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AIRPL4NEMECHANICS.*

2S.T. Carleman.

-Forde~erninhg the notion of an airplane,we have adopted ●

the hypothesisthat the =eaotionsof tha air dapend entirelym

the relativespeed of the alrplan9. Even if me sdopt tke sb-.

plest lam of resigtanoe,we obtaindifferm%ial ~atlcms whioh

we oan not integrateex@loitly. If we oonflneourselvesto the

motion h a vertioalplane and, at tha sme tirie,:ssme a oon-

stant amgle of attaok,m still obtairidif~esentialaquattons

whioh oan not be integratedb:’elenentairyaethods,

In the tallowingparagraphs,Ha till Etmt &-&w sore oon-
.

oluslonsof purely tkeoretioalinterest,from the ganaralmua-

tions of aotion. At the and, we will oonsldertha motion of em o

ai@ane, with the mgine dead and with’the assumptionthat tha

angle of attaok renalnsoonstant. Thus we a-rive at a s~le

result,mhioh osa be rmdezed praotioallyutilizablefor da%ar-

mining the trajeotoryof an airpke desoandingat a mnstant

std9ringangle.
. .

—--- ..-. ., . . . . . . .- . . . — -. ---. “at -
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Let us assume that the e.irpl,anamoves in its Flane of syrce-

tq-, oonsiderad vertioal. Let x and y mprasent a systemof..
coordinatesin this plane, the axis of the x linesbaing hori-

zontal ead the aide of the y liriesbaing vertloaland upward.

Let us designateby a andr the proj’eotions OS the velooity w

* From “La TeohniqueAeronautiqtie,rHay, 1921.
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o~nter of gravityof the air@ane on the axes of x and y

the angle ~ the angle of the velooitywith the asciEIof

lines. Lev us designateby 1! tliemass of the airplane

MI its moment of ineztia@.th relationto an axis paes-

ing throughthe oenter of gravityat zi@t amgles to the plane

=* The foroesaoting m the airplaneare:

Its mi@t Hg diaeotedtoward -y:

Propellesthrust T. of whioh we kll designateby U ead

~ *M oo~ongntg in “the ~ireotion of w and at =i@t ~ea

to V;

Drag, K a w a, in the direotion -w;

Lift:1!b wa, at mght angles tc w.

klez these ~~...fit~nenet>~ theo~ of the not:on of the oen-

ter of gravtty@V9b -b!

we h~~e

(1) g$=- A - B~-
w(au+bv)+ ‘w

(3) ~=-m(av-hu) +--g

.
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penihd.ar to th6 Inajeotory,w obtain
. ,

t

The noment of the dr resistaaoesabout

ity mm be eqressed In the form

In mhioh

“tad q,

auoordlng

(6)

oombine squat Ions

iv) - @.

the oenter of gzav-

.

G and H “arethe peziodio”funotionsof the angle of at-

whioh varies ti.thtbe steeringangle. l?etiienhaves .

to the theoryof ‘motionabout the oenter of gravity,

“ Let us assume that “thetnfluenoeof altitudemay be negleot-

ed. By xailtiylyingequation (1)by u and equation(2) by v

and adding the results,we obtain

......---- -.. ...... ... ...------------- . .. .. -.,..’ .... .....
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quantity a, moessartly implylnga lomr positivelimi%

is obtainedfrom equatioa (7).

(~) a -a “(ia’w’- (P +gn.
“adt ‘-w J

representing the maxinumpropellerthrust,fmm whioh we rea-

that the speed mn not go on increasingindeflnitely. To be

more exaut, it must Zemin below

in nhioh an is aay quantity mailer than a’.

~ seam of equation(1) we m easily demonstratethe fol-

lowtng theorem,mhioh is praotioallyself-evident. If the emz ~i

S8 dead. it Is Eot no8eable bv anv maneuver of the tor “toeleva

P.9* the 9~rp1+ne 3J20v~l r f+~ed rizontalline for am a-‘bitra-

XUk&kWm. Fe find, tn.fmt, by integratingeqcatton(7)

ba%ween to and t(A and B being zero)
.

. ~ (rrta - W02] = - Jt aw3 dt - g (yt - Ye).
to

T4cing into aooountthe ineqtil.ty ‘a > a’ > 0, the h~.otkesis
.

Yt > 0 givesus

a’ {t Wa dt e ~ U02 + gYo.
o

It followsthat the integral.

(’ W“ dt
o

. . .,-. “-.”-”. “- -. ..-. .- . . ---- --- “-. --, ““”-”
., . . . .:
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Ls oonver~eatc ?Lemarkingt2at by mason of equatiom (7) and

(~), “& is l~ite~, we reasgn frm this that”w tends t=-b

zero,rhen t tends toward lnf~nity. Eenoe we k%e also
.

(G) L!.m-{= (), llmu=o
4Jl=p t =Ce

Cons3qu9ntly,th6re ze an infinityof values of ‘$%~k”m”tn

such that we have
.

.

~bstitutl~ t = tn in the ecluation .

g

we arrive at the absurdl-

thereforeinadmissible.

“ azldby “SKmg n tend to-d infinity,
.

ty g=o. The h~otheais yt > 0 is

Let us now assumethe thxmt and aagle of attaok to remain

c30n9tant. On tiividlngequatton(6) by r‘, we see that for a

oonstantsteealngmgle of the elevator,this hypothesismm-

cerning the angle of atzaok is judtifiedin pr~ortion as 1.
.

ad H are saallezand w is 1~-gez. Frcm equations‘(1)and ..

(Z) we dedme the dif’ferentialequation

dv

(u~ + V2) (av - bu) - AV - w + g /uya

------ ----- --- . . .. .. . . ..— _ ., ---- . . . . . . . --- ---:. .,---. . . . . ... . . ~.
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i.ntidh a, b, Aand B are

integrated,

smoordingl~

“of~Gution

motior. We

Poinoardin

t,xlu’ldy am

6-

oonsteats.

obtained3y

Onm this Wluationis

oorfinecii.raeiveato the study of the integraloutves

(-d),$@t i3, to dete~ning tilekodographof the

oazi apply to equa%hn {11) the metkods given‘byHr.

his memoirs: ‘iOn ocrvssdefinedby a differential

equationl’(Jmmnal de Math&atiques pures et appliqu~es,1661-

1666). W ees that eque.tlons(1) ami (2) define u and v for

sve~ value of t, vhen.the initialvelooity ~vo is gi7~9

On considering u“ A r as oartestancoordinatesof a point

in the p14me, the pGint (u,v) demrlbes a oertatnoharaoteris-

ti.oourve,Y120n t variesf=om O -to ipfinity. we oall usin=

gukc.points” thosewhe=e the-semnd members of @.uations(1)

and (2) dis~~ear at the same time O* beooae discontinuous. In

ths easeunder oonsider&tlon,there is, eside from the origin,

onl~ one other +nwlar point cf finite distanoe. We have al-

ready seen (Inequality8) that the oharaotefl.tatiosremainat a

finitedistanoe. Under this oondition,the theory of Poinoare’
.+ .

showsus that a k&wle(igeof the”singularpoints and olosedohar-

aoteristios

fhalingthe

infinity.

(iMted oyoles)at a finite dlstuoe sufficesfor

oouse of the integralcurves,when t tends toward

Insteadof going deeply into this

up by a simplermethod,the ease where

2020= JX-tion (11) Is reduoetito

study here, we shall take

the propellerthrust is

.

.-.. . . .- .-. . . . . . . ----- ...”. “----- -. -”--- ---- . . . . . .. . . ..
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(12) -
dv

w(au+kv) - w[av-bu)+g
I

n= a = c,* that ia to say: a = 0, b = p, this equationIs

raadt17integratedby meana of the elementaryfunctions. We have,

izl faot,

A. ‘v .Mdh
p Vw -puw+g W

‘%ence

@ .gy. c (C = arbitraryoonstant)

By varying O we obtaina syst~ S of olosed,.

OIuxres..whioh ~braoe the whcle plane.

In the oaee u = n/a, oorreapondingto the

no-lnt erseoting

motion of a sphere

k a resistingmedium, equation (M) ma be integratedby q~

tures,as demonstratedby TJi~viib.

Althuughwe do not knw for a any generalintegralof equa-

~~o~ (la), we Om ~net~wt itg inte~d cnaves by a simplenethod.

?e have, in fao%, tinefollowingtheorem, ..~e ~ntegralmrves of

equation(12)are the tra”jeotoriesof

S owveso
a ~ Va) Sla

P ‘u 3-

the angle a of

b = opnsteat

.

the systemof

I

prov$dedme oonsideathese trajectorieswith referenoeto the reo-

* In MB a:ticle llLevol Ae’rienll(AerialFlight), Mr. Lamhester
disou~sedthe f&ll of am airplaneunder this hypothesis,mhioh re-
turas to tke aseumptlonthat the airplanedoes not lose energy.
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tamgular axes whic$hmake the angle a (in the positivedireotion)

with the originaltrajectories (6ee figure).

For the demonstraticri,we write the differentialequationsin

the followiagcondensedform

. .
‘“”(13)

d (U + 3Y) = i~ ‘pe~-~(~ + iv) - @.
dt .

whloh is obtainedfrom equation (5)w letting ~ = 0“ By tiing

a= O in equation(13)we

titi equation

(14) d (U + iv)
dt

% obtain tileclifferential

find, for the S system,the diffezen-

= iw p (u +

equationof

iv)

the

gle a by multiplyingthe seoondmember of

Henoe

(15) MU-&X) = IW p eia’ (u +

The ohamgeof axes indioated in the above

multiplying u + iv in equation (15)by

ratio thus obtainedby eia,

onstzatesthe theorems

All the oharaoteristios

- d
.

trajectoriesof the an-

equatlcn (14)by em.

iv) - @eia

.

statementis obtainedby

#a. By dividingthe

we return to equation

tend toward the point

(13), whioh dem-

u= .1 J$00s a, v = - $.sin-a

whloh correspondsto a rectilinearand untform descent.* If the in--
= If an integralourvepasses near the point u = v = 0, we oan
hardly expeotthat it will correspondto the real motion of the air-
plane, beoeusethe hypothesisthat the angle of attaok remainsoon-
stant is not justifiedfor low speeds.

.
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tegral curve outs the axis of the negative u’s, n times, the air-.-

plane axeou%es n lows, We come, therefore,to the following

ConolusiOm -tever be the inlti~ velooit~~the ~rpk, afz%s‘1

exsouting,If neoessary~a fInite number of loopsS amuires a mo-

tion which approachesi-finitely a state of zeotillnearand uni-

fozm desoent.

Translatedby NationalAdvisoryCommitteefos Aeronautics.
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