + o — o)(Ap coso — Dy sina)} %

The geometric terms involving A, B, and D may be simplified using their definitions

given in Appendix B along with Egs. (D.9)-(D.12) to obtain

. ny
By coso + Dysine = coso (1 - —0)
c

. . ny
Ay sino + Dycoso & sino (1 - —9->
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. Bry
B, sino — Dysine = sino (1 - 0

Cc

(&

Bnb
Ay cose — Dysinec = coso (1 - 0

and

-2 0-22)

The transformation between the shock and body coordinates may now be written as

190 = 1 0 . 7 10
h—ga_é ~ cos(0+ab)-’za—y- +s1n(9+0'b)-h—z-$ (G.4)
1 9 7 10 ~ 1 0 '
h_ﬁb_,B ~ -—Sln(0+0'b)h—y‘a"§ +C05(0+0’b)"—t:$ ((1.-))
where the scale factors are
B
by =1— —2 hy=1- 20
c c
The inviscid surface velocity is represented by

V= ue; = Ubey + Wie,

= U [cos(é +os) e, + sin(é + 03) ez] (G.6)

where the velocity components U/ and W are functions of the shock coordinates y and
z. On the stagnation line (y = 0, z = 0), the velocity components are equal to zero

and from symmetry across z = 0,

oU

E_O W=0

Therefore, in the stagnation region,

ou ow
= |= | =] 2
v (ay)oy " (az )0
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The velocity gradients may be calculated for both perfect gas and equilibrium flows

from Eq. (D.24) as

ou B B 1
(%), - c‘p:;{‘ﬁﬁ‘""”[?‘z;‘"‘”]

1 1/2
+2Ap + —+ A(1/p) (n* + 1)}

50

ow 1 1 1
(%), - T e U] iy

1 1/2
+28p+ — +A(1/p) (0 + 1)}

Pag

where, at the body surface, n = 0.

|

Now the equation of a streamline in terms of the corresponding shock coordinates

can be obtained from Eq. (G.4) and Eq. (G.6) as

9z/0¢ _hy ~ _ hyz
Oy/0 k. tan(f + ov) = Bh.y
h
where (%gh)
B0V

L]

(%),

Note that B should not be confused with the body geometry parameter B. This

equation may be integrated to obtain

Hh
B _
z 7fy:C’y

(G.9)

where the parameter C is a function of the streamline coordinate 3 and y and =

represent the shock coordinates. Remember that the surface streamline coordinates

yy and z, are located along the shock normal coordinate n.
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The scale factor at the body is found by substituting Eq. (G.9) into Eq. (G.5), so

that
o4 yz
hz=—=h G.10
£~ C y(B y? + 22)1/2 ( )
where
L _dC
=7

The parameter C( B) is analogous to the shock line parameter C(83). It is determined
by assigning a value of B to each surface streamline in the stagnation region. For
convenience, define B = B for the streamlines corresponding to the e-curve (TesYerze)
defined in Appendix D. Substituting the e-curve coordinates given by Eq. (D.8) into

Eq. (G.9) yields the desired result for C as

& 1 BB%‘ cos?f + sin®f
—_ = Y
C  sinfcosp B cos?f3 + sin?f

The orientation of the surface streamlines is calculated from Eq. (G.6) as

tan(f + o3) = T;—; (G.11)

The body angle o5 may be found using Eqs. (D.3) and (G.3).

2b

By

tanoy, =

Relate the surface coordinates to the shock coordinates using Eq. (B.13) to obtain

y, = y— npcosl coso = hyy

2z = z—mnycosl'sino = h,z
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Substituting into Eq. (G.11) yields

yz (Bb%f — B)

- (G.12)
BBbﬁyz + 22

tan 8 =

This expression can be used to determine the initial orientation of the streamlines by

substituting the e-curve coordinates (Ye,zc) for the shock coordinates (y,z).
G.2 Convective-Heating Equations

In addition to the streamline geometry, the laminar convective-heating equations
may also be simplified in the stagnation region. From Egs. (3.3.1) and (3.3.2), the

laminar expressions are given by

go = 0.22(Res) ™" (ﬁ) (’-‘-> peile (haw — huw) (Pru)™*° (G.13)

e e

and

0664 (S pru el by a)"?

i (G.14)

Since the thermodynamic and transport properties are “even” functions of y and =
8/0y = 0, 8/0z = 0) at the sta nation point, they may be a proximated by their
g 1Y

stagnation values as

Pe = Pey Pt = py
fe R Heg B R o
Bow = heg ho & Py
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where higher order terms have been neglected and Eq. (H.7) has been used to simplify
the adiabatic wall enthalpy, A.,. Substituting into Eq. (H.6) yields the reference

enthalpy in the stagnation region.

h* =~

(heg + huy)

DO | o

The edge velocity is calculated from Eqgs. (G.6)-(G.8) as

o (5), @8+

where n = 7, is used to obtain W.. However, the ratio of the velocity gradients,

B, is still calculated using 7 = 0 to keep the analysis simple. This additional ap-
proximation causes no great difficulty. The scale factor hz is given by Eq. (G.10),
and the differential arc length along a streamline is found in the same manner as the

differential shock line arc length given by Eq. (D.6). The streamline arc length is

hedé = h, (By?+2%) " &

Substitute the above expressions into Eq. (G.14) and integrate by making use of

Eq. (G.9) to obtain for the momentum thickness:

1/2
0.664 Potioh:

Pe oW, 5 h
o [2(%%), (8% +)
The surface heating follows from Eq. (G.13) as

~h, 172 . wi2| 1 [OWe 172 -0.6
Gu R Quy = 0.469 (Bfl; + 1) (Poka) [h_z ( 5z )0] (heo - hwo) (PTwo)

(G.16)

0%002'
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H Convective-Heating Equations

The convective-heating equations developed by Zoby [24] for axisymmetric laminar
and turbulent boundary layers are derived from the integral form of the momentum
equation [28]. First, define a coordinate system along the axisymmetric body to be
(s,n) where s represents the distance along the body surface and n is the distance
normal to the body. The corresponding velocity components are u and v and the

body radius is given by r. In this system, the momentum equation may be written

as
dd Odr 0 du, Ue dpe | _ Cy
G trs T U ds (“H*zdu,)‘? (14
where
T e
= = — 2
Cf - Peug H= 9 (H'H)

and the displacement and momentum thicknesses are given by

§
5 = / (1 - ﬁl) dn (H.3)
0 Pe Ue
and

o= [ LY (1—1) dn (H.4)

0 Pe Ue Ue

Note that 8, 6*, and @ are the standard symbols for boundary layer flows and should
not be confused with the geometry variables &, b4, and 8.
For H = —1, Eq. (H.5) simplifies to

d Cy
P (peuterd) = 5 PelieT (H.5)
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In addition to the simplicity of this relation, Zoby assumes H = -1 based on the
insensitivity of the turbulent heat transfer to the form factor H for values of ap-
proximately 1.0 or less [50, 51]. Lees [52] also uses this value of H in developing a
hypersonic laminar method.
Compressibility effects are accounted for by Eckert’s reference enthalpy relation [34]
which 1s

h* = = (he + hu) +0.22 (how — he) (H.6)

|

where the adiabatic wall enthalpy, hau, is defined as
1., i
how=he + éRue (H.7)

The recovery factor R is equal to B =~ Pr*’? for laminar flows and R = Pr*/® for
turbulent flows. The reference enthalpy concept allows the formulas and variables of
incompressible flow to be used for compressible flow provided all physical properties
are evaluated at the reference enthalpy or temperature. For instance, the skin friction

coefficient defined in Eq. (H.2) may be written as

2Ty
pru

Cf inc =

LN %)

Thus, the relationship between the compressible and incompressible skin friction co-
efficients is
o, =2c (H.8)
= Pe fine :

In a similar fashion, the definition of the momentum thickness gives

* 5 £ 3
o~ " / i (1 - i) dn = 2o, (H.9)
0

pe Jo U Ue Pe
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whereas the definition of the Reynolds number based on momentum thickness yields

eucd  p”
Rep = et = LReo,»nc (H.10)
He He

For both laminar and turbulent flows, the incompressible skin friction coeflicient

is assumed to be of the form

Ctine = ¢, (Res,,,) " (H11)

where ¢; and m are constants. Substitute Eqs. (H.8)-(H.10) into Eq. (H.11) to obtain

Cf - p_' E_: " -m 9
2 —Clpc (“e> (RB@) (Hl-)

By substituting this relation into Eq. (H.5), the integral form of the momentum

equation becomes

d - x\ M o
T (pettert) = p,u,rcli (#—e) (Reg) (H.13)

This equation may be used to determine the momentum thickness for both laminar

and turbulent flows according to the values ¢; and m.
H.1 Laminar Boundary Layer
For the laminar boundary layer over a flat plate, the Blasius [28] solution gives
st'nc -1
—5e = 0.22 (Res,,. )

which implies

Cl=0.22 m=1
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is a good approximation. Substitute these values into Eq. (H.13) and integrate to

obtain for the momentum thickness:

0, = 0.664 (fo p";t"uerzds)ll2
L= R,

(H.14)
The surface heat transfer is then calculated from a modified Reynolds analogy as
St = 921 (Pry)™%°

where St is the Stanton number and is defined as

= qw
- peue (haw - hw)

St

Simplify the above relation using Eq. (H.12) and solve for the laminar surface heating

rate to obtain

"l * x _
guy, = 0.22 (Res ) (%;) (i;—) pette (haw — hu) (Pru)™°° (H.15)

H.2 Turbulent Boundary Layer

For a turbulent boundary layer, the parameters ¢; and m are not constant. They

are found by assuming a velocity profile of the form

u n\ YN
==

where the exponent N is a variable and is computed from a curve fit of axisymmetric

nozzle wall data [35] as

N =12.67 — 6.5log (RCgT) +1.21 [log (ReoT)]2



120

Equation (H.13) may be integrated assuming c; and m are locally constant to give

for the turbulent momentum thickness:

8 _x kM . csd C4
oT —_ (C2 fO pH U.r 8) (H16)
Pele”

where from Ref. [24], the parameters are given by

m = Nz_r'l' C3 = 14+4m
_ (1\F N ™ _1
a=(z) [W+ (N +2)] €4 =2
Cy = (1 + m)c1 Cs = 2.2433 + 0931V

The surface heat transfer then follows from a modified Reynolds analogy for turbulent
flow as

St= % (Pr)™"*

Solving for the surface heat transfer gives

dur = (Reog) (f,—) (ﬁ—) pette (huw = h) (Pr) ™% (HL1T)

H.3 Axisymmetric Analog

The laminar flow equations given by Eqgs. (H.14) and (H.15) and the turbulent
flow equations given by Eqgs. (H.16) and (H.17) are derived for axisymmetric flow.
These relations may be applied to 3-D flows by using the axisymmetric analog [13]
approximation. The axisymmetric analog assumptions allow the axisymmetric bound-

ary layer relations given above to be used in a surface streamline coordinate system



(€,8,7) provided the following substitutions are made:
r=h; ds = hgdé

where hj is the scale factor describing the divergence of the surface streamlines and

hg df is the differential distance along the streamline.






