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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

TECHNICAL NOTE NO. 1257 

INVESTIGATIONS OF FREE TURBULENT MIXING 

By Rans Wqlfgang Liepmann and John Laufer 

SUMMARY 

A discussion of the integral relations for flow of the boundary­
layer type is presented. ,It ' is shown' that the characteristic laws of 
spread of Jets, wakes, and so forth, ,can be obtained directly for the 
laminar case and, with the help of dimensional reasoning, for the tur­
bulent case as well. 

Measurement~ of the mean velocity, the intensity and scale of the 
turbulent fluctuations, and of' the turbulent shear in a two-dimensional 
mixing zone are presented. The results of these measurements are com­
pared with the mixing-length theories. It is shown that both mixing 
length and exchange coefficient vary across the mixing zone. The theo­
ries based on the assumptiop of constapt mixing length or exchange 
coefficient are t~us in , error. 

• • f · 

A discussion of the energy balance of the fluctuating motion is 
given and the triple correlation is estimated. 

, , 

,INTRODUCTION 

The investigations presented herein constitute one part of a long­
range research ,progr.&m on t4e 'development and nature of turbulent flow. 
The background and scope 'of this program are outlined in order to show 
why the experimental investigations, of which some simple parts were car­
ried out some time agO I should be un,dertaken. 

Theoretical turbulence;research can be divided into three main sec­
tions: laminar stability, phenomenologlcal theories of fully developed 
turbulent flow, and statistical ' theories. Following Reynolds' work, the 
emphasis of the the.oretical research centered mainly on the stability 
problein. The que'stion of whether laminar flow was stable or not stable 
in general becam~ the 8~bject of a great many papers. Both the energy 

"method .of inv~stlgating in'stabUi ty and the method of small perturbations 
were used e,xtensively. , It lies' in the nature of these investigations 
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that they are analytical theories; that is, the results of the stability 
investigations should lead to results which, without adjusting any con­
stant, agree with experimental findings. The first marked success of the 
instability theories was G. I. Taylor's discovery of the instability of 
flow between rotating cylinders which was found to be in excellent agree­
ment with experiment . The theory of stability of two-dimensional flovT 
was first successfully carried through for the case of Couette flow. Re­
sults for the more important 'cases like plane Poiseuille flow and Blasius 
flm. (that is; boundary- layer flow) were doubtful for a long time. The 
investigations of Heisenberg and Tollmien were not considered mathemati­
cally rigorous, and experimental evidence was not a~ailable. Only in the 
last 4 years has the theory of laminar instability been definitely set­
tled as a result of the work of C. C. Lin (reference 1) . . T~e results of 
this instability theory for the Blasius flow were found to be in excel ­
lent agreement with experimental results. 

The stability theories deal with small perturbations and linearized 
equations and thus can predict only the lower limit of stability, that is, 
the limit at which a small perturbation will increase in amplitude for 
the first time. The stability theories are unable to predict tranSition 
and the onset of turbulence. There is little doubt that in both the tran­
sition region and the fully developed turbulent region the nonlinear terms 
are essential, and this is, of course, the reason why an analytical theory 
of developed turbulence and of transition is nonexistent. Theories of f 
fully developed turbulence are, in general) phenomenological theories. 
Some problems have also been attacked by statistical methods. 

The phenomenological and statistical theories form the second and 
third groups of theoretical turbulence investigations. The phenomenolog­
ical theory of turbulent shear flow also goes back to Reynolds' introduc­
tion of the "apparent shear. " These theories developed very rapidly, 
following the introduction of the "mixing length" concept by L. Prandtl. 
The main progress was due to the work of Prandtl, K~rm~, and Taylor. The 
momentum transfer , the vorticity transfer, and the similarity theories 
were developed in rapid succession. The mean-.veloci ty distributions 
computed from the .mixing-length theories were found to be in good agree­
ment with experimental results at the time. Skin-friction formulas, for 
example, the famous logarithmic law, could be developed on the basis of 
these theories and checked with experiments. Experimental research in 
these years was directed mainly toward finding which of the three main 
theories was most nearly correct. The answer found from the experimental 
results, which consisted mainly of measurements of mean-velocity and mean­
temperature distributions in boundary layers, c~arinels, jets and wakes, 
was somewhat disturbing. The flow near a wall was found to agree fairly 
well with results of the momentum transport and s imilari ty theories; flow 
in wake and jets agreed better with the vorticity transport theory. The 
evidence for these various theories has been discussed in reference 2, 
and in papers by K~rm~n (reference 3) and Taylor (reference 4). The 
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shortcomi~gs of these three phenomenological theories have been pointed 
out clearly by Karman. In the course of the present report, the authors 
will return to ,this discussion in some detial. 

It is thought that, at the present time, the mixing-length theories 
have lost much of their value. As a matter of fact, the main results of 
these theories can be obtained ' by' dimensional reasoning, without the in­
troduction of a hypothesis of the mechanism of turbulence. The mixing 
length ~tself, which can now be computed directly from measured quanti­
ties, ' is ~ound to be a complicated function o~ the coordinates, Thus, 
the principal advantage of the mixing-length theories, namely the intro­
duction of a "simple" ],ength, is gone. It should be mentioned here that 
the realization that dimensional analysis furnishes practically all the 
results of the mixing theories has ' grown steadily since Karmen's 1937 
paper. C. B. Millikan (reference 5), Mises (reference 6), Reichardt (ref­
erence 7), and lately Squire (reference 8), have expressed this point of 
view. In the discussion in later parts of the present report this point 
will be taken up again. , 

There remains the third group of theoretical investigations, the 
statistical approach. In the simplest case, that of isotropic turbulence, 
first treated by Taylor (reference 9) and subsequently by Karman (refer­
ence 10), a complete kinematic analysis could be developed. The dynami­
cal equations of motion pould be reduced to a point at which definite 
solutions could be obtained for various specific assumptions. But even 
here there does not exist a physical principle which permits certain se­
lection from among th~ various possible solutions. There have been but 
few attempts ' to extend the statistical theories to more complicated cases 
such as shear motion; Karman discussed these possibilities and gave one 
solution for the case of plane Couette flow. Even more general attempts 
for a statistical theory of, turbille'nce have been made by Burgers; however, 
no results which can be checked with experiments have been obtained as yet. 

Chou has developed a theory of turbulence (reference 11) using the 
equations of correlation starting from Reynolds' equation for the double 
correlation and proceeding to correlations of higher order. Because of 
the nonlinear term in :the equation of motion, it is impossible to obtain 
an equation which includes only correlations of one order. The double 
correlation 'equation thus involves terms containing triple correlation, 
and so on. The difficulty here is , of course,' to find an argument to 
break the subsequent equations off at a certain point. Here again a clear 
physical idea is needed, but as yet has not been found. The application 
of Chou's equation thus involves an arbitrary assumption which, as in pre­
vious theories, has then to be ' checked by a comparison with experimental 
results. 

In summarizing, there exists' 'at the present time no satisfactory ,the­
ory of turbulent flow. The concept of a simple mixing length is not 
usable and does not agree with experiment. The recent introduction by Lin, 
in an unpublished work on velocity and temperature distributions in 
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turbulent jets, and by Prandtl and Gertler (reference 12) of the assump­
tion of constant exchange coefficient does not agree with measured values 
of the exchange coefficient, as will be shown in this report. In general, 
the ability of a specific phenomenological theory to predict a mean­
velocity distribution which agrees well with measurements is not at all a 
proof that the assumptions of the theory are correct. In fact, in the 
example of the plane mixing region which is discussed in deta.il in this 
report, it will be shOim that both the theory based on a "constant mixing 
length" and also the one based on the "constant exchange coefficient" can 
be made to agree with the experimental mean-velocity distribution, in 
spite of the fact that neither the measured exchange coefficient nor the 
measured mixing length is even approximately constant. 

The situation, therefore, appears to be as follows: If only the 
mean-velocity distribution of a turbulent-flow problem is desired, it 
usually can be obtained by dimensional considerations, assuming a reason­
able curve (e.g., an error function in the case of the mixing region), 
and the determination of one constant from experiment. For an understand ­
ing of turbulent flow in general a study of various mean-velocity dis­
tributions is of little use. The fields of turbulent fluctuations must be 
studied in detail. At the present time, it is believed that extensive 
experimental research is of primary importance. The turbulent fluctua­
tions should be investigated in various cases of turbulent flow ranging 
from isotropic turbulence to boundary layers and jets. The main purpose 
of such an investigation would be to determine which characteristics of 
the fluctuating field are universal and which vary essentially from one 
group of flow cases to another (e.g., free turbulence like jets and wakes 
on one hand, boundary layers and channel flOiv on the other). Reichardt 
has proposed the development of a theory of turbulence, in an inductive 
way, from measurements (reference 7). However, since the only basis of 
Reichardt's approach is mean-velocity distributions, his work is open to 
exactly the same criticism as that applied to a comparison of other theo­
ries with mean -velocity distributions. Reichardt's final equation, there­
fore, aside from objections which can be raised regarding certain invari­
ant pr.operties, appears to be merely an empirical lnterpolation formula. 

The hot-wire technique is developed to a point at which all fluctuat­
ing velocity components and all double correlations can be measured. It 
is likely that a knowledge of the triple correlation, that is, the diffu­
sion of turbulent energy, is necessary . The development of a hot-wire 
circuit able to measure triple correlations is at present in progress. 

The measurements which are discussed in this report are measurements 
of flow in a two -dimensional mixing region. Earlier measurement s along 
the same lines of attack have been carried out on an axially symmetrical 
jet. Measurements in a two-dimensional channel are now in progress as 
are preliminary measurements of a heated jet with essential differences 
in density. 



NACA TN No. 1257 5 

To carry out experiments in a field where there is little guidance 
f r om t he theory is somewhat difficult. lIt is entirely possible that 
af ter a. complet e theory is known, it will be found that some trivial meas­
urements have been made and important ones omitted.. This was the case in 
the l aminar instability and transition investigations in which many meas ­
urements of "natural" f luctuations in the laminar layer were carried out 
by var ious observers. After the problem was clearly understood, it be­
came evident that many of these measurements were of no use and repre­
sented merely investigations of complicated effects r elated to speci f ic 
wi nd tunnels. 

I n order to reduce this. possibility as much as pOSSible, it is neces--­
sary to (a) try to deflne the experimental conditions as clearly as possi­
ble; f or example, make sure t4at a "two-dimens i onal" jet is two-dimensional 
to a s1).i'ncient degree, ·and (b) use as much guidance as possible from 
energy and .momentum conai~erations and from dimensional analysis. . 

I n a field as complicated as turbulence, even precautions of this 
nature are not always successful. For example, the effect of free--stream 
turbulence upon the isotropic turbulence downstream of a grid has been 
investigated in three instituti ons; Cambridge, National Bureau of 
Standards, and GALCIT, with different results. The reasons for this dis­
crepancy are not yet clear. Here, evidently, a quantity which has been 
considered of minor importance and has not been measured cannot be neg­
lected. This case shows also that a certain duplication of research is 
desirable here rather than superfluous. 

This inveetigation was conducted at the Guggenheim Aeronautical 
Laboratory, California Institute of Technology, under the sponsorship and 
wi th the financial assistance of the . National Advisory Committee for 
Aeronautics. 

The authors would like to acknowledge the cooperation of Mr. S. 
Corrsin. 

SYMBOLS 

Xi Cartesian coordinates. X1 = x is the longitudinal coordinate; X-

~ = al 
x 

Tt = -L-
b(x) 

-
axi s is defined by t he streamline ~ = 0.5; x = 0 corresponds 
- -. Uo 

to the jet opening; x2 = y . is the lateral coordinate, increasing 
toward the free stream 

.. 
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a constant dete:rm1nec1. "by fitting the :measurecl velocity profiJ.e t o 
the theoretical one 

w magnitude of inatani7dneous velocity 

W magnitude of mean velocHy 

~ magnitude of fluctuating velocity 

ui component of w in the xi-direction 

u~ =u component of W in the x~ (:2Jc ) d.irection 

U2 =v component of W in the X2 (==y) direction 

ui' component of q in the xi-direction (U~f == u', U2 I - v' ) 

Uo free-stream velocity 

p instantaneous static pressure 

pi static-pressure fluctuation 

p density 

~ absolute viscosity 

V kinematic viscosity 

8 boundary-layer thickness in general 

~ momentum thickness of boundary layer 

~ microscale of turbulen~e 

L scale of turbulence 

T shearing stress 

€ turbulent exchange coefficient 

l mixing length . 

k double correlation coefficient expressing correlation between u f 

and Vi at a given point 

double correlation coefficient expressing correlation of u f at 
two pOints displaced in y-direction 
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Rz double correlation coefficient eXIJressing correlation of' u' at two 
points displaced in I z·-direction 

i mean value of current through hot wire 

10 current through hot wire when velocity 1s zero 

e voltage across hot wire 

R mean value of resistance of hot wire 

Ro resistance of hot wire at 00 C 

Ra resistance of hot wire at room temperature 

S sensitivity of hot wire to flow perpendicular to wire 

Z compensation resistance 

y thermogalvanometer reading 

G gain of amplifier 

ex, temperature coefftcient of change of resistivity of the hot wire 

ANALYTICAL CONSIDERATIONS 

Classification of Turbulent-Flow Problems 

The fundamental problems in two-dimensional shear flOW, turbulent or 
laminar, can be classified according to the following t able: 

Boundary SymmetriC Asymmetric 

Free Jet, wake Mixing region 

Solid Channel Boundary layer 
(Couette flow) 

The Couette flow is difficult to realize experimentally. The flow 
between rotating cylinders is similar) but the influence of centrifugal 
forces induces secondary flow even in the turbulent case. 
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The equations of m.otion for the mean--veloci ty distribution can be 
reduced to the s't,and.ard boundary-layer f orm of the e~uations fO T all 
these configu.rations excl"lpt the channel flow (and also Couette flow), for 
whi~h even simpler equations hold. It is therefore useful to discus.s 
first the integral relations of boundary flo,.,. 

Integral Relations of Boundary-Layer Flow~ · 

To discuss the beha-,rior of the mean--velocity distribution, the inte­
gral relatj.ons for momentum and energy in boundary-·layer flo-\'1 prove very 
useful. The momentt'lll equations, that is> K~rma~n~s integl'al equations, 
have been used a great deal i n considerations of this type_ It will be 
seen that the addition of t he energy integral equation is very useful for 
a geneTal discussion of the behavior of the mean velocity distribution. 
The boundary--layer equations are: 

pu ou + pv dU = ox oy 
_ ~ + OT 

dx oy 
(1) 

(2) 

Integrating equation (1) with respect to y between two rariable limits 
a(x) and b(x), say, furnishes the momentum integral equation: 

ou d 
dx y 

By transformirig the se·cond integral on the left, 

b 

f pv ou dy oy a 

Hence, equation (3) becomes: 

b . 

f dpU2 

ox dy 
a 

r lb b 
= l pvu I + . r u ~u dy 

- a Ja dx 

op = - [b - a] -- + 
ox 

b b 

r T l - rpu~J 
L J a · 1.1 a 

(3) . 

LIt has recently come to the attention of· the authors that-·a gener­
alized tecbnique for the application of integral methods for boundary-layer 
calculations has been presented by L. G. Loitsianskii in reference 13. 
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In all cases of free mix:tng and also for the boundary layer on a flat 

op 
plate ox = 0, and equation (4) becomes) in the lam.:1.na1" cp..se, 

b b 

r OpU2 r ou l 
- , .- dy = I ~ - - puv I ox _ oy J 

a a 

and) in the tur1mlent case) 

b 

r 
{ 

(5a) 

Equations (5) will be discussed for specific cases after eimila.r equa­
tions for the enerBY have been ·uritten. 

l.fultip.lying ec;.t~lltion (1) ,\;-i th u and i!1tegret:tr..g fu.mishes an 
energy 1nte~::" e'-l\~Q.~iOll in t,~e fan: 

b b b b 

f pu2 d~ dy + f puv Otl dy = - .?l! f udy + f 
a .... a ~y Ox e a 

By partial integration, 

Jb 0 fb 0 2 1 r Jb 1 rb 
o( v) 

puv ~ dy = 1 pv ~ dy = - lpu2 v - .- u2 P dy 
oy 2 , oy 2 2 .j oy 

a a a a 

Therefore) b 

f a 

Also, 

puv ~u dy 
oy 

b 

1 = --
2 

(' OT 
J u·- dy 

oy 
a 

Renee equation (6) becomes: 

[PU2 vJ b + ~ / u2 ~:,,) dy 

a a 

OU 
T - dy 

oy 

b r 
J 
a 

... 
dU 

T oy dy 

(6) 

(7) 
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If it follows that, in the .la.mlna,r case, 

and} in the turbulent case, 

b " 

f ~ (.e. u 3 
; dy = ox 2 ./ 

r 

Ip u u'v' + 
L 

a 

ou P u1v' - dy oy 

The same type of equatj,on can be wri tten for the axially symmetrical 
case and also f or the tempe:catu.1.:'e. 

A~plication8 of the Integral Equations 

(8a) 

(8b) 

The use of the integral equati cns for mixir.g problems will be i11u8-' 
trated by two exelli~les: the jet and the mixing lone . 

Jet.- The prob lem is 
b is repl c.ced. by 0 t o 
jet, that is; b denotes 
with suff i cient accuracy, 

syIliID.etrical; hence the integra.tion from a to 
b (x) ~ 'rr.en 2b is c.aken as the width of the 
the distance from the a. .. .;:is of symme try where, 
u = O. 'l'hus, eq,uaticn (5) becomes, 

b b (, 

f ~ (pu2 ) dy ox = d J 2 pu dy::::: 0 
dx .) 

a o 

Since .. ::::: 0 and u::::: 0 at y::::: b, and v 
symmetry> equat:on (8) becomes, similarly, 

Hence, 

:x l 
o 

b 

b 

.e. u 3 dy = 
2 

r pu2 dy = M 
o 

b 
r 
I 

J 
o 

dll 
T ...... - dy 

cJy 

constant 

o at y::::: 0 by 
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for both the laminar and turbulent cases and 

d ! P :3 - -u dy= 
o (10) 

d.x 2 
·0 J P u' v r ¢u dy (b) , oy 

o 

In the incompressible, fully developed jet, assume sirrSJ.arity and thus 
put: 

1'1 - --L­
- b (x) 

E~uations (9) and (lOa) are sufficient to determine uo(x), b(x) for 
the la.minar jet. For the turbulent Jet an assumption must be made for 

u'v l • Ey dimensional reasoning, let 

Then e~uation (9) becomes 

and e~uations (10) become 

-- 2 
u'v' = Uo (x) g(~) 

1 

pUo 2b .f f2(T))d~ = M 

o 

2 1 

P duo b f :3() - -- f ~ d~ = 2 d.x 1 c 
puo:3 J geT)) f ' (T) ) dy 

o 

or, if the constants are omitted for the time being, 

2 M 
u b"'-o P 

where p = constant over the flow field. 
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in the laminar case 

d 3. ) - - (Uo 0 '" 
dJ( 

U 3 in the tUl;bulent case o 

Hence , 

Laminar Turbulent 

(V2PY.2\~/3 b '" ----) 
M , 

Or} if Uj is defined D.S the lni tial velocity of the Jet} 

for a given nozzle Li-:'8, and tl: e follow'ing diHenuimu8i-Js forms can be 
written: 

Larr,j ;1 :.:r. T'~.;:b "..!,cnt --- .- _._-- ---

Uo ~. 0~i )l/3 Uo 
/1\l/2 

' ''''' 1_ ! 

ui VJC/ u 1 
'..''1:./ 

'" ( .Y-~ 
\ 1/3 

J2 12. i constant 
x \J. ,2X / x 

1 

The constants can be determined if specjfic ve] oci ty and, ohear distribu­
tions are afJsumed . For the velocj ty dist! ::"bution a reasonable function 
is, for example, 

- '11 2 = e 1 

... 
Free mixing zone.- In the syn:metrical prcblem of the jet the two in­

tegral relat'ionsde t~rmine the behavior of HO (~c) and. of b (x) . In the 

unsynmJ.etr ical mixing region there exists a fl'ee st:i:ee.m of const.ant veloc­
i ty . Similarity dO'!lnstream means, COIlS e quently ) tha. t the velocity and 
shear are functions of only one varia'bl.c 1) • Now', hovrevcr J the mJxing 
process is not symmet rical and two eq,u tiorlS are needed to dete:r-m:iue the 
different rates of spread into the free stream and into the air at rest 
(or into air moving at a different velocity) . Call the width of the 
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r egion b(l + a) where b . is a function of x, and ¢ is a const ant. 
The momentum r el a t ion, equation (5), furnishes, if v = 0 . at y = b , 

or 

Introducing 

gives 

b 

. J clpu2 . 
--d.y=O ox 

-a.b 

b 

~r 
d:U 

-a.b 

1 

2 ( J~ f 
--a. 

pu2dy - pU db = 0 
°dx 

11 = Y.. 
b 

u = Uo f(1)) , 

, 

- 1) db dT) -= 0 
dx 

Hence, there is obtained the trivial solution b = constant, that is, 
no mixi ng, or 

which determines a. 

The energy equation furnishes: 

b 

~ r ~x (pus) dy = 
2J.b ox 

b 

-f 
-a.b 

2 
or, with the turbulent T . = pUo g(1)), since Uo is the only character-
isti c velocity, 

· 1 

~u~:3 J gf I., d T! 

-a, 

for laminar flow 

for turbulent flow 
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in the laminar case 

= constant in the turbulent case 

in the laminar case 

= constant in the turbulent case 

The QLfferent rate of spread is determined once the velocity profile is 
known. 

An extension to the mixing between two streams of different veloci­
ties is simple. A suitable velocity profile here is 

where ¢(l)) is the error integral. The same functlon was used by 
Reichardt (reference 7) and was found to be also the first approximation 
in GOrtler's computations which were based upon the assumption of a con­
stant exchange coefficient (reference 12). 

Turbulent mixing problems based on the same assump~lon have been 
discussed recently by Squire (reference 8). However, it is believed that 
the use of an integral relation for the energy as well as for the momen­
tum makes the treatment more uniform and allows the determination of the 
power laws for velocity and width of mixing zones in a very direct and 
simple manner. 

The Energy Balance for the Fluctuating Motion 

A discussion of the energy balance of the fluctuating motion has been 
given by Karman (reference l~). The relations given here are essentially 
the same. Karman, however, considered parallel shear motion; here it is 
necessary to deal with flow of the boundary-layer type, that is, in the 
present case there is no mean-pressure gradient, but there are two compo-· 
nents of mean velocity. 

In order to derive th6 equations without extensive writing, it is 
convenient to change notation and use Cartesian tensor notation to denote 
the pressure and the components of the velocity: 
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Ul = U 1 + Ul' P = P + p' 

Denote the coordinates by Xl, X2, X30 Furthermore, the summation conven­
tion is applied . The Navier-Stokes equation for incompressible motion 
can then be written simply as, 

dUiUk ._-- ::: 

dXk 
(ll) 

Equation (ll) is written for the instantaneous velocity; averages over 
time will be taken only after forming an energy equation. Tilis is the 
essential difference between this equation and the previous energy rela­
tion given for the mean flow. Multiplying equation (11) by ui furnishes 

1 dUiUi 1 dUiUiUk 1 dPUi d2 Ui 
-- -- + - ----- = - - -- + u·v ---
2 dt 2 dXk p dXi 1 dXjdXj 

Now uiui = U1 2 + U2 2 + U32 = w2 Furthermore, the last term on the 
right side of equation (12) can be rewritten: 

v ui d2ui = ~ V d2ui ui _ V.(dU~)\ (dUi ~ 
dXjdXj 2 dXjdXj \dXj \dXj J 

Hence equation (12) becomes 

Now 

w2 = U1 2 + U22 + 2(U1 Ul f + U2U2') + Ul,2 + U2,2 + U3 ,2 

= W2 + 2(U1U1 J + U2U2') + q2 

Take the time average of equation (13), and use the following facts: 

(a) The mean motion is assumed steady. 

(12) 
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(b) The tel"Ill8 c.ou"ta.ining only mean-speed terms c:e,ncel each other. 

(c) 'l'he mean value of any fluctuation r:'..omponent vani shes. 

'rhere is then obtained 

where 

_ ~ dp 'Ui ~ 
P CXi 

dU1q2 dU2q2 dUk'q2 
--- + --- + 

dXl dX2 CXk 

Fquation (14) can be simplified somewhat by using the boundary-layer 
apPI'O:x.i1l1.atio:'18. It mllst be kept in mind, however, that the boundary-layer 
condi tions apply to the mean speed and the deri va"i::,i ves of mean quanti ties 
onJ.y, that is, 

if 5 denotes a boundary--l ayer thiclmess, but 

= 0(1) 

alao, 

hOi-leVer, 

where ~ denotes the so-called microscale of turbulence and is discussed 
in detail later. By l .sing thls reasoning, equation (14) becomes : 

The order of magnitude of the terms 0f equation (15) can new be co~pared 
in a way similar to that used in KArman!s paper: the flew represented by 

._- . --------~---~--~~ 
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equat-~.on (15) contains one cha:rs.cterlstlc velocity U and two character­
istic lengths 0 and ". The fluctuating quantities Will, as before, be 
referred to U. Thus, re~T1te: q2 - U2, and so for~h, and. the follow­
ing expression is obtained: 

3 
U 
-= 

where the ai have the character of correlation coefficients and depend 

on X02 = 1'), say. In· ·comparing the order of magnitude of the terms in 

equation (15) the following distinction must be made: 

(a) Compare the order at a given 1'), at different downstream posi­
tions . 

(b) Compare the order at different values of 1') across the mixing 
region. 

The discussion for item (a) is equivalent to Kri~nls discussion. 

First, 

since 0» ", and it is very unlikely that 84 is much different from 
as. The rest of the terms are of the same order if the fundamental rela­
tion between " and 0 is satisfied (reference ~4,)} that is, if 

where a -depends on the coefficients ai and thus aU - q. That this 
type of relation is satisfied will be shown later from experimental re­
sults in a mixing zone. 

To compare the order of magnitude across a mixing zone or boundary 
layer, as indicated in item (b), requires the knowledge of the mechanism 
of turbulence or experimental meaSurements. This corresponds, of course, -
to the fact that the mean-energy and momentum equations cannot furnish 
the velocity profile but lead to general relations for the x (downstream) 
variation of the characteristic quantities after a velocity distribution 
is known. The general relation is between " and O. 
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F-rom m.eastU'ements, as rep-or'ted later, the following picture i s " ob-': ' 
tained.: 

measured ("Production" term) 

unknown ("Diffusion" term involving 
triple correlation) 

unknown (same general nature) 

measured 

known ap~roximately (since " A(~) has 
been measured.) 

It is evi dent from the present considerati ons that measurement of " t he 
triple correlation is extremely des i rable. In the following sections of 
the report a discussion of the measurements for the case of the plane mix­
ing zone is presented. The results of these measurements wi ll then "be 
treated in the light of these "considerations. 

EQUIPMENT ANn PROCEDURE 

Wind Tunnel 

The investigation was carried out in the wind tunnel shown in f i gure 
1. The tunnel is" eB~ecially des i gned for investigations of two-dimensional 
nature because of an 8:1 aspect rat~o (60 by 7.5 in.). The t urbulence 
level is controlled by a honeycomb and seamless preCi sion screens, followed 
by a 10:1 contraction. The screens have 18 meshes per inch and a wire di­
ameter of 0.018 inch. The honeycomb consists of paper maili ng tubes, 6 
inches long and 1 inch in diameter. 

The jet emerging from the contraction (fig. 1) i "s allowed to mix ou 
one of its boundaries with the still air. The other boundar~. es are solid 
walls. It is especially important that the bounda~J opposite to the mix-­
ins zone under investigation be closed. This is achi eved by means of a 
plate-glass surface "\-,hich re"duces influences of any draft in the room on 
the half jet and improves the two-dimensional character of the j et. 
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The tunnel is operated by a 62-'horsepower stationary natural- gas 
engine', normally operating ,a·t a fraction of its rating, which drives two 
elght-b"lade fans. The .. speed is controlled remotely by m.eans of a small 
electri c motor which- drives the .tbJ.'ottle through a gear and lead--s cr'ew 
system. The veloclty range of the tunnel is about 5 to 40 meters per 
second. The experiments were carried out at a speed of 18 meters per sec'­
and. 

Traversing Mechanism 

Figures 2, 3, and 4 show the types of mechanlsm used during the ex~­
perlments. Traversing in the longitudinal direction (x~irection), par­
allel to the mean flow, was done by a hand-operated screw (fig. 2). In 
the lateral direction (y-direction) the hot·-wire carriage was moved by a 
small 6--volt direct-current motor (fig. 3). Arevolution counter indi­
cated the position of the hot wire within ±O.02 centimet.er. 

The hot-wire carriage (fig. 3) consisted ?f a 
could be rotated in a horizontal plane by means of 
screw system. Means were provided for reading the 
hot-wire holder consisted of ceramic tubing fitted 
mounted on the top of the Z bar. The mount .i.ng 1-TaS 

the hot-wire holder could be rotated in l1or::zont;al 
This arrangement was necessary for measur ements of 
coefficient k. 

Z--shape brass bar which 
Ii ,small .gear and , l~ad­

rotation angle. The 
in a short brass tube 
so constr ucted that 
and .vertical p~anes. 

v f and correlation 

For the measurements of the Ry correlation, the traversing mechan­
ism shown in figure 4 was used. One of the hot-wire holders· "'as station­
ary, the other "'as movable by means of a hand-operated screw. Care was 
taken to maintain the two hot wires parallel. The ilutial distance be­
tween the wires was measured with an ocular micrometer. The accuracy of 
the mechanism was ±O.006 centimeter. ' 

Hot-Wire Equipment 

The hot-wire apparatus used during the measurements is described in 
detail i n reference 5. 

Mean- speed measurements.- A half-mil (0.0005 in.) platinum wire of 
l-centimeter length was used. The measurements were made by the constant­
resistance method. This method has the advantage of keeping the wire 
sensitivity constant throughout the velocity profile. 

It must be kept in mind, of course, that the hot wire measures the 
absolute magnitude of the velocity. However, as will be seen later, it 
is justifiable to assume that the lateral component of velocity is very 
much smaller than the longitudinal component throughout the main portion 
of the half jet. 
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The trarwverse component of the velocity was also measured at 
X = 54.3 centimeters j The method was as foJ.lov[s: 'r,yo identical bot wires 
were placed at a distance of 15 centimeters, one tehind the other in the 
downst:l.'eam direction. The velocity difference tlu was measured across 
the mixing zone. Since 

the graphical integration of the function 

~ = f(y) 

gives the distribution of the transverse component of the velocity for a 
constant value of x. 

Turbulence measurement.- For the investigation of turbulent fluctu­
ations, O.0002L:-inch-Wollaston wire "TaG used. The wire was soft·-soldered 
to the tips of fine sewing needles after the silver coathlg had been 
etched off. The longitudinal component of the fluctuations was measured 
wi th a single hot wire, the lateral component with a bi·-plsne X type 
meter composed of two hot Wires. The measurements were carried out by 
conventional methods. 

u'v' Measurement of the double correlation coefficient ----.- The method ________________________________________________ u1v' 

used is similar to the one proposed by H. K. Skramstad (reference 16). 
The correlation coefficient was measured with the same X-type meter as 
was used for Vi measurements. The method consists in putting the out­
puts of the two wires separately through the amplifier, and also the sum 
(or difference) of the outputs. It is essential to make a correction for 
the difference in sensitivity of the two wires. The method of correction 
is given in appendix A. This method was worlced out and used by P. Johnson 
at the California Institute of Technology during similar Eeasurements on 
a flat plate. 

An alternative method of measuring the double correlation coefflcient 
was also used; this involved photographic recordings of correlation flg­
ures from the syreen of at). oscilloscope. This type of measurement "laS 
first made by RE;lichardt Creference 7). The procedure is as follows: Ul­

and VI-meters are mounted next to each other as close as possible. 
The Signals from the meters are amplified by two separate amplifiers · 
whlch must, of course, have the same frequency and phase-shift character­
istiCS. The separate outputs of the two amplifiers are then connected, 
,one to the, horizontal and the other to the vertical deflection plate of 
'the oscilloscope. The gain of the oscilloscope amplifiers is set in ' such 
a vlay that the amplitudes of the horizontal and vertical fluctuations 
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become the same. The crosses on the pictures (flgs. 5 to 11) are obtained 
by setting the gain of first the horizontal and then the vertical oscillo­
scope amplifier to zero; thus a check for the amplitudes of the fluctua­
tions is obtained. The figures were photographed with an exposure time of 
15 seconds. The correlation coefficient is calculated from the equation 

k = _ a 2 -..R.~ 
a 2 + b 2 

where a and b are the major and minor axes, respectively, of the cor­
relation ellipse. 

Measurement of mO.croscale turbulence. - This involved measurements of 
correlation between longitudinal velocity fluctuations at two different 
points. TIW parallel 0 .00024-inch wires were used, one stationary and 
one movable. From the outputs of the wires, By was computed. The mJcro-

scale of turbulence then was obtained by fitting a parabola to the upper 
part of the By correlation curve. 

Correlation figures were also obtained on the screen of an oscillo­
scope. 

RESULTS AND DISCUSSION 

Velocity Distributions 

Careful velocity measurements and visual observation of the v.elocity 
fluctuations on the oscilloscope show the following facts: 

(a) The boundary layer at the mouth of the jet is only 0.1 centimeter 
thick and is laminar. 

(b) The free boundary layer is laminar from x = 0 to x ~ 6 centi­
meters. The transition from laminar to turbulent flow at 
x ~ 6 centimeters can be seen clearly on the oscilloscope. 

(c) Fully developed turbulent-velocity profiles are obtained only for 
x> 30 centimeters, approximately. 

Figure 12 shows the mean-velocity distributions across the mixing 
zone at different stations downstream: at x = 10, 30} 54.3} 75, and 90 
centimeters. For convenience in the figure the x-axis is chosen parallel 
to the free-stream direction. (This is Tollmien's notation; in all other 

-
figures the x-axis corresponds to the JL = 0.5 streamline.) The 

Uo 
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bounda.ries of the mixing region were chosen arbitrarily, defined by the 

streamli.nes correspond.ing to J
o 

= 0.95 and if; = 0.10. It can be seen 

that for x > 30 centimeters, where the fully developed turbulent veloc­
ity profiles 6XtSt, the spread is linear. 

In order to demonstrate more explicitly the difference between the 
velocity distributions in the paTtJB.lly developed and the fully de7eloped 
turbulent ~ixing regions, fi~lre 13 shows the measured velocity profiles 
plotted on a nondiIDensional scale. It 1s imm.ediately obvious that \V'hile 
the velocity profiles measured at :x:::;: 90, 75 j 65, and 54.3 centimeters 
(the fully developed reg~on) follow the same curve, that is, they are 
similar; at :x: = 20 the measured profile deviates apprecia'bly from the 
fu]~y developed type. 

The results of the lateral-velocity-component measurements ' are given 
in figure 14. The measurements were carried out only up to s::;: -0.6, 
because at larger values of ~ the front hot wire was in the region 
where u is no longer large compared with v; therefore, the assumption 
that the absolute magnitude of the velocity indicated by the hot wire may 
be considered equal to the veloCity component, u, no longer holds. 

By use of Gortler's theoretical values of the lateral mean-velocity 
component, which are convenient and accurate enough for computing a cor­
rection of this t;ype, u/Uo 1vaS calculated from the measured a-osolute 

magnitude of the velocity. It was found that, in the region 00 < ~ < -1.4 
the error involved in neglecting this correction is of the same order of 
magnitude as the experimental scatter. This justifies neglecting the dif­
ference bet.Teen the absolute magnitude of the velocity and its longitudinal 
component for 00 < s < -1.4, and the hot-wire measurements may be con­
sidered to be correct in this region. 

One meru1-velocity distribution, tbat at :x:::;: 54.3 centimeters, was 
measured with a total-head tube in order to see how closely the results 
agreed with the hot-wire measurements. The results are plotted in figure 
17; the agreement seems to be satisfactory. The effect of large velocity 
fluctuations on the high total-head-tube reading at low velocities can be 
seen clearly in the figure. 

On comparing the results with measurements given in the papers of 
", Tollmien (reference 18) and Cordes, the agreement seems to be satisfactory; 
, Reichardtts results, however, diverge appreciably. The value of a 

( a = 3~ ' in· Tollmien's notation)' obtained by the Gottingen measure-
~2C2 ' 

ments (reference 19) is 11. 99; Cordes gives a = 11. 95 (reference 15) as 
compared with 12.0 obtained with the present measurements (fig. 14), in 
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each case the value of (J being chosen for the best fit to Tol lmien t s 
cur ve . Fitting Gortler's theoretical curve the present measurements give 
(J = 11. 0 (fig . l5) j while Reicharut1s value of (J is 13 . 5 (ref erence 12). 
Reichardt noticed the di scr epancy between his and earlier measurements 
and explained it by the fact that early measurements did not go far enough 
away from the jet opening . It is believed, however, that three-dimensional 
effects may have disturbed the flow conditions during Reichardt's measure­
ments . The two-Qimensionality of the jet used during the present measure ­
ments was checked and confirmed . 

In a comparison of t he measured veloci t y profiles with the existing 
theories it was found , as mentioned i n t he Introd.uc tion, that by an ap­
propriate choice of the constant 0 both the theory based on constant 
mixing length and the one based on constant exchange coefficient can be 
made to agree with the velocity distribution obtained by measurement. 
Figure 14 shows that for (J = 12 . 0 the agreement with Tollmien ' s .veloc­
ity profile is fairly good j while for (J = 11 . 0 GOrtler's velocity pro­
file is better approximated (fig. 15) . As a matter of fact , an error 
inte ral curve (Gartler's first approximation) gives a reasonabl e agree­
ment with the measured values as shown i n figure 15 . 

In order to avoid this arbitrariness in the choice of 0 , a conven­
ient parameter was chosen that could be completely defined from the meas­
ured velocity distributions at every val ue of x . Such a parameter is ~, 
known as the momentum thickness in t he boundary -layer theory~ and is de­
fined at a given value of x as 

Therefore, in presenting the measured data in the figures subsequent to 
figure 15, all quantities are plotted against y/~ . 

Turbulence Level 

.Measurements of the 'l ongi tudinal and lateral components of the veloc­
ity fluctuations were carried out at three stations : x = 30 centimeters, 
x = 54.3 centimeters , and x = 75 centimeters . Figures . 16, 17, and 18 
show the distribution of .the relative vel ocity fluctuations or turbulence 
levels , uV/u and . y1/u, at the three stations . It can be seen from 
these figures that 

(a) The lateral distribution of u'/u remains very nearly the same 
for different distances downstream of the jet opening; the 
same is true 'Of y'/u . 
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(b) Both turtulence levels reach a maximum at the outer edge of the 
mixing zone. 

It is interesting to note that Corrsings measuremsnts in an axially 
symme"trical Jet (reference 20) show similar distributi ons of both ui/u 
and vl/u. Of course, the turbulence levels in the h:i_8h-velocity region 
of each cross section are much hi gher because a fully developed free-­
turbulent jet has no free-stream flow; that is, it has no adjacent stream 

with dU = 0 and with a turbulence level which is small and Que to the 
dy 

tunnel only and hence, independent of the mixing mechanism. Nevertheless, 
the general character of the distrihutions is similar in the two cases. 

In order- to get a better picture of the veloei ty fluctuations them-­
selves, u t and Vi, their di£tribution is plotted in a di mensionless 
form, u'IUo and v~ IUo, in figure 19. It is seen "that the value of 
u'IUo is considerably highel~ acr03S the mixing zone than the valu~ of 
v'/uo. Furthermore, the v· fluct1l.at; 011S seem to reach maximum value 
somewhat closer to the free stream -than do the u l fluctuations. Also 
it should be noted that the fluctuations are somewhat lower for x = 30 
centi meters, because the regi_on here has not ye"t reached the fully devel­
oped turbulent state. 

It should be mentioned that no effort was made to correct the hot­
wire measurements in regions of bigh turbulence level. The nature of 
these corrections is discussed briefly in reference 20. 

Correlation Coefficient Measurements 

Figures 16, 17. and 18 show the distribution of the double correla---

tion coefficient UiVT k = ---- at the stations x = 30 centimeters, 
u'v' 

centimeters, and x = 75 centimeters. A comparison of the three distri­
butions is given in figure 19 where the solid line indicates the average 
values of the correlation coefficient at the three stations. 

The correlation coefficients on the free--stream side of the mixing 
zone seem to be somewhat high. This probably is due to the fact that the 
measurement of the wire sensitivities Sl and S2 is more difficult 
here because of the one-sided fluctuations, which will be mentioned later. 
Furthermore, the influence of the ratio sl/s2 on the value of k is 
more pronounced in this region (appendix A) . 

As mentioned earlier, an alternative method of measuring the correla­
tion coefficient was also employed. These measu:C'ements, however, are 
less accurate. This becomes particularly evident near the free stream 
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(fiss. 6 and 7) . It can be se:m that calcul ation of the cO:rlelatiion coef -­

f l c i ent (that is, by measuring the ma.icr and minor axes of the lIellipse") 

from fig\)..l:'e8 6 and 7 is unreliahle. Fr'om figures 9 and 10 the calculated, 

correlation coefficient is k = ,-0.45, and k = -0.38 as compared with 

k = -0.51 and k = -0 .l~o obtained by using the 1.0uble hot-wi re method. 

On the other hand, the pictures show the int erast.i.ng way in whj,ch t.he 

correlation between u ~ and v? changes acrose the mixing zone ~ Fj,gu.re 

5 is taken in the free stream . .. There k = O. It is worth llotlcing th2.t 

the circular spot is formed by j,nd:'.. vidual arcs of more or les.9 cj,:i:'cular 

shape. ThIs can be seen even better in figu.re 20, where on the right 

sic.e a picture of short exposure shows the shape of such an arc. Tl1is 

shovTs that althol.~gh k = ° in the free ' stream, the fluctuations in the 

free stream are not entirely of random character, which is a well- known 

char8,cter::.stic of low- hu'bulenc\;; tunnels. The picture In fj,gure 21 was 

taken in t he isotropic turbuJ.ent field 'behind a SCl'een. Again k = 0, 

but the picture on the right shows that here u' and v ' are truly of 

random cha.racter. 

Figure 6 was taken at the free-stream edge of the mixing zone. It 

is seen that the circular shape of the correlation figure is somewhat 

distorted, an indication that the correlation coefficient is no longer 

zero. It is to be noted that this distortion occurs :tn only one d.irec-' 

tion. In figures 7 and 8 the distortion is even more pronounced . Fjg'ure 

9 shows the highest correlation; while figures 10 and II were taken on 

the outer edge of the mixing zone (that is, the zero-velocity edge) .. There 

the correlation coefficient decreases. 

Corrsin (reference 20) also measured the correlation coefficlent at 

one section in the ax:alJ.y symmetrical jet. The maximum value was -0.42. 

The explanation for the difference between that maximum value and the one 

presented here is not evident . 

Turbulent Shearing Stress 

From the measured correlation coefficient and the components. of the 

turbulent fluctuatiOns, the turbulent shear can be calculated easily. 

Figure 22 shows a comparison of the measured shear and that obtained 

from Tollmien's and GortleTls theories. The method of computing the 

shear distri buti ons from the veloc ity profile of Gortler ;vas given by 

C. C. Lin (appendix B). The same method was used for calculating the 

shear from Tollmien's velocity profile; of course, this can be carried out 

anal~tically since the velocity distribution is given in a ciosed' form. 

It is seen that the measured shear is considerably smaller than the 

theoretical values of Tollmien and GOrtler. The difference between the 

maximum values is about 25 percent . 'fhe difference on the outer edge of 
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the DUxlng zone is even largex- and is, of course, due to the fact that 
both theories assumeifullv tUl'bulent flow across the entire width of the 
mixing zone. This assumption was found to be incorrect. (See oscillo­
grams in reference 20.) 

The calculation of the shear distr.ibution from the measured velocity 
profile was also carried out. In evaluating the const ant of integration 

(appendix B) the condition that T be Dk~imum where Q
2

U = 0 was used 
ey2 

instead of the boundary c0ndition at the outer ea~e of the mixing region; 

that is, T = 0 
eu when dy = O. 

The reason for chooslng this was that at the outer edge of the mix­
ing region the simplified form of the flow equation used in the analysis 
does not hold; it was thought, therefore, that the evaluation of the con­
stant of integration from conditions at the outer edge is not Justified. 

,2 

The condition that has a maximum at _o_u_ = 0 appears physically 

sound. (The mixing-length theories lead also, of course, to this condi­
tion.) It should be pointed out that by this method of calculation the 
shear has positive values at the outer edge of the mixing zone. 

Figure 22 shows a good agreement between the calculated shear from 
the measured velocity profile and the measured shear. 

From the measured shear and the velOCity gradient, the ~Xlng length 
and the exchange coefficient distributions across the mixing zone were 
computed (fig. 23). The irregular shape of the curves is due to the dif­
ficulty of obtaining the slope of the velOCity profile graphically. 

It is seen from figure 23 that neither the assumption of constant 
mixing length nor that of constant -exchange coeffiCient holds throughout 
the mixing region. 

Microscale of Turbulence 

Measurements of correlation between the longitudinal fluctuations at 
two different points at various positions in the mixing region are pre­
sented in figures 24 to 29. The mea~ured values of Ry were plotted on 

a rather large scale, so that the parabola defining the microscale of 
turbulence ~ could be obtained with reasonable accuracy. Figure 24 
shows the Ry distribution at different lateral poeo.itions for x = 30 
centimeters. It is seen from this figure that the parabola corresponding 
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to ,,= O. 21~ centimeter is fairly well defined by the measured points 
and that the parabolas correspond-iug to ,,= 0.21 centilDeter and 

2'7 

" = 0.27 centimeter fall above and beloy1 the measured pOints, respec­
ti vely . Thus the determination of " by fitting the R C'l.U've in the 
neighborhood of the origin can be obtained within about 10 percent ac­
curacy. 

Figure 24 is reproduced in figure 25 in order to show more explic­
i tly the i nteresting result that the microscale of turbulence is con-­
stant across the mixing region. This result is confirmed further by 
measurements at the cross sections x = 54.3 centimeters and x = 75 
centimeters (f1gs. 27 and 28). 

Considerable etTOr in measurements was introduced at points close 
to the outer edge of the mixing zone. At these points) the large la~­
era.l component of the velocity caused the outer wire to fall into the 
wake of the inner one as the two wires were placed close to each other. 

Figure 30 shows this effect. It is seen that, while for ,f = -D.97 the 

effect shows up only when the wires are 0.025 centimeter apart, for 

t = -3.48, the error becomes appreciable at a wire distance of 0.10 

centimeter. No effort was mad.e to correct such error; measurements at 
such points were ~1sregarded since any correction at these large turbu­
lent levels is doubtful. 

As a matter of interest, some correlation pictures were taken at 

the point x = 75 cent i meters, ~ = 1.99 for wire distances d = 0.027, 

and d = 0.192 centimeter . (See figs. 31 and 32.) The p1ctures on the 
left-·hand side \"Tere taken with a 15-centimeter exposure! the ones on the 
right were .instantaneous p ictures. The ce.lculated correlation coeffi­
cients from these pictures are Ry = 0.985 and Ry = 0.89 as compared 
'fi th 0.990 and 0.902 obtained by direct measurements . 

The correlation coefficient Rz , expressing the correlation be­
t.ween the 11 Y flue tuations at t wo points diEpla.:;ed in the z-(lirectlon, 
was also 11eaguyed at one point of the ndxi:::lg ZOlle t o che:.:k the assump­
tion of two-dimensional flow. Figure 33 shows that theRy and Rz 
distributions ·are id.entical within the range of scatter. 

Scale of Turbulence 

From the measured Ry distributions , the magnitude of the scale of 
turbulence could be estimated. This was done by fitting an exponential 
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function to the Ry . distribution, as shown :i.n figure 34. It "ras found that 
for a givenva1.~e of :x: the scale decreases som.ewhat from the free­
stream side of the mixing region tow'ard the ou.ter e ge, The longitudinal 
distribution of the scale at appro:xJ.mately the same vaJJ.~es of y /fJ shows 
a linear increase with x. (See fig. 35.) This figure also shows the 
variat i on of t he microscale of tv.rbnlence with x. This variation can 
be app.r'oxima ced by a pal'abola (strai ght··-line ap:i?roximation would give a 
finite value of x = 0). 

Energy Balance Estimated from the Measured Quantities 

The energy equation in a two-dimensional mixing region has the form 
(from equation (15) under Analytical Consid.er8.tions): 

The first term represents the production of turbulent energy and can be 
calculated from the measured shear stress and velocity profile. The 
third term can also be calculated frem the measured fluctuating veloci­
ties and can be shown to -De negligibly small compared with the other 
quantities. The fourth term represents the energy dissipation due to 
Viscosity. The magnitude of this quantity can be approximated from the 
measured microscale of turbulence. Each term of the dissipation 

dU~' dU·' D = v • J. 
dXj dXj 

can be expressed in terms of a microscale. If the turbulence is iso­
tropiC, the dissipation can be written in terms of a single microscale 
A: 

(reference 9) 

A being a function of Ry . During the present measurements, only this 
A was measured, and although the turbulence in the mixing region is not 
isotropic, as a first approximation the dissipation was calculated from 
the foregoing relation. 

Figure 36 shows the turbulent energy production and dissipation as 
a function of y/fJ. The difference of the two function gives, according 
to the energy equation,' the diffusion term. It is interesting to notice 
that all three energy terms reach their maximum value at about the same 
region, namely, close to the inflection point of the velocity distribu­
tion. 
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From the di!fusion term, the distribution of the eilergy transport 
Ghrough a unit sur£'ace can be estimated. . It is seen from flgure 37 that, 
in the midd.le of the m.:1xing regton, this term is small compared with the 
double correlation coefflcient and becomes gradually larger on approach~ 
ing the two edges of the mixing region. At the edges, however, no con­
clusive remarks can be m'3.de as to the relative magnitude of the triple 
cor:;.~elation, since all simplified assumptions ma.de in the evaluation of 
the diffusion term fail there. 

CONCLUSIO~S 

Measurements of the field of fluctuating velocities in a turbulent 
mixing zone show that both the mi.xing length and. exchange coeffident 
vary across the mixing region. The theories of Tollmien and Prandtl­
COrtler which assume constant mixing length and constant exchange coeffi­
cient, respectively, are thus b8.sed on invalid assumptIons. It is typical 
of phenomenological theories of turbulence that the mean--speed distribu­
tions derived from such theories can be brought into fair agreement 
vTi th experimental measurements. Thls is found to be the case here also it' 
the results of TolJ.mien and Prandtl--G'6rtler velocity distributions are 
compared with the measured distributions. Conclusions regarding the. -phys­
ical significance of theories of turbulence must be based on comparison 
with experimental investigations of the field of fluctuating velocities. 

The discussion of the energy and momentum integral relations for the 
mean and fluctuating motion shows that the over-all characteristics of a 
turbulent mixing process can be obtained by dimensional reasoning without 
any assumptions for the physical mechanism of turbulent motion. 

The following results of the measurements of turbulent field appear 
of general importance: 

(a) The microscale of turbulence A was found to be constant across 
the larger part of the mixing zone. 

, , 
(b) Karmanls fundamental relation between A and the scale of tur­

bulence L was found to hold. 

(c) The double correlation coefficient reaches a maximum value of 
approximately -0.55 near the inflection point of the mean-velocity 
distributicn. 

(d) The three energy ter~ - production, diffusionJ and dissipation 
of energy - are found to have a maximum value in the middle of the mixing 
region. 

Guggenheim Aeronautical Laboratory. 
California Institute of Technology 

Pasadena, Calif" July 24, 1946 
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APPENDIX A 

METHOD OF CORRECTION FOR THE DI.FFERENCE IN SENSITIVITY OF TWO HOT WIRES 

USED FOR CORl"lELATION-'-COEJfFICIENT :MF..ASUREMEJ.WS 

The equilibrium equation of the hot wire is given in the form (ref­
erence 21) 

where At and Bt are constants. 

With 

the equation becomes 

A = i._ and B 
aRo 

-= 

=R 
aRo 

With i constant the differential of equation (1) is 

since 

or 

= A till by definition 
R 

du 
-::: 
u 

2R "2 dR 0,1 

R A"D(; 2 _ ;02) 
Let e::: id Rand S(ilR) = wire sensitivity ~-~ ~ -

then (2) 
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On impressing the voltage e across the amplifier input the thel"ID.ogal-­
vanometer reading will be 

where 

G 
D = 

Z 

(3) 

If U is cODside~ed as the component of the mean velocity perpendir,ular 
to the hot vira , and the effect of the flow paraJJ.el to the wire is neg­
lected, the eq.uat i ons for uniform, unsteady flow across two wires, as 
shown, are .found in the f'ollcTHing llJat1ner: 

U1 = u sin a. 

dU1 ~ sin a. du + u cos a. da. 

Let du = u', and u do. = v l 

or for the case ~ = 20., 

dU1 = u' sin a. + Vi cos a. 

dU1 u' I . --- = -- + !- cot a. 
u u 

U2 = u sin (~ - a.) 

dU2 = sin (~ - a.) du - u cos (~ - a.)da. 

= u' sin (p - a.) - ~I cos (p - a.) 

dU u' v' 
~ = -- - -- cot (l3 - a.) 

U2 u u 

U I v' 
= -- --- cot a. 

u u 

For the case a. = 45°, equations (4) and (5) become 

u 
» 

(4) 
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dU1 u' v' 
--=-+-

U1 u u 

u' v' 
-=---

u u 

From equations (2) and (6a), 

r ;,-;, (v,)2J 
2 --+ -

u 2 U 

From equations 

From equations (2) and (6a) and (6b) 

In terms of equation ' (3), these become 

2 Dh u'v' (v')2l 2--+- : 
u 2 u J 

f(U t )2 ;to (v,)2] \1 - -2-+ -
L u u 2 U 

NACA TN No. 1257 

(6b) 

(8) 

2 VI 
( )

2 

(81 - 8 2 ) 11 (9) 
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From equations (7) a!:li (8), 

and 

From equation (10 ) 

Subtracting equatj on (13) f .x-om eqaation (J 2 ) }.eaves 

Ad.ding 

L!-J)2 

5 :., 8 2 

equatio!ls (ll.) 

4Ti2 rc I ~g 
SlS2 ! - S~ 

and. (ll~ ) 

8, 
11 + ~ 

S2 

[(~i ! )' 2 (V!\2] 2 1- - - - - ) 
U u / 

~rielda 

12 + I~ + 12 - 11-2] == 
( '2 

4 ~:) 

By subtracting equation (14) from equation (11), 

and when equation (8) is subtracted from equation (7), 

then these three 

equations become 

33 

(11) 

(14) 
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---
(U,~2 D2 2.b. (1 + S + a) 

u.) S~2 

(vt)2 
= D2~ (1 + S .- a) 

'u/ S~2 

U"VT D2 1'1 (1 - 1: ) "U2= S~2 

And the co~relation coefficient is 

u 'v~ 

/ Uf2/~f2 = 

The relation 1~+2 + Y~-2 = 2(Y1 + 12) gives alternate forms of the 
equations. 

In the case in which ~ is not 45 0
, 

remain the same, but 

ulv' 
--= 

u 2 . 

and u'v' 
I e=::. ~ 

u 1a,/ v,2 

(16) 

(20) 

Equations (15), (19), and (20) were not used in calculating the results ' 
pres8nted in this paper. It was found that the conventional direct 
methods of measuring u l and VI gave bet.ter results. Equation (18) 
has the advantage of containing only ratios of the wire sensitivitie~ 
and thermogalvanometer readings; thus it minimizes the possible errors 
involved in the readings. 
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APPENDIX B 

CALCULATION OF THE TURBULENT-8HEAR 

DISTRIBUTION FROM VELOCITY PROFILE 

Consider the boundary-layer form of the Navier-Stokes equation 

u du + dX 
dv 1 d v --::: --
dy p dy 

35 

(1.) 

Since it is known that the widths of the free turbulent mixing zones in­
crease linearly with the axial distance, the following new independent 
variable can be introduced. 

If a stream function of the form W ::: ~ xF(;) is chosen the two 

velocity components become 

u=AF'(U 

v = ~ [;F'(;) - F(~)] a 

By substituting these forms in equation (1), 

where T = 00(;) 

or 

-A2F"F = £ BG' p 
~ 

G= 
_ A2p J F"F ds 

aB 
I +00 

aT ,f F"F ds --::: 
A2p +00 

---- --- -- ---~----' 
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In order to be able to carry out the integration graphically, the 
form of the integral has to 'be crenge.cl. 

Assume Fi ;; 1 - f. Then 

J ~ [(' . J~ 
FF" d~;; FFe - J Ft

2 
d.~ . .. .. . 

+00 ~ . ~oo · . ~ 

= 1(1 f{J (1-f)d~+C)- ,f(1-f)2d~J 
f ~ . ' . +00 

= L (1 -- f){ (1 - f ) d s + c (1 - f) -- f d ~ + f 2f d ~ 
~ , ~ , 

= -cf' + r (f - f2) d~ - . f r {l - f)LU 
+~ . 

where c is the constant of integration. 

lience, 

From the boun.iary condition: 

'I = 0, f = 1 for ~ = _at 

Therefore, 
-'00 

(' c = ,J 
+00 

(1 - f)d~ 

Thus, the dimensionless form of the turbulent . shearing stress becomes 

- 00 

- O"T2= -f r (f - f2)(H + 
pA +00 

-00 ~ 

f I (1 - f)d~ + J ·(f,... f2)d.~ 
~ +00 

" . ~. 
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rigure 2.- Teat section. 
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rigure 4.- Hot-wire carriage used for Ry measurements. 

Figure 5.- Oorrelation figure at x = 54.3 
centimeters, Yf~ - 4.62. 

Figure 6.- Correlation fi~re at x - 54.3 
oentimeters, Y/~ = 3.72. 
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Figure 7.- Correlation fi~re at x = 54.3 
centimeters, y/~ - 2.66. 

rigure 8.- Oorrelation figure at x = 54.3 
centimeters, y/~ - 2.05. 

Figure 9 . - Correlation figure at x = 54 . 3 
centimeters, y/f = 0.32. 
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Figure 10.- Correlation figure at x • 54.3 
centimeters, y/. - 0.64. 

Figure 11.- Correlation figure at x = 54".3 
centimeters, Y/~ - 2.86. 

NATIONAL ADVISORY COMMITTEE 
FOR AERONAUTICS 





o 

---
~ 

--

Figure 12.- Spread of the mean velocity in a two-dimensional half j et . 

N 
(]I 

N 
(]I 

'" o 

'" 0 

'" ()I 

·<qc: 

'" ()I 

" 

-2 

-8 

-/2 

-/4 

0 
.c::lc: 

.. 
~ • .., .. o 

.... 
'" U1 .., 

.. ... 
~ 

~ 



I 1.0 

.e t 

.8 I 

e I • 20 em 
0 I " tl4.3 em 

.7 T • I • 6C1 em 
8 I • 7t1 em 
It I " eo em 

"I:;; 

• 

5 

~ 

e 
I 

~ e e 
~ e e o~ ..... 

o p 
--2.0 - 1.8 -1.6 - 1. 4 -1.2 

HALF JET ~ r w 0 

1/ 9 

V ' 
/ 

/ 
V 

V 
V 

V 9 

Y 
V 

~ NATIONAL ADVISORY COKWITTEE 
FOR AERONAUTICS 

n 

- .8 -.6 -.4 1.0 1.2 1.4 -1.0 o y .2 
~ "(I I 

-. 2 .4 .6 .8 

r1gure 13.- Wean- veloc1 t y dl.t r1but 1on. (mea.ured) ; 6 - 12.0. 

\... -:I f'\ 

~ 

1. 6 

... .. 
OQ . 
.... 
(,I 

E • ... 
III 

Ii!! o 

.... 
t\) 
(J1 
~ 



I 

HALF JET ~ f---- -
r- 'e.--- -

~ ---, 

V 
-;/ 

! ERROR INTEGRAL - - - - /' 
GORTlER - - - f TOllMIEN 

r 0 X • ~~.3 em /- i( 

• x • 6!5 em /? II X • 7!5 em 

~ x • 90 em ~ 5 -- -. 

~ / , 
I :oi~ i-- - _. 

V _Cl.!.~ 
I 

U. 
........ 

/ --r---~ -------~ 5 i"ooo." -.. 
~ ~ / 2 ~ ~ 

d K NATI ONAL ADVISORY OO~ITT EE 
FOR AERONAUTIOS 

I ~~ ....c 

'" ~ ~ 
v 

K "Q ~ -- ~ ) 

- 2.0 - 1.8 -1. 6 - 1.4 1. 2 - 1.0 - .8 -.6 -. ~ 

~:... 
.2 .4 

.6 .~ --= v 
0 1.6 

I ~ . .,. f 
I ~ 

v 

p 
0 

0 

-. 2 

F1gure 14.- Kean-ve1oc1ty d1str1but1ons (measured ae compared w1th theoret1cal); 6 ~ 12.0. 

-

-

II!l 

~ 
~ 

>'J 
Z 

II!l o 

~ 
II.) 
(1l ... 

.. .. 
oq 

~ 

"" 



1.0 

•• 

•• 

.7 

•• 
=P • ) 

.11 

.4 

.3 

.2 

. 1 

0 r--" 

-2.0 -1.8 

HALF JET ~ 
~ Cl 

~ V 
~ GORTLER --

TOLU,UEN --
L 0 • - ~4.3 em 

// • • -6~ em 

" • z 7~ em ., 
• '" 90 

em 

/ 
V 

V 
~ V 

Vow 
NATIONAL ADVISORY COYMITTEE 

,~ • FOR AERONAUTICS 

~~ 
~ .-0 ~ =::::::::::: 

-1.2 -1.0 -.8 - .6 - .4 - .2 .4 .6 .8 1.0 -1.6 -1.4 o y.2 

~="'x 
f1gure 15.- Kean-ve1oc1ty ~ietr1but1one (measur&d as compared with theoret1ca1); 6 _ 11.0, 

.. .. 
~ 
.... 
(II 

• ti .. 
.;! 
12: 

12: o 

.... 
l\) 
U1 .... 



1140"' Til Bo. 1257 

~-

a/'/ In 
"\ 

1.0 

8 

. 
6 

. 4 
Er 

. 2 
/1 

~~ ~ 

""\ 

.'J:~ 
u 

-k __ 

/ 
Jlf' 

\. I 

~" / 
/ 

/ 
~ r!-

~ ~ 
/ 

i,):>" 

HALF JET 

-

/~ 
V- ~ 

~, 

V/ '\ ---I--

V " / 
\ 

\ 

1/ 1\ 

/ \ 

K \ 
\ 

~ ~ 
~\ 

~ ~ ~ 
~ 

at'" 

1.0 

·8 

. 6 

.4 

.2 

-4 -3 -2 -I o 2 3 4 6 
Y/~ 

Figure 16.- Lateral dietribut10n of mean and fluctuating veloc1ties and oorrelat10n 
coefficient; x & 30 centimeters. 

HALF JET 

..!!.. -0-u. -ij- -e-

/"--
--iD'- NATI ONAL ADVISORY COlGlIrTD: ..JC. - k --&-

~~ FOR AERONAUTICS 
IJ~ 

\ 
V ~ 1\ I"\. 

~./ K 
-v 

\ 'm., 3 

/ 
1'\ ' V 

/ """" ~ 1\ 
...Q V f\ \ 17 I-----a- ~ 

V 
/ 

V-~ ~ ~ / .. ).,P' ~ ~ ~ ~ 
--0 l---o--<>" 

-4 -3 -2 -I 2 3 4 6 

F1gure 18.- Lateral distribution of mean and flUctuating velooities and correlation 
ooefficient; x - 75 oentimeters . 

Fig •• 16,18 

7 

1

6 

7 

.5 

.4 

.3 

.2 

.1 

. 7 

.6 

. ~ 

I 
~ 

~ 
qc 

.4 1.-

. 3 

. 2 

. 1 



r1g!. 17 IACA TI 10. 1257 

to/-

.8 

.6 

.4 

.2 

t. (hot wi" 1 

t. (total head tubt 1 -
V ,,---)1>--,,-

./' ',-
1', 

1/ 

HALF JET 

j(. 
u 

L 
u 

-k 

e 

/' -;- ....... 

~ 

----
-v 

BATIOIAL ADVISORY COKKITTEE 
FOR AJ:ROJIAUTICe 

.6 

.:5 

'''"' ~ , / /' It ~ 
1\ 

1)< e V \ .. 
\."'" / / 

/ ~ .~ A r- / / -
V / 

/-~ ~. ~ 
L V 

,/ 

~ ~ 
~ 

~ 

-4 -3 -2 - I o 2 3 4 6 

'/4-

F1gure 11.- Lateral d1str1but10n of .&an and fluctuat1ng veloc1t1es and correlat10n 
ooeff1c1ent, x • 54.3 cent1.eters . 

ct< 

.4 -I ... 

.3 

.2 

.1 

iii 

7 



IIAC" Til lio . 1257 riga. I 9 , 22 

HALF JET 

3 0 em 54.3 cm 75 cm 

JC L ----Q-- L 
U. U. u. 

1 - L --e-- y ' 
~ 

U. u. u. 
- k -~- - k' --0-- - k -+-

-0-4-
.6 

7 ~ ~ 
~7 \~ 

. 5 

<> 

. 16 V -0- ~ \ 
.4 

~ I V- . ~ 
~ 

.12 

V . '\ ~ 
. 3 

<> ? -
~ ~ ~~ 

. 08 / L 

V 4 V ~ "'" 
l ~ 

. 2 

• 

/ ~ ~ 
. 0 4 

4 
. 1 

VV :, y ........ 
-0-

Ier-- co ..0- ~ .:> 

-5 - 4 -3 -2 -I o 2 4 6 7 

Figure 19 . - Turbulence levele and correlation coeff1c1ent measured. at three stat10n ... 

HALF JET 

.3 6 

0, NATIONAL ADVISORY OOYVITTtt 
FOR AERO NAUTICS 

.32 

II '\ l\ GIlRTLER - -
TOLLMIEN --

. 28 CALCULATED ----

7 \\ (from me.lUroci 
veloc ily prof ile) 

MEASURED • 
. 24 

~ 
1.-- ~\~\ / 

/ 

. 20 

f \~ . I 
I 
I 

.16 V \ 
I 

' ~ f I 
.12 

Li \\ I 
I 
I 

.08 

V " / I .. I 
. 04 

[/ \ V I 
I ~ ~ 

I 1\:, 
In • I 

-6 -5 -4 -3 -2 -I o '1,1- I 
2 4 

1igure 22.- Turbulent shear distribut10n. 





\'-" 
I 

" 3 

NACA TN Ho. 1257 Figs. 20,21 

rigure 20.- Long and short time exposure ot 
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F1g~re 21.- Long and short time exposure ot 
oorrelation figure behind a screen. 
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F1gure 33.- Comparison ot Ry and Rz m9asurem~nts;x = 75 centlmeters, y/. = 0.61. 





NACA TN Ho. 125? Figs. 31,32 

f1gure 3\ .- Long and short time exposure of Ry 
correlation at x = 75 cent1meters, 

y/. = 1.99 with d = 0.027 centimeter. 

Figure 32.- Long and short time exposure of Ry 
correlation at x = 75 centimeters, 

y/. = 1.99 with d = 0.192 centimete~. 

NATIONAL AOVISOR Y 
COMMITTEE FOR AERONAUTICS 





NAC. TN No. 1257 Figa. 34,35 
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rigure 34.- Rv distribution at x ~ 30 centimeters, Y/~ - 0.47 indioating method of 
e6tlmatlng the micro gcale and scale ot turbulence. 

HALF JET 

L , IO>' (cml 

l! ~----'-----~------r-----.-----~------r------r-----'-----. 

4 t-------t-------r------t-------t-------t-------t------+------t-----~ _ - - " -4 x.o" VI 
- --

3 ~----~-----+------~----~-----t~o-~~-----t-~o~~----~ 
~ ~ --­--- , 

' - L 'r.8x'O&X 
~- ~ 

21------+------t:-=~-==-_+------f_----_+------+I__------,-::l=-~o=-+-------I otY No;'" o.~ 

--
/,,- - - -I-- - -' - -

__ 1--0-

10 20 30 40 l!O 60 70 eo 

rlgure 35.- Dlatributlon of ~ and L along the a1.1ng Eone. 
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Figs. 36,37 NACA TN No . 1257 
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F1gure 36.- Product1on , d1ffusion , and diss1pat1on of turbulent energy aoross tbe 

mixing region. 

.4 

. 2 

o 
4 

- .2 

- .4 

- .6 

HALF JET 

NATIONAL ADVISORY COMMITTEE 
FOR AERONAUTICS 

/' ...--/ 
/ 

/ 

----~ 
1-/ 

/" 

/' 

-3 - 2 -Iv---~ 
~ / 

....... 

~ f'... 

.......-

I;' ~ 
~ 

/"-----
/" v/ / 

1--
~ 

V I Y 2 
V. 

V 

0 

_h + plyl 

u"v' 3u"yl 

4 5 

V./ 
./ 

// 
t- R 

U1yl 

rigure 37.- D1str1but1on of double and tr1pl e correlat1on coeff1cient across 
tbe mixing zone. ~ 


