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e

METHOD FOR CALCULATING WING CHARACTZRISTICS
BY LIFTING-LINE THEORY USING NONLINEAR
SECTION LIFT DATA

Py James C. Sivells and Robert H. Neely

SUMMARY

A method is presented for calculating wing characteristics by
lifting-line theory using nonlinesr section 1lift data., Materiel
from various sources is ccmbined with some original work into the
single complete method described., Multhopple systems of multipliers
are employed to ohtein the induced angle of sttack directly from
the spanwise 1lift distribution. Equations aere dsveloped for
obteining these multipliers for any even number of svanwise stetions,
and values are tabulated for ten staticns elong the scmispan for
sgymmstrical, symmetrical, ard sntisymmetricsl lift distributions.
In order to minimize the cowmputing time snd to illustrate the
procedures involved, simplified computing forms containing deteiled
examples are given for symmetrical 1ift distributions. Similer
forms for asymmetrical and sntisymmetrical 1ift distributions,
although not shown, caon be readily constructed in the same manner
as those given, The adaptation of the method for use with linear
section 1ift data is also illustrated. This adaptation has bsen
found to require less computing time than most existing methods.

The wing characteristics calculated from general nonlinear
section lift data have been found to sgree much closer with
exnerimental data in the region of maximwm 1ift coefficient than
those calculated on the assumption of linear section lift curves.

The calculations are subJect to the limitations of lifting-line theory
and should not be expected to give accurate results for wings of
low aspect ratio and large amounts of sweep.

INTRODUCTION

The lifting-line theory 1s the best known znd most readily
applied theory for obtaining the spanwise lift dietribution of
a wing and the subsequent desterminetion of the aerodynamic cheracter-
istics of the wing from two—dimensional airfoil data., The character—
istice so determined are in fairly close agreement with experimental
results for wings with small amounts of sweep and with moderate
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to high values of aegpect ratio; for this reason, this theory has
gerved a3 the baeis for a large part of present acronautical
knowledgn.

The hypothesls upon which tho thecry ie baecd i1g thet a
lifting wing can be repluced by a liifting line and that the
Incremental vortlces sbed along the span troil behind the wing in
straight lines in the direction of the frse-stream veloclty. The
strength of these tralling vortices 1is »ronortionsl to the rate
of chunge of the lift along the shan, Tone trailing vertices induce
g velocity normal to the direction of the fres—stream veloclty and
to the 1lifting line. The elfective angle of attack of each section
of the wing is therefore dif'fsrent from the gecmetric angle of
attack by the omount of thes engle (called the induced angle of
attack) whose tangent is the ratio of the value of the induced
velocity at the lifting line to the valune of the free-stream
velocity. The offective angle of attack is thus related to the
lift distribution through thie induced angle of sttack, In addition,
the effective angle of attack is related to the section 1ift
coefficient according to two~dimenslonal data fer the airfoil
sections incorporated in the wing. Both relationships mvst be
aimultaneously satisfied in the calculation of the 1ift distribution
of the wing.

If the section 1lift curves are linesr, these relationships
may be exprauasd by a eingle equation which can be solved analytically.
In general, however, the section liit curves ~re not linear,
particulerly at high sngles of atteck, and analytical solutions
are not reasible. The method of calculating the srenwise 1lift
distribution using nonlinear section lirt data thus Yeccmes one of
making successive approximations of tke lirt distribution until
one ig found that sirmultansously setiefles the aforementioned °
relationships.

Such a method has been uscd by Wieselsbergsr (refsrence 1)
for the region of maximum lift coefficient and by Boshar (reference 2)
for high-subsonic egpmeds., Both of thess writors used Tanitls
syctem of mrltipliers Tor obtaining the induced nngle of attack
at five stations along the semisprn of the wing (referencs 3).
Tani, however, considercd only the cese of wings with symmetrical
1ift distridbutions. Multhopp (reference 4), using a somewhat
different mathematiccl treatment from thet which Tani uged, derived
systems of multipliers for symmetrical, antioynwstricsl, and
aaymmetricsl 1ift distributions for four, eiglt, and sixteen
stations elong the semispan. Multhoppts derivotion, in slightly
different form and nomenclature; is presented herein and tebles
are given for the multipliers for ten stetions along the semilspan
(the ‘ususl numbsr of stations considered in meny regorts in the
United States).
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For symmetricel distributions of wing chord and angle of
attack, the multipliers for symmetrical 1lift distributions may be
used with nonlinear or linear section 1lift curves. For asymmetrical
distributione of angle of attack, the multipliers for asymmetrical
1ift distributions must be used if nonlinear section lift curves
are used, If an asymmetrical distribution of angle of attack can be
broken up into a symmetrical and an antigrmmetrical distribution,
the antisyrmetrical part may be treated separately if the section
1ift curves can be assumed to be llnear.

The purpose of the present paper 1s to combine the contributioms
of Multhopp and several other writers, together with some original
work, into a single complete method of calculating the 1ift
distributions and force and moment characteristics of wings, using
nonlinear section 1ift data, 3Simplified computing forms are given
for the calculation of symmetrical 1ift distributions and their use
is illustrated by a detailed examplc. The adaptation of the method
for use with linear section 1ift dats is also illustrated. No
forms are given for asymmetrical or antisymmetrical 1lift distributions
inasmuch as such forms would be very similar to those given.

SYMBOLS
S wing area
b wing span
c chord at any section
Cq root chord
Cy tip chord
< mean geometric chord (S/b)

No /2

c!t mean aserodynamic chord 5‘] c? dy
A aepect retio (b2/s)
x coordinate parallel to root chord
y coordinate perpendicular to plane of symmetry
z coordinate perpendicular to root chord and parallel to

plane of symmetry



free—strecem dynemic pressure (%%ﬂfaj

3\
AR

/
Reynolds number \
mass density
free—etreamn velocity
coefficient of viscoaslty
wing 1ift coefficient (L/qS)

sectlion 1ift coerficient (1/qc)

cwing 1ift

saction 1ift

wing drag coeificient (D/qgS)
wing profile—drag cocfficlent
wing induced-drag ccefficlent
section profile-drag coefficlent
gectlon induced-drag coefficient
wing drag

wing pitching-moment coefficient (M/qSc?)

NACA TN No. 1269

section pltching-moment coefficient about section quarter—

chord point
wing pltching moment
wing rolling-moment coefficient (L'/qS)
wing rolling moment
wing induced-yawing-moment coeff{icient

wing profile~yawing¥moment coefficlent

angle of attack of any section along the span referred

to its chord line
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Qe engle of attack of root secticn referred to its chord
' lins
Gag angle of attack of root section referred Lo its zero
1ift 1line
ay pection Induced anzle of attack
Qg effective angle of attack of any section
gy goction angle o attack for two-aimensionul airfolls
a; angle of zero 1ift of any secticn
o}
7N angic of zero 1ift of root section
o
oy \ wing encle of attack for zero 1ift
=(1=0) -
€ gecnctric ungle of twist of any sectlon along the span
(negative if weshout)
et aercaynruic arglie of tuwist of any section along the spen
inegaiive if washoul)
€t gocnetric anzle of twist of tip section
€t aercéynsnmic engle of twist of tiyp section
e wing lilt-curve slcpe, per Cdoegree
84 sec}ion lift-curve glope, ver degcree
( ™ro--dimenaional lift—ourve slops
\\ ¥dge-velocity factor y,
cos 8 cocrdinate (2y/b)
Ap coef{icients in trizonometric ssrics
Penk mltiplier for induced angle of attack (esymmetrical
distributions)
p— miltiplier for induced engle of attack (syrmetrical
distributions)
Y e multiylier for induced angle of ettack (entisymmetrical

dictributione)
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n miltiplier for 1lift, drag, and pitching-moment coefficients
n (agrmmetrical distribtutions)
nms muliciplier for lift, drag, and vitching-moment coefficients

(symrmetrical dlgtributions)

o) multiplier for rolling— and rawing—moment coefficients
(as;mmetrical digtritutions)

c miltiplier for rolling-moment cocfficient (antisymmetrical
ma, P
distributions)
E edge—velocity factor semiperimeter>
gpan

Subeciripts

max raximm value
al value for additicnal 1ift (Cp = 1)
b value for basic 1ift (Cp = 0)

a

8

9]

c%l ) value fer conctant value of ¢

value for given value of Et'

m
i

-~ 4
——

THREORETICLAL DEVELOTMENT OF METIIOD

Lift Distribution

The methods of Tant (refercnce 3) and Multhopp (reference &)
for determining the induced angle of attack arc fundamentally
the same, differing only in the mathematical treatment. The
method presented herein is essentially the rame as that glven
by Malthopp., In the Tollewln~ derivation the spanwise 1lift
distribution is expressed as the trigonometric series

c.c
- => A, sin no (1)

as in reference 5, where 6 1s defined by the relation cos 8 = exr .

b
It mar be noted that cach coeofficient An, a8 used herein, is equal
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to four times the correspending coefficient in reference 5, The
indvced angle of attack (in Cefrees) at a point 7y on the 17fting
line isg

vj2 (C1°
_ 180 1 Ny .
d’j — o e —— " ra—— d, (2)
T 83‘( y
U-bf2 ——
3'1 -y

This intssral (in different nomenclature) wes given by Prandtl in
refevence €, If ecouation (1) is substituted into equation (2) and
the variarle i1s chonged from  fto &, the induced ansle of attack
at the general point 8 Ttecomss, according to reference 5,

N ——

~ 0 \,
g = —==— > np_ gin nd (3)

b sin 04—

The prcblem of obtaining the induced antle of attack is thue reduced
to cne of ¢aternining the coefficlents of the trizonometric serise,

The 13ft distribution (equation (1)) mey Te approximatel Ly
a finlve trigcuomehric geries of 1 -- 1 terng whore, for subseguent

c,C
usage, r is ascimcd to Te even, The values of —L- at the equally
D
gpacel pointeg 8 = U 4n the rancfe 0 < 8 < m are cxpressed as
T
/ \ .1
czo\. Lo=L
. T
(—%—-) = \/ A, sinn %— (4)
. s m n:i

cyC
wvhere m=1, 2, 3,, » », r —1, Conversely, if ths valuss of —%—

aras known at each peint the coefficients A, of the Tinite series
may be found by harmonic analyels aa

=1 fe.c)
2 T A .
py==> (] sinnIX (5)
i
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If equetion (5) 1s substituted in equation (3), a double
summation is obtalned for the induced angle of attack as

' 8 Sl ' '(__r-l c,C ]
@1(9) = l__Q Z n 8in ne g L ) sin n_mlt.
m r
n=

bn 8in 6 r L _ _";J—
m=1

180 =

= - — -n[cosn(e—-ﬂ)-ccsn<e+m>
- r r
m=1 n=.

J N
bur sin 8 Z_ \

If the irduced angle of attack iz to be determined at the same
peints € et which the load distribution is known, that ls, at the

points 0 = Er—'i, then

180 r=l /ee\ = 1 (k — m)x (k + m)n
= ———— _l__> 5 e - AT
@y, > K S— njlcesn z cos n

.k i
bur sin —rﬂ - b A £
r-1
“/ecyc
=) (), fas (6)
=1
where

cos n .(E;..IE}I. — cOo8 ﬁc__i_m)_{r_ (7)
r

r

ﬂ[ﬂk::—‘l'g_o."—» n

Ynyr sin XX v
o

-4

It can be stown that, if cos § # 1,

~

" n cos np = 2°°8 (r~1)f - (r=1) cos rf - 1
2(1 - cos @)

|

!\/

o]
it
=t
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If b = 0, a numerical series is obtained

grlnzzr.:_l;)-
=1 2

By use of these relationships in equation (7) it is found that,

wvhen ktm 1s odd

bnr sin XX
r

1

when k=m

_ 1301
Pmk = ——"—

) kit
8x sin =

and vhen k fm 18 even and k # m
Pmk = O

For a symmetrical 1ift distribution

(8- ().

and

Gty = %px

so that the summztion for e needs to be made only from

1 to r/2

~ cos {k +rm I 1 -cosk=m

(8b)

(8c)
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10
r/2
o= ) ()
m=1

where, vhen k t m is odd

Mik = Bmk + Bp-m,k (for m# r/2)
180 {.cot (k +rm)ﬂ cot (K —rm)ﬂ
2xr sin .lfﬂ gin .O_&...J'_m n sin .(_k_:_—gl)ﬂ
r r r
Ak = By (for m = 1r/2)
180

nr{cos §§£ + 1)

vhen k=m

and when k tm is even and k # m

L}
(@]

Mg

For an antisymmetrical lift distribution

(9)

(10a)

(10b)

{10c)

(104)
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end

G T 7 Mg

In this case the summation for aj, needs to be made only from 1

‘r ‘cyc’ ,
to - l> since (-—-—-—) = Q; then

r
=
ag, (b  Tmk (11)
m=
where, when k t m is odd
= }_‘?9 = - 1 . (12a)
2nr sin2 {k +rm21r sin2 (k -—rm)n
vhen k = m,
Tmk = By
- 8o (12b)
8x sin -1-{1—"5-

end vhen kiIm i1z evenand k #m

= 12
Yge = O (12¢)

Multipliers cen thus be calculated so that the induced angle
may be readily obtained by multiplying the known values of 9—%3

by the appropriate multipliers and adding the resulting products.
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The multipliers are independent of the aspect ratio and taper ratio
of the wing. Teables 1 and II present values of Bp, and Ay
and 7K, respectively, for r = 20, Similer tables for {gaxmk
and {E%mG are given in rcferences 7 and 8, respectively, but
. : 2n 21 2r
no derivation is glven thersin. Tsbles for -S-- — and &5~
° 8 00wk 180 mk? 180’ Tk
are given in reference 4 for values of r = 8, 16, and 32. An
inspection of tables I and II shows that positive values occur only
on the dicgonel from upper left to lower right and that almost half
of the values are equal to zero. The multipliers gy eand Mok
may be used with either nonlinear or linear section lift data whereas

the multipliers for Ymk WAy be used only with linear section
1ift deta.

The method of determining the 1ift distribution becomes one
of successive approximations. For a glven geometric angle of sttack,
a distridution of c¢3 is ageumed from which the load distri-—

c3c
bution —%—~ is obtained. The inducsd angle of attack is then

determired by equation (6), (9), or (11) through the use of the
eppropriate rmlitipliers and subtractsd {rom the gecmetric angle

of attack to give the effective angle of attack at each spanwise
station. From section data for the appropriate airfoil section and
local Reynolds number, values of c; are rcad which correspond

to the efrective angle of attack of each section. If these values

of ¢, do not ag.ee with those originally assumed, u socond
egswption is made for ¢y and the nrocess is repeated. Further
assumptions are made untll the assumed values of ¢, are in agreement
with those obtained from the soction data.

Wing Characteristics

Once the 1lift distribution of a wing has been determined, the
main part of tho problem of calculeting the wing characterictics
is complsied. The induced-drag and induced-yawing-moment coefficients
are entlrely dependent upon the lift distribution end i+t is assumed
that the mection profile—drag and pitching—nmoment coefficients are
the same functions of the 1lift cosfficient at each section of the
wing as thoge dctermined in two-dimensional tests.

The calculation of sach of the wing coefficients involves a
spanvise in’gegration of the distribution of a particular .

function f&%%). This integration can be performed numerically

through the use of additional sets of multipliers which ere found
in the following manner,
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If L

f(gz) = f{cos 6) =;z“ A, sin ne
)

1 1

f
/ /2 {20 (EZ : ) i :
; el alaly = A sin ng ) ein 6 49
U &) E) o V&P

then

2y

/
Since the values of fﬁﬁ:) are determinsd at the poirts 6 =

A

A, cean be found by harmonic analysis as in equation (5)

r-1
1-r / \b/m r
m=1
Therefore
1 r-1
2y) 2y\ 7 \\ /Ey\ mr
l—l b \b/ rlé—_l. \b//msnr
r-1
N 2x\
= EL f(‘i‘-/m T]m
m=1
where
T my
= = gin ==
T = op r

13

e
r

2

(13a)
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If the distridution is symmetricel, f(gl) = f(—al) and
b /m b /pem
1 \ rL2
£ 2}7,) d(@l = £l ?.I) 13b
. (b ) 2;1\'0111%8 (13v)
whore
Lo
= 2 X
- o
Ts = Mm n = E

The moment of the dist- ibution
menner.

1 i
(AN P
(Z An gin nG) sin 6 cos ¢ 46

L=
AN
PN
7k
N
Ik
s
o
U
}

_L/

0

i}

]
&
2\,

2y
i —1—)—-/ can be found in a similar

f(ey ) (Lba)
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where
o, = J sin .2.1:.-31
m 8y T

If the distribution 1s entisymmstrical, f(gz> = - f(gz>
b /m r—m

5
r_
at - 3
| gfar)(ar) 42, e(?d.)
,‘ f(“ﬁ"Xb/ A 3)= 4 }“1 %/, ma (14%)
U m--
-1
vhere
Upa = 20m

Values cf Mm? Typgs Ops and Oma,  8YC given in table III for r = 20.

Wing 1ift coefiiclent.~ The ving 1ift coefficient is obtained

by means of a spanwise integration of tre 1ift distribution,

b/2
= 1 dy
CL S czc i
U—’D/E
= i P, A d(—.."_.)
2 b b/

~1

IT the 1ift distribution is asymmetrical

o
" [¢]
o = A_z__ %)m . (158)

B
o



16 NACA TN No. 1269

If the 1ift dictribution ie symmetrical
r/2
S fesce
-=a (—{;-) - (15v)
i
m=1

Induced—drag coefiicient.— The section induced-drag coofficlent

i3 equal to tihe product of tie sectica 1lift ccefficient and the
induced engle cf atteck in radians,

The wing Induced-<drag coefiiclent is obtained by mcans of a spanvise
integracion o the secticn induced—drag coefficient multiplied by
tne local chord;

n b/2

b1 CZ._..J';. dy

e =X
Dy " g 18G

30 MGy /¢y>
b 80 \b

ro =

=1

For asymmetricel 1ift distridbutions

r-1
C = .ﬂ_A__ h /91..2. .\ 16
Dy 102_:.L\b°‘1/m”m (16a)
m=

For symmetrical 1lift distributicns

C
‘p "180> ( + (160)

]".l"
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Profile=drag coefficlent.—~ Tke egsction profile-drag coefficient

can be obtained fromn sectiun data Tor tke aopropriate sirfcil scction
and locnl Reynolds nurber. For each gpenwise stobticn the profile—
drag coefficicnt is read at the section lift coefficient previoualy
determined., The wing profile-diag coefticient ig then obtained

by meens o a sparwice Integretion of the section Hrelfile-drag
coefricient multiplicd ty the locel chord:

Pb/e

=l

) A ¢
Cp = > (od AR (172)
Do , .y - m

or for syuretricel 1irt distrivutions

r/?
TN e} . (17D)
Yo L Aol LE '

Pitching-moment cocfficient.— The sccticn pitching-moment

s o o s o Ao s St - S

coefficient ebout itz quarter-chord point can be obtuined from
section data for the appropriate airfoil section and local
Reynolds nurbes. For each spanwlse staticn the pitching-moment
coefricient is read at the section lift coefficient previously
dstermined and then transferred to the wing reference point by the
equation
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°m = Cmg/y T % [%Z cos (ag — agy) + ca  sin (ag - @i{1
-t

-

CZ sin (CLS -— O{,i) - cdo cos (o:,s - Q’i)} (18)

-2z
c

wvhere x end z are meacured frow tle wing reference point to the
quarter~chord point of the section under cousideration and vpward

anl backward forces and distencos are taken &s positive. The

section oitcliing-moment coelTicient about ite aerodynamic ceuter way

be used insteczd of Crig /i in which cese x and z arc measured

to the section aerodynamic center. The term ¢, 8in (g — ay) may
usually be neglectsd., The wicg plitching—-noment Coefficient is obtained
ty the spanwiese integretion

7b/2
C = —=- ' e 62 dy
0 ge I o
U-b/2
t 2
~ ol
= 2‘.‘. (Cm, >d<::_‘;j,>
E Tct °
-1
For asymmetrical 1ift distributions
r= )
S (s :
ez (35) (192)
w1 el n
For symmetrical lift distribulions
(o]
C I; - (SRJE.E\ )
m= - ! 19b
é;" CC7‘A me (19

Rolling-mcment cosfficient.— The rclliing-moment coeificient
is obtained by means ol a epanwise integration
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b/2
Cy = ~ é; c,cy dy
/2
__a 20 21 4(20)
4 y Db b/
-1
r—1
c4C
-4 () e
m=1 m

For an antisymmetrical 1ift distribution

r.l
S fc,C
= oh N\ ~1-
Cz = Aaf__ ('b )m Omyg,
ms=

Induced-yawing-moment coefficient.~ The induced-yawing-

mcment coefficient is dus to the moment of the induced—drag
digtribution

qb/e
1| megey
Ch, = = - -y dy
D sp J 180
-b/2
1
JA | gomy 2y (?_z
N b~ 180 ® o\ b
| =]
=1
A N\ ¢y° )
= o
180 zin_( v ijn
n=1

19

(20a)

(20b)

(21)
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The induced—yawing-moment coefficient for an antisymmetrical 1ift
distribution is equal to zero and has little meaning inasmuch as

the 1lift coefficilent is also zero. The induced-yawing-moment
coefficient is a function of the lift and rolling-moment coefficlents
end must be found for asymmetrical 1lift distributions.

Profile~yawing-moment coefficient.— The profile-yawing-
moment coefficient is due to the moment of the profille—drag
distribution,

b/2
= L
Cno = b cdocy dy
~b/2
L c3 .C
1| Sy (23')
n T b \b
-1
o cace
=5 (..c}_g_) o (22)
=

- -

APPLICATION OF METHOD USING NONLINEAR SECTION LIFT DATA

FOR SYMMETRICAL LIFT DISTRIBUTIONS

The method described is aprlied herein to e wing, the geometric
characteristics of which are given in table IV. Only symmetrical
1ift distridutions are considered hereinafter inasmuch as these
are believed to be sufficient for 1llustrating the method of
calculation. The lift, profile~drag, and pitching-moment coefficlents
for the various wing sectione along the span were derived from
unpublished airfoil data obtained in the Langley two—dimensional
low-turbulence pressure tunnel. Tle original a#rfoll datae were
cross-plotted against Reynolds number and thickness ratio inasmuch
as both varied along the span of the wing. Seample curves are given
in figures 1 and 2. Trom these plots the section characteristics
at the various spanwise stations were determined and plotted in the
conventional manner. (See fig. 3.} The edge—velocity factor E,
derived in reference 9 for an elliptic wing, has been applied to
the section angle of attack for each value of section lift coefficlent
as follows:
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-7/ _
Qg = E \ab “lg\ + oy

/!

Iift Distribution

Computation of the lift distributicn &t en angle of ettack
of 3° is shown in table V. This table is designed to be used wlere
the multiplication 1g done by means of a slide rulc or simple
calculating machine. Where calculating machines capable of performing
accumulative multiplication are available, the spaces for the
individual products in columns (6) to (15) may be omitted and tio
table made emaller. (See tables VIT and VIII.) The mechanics of
computing are explained in the table; however, the method for
approximeting the 1ift coefficlent distribution requires soue
explanation. The initially assumed lift—coefficlent distribution
(column (3) of first division) cun be taken as the distribution
given by the geometric angles of attack but it is best determined
by some simple method which will give a close approximation to the
actual distribution. The initial dlstribution given in table V
was approximated by

R Y
C'L=—-—-—A—-——!l'-+—2—c— Jl..(&) cl(a,)
A+1.8(2 T b

where Cz(m) 18 the 1lift coefficlent read from the section curves

for the geometric angles of attack. This equeation weights the 1lift
distribution according to the average of the chord distribution of
the wing under consideretion end that of an elliptical wing of the
same aspect ratio and sran. When the 1lirt distributions at several
angles of attack are to be computed and after tley have been obtained
for two angles, the initisl assumed c; distribution for subsequent
angles can be more accurately eatimeted in thc following manner:
Values of downwach eangle are first estimated by extrapolating from
values for the nreceding wing angles, end then, for the resulting
effective angles of attack, the lift ccefficients are read fron the
section curves,

The 1lift coefficients in column (18) of teble V, read from
section 1lift curves for the effective angles of attack, will usually
not check the assumed values for the {irst ajproximation. 1In
order to select assumad values for subeequsnt approximations,
the following simple method has been found to yield satisfactory
results. An incrementel value of 1ift coefficient Aclm is obtained
according to the relation (numbers in parenthesis are columns
in table V):
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T8 - opa e 5[08) - 0)ln [09 - G
m
X

AC

where K has the following values at the spanwise stations

2y :
LOA K
b
0 to 0.8910 8 to 10

9511 11 to 13

9877 14 to 16

and 1(18) - (3i}m is the difference between the check end assumed
values for the mth spanwise station. The incremental values so
determined are added to the assumed values in order to obtain new
assumed values to be used in the next avproximation. This method
bhas been found in practice to make the check and assumed values
converge in about three approximations if the first epproximation
18 not too much in error.

Wing Coefficlents

Computations of the wing 1lift, profile—drag, induced-drag,
and pitching-moment coefficients are shown in teble VI. Since the
lateral axis through the wing reference point contains the quarter-
chord points of each section, the x and 2z distences in
equation (18) are zero, and the pitching-moment coefficient of
the wing 1s determined solely by the values of cmc/h'

APPLICATION OF METHOD USING LINEAR SECTION LIFT DATA

FOR SYMMETRICAL LIFT DISTRIBUTIOCNS

Although the method describasd herein was developed particulerly
for use with nonlinear section 1lift data, it is readily adaptable
for use with lineer section lift data with a resulting reduction in
computing time as compared with most existing methods. When the
section 1ift curves can be assumed linear, it is usually convenient
to divide any symmetrical 1lift distribution (as in reference 10)



NLCA TN No. 1269 23

into two rerts - the additional 1ift distribution due to angle of
atteck changes and the basic 1ift distribution due to aercdynaric
twist. The calculation of these lift distributions is illustrated
in tables VII to X for the wing, the goometrlic characteriotics of
whict were given in tadble IV,

Tt should be noted that tables VII and VIII are essentially
the same egs table V dbut are designed primarily for use with
calculaving machines canable of performing cccumuletive multi-
plicaticn. Jf such machines are not available, these tabies may
be constructed similur to takle V to allow spaces for writing the
individual prcducts.

Lift Characteristics

Two 1ift dietributions ere required for the determination of
the edditional ani taeic lift distributions. Ths first one is
obtained iu table VII for a constant angle of attack Uy g, (e' = )
and the second one in table VIII for the angle of sttack distr%?ugion
dvue to tlie gerodynamic twist (Gas = 0). The check values of —%—
(column (18)) are obteined by miltiplying the effective engle
of attack Ge.ChY‘ E%Q. The f;nal approximations are entered in
table TZ as (2= ) and (%12

N . b ¢
P Maag) \ P )

The (C-%E) distribution is the additional 1ift distribution
(aa.)

corregponding to a wing 1ift cosfficient CL(aa ) determined in
8
table IX through the use of the multipliers fpg. It is usually
Cy1.1 ¢
conveniont to uee the additional Yift distribution —E%L— corresponding

to a wing lift coerficient of unity. This distribution is found
cye

by dividing the values of (71—) by Cr, .
b (Ctas) (Cbas)

The <?%E:}e " distribution 1s a combination of the btasic lift
T
distribution and an additional 1lift distribution corresponding to
8 wing 1if't cceificient CL(et') also detormined in table IX. The
c1-.C
basic 1ift distribution -g is then determined by subtracting tho
c

1g1° /€0
additional 1ift distribution —= Op ¢ .y from \'T)(et')'
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Inasmuch a3 the wing lift curve is assumed to be linear, it is
defined by its slope and angle of attack for zero lift which are
also found in table IX. The maximwm wing 1ift coefficient is
estimated according to the method of reference 10 which ie illustrated
in figurs L. The maxirum 1ift coefficient 1s considered to be the
wing 1ift coefficient &t which some section of the wing becomss

the first to 1each its maximum 1ift, that is, G *CLcr L =0
nl nex
Thie valve cof Cp 1e most conveniently determired by finding tle
Cloay — C1 v s
minimum value of Zzax T 0 along the span as illustruted in table IX.
©lay

Induced~Drag Cocificlent

lle goction induveed-<raz coefricient is egqual to the prcduct
of the section 11f¢ cooflicient end the induced angie of atiack
in rediens, The 1ift distrivuticn for any wing 1ift coefficient is

c,c C1. 3..¢
98 - &al” op + bo (23)

b b

The corresponlag induced engle of attack distribubicn may be
written as

ay = og g Cp, + Wy, (24)

The valucs of ditl and Gy, are determined in table X 1in the

€1.4C cy. C
same mWanner as ——%i~ and -%3~ in teble IX., The induced-drag

dietribution is therefore

Cdic c,c ay

7
b b 57.3
or
C o4
cdsC _ cdialC Ua1p dlbC

(25)

+
b b b b
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where
c c
Hig1° | tal May (26)
b b 57.3
Cdla1“0 = Cig ? aub~ + ¢ Ei iﬁi& (07)
b b 5743 b 7.3
and
Siihi = Sgbi aib (98)

The culoulat’on of each o thege induced-drapg distributions is
Illustrated "o tuble T together with ths wumericszl integration of
gach dlstribation to obtain the wing inducsd-drag coefficient.

Profile-Drag 2nd Pitcatng-douent Coerficients

The r»rofile-dros and piiching-rement coeflicients for the
wing dopend firactly nwpon the section data and therelore their
calculaticon g the sz whether linear or nonlinear section 1lift
deta are uzed. For tae linersr cese the scction litt ceoefficient s

cy = C 4+ C
A Z&l QL Zb

Ter any wing ccaefficient Cp. Py use of this value for Cy the

nrofile—-drug and piliching-mouent coefiiclents are found as in
table Vi.

DISCUSSTON

The cherocteristics of three wings with symmetricel 1lift
digtributions tuave besn calzulated by use of both nonlinear and linear
sectica lirt date and are presented in figure 5 together with
experivental resulis. Thesc data were taken frum rveferencs 11,

Tie 1ift curves calculated by use or nonlinear sectlon 1lift data
are in cliooe agreement with the experimental results over the
entire renge cf 1ift coefilicients whercas those calculated by use
of linver section 1ift date are In agrcement only over the linoar
portions of the curves ag would be exvected.
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It most be remembered that the methods presented are subject
to the limitations of 1lifting-line thecry uvon which the methods
are based; tnerefore, the clcae agreement shown in figure 5 should
not bs excected for wings of low aspect ratio or lerge swecp.
The use of the edge-velocity factor more or lees compensates for
some of the effects of aspect ratlio =and, in fact, epuears to over
compensetc at the larger values of esvect ratio as shcwn iIn Tigure 5.

Additionel comparisons of calculated and experimontal daba
are giver ia reference 11 for wings with syumetricel 1ift disiributions,
but very littls comparzble data are availsble lor wings with
esyrmetrical 1ift distributions. Such data are very desirable

may be used to predict experimental. wing choracteriesiics.

s+

National Advisory Commitics for Aeronautics
Langloy Field, Va. December 20, 1946

Langley Momorial Asronsutical Leboretory
o ~
"3 ~
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TABLE III.

NACA TN No. 1269

- WING-COEFFICIENT MULTIPLIERS

%1 m Thn "ims Om Oma
-0.9877 19 | 0.01229 -0.00607
- 9511 18 02427 -.01154
-~.8910 17 .03066 ¢~ ©35€& | -,01589
-.8090 16 04616 -.01867
-.7071 15 .05554 -.01964
- 5878 1 .06%5], -.01867
=540 13 .06998 -~ 01589
-.3090 12 07470 -0115)
-.156l 11 07757 -.00607
0 10 .078s54 0.0785), 0 0
156l 9 .07757 .15515 .00607 | 0.0121L
.3090 8 07470 .14939 .01154 | .02308
540 7 .06998 .13996 .01589 03177
.5878 6 .0635) .12708 01867 | .03735
.7071 5 .05554 .11107 .0196) .03927
.8090 n 0L 616 .0923%3% .01867 .03735
.8910 3 7,.03666 .07131 .01589 | .03177
.9511 2 02427 0L 85 01154 | .02308
9877 1 .01229 021,57 .00607 .0121l
NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS
O35 A&

Vi
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TABLE X .- CALCULATION OF LIFT DISTRIBUTION FOR___ _EXAMPIX  WING®
Firsi approximation
(n J[(3Jear J(sy [ tey [t7) JT(e Jtey [eion JTaon [ G2y T i3y [ (14) J1s) Jue[(in [18)
% a | | ¢ qe 2,y X column(5) x| X | G
b b /[
)
- e Hossumed iTowie 17 sy x (43 | O [.1564 | 3090 ] 4540 [.5878 [ 7071 [.8090] 8910 [. 9511 [.9877 ‘a‘g i2)-169] checn
o 143.239 |-58.533] -6.950 O (-2865| O |-1.804 0 -1.468
3,00 9.513 0.1L2¢ 0.0733 10.50 [-L.29 =451 0 -.21 o =13 9 =11 -881.12 [0.Lel |
-15.624|145.025 -67.298 o -10458 o] -4.840 [+] -3394 o]
01564
2,76 .s17 1299 .067q -7.75 | 9.72 _[-L.51 | . O _ | -.68 0 -.32 0 -.23 0 .98 .78 .53
3090 O -64802]1506!1 -67.I157 o] -9.916 o |-4968 [o] -3.768
|- 2.7 .sed . 060! o} -3.95 | 9.17 -4.09 0 -.60 0 -.30 ] -.23% .90/ L. 57 SEF
4540 -12.384 [¢] -62.917|160.761 |-72.472] © -10.926 0O |-5812 | O |
: 2.13 .519 .10kd ,05Ld .67 0 =340 | B.68 | -3.91 0 =59 Q -3l 0 L7736 .5l
o] -8.320 -65.803]|177054|-82083 0 -13.134 o _|-7.713
5878 1,74 .50Y .0929 .0463d o -39 0 -3.05 8.20 [-3.80 o -.61 4 =36 | .601.13 +5®
7071 -4.051 o -7.372 [o] -71.743 {202,571 |-97965 O |-17.388 o)
7 h.ed 477 082§ 0394 -6 [ 0 | -.29 | 0  |-2.82 }7.96 |-3.85 o -.68 o 65 .63 | 4
8090 o] -2.880 -7.208 ; O |-81.434 [243694/425537, O |-26.635] !
. .8d 439 .0739 .0314 O -.09 0 -423 o -3.97 0 -8 | .55 .25 | .ulg|
8910 -1.638 0 [-2371 | O [-7370 315.512 [180.528] O !
| 7 ) .32 360 .0665 .0239 -.C | =06 | 0 -.18 Tosh |-bo31 | o | 4ebao | oz
. 2016 0 _-122880]463533}32997¢
. .29 .281 .0611 .017d4 o -.02 o -.0% o - 2.1 7.97 |-5.68 i 17r-87 3%
-0459 | 0 0620 | O [-1491 0 67045 315 65! | ]
9877|329 .22 .obxd Lo10f o 0 .01 0 -.01 0 -~ 1.67 | 9.16 [1.94f2. BT
1.88 .98 .30 .17 .60 42 77 | 1.94
Second approximation
o 143.239-58.533] -6.950 0 [-2865 o [-1Bo4| o0
| 3,00 498 LAW29 10712 | 20,20 fel.d? 4 0 ] =k | 0 -.20 ] = -h9l
01564 -115.624[145.025 -67.298| 0 [|-10.158 0 -4.840 o [-3394]
| 12,76 .516 .1295 [.0668 | ~7.72 | 9.69 L) 9 -.68 Q -.32 0 -.23 .52%
0 |-64.802|1508611 [-67.167 ] -9.916 0 -4.968 | O
30380 2.47 .52 |.2164 |.0610 0 -3.95 9.19 |-4.10 0 _ | -.60 0 -30 | 0 517 |
4540 -12.384 O -62.917/160.761 | -T2472 0 -10926 o) 5.812
) 2.13 .517 [.20L0 |.0538 -.£7 0 -3.38 8.65 ~3.90 [} =:59 0 =31 .517
sa78 0 -8.320 0 -65803[177054/-82083] 0 [-13.134 o |73
: 1.73 500 .0925 |.0L63 0 -.39 Q -3,05 8,20 |-3.80 0 -.61 0 -36 .60 1.13 ] .500
7071 -4.05! 0 [-7372 0 [-71.743 [202571]-97965 0 [-17388 [¢)
1.28 478 0823 [,0%93 | -.16 0 -.29 0 -2.82 7.96 -3.85 _ 9 -.68 0 .58 .70} .LSo
8090 0 -2.880 0 -7.208 [9 -81.434 | 2436941-125.537 0 [-26635
. .89 L1 L0735 072k o} -.09 0 =23 o l.2.€y 7.90_|-4.07 0 -.86 60 191 JLh3
6910 -1.638 o [-2371 0 |-7370 O [-96.962 315512]-180528] O
: .32 382 ,0665 [.025L | -.0L Q -.06 0 -.19 0 -2.46 | 8.01 ~ly.59 Q .7q -.38| .386
os11 0 -1.062 o [-2.0l6 0 -7599 0 [-122880,463533}-32997¢
i -.10 .292 [.0613 [.0179 Q -.02 Q . 0 RPN ] -2.20 8.30  |-5.91 .84 -.99 .312
9877 -0.459 0 [-0620 0 -1.491 0 |-7089] ©O HeE7.045| 915651
. -.39 219 1,037 1,0096 Q _ 9 -.01 o i -.01 0 =07 [*} -1.60 8.19 1.2% -1.74 .228
Z e 1.07 95 it [ 160 258 £ <70 289 133
Third approximation
o 143.2397-58 533 -6.950 O [-2.865 0 -1.804 [3) -1.468
- 3.00 .497] +1k29] .0710] 10.17 |-L.16 0 LS) o | =20 0 13 Q =10 3,55 .L5 |97
01564 i562i14,5025 ‘,6,7'?9,8, . O -10158 ° ',4‘840 A,o,, -3.394 o]
|~ "~ 12,74 .517 .1295) .0670] -7.75 | 9.72. |-4.51 0 -.68 0 |--.32 1} =23 9 212 3,6l [,518
3090 0 -64802 /150611 |-67.157] © - 0 [-4968 0 -3768
: D [8480c|1506]] 67 A i
| |2.47 .522 ) .16l .0608) © -3.94 | 9.16 _|-L.08 0 60 | __© -.30 9 | =23 291 1,56 |.521
4540 123841 0 |-62917(l60 76172472 0 /40926 o [-S@iz | 0 |
_ 12.1% .516 | .1040 | .0537| ~-.67 0 |-3.38 8,63 | -3.89 0 -9 b0 -.31 o |.7 .33 [.517 |
5878 | O |-8320| O |-65803[177.054/-82083] 0 -13134 o0 |73
- 1,73 .5Q0 | 0925} .QLé3] 0 | -.39 ) -3.05 89.20 |-3.80 1} ~61 o) ~.36 .60 1.3 |.500
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Fig. 4 NACA TN No, 1269
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Pigure L.- Estimation of chmax for example ling.(CLmax estimated to be 1.37}



Fig, ba
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NACA TN No. 1269

Fig. bb
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Fig. bc

*2TM VOVN uwoj3oes di3 ‘YZHN VOVN uojides 3joo0d ‘000°0Lg‘2 =4 ‘90°2T =V (3)

o) m.nu QQ
/- o ! 9/ 2/ & 4 o v- el g/ O &80 80 0O 2O O
a-
wu__._.=<§-§u< c_om uuw..:x:_ou \w m
AYOSIAQGY TYNOILVYN
T 0
|
: P 3
| [ |
_ p
&
@_ y /
4 ) ANPY
( awoutrT ) \m y v

Pe3wTNOT®) 1 \w
JgaufTuou) — — .
e T ho T80 <~ ( awoutr ) Pe3wTNOTW 8

(ZsuUITUOU) POIBINOTSD

L
\ TejuewiaedXyd

I

_—
/ —
J\J\ Te3ucutIedxd ™~ ™~

o/
]@ \,\“0\ .
_.m \C\o\\( 2/
! m ol o .ol o]
v/

NACA TN No. 1269












