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TECHNICAL NOTE NO, 684

TXPERIMENTAL STUDY OF DEFORMATION AND OF EFFECTIVE WIDTH
IN AXIALLY LOADED SHEET-STRINGER PANELS

By Walter Ramberg, Albert E, McPherson, and Sam Levy

SUMMARY

The deformation of two sheet-stringer panels subject-
ed to end compression under carefully controlled end con-
ditions was measured at a number of points and at a number
of loads, most of which were above the load at which the
sheet had begun to buckle, The two panels were identical
except for the sheet, which was 0,070-inch 24ST Alclad for
specimenl and 0,025-inch 24ST aluminum alloy for specimen
6. A technique was developed for attaching Tuckerman op-
tical strain gages to the sheet without disturbing the
strain distribution in the sheet by the method of attach-
ment, This technigue was used to.explore the strain dis-
tribution in the sheet at various loads, The twisting and
the bending of the stringers were measured by means of
pointers attached to the stringers., The shape of the
buckles in the sheet of specimen 6 was recorded at two
loads by means of plaster casts,

The sheet and the stringer loads at failure are com-
pared with the corresponding loads for five similar panels
tested at the Navy kodel Basin, A detailed comparison is
made between the measured deformation of the buckled sheet
and the deformation calculated from approximate theories
for the deformation in a rectangular sheet with freely sup-
ported edges buckling under end compression advanced by
Timoshenko, Frankland, and Marguerre, The measured effec-
tive width for the specimens is compared with the effective
width givcen by nine different relations for effective width
as a function of the edge stress o¢ divided by the buck-
ling stress Bip of the sheet,

The analysis of the measurel stringer deformation is
confined to an application of Southwell!s method of plot-
ting deformation against deformation over load., If the
stringer approaches instability in accordance with South-
well's relation, the deformation will be a linear function
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of the deformation divided by the lcad and the slope of
the straight line obtained will be equal to the elastic
buckling load, A good check with the observed ultimate
load was obtained from a plot of the twisting deforma-
tion and of bending deformation as indicated by the
pointer readings and of bending deformation as measured
by differences in extreme fiber strains ‘in those cages
in which all observed points.could be brought to scatter
about a common straight line; It was concluded that the
stringer failure in both specimens was due to an insta-
bility in which the stringer was gimultaneously twisted
and bent as a column,

INTRODUCTION

The strength of sheet-gtringer panels in end compres-
sion has become a problem of importance with the increas-
ing use of stiffened sheet to carry compressive loads in
box beams for airplane wings and in other types of mono-
coque contruction.

The buckling of the sheet between stringers in a
panel under end compression, the strain distribution in
the sheet, and the- effective width of the sheet as a func-
tion of the stringer stress, have been considered from a
theoretical point of view by a number of authors (refer-
ences 1 to 24), GExperimental studies confirming this the-
oretical work have been few in number and restricted in
scope (references 25 to 30). The present paper gives the

results of an experimental study under carefully controlled
end conditions of two sheet-stringer panels in end compres-

sion, which was carried out at the National Bureau of

Standards for the Bureau of Agronautics of the Navy Depart-

ment .,

The tests had as their purpose (1) a determination of
the strain-distribution in these panels, (2) 2 comparison
of their strength with the strength of similar panels
tested at the Navy Model Basin, and (3) a comparisom of
the observed deformations wWith those predicted from exist-
ing methods of analysis.

In connection with this study, convenient procedures
were developed for measuring the strains in the buckled
sheety 'for observing the shape of ‘the buckleg, and for
following the deformation of the stringers, The observed
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results were compared with various theories, ' The compari-
son suggests certain modifications in the theoretical at-
tack that would probably lead to better agreement between
the calculated:and the observed deformations of the sheet,

The authors are indebted to the Navy Department for
permigsion to publish this work, . They alsoc acknowledge
with pleasure the cloge cooperation with members of the
Structures Section of the Bureau of Aeronautics and the
experimental model ~basgin of the Bureau of Construction and
Repair, Navy Department, and, in particular, the many val-
uable suggestions ‘:received - from.Dr, J. M.:Frankland of
the Structures Section,

SPECIMENS

The two test specimené are described in table I and
in figure 1,

Young's modulus,; the yield: gtrength-in:tension, and
the tensile strength:of each sheet and of ceach one of the
six stringers,had been obtained by the Navy Department
with Huggenberger extensometers, They are summarized in
table II, ) ey ke

The properties  of sheets and stringers are seen to
be nearly uniform except the low valune of Young's modulus
forithe Alclad sheet of specimen 1, which is, however; in
agreement with published data (reference 31),

In:addition to-the tensile tegt, flat-end-column tests
were made at the model basin on four stringers ranging in
length from 2 to 6 inches. The maximum loads for these
specimensg ‘are plotted against length in figure 2. They
range from 5,650 pounds for the 2-inch specimen to 5,500
pounds for the S-inch sgspecimen,

Flat-end-column tegsts on two additional stringer
specimens, '5 and 8 inchesg in length;.were made at the
National Bureau of Standards. Thcse specimens were cast
in Wood's metal to a depth of 3/8 inch at each end as ‘shown
in figure 3A, ‘Figure 3 algo shows both specimens after
failure, -Figures 4 and 5 give the results of extreme

fiber-strain measurements at the midlength of each stringer,

The strains are practically identical nearly up to failure,
thus showing that the stregss distribution was very nearly
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uniform over the section of the specimen and that failure
must have occurred quite suddenly. Additional readings

of twist on the short specimen showed that its -failure

was primarily one of torsional ingtability; this fact is
also brought out by the final failure, which left the cen-
ter line of the specimen practically straight. The fail-
ure of the 8-inch specimen, on the other hand, was prin-
cipally due to column action; the center portion was se-
verely bent after failure, The maximum loads are shown

‘in figure 2 for comparison with value obtained at the
-model basin, They are a few percent higher; this dis-

crepancy is probably due to the restraint of the ends by
the Wood's metal,

TESTS

Loading

Figure 6 shows specimen 1 assembled for a compressive
test in the horizontal hydraulic testing machine of '
2,300,000 pounds capacity. The following procedure was
uged for mounting the specimen., ' Each end of the specimen
was centered on the rigid steel block A in such a manner
as to make the ends of the specimen equidigtant from the
ends of the block and to make the vertical axig through
the centroid of the entire cross section of the specimen
pags through the center of the. face of block A, which was
in contact with the specimen. Copper ping driven into
holes in the contact faces of blocks A provided keys for
holding Wood's metal, In order to hold the speciijen in
the centered position and to provide support against crink-
ling of the sheet, Wood's metal was poured around the ends
of the specimen and the pins to a depth of 3/8 inch,

Later measurements showed that the centroid of the sheet-
stiringer  section for specimen 1} lay 0.057 inch above the
point halfway between the ends, which introduced a small
bending moment due to eccentric application of load that
had to be considered in analyzing the results of the test.
Each steel block A was centered on the faceplate B of the
loading head C with the help of a dowel fitting into a
central hole in both A and B, The loading head C and the
knife-edge support G were taken from a bell-crank fixture
of 75,000 pounds capacity for testing wing beams under
combined axial and transverse loads. The faceplate B was
free to turn about a vertical axis by being placed in a
cylindrical bearing cut in the loading head C, It wasg
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also free to turn about the horizontal axis defined by the
knife edge.:- This arrangement agsured that the .gstress dis-
tribution over the end section of the specimen would be
uniform-at loads below those producing buckling of the
sheet (except, in the case of specimen 1, the small bend-
ing moment due to the eccentricity already mentioned),.

The cylindrical bearings in the loading heads C were
locked before the buckling load of the sheet was reached,
to hold the ends fixed against rotation about a vertical
axd s i ¥ '

The edges of the sheet parallel to the load were sup-
ported by two pairs of bars D designed to approach as
closely as practicable a condition of simple support (zero
displacement normal to the plane of the sheet and zero
bending moment). It dstrealized that themse conditionsint
support did not exactly reproduce those at the stringers;
however, the tests indicated that they were a satisfactory
approximation, Figure 7 shows the construction of the
edge-support bars, The bars were separated with spacers
of thickness shown in figure 7, This allowed the sheet to
gslip in to the point of tangency with the two curved facesg
of the bars. The two pairs of bars D were then placed a
constant distance apart with the help of the spreader bars
E (fig. 6), allowing a small clearance between the spacers
and the sheet in order to permit expansion of the gheset un-
der the action of the compressive load., The whole frame-
work D and E supporting the edges 'of the sheet was carried
by a pair of rollers F resting on the end blocks A (fig. 8).

Measurement of Strain

Attachment of strain gaszes.- Several schemes were con-
sidered .for attaching a large number of strain gages to the
gsheet without disturbing the strain distribution in the
sheet by the method of attachment. PFigureg 8 and 9 illus-~
trate the scheme that was finally adopted because of its
relative simplicity and convenience. ZEach gage and its
mate on the opposite side of the gheet were held directly
against the sheet either by a wire or by a fork formed of
aluminum-~alloy. sheet bearing. and rocking on a roller,
which in turn rested on the strain gage. The. ends of the
wire or of the fork, as the .case.might be, were held by
stretched rubber bands wihose sheet end was anchored to an
aluminum-alloy hook attached to the sheet surface of the
specimen, A particularly firm attachment of the anchoring
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patch was obtained by first varnisshing the specimen with a
spar varnish, then placing on it a patch of Scotch tape,
varnishing the edges of the Scotch tape down again to pre-
vent peeling under sustained temsion, and finally cement-
ing the anchor piece of :sheet metal to ‘the patch with a
drop of hot De Khotinsky cement,  The intermediate patch
of Scotch tape prevented .spalling off of the anchoring
patch even with severe Buckles in the sheet,

Georrechion of readings for bewine of median fiberh <
A correction had to be applied to the average of the meag-
ured strains in order :to.give the actual median fiber
strain in those - cases in which the buckles were very cse-
ViR, The average of the extreme fiber extensions or
contractions does actually give the extension or contrac-
tion at the median fiber with great accuracy, Part of ‘the
contraction, however, is due to the bowing of  the median
fiber (fig. 10) and an amount equal to the shortening

—~

EaY 0 AR

must be added to the average extensions to give the exten-
sions due to strain only

.
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where €, and €5 are the measured extreme fiber exten-

sions per unit length as given by the two strain gages
attached to each side of the sheet., Assume that the radius
of curvature r of the buckle remains constant over the
gage length 1., The shortening due to bowing is then,

from £ ieurer 40
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Phe madius of ecuryature . r. may,be,calculated from. the, dif-

ference in extreme fiber extensions per unit length by using
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the well-known relation -

I dwees Hue

e 2
T 93 (2)
1) n
where h ..is.the thickness of the gheet, Ingerting this

relation in equation (2) and the resulting expression in
equation (1) gives the following relation between the

~

median fiber strain €. and tihe measursd extreme fiber

extensions per unit .length €, and ¢€,:
gir Bl TR yul 9 2 5 3
€ = =2 — (=) (e, = e,y)f ??l-—-}-(-\(al—e,,) +a miia(a)
% Iad N thiy i SO NI !

The correcction that must be added to the averdge extension
per unit length in order to give the strain at the median
fiber is 'given by the second term on the right-hand side
of equation (4). It may be calculated from the known gage
length 1, the sheet thickness h, and the measured ex-
treme fiber extensions per unit length €y ~and el

Observed strain digtributions.- The strain digtribution
in specimen 1 was mcasurcd at the locations shown in figure
9 with nine pairs of l-inch Tuckerman optical strain gages
attacned to the sheet and three pairs of 2-inch Tuckerman
optical strain gages attached to the stringers and the por-
tion of the plate to which the gtringers were rivoted. An
attempt was made in a preliminary run to measure the axial
strains at four gtations between adjacent stringers, as
shown in figure 6, It was found, however, that, this pro-
cedure placed the gases so close to each other that several
of them interfered with onc another as soon as the plate
began to buckle., All gages functioned properly with the
distribution shown in figure 9 up to loads well beyond that
required to buckle the sheet,

Figure 11 shows the distribution of axial median fiber
strain along the'transverse center line of specimen 1 at
compressive loads ranging from 5,000 to 25, 000 poundg.. The
median fiber strain was computed from the straine indicated
by the two strain gages placed on opposite sides of the
specimen, the correction for bowing (equation (4)) being
made in those cages where the bowing was appreciable, The
nedian fiber strains so obtained show a consistent behavior
althouzh the extreme fiber strains were in some cases very
differcnt from onc another, owing to the bending produced
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by the buckles. The amount and irregular nature of this
bending for the 25,000-pound load can be seen from the
plot of extreme fiber strains shown in figure 12, The ex-
treme fiber strains are close to each other at the string-
ers only., The values of strain on the stringer side shown
for these points were actually measured on the extreme
fiber of the stringer; reducing to the extreme fiber of
the sheet would Pring the straing still 'closer together,
Figure 12 ‘emphasizes the necessity of measuring strains on
opposite sides of the sheet in tests of this type. TFigure
11 shows that the axial strain was approximately uniform up
to loads of around 13,000 pounds, 3Beyond this load, the
stringers took an ‘increasing proportion of the load while
the sheet wag relieved of part of its share of the lodd by
the formation of buckles,

The increase in strain on stringer A as compared to
stringers B and C may be accounted for by the presence of

the small moment Mg = eP = 0.087 F inch-pound ‘due to ec-

centric loading., This moment will produce .2 bending strain
at a distance from the centroid (fig. 1l1) given approxi-
mately by Aeg = M x/EI for loads too low to produce buck-

ling of the sheet., The resultant strain €, ney be calcu-

lated by adding the bending strain to the axial strain:

€1{ = _}'1_ (1 + e l}-\ - (5>
< | 17/
#ith the numerical values A = 1,51 sqg, in,, B = 10,4 x 10°

1b./sq. o, gl = 9ry0 el ek e = 00808E,," vh & os -
tion” becomes

R ~— P(1 + 0.00307 % (6)
167 X ' '

The corresponding straight lines are shown dotted in fig-
e, L1-"Por loads 0f 5,000, 9. 000, “apd 13 000 pounds

The agreecment between observed and calculated strains be-
low the load producing buckles in the sheet is seen to be
satisfactory. The simple beam formula (equation (8))
ceases to describe the strain distribution for loadsequal
to or greater than 17,000 pounds. 3Beginning with this
load, the axial strain changes relatively slightly at a
point midway between stringers while it increases rapidly
near the stringers. The load carried by the sheet becomes
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a decreasing proportion.of the total load and: the strain
distribution takes on a characteristic wave pattern.

It would 'not be correct to conclude from the. fairly
regular wave pattern of the axial median fiber strainsg
that the extreme fiber strains would be egually symmetri-
cal, .Figure 12, which shows both the axial extreme fiber
strains and the median fiber strains along the :transverse
center line of specimen 1 for the 25,000-pound load, in-
dicates almost no bending between stringers A and B, con-
siderable bending between stringers B and C, and even more
bending between gtringer C and the outside edge of the
specimen, A nodal line in the wave pattern between A and
B was apparently associated with a crest between C and the
edge; the buckle pattern in a ‘given bay between two string-
ers seemed to be independent of the buckle pattern in ad-
Jacent bays up to a load of Zo 000 .pounds.

The beginning of buckling in the sheet wasg indicated
by a sudden increase in the bending strain as measured by
the difference in reading on strain gages on opposite
sides of the sheets Thig ig clearly shown in figure 13 for
the readings of the transverse strain gages. ' The bending
strain increased ten times as the stringer stress increased
17 percent from 12,000 to 14,000 pounds per square inech,

All the strain gages were removed from the sheet at.
a load of 26,000 pounds and ‘only the three pairs of gages
shown in figure 14 were-kept on to indicate stringer strains
for loads above 26,000 pounds. The strain readings on the
stringer gages are plotted against load in figure 15,

Pigure 16 shows . the axial .gstrain digtribution for
specimen 6, Buckling of the sheet in the cage of this
specimen was observed at a load between 1,000 and 2,600
pounds corresponding to an average stress P/A Dbetween

1,260 and 3,300 pounds per square inch, With the progress

of buckling, the average compressive strain at a section
midway between the stringers decreased slowly until it
actually turned into a cmall tengile strain for two of the
bays.

The axial extreme fiber strainsg along the ‘transverse
center line of specimen 6-are shown for a .load of 10,900
pounds in figure 17. 'As in the case of specimen 1, there
seems to be no transfer of deformation due to buckles
acrogs -the ,stringers; the buckle pattern in a given bay
between two stringers seems to be unaffected by the buckle
pattern of adjacent hays up to ‘& load of 10,900 pounds,
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‘The measurements of axial strain along the transversgse
center line of specimen 6 were followed by measurements of
transverse and of axial strain in other portions of the
specimen, In the course of these measurements, it appeared
that the strain readings at a given load and a given loca-
tion could be repeated within the observational error in:
successive tests. It was concluded that the measured strain
digtributions could be superposed on each other Jjust as if
they had all been determined simultaneously and that they
could be applied in calculating stresses from straizns,

The distribution of axial median fiber strains along
the transverse center line was obtained from strain gages
mounted on the specimen in the same locations asg shown in
figure 9 for specimen 1, Transverse strains were measured
along three l-inch gage linesg on the transverse center
line ag shown in figuresg 18 and 19, The results of these

o

measurements for bay 3 (between stringers $ and R) are
shown graphically in figure 20.

Figure 21 shows the distridbution of both axial and
transverse median fiber strain along an axial line midway be-
twoen two stringers as obtained from strain gages mounted
as shown in figures 19 and 22.

Three 2-inch strain gages were mounted on stringer R
as shown in figure 22 to measure the variations of stringer
gtrain along a buckle, The resulting average straing were
found to be nearly constant; the gages apparently covered
too large a portion of a buckle to indicate the variation
of straim along the buckle.

- All strain gages were removed froam tiae sheet at a load
of 12,500 pounds and only three pairs of gages were kept on
the three stringers, as shown in figure 14 for specimen 1,
to give values of the stringer strains for loads above
12,500 pounds. The strains in the individual stringers are
shown in figure 23.

Shape of Buckle from Plaster Casts

The analysis: of test results from the firgt specimen
showed the importance of an experimental determination of
the shape of the buckles in the sheet, It was decided,
accordingly, to attempt plaster of paris casts of the con-
tours after buckling of the sheet of specimen 6, Good
plaster of paris casts of: the sheet side of specimen &5
were obtained by the following method.
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The specimen was very lightly greased with soft cup
grease; a cover wWas placed between the sheet side of the
specimen and the vertical suspension members E (fig. 14)
to form a backboard for the plaster cast, 4 piece of
paper was inserted between the. backboard and the casgt to
prevent sticking of the plaster to the backboard. Scotch
tape was used to seal the plaster container and to attach
it to the specimen, The plaster was poured slowly into
the container and was allowed to harden for 5 to 10 min-
utes; the cast was then removed from the gspecimen, Figure
24 shows: sections of plaster casts obtained in this manner.
Contours of the casts Were measured as follows. The cast
was fastened to the table of a milling machine so that the
rivet lines were parallel to the longitudinal feed screw,.
A4 dial micrometer was attached to the spindle to measure
the change in vertical distance between the surface of the
cast and the spindle, from which the elevation of the meas-
ured point on the cast was computed. The position of the
measured point in a horizontal plane was determined with
the longitudinal and cross feed screws of the willing ma-:
chine.

Some of the results of the contour measurements are
shown in figures 25 to 28,

Figure 25 shows the deflection at a load of 5,800
pounds along lines, parallel to the stringers extending the
length of a complete bdbuckle, The deflection is nearly ‘
sinusoidal except for lines close to the stringers. At
the stringer, only the small buckles of the gheet between
rivets remain.

Figure 256 shows the deflections at a load of 6,800
pounds along lines extending at right angles to the load
from stringer to stringer. The deflection in the trans-
verse direction is seen to deviate considerably from a
sine curve. The slope of the curve decreases as the
stringer is approached, oWing to the restraining moment
from the torsionally stiff stringer.

FPigures 27 and 28 show deflections.at loads of 6,800
and 10,900 pounds, respectively, along transverse and axial
lines passing through the crest of a buckle. The approxi-
mately 60-percent increase in load produces an increase  in
deflection of about 30 percent without a noticeable change
in the shape of the buckle,
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Deformatlon of Springers from Polnter Readlngs

It apneared deslrable to:follow the development of
failure in the stringers and:to obtain a qualltatlve pic-
ture of the type of fallure.,-

+ The two.strain gages placed on each sgtringer, one on
the sheet side (fig. 14) and the other on the stringer
side (fig. 9), will measure only the extreme fiber strains
in the stringer; they will not indicate the amount of twist
in the stringer, neither will they give a clear picture of
the amount and the type of buckling,

In order to get a picture of the twisting and the
buckling of the stringer up to failure, it was suggested
by Dr. J. M. Frankland of. the Bureau of Aeronautics that
pairs of pointers should bde attached to the outstanding
flange of each Z-stringer. The displacements of these
pointers would be a measure of the relative angular dis-
placement of the sections to which they were fastened.

Two types of pointers were employed. The type used
on specimen 1 is shown diagrammatically in i guperiggn The
pointers consisted of polished air rifle shot mounted on
the ends of two wires, one normal to the gsheet with coor-
dinates b,, ¢; relative to the centroid of the stringer

and the other parallel to the sheet with coordinates by,
c,, Figure 30 shows a photograph of the installation on

specimen 1, The highlights on the balls served as refer-
ence points for measuring the distances from each ball to.
one of the horizontal and one of the vertical reference
wires A-A, B-B connected to the heads of the machine, The
ohotovraphc were made on glass plates with a highly cor-
rected lens working at F32; measurements were made fromn
the plate by means of a Zelss traveling microscope. The
least measurable relative displacement was of the order of
0.002 inch., A displacement of 0.002 inch corresponded to
a twist of 0.0004 radian,

Since there are two pointers at each section, four
dlsolacements may be read: two displacements u,;, ug in
a horizontal direction (fig. 29) and two displacements

v,, Vv, 1in a vertical direction.,  From these.four dis-

placements and the known axial strain €4 int thep stzanzer,

the twists 6y, €y, €, about.three axcs through the
centroid may be computed for a stringer section at a dis-
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tance . x from the trangsverse center line by.substituting
in the following formulas: |

Vo~ ¥
- 2 1
e; = ¢
b,uy - bouy + (b, - by)xey >
B = St (7)
@b, ~ €. b
y Ciuz - Cou; + (Cp - c,)x€,
" Cab, - ¢c,b,

H
o)
o5
Q

where the subscripts

2 " refer to the pointers .1
ame. o2 dn figure 29, ‘

Subgtitution of the measured pointer displacements
for stringer B in equation (7) gave the rotations 0,

Ey, €,, shown in figures 31 to 33 for loads from 23,000

to 36,500 pounds, Failure occurred by critical
instability of the stringers at a load of 36,500 pounds,

The twist €; about the axis of the stringer is seen

from figure 31 to alternate at low loads from posgitive to
negative values corresponding roughly to the buckles, which
are shown diagrammatically below the curves., As the load
increases, a twist of the stringer as a whole is superposed
on the alternating twist,

The twist Gy about the axis normal to the stringer

in plane of the sheet, which is shown in figure 32, ap-
proaches zero at the ends and the middle of the stringer,
The stringer deformg like a column with clamped ends bend-
ing out of the plane of the sheet (see also sketch in fde,
&3 .

The twist €, of stringer B about an axis normal to

the gheet is shown in figure 33, The twist about this

axis is too small for accurate measurement; it shows oscil-
- lationg that are probably due to the buckles in the adja-
cent sheet.

The curveS-.Ey(x)r and Sz(x) must have an average
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value of zero to satisfy the condition of zero displace-
ment v, w at the ends of the gtringer; this requirement
follows directly from the relations Ey = dw/dx and

€, = dv/dx connecting w and v with Ey and 6, re-

spectively, Actually, €y and €, were found to have

average values definitely higher than zero, An examina-
tion of the data showed that this discrepancy could be as-
cribed to a small displacement to one side of the equidis-
tant vertical wires B-B (fig. 30), the displacement in-
creasing with the load. No attempt was made to correct
the curves in figures 32 and 33 for this displacement,
since the correction would only involve downward displace-
ment of each curve as a whole,

The deformation of the stringers of specimen 6 was
also measured with pointers. A different method was used
which gave greater accuracy and was more convenient than
the method applied to specimen 1, The twists Ex, Ey,

and . &,

iy e Wy Py =y, @nd ug .- Uy, of three black crosses

were measured by the relative displacements

that were marked on cardboard glued to sheet aluminum
pointers attached to the web of the Z-section at the.cen-
troid ag indicated in figures 34 and 35, The twists of
the section about axes through the centroid are given by
(ase fig, 35):

. = N, e o=y T Vg =~ U, .
GX = . Ey‘: e | BZ = Ee—— (8)
€13 Shs bas
where Cia and b23 are the distances between the crosses

indicated in figure 35 and where  u u,, 4and . u denote

1 3
displacements of the crosses 1, 2, and 3, parallel to the
stringer, and v, and v, denote displacements of the

crosses 1 and 3 normal to the stringer and parallel to the
plane of the sheet, Attachment of the pointers to the web
of the Z section rather than to the outstanding flanges
prevented errors from local buckling of the flanges of the
stringer, The use of the third cross 3 permitted the meas-
urement of twists without having to measure displacements
relative to a distant reference wire as in specimen 1 (fig.
30) and eliminated the errors from a displacement of the
reference wires., The use of black crosses provided more
accurate reference marks than the high lights on the rifle
shot and permitted the measurement of twists € and Gy

=
with a sensitivity of about x£0,0002 radian,
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Figures 36 to 38 show the rotations 8, ,€y, and

6, for the central stringer R of spec1meﬁ 6 for loads

ranglng ‘Eromi-l,400 to 18, 000 pounds.

1 Flmure 36 shows the twist GX about the axis of the

-strinuer.; Comparlson with figure 31 shows a relative pre-~
dominance of the over- all twist of the stringer as a rod
twisted from the '‘éends on which are superposed the alter-

_nating thqts due probably to the buckles in the sheet.

Figure 37 shows the rotation €y of stringer R due

to bendlng about an axis parallel to the plane of the sheet
at right angles to the stringer, - Comparlson with figure
32-shows that- this bending is different in distribution and
is of much lower magnitude, The experimental error in
reading Ey is too large toa egtablish the nature of th
bending deflnltely, 'i't""ig probably ‘due in part to the ac-
tion of the buckles in the sheet while, for specimen 1,
the bending was due Dr1n01pa11y e column action of the
strlnper

Figure 38 ‘shows "the rotation: 62 ~about an axis nor-
mal to the sheet. The measured rotations are very small

and lie, in most cases, within the accidental scatter of

points, which was found to be of the order of =0,002 ra-
dian for these measruements, Thig rélatively large scat-
ter can bé ascribdd to the replacement of the Zeiss trav-
eling microscope by another microscope that could measure
the relative displacement of two ' points as far apart as
points 2 and 3 (fig, 35). The general slope of the points

from right to left indicates a small amount of bending’ of

the central stringer in the plane of the sheet,

Failure of soec1men 6 ‘occurred by critical instabil-
ity of" the stringers at a load of 18,400 pounds, The
sheet side of specimen 6 after fallure ig shown in figure

39, ‘Comparison with figure 14 shows that the 0,025-inch
sheet of specimen 6 buckled between rivets in a number of

places but that there was no buckling between rivets for
the 0,07-inch sheet of specimen 1, :

COMPARISON WITH MODEL BASIN RESULTS

A comparison of the test results from the two sheet-
stringer spocimens given herein with five specimens of the
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same design and of various lengths tested at the Navy model
basgin are shown in figures 40 and 41 and in table III.

Figure 40 shows the average load per stringer element
and per sheet element plotted as a function of the external
load on the specimen for the three 0.07-inch Alclad panels
tested at the model basin and for specimen 1 tested at the
National Bureau of Standards, The stringer load for speci-
men 1 was calculated by multiplying the average stringer
stress for thée three stringers by the stringer area, the
stringer stress being determined from the measured stringer
strains . (fig. 15) and the stress-strain curve of the
stringer as given by the short-column test (fig. 4}, The
average plate load was then taken as one-fourth the differ-
ence between the total extermal load and the load on the
three stringers. The points for the specimens tested at
the model bagin were taken from.curves giving stringer
loads and plate loads, which were obtained from the Bureau
of Aeronautics of the Navy Department, The stringer loads
for these curves wers calculated by multiplying the meas-
ured average stringer strain at the center section by a
Young's modulus of 10.5 x 106 pounds per square ineh and
by the stringer area of 0,13 square fnch, « The points in
figure 40 were copied from these curves, oxcept for a small
correction for yielding made With the help of figure 4,

The points for the four specimens scatter about a common

curve beginning with a straight-line portion, in” which “the
ratio of stringer load to plate load remains constant up to
an external load of about 20,000 pounds., Beyond this Toad.,

the sheet ceased to carry its full share of the load because

of buckling and the slope of the two curves changes to an-
other pair of straight lines. The load at failure varied
through a small range from 35,000 pounds to 37,000 pounds.

Figure 41 shows the corresponding set of curves for
the three 0.025-inch specimens, tWo tested at the model
basin and the third at the National Bureau of Standards
(specimen 6)., In this case, buckling of the sheet occurred

at a much lower load and the two curves cease to be straight

lines through the origin beginning at a load of about 2,000
pounds. The stringer loads for the specimens tested at the
model basin were consistently lower than for specimen 6,
the difference being as much as 8 percent for some of the
points., There was also a considerable difference in the
load at failure, which was 15,800 and 16,100 pounds for the
specimens tested at the model basin and 18,400 pounds for
the specimen tested at the National Bureau of Standards.
The difference is believed to be due to the difference in
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the.'end restraint of the panel. for the two tests. The.
specimens-at the model basin were tested with bare flat
ends while the specimen at the National Bureau of Standards
was tested with flat ends.cagt in, Wood's metal, The cast-
ing-in of the ends probably served to give greater end re-
straint to the stringers and to prevent local crinkling

and subgequent failunre of.the thin: sheet at the ends.

The sheet-load curves in figures 40 and 41 were used
to compute the effective width of the sheet by applying the
definition of effective width as the width of sheet that,
subjected to.a uniform stress-equal to-the stringer stress,
will support a load equal to the sheet load,  The ratio of
the effective width w to the initial width. w, of the

sheet between adjacent stringers is then equal to the ratio
of the average sheet stress Ps/As ~to the average stringer

stress st/Ast' which leads tQ;t@e formu1a
Ps/As .
W ' = cormremmaramamare WO 3 i (9)
P A ; ; i Al
st/ st
where Pé and Pgt are the medsured sheet loads and
stringer loads, w, = 4 inches'is_the initial sheet width,

and AS and Ast are the crogss-sectional .areas of a

sheet element and of a stringer element, respectively,
The effective widths for the specimens with the 0.070-inch
sheet in figure 42 group about & common curve for stringer
stresses above the buckling stress.  Figure 43 shows that,
the effective widths of the thin-sheét specimens 4 and 5
tested at the model basin were generally greater than those
for specimen 6 up.to loads approaching failure; near the
ultimate, the effective widths of all three specimens had
approximately the same value.

Table III summarizes the loads per sheet element and
stringer element, together with the average stringer
stresses and effective widths at failure for the five
specimens tested at the model basin and the two specimens

“tested at:the National Bureau of Standards.

' The total loads at failure for the four spe01mens of .
0.070-inch 24ST Alclad were found to be nearly independent
of the length of specimen and the location of test, the

‘values ranging from 36,000 pounds to 37,000 pounds. In the

case of the three specimens of 0,025~ 1nch 24ST sheet mate -
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rial, the.total load at failure of 18,400 pounds ‘for the
specimen tested at the National Bureau of Standards is
about 15 percent higher than the loads of 15,800 and
156,100 pounds: for the two specimens tested at the model
basin,r The:-difference is due prineipally to the increasge
of about 21 percent in the average load carried by the
stringer element for specimen 5 as compared to that car-
ried by the stringer element of the specimens tested at
the model bagin, ' '

The sheet load at failure was very nearly constant
for a given thickness of sheet, ranging from 5,500 to
5,650 pounds for the 0.070-inch 24ST Alclad sheet and
ranging from 900 to 1,100 pounds. for the 0,025-inch 24ST
ghieet

The average stringer stress at failurc was equal to
36,200 pounds per square incih for each one of the two spec-
imens tested at the National Bureau of Standards. It
ranged from 30,200 to 38,4004pounds per square inch for
the specimens tested at the wmodel basin, the stringer
stress at failure being about 10 to 20 percent lower in
two 19-inch specimens tested at the model bagin compared
with the two 19-inch specimens tested herein, Good agree-
ment was obtained between the stringer stress at failure
for the shorter specimens 2A and 2B and the two specimens
tested at the National Bureau of Standards., The relative
loss in buckling strength of the stringers for gpecimens
4 and 5 tested at the model basin ig probadly due to the
difference in end condition, the. bare, flat-end condition
providing less restraint than the casting of the ends in
Wood'!s metal used in the present tests.

COMPARISON WITH THEORETICAL RESULTS

Deformation of Sheet

Timoshenko's theory.- Tne deformation of the buckled
sheet between the stringers may be theoretically approxi-
mated by Timoshenko's theory (reference 19, pp. 370, 390,
etc.), which considers each buckle to be deformed as a rec-
tangular plate or sheet dbuckling under edge compression,
Figure 44 shows the coordinates that were used in applying
Timoshenko's theory as well as the other theories considered
later in this paper. Timoshenko assumes the displacement w
normal to the plane of the sheet to be a sinusoidal buckle:

w = f cos == cosg == (10)
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He approximates the digplacement wu in the plane of the
sheet and in the direction of the load by '

u= 0 sin - G0 ke A% (i1l
a 2b

The mean displacement in the direction of the load there-
fore corresponds to a compressive strain e, The digplace-
ment v in the plane of the sheet normal to the load is
taken as -

v = 6 ~sin. L cos TX. 4 oy (12)
. b ca

The constants f, C,, and C, are determined by making
the strain energy corresponding to a given compression e
a minimum, .The.cpangtant. o .ig btaken as.zenro for the case
in which the edges :y = b of.the plate are assumed to be
fixed against a digsplacement .v. in the y direction, It
is calculated for the. case of edges: y = b free to ex-
pand in.the .y..direction by so determining ¢ that the
sum of the normal stregsses along the vertical edges of the
plate is equal to zero,

In applying expressions (LC) to (12) to describe the
deformation in a buckled sheet, the edge conditions of zerso
curvature and constant displacement along the nmodal lines
x = za of the'buckle are satigsfied. The restraint along
the stringer. edges y = =b 1is far more complicated., It
will be affected by the torsional and flexural rigidity of
the stringer as well as by the method of attachment of the
sheet to the stringer, The assumptions (10) to (12) corre-
spond to edge conditions of zero bénding moment and zero
normal displacement at the stringer, Such edge conditions
cannot be satisfied by a stringer of practical design
since these stringers would necessarily have zero torsional
rigidity coupled with infinite flexural rigidity about one
principal axis., It will be assumed, nevertheless, for the
purpose of comparison, that the sheet deforms as described
by equations (10)to (l2), o in eguation (12) being chosen
for the case.of free expangion in the y direction along
the str1nger edges. The order of agreement between ob-
served and calculated deformations will then be taken as a
measure of the adeguacy of Timoshenko's approximate thecory
as applied to the present problem of the deformation of the
buckled sheet in sheet-stringer panels,
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The median-surface strains-may be calculated according
to Timoshenko from the assumed displacements wu, v, and
w by substituting them in the equations

au l oW \
X ox 2 ax’

Q
<

1 aw‘\e
2 oy/

~

(13)

m
Sl 8

]
2

+

<

ov Ju ow dw

4 —— o ———

ox oy o oy

ny =

Equations (13) will contain the unknown constants G, Cs,
and f. The values of these constantsare determined by
making the total strain energy stored in the plate a mini-
mum, The procedure of calculation is outlined in detail
in reference 19 (p. 391). Timoshenko carriez the calcula-
tireons to™a numerical conclusion+conly for the cage of "‘a

square sheet (b/a ='1), If the calculations are carried
out for the more general case of a rectangular sheet, the
following expressions result for the constants £, C,, and
C, with an assumed value of Poisson's ratio v = 1/3:
(b/a)?
f =1,07 t ———— / M iy
2R(b/a)°
£2.8 :
C, = 0.139 ——= X (14)
a
2
8. = '0ghssy -
a /’
where t ig the thickness.
n = e/ecrt ratio ‘0of gheet strain at gtringer
J.= by to the critical strain eop at
which buckling oc¢curs.
R, B, and; B, funchlonsiof b/a given by fig-

ure 45 (R® rather than R was plotted because
it occurs more frequently in subseguent equa-
tiong),
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The critical strain for buckling of the sheet is given
by the equation :

2

+20 puagf oy 1
B, = 0,987 b s e bl (15)
&t 2(v/a ) |

The functions R, R,, and R, were adjusted to be equal

to unity for the case of the square sheet (b/a = 1). For
this special case, the formulas (14) and (15) will reduce
to the corresponding expressions given by Timoshenko except
for minor differenceg that may be ascribed to Timoshenko®’s
choice of Poisson's ratio as v = 0,3 compared to the
present choice of v = 1/3, The value of 1/3 was chosen
herein since it led to cancellation of several terms with
snesfactor 1 = 3,

Substitution of equation (14) in equation (13) gives
the following expressions for the axial and transverse
median-surface strains:

g rtn/e)+112 R Tx
x = =g / - 1 i—O.927n4-(n—l)/0.499—£cos:2—cos'EZ,
a L 2{vfe)>  J-t LA R a 2b 7
S (0<1) Ledls gin® 0E cog2 IX ]
; 1o 2a 2b2.)
, (1
$% . [{aia )24 0,317R, 0.704
¥ = —-8 -(-—-Z:a-—)—.:t— ‘] [VO 309n+(n 1) / LA >
a® L 2(v/a)2 J L \(b/a)Ra (v/a)2r®
0.498R, 1.408 4
+ — {3 l)cosz---cosry + -————-—(n 1)51nczzcosczf

(b/a?Ra 2a b (v/a)?R? 2o 2a .

The stresses may be calculated from the stralns by using
the familiar relations "

o £ (e + e,
= v
x L X y
el
E
g = . (ey + veg)



2ok N.A.C.A. Technical Note No. 684

where v 1s the value of Poigson's ratio for the sheet

material. The load Py carried by the sheet must be
equal to the resultant of the axial stresses across the
edge x = constant, Making use of equations (18) and (17),
Py Dbecomes ' ' '
+b
PRA=GE Lo pGLAY
. L.
~b

bEE® T(b/a)® + 17 g ru,.5904a -1) L LELS
a i = . ! el T e ) 0ok
a Lol o L R? ' Lo

i

0.528(n = 1)
+ cos

(v/a)® 22 Far -

g (IEN

QWA 5Cn-LdRe. 4
AGeiS n Rdigc s L tniet,

o

: 0.238R 0.529
Ty 050 Bt (0w 3 2 _ - ]

(b/a)R® (‘o/a)aRg"vl

!

(18)

It follows from eguation (18) that the compressive (nega-
tive) load carried by the sheet is least at the cregt of
a buckle (x.= O) and greatest at the rnodes  (x = *a),
The total load must ‘be independent of x; therefore, the
load taken by the stringers must vary in such a way as to
compensate for the variations in sheet load.

The expressions (16) to (18) may be applied directly
to predict the behavior of the sheet in a sheet-stringer
specimen provided that the ratio b/a of buckle width to
buckle length is known, The length 2a of the buckle will
depend on the condition of restraint of the sheet at the
stringer edges; in addition, there must be an integral
number of buckles along the length of the stringer, A
rough calculation of a (reference 19, p. 329, and refer-
ence 32, p. 245) for sheet-stringer specimen 1 having a
free length

= l9ﬂin.w

and a stringer spacing
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1l
NS

oLl ini,
gave five buckles or

28,

Il

B geans.

for the extreme case of simply supported edges and seven
buckles or

2y =t 2y in., -

for .the case of rigid clamping at the stringer edges y =
b and simple support at the loaded edges. Direct meas-
urement of the buckle length for the 0.070~inch specimen

(specimen 1) gave on the average

28 = 2.7 la.

or approximately seven buckles; that is, 2a agrees closely
with the theoretical value for rigid clampinz. Assuming
seven buckles and neglecting the effect of the Wood's metal
end supports gives the following values for the parameters
b/as, R%, B;, and R, found in equations (15) to (18):

Bfa =1.4%8, BF = 0,737, R = 141123, Ry '=.0.536 +(13)

Substituting -further

1l
t—J
By
(W]
o'
1l
[AV)
e
B

= BB )05 b o/ sg LB, R
Fna. 07 In,, a = 1,358 in, (20)

giveg, for gpecimen 1, the following value for the critical
ghrains :

S e oo i S T - (21)

This strain corresponds to a critical load of

Po, = Be, A = 20800 1b, : (22)

and a critical gtress of 13,800 pounds per square inch,
which is in good agreement with the observed stress of

around 13,000 pounds per square inch (fig., 42) at which
buckling started. The sheet load per element is, from

equation (18),
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P, = 2150 ~1717n + 344(n-1)cos %} 8., for P Pgs {B3)

where

E =l = e/LB, 1 X IO (24)

In order to compare this sheet load with the observed sheet
load plotted in figure 40, it was necessary to determine
the theoretical total load P- on the sheet-stringer panel.
This total load consisted of the load carried by four sheet
elements ‘and by three stringer elements. The load carried
by the four sheet elements will be approximately equal to
four times the average shecet load given by equation (23) if
the cosine term is nexlected since the buckle pattern on
the four sheet elements will be, in general, out of phase
with each other by a random amount, The total load carried
by the stringers was estimated by multiplying the average
gtdfnger 'gtraln * e by ‘B = 10,5 % 10% pounds 'pér ‘sguare
inch and the resulting stress by the total stringer area,
Figure 40 shows as curves a the sheet load against the
total load on the specimen estimated by the foregoing pro-
cedure for the extreme cases of a section through a crest

x = 0, where the sheet load is a minimum, and a sgection
through a node =x = =z, Where it is a maximum. . The corre-
sponding maximum and minimum possidble loads per stringer
element were calculated from these curves by subtracting
tne minimum and maximum possible sheet loads from the the-
ovetical total 1oad Just defined and dividime Ay «34

P - 4p
4 S

P oy = «L¥88n% 458 1b., fer P > Pu. - (@5)
. 3

The corresponding two curves are also shown in figure
40, The measured loads per stringer element and per sheet
element are gseen to lie between the extreme values, They
scatter through a much smaller range than that correspond-
ing to the difference between the extremes. Mh Wt sfaleit. Nk
itgself does not necessarily indicate a weaknegs in
Timoshenko's theory. One would expect the spread in the
obgserved sheet loads to be reduced by the method of measur-
ing stringer loads over a gage length of 2 inches, which
ig comparable to the length of 2,7 inches of a buckle; the
measured sheet load .would be an average value over a 2-
inch length, It will furthermore be noticed that the meas-
urced sheet loads represent averages of four sheet elements,
The average values could only reach the cxtremes if the
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buckle patterns in the four sheet .elements Were either in
phase or 180° out of phase figures 12 and 17 indicate that
the buckles in both specimens were distributed more nearly
at random. The difference between observed and theoretical
loads at high stresses is also probably due in part to- the
plastic behavior of the material, At failure; the average
observed sheet load was about 7 percent below the average
calculated load and the strlnger 1oad was the same percent-
age above it,

The theoretical values of sheet load P determined
from equation (23) were used to calculate the effective
width ( 9)) of the sheet as a function of the stringer
stress (10.5 X 10%e)., The resulting curves for effective
width at the buckle crest and the buckle node are shown as
curves a 1in figure 42 for comparison with the measured
values, which lie between the two curves within the obser—
vationaill error.

In order to compute the axial median fiber gtraln ' €,
along the transverse center line through bay & {fiegs WL,
the phase =x/a of the buckle at this section must be

known, The pnase of the buckle was not accurately 1'nown,
but it was roughly the same as for the center line through
bay 3 of specimen 6, for which it was x/a = 0.696, Sub-

stituting this value of x/a -and the values of the con-=
stants given in equations (19) in equations (18) gave 'the
following strain digtribution along the transverse center
line through bay 3:

oy o/ TV
€x = 10 ST T e (n=1){-56.18 cosl —-\ + 215 cos“ ——\ ]
L by 1 30 o Bl 4

(26)

Figure 46 shows a comparison of the strain calculated from
this expression, curve (a), with the measured strains at a
total external load of 25,000 pounds. The observed values
scatter uniformly about the theoretical curve,

Pigures 47 to 52 give the results of a comparison of
Timoshenko's theory, shown as curves (a), with the test
results on specimen 6, In this case, a more complete com-
parison wWas possible than for specimen 1 becauge contours
and transverse strains were measured in addition to axial
strains, At the same time the sheet material did not have
an Alclad coating, so that the possibility of premature
yielding of the coating did not énter as a complicating
Tactor,
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In the determination of the length of the buckles in
this case, the same values, that isg, =2a = 2.7 inches,
seven bucklesg, for clamped edges ¥ = b, and .2a = 3.8
incheg, five buckles, for simply supported edges, are ob-
tained from the theory. The measured value of the buckle
length was found to be

gah = a2l

(sce figs., 27 and 28) as against 2.7 inches for specimen
l; this corresponds to eight buckles, Inspection of the
other two bays showed seven instead of eight buckleg,

Assuming seven buckles as for specimen 1 gives the
following values for the parameters entering equations
(15). to (18); _

2

Ul = aldie, B = 07w, By = 1,012, R, .~ .0.586 . .027)

Substituting further
E = 10.5x10° 1b./sg. in., v=1/3, b = 2 in.,
B = S Bel dm., . b = D625 fng (28)

for specimen 6 gives the following values for the critical
g§brain and the critical load:

Il

S = b8 % 10 % 3 (29)
Pop = .1330°10. (30)

The measured buckling load was more nearly 2,000 pounds
{fig. B2). The sheet load is, from squation (18),

Py = ~97.7 - 78,0 n + 15.688 (n-1) cos %% 1b. (31)

The.maximum and minimum loads per stringer element are by
the same procedure as that used for calculating equation
(25),

P = ~22B,n +£20.8. (2-1) 1b. for P> By (32)
wheroc |
TR T e AT DU | (33)

The sheet load and the stringer load were calculated as a
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function of total load as for specimen 1 to give the set
of curves (a) shown in figure 41. The measured values

lie between the limiting theoretical curves up to loads
within 12 percent of the ultimate load, At this load,
there may have been a drop in effective width due to buck-
ling of the sheet between rivets (sce next paragraph),

The effective wiatn corresponding $o the crest and
node of the buckle was calculated from the theoretical
values of sheet load and was plotted against the stringer
stress in figure 43 for comparison with the measured val-
ues., Thc measured effective width lies within the wide
band defined by the two theoretical curves up to a compres-
sive stress of about 30,000 pounds per square inch, The
observed effective width values fall below Timoshenko's
curves at this stress, owing to a sudden drop in effective
width at a stress of about 28,000 pounds per square inch,
This sudden drop is probably due to the buckling of the
sheet between rivets (see fig, 39), since it was found
that the stress of 28,000 pounds per square inch corre-
sponded almost exactly to the buckling stress of the sheet
between rivets as calculated upon Howland's assumption
(reference 33) that the sheet between rivets will bduckle
like an Euler column of rectangular section with clamped
ends having a thickness t eqgual to that of the sheet and
a length L equal to the rivet spacing., Thisg assumption
leads to the expression:

EE 2 a2 8 , ) 2 )
g s = Dk QuBX 10 X 0,088 o 55 500 1 ol qub idin,

g L= 3 X L OB TG E

- The theoretical shape of the buckle for specimen 6
is, from equations (10) and (14):

w = 0,0228 +h-1 cos IL cos IX in, (34)
2b 22,

The normal displacement w was calculated from equation
(34) for sections x =0 and y = O through the crest

of a buckle and for total loads of 5,800 pounds and 10,900
pounds.  The resulting values are shown in figures 27 and
28 as dotted curves for comparison with the measured val-
ues, Timoshenko's assumed contour is seen to agree ap-
proximately with the observed contour except near the
stringer, which exerts a restraining moment on the sheet
not considered in Timoshenko!s theory,

Measurements of the buckle contours from plagter casts
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indicated that the transverse cenker line on bay 3 hetween
stringers R and S, on.which axial .and transverse strain
digtributions were measured occurred at a section

X = (0,895 relative to the crest of 'a buckle. Substituting
a . = . :
this value of ; as well as equations (27) in equations

(16) gave the following theqretical relations for the lon-
gitudinal and transverse strain:

-~

ST 1 (-1 T R 1
A 3
/ i Try s 'n'or \\jl
X ls0u 186 L0 8 == 4 8,74 COG =)
\ 2b , b7/ J :
P - : (35)
S RS L0 ARG o Ol Bew 4 (n=Lls :
L .
[ mYy - 7 -]
x (0.201 cos ™ { 0.337 gin2 0L)|
\ b 2b/ | )
Figures 47 and 48 ghow as curves (a) the axial strains
€ calculated from equations (35) for loads of P = 5,800

and 10,900 pounds for comparison with the mea'sured strains,
Which are shown as points. "The measured values are found
to gcatter about the calculated curves,

The transverse strain for the 10,900-pound load is
shown as curve (a) in Tigure 49, togetheér with the meas-
ured values of strain over a l-inch gage length a&s record-
ed in figure 20, The theoretical curve does not describe
the measured strain at all; even the gign ¢f the gtrain
is opposite to that measured at the center of ‘the bay.

The discrepancy may be traced principally to the use by
Timoshenko of an arbitrary though mathematically convenient
assumption for the transverse dlsplacenent v (equation
12). ‘

" The distribution of axial stress across the sheet was
calculated for the trangverse center line by substituting
the strains given by equations (35) in the plane stress
equatlons (17). Figure 50 shows the resulting:values for
a . load:of, 6,800 pounds as curveS_(a), together with corre-
sponding values for the stress.distribution along a trans-
verse section through the crest of a.buckle and through
the node of a buckle., The stresses calculated from the
observed strains are shown asg open points for comparison,
The points represent single measurements of stress except
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for the stresses at the axial center line, which were av--
erages of readings over a l-inch gage length on three
buckles, A gimilar get of stress-distribution curves for
a load of 10,900 pounds is shown in figure 51,

The observed points scatter about the theoretical
curves, They do not confirm the large variation in stregs
distribution in going from buckle node to buckle crest
tnat follows from Timoshenko's theory. The points are too
few in number to give a satisfactory.check of the theory.
It is hard to believe, however, that the actual strege-
distribution curve would fall off as rapidly as curve (a)
for a section through a buckle crest and that it would
rise to a maximum away from the stringer edge for a sec-
tion through a buckle node.

The ‘axial and transversec stresses at the cregt of a
buckle were calculatéd to be

0,(0,0) = ~1580 - 186 n 1b./sq. in.; |
,‘ (35)

oy (0,0) 440({n~1) 1b./eq. in,

il

These stresses are plotted as curves (a) in figure 52 with
measured valucs of the stresses shown for comparison, It
is interesting to note that the ieasured transverge tensile
stress is ¢greater in magnitude than the axial compressive’
stress for total loads greater than 5,400 pounds, - Curves
(a) deviate increasingly from the measured stresses for
loads greater than 4,000 pounds. The calculated axial
stress increases with increasing load, while the observed
axial strcss decreases and actually becomes zero at a load
of 12,000 pounds, The measured transverse stress tends
toward a constant value at high loads while it increases
linearly according to the theory.

Jd. i, Frankland's theory.- An approximate theoretical
solution for the stress distribution in the buckled sheet
of a sheet-stringer panel under end compression has been
worked out by J. ¥, Frankland of the Bureau of Aeronautics.
Frankland's solution differs from Timoshenko's in assuming
initially only a normal displacement w, which is approx-
imated by the series

¥ = & 4 Ay, CoOB iﬂf CO8 it (87)
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without making any assumptions relative to the other two
displacements u and v. The contour defined by equation
(37) satisfies the assumed end conditions of zero bending
moment and zero normal displacement at the edges x = zxa,
y = £b of the buckle, The median fiber stresses are de-
termined from eguation (37) to give the reguired force re-
sultants in the plane of the plate and to maintain the
originally rectangular portion of plate aa by 2b ' rectangu-
lar after duckling by making use of wvon Karman's ilfferon—
tial equations linking the bending stresses due to buck-
ling with the median surface stresses (reference 32, p.
349), The coefficients Ay, entering in the resulting

expressions are finally determined by the principle of
least work,

Carrying out thisg calculation for a buckle shape with

four unknown coefficients All, Als, ASl, A33 showed an

appreciable variation between the plate load at the crest
and that at a node., Such a condition would necessitate
shears between the plate and the stringer that had not
been considered in the expression for the strain energy.

in order«to include, these . shears in the e xpregsion
for the total energy stored.in the panel, a further analy-
sig wags made by J. M., Frankland. - This analysis was car-
ried to a numerical conclusion for the special case of a
square sinusoidal buckle pattern descrided by

w = A cos JX cos L (38)
: ; 2a, 2a

with the following results for the stress distribution:

" ) |
Og = Og | A= =———— (T + cos 2 @) 1+ O34l Bt egg 12 qx]
I ly ol ap =l

LM G
Gpas +% (I«:—; + Gn34l L> cosne ax

f = 0pl034% " sin.& qx)
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2

—~T7 Eta

ig the critical stregs for buck -
ol e ' :

linz of sheet into rectangular lobes (40)
load parameter, (A= Lk, 0 = 0g)

Agy/2 DY

‘ - ;felative,reinfofceﬁent by stringer
1+ (A ¢/2 bt)

stringer area

" G ot

The coe

"0,341f

0,341f

0.341¢f

where

and v

plate area

i e T
2 bﬁckle length
b
Efictente £, ¥, £V ‘in-equation (39) are gives by
I cosh 20y sinh 2ay
Al - | 2,603 — — OOy ——
1 +r BT e™/2
A ek F " ginh 20y cosh 2ay et
R i R ik e - 2ay ————————‘}? (41)
e e /2 e
: AR T cosh 2a sylimi  2cr ‘
¥ Sl 0,603 —— y- 20y ——my].
1 o e'\l'//g . 81T/2 J
0 Ao f{2 %)
t
s e (42)
2 st
A . 4
g + 1 ( v) T
is Poisgson's ‘ratio,

Frankland derived the following expressions for the string-

er load

and the sheet load in his second analysis:
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N

1 - k
Pgt = Agy Oc (k + . (A=1) (1 + 0,490 — cos qu)1
L 1 +r T al
: >(43)
r r k 1
Py =2 bt OgfA = = (N - 1) (1 + 0,490 = cos 2qx)
L + r T 3

Equations (43) were applied to calculate the plate
loads and stringer loads for gspecimengs 1 and 6 by substi-
tuting (20) and (28) in equations (43). The results for
sections through the crest and the node of a dbuckle (x = O,
X = a) are ghown as curves (b) in figures 40 and 41 for
comparison with the obgerved results and the results of
Timoshenko's approximate theory, Satisfactory agreement
with the observed values for specimen 1 was obtained up to
loads within 20 percent of the load at failure., The ob-
served sheet loads for specimen 6 were about 10 percent be-
low the theoretical loads. There was much less variation
in the theoretical stringer load along a buckle than for
Timoshenko's theory,

The effective width of the sheet for both specimens
was calculated from equations (43) as a function of string-
er gstress using the same procedure as already outlined for
a similar comparison with Timoshenko's theory. The result-
ing values, which are shown as curves (b) in figures 42 and
43 are seen to give an approximate description of the ef-
fective width for the specimeng with the 0,070-inch sheet
(fig., 42), whereas they give high values for the effective
width of the other specimens (fig., 43) for stringer stresses
in excesg of 15,000 poundsg per square inch,

A direct comparison with the measured strain disgtri-
bution was obtained by converting the firgst two equations
(39) into strain equations with the help of Hooke's law
for plane stress:

(@] st MG W
TR SRR
x
B ,
44
R e
l,yf E

and then substituting the numerical values
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(20) and (28) for the two specimens., The resulting

-strain distributions are compared in figures 46.to 49 with

the obsgserved values and - with.those given by Timoshenko's
theory. The .calc¢ulated-axial strain distribution agrees
ag well with the observed values as Timoshenko's theory
and it has the added advantage of not leading to a maximum
strain away from the. gtringer edge, The transverse strain
(fig., 49) agrees very much better with the observed values

“than for Timoshenko's theory, probably because no arbdbitrary

assumption has been made for the transverse displacement v,

Stress distributions across the sheet according to
Frankland's theory were calculated from equations (39) and
were plotted as curves (b) in figures 50 and 51, The
curves agree with the measured points somewhat better than
do Tiwoshenko's curves (a). The stress distribution
changes only slightly in going frou node to crest and there
is no stress-uaxiauww away from the stringer edge, as for
Timoshenko's theory.

The axial and transverse stresses at the cregt of a
buckle were calculated as a function of total load and
were plotted as curves (b) in figure 52 for comparison
with the observed values, The agreement with the measured
axial stresses is better than for Timoshenko's theory, es-
pecially at high values of the load, but that for the
transverse stresses isg not so good,

The following value was obtained by Frankland for the
amplitude At of the buckle:

A

=

(45)

A =S
N

The sine curve of this amplitude is compared in fig-
ures 27 and 28 with the deflection curves observed on
specimen 6 and with the curve calculated from Timoshenko's
theory. The.curves given by Timoshenko's theory are seen
to come considerably closer to the observed deflections
than those given by Frankland's theory. :

XK. Marguerre's theory.- X. Marguerre has recently
publisghed the results of a number of different attacks on
the problem of determining the stress distribution and ef-
fective width for a long sheet with supported edges that
has buckled into a series of square buckles (reference 23).

He first considers the étress distribution for the



34 N.A.C.A. Technical Note.No, 684

square sinusoidal buckle also considered by Frankland and
proceeds to a solution in a manner quite analogous to that
used by Frankland in Rige £2r st * solubtionsrwhich neglects
the shears between the.sheet and the stringer, '

In a second attack on the problem (see also reference
24), lMarguerre assumes a somewhat more complicated shape
for the square buckle than the sinusoidal shape assumed by
both Timoshenko and 1?‘ram}*land in® their numerical examples,
namely:

3ny \ . mx
3z CoOs E;K)cps P (46)

W= £s Cog D Z°f
( - 2a %

2a

He calculates f; and -f; by the energy method combined

with the assumption that the shearing stresses along the
lateral edges of the sheet are zero., The results of thisg
calculation give only a slight correction to the results
of the same calculation for the sinunsoidal square buckle
(fs = 0).

Marguerre's tnlrd attack proceeds from the observation
that neither equation (38) nor (46) is a zood description.
for the contour of a severely buckled sheect,: In a severely
buckled sheet, most of. thHe load will be carried by the
sheet c¢lose to the edges and this portion of the sheet will

develop local buckles that are superposed on the main square

buckles having a half wave length equal - to'the strineer.
spacing, '

A contour that would describe a state of buckling with
small buckles having one-third the wave length of the main
buckles would be
wo= f, T | i ST X
2a 2a . ear = 2a 22

The ratio f;/f will then measure the relative intensity
of the small buckles near ‘the edge, .The parameter T meas-
sures the increase in amplitude-of the small btuckles in
passing from the center of the sheet to the edge, For m =
O, the small buckles have ‘a maximum amplitude at the cen-
YorYet®™lo slhieet ‘gnd, Por“m "2 L, - they have zero amplitude
at the center of the sheet and maximum amolltaie near the
edzo., Marguerre assumes M= 1/2 in his numerical work in
order to reduce the number of unknown parameters from three
to two, A further simplification is obtained by Marguerre

CO8 ~= COS Ty - fz cos ——= (cos L g MaCos EEX (47)
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in® hisstmumerical example by taking Poigson! s ratio ' bs= 0,
This somewhat arbitrary assumption, together with the as-
sumptions of zero shear stress and zero resultant trans-
verse force along the lateral edges of the sheet, leads to
the following relation for the average axial stress T
carried by the sheet: -

=

= . 4 wod 52"
o Ucr_i‘_( t +8¢ > sots

e - egp 4 - 3t +.26,5¢L°
dcr ig the axial stress for buckling of the sheet
€op, axial strain for buckling of the sheet

e, axial strain (stringer strain)

E, Young's modulus

b2 2,

flhe ratio { may be eliminated by a second relation:

D s
- = ag.ms e glagh BLE N (49)

&, -~ 4,028,

1 .
2 25.5—~£—+550 gb/

In addition to his approximate calculation, Marguerre =zar-
ried out a more "exact" calculation proceeding by his first
method of attack (similar to that used by Frankland) and
assuming the contour given by equation (47) with m = 1/2.
Unfortunately, he gives only the result for the expressions
replacing equations (48) and (49), which were found to be
independent of the value of v and equal to

0 -~ Ops E.4_6;+18.6§8>
G 3<4—3§+31,8§2
(50)
€ - epp 4 - .30 + i
= 11.25( )

8y .~ 4.02e 3858 Aal) o 350§ =f JA
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It will be noticed that equations (48) and (49) agree with
equation (50) for small values of the relative amplitude
f, /f; of the local buckle.

The sheet load may be calculated from thé preceding
formulas by multiplying the average longitudinal stress T
by the sheet area 2 at:

i ¢ F ' (51)

The amplitude f; in equation (47) may be calculated
by substituting the value of { calculated for a given

compressive strain e from equations (48) and (49) in
Marguerre's expression

2, 2
m T,

64a°

(4, =:8L + 2645 t°) (52)

Knowing f,, {, and m, one can calculate the buckle

shape from equation (47) and the axial and transverse
stresses from darguerre's approxiusate expressions

Er2f, 8 22a% e

Y
gk = - i il 1l + cos <—Z) 4
32a L f5 o g
. 21y Zny x|
+. 9L (1.25 - cos —— + 0.25 cos —— || (53)
\ a a £
and
Sl s nt % 2mx
Oy = ———— icos — = 2¢ (&os e D e
goar L B SO A S
g (3.25 cos 215\1 (54)
N a /|

The axial stresses are independent of the coordinates
x along the buckle (fig, 44), because of the assumption
v = 0, It follows that the sheet load and the effective
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width do not vary along the buckle as they do according
to. the theories of Timoshenko and of Frankland with Vv =

5

Equations (48) to (50) were applied to calculate the
sheet and stringer loads for specimens 1 and 6 by substi-
tuting values of B, -a =b, ~iand t -from (20) and (28).
The quantity Eecr was taken asg the critical stress o,
used in Frankland's théory (ogquation 40) with v = 1/3,
The results for both the approximate relations (48) and
(49) and the more "exact! relation (50) came very close
to each'other for specimen 1 (fig, 40, curves (c), (d)).

There was a small difference between the two ‘curves for
specimen ‘6 (fig, 41, curves (c) and (d4)). The calculated
loads given by curves (c) and (4) are seen to agree with
the measured values practically up to failure.

The effective width of the shéet of specimens 1 and
5 was calculated from these curves using the procedure al-
ready outlined, The resulting curves arc¢c shown as curves
(¢) and (4) in figure 42 and 43. The agreement with the
measured effective width is good up to a stringer stress
of about 30,000 pounds per square inch, It is better than
that for the other two theories, curves (a) and (b), in
the case of specimen 6, Marguerre's "exact" theory (curve
(d)) describes the observations more closely in this case
than the approximate theory, curve P

The theoretical distribution of strain across the
sheet of specimen 1 and specimen 6 was calculated by divid-
ing Marguerre's approx1mato expression (53) and (54) for
the stress by Young's moddlus E = 10,5 x 106 which gave
the curves (c) shown in figures 46 to 49. Tho calculated
digtributions of axial and transverse strains agree less
satisfactorily with the observed valueg than the curves
calculated from either Timoshenko's or Frankland's theory.
The transverse strain distribution along the center line
of specimen 6 at a load of 10,900 poundsg (curve )
49) differs radically from the observed strain distribu-
tion, This discrepancy may be explained by the differcnce
between the buckle shape (47) agsumed by Marguerre and the
measured buckle shape,

Curve (c) in figures 27 and 28 shows scctions through
Marguerre's buckle for loads of 6,800 and 10,900 pounds
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for comparison with the observed values and the results of
the other two theories, The axial gsection of the buckle
Comes somewhat closer to the observed values than ths
‘buckle according to Frankland's theory but is not nearly
so close as that according to Timoshenko's theory. The
transverse section of the assumed buckle differs more rad-
ically from the observed buckle shape than either Frank-
land's or Timoshenko's theory, particularly for the higher
load of 10,900 pounds, Marguerre's choice of contour
(equation (47)) is apparently not suited to descridbing the
buckles in the sheet between stringers, It takes no ac-
count of the torsional rigidity of the stringers and ac=
tually increases the slope of the deflection curve near the
stringer instead of lessening it, The amplitude of the

short wave-length buckles is also too large, especially at
the higher load,

The axial stress distributions for specimen 6 at a
load of 6,800 pounds and at a load of 10,900 pounds are
shown as curves (c) in figures 50 and 51, At the 6,800-
pound load, the curves (c) agree with curves (a) and (b)
taken from Timoshenko's theory and from Frankland's theory,
at least within the scatter of the measured points, At
the 10,900-pound load, Marguerre's theory gives a more
nearly constant stress in the center of the sheet than
either the points or the other two theories,

Curves (c) in figure 52 compare the theoretical axial
and transvergso stresses at a buckle crest of specimen 6
with observed values and values taken from Timoshenko!'s
and from Frankland's theory. Marguerre's theory gives re-
sults approaching those of Frankland'sg theory up to a load
of about 4,000 pounds., Above 8,000 pounds, Marguerre! s
curve for axial stress deviates increasingly from the ob-
served values while that for transverse stress approachesg
the measured stresses,

Formulas for effective width.- The load carried by
tae sheet of a sheet-stringer panel under end compression
may be computed by considering the width of the sheet be-—
tween stringers to be reduced by buckling to an effective
width carrying a uniform stress equal to the stress at the
stringer edge of the sheet, The effective width will then
depend on the strcss in the sheet, the dimensions of the
sheet, the condition of restraint at the stringer edges,
and the stress-strain curve of the material, The effective
width, w, 1is upon this definition given by the simple re-
lation




Nsh, CoA, Techniecal:Note No. .684 39 -

o

T : (55)

c,
Q

where Ps ig the sheet load
ek the thickness'of the: sheet

and Gy i OB compressive stress at the edges of the
sheet

It will be noted that this definition of effective
width coincides with the definition given by equation (9)
only for the special case that the stringer stress and the
stress at the stringer edge of the sheet are . identical,

It appears, fortunately, from :a comparison of figures 42
and 43, derived by the use of equation (9) with figure 55,
which was derived from equation (55), that the two defini-
tions of effective width led to practically the same re-
sult in the present sheet-stringer panels, It seemed
preferable for a general discussion of effective width to
adhere to equation (55) because of its independence of the

stringers.,

The ultimate sheet load P, for a sheet with siﬁply

supported edses would correspond to an edge stress o equal
to the yield strength in compression Oy p.>

Von Karman (reference 5) has proposed the following formula
for*‘this load:

——

=]

which gives for the effective width corresponding to the
ultimate sheet load

oo, = Ot fBoy o (56)

The value of the constant C will depend on the condition
of restraint of the sheet at the stringer 'edges., Von Karman
has derived the limiting values C = 1,24 and 1,90 for a
sheet with supported edges of material having VvV = 0.3,
Sechler has emplrlcally obtained a relation between C and
the ratio
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i
A = §;~/E;Gy.p. (57)

where 2 a is the width of the sheet, according to which
C drops from about 2 for A = 0,05 to about 0,7 for A\ =
1,0 (reference 9). 4 value of -Cu= 1,7 is widely used
for sheet-stringer panels of typical designs and falls be-
tween von Karmdn's limiting values of 1.24 and 1,90,

Although von Karmdn's equation and Sechler's empiri-
cal curve were derived specifically for determining the
ultimate load of the sheet in sheet-stringer combinations,
they havc been used by designers to cstimate the load car-
riéd by the sheet for edge stresses o less than the
yield strength of the material, The variation of effoctive

width 'with edge stress would then be given by

w g JE/U AT ee)

It is convenient for purposes of comparison to reduce
equation (58) to a dimensionless form as follows, Let
Ocpy De the stringer stress at which buckling of the sheet

begins. Up to this stress, the effective width will be
equal to the full width 2a of the sheet:

2an =1t »\/i/o'cr . | (59)

Solving for C and substituting in egnation (58) gives
for the relative effective width the simple relation

W Cor
A e (50)

The relative effective width given by this equation de-

- pends only on the ratio of the stringer stress to the

critical stress.

Instead of using G/Gcr- as independent variable, one
may use the strain ratio e/ecr as long as the strecsses
are within the range of validity of Hooke's law, Beyond
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this .range, the edge: stress:can be computed approximately
from the known edge strain, which is equal to the stringer
strain, provided that the compression stress-strain curve
of the sheet material is known, In the present instance
it was not possible, unfortunately, to obtain undeformed
coupons for determining the compressive properties of the
sheet of specimens 1 and 6, Compression gtress-strain
curves had, however, been obtained at the National Bureau
of Standards by the pack method on specimens of 0.064-inch
24ST Alclad sheet loaded in the direction of rolling (fig-
ure 53) and on 0,.032-inch 24ST shect loaded in the direc-
tion of rolling (fig, 54). It secmed permissible to de-
scribe the compressive properties of the sheet material by,
these stress-gtrain curves at least for an approximate
analysis, It should be noted in this connection that the
direction of rolling coincided with the direction of the
load in specimens 1 and 3, '

w
Figure 55 shows as curve (a) a plot of s from
la

equation (380) against ratio G/Ocr. The individual points

shown in figure 55 were calculated from the test regults
on specimens 1l and 6 as plotted in figures 42 and 43. The
stress-strain curve (fig., 4) of the stringer material and

the stregss-strain curves (figs., 53 and 54) of sheet material

similar to the sheet material in the specimens were used

to calculate the edge stress in the sheet from the stringer
gstress and from the assumption that stringer strain amid
.edge ‘strain were identical, '

The critical edge stress ogp was calculated upon two

agsumptions, The circular points were plotted by choosing

Oo.p &as equal to the value for a long, rectangular plate

with supported edges:

ngE £ \2
(=) (51)
SR g S S e

which gives, with E = 10,5 x 10° 1v./sq. in., v = 1/3,
and 2a = 4 .in,, the following values for specimen 1 (t =
QLDT0 4n.)

Top =" 11,800 1h. /sq. %n,

and for gpecimen 6 (t = 0,025 in,)

Use = 1,620 ¥b./wa. in,
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The crosses in figure 55 were calculated by choosing for
Oap Tthe obgserved critical stresses
e & AR 000 TRl g, P

for specimen'l_(fig. 42) and

o) = e

Rl L SO s N,

~

for® ‘'speciuen 6 (fig, '52).

In the case of the specimen-with.the heavy sheet, the
buckling stress was about 9 percent greater than for sup-
ported edges; while, in the case of the thin-sheet speci-
men, it was about 64 percent greater, Rerlacement of the
approximate critical siress calculated from equation (51)
(circular points) by ths cbserved critical stress (crossed
points) throws the pointsfor doth specimens about a common
curve cxcepting those points where the yielding of the
sheet is appreciable, :

Von Karman's formula is seen to be on the conserva-
tive side by @&as much as 25 to 35 percent in the case of
the thin-sheet specimen, It agrees satisfactorily with
the observed values for specimen 1,

A somewhat better agreement with the observed results
is to be expected if von Karuan's constant C 1is varied
inaccordance with Sechler's curwe.:.ln ovder toyverify
this assumption, it is necessary to convert Sechler's curve
af 0 =il g to the variadbles shown din fieure 55 by rew
defining A as

e

t J/E
A= mm g g (62)

where 0 1s the edge stress, which may be below the yield
strength of the material, The two definitions of A (equa-

tions (57) and (62)) coincide for O = G oy s Taking Oep

as equal to the value given Dby eguation (61) for @& Jdong
rectangular sheet with supported edges gives

(63)
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Substituting this value of A 1in eguation (59), which,
with equation (62), may be written as

L o= aqn) 5 o Gl

gives curve (b) in figure 55, The .effective width, accord-
ing to this formula, is even legg than for Von Karman's.
formula, It ig on the conservative side by as much as 35
to 50 percent for specimen &.

Recently Sechler has proposed the following formu-
la for the effective width of the sheet in a sheet-gtringer
panel (reference 30).

o B G B0 4 1,81 %7 (65)
2a

Substituting equation (63), eguation (65) bocomes
w 0, :
s = 1050 QIS O meis (64)
cax s o

A plot of equation (66) is shown as curve (c) in figure 55,
It is seen to err on the unconservative gide for high ra-
tios Uﬁjcr by as much as 35 to 40 percent in the case of

specimen 6.

H, L, Cox (reference 7) obtained an approximation to
the effective width of sheet under edge compression by con-
sidering the sheet as made up of a set of column strips
whose axes Were-parallel to the load and calculating the
load distribution over these columns for a gziven value of
the compression at the ends and 'an assumed buckle contour,
Choosing the buckle contour to give simple support at the
stringer edgesg'gave a curve that could beo approximated. by

w o} (552 28 (0] ! :
el S a0 s 0, B0 it P e — i (57)
2a. N € o

and choosing it for clamping at the stringer edges gave a
curve that could be approximated by
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w . : JE; : Ecr CTcr : e
e D L D for ~——— = - i (68)
28, (0] € S

The corresponding curves are shown as (h) and (13 Aa £ira
yrerssb The curve (i) for claumped edges agrecs satisfac-
torily with the crossed points Which are bascd on the ob-
served critical stress, Both curves (h) and (i) are gen-
erally on the conservative side of the circular points
based on the critical stress for supported edges.,

o hetter it Lo ‘the cireular points for sgpecimen 6 is
obtained by the following modification of Cox's formula
used by larguerre (reference 23): '

e
= 0,19 + o.alj—g—i (59)

2a
Bquation (69) is shown as curve (d) in figure 55,

An independent calculation of the effective width of
buckled sheet has been made by Marguerre (see previous
section), who arrived at curves (e) and (g) on the basis
of the relations (48) to (50) given in the previous sec-
tion, Marguerre noticed that the curve (e) could be
. closely approximated by the siumple relation

" 8/ Op s

2a > v/.—g- , Eb

which is shown as curve (f) in figure 55, OCurve (e) is
seen to approximate the circular points for specimen 6
more closely than any of the other curves, ‘Marguerre's
"exact" formula (curve (e)) holds for the circular points
of both specimens up to values of o = 30,000 pounds per -
'square inch (o/ Ogyp = 2.5 for specimen ' G/U =1

for specimen 8) at which yielding ‘becomes appre01able for
the 0,070-inch Alclad sheet of gpeciwen 1 and at which the
0,025-inch sheet of specimen o has probably buckled between
rivets. Equation (70) describes the measured effective
width for both specimens up 'to an edge stress of about
20,000 pounds per square inch within 10 percent provided
that 0, 1s taken from equation (31) as the buckling

stress for supported edges., Upcn this basis, ‘equation
(70) may be written in the form
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8 )
w = 1,54 ¢ J/é il (70a)
ot |

Equation (70a) describes the effective width up to‘faélure
of specimens 1 and 6 within 12 percent while von Karman's
well-known formula (curve (a)),.which is upon the same

basis
w = 1,92 tv/?g (700b)

ig about 35 percent low for specimen 6 near failure.

The best description of the observed effective widths
based on the actual critical stregs is that of curve (i),
corresponding to Cox's formula for sheet with clamped
edges,

Deformation of - Stringers

In the computation of the actual strength of a sheet-
stringer panel, it is not sufficient to know the load car-
ried by the sheet as a function of the stringer stress and
then to let the ultimate load of the panel be that for
which the stringer stress attains the yield strength of
the stringer material. This agsumption would lead to re-
sults on the unconsgervative side in all those cases in
which the sheet-stringer combination fails by instability:
of the stringers, It is not possible with the present de-
velopment of the theory to compute the buckling load of a
sheet~stringer panel, even within the elastic range, The
buckling load will be an exceedingly complicated function
of the dimensions and elastic properties of the gheet and
the method of attachment of the sheet to the stringers.

Timoshenko (reference 19, p. 371) has considered the
buckling load of a sheet-stringer panel, where the failure
of both sheet and stringer is simultaneous and where the
stringers fail by bending without twisting., 1In the present
panels, the sheet buckles long before the ultimate load of
the panel has been reached, Also, the displacements of
pointers attached to the stringers (figs. 31 and 36) in-
dicated a rapidly increasing twist of the stringers with
increasing stringer loads, It was concluded that
Timoshenko's theory could not be expected to give an ade-
quate description of the strength of the sheet-stringer
panelg tested,



46 N.A,C, A, Technical Note No., 684

A method of attack that takes account of the twisting
of the stringer by the sheet ig outlined by Lundguist and
Fligeg (reference 35, p. 12), Lundquist and Fligg confined
themselves to stringers with a symmetrical section, They
carried their calculations through for a numerical example
in which it was required to find the strength of a sheet-
stringer panel consisting of I-type stringers fastened to
0,025-inch sheet, The Z~type stringers used in the present
specimens are not symmetrical and their buckling streangth
could not be computed by this theory. The torsional insta-
bility of asymmetrical gstringers has been investigated by
Robert Kappus in a recent article (reference 38), Kappus
did not consider the effect of sheet on the stability of
his stringers, No attempt was made to extend his theory
so as to include thig effect,

The theories for the buckling strength of sheet-
stringer panels become of increasingly doubtful applica-
tion as the stresses in the gstringer and in the sheet
cease to be proportional to the strains, This will be the
case in practically all well-designed sheet-stringer pan-
els in which the strength of the material is utilized to
carry the load appreciably beyond the elagtic range,

Several relations have been proposed for reducing
the elastic modulug to take carec of the beginning of
vielding of the material -(reference 19, p. 384; reference
354« Pu 15). Unfortunately, too little is known of the
yielding of material under combined stress to make any of
these relations acceptable without the support of an ex-~
tensive series of tests. The present tests on only two
specimens would not suffice to give a useful comparison
with any of the theoretical extrapolations into the plas-
tic. range, :

AP?LICATiON OF SOUTHWELL'S METHOD TO STRINGER DEFORMATION

In the absence of an adequate theory for the buckling
failure of a stringer in a sheet-atringer combination, the
analysis of the measured deformations of the stringers was
confined to an application of Southwell'g method of deter-
mining the elastic:buckling load of a column from deflection
readings at low loads (reference 37), Southwell noticed
that a straight line should be obtained by plotting observed
deflections 6 of an initially slightly bent column against
6/P when the observed loads ‘P were not high' eunough to
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produce stresses beyond the elastic limit, The line would
have the equation :

E

er (71)

o
1
o
|
W
It

Its slope would equal the critical buckling’ load £ ot o | SEA

the intercept on the axis of &8 would be the initial de-
flection a. H., R. Fisher has shown (reference 38) that
Southwell's method of plotting will give nearly correct
values of the critical load for members of constant section
subjected to certain combinationg of axial and transverse
loads,

H. J. Gough and H. L., Cox (reference 39) have applied
Southwell's method of plotting to determine the critical
buckling load of sheet stressed by shearing forces S act-
ing in the plane of the sheet, In place of plotting S/P
against &8, they plotted w/S against w, where w was
the measured amplitude of the wrinkles and § was the
shear ‘stress. They obtained agreement within a few percent

with the theoretical buckling shear Yot although, in this

case .at least, there was no proof given that Southwell'g
method of plotting would result in the correct buckling
load, In view of this success, it seemed of interest to
apply the method to the analysis of the measured deforma-
tion of the stringers of specimens 1 and 8.

Two types of reading weroc available for t he deformation
of the stringer as a bent column, that is, the strains read
with Tuckerman optical strain gages mounted on the stringer
flange (figs. 12 and 17) and the readings of pointer dis-
placement indicating rotation about the y axis (figs, 32 and
37). Twisting deformation of the stringer about the x exis
was measured by means of pointers only (figs. 31 and 36),

If a zero error exists in the observed deflections, or
deformations, a plot of & against &/P will not lie on a
straight line,. If a straight line is to be obtained, the
deflection &6 must be due to the load alone, In general,
a zero correction &, must be applied to the indicated de-
formation §&,, so that

B 4b, mid (72)
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failure, The..zero correction: :was determined in the present
case to give an optimum fit to Southwell's relation (71) by
successive substitutions of equation (72) in egquation (71),

A much more direct method of frfeeing Southwell's meth-
od from errors due to the unknown zero correction hag been
suggested by Lundquist (reference 40). ZILundquist noticed
that equation (71) could be writtem in the form

A ! he X ' P .
G 22NN .—.—_————-—(fcr - P|> - (O' + a) (7:5)
faaeg feps '

wihere & ig the deformation corresponding to a load P
and O6' is the deformation corresponding to an initial
Toad"' P, " “HencHE a straight line resulte if the difference
in deformation is plotted against the ratio of difference
in deformation to difference in load, The slope of the
straignt line will give the difference between the desired

elastic buckling load Pcr gud thsTinivial“leoad” Pl the

intercept gives the sum of the unknown deformation §' . at
the initial load and the initial deflection .a, By taking
the initial load P! sufficiently high, one avoids the dis-
turbing effects of initial alinements, buckling of thin
sheet, etec, TLundquist's method will lead to the same an-
swer as the method of successive approximation used in the
computations given in this report,, It is also more conven-
ient to use and would have been used for the present paper
if it had been discovered sarlier,

A large number of curves of deformation against de-
formation over load were plotted from the observed strain
readings and the observed pointer displacements using the

-method of successive approximations, It was found from

the plots that for large deformations, the points showed
an.-irregular benavior and also a largec scatter in some

cases although in most cases the points tended to scatter
gbott "a "stralght 1ine.  .Some of the irregularities wers
probably due to the initial adjustments of the structure

to *the ‘Teoad, and others to buckling at low loads of ths
sheet; most of'tlhe scatter could be ascribed to inaccuracies
in the reading of the deformations.

A few of tahc plots showed a small scatter and there-
fore led to an acegurate value of the slope, Thesse curves
are shown in figures 56 to 59,

Figure 60 ghows a similar plot for the twisting defor-
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mation. of the 5-inch 'stringer specimen tested as a short
column (fig, 3), The twist was determined by using a
Tuckerman autocollimator to measure the angular displace-
ment of a gtellite mirror glued to the Z bar,

The solid points shown in figures 58 to 60 were taken
from deformation readings at loads within 10 percent of
the ultimate load. These points seem to follow Southwell's
relation as well as the open points, which correspond to
loads less than 90 percent of the ultimate load, It secms
advisable to read deformations up to loads within nearly 10
percent of the ultimate load to obtain a sufficient number
of points for a Southwell plot,

The Southwell method could not be applied to the buck-
ling ¢. the sheet between stringers, as measured by the
bending strain in :the sheet, because of the lack of obger-
vations below the buckling load,

The elastic buckling loads calculated from figures 56
to 80 are compared with the observed duckling loads in
table IV, The comparison shows a close agreement between
the observed ultimate load for specimen 1 and the elastic

‘buckling loads for both column failure and for torsional

instability as calculated from the pointer readings, The
pointer readings indicate that the actual failure was one
Wwhere bending and twigt were combined in the deformation
leading to failure.

Figure 56 shows a Southwell plot of bending strain as
measured by Tuckerman strain gages in addition to the plots
of pointer readings, It was impossible to bring all the
strain readings to scatter about a common straight line,
The curve includes two approximately straight line portions,
however, one for relatively low loads indicating an elastic
buckling load of 48,800 pounds and another close to failure
indicating the correct buckling load of 36,500 pounds, A
Southwell plot that would have included only readings on
the first straight-line range would obviously have led to
the wrong answer, The Southwell method must, therefore, be
used with caution; a sufficiently large number of observed
deformations must be plotted to establish the existonce of
a linear relation between & and 8/P over a. large range
of deformations, :

In the case of spécimen 6, the observed ultimate load
agrees well with the calculated critical load for bending
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failure ‘but is about 8 percent less than the calculated
load .for stwistimg failure.,: -Thig difference -ig too: gmall
teo-indicates that buckling failure must . have occurred in
preference to twisting failure. It:is likely that the
final failure of specimonsg 1 and 3 both was due to a de-
formation in which the stringers were simultanecously bent
and twisted, ;

In the mase of the 5=inch, short-column specimen, a
good, straight line was obtained only for the twist, with
a slope of 6,400 pounds, which was in close agreement with
the observed ultimate load of 5,300 pounds,

The lagt column of table IV lists the stringer stress
corresponding to the elastic buckling load, which was ob-
tained by extrapolating the experimental curves of stringer
load in figures40 and 41 to an external load equal to the
elastic buckling load, Comparison with figure 4 gshows that
the stringer stress for elagtic buckling lies well beyond
the elastic portion of the stress-strain curve in most
eages, ¥ iln ithe feage lofuthe S-inch 2 bar, whitch faiiled by
twigting, it is actually 20.percent above the compressive
yiekd. strength of the material; it may be concluded that -
the section retained its torsional rigidity under stresses
producing plastic yielding in compression,

CONCLUSIONS

The deformation of ‘two sheet-gtringer panels subjected
to end compression under carefully controlled end conditionsg
(ends cast in Wood's metal, sides simply supported) was
measured at a number of points and at a number of loads,
most of them above the load at which the sheet had begun to
buckle, The two panelg were identical except for the sheet,
which was 0,07Q0<inch 24ST Alclad for the first panel, de-
signated as specimen 1, and 0.025-inch 24ST aluminum alloy
for the second panel, -designated as specimen 6,

A technique was developed for attaching Tuckerman opti-
cal gstrain gages to the sheet without -disturbing the strain
digtribution in the sheet by ‘the method of attachment., By
means of this technique, extreme fiber gstrains were measured
in an axial as well as in a transverse direction at a suf-
ficient number of points on spyecimed 6 to' give a fairly
complete picture of ‘the strain distribution in the buckled
sheet.
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The shape of the buckles in the sheet of specimen 6
was recorded at two loads by means of plaster of paris
casts., 2

The twisting and the bending of thé stringers were
measured by means of pointers attached to the stringers
at a large number of sections. Pointer positions were re-
corded photographically up to the ultimate load, at which
the stringers failed by buckling,

The sheet loads at failure and the stringer loads at
failure were compared with the corresponding loads for a
set of five similar panels tested at the Navy model basgin,
The sheet load at failure was found to be nearly constant
for a given size of sheet, ranging from 5,500 to 5,650
pounds for the 0,070-inch 24ST ilclad and from 900 to 1,100
pounds for the 0,025-inch 24ST sheet, The average stringer
stregs at failure was equal ‘to 36,200 pounds per sguare
inch for each one of the two specimens .tested at the Nation-
al Bureau of Standards. It ranged from 30,200 to 38,400
pounds per square inch for the specimens tested at the model
basin. The loss in buckling strength of the stringers in
some of the panels tested at the model basin was probably
due to a difference in end restraint, the flat-end condi-
tion used at the model basin tests providing less restraint
than the casting of the ends in Wood's metal used at the
National Bureau of Standards, ;

A detailed comparison was made between the measured
deformation of the buckled sheet and the deformation cal-
culated from approximate theories for the deformation in a
square sheet with freely supported edges buckling under
end compression which have been advanced by Timoshenko,
Frankland, and Marguerre, Frankland!'s theory is the only
one of the three considering the effect of the stringer,
Timoshenko's solution was extended to cover the case of
rectangular buckles that were not square, The buckles in
the sheet-stringer panels had a ratio of 0.6 to 0.7 of
length to width so that this extension seemed desirable,
Frankland's theory and Marguerre's theory were used without
going beyond the relatively simple speccial case of the
square sheet, The comparison led to the following results.

Thé sheet load and the effective width of the sheet
was most accurately described by Marguerre's approximate
theory; a relatively "exact" formula due to Marguerre gave
still better agreement with the observed sheet load,
Frankland's theory described the effective width for spec-
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imen. 1l but gave values that were too high for. specimen 5.
Timoshenko's theory resulted in:a variation (up to.25 per-
cent) in effective width in passing froem the node of a
buckle to its crest, which wasg larger than that observed
but which covered the observed values within its range

The dlstrlbut1on of medlan fiber gstrain across the
sheet was fairly well described by all three theories,
with Timoshenko's and Frankland's. theorlev somewhat better
than Marguerre's, Timoshenko's theory predicted, in par-
ticular, the somewhat paradoxical setting up of median
fiber tensile gtrain in the center ¢of the sheet under suf-
ficiently high end  compression,

The digtribution of transverse strain was found to
be described satisfactorily by Frankland'!s theory only,
.The distribution given by Timoshenko's and Marguerre's
theories differed from the observed values not only quan-
titatively but even in gign. <

The measured distribution of axial stress across the
sheet of specimen 6 was deseribed most satisfactorily by
Frankland's taeory. Timoshenko'!s theory. indicated a change
in -stress distribution. in passing from a duckle node to a
buckle crest which was greater than the observed change and
which differed from it in character. Marguerre'sg approxi-
mate theory showed no change in gtress distribution in an
axial direction; the shape of the stress-distribution curve
differed considerably from the observed curve especially at
high loads. The variation with load of the axial stress
at the buckle crest for specimen 6 was best described by
Frankland's theory while that of the transverse stress at
the buckle crest was best described by Marguerre's theory,
The shape of the buckle wag becst described by Timoshenko's
theory. A corresponding agreecment-could not be expected
from Marguerrc's and Frankland's theories, which had not
been extended to the case of rectangular bduckles different
from a square, Marguerre's buckle had a transverse section
which was not sinusoidal as for the other two theories but
.which had a third-order harmonic to describe the presence
of local buckles near .the edge of .the.sheet, The third-
order component increased rapidly as the buckles in the
"sheet became deeper and led to an increased difference be-
tween the calculated and the measured buckle contour,

It is probable that both Frankland's and'Margaerre's
theories would describe the deformation of the buckled
sheet better than Timoshenko's theory if the numerical
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solutions were extended to rectangular buckles that are
not square, An improvement in all three theories as ap-
plied to:.the buckling of the sheet between stringers is
to be expected from the assumption of a buckle contour
whose transverse section more nearly corresponded to that
of the mecasured buckles; the transverse sections of the
megsured buckles showed a lessening in the slope near the
stringer edge due to the restraint from the stringers to.
which the sheet is attached, while the :slope of the the-~
oretical buckles was a maximum at the stringer edge,

The measured effective width for specimens 1 and 6
was compared with the effective width given by nine dif-.
ferent relations for effective width as a function of the
edge stress ¢ divided by the buckling stress o

the sheet, which were found in the literature. The value
of Ogp Will, in general, depend on the method of attach-

ment of the sheet to the stringer and also on the rigidity
of the stringer, Taking it eqaal tio. the measured, critical
stress brought the points for both specimens to scatter
about a common curve excepting those points where yield-
ing of the plate was appreciable, The most satisfactory
description of this curve was given by Cox's formula

g/Be = @14 « 0,85 Vﬁcr 0 in which w/2a is the ratio

of the '‘effective width w of the sheet to ite initial
width 2a. Approximating Oecp . DY At vallie fgar & long

rectangular sheet with supported edges gave values . that -
were about 8 percent low for specimen 1 and about 40 per-
cent low for spccimen 6. Applying this convenient though
inaccurate approximation gave the best results with

iy 3
Marguorre'!s formula w = 2a z@cr76 = 1854 tv/% %? where

t 1is the sheet thicknegs; this formula was found to de-
scribe the observed effective width of both specimens up
to failure within 12 percent. Von Karman's well-known
formula, which is upon the same basis W = 2a:]06r7 =

1,982 t~/E7 » was found to lead to effective widths up- to
35 percent below those observed for specimen 6.

The analysis of the measured stringer deformation was
confined to an application of Southwell's method of plot-
ting deformation against deformation .over rtoad,.. 4. the
stringer approaches instability in accordance with
Southwell's relation, the deformation will be a linear
function of the deformation divided by the load and the
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slope of the straight line obtained will be egual to the
elagtic buckling load., Care must be taken to plot the
deformation due to-the load, which necessitates a small
zero correction to the meagurcd:deformation in many cases,
Applying ‘this correction to the twisting deformation of

one. of ‘tha stringers of sgpecimen 1, as measured by the
displacement of ‘peinters attached to the stringer,; gave
excellent straight lines with.a slope -in remarkable agree-
ment with the.observed ultimate load :of the panel, A

very good check with the observed ultimate load wag also
obtained from a plot of the bending deformation as indi-
cated by the pointer readings. A plot of bending defor-
mation :0of the stringer as indicated by the difference in’
extreme fiber strains measured by .Tuckerman optical strain
gages gave a number of points which could not be brought-
to scatter about a common straight. line.but which had two
approximately straight-line portlons, one with a slope 34
percent greater than the ultimate load and the other with

a slope equal ‘to the ultimate load. A Southwell plot that
would have included only readings in the first stralght-
line range would, obviously, have led to the wrong answer,
In the case of specimen 6, buckling loads for twisting de-
formation and for bending deformation were not in as
striking agreement with the observed buckling load, but the
agreement. wag still sufficient to indicate that the stringer
failure in both specimeng was due to an instability in
which the stringer was simultanepously twisted and bent as

a column, The conclusion that the failure of the stringers
of both. specimens wag due to a combination of twisting in-
stability and column instability was also drawn from the
plots of observed twists about three mutually perpendicular
axes, Which were obtained from the displacements aof the
pointers attached to the stringers,

Application of Southwell's method to the twisting
failure of a 5-inch stringer specimen tested as a short
column led to a duckling load that was in close agreement
with the observed buckling load, although the axial com-
pressive stress at failure was well above the yield
strength of the material,

It must not be concluded from the success of
Southwellts method in all thosec cases in which the exist-.
ence of a straight-line relation between deformation and
deformation over load was established over a large range .
of deformations that Southwell's method is applicable to
the whole range of primary instabilities that may be en-
countered in monocoque construction, Proofs for the
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validity of the method have been found in the literature
for only two cases: the slightly bent elastic column, and
the elastic member of constant section under certain com-
binations of axial and transverse loads, ‘Except for these
special cases, the validity of the method rests on rather
meager experimental evidence such as the work of Gough and
Cox on the buckling of plates subjected to edge shears and
the work presented in this paper, Much more empirical evi-
dence and much more theoretical knowledge are needed on

the change of deformation with load of structures approach-
ing instability to egtablish the scope of the method and

to clear up cases of straight-line plots over a limited
range of deformation which may lead to erromeous conclu-
siong,™ g :

National Bureauw of Standafds, -
Vaghizegton, D..0,, Septembery2l,.1938.

*A theoretical explanation for the greater generality of
Southwell!s method has been advanced by L. B. Tuckerman
since the preparation of this note, Tuckerman showed in

a paper entitled "Heterostatic Loading and Critical Astatic
Loads" (Jour, Res,, Natl, Bur, Stand., vol., 22 (19329) pp.
1-18, RP 1163) that Southwell's relation will apply to any
one of the great family of instabilities included in
Westergaard's general theory for the buckling of elastic
gbtructures, i '
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TABLE I - DESCRIPTION OF SHEIT-STRINGER SPECIMENS
[See also fige 1]
Total | Ratio of
Total |sheet stringer
Material Sheet |stringer|area area to
Spec- Length|Width|thick-| area | MA, | total area
imen (in.) | (in.) | ness 3A44 | (sq. 7 S
Stringers | Sheet (ine) (sq.in.) in.) EKQTI—ZX;E
PUST 2lsT ¢ -
1 Dot raded (830184 19 16 ;0.070 0439 T2 0.26
LsT
5 - . .
e | 2UEE 19 16 .025 39 4o 49

TABLE II - TENSILE PROPERTIES

OF SHEET AND

AS OBTAINED BY NAVY DEPARTHMENT

Z STRINGERS

Tensile
Young! s yield Tensile
modulus strengtn strength
(kips per (kips per (kips per
S0 Atie) sq. in,) sg. in.)
Specimen 1:
24857 Alclad shest 9,700 49,7 62.8
Stringer
A L0800 47.9 -
B L0 500 B 64,0
C 10,400 50 L 63.6
Specimen 6;
248T sheet L0500 4 7 6545
Stringer
Q 10,500 51,8 63,3
R 105500 5L,9 650
S 1C,400 BILS5 65.0




TABLE III - RESULTS OF END COMPRESSION TESTS OF SHEET-STRINGER PANELS

Sheet Length Loads at failure 1
Stringer stress at fallure |"Effective width of
Specimen Material [Thickness Total Average (average) plate at failure
Sheet |Stringer
element | element
(in.) (in.) | C1v. )= [ EGTh ) (1b.) (1b./8q. in.) (in.)
1 National Bureau of 248T Alclad| 0.070 19.00 | 36,500 | 5,600 4,700 38,200 2.35
Standards -
2A Navy model basin 248ST Alclad .070 7.26 | 36,800 | 5,650 4,730 36,400 2.59
2B Navy model basin 248T Alclad .070 1l.62 | 37,000 | 5,600 4,870 37,400 2.35
3 Navy model basin 248T Alclad .070 19 36,000 | 5,500 5,000 38,400 3.55
4 Navy model basin
Top section 248T .035 19 15,800 900 4,070 31,300 118
Middle section 248T .035 19 15,800 | 1,000 3,930 30,200 1.25
5 Navy model basin 48T .025 19 16,100 | 1,050 3,970 30,400 1.35
6 National Bureau of
Standards 48T .025 19 18,400 | 1,100 4,700 38, 300 .37
Fe I 0

lExtrapolated to load at failure

TABLE IV - RESULTS OF SOUTHWELL PLOTS OF STRINGER DEFORMATION

(Confined to plots with a scatter of pointe about a common straight line)

Specimen

S5-inch
Z bar

1Str1nger

Estimate of Observed load 1Stringer stress for
Type of deformation Measured by elagtic buckling load at fallure elastic buckling
by Southwell's method
(1v.) (1b.) (1v./sq. in.)

Bending as a column |Rotation of pointer 8, stringer A 36,000 36, 500 33,800
Bending as a column Rotation of pointer 9, stringer A 36,000 36, 500 33,800
Twisting Rotation of pointer 5, stringer A 36, 500 36, 500 35,600
Twisting Rotation of pointer 6, stringer A 36,500 36, 500 35,800
Twisting Rotation of pointer 7, stringer A 36,500 36, 500 35,600
Twisting Rotation of pointer 9, stringer A 36,500 36, 500 35,600
. Bending as a column Difference in strain at center, stringer R 19,100 18, 400 37,100
Bending as a column Pointer 3, stringer R 19,100 18,400 37,100
Bending as a column Pointer 4, stringer R 19,100 18,400 37,100
Twisting Pointer 6, stringer R 20,000 18,400 39, 200
Twisting Pointer 7, stringer R 20,000 18,400 39, 200
Twisting Pointer 8, stringer R 20,000 18,400 39,2300
Twisting Rotation of section 6,400 6, 300 49,200

stress calculated by extrapolation from figures 40 and 41.
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Pigs. 1,7,10

||‘ﬁ 19" ell Ends cast in 3/8 in. Wood's metal
_F_ L T
| |
| |
[ | & = Detail of stringer
- o ']
s —————— A S e e e - ‘L\“h = 0.07", .06
1 specimen 1
| | h = 0.035"
| | specimen 6
| - Brazier
T e | heda nvmf
16" : |
l ‘
i . |
........... +
[ / :
| Rivet spacing, 7/8"1 II
|
|
s I

Figure 1.~ Sheet-gstringer specimens 1 and 6.

Edge support bar D,

(

R Edge of casting-- - - ----- -~

//

Figure 7.~

=

~-Initial end
clearance 1/8"

) ors -~~~ - %
mm or 7
.025 in.)
Initial edge - ~~
clearance, .0l in,

Specimen --- >

Edge support bar.

S

Figure 10.- Illustration of shortening
due to bowing.
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Figure 2.- Column strength of Z stringers.
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Figure 8.~ Method of holding strain gage on sheet.

A 5-inch short column specimen after
failure, showing method of casting
ends in Wood's metal.

B 8~inch short column specimen after
failure.

Figure 3.~ Flat - end-column specimens,
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Figure 11,- Distribution of axial strain at median fiber along
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Figure 14.- Sheet side of specimen 1 after failure.
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Figure

18,~ Strain gages set up to measure variavion of
Specimen 6.
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Figure 29.- Diagram of pointers attached to stringers of specimen 1.



Figure 30.~ Specimen 1 with pointers attached to measure

stringer deformation. Load, 29,000 1b.
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Figure 35.- Diagram of pointers attached to stringers of specimen 6.
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Figure 39.~ Specimen 6; sheet side. Load, 18,400 lb,; failure.
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Figs, 57,58
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Figs. 59,60
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