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The equation for steady-state temperature distribution caused by a 
thermal source (or sink) in a flat plate surrounded on either side by 
fluids of different temperature is developed and applications are pre- 
sented in three sections in this report. The applications are as follows: 

(a) A thermal error which occurs when thermocouples are used for 
the measurement of plate temperatures is described, and an 
analytical prediction of this srror is cbtainsd. 

(b ) A determination is made of. the effect on heat-transfer rate 
in pin-fin plates due to the thermal conductivity and thickness 
of the plate metal. 

(c ) The temperature-distribution equation is applied to the heat 
meter and a correction factor is obtained which includes con- 
sideration of the effect produced by the flow of heat "around" 
the heat meter. 

I r n R  ODUCTION 

This report descri'oes techniques involved in making certain thermal 
measurements which are necessary in the analysis of heating problems 
in aircraft and contains the general solution for the determin..tion 
of the steady-state temperature distribution caused by thermal sources 
(or sinks ) in plates surrounded on either side by fluids of different 
temperature. The terms "sourceP' and "sink" are used to denote a means of 
adding heat to or subtracting it, res~ectively, from a substance. As 
is shown later, thermocouple leads and fins m y  be considered to be 
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sources or sinks of heat. The first application of the solution is to 
the calculation of the thermal error of thermocouple temperature 
indications when the thermocouple is employed to measure plate 
temperatures. 

Accurate measurements of surface temperatures are useful in determining 
local heat-transfer rates, for instance, in an exhaust-gas air heater or 
along an airfoil surface and in evaluating thermal stresses and temperature 
distributions which are criterions of the stability and life of a 
heater unit. 

The analytical approach to the determination of a thermal error 
considers the junction of the thermocouple in the plate to be a thermal 
source (or sink depending on whether the thermocouple leads are exposed 
to the hotter or colder fluid). The physical system can be visualized 
best by focusing attention on the case for which the leads are exposed 
to the hotter fluid. The thermocouple leads, in this case, are at a 
higher temperature than the plate because they are not being cooled by 
ex-osure to a cooler fluid as is the plate, Consequently, heat will 
flow through the leads to the plate thus increasing the temperature of 
the thermocouple junction and the plate in the immediate vicinity of the 
junction, which thus acts as a heat source. The thermal error of the 
thermocouple is defined as the difference in the temperature of the 
thermocouple junction m d  that of the plate far away (or the equivalent, 
the temperature at any point of the plate in the absence of the 
thermocouple ) . This thermal error is not to be confused with electrical, 
metallurgical, mekhod of attachment, or other errors to which 
thermocouples are subject. 

The general solution is also applied, in this report, to the 
calculation of the effect of plate thermal conductivity on heat- 
transfer rates for pin-fin plates. Ordinarily the thermal conductivity 
of a thin metallic plate is so large compared with the convective con- 
ductances on either side that the t h e m 1  resistance of the plate can 
be neglected in heat-rate calculations. When pin fins are pressnt, 
however, conditions may be obtained that promote heat flow radially in 
the plate from the pin bases. Under them conditions the thermal con- 
ductivity of the plate can become an important factor in some cases. 
The equations which allow calculation of heat rates in pin-fin plates 
of finite resistance are developed and thes5 are compared with the 
usual equations for heat-transfer rates in pin-fin platss which 
'postulate infinite thermal conductivity of the plate. 

In a third application the solution is applied to the determina- 
tion of a correction factor for a heat meter when the meter is usad to 
measure the heat rate through a plate. The correction factors presented 
before (references 1 and 2) have postulated that all heat flows 
through the plate and the meter in the direction normal to their surfaces. 
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This confiition does not result when the thermal conductivity of the plate 
or the plate thickness is large and conditions are such that a part of 
the heat flow occurs parallel to the plate surface into or out of the 
metal directly under the meter. The equation for the correction factor 
presented in this report takes cognizance of this latter condition. 

Experimental verification of the conclusions reached,by means of the 
analyses presented in this report are lacking. An experimental program is 
being planned, however, which will allow verification of these conclusions. 

This work was conducted at the University of California under the 
sponsorship and with the financial assistance of the National Advisory 
Committee for Aeronautics. 

SYMBOLS 

area of heat transfer, square feet 

cross-ssctional area of pin fin or thermocouple lead, square feet 

unfinned area of pin-fin plate, square feet 

distance between in-line pins, feet 

thicknsss of plate, feet 

constants 

unit the& convective conductance, Btu/(hr) (sq ft) (OF) 

equivalent unit thermal conductance for flow of fluid over 
insulated thermocouples, Btu/(hr) (sq ft) (OF) 

unit thermal convective conductance over surface of heat meter, 

Btu/(h) (sq ft ) (OF) 

modified Bessel function of the first kind, zero order 

modified Bessel function of the first kind, first order 

modified Bessel funCtion of the second kind, zero order (for 
a discussion of the rotation used for Bessel functions, 
see appandix) 

K~(x) modified Bessel function of the second kind, first order 

k ths?rnal conduztivity, Btu/(hr) (sq ft) (OF/ft) 

ke equivalent thermal conductivity, ~tu/(h~) (sq ft) (O~/ft) 

L lsngih of p4n fin, feet 
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P circumferential perimeter of pin fin or thermocouple wire, feet 

heat-transf er rate, B~U/ (w) 

heat-transfer rate through plate in absence of heat meter, 
Btu/(&) 

r radial distance from source center, feet 

*s radius of source (or sink), feet 

r~ radius of thermocouple lead, feet 

thermal contact resistance by q = 

T ternperatme of fluid, OF 

t temperature of plate, OF 

b temperature in pin-fin plate at base of pin, OF 

+&I temperature that plate would obtain fn absence of source or at 
infinits distance from socxrce (defined 3y equation (8)), OF 

a equivalent to thermal conductance (defined in equations (14 ) 
and (15) 1, ~ t u / ( ~ )  (OF! 

P defined by equation (lo), l/(sq ft) 

6 thickness of an insulating disk (:heat meter) placed over the 
source, feet ; also thiclmess of insulation around themnocouple 
leads, feet 

Subscripts : 

1, 2 two thermocouple leads 

pl3 p2 two opposite sides oP pla.te 

9 source 

m heat meter 

ANALYSIS OF FLAT-PLATE 'ITEMPE3ATURE DISTRIBUTION 

The teaperature distribution and heat transfer caused by a thermal 
source or sir& on a thin flat plate su~rounded on either side by fluids 
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of different temperature can be approximated by an ideal system which is 
defined by the following postulates: 

(1) That section of the plate occupied by the source (or sink) is 
circular and of infinite t h e m  conductivity (that is, the section is at 
unif orm temperature ) 

(2) The plate has infinite t h e m  conductivity in the direction 
normal to its surface (that is, there is no temperature gradient normal 
to the plate surface at any point) 

(3 )  The temperatlure of the fluid on each side of the plate is 
uniform and constant (steady state) 

(4) The unit thermal convective conductances of the fluids axe 
uniform over the plate surface 

Because it can be shown that the form of the solution will be 
independent of whether the temperature distribution is caused by a source 
or a sink, the distribution will be considered, for convenience, as being 
due to a source, Similarly, one specific side of the plate will be 
considered to be in contact with a hot fluid and the other side in 
contact with a cold fluid, even though the analysis can be carried 
through without knowledge of the direction of the heat flow. 

The solution is obtained by making a heat-rate balance on a 
differential annu1.u~ of radius r m d  width dr which is concentric 
with the source center. (~efer to fig. 1. ) 

A heat balance on the differential annulus consists of the following 
terms : 

The heat flowing in t h s  plate radially from the source into the 
annulus 

The heat flowing in the plate radially from the smrce leaving the 
outer rim of the annu1:us 



6 BACA TM No, 1452 

The heat flowing into the top of the annulus from the hot f l u i d  

9 = f p  A ( T ~  - t) = f 2 r r  drkl - t) 
p1 

(3)  
1 

The heat flowing out of the bottom of the annulus in to  the cold f l u i d  

The steady-state condition has been postulated so tha t  it i s  possible 
t o  equate the heat flowing into the annulus t o  the heat leaving the 
annulus; thus 

Substitution of equations (1) t o  ( 4 )  in to  equation ( 3 )  gives 

Rearrangement and simplification of equation (6 ) gives 

f T + f  T  
P, 1 P2 2 

The term which w i l l  be denoted by t ~ ,  repressnts 
f n  + f, 

the texrtge-ratwe wh-ich the plate would a t t a i n  i n  the  absence of the source, 
( that  is, the  temperature of the  plate a t  an in f in i t e  distance from the source). 
Thus t - t, i s  the r i s e  i n  temperature of the plate  a t  any point due t o  
the przsence of the source. 

When a new variable i s  defined 
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and it is noted that 

atg at - -  - - and - -  - -  P t t  d2t 
cit: ax' dr2 dr2 

the f o m  of equation ' ( 7 )  can be changed giving 

where 

This differential equation (9 )  is a modified Bessel equation for 
which the solution (reference 3) is 

(11 ) 

In the determination of the constant C1 it can be observed that the 
increase in plate temperature (ts = t - tW), due to the presence of 
the source, aust approach zero as r increaoes, As a result, the 
constant C1 must be equal to zero because the function IO approaches 
infinity as the argument approaches infinity. Thus the final solution is 

In the evaluation of the constant C2 it is necessary to define 
the source more coapletely than it is defined by the conditions given 
in thz postulates. The most commonly met source will be described bg 
the following conditions : (The simplifying assumptions regarding 
di-rection of heat flow a:re ~etained,) 
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1. Heat flow into the source from the hot fluid can be expressed 
by an equation of the form 

where tS is the temperature of the source 

2. m e  heat flow out of the source into the colder fluid can be 
expressed by an equation of the form 

qs2 = $(ts --re) 
(% = constant) (15 ) 

Equations for the conductances and 9 are presented in 
table I for several physical systems. 

The difference between the heat entering m d  leaving the surfaces of 
the source disk is the heat conducted into the plate. 

This equality becomes 

Substituting tS = t, + tqs and solving for C2 gives 

The following material presented will conc9rn itself with,the three 
principal applications of the solutions given here in the order given 
below: 

(a) Determination of thermocouple error 

(b) Heat transfer in pin-fin plates 

(c) Determination 3f correction factors for heat meters 
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DETERMINATIOB OF Ti-IERMOCOUPL;E EEBOR 

The determination of plate temperatures by means of thermocouples 
presents a difficult problem whenever the themocouple leads are 
subjected to a temperature different from that of the plate, Because, 
in general, the leads are at a temperature different from that of the 
plate, it is important that some method be available to estimate the 
resultant error in the temperature indicated by the thermocouple. The 
solution given in this report is easily applied to this purpose for the 
case in which the thermocouple leads are attached in the manner shown 
in figure (2), 

When it is recalled that 

and the constant C, is written out, the solution (equation (13)) can 
be written as follows: 

!The temperature ts is the temperature of the thermocouple 
junction (the source) and thus is the tempzrature indicated by the 
thermocouple (emf' measurement usually by meand of a potentiometer), 
whereas t, can be considered as the true teqerature of the plate, 
The difference in temperature (t, - td then represents the 
thermocouple error, 

T2 - tw f 

Rewriting the equation slightly and noting that - p1 - - -  
TI - ~ C O  f 

p2 

gives 
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This equation, although an exact solution of the idealized 
system, is cml~ersame ixnd can be simplified with small error by 
introducing a few approxfmation8, 

When the convention is adopted that the thermocouple is on the 
side of the plate for which the variables are denoted by the subscript 1 
the following simplifications can be made in aquation (20). In usual 
practice t h e  value of q will be much less than al (table I, 
systems 4 and 5) and terms including a2 may be eliminated without 
introducing much error; theref ore, 'equation (20 ) can be written 

Two further simplifications can be made. Reference 3 gives asymptotic 
approximations of Kl(x) and %(x) as x-0. 

For the second simplification, 5 can be written as (see table I, 
systems 4 and 5) 

For thermocouple leads of equal diameter this conductance reduces to 

If an equivalent thermal conductivity ke is defined as 
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the equation can be further s im~l i f i ed  t o  

Insulation 

Insulated thermocouple 
lead. 

For the case of a bare thermocouple lead the 
term f e  i s  simply the average u n i t  thermal con- 
ductance fl for  f lov over a small wire. The 
equivalent unit the& conductance fo r  radiation 
should always be included i n  f l .  When the leads 
are covered by insulation of thickness 6 and 
thermal conductivity k and when a thermal 
resistance Rc exists  between the wire and the 
insulation, the t e rn  f, i s  written t o  include 
these items as 

where A is  the heat-transfer area over which the t h e m 1  resistance Rc 
applies. Combining the foregoing simplifications and noting th6t for  
equal diameters of the thermocouple leads firT = r, results  i n  the 
following equation: 

t s  - t m  
For small values of , the term in  the denominator i s  large compared 

7 .-- tco 
1 

with 1; therefore 



WCA TN No. 1452 

, ts - tm 
This equation can be used with small error for values of 

al - tm 
less than 0.10. For larger values the more exact equations (20) or (21) ' 

should be used, 

Cumres of thermomuple error for four combinations of thermocouple 
lead size and the product of plate thermal conductivity and plate thickness 
are given in figures 3, 4, and 5. The curves were calculated using 
equation (21). 

These curves indicate that the unit t h e m 1  convective conductances 
over the plate (5 have small effect on the the~couple 

P2 and . > 
error,whereas the error is sensitive to the equivalent unit thermal 
conductance over the thermocouple leads. This fact brings out the peat 
importance of proper insulation of the thermocouple leads. It is equally . 
ayparent that whenever possible, the equivalent themnal conductivity ke 
of the themocouple leads and the diameter of the leads should be as small 
as possible. 

The following table gives values of ke for several common 
thermocouple leads. These equivalent conductivities are only approximate 
and are calculated for conductivities at room temperature. However, in 
view of the difficulty of accurate determination of the convective 
conductances, and so forth, use of these values of ke at high 
temperatures should cause no hesitation. 

Thermocouple 

chromel-dumel 16 
Copper-constantan 90 
Iron-c onst m t  an 24 
Plat inmpoint rhodium 28 

An estimate of the magnitade of the thermal error encountered when 
an attempt is made to measure the temperature of the surface of an exhaust- 
gas and air heat exchanger may be gained by consideration of the 
following example. 

It is desired to determine the temperature of a 0,030-Inch-thick 
stainless-steel plate exposed on one side to gas at 1500' F flowing at 
150 feet per second and on the other side to air at 100' F flowing at 
100 feet per second, The thermocouple will be attached to the gas side 
of the plate and will be made of No. 28 B. & S. gage insulated ckomel- 
allme1 w:i-re. 



The unit thermal conductances of the fluids flowing over the plate, 
obtained by using the equations in reference 4 are 

I The unit thermal conductances of the fluids flowing'3ver the ther?nocouple 
leads art: determined, however, fromthe equation, or the graph, in refer- 
ence 5 because, for the preceding case, the value of the Reynolds modulus 
is beyond the range of validity of the equation given in reference 4. 
Use of the graph in reference 5 yields, for the unit thermal conductance 
over the thermocouple leads: 

The temperature indicated by the thermocouple ordinarily would be 
calculated from equations (20), (21), or (30), but the solution of 
equation (21) for the particular systea is presented in figure 3. 
Theref ore, calculating kefe = 2190 ~tu2/(hr) (OF) (ft3 ) and noting 
that f + f = 32.7 Btu/(hr)(sq ft)(OF), the ratio ts - t,hl - C 

p1 P2 

is found to be 0.077 (fig. 3) from w%ich tha thermocouple error (ts - t,) 
is calculated to be 

The estimate? true temperature of the plate is thus 

where ts js the te3perature indicated by the +,hernocouple. 

When a thermocouple is attached to a plate and the leads are placed 
in thermal (not electrical) contact wlth the plate for sevsral incil=s 
fron the junc+,ion, th-: h13:tt t;:1at flowu in the ;..(?ads to or from the 
junction, ss the case may 5e, will be :Tery small (due to the reduction 
in temperature gradient along the leads) ana consequentl;y, the t h s m l  
error should be expected to be simll. However, the dist7w;bance of flow 
ovzr the laads will cause a localized increase of the unit thermal 
convzctive cond~nctmca. This will make the jznction hotter or coldar 
de;?entiing on whether the thermocouple is on the hot or cold side and 
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thus introduce an error of unknown magnitude. This flow disturbance 
may be reduced further by flattening or embedding the thermocouple wires. 
If the thermocouple leads in contact with the plate are placed parallel 
to and away fromthe direction of fluid flow, the installation should 
have a smaller thermal error than the case illustrated in figure 2. 

Also, if the convective conductances along the thermocouple leads 
are approximately equal on both sides of the plate (hot and cold sides), 
the error is small providing the leads are attached to opposite sides of 
the plate because the heat added to the surface by the lead on the 
"hot-fluid side" is just balanced by that carried away by the other lead 
attached to the "cold-fluid side" of the plate. These solutions m y  be 
used for two purposes: 

(1 ) To estimate .the true temperature which would exist if the 
thermocoupfe were absent from a knowledge of the temperature at 
the point of attachment ts and the other terms in the equation, 
(If a thermocouple is present, the true temperature is given 
by t,, the value far away from the point of attachment). 

(2) To predict the error ts - t, involved for a proposed experi- 
m n t  when the surface temperature t, and the other terms are 
estimated. 

In connection with the application of the equation for steady- 
state temperature distribution to the determination of the thermocouple 
error, it may be remacrked that in any installation of a thermocouple the 
thermal error can be made small if the following precautions m e  
observed : 

(1) The thermocouple leads should be brought out on the side of the 
plate where ths unit thermal convective conductance over the leads will 
be a minimum. 

(2) The thermocouple leads should be well insulated theMnally down 
to the point of contact with the plate. 

(3) The thermocouple leads should be made of metals having low thermal 
conductivities. 

(4) The thermocouple leads should be of small-diameter wire, 

( 5 )  The thermocouple leads should be. embedded in the plate material 
if possible. 

Also, when a thermocouple is employed to measuke plate temperatures 
the thermal error will: 

(6) Increase with decreasing thickness and decreasing thermal 
conductivity of the plate metal. 



( 7 )  Increase with decreasing unit thermal convective conductances 
over the plate. 

(8) Increase with increasing unit thermal convective conductance 
over the themocouple leads. 

S'lYNDY-STATE ElEAT TRAN- I N  PIN-FIN PLATES 

The question as t o  the effect of the plate thermal conductivity on the 
heat transferred by a pin-fin plate (fig. 6 )  arises frequently. 
Ordinarily, for  the case of heat transfer through th in  metallic plates, 
the resistance of the plate t o  heat f&+y can bc safely neglected i n  
calculations, but fo r  pin-fin plates _ig which there exists a temperature 
distribution along the surface of the plate due t o  the f i n i t e  conductivity 
of the plate, the plate thermal conductivity (or thickness) can be of 
importance. 

Steady-State Heat-Transfer Equations fo r  Limiting Plate 

Thermal Conductivities 

Heat flow from the hot f lu id  a t  temperature into the plate can 
be thought of as following two paral lel  paths 
through the pin f i n s  into the plate, and the other from the hot f luid 
into the nonpinned portion of the plate. 

In  the plate two limiting conditions of plate thermal conductivity 
are possible which w i l l  affect the heat flow through the pin-fin plate, 
If the plate t h e m 1  conductivity paral lel  t o  the surface i s  postulated 
t o  be infini te ,  the temperature of the pin bases and of the nonpinned 
section of the plate must be equal because no temperature gradients could 
exist  parallel t o  the surface. The other limiting condition i s  
encountered when the plate thermal conductivity paral lel  t o  the surface 
is  zero. I n  t h i s  case the pin base temperature, tm i n  the sketch 
accompanying equation (32), would be independent of and, i n  general, 
different from the temperature, tn i n  the same sketch, of the non- 
pinned section of the plate because no heat would be able t o  flow 
from one section of the plate t o  another. For both limiting cases 
the heat may be considered t o  leave the plate by two parallel paths 
similar t o  those by which it entered. 

The accompanying sketch presents the thermal circuit  fo r  a pin-fin 
plate of inf in i te  thermal conductivity i n  the direction paral lel  t o  the 
surface. The equation giving the heat ra te  through th i s  plate 
(equation (31)) can be obtained i n  the same manner as the equation for  
the curren-c i n  an analogous e lect r ica l  c i rcui t  can be obtained, 



WCA TB No. 1452 

Similarly the following sketch givas the thermal circuit for zero-- 
plate therinal conductivity pasallel to the plate surface, and equation (32 ) 
gives the heat rate for this condition. 

The statement that the thermal conductivity of the plate normal to 
the plate surface is infinite, whereas that parallel to the surface is 
zero, finite,or infinite,is a t ~ e  of idealization that is often 
necessary in obtaining mt'hemtical solutions. Postulation of infinite 
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thermal conductivity normal t o  the  s-arface i s  an acceptable ideal izat ion 
because the  thermal convective resistances on e i ther  s ide of the p la te  
a re  large compared with the  thermal resistance of the  plate  i n  the direct ion 
norrnal t o  i t s  surface. It w i l l  be seen later tha t  the case of i n f i n i t e  
p la te  t h e m 1  conductivity usually approximates the  heat r a t e  through a 
pin-fin p la te  closely enough t o  pekt i t  use of equation (31), whereas the  
case of zero themnal conductivity para l le l  t o  the surface i s  an idealiza- 
t i o n  which i s  never applicable t o  metall ic plates.. 

It is c lear  tha t  calculation of the heat-transfer r a t e s  by equations (31) 
and (32) w i l l  y ie ld two l imi t ing  values of heat r a t e  between which the 
heat r a t e  f o r  a plate  with f i n i t e  conductivity must f a l l .  

F in i te  ThePcmal Conductivity of Plate 

I n  order t o  determine the  e f fec t  of finite-plate the-1 con- 
duct ivi ty  or thickness on heat-transfer ra tes ,  an analysis of the heat 
flow through a pin-fin plate  with i n f i n i t e  themnal conductivity i n  
the  direct ion normal t o  i t s  surface but with a f i n i t e  value i n  the 
direct ion pa ra l l e l  t o  the  p la te  surface wi l l  be made. 

The analysis can be made i n  the  following manner: Heat flow in to  
the pin base, 

Heat flow into the  unpinned plate ,  

Heat flow in to  the p la te  wi-t'h n pins, 

where qn i s  the  decrease i n  heat flow from the hot f l u i d  t o  the  exposed 
surface of the  p la te  due t o  i t s  r i s e  i n  temperature a t t r ibutable  t o  the 
prasence of the  pins. 

The equations defining heat flow and temperature d is t r ibut ion  i n  
the  plate  m e  l inea r  homogeneous d i f f e ren t i a l  equations so the temperature 
f i e l a s  and the heat t ransfer  due t o  each f i n  a re  additive. Thus the 
heat-transfer decrease (qn from equation (35) ) i s  the sum of the  
e f fec ts  of the individual pins. 
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The ef fec t  of a single pin is 

but 

t - tw = CG0 (fir) 
theref ore 

The ef fec t  of n pins i s  

Thus the heat transferred by the  pin-fin p la te  i s  

The term C2 can be determined, as before, by making a heat 
balance on the  pin-fin base. When one pin in  the  p la te  is consfdered, 
the  following c m  be written: 

Heat transferred in to  the pin base by the  pin, 

Heat transferred from the pin base by the opposite pin (or, f o r  
an unpinned surface, the heat t ransferred by the  f l a t  p la te  d i rec t ly  
under the pin base), 



Heat transferred from the pln base into the surrounding plate, 

qplat e 

When a heat balance i s  made the following equation i s  obtained: 

When C2 i s  substituted in to  equation (39), there i s  obtained 

Determination of the pin base temperature tb w i l l  allow calcula- 
t ion  of QT', The temperature of the base of a pin f i n  can be considered 
as  the sm OL the temperature tha t  the base would have with no pins on 
the plate  too. plus the temperature increase due t o  the pin covering the 
base and the effects  of all ot&er pins. 

For in-line equidistant pins (shown i n  the following sketch) 
u t i l i za t ion  of the fac t  tha t  the four quadrants surrounding any one 
f i n  are spmetr ica l  gives 
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The terms in the series O 0 0 0 0 0 represent the' temperature increase 
of the pin base due to the 0 0 0 temperature increments of all 
other pins. This series is for 
equidistant in-line pins but 
other series for aqy symmetrical 0 0 pin arrangements -can easily be 
obtained. It should be noted 
that the number of pins in an 

/@ actual pin-fin plate has no 
bearing on the number of tern in 
the series but that the series 0 should, in any case, be calculated 
for an infinite number of pins 
(see the following discussion) O O O Fortunately the series converges 
rapidly and the number of terms 
given in equation (46) will be 

Pi-f in spacing. sufficient for most applications, 

Inserting the value of C2, which contains the base temperature $, 
and rearranging results in 

which may be solved for the Substihution of tb in equation (45) then 
gives the heat rate for a pin-fin plate with a finite value of plate 
conductivity. 
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Discussion 

When conditions ex i s t  i n  a pin-fin p la te  which promote heat flow i n  
the  plate  rad ia l ly  t o  or from the  pin bases, the decrease i n  heat trans- 
fer red  due t o  the  f i n i t e  thermal conductivity of the p la te  metal may be 
appreciable. Figure 7 shows the  e f fec t  of p la te  thermal conductivity kp 
f o r  a pin-fin p la te  chosen t o  magnify the  e f fec t ,  

From t h i s  f i m e  it can be seen t h a t  i f  the pin-fin plate  were made 
of Inconel (kp = 7 ~ t u / ( h r )  (sq f t )  ( O ~ / f t ) )  0.02Finch thick, t he  heat 
t ransferred would be about 20 percent l e s s  than tha t  f o r  a pin-fin p la te  
of i n f i n i t e  conductivity, whereas a pin-fin plate  of copper 0.025-inch 
th ick  would t ransfer  about 2 percent l e s s  than the  p la te  of i n f i n i t e  
conductivity. 

It can be seen from equations (13) and (18) t h a t  the thermal con- 
duct ivi ty  of the  plate  always appears i n  the  product (bkp). For t h i s  
reason whatever i s  s tated concerning the  e f fec t  of change of thermal 
conductivity on the  heat flow through pin-fin plates  a l so  applies t o  
the  e f fec t  of change of plate  thickness. 

The mathematical analysis of the  pin-fin plate  has been wri t ten 
f o r  a f i n i t e  area and number of pins even though a t  one point i t w a s  
necessary t o  consider the  p la te  as  i n f i n i t e  i n  exkent. The justifica- 
t i o n  f o r  t h i s  procedure can be found i n  the  follow-ing reasoning. 

If one imagines the accompanying 
f igure t o  be a section of an i-nfinite 
pin-fin plate, it can be s tated tha t  
no heat flows i n  the p la te  across the  
midline AB because the  tendency 
f o r  flow i n  the two directions i s  
equal. This i s  equivalent t o  s t a t ing  
tha t  the  plate  i s  cut at t h i s  l i n e  
and the  cut edges a re  perfectly 
insulated. The temperature dis- 
t r ibu t ion  and the heat flow i n  both 
sections would be unaltered by the  
change. Similar reasoning f o r  
other l i n e s  w i l l  produce an isolated 
section (with insulated edges) of 
the i n f i n i t e  pin-fin plate  i n  
which the  temperature and heat t ransfer  
a re  unchanged from t h a t  of a p la te  
of i n f i n i t e  extent. 



Remarks 

The following remmks apply to the second application of the 
equation for steady-state temperature distribution: 

1, In most cases it is possible to calculate the heat-transfer rate of 
pin-fin plates by assuming the plate thermal conductivity to be 
infinite. 

2. Thin pin-fin plates of low thermal conductivity should be analyzed 
by the method presented if it is to be established that they do not 
appreciably decrease the heat-transfer rate below that which could 
be obtained by a plate of infinite conductivity. 

DETEBMDWTION OF S m - - S T A T E  CORRECTION FACTORS FOR HEAT METERS 

The heat meter (ref erenceo 1 and 2 ) allows the determination of heat 
flow through the meter by measurement of the temperature drop through the 
thermal resistance of the meter. Although the thermal resistance of the 
meter is made as small as possible, it nevertheless adds resistace to 
the thermal circuit to which it is applied, thus altering the heat rate 
that this thermal circuit would have in the absence of the meter. For 
this reason it is necessary to apply a correction factor to the heat 
rate through the meter to obtain the heat rate the thermal circuit 
would have in the absence of the meter. This correction factor is . 
defined as the ratio of the heat rate through the plate in the absence 
of the meter to the actual heat rate through the meter (that is, 
measured by the meter). When the notation given in the following 
figure is used, the correction factor is qO/qm. 

Methods of correction have been presented in references 1 and 2 ,  
These corrections, however, have postulated that the heat flows only in 
the direction normal to the plate and meter surfaces (that is, that 
there exists no heat flow "around" the meter). This postulate is 
closely realized in the meter but, due to the high thermal conductivity 

Heat-flow lines in a heat meter. Heat meter shown with zero 
thermal conductivity parallel to surface so that heat-flow 
lines are parallel therein. 



of metals, i s  i n  e r ror  when applied t o  the  metal.plate covered by the  
heat meter. If, f o r  example, the  meter i s  on the  hot side of the 
plate,  more heat w i l l  flow in to  the  p la te  than in to  the meter due t o  i t s  
insulating s f fec t .  Part of the heat which flowed in to  the exposed 
plate  w i l l  then flow i n  the  p la te  pa ra l l e l  t o  i t s  surface in to  the 
section under the  meter because of the lower temperature of t h i s  section 
produced by the  insulating property of the  meter. Conversely, if 
the meter is  on the cold s ide of the  plate ,  heat w i l l  flow from the  s e c t i m  
under the  meter in to  the surrounding plate.  It is c lear  then tha t  a 
correction t o  the  measurement of heat r a t e  by the  meter which w i l l  include 
the e f fec t  produced by the  heat t h a t  flows through the  surface and then 
around the  meter i s  desirable. 

I n  order t o  obtain a solution it w i l l  be necessary t o  define the  
system by the  following postulates. 

( 1  1 The heat meter i s  circular .  

(2 ) The thermal conductivity of the  heat meter is  zero i n  the  
direct ion pa ra l l e l  t o  i ts  surface. 

(3 )  Thermal conductivity of the  metal p la te  is  i n f i n i t e  i n  the 
direct ion normal t o  i t s  surface. 

(4) '  Fluid temperatures and un i t  thermal conductances a re  uniform 
over the plate  and meter surfaces. (unit .  thermal conductances 
over the  p la te  and meter may differ. ) 

Two solutions f o r  the  correction fac tor  f o r  the meter wl l l  be 
obtained. The f i r s t  solution w i l l  require an additional postulate tha t  
the thermal conductivity of the p la te  metal under the meter i s  i d i n i t e  
( tha t  is, there a re  no temperature gradients i n  the p la te  under the  
meter). The second solution, which w i l l  be more d i f f i c u l t  t o  use but 
w i l l  approach the  actual  system more closely, w i l l  be based only on 
postulates (1 )  t o  (4)', or, i n  other words, the  temperature d is t r ibut ion  
under the  meter w i l l  be considered a variable i n  the second solution, 

The analyses w i l l  consider the  heat meter t o  be placed on the side 
of the  p la te  f o r  which the  variables a re  denoted by the  subscript 1, 

F i r s t  Solution 

The heat t ha t  flows through a f l a t  p la te  subgected t o  f lu ids  of 
different temperature on e i the r  s ide i s  
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I f  a heat meter i s  now attached t o  the plate,  the heat t ha t  flows 
through the  meter is  given by equation (14) 

where ts 2 s  the  temperature of the portion of the metal d i rec t ly  under- 
neath the meter (which i s  considered uniform f o r  t h i s  f i r s t  solution 
(see following figure)). Also 

When 

and it i s  ob~erved tha t  the  system is the same as  the one f o r  which the  
general solution (equation (13 ) ) was obtained, the temperature distribu- 
t i o n  i n  the  metal surrounding the  meter can be represented by 

t m  - t = 4 2 ~ 0 ( ~ r )  

and a t  r = rs, 

The value of C2 i s  determined by means of a heat balance on the  
portion of the  p la te  d i rec t ly  under the  meter which has been previously 
obtained i n  the derivation of equation (18). The values of a1 and 9 
a r e  given i n  t ab le  I under systsm 3. 
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Thus the value of q, i s  

When the heat r a t e  through the  plate  when the meter i s  absent 

(qO from equation (48) ) i s  divided by the heat r a t e  through the meter 

(qm from equation (51))  the correction factor  by which the heat- 
t ransfer  r a t e  indicated by the heat meter must be multiplied i s  

recal l ing tha t  

This equation can be re -n i t t en  a s  
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where X = 1 are the and the t e r n  - and - 
a f$m 

thermal resistances i n  specific portions of the thermal circuit.  

Because most heat metera are square, it i s  necessary t o  determine 
some equivalent source radiua r,. This radius can be calculated by set t ing 
the meter area equal t o  the area of an equivalent circle and defining re 
as  (see accompanying sketch) 
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Equation (54) can be used to show the effects of the two limiting 
values of the plate thermal conductivity parallel to the surface (that 
is, k = 0 and k = m ) .  

For the use of zero thermal conductivity parallel to the plate 
surface, the value of X is zero, and equation (54) reduces to 

Thus, for this case the correction factor is the ratio of the 

thermal realstance (L + l) , which the heat overcomes when flowing 
"1 "=! 

from the hot fluid th;.ough the meter and plate to the cold fluid, to 

that resistance which the heat overcomes when flowing 

from the hot fluid through the plate to the cold fluid without the meter 
in place. 

This result is the 5- as that given by equation (10) of reference 
in which case the flow around the meter was postulated to be zero (that 
is, k in the direction parallel to the surface is zero). A slight 
difference, however, exists between equation (56) and equation (10) of 
reference 1 in that the thermal resistance of the plate perpendicular to 
the surface is not included in equation (56). The difference introduced 
by this omission is negligible for metallic plates but equation (56) can 
be made to include this resistance by defining a new term f which 
can be calculated from P2 

and can be used in the equations in place of f . , 

p2 

If the other limiting value of the plate thermal conductivity 
parallel to the surface, k equals infinity, is used, then equation (54) 
becomes 
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The correction fac tor  f o r  t h i s  case can be interpreted as  the  r a t i o  
I of the  resistance t o  heat flow - 
a1 

from the  hot f l u i d  through the  meter 
1 
I 

and then in to  the  plate,  t o  the thermal resistance - from the  

'?LA. 
hot f l u i d  d i rec t ly  in to  the  plate  without the meter i n  place. 

Table I1 presents values of q o / ~  obtained from equations (54), 
(56), and (58) f o r  zero, f i n i t e ,  and in f in i t e  thermal conductivity of 
the plate  t o  which the heat meter i s  attached. 

Second Solution 

.A solution more closely approximating the  actual heat flow conditions 
can be obtained by including the temperature dis t r ibut ion pa ra l l e l  t o  the  
surface i n  the metal under the meter. Thug i f  the thermal conductivity 
of tlie plate  i s  postulated f i n i t e  i n  the  direction pa ra l l e l  t o  the p la te  
surface, the following equations which give the temperature dis t r ibut ion 
f o r  the  plate  can be written. 

t m  Temperature dis t r ibut ion / P 

Hot 

Cold 
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The temperature distribution i n  the plate under the meter i s  
given by the following equation (see equation (11 ) ) when 0 < r < rm 

md, similmly, for  the temperature distribution i n  the plate not 
covered by the meter wtten rm < r < oo 

where 

A area over which contact resistance Rc applies, square feet  

8 heat meter thickness, feet  

t% temperature which section of plate under meter would a t t a in  if 
t h e m  conductivity of plate paral lel  t o  plate surface were zero, 
or, the equivalent, temperature which plate would a t t a in  i f  meter 
were inf in i te  i n  extent. Defined as 

t, temperature which plate would a t t a in  i f  heat meter were absent; 
P 
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A t  r = 0 it is necessary tha t  the heat flow pa ra l l e l  t o  the  p la te  
surface be zero, t h a t  is: 

Differentiating equation ( 5 9 ) ,  

at f o r  r = 0, 5 = 0, and I 1 ( ~ r )  = 0, but Kl = w; therefore Cg 

must be zero. Thus equation ( 5 9 )  becomes 

A t  r = it is necessary tha t  t, the  temperature of the plate,  
be equal t o  t, ; consequently, (t - t ) = 0 at r = m. Thus a t  r = co 

equation (60) ,gyves 
"p 

(r r) = m; therefore the constant C1' must be zero. A s  a A t  r = og I. Pp 
r e su l t ,  equation (60) becomes 
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Two remining boundary conditions can be stated. Firet, the 
temperatures given by equations (62) and (64) must be equal at r = raa 

Secondly, at r = rm equations (62) and (64) must give the same heat 
flow parallel to the plate surface or, stated mathematically, the 
derivatives of the equations with respect to length r must be equal. 
Thus at r = r, 

The heat that flows through the themnopile section (radius rs) of 
tbe heat meter is 

writing 

t - T- = (t - t%) + (hm - k1) 

equation (67) becomes 

Solving equations (65)and (66) for the constant G1 and insert-tlng 
its value in equation ( 6 9 ) ,  there results for qm tlie equation 
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Noting that 

equation (72) can be simplified to 

Table I1 presents correction factors calculated by means of 
equations ( 5 3 ) ,  ( 5 6 ) ,  (58), and (73) for the particular system pictured 
in the table. The heat-meter correction factors presented in the first 
three columns are for the case in which the meter is placedaon one side 
of the plate (the side with high fp), and the remaining three columns 
present the results for the case when the meter is on the opposite side 
of the plate (the side with low fp). 

It can be observed from the results presented in table I1 that the 
heat-meter correction factors are considerably larger when the meter is 
placed on the side with the higher 

fp 
(that is, lowest thermal 

resistance). The importance of the location of the neter is thus 
apparent. A comparison of the results for the case in which the plate 
t h e m 1  conductivity is 100 reveals that the two methods of solution 
yield approximately the same value of qo/qm. This is especially so 
when the correction ratio is less than 1.3. Of course the applicability 
of the heat-mzter is questionable when the ratio is larger than 1.3. 
It should be noted that the example chosen here is one that will 
magnify the range of correction factors obtained by the various equations 
and that these factors are larger than those ordinarily encountered. 

It will be noticed that the plate thermal conductivity and the 
plate thickness alwaxs appear in the product 5 b b b l  

Thus if it is said 
that the correction factor increases with increasing plate donductivitg, 
it may also be said that it increases with the plate thickness in the 
same proportion. 
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The second solution (equation (73)) shows tha t  the la rger  the  value 
of rm, the  smaller w i l l  be tne  correction fac tor  which w i l l  approach the  
value given by equation ( 5 6 ) ,  as a l i m i t ,  as rm is  increased. This . 

f a c t  has l ed  t o  the use of guard rings of the same thickness and 
material  around the  heat meters. 

I n  actual  application the uni t  thermal conductance may vary along 
the  meter surface because the meter ac t s  as a f l a t  p la te  i n  an a i r  
stream (see f igure  on page l'j of reference 2) .  The gumd rings 
mentioned a re  useful i n  minimizing t h i s  variation. 

Remarks 

The following remarks apply t o  the  t h i r d  application of tne 
equation f o r  s t e a d y ~ t a t e  temperature dis t r ibut ion:  

1. Two equations ( (53)  and (73))  have been derived which are  useful i n  
the  estimation of heat-meter correction fac tors  which include 
consideration of heat flow around the meter. 

2. The use of the  second, more exact equation (73) i s  not warranted 
except f o r  the case of large c o ~ r e c t i o n  fac tors  (say, qo/q, > 1.5). 

3. Table I1 indicates the  importance of the  location of the  heat meter. 
It i s  apparent tha t  the  meter should be located on the  side of the  
p la te  with the highest thermal resistance (lowest unit  -herma1 
convective conduct anc s ) . 

4. Table I1 a lso  shows the  e f fec t  of var iat ion of the  thermal con- 
duotivity of the p la te  on t h i s  correction factor.  For the case i n  
which the thermal resis tance of the  p la te  i n  the direct ion normal 
t o  i t s  surf ace i s  small ( tha t  is, metall ic ~ l a t e s ) ,  these r e su l t s  a lso 
show the ef fec t  of thickness of the p la te  on which the meter i s  
mounted . 

5 .  Equations (53) and (73) indicate the advisabi l i ty  of placing a guard 
r ing  around the  meter. 

Department of Engineering I 

Vniv3rs'ity of California 
Berkeley, Calif.,  August 17, 1944 



The notations used for BesselPs functions by various auYhors differ 
with the result that there is some confusion in their use. A table of. 
equivalence of spbols for Bessel's functions is given in mi"erance 3 
(-p. 64). The mdif ied Bessel function of the second kind v order 

(1 (~i,(x)) used in this report is equal to kiv+l~v ("(ix) where H,, (ix) 
L 

is the Hankel function given in Jcihdke and W e  (reference 6). 

The equations presented in this report have been written where 
possible so that the Bessel functions appear (or can appear) as the 

K1(x) 
ratio - . From the foregoing discussion it can be seen that 

K0(x) 

or in other words it is unnecessmy to convert the Hankel functions to 

Bessel functions when the ratio 
I$(x) ~m is used. 

The following approximations (reference 3) will be useful for small 
values of the argument x. 
For 0 < x<O.O5 

K0(x) " -loge 
and when 0 ( x < 0.05 

q(x) 
Figure 8 gives the variation of 

Kq'm 
as a function of X. 
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TABLE I 

VALUE3 OF al, a2, AND re FOR VARIOUS SYSTBMS 
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TABLE 11 

COMPARISON O F  VALUES OF qo/qm 

System A System B 

1 I' b = - 
16 1 

I 
t 

? = 3 
r = 0.212 ft f ~ 2  m 

T@EJ7 
'values obtained from following equations: 

For zero thermal conductivity, equation (56) 
For finite thermal conductivity, equation (53) 
For infinite thermal conductivity, equation (58) 

2 ~ a l u e s  obtained from equation (73). 
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Figure 1. - Source .and differential annulus in  flat plate. 

Figure 2. - Installation of thermocouple in section of plate. 
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0 /OW 2000 3000 4000 

kefe, ~ t u ~ / ( h r ) ( O ~ ) ( f t S )  
Figure 5.- Summary of thermocouple e r ro r  for f + f = 20 ~ tu / (h r ) ( sq  ft)(OF). 

p1 p2 
a2  << Ul. 

Figure 6.- Section of pin-fin plate. Pins on one side only. 
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