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sm. MARY 

A solution for the equation of torsional vibration o ~ 
tape red b eams has been found in terms of Bessel function s 
for beam s satisfying the following conditions : (a) The 
cro ss s ections alon~ the span are sinilar in shape ; and 
( b ) t he torsional stiffness of a section can be expressed 
as a p ower of a linear function of distance along the s p a n . 
The method of applying the analysis to actual cases has 
b ee n de scribed. Charts are ~ iven from which numerical 
values can be immediately obtained for most cases of prac­
tical i mp ortance. The t h eoretical values of the frequency 
ratio have been experimentally checked on five beams hav­
ing d if f erent amounts of tap e r . 

I NTRO DUCTION 

The f requency of torsi onal vibration of a uni f orm 
beam c a n be calculated for a number of s h aues of cross 
section. (See re f erences 1 and 2 . ) The c~rresponding 
c a ses o f tapered beams either have not been solved or are 
not readily available . A spe c ial case of lon~ itudinal 
vibration of tapered beams treated by Nabl (reference 3 ) 
is a p plicable also to torsion for a special case (n = 2 ). 
In t he p resent paper, the analysis has b ee n extended to 
the case of tapered bea~ subject t o rather b road condi­
tions, and a closed solution of the differential equation 
of motion has be e n obtained in terms of Bessel functions. 
Th e r e s ul t is expressed in such a form that the ef f ect of 
tap er is ~ ive n independently of the effect of cross sec­
tion. Hen ce, except for cer t ain limitations imposed on 
th e solution of the diff e rential equation, the frequency 
of a t ape red beam can be calculated if the solution for 
th e corresp ondin g uniform beam is known. 
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SYMBOLS 

angular displacement from equ ilibrium. 

rectangular coordinates i n beam . 

po lar moment of inertia of sect i on . 

tors ion modulus of section . 

she ar modulu s of material. 

length of beam . 

time . 

d ens ity of materi a l . 

angula r f r equency (W = 211f , w~ere f i s 
in cyc l es pe r second) . 

angular frequency of a unif o rm be a m, 

~ , to r sion fun c tion. 

constants . 

n , exponent in e x pression for variation of 
torsion m odul~s along span (n = 2~ + 1). 

c, semi c hord . 

n = (CCo) 
4 

In 

~ 
z 

= 
1, 

to 
1,w ) I p p = 

(1 - nt) JG 

br , roots o f equation 

1 w 11 
= 

1 - nt Wl 2 

(7 ) . 
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t = 11 to 

~ ~ ) ~P: 
m, number of mode . 

J,,<O,Y,,(t), Bessel functions of first and second kind, 
respectively . 

Subscripts : 

0, at root . 

t , at tip . 

ANALYS IS 

3 

The differential equation for the motion of a section 
of a beam in torsional vibration (re fe rence 1) is 

0
2

8 a [ 08 J pI -2 = - GJ(z)-
p at az az 

where GJ is the torsional rig i dity of the section . 
harmonic vibrations it is known that 

Then 

or 

1 dJ de 
J dz dz 

+ I P . P w
2 

. e = 0 
JG 

For 

(2 ) 

The functions Ip and J (reference 4) for a prismatic 

beam may be expressed in the fo rm 

- ---- --- - - ---
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J = r r (X2 + y2 + X ocp _ y ocp) dx dy 
tjJ oy OX 

where cp, the torsion function, depends upon the cross 
section . This function is known for a number of shapes 
of cross section . A few examples from references 5 and 6 
are g iven : 

(a) Circle of radius r: 

cp = 0 , J = Ip = (nr 2 ) 

(b) Ellipse with semiaxe s a and b : 

cp = 
a 2 _ b 2 

2 2 xy , 
a + b 

J ::: (nab) 

(c) Rectangle with sides 2a and 2b : 

4 ,2 cp= - xy+ _0 

co 

L: 
n=o 

( )
n . (2n+l) nx 

- slnh 2b 

( )
3 (2n+l) 

2n+1 cosh 2b 

J ::: 16 k a b 3 

3 

sin 
na 

(2n+ I) ny 
2 b 

where k has the values given by the fo llowing table . 

alb 1. 00 1. 50 1. 75 2 . 00 .:: . 50 3 . 00 4 6 8 10 co 

k . 424 . 589 . 642 . 688 . 748 . 790 . 844 . 89 6 . 922 . 940 1 

Th o to r sion modulus, J, of a sect i on of a tape r ed 
beam i s very nea rly the same as t~at of a prismatic beam 
having the same section . A comparison of the angular de­
flections produced by a static torque in a conical shaft 
as c alculated by the exact theory (reference 7) and by in -
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tegrating the torsion modulus fo r a cylindrical 
shows a discrepancy of the order of 1/6 ta~a, 
is the half anglo of the cone . For a c one with 
0.10, the discrepancy is only 0 . 17 percent . In 
lowing ~nal ys is, th is distinction in the torsion 
has been i gno red . 

5 

shaft 
where a 

tan a = 
t he fol ­
modulus 

The boundary conditions to be a pp lied to the solution 
of equat ion ( 2 ) will aepend upon the method of support of 
the aeam . For the case of most interest in t~is pape r, a 
beam built in at z = 0 and f ree at z = t , the boundary 
con ditions are : 

at z = 0, 

a t z = 1" 

8 o 

08 = 0 
oz 

A solutio n of equation ( 2 ) has been found for the 
case of tapered beams sa t is fying t~e following c ondit ions : 

(a) All cros s sections along the span a re similar in 
shape. 

powe r 
Then, 

along 
tion, 

(b) The torsion modulus J can be expressed a s a 
of a linear function of pos ition a lon g t he span . 
from condition (a), th e r at io Ip/J is a co ns t a nt 

the span and is equal to its value at the r oot sec-
Lo /J o ' From condition (b ) , 

- 0 

The to r nion modulus is proportional to th e f ourt h powe r of 
the linear d i men sions . Hence, in terms of the semichord, 

At the tip, 

( 3 ) 

--~ --- -- - -- J 
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It may be noted t hat 

F i gure 1 shows a numbe r of typical ~ l an f r ms corre ­
sponding to d i fferent va l ues of n . The uppe r half of 
this figure can also be consid e r ed as a plo t of semichord 
against n fo r d if feren t values o f n . I n t h i s case n 
inc reases from ri g ht to left . The fo ll ow i ng p r ope rti es of 
these curves are n~ted : 

a t n = 1, 

at n = 0 , 
d c/ Co ------ = 0 

d n when n > 4 

= 00 when n < 4 

I n te r ms of t and S, equat i on (2) ca n be written 

1 dJ c18 
- - --

J d~ d; 

For the case of a un i fo r m beam (dJ/d~ = 0) , equa­
tion ( 2 ) has t he well - known solut i on 

8 = C1 s in S w 1, t + C8 cos S W 1, t 

The freque nc y equat i on fo r a cantilever oeam is 

c os S w 1, = 0 

S w 1, = (2m - 1) TI 
2 

whe r e m = 1, 2 , 3 , 

The lo ryes t f requency i s 

TI 

2 Sl 

Equation ( 2) c a n then be wr i tten 

--- --_.- -- --_._--

(4 ) 
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n = 1 

1 - n 
:B = ------ = 

1, ~ 

e = 

d 

d~ 
= 

1 - n 
i-:-nt' 

d dn 
dn d~ 

= ( 
\ d 

1 - nt ) "dTi 

7 

After e ~uation (4) has been expressed i n terms of n, it 
becomes 

Put 

Then 

SO LUTIon OF DIFFERENTIAL EQUATI ON 

A solution of equation ( 5 ) has been found in t e rms o f 
Bessel f u nctions . Put 

Then equation (5) becomes 

If A = (n - 1)/2 , t his equa t ion reduces to Bessel I S e qua ­

tion : 
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The ref 0 r e JA (U i s a E e sse 1 fun c t i on 0 fo r de r A . 

Tue complete solution contain i ng two ar b itrary c on ­
stants to be determ in ed by the boundary conditions is 

8 = -0 [ AJA q) + EJ_ A C u J ; A, no nint egra l 

( 6 ) 

8 = I\ [ A~ (t ) + EYA (t) ]; A, i nteg r a l 

The fun ction yAct) i s a Eessel fun ction of the second k i nd . 

The bounda ry conditions in te r ms of tare : 

at z = 0 , ~ = ~ 
S !:> o ' 6 = 0 

at z = 1" n = Tit' 

After these cond iti ons have oe e n app li ed , the result i ng 
equations can be s i mpl i fied by means o f the relatio ns for 
Eesnel fun cti ons : 

d [ - n -- x 
dx J (x)Jl = n 

- n 
- x J + (x) n 1 

-~ [ xn J (x)] = xn J (x) dx n n- 1 

The condit i on that th e tw o equations fo r A an d E ha v e 
solu t ions other than A = 0 , :a = 0 , is that the det e r mi -
nant of the coefficients of A and B vanish : 

J A ( to ) 

JA+ l (Tit bo ) 

J/-. ( bo ) 

J A+l (l\bo ) 

YA C bo ) 

Y/-.+l (Tit to) 

A , non i ntegra l l 

= 0 ; /-. , i nte .!?; ral 

( 7 ) 

1 

- -- -~----- -- --- -----
___ __ __ _ __ -1 
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condition determines an admissible set of values of 
the roots of equation (7) . These roots wi l l be called 

After the value or values of t that satisfy the 
. 0 

determinantal equation ha v e been fo u nd , the shapes of the 
deflection curves for the various modes can be directly 
obtained from equation (6) . At the root section, t = 
ho = h r ' e = 0, 

0= AJ,,(tr) + EJ_" Ch r ); ", noninteg r al 

'" i nteg r al 

Hence 

", non i n t egral 

(8 ) 

" , integral 

where h determines position along the span . 

Equation (7) is a transcendental equation of wh i ch 
the r o ots, t r , determine the frequenci e s of the various 
modes. The equation cannot be solved explicitly but may 
be solved indirectly. The roots may be obtained to any 
desired accuracy by use of tables o r by the graphical pro­
cedure of plotting the value of tho determ i nant against 
to' F o r each root there is a corresponding natural fre -

quency of vibration given by 

w = t r (1 - nt ) ~ w1 

?or the case of a p o inted beam , equations (7) can be 
expre s sed in a simpler form . F r om the series expansion 
for Be nsel functions , 

= lim 
nt --7 0 

Hence, for pointed beams (n t = 0 ) , the fi r st of equations 
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(7) ""0 c come s 

When ~ i s an integer, the same result is obta in ed : 

= 

lim 
Tl t ----.:;;.- 0 

lim 
Tlt~ O 

= 0 

APPLICATION OF ANALYSIS 

The pre ceding analysis c an be i mmed i ate ly applied t o 
beams the fo rms of which are math ematically spec i fied by 
val ues o f nand Tlt . Most beams , however, viII not ex -
actly c orrespond to one of these cases ; a method must 
the efore be found for determin i ng the best values of n 
and nt for the a ctual beam . An approxinate nethod will 

be illustrated for a wing the shape of whi ch i s g i ven by a 
drawin~ . Othe r methods, such as the method of least 
s~uares , are also available for determ i n i ng these parame­
ters . The thi ckness will be assumed to vary in tho same 
way as the plan form . 

A sketch of a typical win s , together with a table of 
di mensions , in given in fi ~u re 2 . It is r e~u ired to re p ­
r esent this shape ""oy an e~uation of the fo r m 

n /4 
c - c T\ - 0 'I 

The paramet er Tl varies l i nearly along the span from a 
value of Tlt at the tip to I at the r oo t . The p roced.ure 

is to assume arbitrarily a value of nt, then to make a 
logarithmic p lot of ch o rd or sem icho rd against n. This 
process is repea ted for different values of nt unt il the 

J 
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value of nt giving the best straight line is determined. 

The slope of this line is the value of n/4 . The third and 
fourth columns of the table i n fi~ure 2 give values of n 
f~r the assumed values for nt of 0 and 0 . 1. Fi~ure 3 
is a logarithmic plot of chord against n. The points for 
n t = 0 fall nearly on a straight line. The slope of this 

line is 0 . 37, which ~i ves n = 4 x 0 . 37 = 1 . 48. The values 
of c recalculated from the equation 

c = 0.96 no . 37 

are given in the last column of the table in figure 2. 

The frequency ratio, w/w 1 , determined from the roots 

of e quat ion (7), is a function of only two variables, n 
and n t . Figure 4 shows th i s rat io as a funct ion of nt 
for several values of n. The actual frequency is gi ven by 

The f requency ratio for po inted beams (nt = 0) is gi ven 
in fisure 5 for several values of n and for several mode s . 
For the wing previously described (fig . 2) , the frequency 
rati o is 1.77. The shape of the deflection curve is shown 
in fi gure 6 for several typical values of nand n t . 

~XPERI ilENTAL RESULTS 

E' lve duralumin beams (fig. 7) were constructed and 
their frequencies were measured to check the theoretical 
values of the f requency ratio . The central cross section 
of each beam was a rectangle 6 inches wide and 1/4 inch 
thick. The beams were geometrically similar in cross sec­
tion along t he span and had strai~ht taper, the correspon d­
ing values of nt being 1 . 00 , 0 . 75, 0 . 50, 0 . 25 , 0 . 00 . It 
is apparen t from the boundary conditions that a f reely sus­
pended symmetrical beam vibratin ~ in torsion with a node 
at the center will have the same frequencies as one built 
in at the cent er . The preceding analysis may therefor e be 
applied to these beams . 

The expe rime n tal value s of t~e freque ncy ratio are 
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plotted togethe r wi th the theoretical curve fo r n = 4 in 
figure 8 . The g r eatest discrepancy betw~e n exper i ment and 
theo r y is 2 .pe rc en t, wh i ch i s considered t o be wit h i n the 
lim i t of ac curacy determ i ned by the ma chining of the beams 
and the measur ements of the f reque ncy . 

CONCLUSIONS 

The results of the tests of f ive beams showed that 
the assumpt i ons unde rl y ing t h e equation of torsional vi ­
bratio n of a tapered beam 

are just i f iable fo r all practica l pu r poses . The frequency 
ratio for even the most tap ered case a g reed with the theory 
to within the exper i men tal erro r. 

La ngle y Me morial Ae r onaut ica l tab o r ato r y , 
Na tional Advi so ry Co mm i ttee fo r Ae r onauti cs , 

Lan g ley Fi e ld, Va ., January 23 , 19 09 . 
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