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SHEAR LAG IN A PIYWOOD SHEET-STRINGER COMBINATION
USED FOR THE CHORD MEMBER OF A BOX BEAM

By Palamede Borsari and Ai-ting Yu
SUMMARY

Theoreticel and experimental investigations were made of the
distribution of strains in a plywood sheet-stringer combination used
as the chord member of a box beam acted upon by bending loads. The
theoretical solution was obtained with the help of the principle of
minimum potential energy and certain simplifying assumptions. Strain
measurements were made on a built-up box beam by means of electrical-
resistance strain gages connected with strain indicators. A very
satisfactory agreement between the theoretical and experimental strains
was obtained.

INTRODUCTION

The development of monocoque and semimonocoque structures in
alrplanes has introduced the shear-lag problem, which, in brief, results
from the fact that box beams with thin, wide chord members do not follow
elementary beam theory. The assumption of uniform normal stress distri-
bution on fibers equidistent from the neutral axis of any transverse
section is not Justified for these beams. The deviation from uniform
normal stress 1s caused by the shear deformation in the chord member
of this type of structure, an effect not provided for in simple beam
theory.

Various theoretical treatments have been carried out and numerous
experiments have been conducted to check the adequacy of them, especially
on isotropic or orthotropic metal structures. Very little information,
however, is available on plywood construction. For plywood sheet-stringer
combinations there appear to be no data.

The present investigation is a condensed version of a thesis
presented to the Massachusetts Institute of Technology in partial fulfill-
ment of the requirements for the degree of Master of Science in Aero-
nautical Engineering. The theoretical development presented in this
thesis is due to Dr. Eric Reissner, who outlined to the authors the
several steps necessary to obtain the solution.
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SYMBOLS
spanwise rectangular coordinate measured from tip to root in

midplane of cover sheet

transverse rectangular coordinate measured from longitudinal
plane of symmetry to edge in midplane of cover sheet

coordinate axis perpendicular to neutral plane of beam measured
from bottom to top cover

beam span

beam width

beam depth

cover-sheet thickness

side-web width

area of cross section of nth stringer

modulus of .elasticity of cover sheet in x-direction
modulus of elasticity of nth stringer

modulus of elasticity of side web

modulus of rigidity of cover sheet referred to shearing
stress acting parallel to x- and y-axes

displacements in midplane of cover sheet in x- and y-directlons,
respectively :

displacement of side web in x-direction
displacement of side web in z-direction
epplied bending moment

strain components in cover sheet
longitudinal strain in stringers

longitudinal strain in side webs
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DEVELOPMENT OF THEORY

By following the suggestions given by Reissner (reference 1),
a caomplete solution of the shear-lag problem for the case of a sheet-
stringer combination used as a chord member of a singly symmetrical box
beam of constant cross section is presented. Further generalization of
the method may be carried out with little difficulty, since the general
procedure remains essentially the same for any common shape of beam
or load.

|

Principle of Method

The method consists in expressing the total energy of the system
as the sum of the ener of deformation (the volume integral of the
strain-energy function) and the energy of external forces. Thus,

M=y + T (1) |

Following this, the differential equations of equilibrium are obtained

from the theorem of minimum energy stated as: The displacement which
satisfies both the differential equations of equilibrium, as well as the
conditions at the bounding surface, yields a smaller value for the potential
energy of deformation than any other displacement, which satisfies the same
conditions at the bounding surface' (reference 2). This can be written

as

dnt = 0 (2)

Assumptions for Simplification of Problem

The expressiomsfor ny and ng are based on the following simplifying
assumptions:

(1) It is customary, in dealing with problems of this nature, to
neglect the stretching Gy of the sheet in the transverse direction,
since it is very small as compared with the stretching in the spanwise
direction. This assumption has been used even in 'exact' analytical
solutions, as shown in reference 3.

3
(2) since €y = 55, if €, =0, v would be a function of x only.

Here, however, we assume that the displacement
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(3) Instead of assuming a parabolic distribution of stress as in
reference 4, Reissner suggested a parabolic distribution of displacement
of the sheet in the transverse direction. These displacements can be
wvritten in the form

2
Ugheet = Uo(X) + G 7 §§> up(x) 4 ()

(4) The linear side-web displacements are determined in such a wagy
that cover-sheet and side-web normel displacements coincide &long the
line of Junction, that is,

Uyeb = Up(x) + uy(x) (ﬁ 5 ) (5)

(5) The sheet is free from shear parallel to the z-axis. ©Such shear
is carried by the webs only-.

Equation (2) furnishes the differential equations for the determination
of the unknown functions wugy, w3, and up of equations (4) and (5).

Since

du
€x=8;
€ =a—-v
Y9y
yo =W, X
¥ oy ox

and
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Hence,
LA ou
x X
6
Bl (6)
7xy—ay

Then, since ugy, uy, and up are functions of x only, equations (3)
and (4) imply a parabolic distribution of normal strains

p _5u=il_l_0+l-y i (7)
Xsheet 5x dx 52 dx
and a linear distribution of shearing strain

d 2
Ty = 3 = - el (8)

along any transverse section.

Formulation of Problem

A cantilever box beam (or an equivelent simple beem having double
the length of the cantilever span) is considered. The cross section
is constent along the span and the beam is acted on by a given distri-
bution of bending moment. The box beam is singly symmetricel. It has
two side webs, with a sheet-stringer cover sheet on one side. (See
figs. 1 and 2.) The centroids of all the stringers are assumed to be on the
midline of the sheet; hence bending effect on the stringers is neglected.

The potential energy of the system is obtained from

L gpd
Tsheet = % ]‘ j‘ t(ixexe + G721Y) dx dy (9)
(0] -

d



web =

.. .
Tst =Z J Agt Egt € st

Neglecting the shear in the side webs yields

y . auweb " a""we'b
XZyed dz ox

=

a“we’b . _auweb
ox oz
From equation (5),
du
web 1
Y hu£X)
Therefore,
ow
8P _ _1y(x)
3% hek
Again,

0
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(10)

(11)
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Therefore,

n=1

1
I8y dul
" oad fO My dx h dx

L L
" A Pl du 1
stPgtéat 4X My = dax
0 0

For minimum energy condition, from equation (2),

S

L pd
f / t@x‘xsex + G7JQ’8725> dy dx
0 V-4

L h
+f f 2bE, €(x,w) € (x,w) dz ax
QR0

(12)

(13)

(14)
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From equations (6), (7), and (8), the veriation of strains is given by
2
= 6@ + \1 - L 8(52
sheet ) a2 Ox

5 Eya
Ty = 22 Mo

WL GREPEE

I

o
™
il

Therefore,

GXSE ’D sheet ax > < 69
NSIEHCNE I HG
(s )web ax ) (7 D) 2‘3‘0 3@‘9

f Bul g—u_o> (h _> Bul <6ul




Substituting these relations into equation (1k4) yilelds

= & g (B0 ) %% 4 (52 2} %2 4 (%
= R Eonll B (- T gl oy B Tl
0 =d
2¥ 3 8 hye
L) 22 ] "
P E@] o b
L h
N o x| 0 a(09) (. aﬁ_oaiﬂ{_z_ga_u;aée_o
el ox ox, h ox ox h ox ox
2 ¥y du
/2 il 1
(5 D $5<ax—>]d”x

i - duy , /Bug T~ \Ou  /Pug o \Oup /By
- e Ay By 'l mee BC— + \1 - 5 i i o —=) + TR e o -;)
o1 Uo Ox 9 a’ dx a ox )

*ON NI VOVN

EnnT
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o Z

Integration with respect to y
in the second integral can now be carried out.
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in the first integral and with respect

a
<_§'_2 iy =t a
= a 3
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Substituting these values and grouping the terms accordingly, yields

dn = fOL %5<%§6Exd+bm+:zAstEst
+:—:—°a<§-§—2 l}gtEXd+zZAStESt Q-‘g—z):l
%uga g’li_é>[l%t]§xa+i AStEStC-Z%-DQJ

bt b Eyh O C"‘D bEwha"laC’“O
3 %/ T2 & °\&

4

3

+
I
g
n

g
n
1
ml
d

Q/

<]
Q/

R+
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g
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Integrating by parts gives

dug duy dup duy
E)laTSuo+q>aa—x—8u2+qx3a—x—6uo+cp;+aTBu2

2
5_5‘11 5}—8u0+§51-—8ul +£?1M15u1]

0
dx=° 82

2
b Eyh / 3®u, %uy 0wy 1 oM
. Qa:rsul‘sx?%*%s;‘“l B Bl

The first bracket is equal to zero from the following assigned boundary conditions: At x = L,

L 2 2 2 2
d 3, R 32u,
-f [‘plauosuo+¢2_8u2+¢3a:28uo+% duy - gdGugﬁuz
0 X

6u0=6ul=8u2=

end at x = 0,

EqnT "ON NI VOVN
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The integral thus becomes

L 32110 32 W b Eyh aEE;
NI xE 2 ol oo

0

bEn ug bEa Py 1 3y
A N ¥y axé' “dnox )™

2 2
3% ug Fup g ,
DR o) | an

Since B®uj, ©dup, &nd Bduy are arbitrary,

azuo 3%, b En uy
5;§_ ¢B ax 2 ax =0

2 2
eEn YN bERIM 1w
FANTE 3 ‘a2 Phox

Ay NG
0 By bk
Y i + Py o 3 Gup =0

Let
2
Xlz—-"‘%
b Eyh
2
P

z

1443
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3 dgp
| Ay = n
t G
3 doy
A =
"7t g
oy Lo
2 bEwhé
Then
=
N > + & 32112_8?111 0
La2 T2 52 TR
32
-m . ul+x aM-O >
a2 3o P& ”
3° @

S e

P,
By eliminating wug, the following equation is obtained:

Fup »32“1 M |
xz;—e-+6xl-98—x—§-+xlx5&=o

2
a2“2 o, Oy M
Xué—;‘é—+§k3gx—§--ug+k3k5§i=g

| 5/

15

(15)

(16)
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Again, by eliminating wu;, the following equation is obtained:

32
2 2 D 2 OM
* gxl d 1) ERGER 'GM ] ) e R

By introducing the parameters ¢1 and ¢2 as follows

%Xl =]
2
1 '>‘§>~2*3

v

oM
M55z

e N LR

the final differential equation is obtained

e
I

32
2 - P = 4 an

N3

On assuming ¢2 equal to a positive constant, the solution is

up = C; sinh ¢lx + Cp cosh $hx - 8-5 (18)
ik

The constants of integration are determined as follows: At x =0,

dup
5%

therefore C; = 0. At x =1,

U = 0
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therefore
¢
Co = 2
$12 cosh §L
Consequently,
@o [cosh $x .
wp = o —— -1 (19)
¢l cosh ¢1L
32u2
Substituting w, and 525— into the third equation of equation (15)
yields
3%u
0 ?o cosh @x ) M, $o cosh §;x i)
dx° A3 ¢l2 cosh ¢1L A3 cosh #1L
it e e g sl ix  feEl o
ox A3 ¢13 cosh $L A3 ¢l cosh ¢1L A3 $1° 3
2
cogh @;x A cosh ¢Pqx X
U = #o i ?l. iy . #o # L g2 5 + C3x + Cy (22)
A3 @, " cosh ¢1L A ¢12 cosh $;L )3 ¢,
At x=0,
dug
)
dx

therefore C3 = 0. Ab x =il
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Therefore

> M fo go1?
N ¢ L 3 N ¢ 2 e 2X3¢ 2
3L 3 EL ik

Cy = -

Substituting into equation (22) gives

do 1 cosh §x o e - x°
e s - + (L - x°) (23)
e >.3¢12 #1° 9 cosh ¢ L x3¢l Ql D 2h3 #°

From equations (19) and (23),

qu ¢2 sinh ¢x
¢l cosh ¢1L

dug g _gg__ <:? ) é}) sinh $hx x
x A3 ¢ 51 cosh §1L ¢y

Consequently, from equation (7), the strain is obtalned as follows:

ot sinh fhx x ’ ?:)¢2 sinh @1x
[Ql ) cosh fL. ¢1:l < ¢ cosn #iL .

and from equations (8) and (19),

2y ¢2 _ cosh ¢1x
7XIY d. ¢l G cosh ¢lD (25)
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DESCRIPTION OF TEST

For the purpose of studying the shear-lag effect and stress-strain
distribution on a thin plywood sheet reinforced by longitudinal stringers
used for the chord member of a box beam, the test specimen shown in
figure 2 was built and tested as a simple beam loaded at midspan.

Test Specimen

The beam was 96 inches long, 32 inches wide, and 6 inches deep,
open on one side and covered on the other by a plywood sheet-stringer
combination. The box beam itself was reinforced by eight transverse wood
gtiffeners spaced 12 inches apart amnd four steel rods, in order to eliminate
lateral deflection. (See fig. 2.) Five longitudinal stringers spaced
5 inches apart were used for the plywood sheet-stringer combination.

The side members were rectangular beeams of California sugar pine,
one with 6- by 2-inch and the other with 6- by l%-inch cross sections.
Their widths were made inversely proportional to their respective moduli
of elasticity to meet the condition of elastic symmetry for the composite
box beam.

The chord member was a sheet-stringer combination consisting of
five~%- by %-inch longitudinal stringers of California suger pine glued

on one face of a sheet of plywood of 0.07-inch thickness. The plywood
sheet was composed of two 0.02-inch mehogeny face plies and one 0.03-inch
core of yellow poplar with the grain of the core end face plies at right

angles to each other.

The transverse stiffeners were 2- by 2-inch pleces of California
sugar pine. The steel rods were of %-inch diameter fastened at their

ends by screws and nuts. All component parts except the steel rods were
glued together, with the face grain of the plywood sheet meking en angle
of 45° with the longitudinal axis of the composite box beam.

Arrangement for Loading

The system of loading was arranged to represent a simple beam with
a concentrated load applied at midspan. The testing machine consists
essentially of two pairs of jacks, individually operated, to deflect the
ends of the beam, and of a yoke around ite center connected to a lever
balance system to measure the necessary reaction force (fig. 3). For
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the purpose of assuring an evenly applied load, however, one pair of

the Jacks was replaced by a stationary end support. (This alteration
was only permissible under the assumption of very small deflection which,
in the present case, amounts to only 0.003 percent of the length of the
beam.) The arrangement is shown in figures 3 and k.

The load was applied by operating the two screw Jacks and their
relative motion was checked by spirit levels. Steel blocks with rounded
heads were used to approximate a line load; steel plates were used to

avold crushing of wood at the point of epplication of the load. Details
of the loading device are shown in figure k.

Arrangement for Measurement of Strain

The strains were measured by means of electrical-resistance strain
gages comnected with a portable strain indicator. Two different types
of gage were used: plain gages for measuring strains in only one direction,
and rosette gages for measuring strains in three directions at 45° to
each other. The strains were read in microinches per inch directly from

the strain indicator. Other details of these gages are shown in refer-
ence 5.

The strain gages were attached to plywood and stringers along three
different transverse sections, as shown in figures 5 and 6. This arrange-
ment was decided upon in order to study the following cheracteristics:
high sheer stralns at section 1 (24 in. from midspan), appreciable shear
and normal strains at section 2 (12 in. from midspan), and zero shear
strain with high normel strains at section 3 (at midspan).

Rosette gages were placed between longitudinal stringers to measure
both normal and shear strains, whereas plain gages were located at the
places where only normel strains were to be measured. Gages were closely
disposed on both faces of section 2 to provide a thorough check of theory.
However, at section 3 where zero shear strain was expected, 13 plain gages
and only 2 rosette gages were used. Theoretically, meximum shear would
have appeared at sections near the end of the beam; hence rosette gages
were used at section 1 to check this phenomenon. (Loceal irregularities
at sections nearer the free edge would make reasonable readings impossible.)

The strain gages were connected to the strain indicators by means
of a switch box to facilitate reading. (See fig. 7.) For every loading,
corresponding strain readings of all the strain gages were taken. The
initlal zero load strain readings were checked after every series of
loadings. The strain gages were divided into two groups and readings
were taken simultaneously with two individual strain indicators. This

scheme was arranged to reduce the time required for teking readings,
thue reducing the possible influence of creep.
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Procedure of Test

The beem was loaded by successive 200-pound increments of loads
of: (1) from O to 400 pounds, (2) from O to 800 pounds, (3) from O to
1200 pounds, and (4) from O to 2000 pounds.

DISCUSSION OF FRESULTS

A very satisfactory agreement between the theoretical and experi-
mental results for both normal and shearing strains was obtained. The
maximum difference of stralns between experimentel and theoretical
results (tables 1 and 2) was found to be about 15 percent of the experi-
mental value; because of the nonhomogeneity of wooden structures, this
result is likely to be about the best obtainable.

The comperative results were plotted as shown in figures 8 to 13.
By plotting the experimental normel strains for sections 2 and 3 (figs. 9
and 10), local shear-lag effects on the sheet between the longitudinal
stringers were observed. This effect was to be expected, yet it was not
teken into account in the theory. To have done so would have complicated
the mathematics considerably. The distribution of experimental shearing
strains resembles a cubic parabola, whereas the theoretical curve 1s a
straight line (figs. 9 and 10). Nevertheless, the agreement is very good
so far as the maximum values &are concerned. The other points on the
curves show the theoretical results to be conservative as to magnitude
of stresses.

In figures 12 and 13, comparative normal strain distributions on
stringers were plotted. In the development of the theory, it was assumed
that the centroids of the stringers coincided with the midplane of the
sheet. However, in practical construction this is never true. Thus a
local bending effect of the stringers was to be expected, the result of
which was that strains on the free face of the stringers were of a much
lower value than those on the face to which the plywood was glued. A
relation between them can be obtained as follows.

If the stringer 1s considered as a small cantilever beesm subjected
to a horizontal load of p pounds per inch acting on one of the faces,
as shown in figure 14, and if the vertical camponent of p which
appears as a result of the bending deformation of the stringer 1s neglected
by considering that the bending modulus of elasticity of the sheet is
negligible, the normasl force and the bending moment at any section can
be given by the following expressions:

X
Nx=f de
0
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where fyxg and fxp are stresses.

For constent section and constant E
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the ratio of strains is given

by
3 5
a Ale
| ek o ?"Af o
€xb fyb iP A 0
emee = emmme 3 = =X —
€yn. Iy - Mxh Ny acl 1
sk s stk SIS A
0
Hence, for symmetrical sections,
b _ 1
A
o S 2oy
€xa  &° L
i A

h
For the particuler case of rectengular stringer a =b = et

3
I=§l-_§‘-, and A = dh,
A e -]
°xb _ 4 x dh3 dh _ dh
o T L
" by gpd 0b° dh

1l
ol
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n)
(9¥)

e
Although the relation 559 < 1 has been confirmed, the experimental
xa e
Sdelt At

results showed & large discrepancy from the relation == =5 especielly
xXa

for the central stringers. For design purposes, the maximum strain on

the stringer can be assumed equal to that on the sheet.

CONCLUSION

The theoretical and experimental investigation ef shear-lag action
presented is based on the concept of an idealized structure in which
the main sources of strain energy of the real structure are maintained
while the secondary sources are neglected, and thus the idealized chord
member has infinite rigidity in the transverse direction.

The test results Justify the adequacy of the theory for practicel
design, because the differences between theoretical and experimental
results in the critical regions are smaller than would be expected from
the usually irregular behavior of practical structures made of wood and
plywood.

Massachusetts Institute of Technology
Cambridge, Mass., August 5, 1947
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APPENDIX - EVALUATION OF PROPERTIES
Determination of Bending Modulus of

Elasticity of Side Members

In order to determine the bending modulus of elasticity of the side
members, a transverse bending test was performed (fig. 15). The specimen
was tested as a simple beam, supported near the ends and loaded at
midspan. The tests were run with the specimen in normal position and
with it turned over. Deflections at midspen were measured by means of
a dial gage. Load-deflection curves were plotted and from them the
bending modulus of elesticity was computed. A correction term for deflection
due to shear was included in the formula for E.

The average values for the modulus of elasticity were found to be:
ST LA e LIS W ve e mie s enss ool (60,000 pBi

B Y o B Sty e iy 2 0BG, D00 pEY

Determination of Tension Modulus of
Elasticity of Longitudinal Stringers

The value of E for the longitudinal stringers was determined
from tension tests on specimens having the dimensions shown in figure 15.
The specimens were cut from three individuel longitudinal stringers, the
longitudinel exes of which were parallel to wood grein. Tension loads
were applied with the ends of the specimen attached by tightly clamped
steel plates. Strains were measured by electrical-resistance strain
gages with strain indicators, and Huggenberger tensometers were set on
both sides of the test specimen for check readings.

Load-strain curves were plotted, from the slopes cf which E was
computed. The average value for the three specimens was found to
be 1,496,000 psi.

Determination of Modulus of
Elasticity and Poisson's Ratio for Plywood
Modulus of elasticity and Poisson's ratio were determined by tension
tests similar to that outlined for determination of E for longitudinal

stringers. A simple bolted Joint was used at the ends of the specimen.
Electrical-resistence streain gages were glued parellel to the axis of
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loading on one face and perpendicular on the opposite face of the specimen
to measure longitudinal and lateral strains. The specimens were cut

out of the same sheet used for the composite box beam. The sizes were

as shown in figure 16, with the longitudinal axis parallel, perpendicular,
and at a 45 angle with the face grains. Load-strain curves were plotted
from which the data on modulus of elasticity and Poisson's ratio were
computed.

The reading from the longitudinal gage is affected by transverse
strain and that from the lateral gage is affected by longitudinal strain.
In order to take into account these effects, the formula for rosette

strain gages was applied, and longitudinal and lateral strains were
obtained from

RO
LT 55
e
” 4
€ - -
T35 o8
where
€1 longitudinal strain-gage reading
ez transverse strain-gage reading

~

Since €3 is always small compared with e the second term could
be neglected in the formula for €;, and E computed directly from
e1 readings.

E-lf_/i*_lié
S

However, the effect of longitudinal strain on lateral strain is of an
appreciable amount; consequently Poisson's ratio must be computed by

°L
€ eT < £ eT
Jd = —EI = -—Tﬁ—s = -e— + 0.02
T i L



26 NACA TN No. 1kL3

From the tests,

Jyy = 0-1152
Jyy = 0-1189
E, = 875,000
E, = 837,000

Determination of Modulus of Rigidity
for Plywood

Based on a well-known result in the theory of bending of thin
plates (reference 6), a method of determining modulus of rigidity was
outlined in reference 7. The method consists in determining the deflection
of a square plywood plate loaded &t two opposite corners and supported
at the other two. The deflections were meesured at points on the diagonals
equally distant from the center. Load-deflection curves were plotted,
from the slopes of which the modulus of rigidity was determined from the
formula

3 y° P
G=533
h =

where
P load on each corner
W deflection of points on diagonel relative to center of plate
u distance from center to points on diagonal
h thickness of plate

The specimens used were 3- by 3-inch and 2%- by 2%-inch sizes and

their edges were either parallel or perpendicular to the face grains.
Small thin copper sheets were glued on the corners in order to eliminate
locel stress effects at load points.

The deflections were measured by meens of dial gages. The loed
was applied by a testing machine es shown in figure 17. Effects on dial
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reading caused by initial curvature and gage spring force were minimized
by obtaining two sets of readings for each specimen, one with the loads
acting downward on two specified opposite corners, the other with the
specimen rotated through 90° so that the loads acted upward on these
corners. At the same time, diel gages were carefully chosen so that
their spring forces were ebout equal.

From the tests, the following results were obtained:

3= by 3-inch specimens 2%- by 2%—inch specimens

Guv 140,300 psi 139,300 psi

An average of five specimens gave a value of G,y of 139,900 psi.

Stress-Strain Relations for Plywood
at Any Angle to the Grain

It 1s usually assumed that plywood behaves elasticelly as an
orthotropic material. The axes parallel and perpendicular to the grain
are generally taken as principal axes of strains.

Let E, &and E, be the moduli of elasticity in the directions
parellel and perpendicular to the face grain; Jy, and Jyy, the Poisson's
ratios In those directions; and G, the modulus of rigidity referred

to shearing stresses parallel and perpendicular to the axes u and v,
respectively.

With x and y 1indicating directions at 45° to the face grains,

syabietis ey
. _ Guy Ey By 26)
ol e S o e e ? (
-— 4
Guv Eu EV

Dl

=

<;Llj
G
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A derivation of these relations can be found in references 2, 8, and 9.
From the tests, it was found that E, = 546,000 and 555,000,
Jxy = 0.520 and 0.609, and Gy = 383,000.
COMPARATIVE VALUES BASED ON DATA FROM REFERENCE 10

E@ indicates parallel to grainy; T indicates perpendicular to graié]

Mahogany Yellow poplar
Er(psi) 1,380,000 1,430,000
Br/Ey, 0.039 0.039
Ep(psi) 54,000 52,000
Jo1, 0.552 0. 406
Crr/E 0.038 0.053
Grr(psi) 53,500 76,000

E, =% (EQELm ¥ tlET£> = % [(4 x 1380 +(3 x 52)] x 1000
= 811,000 psi
E, = % toEpy, + tlELQ = % [(» x 58 +(3 x 1430)|x 1000
= 644,000 psi
Jyu = g%; oI + tlELpJTL£>
= %_;lEZZ Kh X 54 X 0.552) +(3 X 1430 x o.ozqﬂ = 0.0455
Jur = E%; 2B mIrm * tlETpJLTID

al
FSRET

"

[ x 1380 x 0.0215)+(3 x 52 x 0.406)] = 0.0322
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g ed (t Gp + t G:)
uv -t \2 4=p

" % [(3 x 53.9)+(3 x 76)] x 1000 = 63,200 psi

1-Juv+:|_-.rVu 1

+
L b E, b Gy

b Do 0,0320 . Lo 00855 s
4 x 811,000 L4 x 644,000 4 x 63,200

= 4.626 x 10'6

By = E = 216,000 psi

l " l b Juv' N l o Jv.u
i & © TEy Ey
" L 4 l=Jdur 1= dJdyn
— 4 +
e E,

63.2 811 6l
= = 0.712
X0 20.0%28  1.-15.6455
63.2 811 6l
i. " 1+ Juv 1+ Jvu
& 2 . =
uh 1+ 0.032 p 1 + 0.0455 - 5,897 520 6

811,000 8lk , 000

Gyy = 346,000 psi

29
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Check of Strain-Energy Relation E,J,y = Eydyy

Error from
Edvu Epdvu Difference | mean value
(percent)
Experimental
value 100.6 x 10 3| 99.6x 10 3{ 1.0 x 10 3 1.0
Reference 10 261 29.3 3.2 11.6

The average or standard data given in reference 10 do not conform
to the requirements of the strain-energy relation as well as the data
from a 1imited number of tests on the material used in this beam. An
effect of this sort would be expected, perhaps, but the actual discrepancy
when the data of reference 10 are used 1s greater than would be anticlpated.
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Sl

SUMMARY OF ELASTIC PROPERTIES OF WOOD MEMBERS

Computed Difference from
From Computed from data of refer-
experiment from data of ence 10
experiment | ,.orerence 10 (percent)
Side members (California sugar pine)
Ep (psi) 1782 x 103 | ====m--me- 1144 x 103 56.0
Ep(psi) | 2026 x 103 [ =--=---oe- 1144 x 107 72.0
Stringers (California sugar pine)
Egt(psi) 1496 X 103 | =-=--e-me- 1144 x 103 30.6
Plywood (mehogany; yellow poplar)
Ey(psi) IR B 1o e — 811 x 1o3 8.3
Ey(psi) 837 x i (AR 6lk x 105 144
$io 0.115 [ =mmmece--- 0.0322 | =memmcmmemmeee-
Fo 0.119 | ======-=-- 0.0455 | =mm=mmmmemmmmmeeo
Gup(D8i) [ 1395 X 107 | =mmmmmmmem | memmmmemeeee | oo
Bxy(psi) |550.5 x 103 | 133 x 103 216 x 105 155
Iy 0.565 0-553 0.712 -6.6
ny(psi) ------------ 383 X 105 346 x 105 10.7

Because of the length of the tebles recording the observed strains
and of the computations of the theoretical strains, test data and
computations are not recorded here.
was done by standard methods, by using the properties of wood obtained

from experiment rather than those from reference 10.

The reduction of the test readings

The theoretical

values were computed from the procedure presented in the first part of
this report, again by using the properties of the wood in this particular

beam.
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The curves of figures 8 to 13 show the agreement between theoretical
and experimentel strains when the values resulting from the computations
are plotted. The agreement is, in general, satisfactory evidence of the
accuracy of the computations which are not included here.
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TABLE 1

THEORET

ICAL STRAINS

[For 1000 1b at midspan; for 500 1b at t1p]

2 Sheet Stringers
(in. from (ig ) =
free edge) x Txy gt €at
(top) (bottom)
-6 -6 -6
0 L0l X 107° |  emcmmmmmmmeee- 64.01 x 10 32,0 X 10
5 68°85 -------------- 68085 3)4--)4-2
12 10 83.36 | emmmemmmmeeee 83.36 41.68
12.1875 92.7h 550,68 x 106 | cmmmmemcmmee | mmmmmmemeeee-
14 101.93 634,87 | emeemmmmmemmee | emeeeeemeeoe-
0 110,27 | eeemmmemmmmee- 110.27 55413
5 120.33 |  =meemmmememee- 120.33 60.16
22 10 150,49 | seemeemmemmee- 150.49 T5+25
(Section 1) 12.1875 170.01 48543 0 | cememmmmmmmeee | mmmmmemeeeee-
1k 189.10 7 N e B
0 146,19 | mmmmmemmememes 146.19 73.09
5 165.80 | eemmmmmmmemee- 165.80 82.90
3k 10 224,60 00 | eeemmmmmeeeaeo 224 .60 112430
(Section 2) 121875 262.66 316,37 | emmemeemeecees | emmmmmemeeee-
14 299. 88 36342 | emeeemmmmeeeee | mmemmmeeeeee-
0 141,920 | eememmmeeeeme- 141.920 70.96
5 177.815 | ememmmmmememe- 177.82 88.91
L6 10 285,50 |  mememememeeee- 285.50 142,75
(Section 3) 1=sl875 355.18 0 | cemmccmmmmcmae | eememceeeee-
1L h23.3k4 I e B e

4E
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TABLE 2

EXPERTMENTAT. STRAINS

[For 1000 1b at midspan; for 500 1b at tip]

Sheet Stringers
Section ;
(in.) € € 4 Sat €5t
g F 5l (top) (bottom)
-12.1875 182,14 x 1076 -11.80 x 10-° -496.40 x 10'6 ....................
= =Te5 147.35 -25,26 0 s R ISt DO AT
-2.5 145.31 -22,23 628 o aalestee VR el
-15 354 -70.36 20k 4o 35k %2080 TSRl D
-12.1875 e . R A e () L e A U Tt e e
-10.0 e T T A 270 176 x 10-5
-T+5 190.35 -25.67 SA1Te53 ; - | asEEeSiens P oltcomernd
-5 B N B e Bt 195 | meememmeee
2 -2.5 138.76 10.16 Py [ 7 SRR S SR e TR R e
0 o R SR R (L LR S L TR 164 -26
2.5 137.26 10.19 Bl ¢ . o | i esesemast e e ad e
5.0 15 5T s AR o IS AT SRR e T 18 50
Te5 191.30 -34.69 bl 7o B B o = i SR e TR
10.0 SEL . b T e e T e e 26k 81
13.00 240,49 -35.69 101 o SRR St 3~ F LTS5, S i
15.125 353 | emeemmemeeeee | s 353 | mmemmemee-
-15 (T [ Sy I I —— L
-12.1875 304.53 ~73.85 16633 .. @ tilE eabmessdad | shirsemase
-10 300 0. ¢ e T e 300 183
3 =Te5 205.15 -22.08 13.48 0 Tt A T e s
-5 202 | ememmmmmmmmee | mememmmemeeee- 202 5k
-2.5 152.23 32.62 e T L L e
0 B T T I (R ———— 160 =17
5 193 | eememmememeee | memememcmeeoeo 193 | memeeeeee-
10 2L S SR = D L TR e e e B e - . | cesnse-=w-
15.125 o= IR S R SR SR N e R R <= S S S

€T °ON NI VOVN
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Figure 1.- Symbols used in the theory.
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Figure 2.- Test beam.
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Figure 3.-

Figure 4.-

Beam ready for test.

Detail of loading device.
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Section 1

(top)
24 inches from

midspan
Section 2
(top)
12 inches from
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Section 2 ' ~
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Figure 5.- Location of strain gages.
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Figure 6.-

(b) Bottom.

Location of strain gages.
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200 x 1076 }— -l

100 —
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-200 Lf/

=400 — 7
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16 10 5 0 -5 -10 -15
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Figure 8.- Comparison of theoretical and experimental strains. Section 1.
X = 22 inches.
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Figure 9.- Comparison of theoretical and experimental strains. GSection 2.

x = 34 inches.
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X = 46 inches.
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Figure 10.- Comparison of theoretical and experimental strains. Section 3.
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Figure 12.- Comparison of theoretical and experimental strains in
stringers. Section 2. x = 34 inches.
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Figure 13.- Comparison of theoretical and experimental strains in
stringers. Section 3. X = 46 inches.
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Notation for simplified plate-stringer.
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(a) Test specimens for determining G.

(b) Detail of loading device for determination of G.

Figure 17.- Test setup and specimens for determining shear modulus G.
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